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Abstract

A model M of cardinality A is said to have the small index prop-
erty if for every G C Aut(M) such that [Aut(M) : G] < X there is
an A C M with |A| < A such that Aut,(M) C G. We show that
if M* is a saturated model of an unsuperstable theory of cardinality
> Th(M), then M* has the small index property.

1 Introduction

Throughout the paper we work in €%, and we assume that M* is a satu-
rated model of T of cardinality A. We denote the set of automorphisms of
M* by Aut(M*) and the set of automorphisms of M* fixing A pointwise
by Auta(M*). M* is said to have the small index property if whenever
G is a subgroup of Aut(M™*) with index not larger than A then for some
A C M* with |A| < A, Auts(M*) C G. The main theorem of this paper
is the following result of Shelah: If M™ is a saturated model of cardinality
A > |T| and there is a tree of height some uncountable regular cardinal
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k > Kky(T) with g > A many branches but at most A nodes, then M*
has the small index property, in fact

[Aut(M™) : G] > p

for any subgroup G of Aut(M™*) such that for no A C M* with |A] <A
is Auta(M*) C G. By aresult of Shelah on cardinal arithmetic this implies
that if Aut(M™*) does not have the small index property, then for some
strong limit g such that cf u = N,

<A< 2H

So in particular, if 7' is unsuperstable, M™* has the small index property.

In the paper “Uncountable Saturated Structures have the Small Index Prop-
erty” by Lascar and Shelah, the following result was obtained:

Theorem 1.1 Let M* be a saturated model of cardinality A with \ > |T|
and A\* = X\. Then if G is a subgroup of Aut(M*) such that for no
AC M* with |Al <X is Auta(M*) C G then [Aut(M*):G] = I\

PROOF See [L Sh].

Corollary 1.2 Let M* be a saturated model of cardinality \ with X\ > |T)|
and X<* = X. Then M* has the small index property.

Theorem 1.3 T has a saturated model of cardinality X iff X = X< +
D(T) or T is stable in A.

PROOF See [Sh c| chp. VIII.

So we can assume in the rest of this paper that T is stable in .

(T)

Theorem 1.4 T is stable in p iff = po+p<r where g s the first

cardinal in which T is stable.

PROOF  See [Sh ¢] chp. III.

Since T is stable in A, we must have A = A<*(1) so cf A > w(T).
Since the first cardinal x, such that A" > A is regular, we also know that
cf A >k, (T).
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Definition 1.5 Let Tr be a tree. If n,v € Tr, then ~y[n,v] = the least
v such that n(v) # v(vy) or else it is min(height(n), height(v)).

Notation 1.6 Let Tr beatree. If h € Aut(M*) and o < height(Tr), n, v €

Tr, then
@) <via) _ p

if n(a) <v(a) and idpy- otherwise.

Lemma 1.7 Let {Ci | i € I} be independent over A and let {Di | i €

I} be independent over B. Suppose that for each i € I, tp(C;/A) is

stationary. Let f be an elementary map from A onto B, and let for each
i €I, f; bean elementary map extending f which sends C; onto D;.

Then
U
i€l
is an elementary map from |J C; onto |J D;.
el el

PROOF Left to the reader.

Lemma 1.8 Let |T| < A\. Let Tr be a tree of height w with k, nodes
of height n for some kK, < X\. Let n < w and let (M; | i < n) be an
increasing chain of models. Let M, C Ny C N; C M* with |Ni| < A.
Suppose (h; | i <n) are automorphisms of M* such that

1. hi =idy,
2. hZ[N]] = Nj fOT’ j <1
3. hZ[Mk] = Mk fO?“ k <n

For each v € Tr | level(n + 1) let my,l, be automorphisms of Ny. Let
n € Tr | level(n+ 1). Suppose g, € Aut(Ny) such that for all v € Tr |
level(n + 1),

gy ()~ (gy) 1 = 1y (1)~ tRIS D < VOl

Let m}, Y be extensions of m, and 1, to automorphisms of Ny for all

v € Tr | level(n + 1). Then there exists a model Ny C M* containing
N1 such that |N2| < |N1| + |T’ +/€n+1 and hZ[NQ] = N2 for ) <n
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and a g, € Aut(Nz2) extending g, and for all v € Tr | level(a + 1)

automorphisms of No, m. and I, extending m; and I} respectively
such that

g%m%(ml)fl(gg)fl _ l;](l/ ) 1h2%n[l7/7]1’})<1’(’7[7771’])

PROOF Let g be a map with domain N; such that g} (Ni) |J Ny,
No
g (N1) € M* and g, extends g,. Let g% beamap extending g, such
that the domain of (g *)~! is N1, (g ")~ (N1) € M* and (g;7")~1(N1) LU Ni.

