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Compactness of Loeb Spaces!
Renling Jin? & Saharon Shelah?®

Abstract
In this paper we show that the compactness of a Loeb space depends on
its cardinality, the nonstandard universe it belongs to and the underlying
model of set theory we live in. In §1 we prove that Loeb spaces are compact
under various assumptions, and in §2 we prove that Loeb spaces are not
compact under various other assumptions. The results in §1 and §2 give a
quite complete answer to a question of D. Ross in [R1], [R2] and [R3].

0. INTRODUCTION

In [R1] and [R2] D. Ross asked: Are (bounded) Loeb measure spaces compact? J.
Aldaz then, in [A], constructed a counterexample. But Aldaz’s example is atomic,
while most of Loeb measure spaces people are interested are atomless. So Ross re-
asked his question in [R3|: Are atomless Loeb measure spaces compact? In this paper
we answer the question. Let’s assume that all measure spaces mentioned throughout
this paper are atomless probability spaces.

Given a probability space (€2, %, P). A subfamily C C ¥ is called compact if for
any D C C, D has f.i.p. i.e. finite intersection property, implies (D # 0. We call a

compact family C inner-regular on 2 if for any A € ¥
P(A) =sup{P(C): C CANC €C}.

A probability space (€2, 3, P) is called compact if ¥ contains an inner-regular com-
pact subfamily. Clearly, the definition of compactness is a generalization of Radon
spaces with no topology involved. In fact, Ross proved in [R2] that a compact prob-
ability space is essentially Radon, i.e. one can topologize the space so that every
measurable set A contains a compact subset of measure at least half of the measure
of A.

Loeb measure spaces are important tools in nonstandard analysis (see, for example,
[AFHL] and [SB]). Ross proved in [R2] that every compact probability space is the
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image, under a measure preserving transformation, of a Loeb measure space. This
shows, by a word of Ross, some evidence that Loeb spaces themselves may be compact.

In this paper we show that the compactness of a Loeb space depends on its cardi-
nality, the nonstandard universe it belongs to, and even the underlying world of set
theory we live in (suppose we live in a transitive model of ZFC).

Throughout this paper we always denote M for our underlying transitive model
of set theory ZFC. We sometimes use N for another transitive model of ZFC. If we
make a statement without mentioning a particular model, this statement is always
assumed to be relative to M. Let N be the set of all standard natural numbers. Using

N as a set of urelements, we construct the standard universe (V, €) by letting

Vo=N, Vo =V,UP(V,) and V = | J Vi..

new

A nonstandard universe (*V, * €) is the truncation, at * €-rank w, of an elemen-
tary extension of the standard universe such that *N \ N # (). We always assume
the nonstandard universe *V we work within is at least wi-saturated. In fact, w-
saturation is needed in Loeb measure construction. For any set S we use |S| for its
set theoretic cardinality. If S is an internal set (in *V'), then *|S| means the internal
cardinality of S. For any object S in the standard universe we always denote *S
for its nonstandard version in *V. For example, if € is an internal set, then *P()
denote the set of all internal subsets of 2. Let ¥y C *P(2) be an internal algebra
and let P : ¥g — *[0,1] be an internal finitely additive probability measure. We
call (2,3, P) an internal probability space. Let st : *[0, 1] — [0, 1] be the standard
part map. Then (€, Xy, stoP) is a standard finitely additive probability space. Then
one can use Y to generate uniquely an sto P-complete o-algebra ¥ and extend sto P
uniquely to a standard complete countably additive probability measure Lp. The
space (€2,3, Lp) is called a Loeb space generated by (2, %, P). Let H be a hyper-
finite integer, 1.e. H € *N~N. Let Q = {1,2,... ,H}, let ¥ = *P(Q) and let
P(A) = *|A|/H for each A € £y. We call (2, %y, P) a hyperfinite internal space.
The space (2, %, Lp) generated by (2,3, P) as above is called a hyperfinite Loeb
space. Hyperfinite Loeb spaces are most useful among other Loeb spaces in non-
standard analysis. For notational simplicity we prove the results only for hyperfinite
Loeb spaces in this paper. From now on we denote the symbol (Q, %, Lp) or just

without confusion, exclusively for a hyperfinite Loeb space. Most of the results for
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hyperfinite Loeb spaces in this paper can be easily generalized to Loeb spaces in the
general sense (see Fact 3 at the beginning of §1 and the comments after that).

