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2 SAHARON SHELAH

§0 INTRODUCTION

We heard the problem from Velickovic who got it from Todorcevic, it says “are
there P, a c.c.c. forcing notion, and Q is a 2%°-c.c. forcing such that P x Q is
not 2%0-c.c.?” We can phrase it as a problem of cellularity of Boolean algebras or
topological spaces.

We give a negative answer even for 2%° regular, this by proving the consistency of
the negation. The proof is close to [Sh 288],83 which continues [Sh 276],52 and is
close to [Sh 289]. A recent use is [Sh 473].

We start with V' |= “)\ is a Ramsey cardinal”, use c.c.c. forcing blowing the con-
tinuum to A. Originally the paper contained the consistency of e.g. 280 — [Ry]2, 2%o
the first k3-Mahlo, (weakly inaccessible)(remember k3 < w) but the theorem pre-
sented arrive here to satisfactory state (for me) earlier. See more [Sh 546]. I thank
Mariusz Rabus for corrections.

* * *

What problems do [Sh 276], [Sh 288], [Sh 289], [Sh 473] and [Sh 481] raise? The
most important are (we state the simplest uncovered case for each point):

A Question. 1) Can we get e.g. CON (2% — [X5]2); more generally raise u* to
higher.

2) Can we get CON(R,, > 280 — [¥]2); generally lower 2#, the exact N,, seems to
me less exciting.

3) Can get e.g. CON(2H > X\ — [ut]3)?

Also concerning [Sh 473].

B Question. 1) Can we get the continuity on a non- meagre set for functions
f:r2—r27

2) what can we say on continuity of 2-place functions?

3) What about n-place functions (after [Sh 288]).

C Question. 1) Can we get e.g. for up = p~* > Ng,CON(if P is 2M-c.c.,Q is
put-c.c. then P x Q is 2¥-c.c)?

2) Can we get e.g. CON (if P is 2%0-c.c.,Q is Na-c.c. then P x @ is 2%0-c.c.)

3) Can we get e.g. CON (2% > X\ > Ny, and if P is M-c.c.,Q is No-c.c. then P x Q
is A-c.c.)

On Al see [Sh 546].

Discussion Maybe the solution to (Al) is by using squared demand and if in § <
M cf(8) > pu we guess (N, : s € [B]=2), ¢, try to by Qs to add a large subset of B

on which only two colours appear; but we want to do it also when otp(B) > u*.
Naturally we assume that if 6’ < §,¢f(6") > p™,8 = Sup(B N4’) this was done
(N, : s € [BN§']=2), but we need more: including dividing B to u set on each only
two colours (by Qs). To do this and have A, k3-Mahlo (rather than measurable or
(A =T (w1)5*) we have to use a very strong diamond.

For problem (A2) the natural thing is to use systems N = (N, : s € [B]=?)
which are not end extension systems. Then it is natural to use the forcing on this
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stronger; “specializing” not only the colouring but all Py_~j-names of ordinals (as
defined in §8). This required a suitable squared diamond; this has not yet been
clarified (actually we need somewhat less than NV, S.

But for problem (A3) a weaker version of this suggest itself. As in the solution
of 1, X is k3-Mahlo ((N? : s € [B°]<%) : § € S) is such that N? C H(0"), (we think
of N? as guessing the isomorphism type over H(J). Now we have to define a
preliminary forcing R, A-complete or at least strategically A-complete, satisfying
the A*-c.c. So we have “copies” of (N? : s € [B%]*?) which behave like A-systems.
[Saharon).

But if want to get tree like systems (ease requirement on forcing) we need more
(enough dependency). For simplicity A = cf(x) = x* and use the following instead
forcing and do it with.

We can have in V' (or force),
C =(Cs:9¢€8)asquare, S C x,S =: {§ € S : cf(6) = A} C x stationary,
[6 € S = otp(Cs) < A), we have squared diamond C = (Cs : 6 € S), and we
choose for 0 € S,B; < s, || Bs|| < |w+ otp(Cs)|,01 € Cs, = Bs, < Bs, & (Bs :
0 € Cs U{51}> € Bs,, 02 = sup Cs5, = Bs, = U B;

5eCs,
Now we can copy the squared diamond ((Nj, : s € [B5]S%) : 6 < )

getting <(N§<7s :s€[B]s?):d € S>. We then define (P;, Q;, 4; i < x),|ai| < x2
(or |a;| < k).