So g;; U gy, 7+ is an elementary map. Let l” and m be an extensions of

l;}‘ and m;'; to an automorphisms of M*. Let

mey " = (ga ) () T (L) " g Ty T (mp) T (g ) T VL)
Note that m}f Umf™ is an elementary map. Let
=) gy e (m) g )™ () TH T gy (V1))

Note that [ Ul}" is an elementary map. Let gy, mjy, I be elementary
extensions to M* of g UgF*, mfuUmf™, and [JULIT. Let Ny be
a model of size |Ni|+ |T| + Knp+1 containing N; such that Ny is closed

under mn, gn, lg all the hy, and m], l” Let ml, 1, gﬁl, h;?l,, ;7, l%
be the restrictions to Na of the my, Iy, gy, hy,, my, 1.

Theorem 1.9 If A > |T|, cf\=w, M* is a saturated model of cardi-
nality A\ and if G is a subgroup of Aut(M*) such that for no A C M*
with |Al <X is Auta(M*) C G then [Aut(M*):G] = \“.

PROOF Suppose not. Let {k; | i < w} be an increasing sequence of

cardinals each greater than |T'| with sup = \. Let Tr ={npe <“X\|n(i) <

ki}. Let M* = |J B; with |B;| < k;. By induction on n < w for every
i<w

n € Tr | leveln we define models N, C M* and h,, € Auty,(M*) -G

such that B, C N, and |N,| < k,, and automorphisms gy, my,l, of N,

such that if p # v then [, # [, and

9omp(my) " (g,) " = Lo(l)~ 1hp([p[y] v)) <v(lpv])

Suppose we have defined the gy, my,l, for height(n) < m, and N; for
j<m. If n=m+1, for each i < r, we define models N, ; such that
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B, € Ny, Npmp € Nyjiy (N | @ < kp) is increasing continuous, and for
some 1; € Tr [ leveln, g, € Aut(N,;) such that for each n € Tr |
leveln, n =mn; cofinally many times in k,, and for every v € Tr [ leveln,
mt, # 1%, € Aut(N,;) such that

gny ()™ (gg,) ™" = 0, (1) T D <)

The gy,, m?,, I, are easily defined by induction on i < x,, using lemma 1.8

so that if i1 < iy then mi Cmi2, 12 C 2, and if n, = n;, then iy, <

9nip- Then if we let g, = Udgn, | m = n}, my = U mfw Iy = U lfp
1<Kn 1<Kn
N, = U Nn; and h, € Auty,(M*) — G we have finished. Let Br be
i<l€n
the set of branches of Tr of height w. For p € Br let g, =U{g, | n <
ph, mp = U{my | n <p}, and [, =U{ly [ n <p}. If p#v, g, # g0
since without loss of generality p(v[p,v]) < v(y[p,v]) and

—1hM7MwD<VOﬂmﬂ)
'Y[pvy]

gpmp(mu)_l(gp)_l = lp(lu)
and
gum (my) " (g) ™ = 1,(1,) !
implies
90(9.,) o) Mg (gp) 7t = Lp(1) THRED I 0D
p(vlpv]) <v(vlp:v])
vlpv]

[Aut(M*) : G] < \*

So if g, = g, this would imply 7 = 1dyr+ a contradiction.

If

then for some p,v € Br we must have [,(I,)”' € G and g,(g,
G, but then we get a contradiction as gp(gy)*1 1 1

()" € G, but WD <VORID g

YV

Corollary 1.10 If A > |T|, c¢fA =w and M* is a saturated model of
cardinality A then M™* has the small index property.

So we will assume in the remainder of the paper that in addition to 7' being
stable, c¢f A > Kk, (T)+N; and T, M*, and A\ are constant.
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2 Constructing M* as a chain from Kj

Definition 2.1 Let § < AT, cf & > k. (T).

Kj§ = {N | N = (N; |i <), Njis increasing continuous, |N;| = X,

Ny is saturated, Ns = M*, and (N;11, C)ceNi 18 satumted}
For > N,
Kg:{AM:(Aiug&,
A; is increasing continuous, |As| < p, acl A; = Ai}

If Ae K§‘+, then f € Aut(A) if f is an elementary permutation of As
and if i <6, then f [ A; is a permutation of A;.