In §1 we show when a hyperfinite Loeb space is compact. We prove the following
results.

Corollary 3. Suppose CH (Continuum Hypothesis) holds. Suppose |*N| = w;.
Then every hyperfinite Loeb space in *V is compact.

Corollary 4: Suppose MA (Martin’s Axiom) holds. Suppose *V' is 2“-saturated and
|*N| = 2. Then every hyperfinite Loeb space in *V is compact.

Corollary 5: Suppose M is obtained by adding x Cohen reals to a ZFC model N
for some x > (2¢)V with x = k in N. Suppose |*N| = 2¥ (in M now). Then every
hyperfinite Loeb space in *V is compact.

Corollary 7. Suppose M is same as in Corollary 5. In M suppose A is a strong
limit cardinal with cf(\) < k. Suppose |*N| = X and *V satisfies the Rg-special model
axiom (see [R5] or [J] for the definition). Then every hyperfinite Loeb space in *V is
compact.

Theorem 8: Suppose k is a strong limit cardinal with ¢f(k) = w and A = kT = 2",
Suppose *V is A-saturated and has cardinality A. Then every hyperfinite Loeb space
in *V is compact.

In §2 we show when a hyperfinite Loeb space is not compact. We prove the following
results.

Theorem 9. Suppose A is a regular cardinal such that k“ < X for any kK < .
Suppose || = A. Then € is not compact.

Theorem 10: Suppose A is a strong limit cardinal, K = ¢f(\) and p* < k for any
p < k. Suppose |2] = A. Then €2 is not compact.

Theorem 11: Suppose M is obtained by adding x random reals to a ZFC model
N for some regular x > (2¢)V with % = k. Suppose || = 2 (note 2* = x in M).
Then 2 is not compact.

Theorem 12: Suppose M is obtained by adding x random reals to a ZFC model
N for some regular k > w. Suppose \ is a strong limit cardinal such that ¢f()\) < k.
Suppose |©2] = A (hence ¢f(\) > w). Then 2 is not compact.

Theorem 15 Let A > |V| and A¥ = . Then there exists a *V such that || = A

and (2 is not compact for every €2 in *V.
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In this paper we write A, k, , ... for cardinals, o, 3,7, ... for ordinals and k, m,n, . ..
for natural numbers. We write A* (A<*) for cardinal exponents and "X (<*)\) for sets
of functions. For any set S we write [S]* for the set of all subsets of S with cardi-
nality A. For any set S we write (°2, X(%2),vg) for the complete probability space
generated by all Baire sets of ®2 such that for any finite Sy C S and any 7 € %2,
vs([7]) = 271%l where [7] = {f €52: f1 S = 7}.

The reader is assumed to know basics of nonstandard analysis and be familiar with
nonstandard universes and Loeb space construction. We suggest the reader consult
[L] and [SB] for information on those subjects. The reader is also assumed to have
basic knowledge on set theory and forcing. The reader is recommended to consult
[K1] for that.

1. TowARDS COMPACTNESS

We would like to list three facts about hyperfinite Loeb spaces (€2, %, Lp), which
will be used frequently throughout this paper.

Fact 1: For any S € ¥ and any € > 0 there exists an A € *P(Q) such that A C S
and Lp(S N A) <e.

Fact 2: For any internal sets A, C (2 there exists an internal set B C ﬂnew A,
such that Lp((),,c, An) = Lp(B).

A A-sequence (A, : a € \) of measurable subsets of 2 is called independent if for
any finite Ip C A

LP( m Aa) = H LP<Aa)-

acly a€lp
Fact 3: Suppose |[2] = A. Then there exists an independent A-sequence of internal

sets of measure % on §).

