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Essential Kurepa Trees Versus
Essential Jech—Kunen Trees!

Renling Jin? & Saharon Shelah?®

Abstract

By an wj—tree we mean a tree of size w; and height wi. An wj—tree is
called a Kurepa tree if all its levels are countable and it has more than wy
branches. An wj—tree is called a Jech-Kunen tree if it has s branches for
some k strictly between w; and 2¥'. A Kurepa tree is called an essential
Kurepa tree if it contains no Jech—-Kunen subtrees. A Jech—Kunen tree is
called an essential Jech—Kunen tree if it contains no Kurepa subtrees. In
this paper we prove that (1) it is consistent with CH and 2! > ws that
there exist essential Kurepa trees and there are no essential Jech—Kunen
trees, (2) it is consistent with CH and 2“' > ws plus the existence of a
Kurepa tree with 2“* branches that there exist essential Jech—-Kunen trees
and there are no essential Kurepa trees. In the second result we require the
existence of a Kurepa tree with 2“1 branches in order to avoid triviality.

0. INTRODUCTION

Our trees are always growing downward. We use T}, for the o level of T" and use
Tlafor Ug., Tp- Forevery t € T let ht(t) = aiff t € T,,. Let ht(T), the height of T,
be the least ordinal « such that T,, = (). By a branch of 7" we mean a totally ordered
subset of T" which intersects every nonempty level of T'. For any tree T' let m(T') be
the set of all maximal nodes of T, i.e. m(T) ={t €T :(VseT)(s<t—s=1t)}.
All trees considered in this paper have cardinalities less than or equal to w; so that,
without loss of generality, we can assume all those trees are subtrees of (w;*', D),

<wi

where w" is the set of all functions from some countable ordinals to w;. Hence every

tree here has a unique root () and if {¢, : n € w} C T is a decreasing sequence of T,

then ¢ = |, ., tn is the only possible greatest lower bound of {¢, : n € w}. We are
also free to use either <7 or D for the order of a tree T', i.e. s <p t if and only if
sDt.

By an w;—tree we mean a tree of height w; and size w;. Notice that our definition

of wyi—tree is slightly different from the usual definition by not requiring every level
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to be countable. An w;—tree T is called a Kurepa tree if every level of T is countable
and T has more than w; branches. An w;—tree T is called a Jech-Kunen tree if T has
k branches for some k strictly between w; and 2“*. We call a Kurepa tree thick if it
has 2“' branches. Obviously, a Kurepa non-Jech-Kunen tree must be thick, and a
Jech-Kunen tree with every level countable is a Kurepa tree.

While Kurepa trees are better studied, Jech—Kunen trees are relatively less popular.
It is K. Kunen [K1][Ju], who brought Jech-Kunen trees to people’s attention by
proving that: under CH and 2“" > ws, the existence of a compact Hausdorff space
with weight w; and size strictly between w; and 2! is equivalent to the existence
of a Jech-Kunen tree. It is also easy to observe that: under CH and 2“' > wy, the
existence of a (Dedekind) complete dense linear order with density w; and size strictly
between w; and 2“' is also equivalent to the existence of a Jech—Kunen tree. Above
results are interesting because those compact Hausdorff spaces and complete dense
linear orders cannot exist if we replace w; by w, while the existence of a Jech—Kunen
tree is undecidable. In this paper we would like to consider Jech-Kunen trees only
under CH and 2% >w, .

The consistency of a Jech-Kunen tree was given in [Jel|, in which T. Jech con-
structed a generic Kurepa tree with less than 2! branches in a model of CH and
291 > wy. By assuming the consistency of an inaccessible cardinal, K. Kunen proved
the consistency of non—existence of Jech-Kunen trees with CH and 2“* >ws (see [Ju,
Theorem 4.8]). In Kunen’s model there are also no Kurepa trees. Kunen proved
(see [Ju, Theorem 4.10]) also that the assumption of an inaccessible cardinal above
is necessary. The differences between Kurepa trees and Jech-Kunen trees in terms
of the existence have been studied in [Jil] [Ji2] [Ji3] [SJ1] [SJ2]. It was proved that
the consistency of an inaccessible cardinal implies (1) it is consistent with CH and
2“1 > wy that there exist Kurepa trees but there are no Jech-Kunen trees [SJ1], (2) it
is consistent with CH and 2“! > w, that there exist Jech-Kunen trees but there are
no Kurepa trees [SJ2].

What could we say without the presence of large cardinals? In stead of killing
all Kurepa trees, which needs an inaccessible cardinal, while keeping some Jech—
Kunen trees alive, or killing all Jech—Kunen trees, which needs again an inaccessible
cardinal, while keeping some Kurepa trees alive, we can kill all Kurepa subtrees of a
Jech—-Kunen tree or kill all Jech—Kunen subtrees of a Kurepa tree without using large

cardinals. Let’s call a Kurepa tree T essential if 7" has no Jech—Kunen subtrees, and
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call a Jech-Kunen tree T essential if 7' has no Kurepa subtrees. In [Jil], the first
author proved that it is consistent with CH and 2“' >ws , together with Generalized
Martin’s Axziom and the existence of a thick Kurepa tree, that no essential Kurepa
trees and no essential Jech—-Kunen trees. We required the presence of thick Kurepa
trees in the model in order to avoid triviality. In [Ji3], the first author proved that it
is consistent with CH and 2“! > w, that there exist both essential Kurepa trees and
essential Jech-Kunen trees. A weak version of this result was proved in [Jil] with
help of an inaccessible cardinal. This paper could be considered as a continuation of
the research done in [Jil] [Ji2] [Ji3] [SJ1] [SJ2].

In §1, we prove that it is consistent with CH and 2! > wy that there exist essential
Kurepa trees but there are no essential Jech-Kunen trees. In §2, we prove that it
is consistent with CH and 2*!' > w, plus the existence of a thick Kurepa tree that
there exist essential Jech—Kunen trees but there are no essential Kurepa trees. In §3,
we simplify the proofs of two old results by using the forcing notion for producing a
generic essential Jech—Kunen tree defined in §2.

We write a in the ground model for a name of an element a in the forcing extension.
If a is in the ground model, we usually write a itself as a canonical name of a. The

rest of the notation will be consistent with [K2] or [Je2].

1. YES ESSENTIAL KUREPA TREES, NO ESSENTIAL JECH-KUNEN TREES.

In this section we are going to construct a model of CH and 2“' > ws in which
there exist essential Kurepa trees and there are no essential Jech—Kunen trees. Our
strategy to do this can be described as follows: first, we take a model of CH and
240 > wy plus GMA (Generalized Martin’s Axiom) as our ground model, so that in
the ground model there are no essential Jech-Kunen trees, then, we add a generic
Kurepa tree which has no Jech—-Kunen subtrees. The hard part is to prove that the
forcing adds no essential Jech-Kunen trees.

Let P is a poset. A subset S of P is called linked if any two elements in S is
compatible in P. A poset P is called w,—linked if P is the union of w; linked subsets
of P. A subset S of P is called centered if every finite subset of S has a lower bound
in P. A poset P is called countably compact if every countable centered subset of P

has a lower bound in P. Now GMA is the following statement:
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Suppose P is an w;-linked and countably compact poset. For any
k<29 if D={D,:a <k} is a collection of k dense subsets of P,
then there exists a filter G of P such that G N D, # () for all « < k.