Definition 2.2 Let A% Al € K¥. Then A < AV iff N AV C Al and
<6
i<j<é = AU A
A9

Lemma 2.3 1. (K{,<) is a partial order

2. Let AS € KY for ¢ < ((*) and let € < ( = A < AS. If we let
- ¢ §
A’L = U<<<(*) Ai’ Cmd ‘U<<<(*) AZ

<, then

and for every ¢ < ((x), Ac < A.
3. If A < A* for ( <((x), and A is as above, then A < A*
PROOF
1. By the transitivity of nonforking.
2. By the finite character of forking.

3. By the finite character of forking.
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Definition 2.4 Let A C M, with |A| < k.(T) and let p € S(acl A).
Then dim(p, M) = the minimal cardinality of an mazximal independent set
of realizations of p inside M. If M is rk&(T) -saturated (kS -saturated
means N, -saturated if kr(T) = Vo and k. (T) saturated otherwise) then
by [Sh ¢] III 3.9. dim(p, M) = the cardinality of any mazimal independent
set of realizations of p inside M.

Lemma 2.5 Let |M| =\ and assume that M is kS(T) -saturated. Then
M is saturated if and only if for every A C M, with |A| < k.(T) and
p € S(acl A), dim(p, M) = \.

PROOF  See [Sh c] IIT 3.10.

Lemma 2.6 Let (A® | a < \) be an increasing continuous sequence of

elements of K§‘+ such that Vv <6, VA C U AT if |A] <k (T) and
a<A
p € S(acl A) then for X many a < A,

1. AZ = A2V <y

2. There exists a € Agill such that the type of a/AS., s the station-
arization of p

then
(Ny [y <6) € Kj

where N, = |J Af.
a<A

PROOF It is enough to show Vv < ¢ that (Ny41, ¢).cy, issaturated. For

this by lemma 2.5 it is enough to show VA C N,41 such that |A| < k(T
and for every type p € S(acl AUN,),

dzm(p, N’y+1) = A

By the assumption of the lemma, there exists {a; | i < A} realizations of
placl A and (AJ | i< A) such that foreach i <, a; € A%it! Agitl =

v+l
AT, and

aiUJA,C;il and aiAf;fH LU N,
A Ac
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which implies

a; LU N, and aiLUN'Y

o

A’y+1 A
Since cf A > k,(T) without loss of generality A C A7},. We must show
the (a; | ¢ < \) are independent over N, U A. By induction on i < A, we

show that
(aj | j <)

are independent over AU {A5’ | j <i}. This is enough as

{aj | j <i} LU Ny
AU{AY |5 <}

Since (a; | j <) are independent over AU {AS"|j <i}, and

{aj [ <1} W AL
AU{AY | j<i}
(aj | j <) are independent over AU AJ'. Since a; |/ ATy we
AU AT
have
o ) Heyli<i
AU AT

Lemma 2.7 Let (N® | a < §) be an increasing continuous sequence of
elements of Kgﬁ such that |J N§ = M* and for every v < 4§, and

a<d
a <9,
a+1
(NJFi 7C)ceNg+1uN$+1
and

(Noa“, C)ceNg
are saturated of cardinality A. Then
(N, |a<d) € K§

where N, = |J NY.
a<é

PROOF Similar to the proof of the previous lemma.
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Lemma 2.8 Let cf § > k,(T)+Ny. Let M € K3. Let As C M* such that

|As] < X and As = |J Ai where (A; | i < d) is an increasing continuous
<9
chain. Suppose V3 < 3, and Vi <,

Mg ) A
AiﬂM/g

Let a C Mg~ such that |a| < k.(T). Then there exists a continuous
increasing sequence (Al | i < 0) and a set B such that |B| < k. (T),
A; C Al a c UA, = Af, |AS| < A, for some non-limit i* < 0, A, = A;
if 1 <i*, and A=A, UB if i* <i and Vi,5 <9,

Mg ) A4
A; N Mﬁ
and Y i,8 <6,
Mp U (Mgy10 As) U AN Mg
Mg U (Mp11 0 Ay)
and

A5 ) 4
A;

PROOF First by induction on n € w, we define (B,, | n < w) such that
By =a, |By| <k (T) and Vi<, V3 <,

B, UJ Mﬁ UA;
(Mﬁ N (Az U Bn+1)) U A;
So suppose B, has been defined. By induction on m < w we define
subsets C7; and Cy of ¢ such that 0 € C;, |C;| < K, (T) and such that
if (a1,b1), (az,b1), (a1,b2), (az,b2) are four neighboring points in C7 x Cs
with a1 < as and by < by, then for all 7,7 such that a1 <147 < ag and

b <j<by
B, UJ Ma1+i U Ab1+j
Mgy, U Ab1
So it is enough to find |Bp4+1| < kr(T") such that for every (a,b) € C1 x Cy,
B, uJ M, U Ay

(Mg N (ApU Bpg1)) U Ay
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As |C1 x Cq| < K, (T) this is possible. Let B = |J By,. (If k.(T) = Ny
new
then without loss of generality we can define the B, such that for some

k<w, U Bn= U By.) It is enough to prove the following statement.
new nek

There exists a non-limit i* < & such that if A, = A; for i < i*, and

Al =A;UB for i >1i* then the conditions of the theorem hold.