Fact 1 and Fact 2 are direct consequences of wi-saturation and Loeb measure
construction. Fact 3 can be proved by finite combinatorics and the overspill principle
in nonstandard analysis. Call a sequence (4; : i < m) of subsets of a finite probability
space of size n with normalized counting measure u a (k, ¢)-independent sequence for
some k € N and ¢ € (0,1) iff for any iy < iy < ... < i with ¥’ < k and any h € *'2

one has

k,/
hii
7=1
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Note that given any k € N and any ¢ € (0, 1), there is a (k, ¢)-independent sequence
of length n in an n-elements probability space for large enough n € N. Let H be
an infinite integer. Applying overspill principle one can find an infinite integer K
and a nonstandard real C' with st(C') = 1 such that there is a (K, C)-independent
sequence of internal sets of length H in Q = {1,2,... , H}. Tt is easy to check that the
sequence obtained is, in standard sense, an independent sequence of the hyperfinite
Loeb probability space €.

For a Loeb space in the general sense Fact 1 and Fact 2 are also true. But Fact
3 may not hold. So whether or not a result about hyperfinite Loeb space can be

generalized to a general Loeb space may depend on the truth of Fact 3.

A set t C <¥2is called a tree if for any s,8' € <2, s C s and s’ € t imply s € t.
We use capital letter ' C <“2 exclusively for a tree with no maximal node. So every
branch of T is infinite. For a tree T we write [T for the set of all its branches. In

fact, every closed subset of “2 could be written as [T'] for some tree T

Definition 1. A sequence of trees (T : v € AAn € w) is called a (k, \)-witness if

(1) vo([Tan]) > g
(2) (vf € “2)({ae A= 3n(f € [Tanl)} < w).

Theorem 2. Suppose there ezists a (k, \)-witness (T, : & € AAn € w) for some
uncountable cardinals k and A. Suppose *V is k-saturated and |*P(2)| = X. Then

18 compact.

Proof: Choose (A, : n € w), an independent w-sequence of internal subsets with

measure 5 on . We write A2 = A4, and A, = Q ~\ A4,. Then for any finite s C w

and any h € °2 we have

LP(m ARy = oIl

nes

n—1
w=N U Nan

newne "2NT =0
It is easy to see that Lp(Ar) = v,([T]). Note that Ar is a countable intersection

For any tree T' define

of internal sets. We now want to construct an inner-regular compact family C of
internal subsets on Q. Let *P(2) = {a, : @« € A}. For each @« € A and n € w let
ban C aq N Ar, ,, be internal such that

Lp(bam) = Lp(aa N ATa,n)'
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Then let
C={AL ncwAl=0,1}U{bgn:a€IANECw}

Claim 2.1: C is an inner-regular compact family on 2.

Proof of Claim 2.1: The inner-regularity is clear. We need to prove the compact-
ness. Let D C C be such that D has f.i.p. We want to show that (D # (). Without
loss of generality we assume that D is maximal. So for each n € w either A? € D or
Al € D but not both. Let & € “2 be such that for each n € w we have AL™ € D.
Given any b, , € D, we want to show that h € [T, ,,]. Let k € w. Then

k-1
() A" N ba # 0.
i=0
So we have

(ﬁA?‘i’)ﬂ(ﬂ U A #o

mew neE M2NTq,n =0
This implies that there exists an n € T,,,, N *2 such that

k—1 } k—1 )
(AR N (A7) #0.
=0 1=0

Hence we have h [k =nlk € T,,. This is true for any k € w. So h € [T,,]. But we
assumed that

Ha:3In(h € [Ton))} < k.
So |D| < k. Now using s-saturation, we get (\D # 0. O

Remark: From the definition of the compactness we do not have to choose C as a
family of internal sets. We do that because internal sets are more interesting. In this

paper if we construct a compact family we always construct a family of internal sets.

Corollary 3. Suppose CH holds and |*N| = wy. Then every hyperfinite Loeb space

i *V is compact.