We choose the form of GMA from [B], where a model of CH and 2“* >wy plus GMA
can be found.

Let I be any index set. We write K; for a poset such that p is a condition in K;
iff p = (A4,,1,) where A, is a countable subtree of (w7, D) of height o, + 1 and [,
is a function from a countable subset of I into (A,),,, the top level of A,. For any
p,q € Ky, define p < ¢ iff

(1) Aplag+1= A4,

(2) dom(l,) 2 dom(l,)

(3) (V€ € dom(ly))(14(8) € 1p(8)).

It is easy to see that K; is countably closed (or wy—closed). If CH holds, then K;
is wi—linked. Let M be a model of CH and K; € M. Suppose that GG is a K;—generic
filter over M and let T = J,c 4. Then in M[G], the tree T is an w;—tree with
every level countable and T has exactly |I| branches. Furthermore, if for every i € I
let

B(i) = J{i(i) : p € G and i € dom(1,)},
then B(i) # B(i') for any ¢,i" € I and ¢ # ', and {B(i) : i € I} is the set of all
branches of T in M[G]. Hence if |I| > wy, then T will be a Kurepa tree with |/|
branches in M[G]. K; is the poset used in [Jel] for creating a generic Kurepa tree.

All those facts above can also be found in [Jel] or [T].

For convenience we sometimes view K; as an iterated forcing notion
!/
Ky Fn(I N T ,TGI/,wl),

for any I’ C I, where G is a Kp—generic filter over the ground model and Fn(I \
I'Tg,, ,w1), in M[Gp], is the set of all functions from some countable subset of 7~ I’
to Tg,, with the order defined by letting p < ¢ iff dom(q) € dom(p) and for any
i € dom(q), p(i) < q(i). The poset Fn(J, TG, w;) is in fact the countable support
product of |J|—copies of Tz. We call two posets P and Q are forcing equivalent if
there is a poset R such that R can be densely embedded into both P and Q. The

posets Ky and Kp « Fn(I ~\ I, TG-I/,wl) are forcing equivalent because the map

F:K;— Kpx Fn(l ]/7TG',,aW1)
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such that for every p € K,
F(p) = ((4p, 1 N’),lp I\ 1)

is a dense embedding.

Lemma 1 (K. Kunen). Let M be a model of CH. Suppose that A\ > ws is a cardinal
in M and Ky € M. Suppose G is a Ky—generic filter over M and T, = UpeGA A,.
Then in M|[G,] the tree Tg, is a Kurepa tree with A branches and T¢, has no subtrees

with K branches for some k strictly between wy and .

Proof: Assume that 7' is a subtree of Ty, with more than w; branches in M|[G,].
We want to show that 7" has A branches in M[G,]. Since |T'| = wy, then there exists
a subset I C A in M with cardinality < w; such that T' € M[G;], where

Gr={pe G:dom(l,) C I}

Notice that Te, = Tg, (in fact Tg = Tg,). Since in M[G/] the tree Tg;, has only ||
branches, then the tree 7' can have at most w; branches in M[G;]. Let B be a branch
of T'in M[G)] which is not in M[G/]. Since |B| = wy, there exists a subset J of A\ I
with cardinality < w; such that B € M[G;][H ], where H;is a F'n(J, T, ,w:)-generic
filter over M [G;]. Now A\ I can be partitioned into A-many subsets of cardinality w;
and for every subset J' C A~ (I U J) of cardinality w; the poset P; = F'n(J, Tg,,w:)
is isomorphic to the poset Py = Fn(J',T¢,,w;) through an obvious isomorphism 7
induced by a bijection between J and .J’. Let B be a P;name for B. Then 7,(B)
is a P ;—name for a new branch of T'. Forcing with P; x P, will create two different
branches By, and (m(B))HJ,. Hence forcing with Fn(A\ I,T¢,,w;) will produce at
least A new branches of 7. [J

Next lemma is a simple fact which will be used later.

Lemma 2. Suppose P is an wy—closed poset of size wy (hence CH must hold). Then
the tree (W', D) can be densely embedded into P.

Proof: Folklore. [

Lemma 3. Let M be a model of CH and 2“* >ws, plus GMA and let P = (w*",D) €
M. Suppose G is a P—generic filter over M. Then in M|G| every Jech—Kunen tree

has a Kurepa subtree.
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Proof: Let T be a Jech-Kunen tree in M[G] with § branches for w; < § < A = 2+,
Without loss of generality we can assume that there is a regular cardinal x such that
wy < k < 0 and for every t € T there are at least x branches of 7" passing through ¢ in
MIG]. Again in M[G] let f : kK +— B(T) be a one to one function such that for every
t € T and for every a < k there exists an € x ~\ « such that ¢ € f(/5). Without loss

of generality let us assume that
1p IF (T is a Jech-Kunen tree and f : x — B(T)

is a one to one function such that (V¢ € T)(Ya € k)(36 € k ~ a)(t € £(B))).

We want now to construct a poset R in M such that a filter H of R obtained by
applying GMA in M will give us a P-name for a Kurepa subtree of T"in M|[G].

Let r be a condition of R iff r = (I, P, A,,S,) where I, is a countable subtree of
(Wi, D), P, =(p; :tel,), A, = (AT :te€l,) and S, = (S : t € I,.) such that

(1) P, C P and for every t € I, the element A} is a nonempty countable subtree of
(W', D) of height af + 1 (we will use some A!’s to generate a Kurepa subtree of T')
and S7 is a nonempty countable subset of &,

(2) (Vs,t € I)(s Ct <> p; <ph), (This implies that s and ¢ are incompatible iff p?
and p] are incompatible for s,¢ € I, because P is a tree,)
(3) (Vs,t € I)(s Ct — Af Tht(AL) = A7),
(4) (Vs,t € I)(s Ct— ST CS)),
(5) (Vt € L)(p} IF A} € T),
(6) (¥ € I,)(Var € S)(3a € (AD)up) (¥} IF a € f(a)).
The order of R: for any r,7" € R, let r < " iff I, C I, and for every t € I,/

pl=p), A=A and ST C 5.

Claim 3.1 The poset R is w;-linked.
Proof of Claim 3.1: Let r,7" € R such that I, = I,,, P, = P,» and A, = A,.. Then
the condition " € R such that

Ir” = Ir, IP)T// = P,«, ATN = Ar and STN = <S§ U SZJ RS ]r”>

is a common lower bound of both r and /. Since there are only w; different (I, P,., A,)’s
and for each fixed (I,,,P,,, 4,,) the set

{reR: (P, A) = (L, Pry, Ar) }
is linked, then R is the union of w; linked subsets of R. [0 (Claim 3.1)
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Claim 3.2 The poset R is countably compact.

Proof of Claim 3.2: Suppose that R’ is a countable centered subset of R. Notice
that for any finite R, C R’ and for any ¢ € ({I. : r € R(} all p}’s are same and all
A7 are same for r € R{, because R{, has a common lower bound in R. We now want
to construct a condition 7 € R such that 7 is a common lower bound of R’. Let

(1) Ir = UreR’ I,

(2) P- = (p] : t € I;) where p] = p] for some r € R’ such that ¢ € I,

(3) Ay = (A] : t € I) where A] = A7 for some r € R’ such that ¢t € I,

(4) Sq = (S] : t € I;;) where S} =J,, Ss and S, = |J{S! : (Fr e R')(s € I,)}.