PROOF V(3 <4, Vi <4, if AL = A;UB, then since

B J Mg U A;
(Mg N (Ai U B)) UA;
we have
A ) Mg

A; N Mﬁ
Let i** < such that for all 7 > ¢**,

As UJ A

A;

It is enough to find i** < i* < 4 such that V3 <,

B LU MBU(M/nglﬂAg)
Mg U (Mgy1 N A)

Let (8o | € y) where v < k,.(T) be the set of all places such that

B ILU My, U(Mp,1+1 M0 As)
Mg, —1U (Mg, N As)

For each S € (Bs | a € ) let iy be such that

B U, Mgy U (Mpg,11 0 As)
Mg, U (Mpg,+10 4;,)

Let i, be such that

B LU M(]U(MlﬂAg)
My U (Ml N A’v)

Let i* = sup{ia |a € v+ 1} +14+**. As |B| <k (T) and cf d > k. (T),
1" < 6§, so there is no problem.

10
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Lemma 2.9 Let M € Kj. Let A C M* such that |A] < X\ and A =

U Ai where (A; | i <) isincreasing continuous, each A; is algebraically
<9
closed and Vi < 6§, V3 <9,

Mg ) A
MﬁﬂAi

Let i* be a successor < 6, [* < §, * a successor, and let p € S(A;+ N
Mpg-). (Or even a < X\ type over A; N Mg«. ) Let p' € S((Aj= N Mp+) U
Mg«_y1) such that p’ does not fork over p. Then there exists an a € Mga-
such that a realizes p',

A UJ a

Mﬁ* N A+
and if A, = A;U{a} for i >i* and A, = A; for i <i*, then VP <
6, Vi<,
Mg ) A
MgﬁA;

PROOF Let B C Mg« such that |B| <\, AfNMg- C B, and

Mg | A
Mg, B

Let a € Mg~ such that a realizes p and

a ] BUMg_,

A7 N Mg
Since
Mg- |y A4
Mﬁ*,l UB
we have
a LU A
Mg-_1UB

which implies
a (] Mzp_uA

11
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Since for all ¢ > ¢*,
a ) Mg-1UA

A
we have for all vy < 8%,

a UJ M,UA

A;
which implies
aUA; LU M,y
AN M,y

Since a C Mg~ we also have Vy > 8%,

aU A; LU M,y
(aU A;) N M,

Lemma 2.10 Let M € K§. Let A C M* such that |A| < X and A =

U A; where (A; |i < d) is increasing continuous, each A; is algebraically
<6

closed and Vi < 6§, VB <0,

Mg |l A
MﬁﬂAi

Let i* <9, p* <6, 5%, i* successors, and let p € S(A; N Mg). Let p' €
S((AiNMpg+)UMga«_1) such that p' does not fork over p. Let f € Aut(A)
such that Vi < 6, f[Ai] = Ai. Then there exists {a; | i € Z} C M* and
an extension f' of f with domain AU{a;|i € Z} such that ag realizes
P, ap € Mg+, and Vi € Z U'(93) = O and if A, = A;U{a; | i€ Z}
for i >1i* and A, =A; for i <i*, then for all § <,

Mg |l) A
MﬁﬂA;

As LU A;
A;
and
M5_1U(MBQA) LU MBﬂA;

Mﬂ—l @] (Mg N Al)

12
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PROOF We define {a;|i € —n,...,0,...,n} by induction on n such that
if A, =acl(A;U{a; |i€ —n,...,0,...,n}) if i > ¢* and A = A; if
1 < 1*, then Vi <4, VB <4,

Mg ) A
MgﬂAg

A5 || 4
A;

and
M6,1U(M5QA) LU M/gﬂA;
Mﬁ_l U (M/g N A)
and fp, = fU{(ai,a;+1) | —m < i < n} is an elementary map. In addition
we define a sequence of successor ordinals (3; | i € Z) such that §; < §; if
li| <j|, and B, < f_p such that