Proof: Tt suffices to construct an (wy,ws)-witness. Let “2 = {f, : @ € w;}. For

each n € w and o € wy, choose T, , such that

Vw([Ta,n]) >

n
n+1

and
[Ton]N{fs:8€a}=0.

It is clear that (T, : @ € w1 An € w) is an (wy,w;)-witness. O
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Remarks: (1) The condition |*N| = w; implies CH by w;-saturation of *V.
(2) If *V is an w-ultrapower of the standard universe, then |*N| = wy, provided CH
holds.

Corollary 4. Suppose for any S C “2, |S| < 2 implies v,(S) = 0. Suppose *V is
2¥-saturated and |*N| = 2¥. Then every hyperfinite Loeb space in *V is compact.

Proof: By same construction as in Corollary 3 with length 2¥ we can find a (2%, 2%)-

witness. Now the corollary follows from 2“-saturation of *V and Theorem 2. O

Remark: Obviously, Corollary 3 is a special case of Corollary 4. In the case of
—CH, one has that MA implies v,(S) = 0 for any set S C “2 with |S| < 2 and MA
implies also 2% = 2¥ for any x < 2“, which guarantees the existence of 2¥-saturated

nonstandard universes.

Corollary 5. Suppose M is obtained by adding A Cohen reals to a ZFC model N for
some A = (29YN with \* = X in N'. Suppose |'N| = X\ (2¥ = X in M). Then every
hyperfinite Loeb space in *V is compact.

Proof: It suffices to construct an (wy, A)-witness. Work in /. For each n € w let

"+; ATm(t = T1m))}

T, ={tC <“2: (3T C <“2)(v,([T)) > —

be a forcing notion ordered by the reverse of end-extension of trees (we assume smaller
conditions are stronger). It is clear that 7, is countable and separative. So forcing
with 7, is same as adding a Cohen real. Let 7. = Ty, let P, = [, 7 with finite

supports for each a € A and let P = [] ., P, with finite supports. Without loss of

aEX
generality we assume that M = N[G], where G C P is an N-generic filter. For each

a€ Xand n € w let
Ton = J(GNTY).
We want to show that the sequence (T,, : @ € AAn € w) is an (wy, \)-witness.
Given any f € “2 in M, there exists a countable set S C X in N such that

f € N[Gs], where Gg = G N ([[,egPa). For any o € A\ S and any n € w,
GNT>CT>is a N|Gg]-generic filter. Define

Dy ={t €T, :3m (t has height m A f[m ¢ t)}.

Claim 5.1 Dy is dense in 7.
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Proof of Claim 5.1: Let t € 7,*. We want to find a t' € 7,* N Dy such that ¢’ is an
end-extension of t. Let m’ be the height of . Without loss of generality we assume
that f[m’ €t. Let

T={ne “2:netVvnlm €t}
It is clear that v, ([T]) > 25, Let

e = v,([T])

and let n’ > m’ be large enough so that 2= < e. Let

n+1
n+2

T'={neT:|n|<n'Vvnl(n+1)#f(n+1)}

Now

w([) > wal[) — e = 2.

Let m =n' 4+ 1. Then we have
t'=TTmeT)NDy
and that ¢’ is an end-extension of t. O (Claim 5.1)
Since Dy is dense in 7%, then GNT,* N Dy # (. This implies f & [T,.]. So
{aoeX:In(f €[Tan])} CS.
This shows that (T, : @ € AAn € w) is an (wy, A)-witness. O

Remarks: (1) We don’t have requirements for *V because *V is always w;-saturated.

(2) Above three corollaries can be easily generalized to general Loeb spaces as long
as their cardinalities are 2¥. For example, above three corollaries are also true if we
replace a hyperfinite Loeb space by a Loeb space generated by a nonstandard version
of Lebesgue measure on unit interval. From now on we will not make similar remarks
like this. The reader should be able to do so by himself.