Notice that from the argument above all pi’s, A’s and S]’s are well-defined. We
need to show 7 € R. It is obvious that 7 is a common lower bound of all elements in
R"if 7 € R.

It is easy to see that 7 satisfies (1), (2), (3), (4) and (5) in the definition of a
condition in R. Let’s check (6).

Suppose t € I; and a € S. We want to show that there exists an a € (A),; such
that p} I- @ € f(a). Let 7 € R’ be such that ¢t € I, let ' € R’ and s € I be such
that s C t and a € S7'. Since r and 7’ are compatible, then there exists an r” € R
such that ” < r and r” < r’. By the facts that

pr=p=p, Al=Al=A7, ST CSTCS
and 7" € R we have now that there exists an a € (A]),r such that pf IFa € f(a). O

(Claim 3.2)

Next we are going to apply GMA in M to the poset R to construct a P-name for a
Kurepa subtree in M[G].

For each t € wi" define

Di={reR:tel}.
For each p € P define
E,={reR:(3tel)(p; <p)}.
For each o < w; define
F,={reR:(Vsel,)(3tel)(sCtand ht(A4}) > a)}.

For each a < k define

On={reR:(Vsel)3tel)(sCtand [a,k) NS] #D)}.
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Claim 3.3 All those Dy, E,, F,, and O,’s are dense in R.
Proof of Claim 3.3: Let 7y be an arbitrary element in R.
<wi

We show first that for every t € w;
r € Dy such that r < ry. It’s done if t € I,,. Let’s assume that ¢ ¢ I,,,. Let

t0:U{s€]m:s§t}.

the set D, is dense in R, 7.e. there is an

Case 1: tg € I,.
Find a sequence {p, : ty C s C t} in IP such that p;, = p;’ and
(Vs,8)(tg € s C s Ct <> py < ps.
The sequence {ps : to C s C t} exists because P is w;—closed. Let
I, =1,U{s:ty s Ct}
For any s € I, if s € I,,,, then let
pL= P, AL = A7 and S = S
Otherwise let
Py = ps, Ay = Ap) and Sy = Sp0.

to
It is easy to see that r € D, and r < rg.
Case 2: ty & I, i.e. I, has no least element which is above ¢.
Let
I =1,U{s:ty Cs Ct}
Again by w;—closedness we can find
{ps:to CsCt}CP

such that p;, is a lower bound of

{pit:sCtyand s € I,,}

and

(Vs,8)(tg C s C 8" Ct <> py < ps).
Let

Ay = U{AZO :s €I, and s Ctp}
and let

Sty = U{S§° :s €I, and s Ctp}.
If the height of Aj  is a successor ordinal, then let A;, = Aj . If the height of A} is a

limit ordinal, then we have to add one more level to A} . For any 8 € Sy, let s' C ¢,



Paper Sh:498, version 1994-01-29.10. See https://shelah.logic.at/papers/498/ for possible updates.

9

and s’ € I, be such that 8 € S?. Then for any s € I, such that s’ C s C ¢, there
exists an a, g € (AL),r0 such that pi° IFa,p € f(B). Now let

ag = U{asﬂ :8 CsCtpand s € [, }

and let
Ay = Ay U{ag: B €Sy}
It is easy to see that

(1) the height of A, is a successor ordinal,

(2) for every s C t, the tree Ay, is an end—extension of A, i.e.

Ay, [ht(A) = A,

3) for every (3 € S;, there exists an ag in the top level of A;, such that
0 B 0

Pty I+ ag € f(ﬁ)
Now for every s € I, if r € I, then let

PL=p, AT = AP and ST = ST,

Otherwise let
p; = psa AT = At

S

and S, = S,.

0

It is easy to see that r € D; and r < 7.

We show now that for every p € P the set FE, is dense in R. We want to find an
r € E, such that r < 7. If there exists an ¢ € I, such that p;° < p, then ry € E,.
Let’s assume that for every t € I, p;° £ p. Let

ty = U{t €l :p<p’}.
Case 1: ty € I,,.
Let t' = t¢°(0), i.e. t' is a successor of to. It is clear that t' & I,,. Let I, = I,, U{t'}.
For every t € I, if t = t, then let
p; = p, Ap = Ay and 5S¢ = 5,
Otherwise let
p; =p°, A = A° and S} = S;°.

Then we have r € E, and r < ry.
Case 2: ty & I,,.
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Let I, = I,, U {to}. We construct Sy, Aj and then A, exactly same as we did in
the proof of Case 2 about the denseness of the set D;. For every t € I, if t = ty, then
let

p; =p, Al = Ay, and S; = S,
Otherwise let
P =P, Ap = AP and S} = S
Now r € E, and r < r¢. Notice also that £, is open, i.e.
(Vp',p" eP)p' <p"ANp" € E,—p €E,).

We show next that for every a € w; the set [, is dense in R. We need to find an
r € F, such that » < rg.

Let I, D I, be such that I, is a countable subtree of wfwl, I, \ I, is an antichain
and for every s € I, thereis a t € I, \\ I, such that s C ¢t. For every ¢t € I, \ [, let
pr € P be such that p, < pl° for every s € I, and s C ¢, let

Sy = U{Sgo :s€l,, and s Ct}
and let

A= J{Ar :s eI, and s C t}.
If ht(A}) is a successor ordinal, then let A; = A}. Otherwise let

Ay =A,U{ag: B €S/}

where

ap = U{a e A plFac f(B)}.
Since S} is countable and P is w;—closed, then there exists an p; < p; such that for
every 3 € SJ there exists an a € w§ such that pj IF a € f(3). Let

Ar= A Jlaewi*:(38€5)); Fae f(8)}-
Then ht(A}) > « is a successor ordinal and for every § € S} there exists an a in the

top level of A7 such that p} IF a € f(8). For every t € I~ I, we have already defined
p;, Ay and S7. If t € I, then let

py =p;°, Ay = A;° and S} = S;°.

Hence r € F, and r < ry.
We show next that O, for every a < & is dense in R, i.e. finding an r € O, such
that r < ro.



Paper Sh:498, version 1994-01-29.10. See https://shelah.logic.at/papers/498/ for possible updates.

11

By imitating the proof of the denseness of F, we can find an " < 7y such that
I, I, is an antichain and for every s € I, there exists an ¢ € I,» \ I,,, such that
s Ct. For every t € I, \ I, fix a t which is an successor of ¢ (for example ¢ = ¢7(0)).
Let

L =I,U{t:tel,~1I,}
For every t € I, let
pr=p;, Al =A" and ST = 57",

For every ¢ with t € I, \ I,, we want to construct pj, A7 and S7. If thereisa 3 € St
which is greater than «, then let p; be any proper extension of pj, let A7 = A7 and let
St = Sr’. Otherwise, first, pick an @ in the top level of A}, then choose a 8 € Kk \ a
and a p < p!’ such that pl-a € f(ﬁ) This can be done because

Ip - (Vt € T)(Voz €r)(IBERNQ)(t e f(ﬁ))
is true in M. Now let
pi =p, Af = A7 and Sf = S7 U {pB}.