Ant1 UJ Mg, ., 1UAU{a_p...,a0,... a5}

Mg, ., N A
and
a_(n+41) LU Mﬁ_(n+1)_1UAU{a_n,...,ao,...,an,anH}
Mpg_ .y N A
Define ap as in the previous lemma. Suppose that {a—p,...,a0,...,an}

and B; for —n < i < n have been defined satisfying the conditions. Let
C = aclC such that for some B C C with |B| < k.(T), aclB = C,
CC Mg_,NAx and

(079 LUAU{a_n,...,ao,...,an_l}
C

Let 8,41 > B_n be a successor such that f(C) C Mg, , NAx. Let anq1 €
Mg, ,, realize

n (tp(an/A U{acn, ..., ao,... ,an_l})>

and in addition

an+1 UJ AUMg, 1
M5n+1 N A;F

13
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Similarly for a_(,;1). Now as in the proof of the previous lemma, all the
conditions of the induction hold.

Lemma 2.11 Let 6 be an ordinal less than )\j‘ such that cfé > Ny +
tr(T). Let f € Autg(M™) with |E| <. Let M € Kj. Then there exists
NYUN?% € K§, fi1 € Autg(NY), fo € Autg(N?) with E C N}, E C N}

such that

1. f=fafq

2. Vi, <6, Vie {01},

Mpg

U

Mg N N}

3. Vi,p <6, Vie{o1},

l
(Nip1 N Mpi1,0).c (N}, ,NMg)U(NINMpg1)

is saturated of cardinality X

4. (N'l+1 N Mo, ¢).c Ntang, 18 saturated of cardinality A

)

PROOF Without loss of generality E = (). By induction on a < A\ we
build increasing continuous sequences (A [ <), (B i <6), (ff'|a<
A), (fS$] o < Ay such that

I M*= | A% —
a<A

U By

a<A

2. Nj=U Ay N = U B

a<A

a<

3. f{* € Aut(A§) such that fP[AY] = AS

f5' € Aut(B§') such that f$[Bf*] = B

5. [lA?] = Af,

S B

Ay = By

AZ] < o™ + ke (T) + 3

|BS| < |a|t + ke (T) + Xy

14
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9. fafa=1r1A4§
10. VB <9, Vi<d, Va <A,

Mg ) Ap
M/BQA?

11. VB <0, Vi<éd, Va < A,

Mg |l B
.AfgﬁBfv

12. Vi, <9, VI €{0,1},
1
(Nigr N Mp1,€)cc (N{1NMg) U (N{NMp1)
is saturated of cardinality A

13. (N}, N My, C)ceNil A, s saturated of cardinality A

14. Vi <6, Va < A,

A () Agt!
A7
15. Vi< d, Va < A,
By ||) B!
By
16. VB <6, Vi < d,Va < A,
Mg U (Mp11 0V AF) U M1 0 AT

Mg U (M1 N A)
17. VB <6, Vi <, Va < A,

Mg U (Mpy1 0 B§) U Mgy, N B
Mg U (Mgy1 N BYY)

15
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At limit stages we take unions. Let a be even. Let M* = (m, | a < \).
In the induction we define (p, | @ is even and « < A) such that each
Pa € S((Mpgy1 N A ) U Mg) for some 4,8 < ¢ and such that Vi <
9, VB <6, VA C M* such that |A| < k. (T), Vp € S(acl A) there exists
A many p, € (Po | @ < A) such that p, € S((Mgy1 N A ) U Mpg),
Do 18 a nonforking extension of p, p, is realized in Affll N Mgy1, and
Vj < i, AT = AJO.‘H. By the proof of lemma 2.6 this insures 12. and 13.
holds for [ =1 when we finish our construction. Solet *, 8* < § such that
Pa € S((Mp+y1 M A 1+) U Mg+). By lemma 2.10 we can find an extensions
(A%) of AY with (A%) = A% for ¢ <i* andextension f{ of f; such that
fII(AS)] = (A)', po is realized in Mg« 1N (AL ;)" and V3 <0, Vi <,

Mgy U (Mg N Af) UJ Mg (AT
Mgy U (Mg N AF)

A3l (apy
A7
and
Mg U @y

Mg 0 (A7)
Let F| be an extension of f] to an automorphism of M*. By iterating w
times the procedure in the proof of lemma 2.8 we can find D € M* such
that |D| < kr(T) + w1, if m is the least element of (m, | @ < A) then
m € D, D isclosed under f, f~1 F{ (F{)~! and for some i** i*** < ¢ if
AT = (A)'UD, for i >i** and (A$) for i <4** andif B! = BRUD,
for ¢ >4 and B{* for ¢ < ™" then