Next we will mention a property of nonstandard universes called the Ng-special
model axiom (see [R5] or [J] for details). The special model axiom is in fact an
axiomatization of special nonstandard universes as models (see [CK] for the definition
of a special model). In the proof we need only some simple consequences of the
property. Let’s list all the consequences we need. If *V satisfies the Ny-special model
axiom, then

(1) all infinite internal sets have same cardinality, say A,
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(2) for every hyperfinite internal space (2, *P(Q2), P) there exists a sequence
(24,24) : a € cf(N)), called a specializing sequence, such that

(a) Q= Uach(/\) Qa’

<b) *P(Q) = UO&ECf()\) Z047

(c) if {A, :n € w} C X,, then there exists a B € ¥,4; such that B C (), o, An
and Lp(B) = Lp((,e, An);

(d) if D C X, and D has f.i.p., then (D) N Qas1 # 0.

Theorem 6. Suppose there exists an increasing sequence (Z, C “2: « € K) for some
Zo (s0
Kk < 2¥). Suppose X is a strong limit cardinal with cf(\) = k. Suppose *V satisfies

regular cardinal k > w such that v,(Z,) = 0 for every o € K and “2 = |,

the Wo-special model axiom and |*N| = X\. Then every hyperfinite Loeb space in *V is

compact.

Proof: Given a hyperfinite Loeb space Q, let ((£23,X3) : 8 € k) be a specializing
sequence of Q. For each € k let T, C <“2 be such that

vl [Ta) > ——

Without loss of generality we can pick an independent sequence (A4, : n € w) of

internal sets with measure 3 in Xo. Let *P(Q) = {aq : @ € A}. For each o € X let

and [Tﬁ,n] M Zg = (Z)

g(a) =min{f € Kk : a, € ¥g}.
We now construct an inner-regular compact family C on €). For each o € A and each

n € w let by € Xga)4+1 be such that

ba,n g Qg N ATg

(@).n
and
LP(boa7n) = LP(aa N ATgm),n)
(check Theorem 2 for the definition of Ar). Define now
C={bgn: - a€AANREWIU{A :ncwAl=0,1}
(recall A= A and A' = Q \ A).

Claim 6.1 C is an inner-regular compact family on €.
Proof of Claim 6.1: Again the inner-regularity is clear. Let D C C be such that
D has f.i.p. We want to show (D # ). Again we assume D is maximal. Let

6 =|J{g(e) : In(ba,, € D)}.
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Casel: 6 <k. Then D C Xs,1. By the special model axiom we have (D # ().

Case2: 0=r. Lethée “2besuch that A"™ € D. Same as the proof of Claim
2.1 we have that h € [Ty()n] if ban € D. But there is a 3y € x such that h € Zg,. So
we have h & [Ty(a),n] for any g(o) > Bp. This contradicts § = k. O

Remarks: (1) The nonstandard universes satisfying the Ng-special model axiom
and having cardinality A exist. In fact, those universes are frequently used by Ross
(see [R4] and [R5]).

(2) This theorem guarantees the existence of arbitrarily large compact hyperfinite
Loeb spaces.

(3) The set theoretical assumption besides ZFC for M in this theorem is rather
weak. The model M satisfies the assumption if M is a model of e.g. CH or MA, or
is obtained by adding enough Cohen reals.

Corollary 7. Suppose M is same as in Corollary 5. In M suppose X\ is a strong
limit cardinal with cf(\) < k. Suppose |*N| = X and *V' satisfies the Ro-special model

axiom. Then every hyperfinite Loeb space in *V is compact.

Proof: First we arrange the Cohen forcing such that M is a forcing extension of
some model of ZFC by adding ¢f(\) Cohen reals. Then by [K2, Theorem 3.20] we

know that “2 is a union of an increasing cf(\)-sequence of measure zero sets. O
Remark: There is another proof by a method similar to the proof of Corollary 5.
Theorem 8. Suppose k is a strong limit cardinal with c¢f(k) = w and suppose X =

kT =25 Suppose *V is A-saturated and |*N| = X. Then every hyperfinite Loeb space

in *V is compact.