It is easy to see that r € O, and r < rg. 0O (Claim 3.3)

By applying GMA in M we can find an R-filter H such that HND; # (), HNF, #
and H N E, N Oy # 0 for each t € w;*, each a € wy, each p € P and each o € k.

Since D is dense for every t € w;“", then
Iy =\ J{I :r € H} = i,
Let
Py = | J{P,:r € H}
and let
Ap =|J{A :r € H}.
Notice that for any r,7" € H and for any ¢ € I, N I, we have p] = p} and A} = A}

because r and r’ are compatible. So now for every ¢t € Iy we can define p, = p] for
some r € H and define A; = A} for some r € H. It is clear that the map ¢ — p, is
an isomorphism between Iy and Py, i.e. for any s,t € Iy we have s C t iff p; < ps.
It is also clear that the map t — A; is a homomorphism from Iy to Ay, i.e. for any
s,t € Iy we have s C t implies (A;) [ ht(As) = As.
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Claim 3.4 For each t € Iy the set {py(,) : 7 € w1} is a maximal antichain below
P in P.

Proof of Claim 3.4: Let v and 4 be two ordinals in w;. Since Iy = wi** and H
is a filter, there exists an r € H such that t"(y), (') € I,. Hence py.., and p. ,, are
incompatible. So {ps(yy : 7 € wi} is an antichain.

Suppose that p € P and p < p; such that p is incompatible with any of py,y’s. Let
r € HN E,. Then there is an s € I, such that p;, = p. < p. Since p, € Py, then
ps < p; implies t C s. Hence there exists an v € w; such that ¢(y) C s. This means

that ps < py(yy, i-€. p and py(yy are compatible, a contradiction. [ (Claim 3.4)

We now work in M[G]. Since G is a P—generic filter over M, then Py NG is a
linearly ordered subset of Py. Let T = | J{A; : pr € G}.

Claim 3.5 T is a Kurepa subtree of T"in M[G].

Proof of Claim 3.5: Since for every p, € G we have p; I+ A, C T, it is clear that
Te C T in M[G|. For any ps,pr € G we have p; < p,s implies s C ¢ which implies
(Ay) [ht(As) = As. Hence Tg is an end—extension of A; for every p, € G. This implies
that every level of T is a level of some A;, hence is countable.

We want to show now that T has at least x branches. Suppose |B(1¢)| < x. Then
there exists an « € k such that for every 8 € k \ « the function value f(/3) is not a

branch of Tz. So there is a p € Py and there is an o €  such that

plF (V8 € Kk~ a)(f(B) is not a branch of T).

On the other hand, since H N E, N O, # 0, then there exists an r € H N O, N E,. In
M let s € I, be such that p; < p and there is a § € S such that 8 > a. Then for
every t € Iy, s Ct, thereis an t/ € Iy, t Ct', such that

pel-a€ f(B)
for some a € (Ay)ni(a,). This shows that
ps IF f([i’) is a branch of T,
which contradicts p, < p and

plE (VB € Kk~ a)(f(5) is not a branch of T,).
Hence T has at least x branches in M[G]. O (Claim 3.5)

Now we conclude that M[G] = T has a Kurepa subtree T;. O
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Theorem 4. [t is consistent with CH and 2“* >w, that there exist essential Kurepa

trees and there are no essential Jech—Kunen trees.

Proof: Let M be a model of CH and 2“* = X\ > ws plus GMA. Let K, € M.
Suppose G, is a Ky—generic filter over M. We are going to show that M[G,] is a
model of CH and 2“' > wy in which there exist essential Kurepa trees and there are
no essential Jech-Kunen trees.

It is easy to see that M[G,] satisfies CH and 2“' > w, . Lemma 1 implies that
there exist essential Kurepa trees. We need only to show that in M[G,] there are no
essential Jech-Kunen trees.

Assume T is a Jech-Kunen tree in M[G,]. We need to show that 7" has a Kurepa
subtree in M[G,]. Since |T'| = wy, then there is an I C X of cardinality wy in M such
that T € M[G/|, where

Gr={p € Gy:dom(l,) CI}.

We claim that
B(T)NMI[G,] € M|G/].

If the claim is true, then 7" is a Jech-Kunen tree in M[G;]. Suppose that B €
B(T)N(M[Gx] ~ M|G/]). Then there is a J C A~ [ such that B € M[G/][H ;] where
Hjis a Fn(J, Tg,,w )-generic filter over M[G;]. Let B be a Fn(J, Tg,,w; ) name for
B. For any J" C A~ (I UJ) such that |J'| = |J| there is an isomorphism 7 from
Fn(J,Tg,,w1) to Fn(J'Tg,,w1) induced by a bijection between J and J'. Since
in M[G,], the branches (B)y, and (W*(B))HJ, are different, then 7' has at least A
branches. This contradicts that 7" is a Jech-Kunen tree. Let T have 0 branches in
MIG)]. Since K; has size wy and is wi—closed, then it contains a dense subset which
is isomorphic to P = (wy*', D) in M. Hence there is a P-generic filter G' over M
such that M[G] = M[G;]. By Lemma 3, the tree T" has a Kurepa subtree in M[G].
Obviously, the Kurepa subtree is still a Kurepa subtree in M[G,], so T is not an
essential Jech-Kunen tree in M[G,]. O

2. YES ESSENTIAL JECH-KUNEN TREES, NO ESSENTIAL KUREPA TREES

In this section we will construct a model of CH and 2“! > w, plus the existence of
a thick Kurepa tree, in which there are essential Jech-Kunen trees and there are no
essential Kurepa trees. The arguments in this section are a sort of “symmetric” to

the arguments in the last section.
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We first take a model M of CH and 2“* = X\ > ws plus a thick Kurepa tree, where
A<} = X in M, as our ground model. We then extend M to a model M[G] of CH
and 21 = X\ > wo plus GMA by a A-stage iterated forcing (see [B] for the model
and forcing). It has been proved in [Jil] that in M|[G] there are neither essential
Jech—Kunen trees nor essential Kurepa trees. In stead of taking a model of GMA as
our ground model like we did in §1, we consider this \-stage iterated forcing as a part
of our construction because it will be needed later (see also [Jil, Theorem 5]). Next
we force with a wy—closed poset Jg,, in M[G] to create a generic essential Jech-Kunen
tree, where S is a stationary—costationary subset of w;. Again, the hard part is to

prove that forcing with Jg, over M[G] will not create any essential Kurepa trees.

Recall that for T', a tree, m(T") denote the set
{teT:(VseT)(s<rt—s=1)}.

Let I be any index set and let S be a subset of w;. We define a poset Jg; such that
p is a condition in Jg iff p = (A,,[,) where

(1) A, is a countable subtree of W,

(2) 1, is a function from some countable subset of I to m(A).
For any p,q € Jg; define p < ¢ iff

(1) 4, Ay,

(2) for every t € A, \ A, either there is an s € m(A,) such that s C ¢ or that
a < ht(A,) and « is a limit ordinal imply

&:U{ht(s):seAqandsgt}gés.
(3) dom(l,) € dom(l,) and (Voo € dom(l,))(l,(a) C I, (v)).
Lemma 5. (CH) Jg is wi—closed and w,—linked.