Concerning (B1) the expected theorem holds. For 2-place function, note that
the Sierpinski colouring can be viewed as a function from #2 to {0,,1,} C #2. So
the best we can hope for is

(B2)" can we get the consistency of (x), for any 2-place function f from #2 to
#2 there are (everywhere) non-meagre A C #2 and continuous functions fy, fo from

A to #2 such that (Vn,v € A)[f(n,v) € {fo(n,v), f1(n,nu)}.

So we have to put together the proofs of [Sh 473] (continuity on non-meagre),
[Sh 288] (2% — [R;]%), using the k3- Mahlo only and replace Xg by p.

For problem (B3), u = Rg we have to generalize [Sh 288],63. But also for p > Ry,
we have to consider what can be said on the partition of trees (see [Sh 288],64 for
a positive answer for large cardinal (indestructible measurable n* < w).

Concerning (C2), the problem with the approach to (Al) is “why should Q;
from [Sh 481],1.7 satisfies Q% is c.c.c.”
Similarly (C3)(A3). A natural approach is to consider (N, : s € [B]<Y0) and use
a subset X € [B]°"PP such that for different uses we use almost disjoint X’s. This
was not completed but we restrict ourselves to “not only P satisfies the 2%0- c.c.
but even P" (for each n < w).

Concerning (C1) we cannot replace #n elements of B by 1, but we can use a
directed system, so “P satisfies the 2#-c.c.”, is replaced by “for o < u, P? satisfies
the 2#-c.c.” (or slightly less).

Another question is Velickovic’s question answered for Borel c.c.c. forcing in [Sh

480); i.e. (C4).
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Preliminaries

0.A. Let <} be a well ordering of
H(x) = {z:the transitive closure of x has cardinality < x} agreeing with the usual
well ordering of the ordinals,
P (and @, R) will denote forcing notions, i.e. partial order with a minimal element
0=0p.

A forcing notion P is A-closed if every increasing sequence of members of P, of
length less than A, has an upper bound.

0.B. For sets of ordinals, A and B, define Hgi as the maximal order preserving
bijection between initial segments of A and B, i.e., it is the function with domain
{a € A:otp(an A) < otp(B)} and Hg}%(a) = [ if and only if « € A, 8 € B and
otp(a N A) = otp(B N B).

Definition 0.1. A =% (a)5* holds provided that: if whenever F' is a function
from [A]<¥ to A\, F(w) < min(w), C C X is a club then there is A C C of order

type a such that |wy,wq € [A]<Y, |w1| = |wa| = F(w1) = F(ws)|.
(See [Sh:f],XVII,4.x).

0.1A Remark. 1) If X is Ramsey cardinal then X =% (X)5¢.

2) If A= Min{A: XA = ()5} then X is regular and A =+ (a)5¢.

Definition 0.2. A\ — [a]} , if for every function F’ from [A]" to  there is A C A
of order type a such that {F(w) : w € [A]"} has power < 6.

Definition 0.3. A forcing notion P satisfies the Knaster condition (has property
K) if for any {p; : i < w1} C P there is an uncountable A C w; such that the
conditions p; and p; are compatible whenever 7, j € A.
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§1 CONSISTENCY OF “C.c.Cc. x 2%0-c.c. = 2% - ¢.¢.”

The a;’s are not really necessary but (hopefully) clarify.
1.1 Definition. 1) K, , is the family of Q = (P, Qp,ap:7<a,B< a), where:

(a) (Py,Qp:v < a,B <) is a finite support iteration

(b) every P,, Q- satisfies the c.c.c.

(c) @p is a Pg-name which depends just on Gp, N P, (see below; hence it is
in V[Gp;]), and |@Qg| < £ and its set of members C V' (for simplicity)

(d) ag C B, lag| < pand v € ag = ay C ag.

2) For such Q we call a C £g(Q),Q-closed if [3 € a = ag C a] and let

Pr=PpPQ = {p € P, :-Dom(p) C a and for all 5 € Dom(p) : p(5) € V

(not a name) and p | ag I+ “p(B) € Q,B”}

(so we are defining P; by induction on sup(a)) ordered by the order of Pyyp(q)-

3) ICZ;’,_6 is the class of Q € K, , such that if 8 < v < £g(Q),cf(B) # Ny then

P,/ Ps satisfies the Knaster condition (actually we can use somewhat less). Let

S O

4) If defining Q we omit P, we mean U Pg if o is limit, Pg* Qg if a = S+ 1.
B<a )

5) We do not lose, if we assume Qs C [k]<®° and the order C; (then 1.2(1)(g)

becomes trivial as for closed p,q € P/,p[a <q| a).