Proof: Given a hyperfinite Loeb space €2 in *V, we want to show that {2 is compact.
Let k =

independent k-sequence

new kin be such that kg > w and Kk, > 2" for each n € w. Choose an

(Ao € "P(Q):a € k)
of internal sets with measure % For any n,m let
Bn = B({Aa Qe ’%n+l})

be the Boolean algebra generated by A,’s for all o € k,,.1 and let

}.

Pos,., ={X € B, : Lp(X) >
o5n, { r(X) m+1
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Note that every X € Pos,,, is internal with measure > miﬂ because it is a finite

Boolean combination of internal sets. For each n,m € w let
Iym ={E C Pospm : F has fip.}.
For each m € w let
Poscym ={X : In(X = (Xo, X1,..., Xp1) A (Vi < n)(X; € Pospm))}-
and let

Fm ={F : F is a function from Pos.,,, to U I, ,, such that

new

(VX =(Xg, ..., X 1) € Poscyym)(F(X) € L)}

It is clear that |F,,| < k* = . Let F,,, = {Fym : @ € A} be a fixed enumeration. For
each o € X let’s fix an increasing sequence (B, ,, C « : n € w) such that |B,,| < &y,
B,.n. We define a function f, ,, from w to |J
for each o € A\ by induction on n such that for each n € w

(1) fam(n) € Pos,m,

(2) fam(n+1) € fam(n),

3) fam(n) & H{Fpm(famIn): B € Ban}.

Suppose we have defined f, ., [n.

for each n € w and a = |, new P0Snm

Claim 8.1 Thereis an X = f,,,(n) such that (1), (2) and (3) hold.
Proof of Claim 8.1: For each § € B, let Dg be an ultrafilter on B,, such that

Dﬂ ) F,B,m(fmm f”)

(note that Fg,,(fam [ 1) has £ip.). Let fo.m(n —1) = C at stage n > 0 (replace C
by Q at stage n = 0). For each v € [k, kn11) let

Jy={B € Ban : CNA, €Dg}.

Since |Ban| < Ky and 2% < Kpy1 = |[Kn, Knt1)], then there exists an E C [ky, fng1)
with |E| = k,41 such that for any two different 7,7 € E we have J, = J,. Let
Yo <7 <71 <7 <...bein E and let

Cp = (A, NO)YA(A, NC) = (A, AA,)NC,

where A means symmetric difference. It is easy to see that for any n € w and any
B € By, we have C,, & Dg. It is also clear that

Lo(Cy) = Lp(C)Lp(A, AA,) = %LP(C).
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Since Lp(C) > there exists a big enough N € w such that

T
1 m
1—- (ML
(1= (MLe(€) > "
Now let fom(n) =Y, Ci. Tt is easy to see that (2) an

d (3) hold. For (1) we have
N-1

Lp(fam(n)) = Lp(C N (| (4,44,)))

1=0

O (Claim 8.1)

We now define an inner-regular compact family C on 2. Let *P(Q) = {a, : o € \}

be an enumeration. For each o € A and m € w, let

amgaa ﬂfam

new

be internal such that

Now let
C={bam:a€XANmMEw}.

Claim 8.2 ( is an inner-regular compact family on ).
Proof of Claim 8.2: The inner-regularity of C is obvious. Let D C C be such that
D has fip. If |D| < A, then (D # () by A-saturation. So let’s assume |D| = .

Hence there exists an mg € w such that
Z={a:bym, € D}
has cardinality \. Let’s prove next claim first.
Claim 8.3 There exists an X = (Xp, X1,...,X,,_1) for some n € w such that
{fame(n) : @ € ZA fomoIn=X} & Ly,

Proof of Claim 8.3: Suppose not. Then we can define a function

F 1 Poscym, — U Iy

new
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such that for each X = (Xo,... , X,_1)
F(X) = {fame(n) : €« € Z A fomen=X}.