Proof: We show first that Jg is wy-linked. For any p,q € Jg;, if A, = A,, then
the condition (A,,, Ul,) is a common extension of p and ¢. Because there are only
wy different countable subtrees of wy“!, it is clear that J .7 is the union of w; linked
sets.

We now show that Jg; is wy—closed. Let {p, : n € wy} be a decreasing sequence in

Jsr. Let A=, Ap, and let D =, . dom(l,, ). For each i € D let

1(i) = | {1 (i) : n € w and i € dom(l,,,)}.

new
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Define a condition p € Jg; such that
A,=AU{l(i):ie D} and l, =1l

We claim that p is a lower bound of the sequence {p, : n € w}. It suffices to show
that for any n and for any ¢t € A, \ A, either there exists an s € m(A4,,) such that
s C tor that o < ht(A,,) and « is a limit ordinal imply

a= U{ht(s) cs€A, ands Ct} &5S.

If t € A, then there is an k > n such that ¢ € A,,. Hence either there isan s € m(A4,,)
such that s C ¢ or that o < ht(A,,) and « is a limit ordinal imply

a:U{ht(s):seApnandsgt}¢S

because py, < p,. If t = [(7) for some i € D, then because of t & A, , thereisa k >n
and there is a t € A, ~ A, such that ¢ C t. Hence either there is an s € m(4,,)
such that s C ¢ Ct or that a < ht(A4,,) and « is a limit ordinal imply

a:U{ht(s) :s€ A, andsCt'} &S

because pr. < p,. O

Remark: Again, we may consider the poset Jg; as a two-step iterated forcing
Js* Fn(I ~ [’,TG-I/,wl), where I’ is a subset of I, Tz, = (J{A4, : p € Gp} for a
generic filter Gy of Jgp and Fn(l \ I, TG-I,,wl) is a countable support product of

[I \ I'|-copies of T¢, ,. The map
p=(Aplp) = (A, [, 1), L, 1T N 1)

is a dense embedding from Js; to Js v * Fn(l \ I, TGI,,wl).

We now define S—completeness of a tree T'. Let o be a limit ordinal and let T" be
a tree with ht(T) = a. Let S be a subset of @. Then T is called S—complete if for
every limit ordinal § € S and every B € B(T | ) the union |JB € T, i.e. every
strictly decreasing sequence of T" has a greatest lower bound b in 7" if ht(b) € S.

Lemma 6. Let M be a model of CH and let Js; € M where S C wy and I is an index
set in M. Suppose G is a Js—generic filter over M. Then the tree T = UPGG A, is
(w1~ S)—complete in M[G].
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Proof: Let a € w; ~ S be a limit ordinal and let B be a branch of T; [ . We need
to show that t = |J B € Ti. The set B is in M because Jg; is wy—closed and B is
countable. Let py € G be such that B C A, . It is clear that

polF B C Ty,

Let
Dp={pelsi:p<po andt:UBeAp}.
Then Dpg is dense below py because for any p < po the element p’ = (A, U{lJ B}, 1,)

is a condition in Jg ; and p’ < p (here we uses the fact that o € wy N\ S). Since py € G,
then thereisap € GN Dp. Hence t =JB € Tg. O

Lemma 7. Let M be a model of CH. In M let U be a stationary subset of wy, let
T be an wi—tree which is U—-complete and let I be any index set. Let K € M be any
wy—tree such that every level of K is countable. Suppose P = Fn(I,T,w;) € M and
G is a P—generic filter over M. Then

B(K)NMI|G] C M,
i.e. the forcing adds no new branches of K.

Proof: Suppose that B is a branch of K in M[G] ~ M. Without loss of generality,

let’s assume that
1p - B € (B(K) ~ M).
By a standard argument (see [K2, p. 259]) the statements
(Vp € P)(Var € wy) (3t € w)(F < p)(p' -t € B)

and

(Vp € P)(Va € wy)(Vt € w®)(plkt € B —

(V8 €wi\a)(Fy €wi N B)(3H; € wl)(to # 11)(3p; < p)(ps I t; € B))
for j = 0,1, are true in M.
Let’s work in M. Let 6 be a large enough cardinal and let N be a countable
elementary submodel of (H(6), €) such that K,P, B € N. Let § = N Nw; € U (such
N exists because U is stationary). In M we choose an increasing sequence of ordinals

{0n : n € w} such that J,,., 6» = 0. Again in M we construct a set

{ps:s€2“} CPNN
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and a set
{ts:s€2*} CKNN
such that
(1) (Vs,8 € 2<9)(s C &' > py < ps ¢ ty < ty),

)
(2) (Vs € 2<“)(p, IF t, € B),
(3) ht(ts) = djs,

( ) (VZ € dOm(Ps))(ht(ps(l)) 2 5|s\)7

where |s| means the length of the finite sequence s.
Let pg = 1p and let tg = (), the root of K. Assume that we have found {p; : s € 25"}
and {ts : s € 25"} which satisfy (1), (2), (3) and (4) relative to 25". Pick any s € 2".

Since the sentence
(Vp € P)(Var € wy)(Vt € w)(pl-t € B —

(VB € wi N a)(Fy € wi N B) (3t € wl)(to # 1) (Bp; <p)p; -t € B))
for j = 0,1, is true in M, then it is true in N. Notice that in N the cardinal w; is 9.
Since ps,ts € N, then in N there exist p°, p! < ps and there exist t9,t! € w], t° # 1
for some v € § \ 0541 such that

Pt eB
for j = 0,1. Again in N we can extend p° and p' to ps) and ps(1y respectively so
that

(Vi € dom(ps;))) (ht(psjy (i) 2 0jsj41)
for j = 0,1. Since T' is U~complete and for every f € 2¢, for every i € |, ., dom(pgn)

we have
U{ht(pfm(i)) :n €w and i € dom(ps,)} =6 €U,
then the condition p; such that dom(pf) = U, dom(pgn) and

U{pf :n € w and i € dom(py)}

for every i € dom(pf) is a lower bound of {ps, : n € w} in P. Here we use the fact
that T is U-complete so that py(i) € T for every i € dom(ps). Let ty = J, e, trin-
Then ht(t;) = 6. Since

ps -ty €B
for every n € w, then

ps -ty € BN K.
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It is easy to see that if f, f’ € 2 are different, then t; and ¢ are different. Hence

K5 is uncountable, a contradiction. [

Lemma 8. Let M be a model of CH and 2** = X > wq and let Jg,, € M where k is
a cardinal in M such that wqy < kK < X and S is a stationary subset of wy. Suppose
that G is a Js,—generic filter over M. Then in M[G] the tree Te = |J

essential Jech—Kunen tree with x branches.

ec A, is an

Proof: It is easy to see that Ty is an wy tree. We will divide the lemma into two

claims.