1.2 Claim. 1) Assume z € {n,k} and Q = (Py,Qp,ap : B < a,y < a) € KF ..
Then

(a) fora* <a, Q| a* =: (Py,Qp,ap : B <a*,v <a*) belongs to Kj .

(b) Py is a dense subset of P,
(c) for any Q-closed a C «, P} < P, (in particular P} is a dense subset of
P, ); moreover, if p € PX then p [ a € PF and

pla<qeP;=r=qUpl(a\a) € P, & p<r & q<7]
(d) for a Q-closed a C «, <P;mw@67aﬁ : B € a,y € a) belongs to K% A

(except renaming; not used)
(e) if Qo is a Py-name of a c.c.c. forcing notion of cardinality < k, each

member of Qq is from V, a C a is Q-closed, |a| < p and Poy1 = Py * Qu
and Qq satisfies the Knaster condition or at least B < o = Py % Qo /Ps11

satisfies the Knaster condition then
(Py,Qp apg: B<a+l,y<a+1) ey,
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(f) if n <w,p1,...,pn € Pys and

(x) for every B € U Dom(pg) for some m = mp, € {1,...,n} we have
(=1

pm [ B1F “p£<ﬁ) SQB pm(6> Jor £ = {1’ s 7n}”

then p1,...,pn has a least common upper bound p which is defined by:

n

Dom(p U Dom(f),pe(B) = Dmy,(B), so in particular p € Py~ and

n

(2) z'fpg <pandp; € P} for £ <n, and a is Q-closed for k < m then there is
€ P}, such that p <p' and P; = pe [ ax <p' [ ag for £ <n,k <m.

2) If v € {n,k} and 6 < X is a limit ordinal, for o < 6 we have
<P77Q6aa5 B<a,y<a)eE K7\ and Ps = U P, then <PWQB7%’ 1B <0,y <)

y<é
belongs to K7, |

Proof. Straightforward.

Essentially by [Sh 289],2.4(2),p.176 (which is slightly weaker and its proof left to
the reader, so we give details here).

1.3 Claim. Assume A —7T (wa™)5¥ (e.g. A a Ramsey cardinal, o = \) x > A,

x € H(x).

1) There is an end extension strong (x, A, a*, 1, No,w)-system for x (see Definition
1.34).

2) There is an end extension (x, A, , u, Ro,w)- system for x if x is Ramsey or
A= Min{\: X — (wa*)5“} (also then the condition holds for every p' < p).

1.3A Definition. 1) We say N = (N, : s € [B]<1*") is a (x, A, a, 0, 0, n)-system
if:

(a) Ns < (H(x),€) (or of some expansion)
0+1C Ns, |[Ns|| =0,77(Ns) € (Ns)
(b) B C A\ otp(B) =«
) n <w (equally is allowed but 1 4+ w = w so s is always finite)
(d) Ns Nt g Nsﬂt
e) NyNB=s
f) if |s| = |t| then Ny, = N; say H,, is an isomorphism from N, onto N,
(necessarily H, ; is unique)
(g)if s Cs, ' ={aect: (3B e s)||fNs| =|ant|]} then Hy v, Hyy are
Compatible functions; Hy = id,
H, )t 2 HO? Hso,sl © Hsl,32 = Hso,827Ht,s = (Hs,t)_l

st?
(h) sup(NsNA) < Min{a € B: /\7<o¢}.

vEs
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2) We add the adjective “strong” if in strengthen clause (d) by
(d)T NgN Np = Ngry (so in clause (g), Hy v C Hyt).
3) We add the adjective “end extension” if
(i) sat = NsNA<N; N A (where A< B) means A = BN min(B\A)

4) We add “for 2” if x € N; for every s € [B]<!*" and H,(z) = .

1.3B Remark. If X\ is a Ramsey cardinal (or much less see [Sh:f], X VII,4.x,[Sh 289],54)
then we have if v € sNt,sNy = tNy and y € N, then in (H(x), €, <}) the elements
y and H; 4(y) realizes the same type over {i:i < ~v}. [prove?]