Mg U (Mg N AF) U Mgy N AFH
Mg U (Mpy1 0 AF)

A (|) Agt!
A7

and

Mg LU Axtt
Mﬁ N A?-H

16
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and
Mg U (Mp11 N B) U Mg N BT
Mj U (M 1 B?)
BY LU Bia+1
B
and

Mg W Bott
Mg By

Similarily for « odd. Let ff‘“ =F Af‘“ and f2a+1 = f(flaJrl)_l-

3 The proof of the small index property

Definition 3.1 Let § be a limit ordinal and let N € K§. Then f €

Aut*(N) if and only if f € Aut(M*) and for some n € w, f[Ns] = Ny
for every a such that n < o < 4. Auty(N)={f € Aut*(N) | f | A=
ida}.

Definition 3.2 Let § be a limit ordinal and let N € K§. Let BC Ny as
in the above definition. If for every f € Aut(M*)

(f€Aut*(N) A fIB=idg) = f€q
then we define

E:{C§B|feAut*(]\7) A frczz‘dc;»fe(;}

Lemma 3.3 Let § be a limit ordinal and let N € K§. Let B C Ng such
that (No,c),c g is saturated. Let C = aclC, C C B, and g an elementary
map with domg=DB, ¢ C =ide, (NO?C)CEBUQ[B] is saturated, and

B ||) 9(B)
C

Then the following are equivalent.

1. CeFE

2. All extensions of g in Aut*(N) are in G

17



Paper Sh:450, version 1993-08-26_10. See https://shelah.logic.at/papers/450/ for possible updates.

3. Some extension of g in Aut*(N) isin G

PROOF 1. = 2. is trivial.

2. = 3. We just need to prove g has some extension in Aut*(N). But

this follows easily by the saturation for every j <d of (Njy1,¢).c N

3. = 1. Let f € Aut*(N) such that f | C = idc. Let n € w and

g* € Aut*(N) such that ¢* D g, f,g* € Aut(N | [n,6)), and g¢* € G.

Let B’ C Npy1 such that B’ |J N, and tp(B'/C) =tp(B/C). Let ¢ €
C

Aut(N | [n+2,8)) such that g; maps g(B) onto B’ and ¢; | B = idp.

Since ¢1 [ B = idp, g1 € G. Let gy = glg*(gl)_l. Again ¢go € G, g2 |

C =idec, and ¢o[B] = B'. As
B ) Na
C
f € Aut(N | [n,6)) and f | C =idc, clearly

F(B") ) N
C

Therefore there exists g3 € Aut(N | [n + 2,d)) such that g3 [ B’ =
f I B and g3 | N, = idy,, hence g3 € G. (g3)~'f | B’ = idp so
(92)7'(93) "' fg2 = idp hence (g2)7'(g3)"'fgo € G. But this implies f €
G.
Theorem 3.4 Let |T| < \. Let M € K§. Let G C Aut*(M). If
feAuty, (M) = feG
but for no C C My with |C|] < X does
feAuts(M) = feG

then
[Aut(M™) : G] > X

PROOF Suppose not. Let (h; | i < A) be a list of the representatives of the

left G cosets of Aut(M [ [1,9)) possibly with repetition. Let A= |J A¢
(<cef A
with (A¢ | ( < cf A) increasing continuous and |T'] < [Ag| < |A¢| < A. Let

18
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Mo= | M? and M; = |J M} with each being a continuous chain
¢ ¢
¢<cf A ) ¢<ef A
such that |M¢] < [Ac.
Now we define by induction on ¢ <cfX, No¢, Nig¢, fec, Be, and hj¢
for j < A¢ such that

1. f¢ is an automorphism of Nj .

N

(fe | ¢ <cfA) is increasing continuous

w

. If j <A and there is an h € Aut(M | [1,8)) such that

(a) h extends f¢
(b) hG = h;G

then h;. satisfies a. and b.