Claim 8.1 For every £ € k let

B(¢) = | J{1,(&) : p € G and € € dom(1,))}.
Then
B(Te) = {B(¢) : ¢ € v}
and for any two different £ and &' in x the branches B(£) and B(¢’) are different.
Proof of Claim 8.1: Since in M, for every £ € k and for every a € w; the set
Deo =A{p € Jsx : & € dom(l,) and ht(L,(£)) > a}

is dense in Jg ., then B(€) is a branch of Ty, For any two different £, &’ € x the set

Dee = {p € Js, : §,€ € dom(l,) and 1,(§) # 1,(¢)}

is also dense in Jg . So the branches B({) and B(¢') are different.
We now want to show that all branches of T in M[G] are exactly those B(&)’s.
Suppose that in M|[G] the tree T has a branch B which is not in the set

{B(¢) : € € K}
Without loss of generality, let us assume that
iy, b B € (B(Te) ~ {B(&) : € € r}).

Work in M. Let 6 be a large enough cardinal and let NV be an elementary submodel
of (H(0),€) such that s, S, B,B={B(§): € € k},Js, € N and if p € NN Jg,, then
dom(l,) € N. Let 6 = NNw; € S. In M we choose an increasing sequence of
countable ordinals {0, : n € w} such that § = (J,,

decreasing sequence {p, : n € w} C Jg,. N N such that py = 15, and for each n € w
(1) (V€ € dom(L,,)) (3t € Ap,)(prss I ¢ € BE)~ B),

6. We now want to find a
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(2) (I edom(l,, )3t e A, Ay )(ht(t) = ht(A,,) and p,yq IHT € B),
(3) ht(A,,) = 0.
Assume we have found {po, p1,... ,pn}. We now work in N. Let
dom(l,) = {&  k € w}
which is an enumeration in N. Choose qy = p, = q1 = - -- such that for every k € w;

there is a t € A, such that
q -t € B(&) ~ B.

Assume, in N, that we have found {qo, q1,...,qxr}. Since the sentence
ar - (3t € Ty)(t € B(&) ~ B)
is true in NV (because it is true in H(#) and &, € N), then thereis at € (w")N = §<°
and there is a ¢ < ¢, such that
¢ IF(teTyandte B(&) N B).
Since
q/ I+ Aq/ - TG"?
Since N = “Jg, is wy—closed” and
{qr : k € w} is constructed in N, then there is a ¢ € Jg, in N such that ¢ is a lower

bound of {gx : k € wi}. Let a = max{ht(A,,),0ns1}. Notice that o € § because
pn € N. Since in N

then there is a qx41 < ¢/ such that t € A, .

¢ IF B is a branch of T,
then
¢ - (3t € (Tg)arn)(t € B).
Hence there is a ¢ < ¢ and there is a t € (W)Y such that
gl-te B.

We can also assume that ¢ € Aj;.

We now go back to M and let p, .1 = q. This finishes the construction of
{pn :n € w}.

Let p € Js, be such that

dom(l,) = U dom(ly, ),

new

for every & € dom(l,)
(&) = ag = | J{1,.(§) : n € w and € € dom(1,,)}
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and

Ap = (U Ap,) U{ag : £ € dom(l,)}.

new

By the construction of p,,’s we have
| {nt(t) -t € Ay and pl-t e By =6 € S.

Pick any t € A,. If t # a¢ for any £ € dom(l,), then we can find a v € wy such that
t'(y) ¢ A,. Extend t(v) to { € w{e™. Define p such that

A=A, U{u:tCucCt}
and l; = l,. If t = a¢ for some & € dom(l,), then simply extend ¢ to by € w? (if
ht(ag) = 6, then be = a¢). Define p such that

Ay =A,U{u:t CuC b}
and

lp = (I [ (dom(ly) ~ {€})) U{(&, be) }-

It is easy to see that p < p and ht(A;) =0 + 1. Let

a:U{tEAﬁ:ﬁH-tGB}.
It is also easy to see that for any g < p the element a is not in A,. Here we use the
fact 0 € S, ¢ is a limit ordinal and ht(A4;) > J. Hence

pl-BNT,; C BN A,
This contradicts that
p Ik B is a branch of Tt
O (Claim 8.1)

Claim 8.2 7T has no Kurepa subtree in M[G].
Proof of Claim 8.2: Suppose that T has a Kurepa subtree K in M|[G]. Since
| K| = wy, then there is an I C k such that |I| < w; and K € M[Gy], where

Gr={pe G:dom(l,) C I}.
Notice that G is a Jg;-generic filter over M. Since Jg, is forcing equivalent to
Jsr*x Fn(k~1,Tg,,w) and Tg, is (wy \ S)—complete in M |G| (notice that S is still
stationary—costationary), then by Lemma 7, the set of all branches of K in M[G/] is

same as the set of all branches of K in M[G]. Hence K is a Kurepa tree in M[Gy].
But by Claim 8.1, the tree T = T, has only || branches in M[G;| and K is a
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subtree of Ti. Hence K has at most w; branches in M[G]. This contradicts that K
is a Kurepa tree in M[G,]. O

Lemma 9. Let M be a model of CH and 2°* = X\ > wy with AX* = X\. In M let
(P : a < N),(Qq : a < X)) be a \stage iterated forcing notion used in [B] for
a model of GMA. Suppose that Gy is a Py—generic filter over M. In M[G,] let
P = (W, D) and let H be a P—generic filter over M|[G,]. Then in M[G][H] there

are no essential Kurepa trees.

Proof: For any a < A the poset P\ can be factored to P, * P* and G can also be
written as G, * G such that G, is a P,—generic filter over M and G is a P*—generic
filter over M[G,]. Let T be a Kurepa tree in M[G,|[H] with A branches. Without
loss of generality, let’s assume that for every ¢ € T there are exactly A branches of
T passing through ¢t in M[G,|[H]. In M[G,][H] let f : wy +— B(T) be a one to one
function such that for every ¢t € T" and for every o < ws there exists an 3 € ws \ «
such that ¢t € f(f). Notice that wy here can be replaced by any regular cardinal x

satisfying wy < k < A\. Without loss of generality, let us assume that

1p I- (T is a Kurepa tree and f : wy — B(T)

is a one to one function such that (V¢ € T')(Va € wy)(36 € wa ~ )(t € f(B))).

We want now to construct a poset R’ in M such that a filter G of R’ obtained by
applying a forcing argument similar to GMA in M[G,] will give us an P-name for a
Jech—Kunen subtree of T in M[G,][H].

Let r be a condition in R iff r = (I, P, A,,S,) where I, is a countable subtree of
(W, D), P, =(p; :tel,), A, = (A7 :tel,)and S, = (S : t € I,.) such that

(1) P, C P, and for every t € I, the element A} is a nonempty countable subtree of
(wr®, D) of height af +1 (we will use some A}’s to generate a Jech-Kunen subtree of

)

T) and Sy is a nonempty countable subset of ws, (the requirement “S; C wy” makes

R’ different from R defined in Lemma 3,)

(2) (Vs,t € I)(s Ct <> pj <plh),

(3) (Vs,t € I)(s Tt — A] Tht(A%L) = A7),

(4) (Vs,t € I)(s Ct— ST CS)),

(5) (Vt € L)(p; I+ A7 C 1),

(6) (V¢ € L)(Va € S7)(Fa € (A])ap) (0} IF a € f(a)).
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For any r,r" € R', let r < o' iff I, C I,, and for every t € I,

Pl =p), A = A7 and ST C ST

Claim 9.1 The poset R’ is w;—linked.
Proof of Claim 9.1: Same as the proof of Claim 3.1. [ (Claim 9.1)

Claim 9.2 The poset R’ is countably compact.