Proof. 1) Let C = {0 < A : for every a < 4 there is N < (H(x), €, <}) such that
p+1+aC N and sup(NNA) <} Clearly C is a club of .

Let By = {a; : i <wa*} C C, (o strictly increasing) be indiscernible in
(H(x), €, <%,x) (see Definition 0.1). Let B = {a : i < wa* limit}. For s € [By] <M
let N = the Skolem Hull of s U {i : i < u} U {z, A\} under the definable functions
of (H(x),€,<}) and

Ny =USN? NNY cty,t0 € {ag 11 <wa*}]<N and s =ty ﬂtg}.
Clearly

(%) [INs|| < g and {z, A} C N,
Now we shall show

(%); if s € [B]<®0,y € N, then for every finite ¢t C By there is u € [By]<™° such
that s Cu,u* Nt Csand y € NS.

As y € N, there are sq, s2 € [Bo]<"° such that y € N N N, and s = s1 N sy. Let
s1Use ={ay,,...,q;, ,} (increasing), and let

n* = sup{n : for some 3,8 +n € t} + 1, and define for £ < m a function f, with
domain s1 U so, such that

Q41 if k>m—~/andig ¢s

et = {

v, otherwise

Note that

@, for £ <m, fo | s1= for1 [ s10r fo | s2= foy1 [ s2 (or both)
[why? as iy € so\s1\s or iy € sa\s1\s or iy € s = s1 N s9].
&, fe is order preserving with domain so U s1, f; [ s = the identity.

As y € N N N{ there are terms 71,7, such that
Yy = 7'1(. ces Oy ')Oéikesl = 7'2(. ey Oy ')Otikesz‘
Using the indiscernibility of By we can prove by induction on ¢ < m that

Qs =710, fellas s )ai, €51 = T2(- -, fel@iy)s -+ )y, €so-
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[Why? For ¢ = 0 this is given by the choice of 7, 75. For £ + 1 note that by ®o,
fes1 0 f; 1 is an order preserving function from Rang(f;) onto Rang(fey1).
By ®3,¢ and “By is indiscernible” we know

T1(eeos folauy)s e as, esi = T2(o o foaiy)s - )as, es,- By the last two sentences
and the indiscernibility of By

(oo (ferr o D) (fel@i))s - D esi = T2 (frrr 0 f ) (fe(@i))s - o, 5o
But (fr1 0 f; ) (felai,)) = fera(ai,) so

Ty Jert (@i )y Dag e = Taleeos fern (@), - Jasy e

But by ®; for some e € {1,2} we have f; [ se = fo11 | Se, SO
Te(eo o ferr(@iy)s - as, es. = Telo -+, fo(@iy)s - -+ )as, es. but the latter is equal to y
(by the induction hypothesis), hence the former so by the last sentence

Yy = 7'1<. . .,fg+1(0£ik), .. .)aikesl = TQ(. . .,fg+1(Oéik), e )aikesz'

So we have caried the induction on ¢ < m, and for £ = m we get y € N})m(sl), but

by the choice of n* and f,, clearly f,,(s1) Nt C s, and we have proved (*);.
Now we can note

(¥)2 if s € [B]<® and yi,...,yn € N, then for some s1, 52 € [Bo]<N° we have:
s=s1Nsyand y1,...,yn € NO NNY..

[Why? We can find g, ..., u, € [Bo]<Y° such that s C uy,y, € Ngz (as yp € Ng).
Now by (x); for each £ = 1,2,...,n we can find v, € [Bo]<™ such that s C vy, s =

n n
veN( U Um) and yy € N,. Let u = U Up, v = U ug, clearly yi,...,y, € NONN?
m=1 i=1 {=1
and u Nv = s, as required].
Now as we have Skolem functions (x)s implies

(x)s Ns < (H(x), € <3)
Also trivially
(x)4 N < Ny hence u+1 C N,
(¥)5 s Ct= Ns < Ni.
Also
(¥)6 Ns, N Ny, = Ny, s, for 51,89 € [B]<No,

[Why? The inclusions Ny, s, € Ny, NN, follows from (x)s; for the other direction
let y € Ny, N Ng,. By (¥)1 as y € Ny, there is t; such that s; C t; € [Bg]<N,¢; N
(s1Usg) = sy and y € N?l. By (%)1, as y € N, there is ty such that sy C
ty € [Bo]<N0 ty N (sy Usy Uty) = 81 and y € Ng. Soy € Nto1 N NtOQ, but easily
tl ﬂtg = 51 ﬂSQ].