It is clear that F' € F,,,. So there is an § € A such that F' = Fjp,,,. Since |Z| = A
there is an a € Z such that a« > . Now choose large enough n € w such that

B € By Then

fa,mo (n) ¢ Fﬁ,mo (fa,mo [n)
by the construction of f,,,,. But this contradicts the definition of F' = Fp,,,. O
(Claim 8.3)

We continue the proof of Claim 8.2. By Claim 8.3 there exists an

X = (Xo,...,X,_1) such that

{fame(n) : @ € Z A fom, In =X}

does not have f.i.p. Hence {bom, : @ € Z} does not have f.i.p. because
ba,me C fame(n). This contradicts that D has fip. O

Remarks: (1) A-saturated nonstandard universes of cardinality A exist because
AA =\

(2) Under certain assumptions for M, e.g. Singular Cardinal Hypothesis, this
theorem guarantees the existence of arbitrarily large compact hyperfinite Loeb spaces
with regular cardinality.

(3) The proof of this theorem is implicitly included in [Sh575].

(4) D. Fremlin recently found an easier proof of the theorem based on a generaliza-
tion of the proof of Corollary 3, and the fact that any subset S of #2 with |S| < & has
vx(S) = 0. Now we have an independent sequence (A, : a < k) of length x instead
of length w. For any closed subset [T] C *2 one has a correspondent set Ap with
Lp(Ar) = vo([T]). Let "2 = {fo : @ < A} and let Q = {a, : @« < A}. Choose [T,.,] so
that [Th,] N {fs: B <a} =0 and v,([Tans]) = ;17 It is not hard to see that the set
C={anNAr,, o<\ newhU{A :a <k, j=0,1}is an inner-regular compact
family.

2. TOWARDS NON-COMPACTNESS

Remember that our nonstandard universes are at least wy-saturated. For a measure

space (X, %, P) we write B(X) for the measure algebra of X, i.e. the Boolean algebra
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of measurable sets modulo the ideal of measure zero sets. If D C ¥, we write B(D)

for the complete subalgebra of B(X) generated by D.

Theorem 9. Suppose A\ is a reqular cardinal such that kK < X for every K < A.

Suppose || = X. Then Q is not compact.

Proof: Suppose not. Let C be an inner-regular compact family on 2. Let
(Ay : a € ) be an independent A-sequence of internal subsets of Q of Loeb measure
3. Pick X!, € C for every a € A, n € w and [ = 0,1 such that X/, , € AL and

LP(U X(l:v,n) = %

new

Note that A = A, and Al = QN A,, but generally X, will not be @~ X7 .

Claim 9.1 There exists an E € [A\]* and there exists an n(a,[) for each a € F

and [ = 0,1 such that for any m € w, any distinct {«ag,...,®,_1} C E and any
h € ™2 we have
m—1
h(i)
i=0

The theorem follows from the claim. Since |Q] = XA < 2%, we can find f € £2 such
that
fle) _
() Xentesay = 0

ack

But {X(J;(s()a fay - @ € E} CC has fip.
Proof of Claim 9.1: For each measurable set A C Q let A denote the element in

the measure algebra, represented by A. For each a € X let
Ba:lg({A[g:B<a}U{Xé7n:6<a/\n€w/\l:0,1}).

Recall that B(X) for some family X of measurable sets is a complete subalgebra
of measure algebra on 2 generated by X. By c.c.c. of measure algebra it is easy
to see that |B,| < |a|“. Notice that the sequence (B, : a € )) is increasing and
B, = Us<a Bs when cf(a) > w. Let B be a complete Boolean algebra. Given a € B
and a subalgebra B’ C B, define a function

gla, By =inf{be B :b>a}.
g(a, B') exists since B is complete. Let

D={aec):cf(a) >w}.
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Then D is stationary in A. For each o € D let
d(a) = min{f : g(A3, Ba) € Bs A g(Ay, Ba) € Bg}.

Then d(a) < « for every a € D. By Pressing-Down Lemma we can find a stationary
subset £ C D and an o € A such that d(a) = «aq for every o € E. Since

|Bao | < laol” < A,
we can assume that there are by, b, € Bao such that for all « € E we have
(A%, B,) = by and g(AL, B,) = b;.