Proof of Claim 9.2: Same as the proof of Claim 3.2. O (Claim 9.2)

For each t € wi" define

Di={reR:tel}.
For each p € P define
E,={reR:(3tel)(p <p}
For each a < w; define
F,={reR:(Vsel,)(3t e I)(ht(4]) > a)}.

For each a < wy define

On={reR:(Vsel)(Ftel)(sCtand [a,wy) NS/ #0)}.

Claim 9.3 All those Dy, E,, F, and O,’s are dense in R’.
Proof of Claim 9.3: Same as the proof of Claim 3.3. [ (Claim 9.3)

Note that |R’| = wy. Also note that M[G,][H] = M[H]|[G,] because P is w;—
closed. By the construction of P, there exists an § < A such that those dense sets
Dy, E,, F, and O, are in M[Gg], the tree T is in M[Gs][H] or T is in M[G] and

lp, - Qs =R,

i.e. R’ is the poset used in f-th step forcing in the A-stage iteration.
Let Hg be a Qg-generic filter over M[G4] such that Gg *« Hz = Gg41.
Since D; is dense for every ¢ € wy*, then

I, = | J{I :r € H} = ™.
Let
Py, = | J{P, :r € Hp}
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and let

An, = J{A 7 € Hg}.
Notice that for any r, 7’ € Hg and for any ¢ € I, N I, we have pl = pi’ and AT = A}
because r and r’ are compatible. So now for every t € Iy, we can define p; = p; for
some r € Hy and define A, = Aj for some r € Hg. It is clear that the map ¢ — p; is
an isomorphism between I, and Py, i.e. for any s,t € Iy, we have s C ¢ iff p; < ps.
It is also clear that the map ¢ — A; is a homomorphism from Iy, to Ag,, i.e. for
any s,t € I, we have s C t implies (A;) [ ht(A;) = A,.

Claim 9.4 For each t € Iy, the set {py(,) : 7 € w1} is a maximal antichain below
pe in P.
Proof of Claim 9.4: Same as the proof of Claim 3.4.

The next claim is something different from Lemma 3. Let Ty = {A; : pr € H}
where H is the P-generic filter over M|[G,].

Claim 9.5 Ty is a Jech-Kunen subtree of 7" in M[G,][H].

Proof of Claim 9.5: By the proof of Claim 3.5, we know that Ty is a subtree of T’
with more than w; branches. It suffices to show that Ty has exactly ws branches.

Suppose that T has more than wy branches then there is a branch B in M[G,][H]
which is not in the range of the function f. Without loss of generality, let’s assume
that

1p IF (Yo € wo)(B # f(a)).
Let B be a P-name for B and let

Dy={reR :(Vse )3t el)(sCtand ht(BN AY) < ht(A7))}.

Since M[G,|[H] = M|[Gg][H]|G"] and PP is wy—closed in M[Gg][H], then B is in
M[Gg][H] because any w;—closed forcing will not add any new branches to the Kurepa
tree T. We assume also that the P-name B is in M[G]. Hence the set D is in M[G).
Let

Ey ={p; € Py, :v € Dy N Hg and p] IF ht(B N A}) < ht(A))}.

Subclaim 9.5.1 Dy, is dense in R'.
Proof of Claim 9.5.1: Let ¢ be any element in R’. It suffices to show that there

is an element 7 in Dy such that r < ry. Let’s first extend r¢ to v’ such that for every



Paper Sh:498, version 1994-01-29.10. See https://shelah.logic.at/papers/498/ for possible updates.

24

s € I,, there is a t € m(I,) such that s C t. Let t € m(I,/). For every a € SJ" let
aq € (Af)a;;’ such that p}’ IF a, € f(a). Since we have
pi Ik (GueT)(ue f(a)\ B)
and P is w;—closed, then there is a u, 2 aq in wi** for every a € ST "and a p; < pf
such that for every a € ST’
pe lFug € fa) N B.
Without loss of generality, we can assume that there is a v € wy such that ht(u,) = v

and
pe |- B differs from all f(a) below ~

for every o € SI'. Let
I, = I, U{t:tis a successor of t for t € m(I,/)}.
For every t € I, let
py =1, Ay = A} and 5] = 5] .
For every t € I \ I, let
=i, Al = AT U{s:s Cu, for some o € S/} and SF = ST

Now it is easy to see that » < rg and r € Dy. O (Subclaim 9.5.1)

Subclaim 9.5.2 £} is dense in Py,.

Proof of Subclaim 9.5.2:  Let py € Py,. We need to show that there is a p € Pg,
such that p < py and p € .

Since pg € Pu,, then there is an r € Hg such that py = p;. Since Dy is dense and
r € Hp, then there is an 7’ < r such that ' € Hg N Dy. Since p) = pl and 7’ € Dp,
then there is a ¢ € I, such that s C ¢t and

pp IFht(BOAY) < ht(A7).
Hence we have p}’ < pl = po and pj € Ez. O (Claim 9.5)

Now the lemma follows because if B of is a branch of T', which is not in the range

of f, then it is not a branch of Ty, because there is an o € w; and there is an
A =Ty, [a such that ht(BNA) < ht(A). O

Theorem 10. [t is consistent with CH and 2" > wy plus the existence of a thick
Kurepa tree that there exist essential Jech—Kunen trees and there are mo essential

Kurepa trees.
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Proof: Let M be a model of CH and 2“ = \ > w, such that in M, A* = X\ and
there is a thick Kurepa tree. Such model exists by Lemma 1. In M let

(Py:a<A),(Qn:ax < N))

be the \—stage iterated forcing notion used in [B] for a model of GMA. Suppose G

is a Py—generic filter over M. Then
MI[G,] = CH 4 2°* = X\ > wy + GMA.

In M[G,] let k be a cardinal such that wy < kK < A and let S be a stationary—
costationary subset of w;. Suppose that H is a Jg,—generic filter over M[G,]. Then
by Lemma 8, the tree Ty = (J{A4, : p € H} is an essential Jech-Kunen tree in
MIG,][H]. It is obvious that the thick Kurepa trees in M are still thick Kurepa
trees in M[G,][H]. We need only to show that there are no essential Kurepa trees in
MG [H].

Suppose that K is an essential Kurepa tree in M[G,|[H]. Since |K| = wy, then
there exists an I C k such that |I| = w; and K € M|[G,][H;], where

Hi=HNJs;={pe€ H :dom(l,) CI}.
Since Jg, is forcing equivalent to
Jsox Fn(k 1, Ty, w1))

and by Lemma 6, the tree Ty, is (w; \ S)—complete, then by Lemma 7, there are no
new branches of K in M[G,|[H] which are not in M[G,][H;]. So K is still a Kurepa
tree in M[G,|[H/]. But the poset Jg; is wi—closed and has size wy. So by Lemma 2,
the poset Jg s is forcing equivalent to (w;“*, D). Hence by Lemma 9, the Kurepa tree
K has a Jech-Kunen subtree K’ in M[G,][H;]. Since every branch of K’ is a branch
of K and the set of branches of K keeps same in M[G,|[H;] and in M[G,][H], then
K’ is still a Jech-Kunen subtree of K in M[G,][H]. This contradicts that K is an
essential Kurepa tree in M[G,][H] O

Remark: It is quite easy to build a model of CH and 2“* >ws, in which there exist
essential Jech-Kunen trees and there are no essential Kurepa tree without requiring
the existence of a thick Kurepa tree. Let M be a model of GCH. First, increase 2“* to
ws by an wy—closed Cohen forcing. Then, force with the poset Jg.,. In the resulting

model CH and 2“' = w3 hold and there is an essential Jech—Kunen tree. It can be
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shown easily that there are no thick Kurepa trees in the resulting model. Hence it is

trivially true that there are no essential Kurepa trees in that model.