(#)7 sup(Ns N A) < Min{a € B: A\ v <a}.
YES
[why? as By C C and see the Definition of (1.
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Now check that (a)-(h) of Definition 1.3A holds.

Now (N, : s € [B]<N0) is as required.

2) If X\ is Ramsey, without loss of generality otp(Bp) = A and it is easy to check
1.3A(i). The other case is like [Sh 289],54. Ois

1.4 Theorem. Assume Xy < p < K < X = cf(A),\ strongly inaccessible, \ a
Ramsey cardinal, and $is<icps)=x,y (can be added by a preliminary forcing).
Then we have P such that:

(a) P is a c.c.c. forcing of cardinality A\ adding X reals (so the cardinals and
cardinal arithmetic in VI should be clear), in particular in VT we have
280 — )

(b) IFp “M A holds for c.c.c. forcing notions of cardinality < p and < X dense

sets (and even for c.c.c. forcing notions of cardinality < r which are from
V[A] for some A C p)”

(¢) IFp “f B is a A-c.c. Boolean algebra, x; € B\{0} for i < X then for some
Z C N\ |Z] =Xy and {x; : i € Z} generates a proper filter of B (i.e. no
finite intersection is 0p)”

(d) IFp “if By is a c.c.c. Boolean algebra, By is a \-c.c. Boolean algebra then
B1 X By is a A-c.c. Boolean algebra.”

Proof. Let (As : § < A, cf(d) = Ny) exemplifies the diamond. We choose by
induction on a < A\, Q% = <PWQB=GB 1y < a,8 <a) €K}, such that al <a=

Qo‘l = Q% | o'. In limits o use 1.2(2), for a = B+ 1, cf(B) # R, take care of
(b) by suitable bookkeepping using 1.2(1)(e). If « = 8+ 1, c¢f(8) = Ny and Ag
codes p € Pg and Pg-names of a Boolean algebra Bg and sequence @f ti< B)
of non-zero members of Bg, and p forces (IFp,) that there is in V[Gp,]| some c.c.c.
forcing notion @ of cardinality < u adding some Z C 3, |Z] = X; with {:I;ZB 1€ Z}
generating a proper filter of Bg then we choose @5, if p € Gp,, as such Q. If
p ¢ Gp, or there is no such @ in V[G,,], then Qg is e.g. Cohen forcing.

So every Q% is defined, let P = U P,. Clearly (a)) 4+ (b) holds and (d) follows

<A
by (c). So the rest of the proof is dedicated to proving (c).

So let p € P, plF “B a A\-c.c. Boolean algebra, x; € B\{0p} for i < \” without

loss of generality the set of members of B is A.

Let © = <P,p,B, (i1 < )\>>, x = A1, by Claim 1.3 there are A € [A\]* and
(N : s € [A]<N0) as there (for kK = pu + K here standing for p there). Let
C= {5 < X :0 a strong limit cardinal >k +p,[a <d = Q | a € H(J)],
§ = sup(ANd),sc[AN<N = sup(ANN,) <4,

B | 6 a Ps-name, and for ¢ < § we have z; a Pg—name}.
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For some accumulation point 6 of C, ¢f(§) = Ny and A codes <p, B 16§ (x; i< 5)>

We shall show that for some ¢, p < g € Ps and ¢ IFp, “there is () as required above”.
By the inductive choice of ()5 this suffices.

Let A* C ANJ, otp(A*) = wy, d = sup(A*) and (§; : i < w;) increasing continuous,
5= | 6,0 €C, A" Néy =0, |[A* N [6;,6i11)] = 1.

1<wi
In V¥ we define:

9= {“ tu € [ATN, and B = ¢ ;i # 05”}
1EU

ordered by inclusion. It suffices to prove that some ¢, p < q € Ps, q forces that: Q)

is c.c.c. with UG an uncountable set; now clearly ¢ forces that {z; : i € UG}

generates a proper filter of B.

If not, we can find ¢;, u; such that:
p<q; € P} and ¢; IFp, “u; € Q" (where u; € [A*]<N0)

and ((g;,u;) : i < wy) are pairwise incompatible in Pj * Q.