4. B¢ is a subset of Nj ¢ of cardinality < ||

5. M} C B

6. No¢ € B¢y1 and B¢y is closed under hj. and hj_e1 for j < Ac
and € < (

7. fZhBe) U Nogn

No¢

8. Nic U Mo
No¢

9. Mi= | Nie Mo= U Noc
¢<cf A (<cef A

10. [Nocl < [Ac|
11. (N1¢41,C)een, o is saturted of cardinality A

12. (M, C)ceMouNL( is saturated of cardinality A

For ¢ = 0 let By be empty, let Noog be a submodel of My of car-
dinality [Ao|, let Njo be a saturated submodel of M; of cardinality
A such that Nig |JJ Mo and let fr = idy,,. At limit stages take

No,o
unions. If ¢ = e+ 1, let B be as in 4,5,6. Let No¢ C My such that
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BC LU M(), NO,e - NO,C’ M(? - NO,O ‘N[)’d < )‘C Let NLC - M1 such

Noy
that B € Nig¢, Nie U Mo, (Nig,c)een,,. is saturated of cardinal-

No¢
ity A, and (Mi,c)ecempun, o is saturated of cardinality A. Let f: be an

extension of f. [ N1, to an automorphism of Nj . so that

7B ) Nog

Nl,e

Since
No¢ UJ Ny
NO,E
we have
B ) Noe

NO,G

Let f be an extension of |J f¢ to an element of Aut(M [ [1,5)). We

(<cef A
have defined f so that

1. (By nonforking calculus) V( < cf A, Vj < A,

R e (Mo) U M,
No¢

2. f_lhj@ rNO,C =1id

By lemma 3.3 none of the f~1h;, are in G, a contradiction as for some
J <A, fG=h;G sofor some (, j <A;, h;jG=h;G=fG.

Lemma 3.5 Let |T| < \. Let cfd > k. (T) + Ny. Suppose [Aut(M*) :
G] < X\ and assume that for no A C M* with |A| < X is Auta(M*) C G.
Then for some N € Kj§,

N\ Auty (N) € G

a<d

PROOF Suppose not. Let M € K§. Then there exists an o < § such
that Auty, (M) C G. Without loss of generality a = 0. By lemma
3.4 there exists E C My such that |E| < A and Autg(M) C G. Let
f € Autp(M*)\G. By lemma 2.11 we can find N', N?> € K§ and automor-
phisms f; € Autg(N') and fy € Autg(N?) such that
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1. ECN}, ECN

2. f=fah
3. ilE=fa | E=idg
4. Va,B <6,
() Ny U Mg
Nin Mg
(b)) N2 U Mg
N2 Mg

(¢) (N2 N Mg, C)ce(N;HmMﬁ)u(N;mMﬁH) is saturated of cardi-
nality A

(d) (N2, N Mgy, C)ce(NgﬂmMﬂ)u(NgmMﬂH) is saturated of cardi-
nality A

(€) (Nay1NMo)ecninng, is saturated of cardinality X

(f) (N2,4N M) enznng, 18 saturated of cardinality A

Since f ¢ G we can assume without loss of generality that f; € G.
Also, by the hypothesis of suppose not we can assume there is a F C N&
such that (N}, c)eer is saturated and Autp(N') C G. By lemma 3.4 we
can assume that |F| < A and without loss of generality E C F. Let for
a < 0,

F,=FnM,

By the lemma 3.6 we can find a sequence (F, | a < §) such that for each
a, F, CFy, with [F;| <X and for each 3 < a F,NMg= Fj and if
F'= |J F! then

a<d

Mo N ) F
K,

We define by induction on « < § amap g, an automorphism of M, N N}
such that

1. VB,a<d, B<a = g3C ga

2. If « isalimit then g, = | g3
B<a
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3. ga(Fé) LU Fola
FE
4. go [ E=1dg

Let o« = 3+ 1 and suppose gg has been defined. Let X C M, N N
such that X —~ gg(Fg) = Iy, ~ Fj by hg an extension of gg [ Fj; and

X ) FLumsnng)
958(F)

Let g/, = gsUhg. Since X |J gg(MgnN Ng) and F. | Mgn Ng,
(F}) FY
98\t's B

g, is an elementary map. Now let g, be an extension of ¢/, to an auto-

morphism of M, N Ng. Let ¢ = U ga. ¢ is an automorphism of N}
a<d
such that for every o < 4,

g'[Mo N Ng] = [Mq N Ny

By the saturation and independence of the N}, Mg we can find an ex-

tension g of ¢ such that g € Aut(N1) and g € Aut(M). This gives

a contradiction since g(F) ||J F and g € Aut(N;) implies g ¢ G, but
E

g € Aut(M) and g | E =idg implies g € G.

Lemma 3.6 Let M = (Mg | 3 <6) € K§. Let F C M* with |F| < A\
Then there exits a set F' such that |F'| <\, F CF', and V3 <,

* M,B LU F,

F'n Mg
PROOF Let w C F be finite. There are less than k,(T) many o < ¢
such that
w w Mo 11
Ma

Let a, be the set of such «. For each « € a,, let w, C M, such that

‘wa| < er(T)a and
w UJ M,
We
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Let w! = U wa. Let F!' = |J w! and repeat this procedure w
a€ay w C F

finite
times with F™ relating to F"*! as F isrelated to F'. Let F' = [J F™

new
F' satisfies .