3. NEw Proors or Two OLD RESULTS.

In [SJ1], we proved that, assuming the consistency of an inaccessible cardinal, it is
consistent with CH and 2“! >wy that there exist Jech—-Kunen trees and there are no
Kurepa trees. The model for that is constructed by taking Kunen’s model for non—
existence of Jech—-Kunen trees as our ground model and then forcing with a countable
support product of ws copies of a “carefully pruned” tree T'. The way that the tree T'
is pruned guarantees that (1) the forcing is w—distributive, (2) forcing does not add
any Kurepa trees, (3) T" becomes a Jech-Kunen tree in the resulting model. In [Ji3],
this pruning technique was also used to construct a model of CH and 2“* > ws in which
there exist essential Kurepa trees and there exist essential Jech—-Kunen trees. Here
we realize that the Jech-Kunen tree obtained by forcing with that carefully pruned
tree in [SJ1] and [Ji3] can be replaced by a generic Jech-Kunen tree obtained by
forcing with Jg ., the poset defined in §2. So now we can reprove those two results in
[SJ1] and [Ji3] without going through a long and tedious construction of a “carefully
pruned” tree.

Let Lv(k,ws), the countable support Lévy collapsing order, denote a poset defined
by letting p € Lv(k,w;) iff p is a function from some countable subset of £ X w; to 2
such that p(&,n) € & for every (§,n) € dom(p) and orderd by reverse inclusion.

Let Fn()\, 2,w;), the countable support Cohen forcing, denote a poset defined by
letting p € F'n(A,2,w;) iff p is a function from some countable subset of A to 2 and

ordered by reverse inclusion.

Theorem 11. Let k and \ be two cardinals in a model M such that k is strongly
inaccessible and A\ > k is reqular in M. Let S € M be a stationary—costationary subset
of wy and let Js,. € M be the poset defined in §2. Let Lv(k,w;) and Fn(\,2,w;) be in
M. Suppose that G x H x F is a (Lv(k,w1) X Fn(\, 2,w;) X Js,.)-generic filter over
M. Then M|G][H][F] = (CH +2“* > wy + there exist Jech-Kunen trees + there are

no Kurepa trees ).

Proof: It is easy to see that

MIG|H][F] |= (CH + 2 = A > k = w,).
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It is also easy to see that w; and all cardinals greater than or equal to x in M are

preserved. By Lemma 8, the tree Tp = |J . 4, is a Jech-Kunen tree. We now

€F

need only to show that there are no Kurepaptrees in M[G][H][F]. Suppose that K
is a Kurepa tree in M[G][H][F]. Since |K| = wy, then there exists an I C k with
|I| = wy such that K € M[G|[H][F;] where F; = F N Js (recall that the poset Jg
is forcing equivalent to Js * F'n(k \ I, Ty ,wi)). By Lemma 7, the tree K is still a
Kurepa tree in M[G][H][F;]. Since the poset Jg; is wi—closed and has size wy, then
by Lemma 2, Jg; is forcing equivalent to Fn(ws,2,w;). By a standard argument we
know that Fn(\,2,w) X Fn(wi,2,w) is isomorphic to Fn(A,2,w;). Hence there is a
Fn(\, 2,w;y)-generic filter H' over M[G] such that M|G|[H][Fi] = M[G][H']. But it
is easy to see that in M[G][H’] there are neither Kurepa trees nor Jech-Kunen trees.
So we have a contradiction that K is a Kurepa tree in M[G][H']. O

Theorem 12. Let M be a model of GCH. Let k and X be two regular cardinals in
M such that X > k > wy and let S be a stationary subset of wy in M. In M let K
and Js, be two posets defined in §1 and §2, respectively. Suppose that G x H is a
Ky x Js—generic filter over M. Then

MGxHE(CH+2"=X>Kr>w +
there exist essential Kurepa trees + there exist essential Jech—-Kunen trees ).

Proof: It is easy to see that M[G x H] is a model of CH and 2*' = A > k > w;.
Since K, and Jg; are wi—closed, then K is absolute with respect to M, and M[H] and
Js.x is absolute with respect to M and M[G]. By Lemma 8, the tree Ty = (J 5 4p
is an essential Jech-Kunen tree in M[G][H]. By Lemma 1, the tree Tg = J,., 4, is
an essential Kurepa tree because M[G|[H] = M[H|[G]. O

REFERENCES

[B] J. Baumgartner, “Iterated forcing”, pp. 1—59 in Surveys in Set Theory, ed. by A. R. D.
Mathias, Cambridge University Press, 1983.

[Jel] T. Jech, “Trees”, The Journal of Symbolic Logic, 36 (1971), pp. 1—14.

[Je2] , “Set Theory”, Academic Press, New York, 1978.

[Jil] R. Jin, “Some independence results related to the Kurepa tree”, Notre Dame Journal of Formal
Logic, 32, No 3 (1991), pp. 448—457.

[Ji2] , “A model in which every Kurepa tree is thick”, Notre Dame Journal of Formal Logic,
33, No 1 (1992), pp. 120—125.
[Ji3] o , “The differences between Kurepa trees and Jech-Kunen trees”, Archive For Mathe-

matical Logic, to appear.



Paper Sh:498, version 1994-01-29.10. See https://shelah.logic.at/papers/498/ for possible updates.

28

[Ju] I. Juhdsz, “Cardinal functions II”, pp. 63—110 in Handbook of Set Theoretic Topology,
ed. by K. Kunen and J. E. Vaughan, North—Holland, Amsterdam, 1984.

[K1] K. Kunen, “On the cardinality of compact spaces”, Notices of the American Mathematical
Society, 22 (1975), 212.

[K2] __________, “Set Theory, an introduction to independence proofs”, North-Holland, Amsterdam,
1980.

[SJ1] S. Shelah and R. Jin, “A model in which there are Jech—Kunen trees but there are no Kurepa
trees”, Israel Journal of Mathematics, to appear.

[SJ2] , “Planting Kurepa trees and killing Jech—Kunen trees in a model by using one inac-
cessible cardinal”, Fundamenta Mathematicae, to appear.

[T] S. Todorcevié, “Trees and linearly ordered sets”, pp. 235—293 in Handbook of Set Theoretic
Topology, ed. by K. Kunen and J. E. Vaughan, North-Holland, Amsterdam, 1984.

Department of Mathematics
University of California
Berkeley, CA 94720

e-mail: jin@math.berkeley.edu

Institute of Mathematics,
The Hebrew University,

Jerusalem, Israel.

Department of Mathematics,
Rutgers University,
New Brunswick, NJ, 08903, USA.

Sorting: The first address is the first author’s and the last two are the second

author’s.