Let v; be a finite subset of A* such that: u; C v;, and
() [v € A* & wv finite & 7 € (Dom ¢;) N N, = v € (Dom ¢;) N Nynw, |-

By Fodor’s Lemma for some stationary, S C wy,u*,v*,n* and i(x) we have: for
1< jin S,

v; N 0; = V" C 034y, 5 C 0y, [vi| =n™,u; N6 = u*
i(x) = Min(S)
{|yNwv;)| : v € u;} does not depend on ¢
|6 € P5,
qi € Pg‘j.

Let b; =: N,, N A, so b; is necessarily Q%-closed and |b;| = K. Let qi1 =q; | b;, so
necessarily ¢; € Py (see 2.2(1)(c)). Easily P} € N,, (though do not belong to it)
s0 g} € N,,.

Let g7 =t Ho,, 0,(¢i), 50 ¢7 € Py, s let ¢f =: (i [ dix))U [%;2 [ (No; 0y MA\i4))

by 1.2(1)(c) we know ¢} € P*up(bi(*))Jrl and ¢? < ¢}, even without loss of gener-

S

ality ¢2 < ¢ | bi(x). As Ps*upbi(*)le < Py and Pj satisfies the c.c.c. clearly for
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some ¢ < j from S, q?,qg?, are compatible in Ps*up(b,( )4+17 50 let r € Ps*up(b,( D41

be a common upper bound. So ¢} | (0igx) N i) < 7 [ (dix) N bi(xy) and
@3 1 (Bige) Nbiey) <7 T (Gigy Nigey) and g7 [ biey <7 [ biga), @5 1 D)

Without loss of generality Dom(r) C b;(,)Ud;(4) (allowed as b;(.) and d;(, are closed,
see 1.2(1)(c)); let r; = H, (7 [ bi(xy) and similarly r; = Hy, v, (7 | bi(x))-

i Vi (%)

Note that r; € Pg‘j,rj € Py rj [ 0; =7 [ 0 =7 [ dj). Hence r; Ur; € Py.

Case 1. r; Ur; do not force (i.e. IFp,) that

BE“ ] 2a=0p"

acu;Uu;

Then there is 7' € P5, r; < r', r; < 1’ forcing the negation. So without loss of
generality r’ € P, and (as all parameters appearing in the requirements on 7’ are
in Ny,uo, also) 1’ € Py )- Now

m(N’UiUUj

r’,7,¢;,q; has an upper bound r” € Fs.
[Why? By 1.2(1)(f), we have to check the condition (x) there, so let
p € Dom(r')U Dom(r)U Dom(g;) U Dom(g;)].

Subcase a. 3 € §;(4)\Ny,uv;- Note that Ny, oy, Nd;(4) = Nyx NX = by, (see choice
of the N,’s and definition of the b.’s) but Dom(r') € Ny,uy, N A, so 3¢ Dom(r’).
Now

i 16i =i | 6wy = @7 | Gigy <7

G 165 =q; [ 0y = [ 83 <

Sor [ BlFp, “qi(B) <7(B),q;(8) <r(B)” and B ¢ Dom(r’). So we have confirmed
(%) from 1.2(1)(f) for this subcase.

Subcase b. 3 € d;(x) N Ny, U, -
Exactly as above:
N'UiUUj N 51(*) =Ny« NA= bi(*), SO B € Ny«, 3 € 61(*) N bz(*) Also
@i 1Dy = @} 103y = @ 1 0igey = @ 1 (8i0) N bigny) < 7 1 (834 Nbi(w)) and
4 [ bigey = a5 1 0iey = @ T 0ie) = @ 1 (0is) N biwy) <7 1 (i) NMby(sy) and
[ (Gie) Nbigwy) <77 (as Hy, v, 1s the identity on d;(.) N bi(x))-
The last three inequalities confirm the requirement in 1.2(1)(f) (as 8 € &;(x)Nbj(x),
see above).

Subcase c. 3 € (6\0;(x))\No,uo, -
In this case 3 ¢ Dom(r’) (as 7" € Ny,uv;). Also d;) < d; < ;5 < d and:

Dom(r)\6i(x) € (bigx) U i) \di(x) € [dis), 04)

Dom(q;)\d;+) € [0i,95)
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Dom(q;)\di+) € [05,6).