Lemma 3.7 Let Tr be a tree of infinite height. Let « < height(Tr) and
let m € Tr | level(a +1). Let (Mg | B < «) be an increasing chain
of models such that for all B < o, (Mgi1, c)ceMﬁ 1s saturated. Let
M, € Ny € Ny € Ny C N3 with (Njt1, C)ceN,- saturated for i < 2.
Suppose (hg | f < «) are such that

1. hg= idMﬂ
2. hﬁ[NZ] = Ni fO?“ ) S 3
3. hg[My| =M, for v<a

For each v € Tr | level(a+1) let my,l, be automorphisms of Ny. Suppose
gn € Aut(No) such that for all v e Tr | level(a + 1),

Gy ()~ (gy) ™ = Ly (1) LRI <O

Let m}, Y be extensions of m, and 1, to automorphisms of Ny for all
v € Tr [ level(a+1). Then there exists a g, € Aut(N3) extending g, and
forall v e Tr | level(a+1) automorphisms of N3, m!, and 1), extending
m} and I} respectively such that

g;m%(mllj)—l(g;?)—l _ l%(l,//)_lhzmg]’u]) <v(y[nv])

PROOF Similar to the proof of lemma 1.8.

Theorem 3.8 Let |T| < X\. Let M* be a saturated model of cardinality
A, and let G C Aut(M*). Suppose that for no A C M with |A] < X is
Auto(M*) C G. Suppose Tr is a tree of height k, where k is a regular
cardinal > k. (T)+ Ny such that each level of Tr s of size at most A, but
Tr having more than X\ branches. Then

[Aut(M*) : G] > A
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PROOF Suppose not. Then by lemma 3.5 there is a N € K3, .., such that

N Auty, (N)Z G

a<AXK

By thinning N if necessary we can assume for each a < k there exists
an automorphism h, € Auty,  (N) such that h, ¢ G. By induction on
a < k for every n € Tr | levela we define automorphisms g, my, 1, of
Nyxa such that if p # v then [, # 1, and
gpmp(my)—l(gp)—l — lp(ly)—lh’ﬁ;([z’[l/j],ll]) < V(W[P,V])

At limit steps we take unions. If o = g+ 1, for each i < A we define for
some 7; € Tr [ level a, gy, € Aut(Nxxp4+3;) such that for each n € Tr |
level a, m = m; cofinally many times in A, and for every v € T'r [ level a,
m?, # 1', € Aut(Nyxp43i) such that

gmmi;i(miu)_l(gm)_l _ l;‘h(li)—lhzi[gz[lvj]i,u})<y(7[m-,z/])

v, Il are easily defined by induction on i < A using lemma 3.7.
Then if we let g, = U{gn | m =n}, my= U m} and I, = J I}, we have

<A 1<

finished. Let Br the set of branches of Tr of height x. For p € Br let
90 = Udgn | m <o}, mp =U{my | n <p}, and I, = U{ly [ n < p}. If
p# Vv, gp7F# g, since without loss of generality p(v[p,v]) < v(y[p,v]) and

The g,,, mi, [t

gpmp(my)fl(gp)fl — lp(lu)flhg([zy[gl,l/}) <v(y[p,v])

and
g,,ml,(mp)_l (QV)_l =1 (lp)_l
implies

gp(gy)fllp(ly)flgy(gp)fl — lp(ly)flh’/;([;[lf]w])<V(’Y[P7V])

p(vlpV]) <v(vlp.v])

= 1dps+ a contradiction.
vlpsv]

So if g, = g, this would imply A
If

[Aut(M™) : G] < A

G, but then we get a contradiction as g¢,(g,

1,(I,)"' € G, but hg([z[lf]’”])<’/(7[ﬂa”]) e
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Corollary 3.9 Let G C Aut(M*). Suppose that for no A C M with
|A| < A is Auta(M*) C G. Suppose |T| < X and M* does not have the
small index property. Then

1. There is no tree of height an uncountable regular cardinal « with at
most A nodes, but more than X\ branches.

2. For some strong limit cardinal p, cf p=Ny and p < X < 2H.

3. T 1is superstable.

PROOF
1. By the previous theorem
2. By 1. and [Sh 430, 6.3]

3. If T isstablein A, then A = A<*(1) soif k. (T) >Ry we can let
k from the previous theorem be the least s such that A < A\,
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