So [ belongs to at most one of Dom(r’), Dom(r), Dom(g;), Dom(g;) so the re-
quirement (x) from 1.2(1)(f) holds trivially.

Subcase d. 3 € (0\0ix)) N No,uv, -

Clearly 5 ¢ Dom(r).

We know ¢; | bi = qi,7i < 7/, Hy,0:(q7) = @7 < ¢ | bisy < 7 | bi(s) hence
ql < H;(l*>’vi (r 1 bi(x)) = Hos oy, (7 [ bigsy) = 73 but 73 < 7/, so together ¢j <77/,
and similarly ¢; < 7/. As we have noted § ¢ Dom(r) we have finished confirming
condition (%) from 1.2(1)(f).

So really 7,1’, g;, ¢; has a least common upper bound, hence (", u; Uu;) € Ps*Q

exemplified (g;,u;), (gj,u;) are compatible, as required.

Case 2. Not 1.
Let (sg : B < A) be such that:

sg € [A]<",v* C s, |sg\v*| = |v,\v*|,sup(v*) < 8i(x) < min(sg\v*)

d < min(sg\v") (for simplicity)

B <y = max(sg) < min(s,\v").

As the truth value of ﬂ Zqo is @ Py-name for some closed a € N,, of cardinality

acu;
< p,and ¢; I+ [B |E ¢ ﬂ zo #0p7] clearly ¢} IF [B = ¢ ﬂ To #0B”].
aCu; acu;

For B < A let % = H, (7 [ bi(+), and ujy = Hy (up). Let

E’Ui(*) ﬁavi(*)

Y ={8<X:7% €Gp}.

Clearly:

P 1kp, [BIF“ () @i # 05”7

. /
zEuB

Clearly p < 77 and for some 3 we have r” I “Y € [\]* (and p € Gp)” and by the

assumption of the case:

P H—“{ ﬂ xi:p€E Y} is a set of non-zero members of B
i€up

any two having zero intersection in B”.
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This contradicts an assumption on B. U4
* * X

We can phrase the consistency result as one on colouring.

1.5 Lemma. 1) In 1.4 we can add:

<w
(e) if ¢ is a symmetric function from [QNO} to {0,1} then at least one of the

following holds:

(o) we can find pairwise disjoint w; C 280 for i < 280 such that:
¢ [ [w;] < Ng is constantly zero but

/\(Elu C w;, v C wj) {c[u Uv| = 1]

1<j

(B) we can find an unbounded B C 2% such that c | [B]<“ is constantly
0.

It is natural to ask:

1.6 Question. Can we replace 2% by A < 2%? Ry by u < A? What is the
consistency strength of the statements we prove consistent? (see later). Does A
strongly inaccessible k3-Mahlo (see [Sh289]) suffice?

1.7 Discussion. Of course, 1.5(e) = 1.4(c) = 1.4(d). Starting with A\ weakly com-
pact we can get a c.c.c. forcing notion P of cardinality A, such that in V', 2% = )

2
and (e) of 1.5 holds for ¢ : {2}“] — {0,1} (so ¢(u) = 0 if |u| # 2) and this suffices

for the result. Also we can generalize to higher cardinals. We shall deal with this
elsewhere.

1.8 Theorem. Concerning the consistency strength, in 1.4 it suffices to assume

(%) X is strongly inaccessible and for every F : [\|<® — u and club C we can
find B C C, (or just B C \) otp(B) = wy such that
(a) B is F-indiscernible i.e. if n < w,u,v € [B]" then F(u) = F(v)
(b) for every n < w there is B' € [C]* such that:

if u € [B']" and v € [B]" then F(u) = F(v)

Proof. Let R={Q:Q € H(\),Q € K} .} ordered by Q' < Q% if
Q' = Q? | £g(Q'). Clause (b) takes care also of “the end extension” clause and for
1.3(A)(4), Clause (b) the proof is the same.

A somewhat less natural property though suffices.
(Note: Clause (b) also helps to get rid of the club C).
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1.9 Claim. In 1.4 it suffices to assume

(%) if F : [\<R0 — p then there is B C ), otp(B) = w such that
(a) F | [B]™ is constant for n < w
(b) ifu<v® € [B]<N0 for £ = 1,2 then we can find v; € [N]" fori < \,u C
vi, min(v;\u) > i, and i < j = F(v! Uv?) = F(v; Uv,).
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