By thinning F further we can assume that A, ¢ Bao for each a € E. Hence A, & B,
for each a € E. It is easy to see that by A by # 0 because otherwise we have, for any
a€Fl,

AD by < —by < AL = A
and this implies A = by € By, .
Claim 9.2 For any a € FE there exist n(a,0) and n(«, 1) such that
(Xgn(a())B) (Xolznal )7&0

Proof of Claim 9.2: Suppose not. Then for any n,m € w we have

So then
A=V X0 <V oX,Ba) < N\ (—9(Xq s Ba))
new new mew
< A\ ~\/ XL, = A= A0
mew mew

This implies

a,n?

Aa = AO = \/ g(XO Ba) € Bou
new

a contradiction. O (Claim 9.2)

We continue to prove Claim 9.1. By thinning E even further we can assume that
there exist dy, d; € B,, such that for every a € E,

g<X2,n(a,O)7 B_a) = dy and g(Xa n(a,l)s B ) = d;.

It follows from Claim 9.2 that d = dy A d; # 0.
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We now prove, by induction on m, that for any m € w, for any distinct
{ag,... 1} € E and for any h € ™2,
m—1
v ()
dA (N X niy) 70
i=0
Suppose the above is true for m, but not true for m + 1. Pick some distinct

{ag, ... ,an} C E and h € ™2 such that o; < o, for each i < m and
o (4) _
d N (/\ Xai:n(aiyh(i))) = 0.
i=0

Without loss of generality let h(m) = 0. Then

m—1

0] 0 _
(dA( Xai,n(ai,h(i)))) A Xam,n(am,o) =0.
i=0
Then
m—1
0 o h(i)
Xam,n(am,()) < _(d A ( Xai,n(oai,h(i))))'
i=0
So
m—1
_ _ Sh(i
g(Xgm,n(OénuO)’ BaM) - do < _(d /\ ( Xa’b(77)"(az’h(7’))))
i=0
This implies
m—1 m—1
10 o o h() _
i=0 =0

This contradicts the inductive hypothesis. O

Remarks: (1) Not like other results so far, Theorem 9 is a consequence of ZFC.

(2) When A = (n’)* for some infinite cardinals 7 and 6, we have k* < \ for any
k < A. So ZFC implies the existence of arbitrarily large non-compact hyperfinite
Loeb spaces in some nonstandard universes.

(3) The proof of this theorem is implicitly included in [Sh92].

(4) The proof works also for general Loeb spaces if they have an independent -
sequence of measure 3.

(5) The reader could find a shorter proof by using Maharam theorem and a similar

idea in the proof of Theorem 11.

Theorem 10. Suppose X is a strong limit cardinal, k = cf(\) and p* < K for any
p < k. Suppose |Q = X. Then Q is not compact.
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Proof: Suppose () is compact and let C be an inner-regular compact family on €.
Let (A, : a € k) be an increasing sequence such that 2*> < \,, for each a € s and
A= Uyer Aa- Let Q = {ag : B € A} be an enumeration and let Q, = {ag : B < A\.}
for each a € k. Choose an independent \-sequence of internal sets of measure %, say
(Ag : B € Ny, on Q.

Claim 10.1 There exist two different ordinals 7,7, € [Aa;Aas1) such that
Ay AA, NQ, =0 for each a € k.
Proof of Claim 10.1: Since 2% < A\,;1, then there exist two different 7, and 7/,
in [Ay, Aas1) such that
A, NQy =Ay N,
Hence we have A, AA,, NQ, =0. O (Claim 10.1)

For any a € x let B, = A, ,AA, . It is easy to see that (B, : @ € k) is an

independent sequence of measure % By inner-regularity of C we can find X, , € C

for each a and each n € w such that X, , C B, and

Lp(| Xan) = %

new

By a similar method as in the proof of Claim 9.1 we can find an E € [k]" and an

n(a) € w for each a € E such that for any m € w and any distinct {ap, ... ,qm, } C F
we have ,

(w )Qmﬂdaﬂ #:ﬁ'

=0

So {Xan() : @ € E} CC has fip., but

(W X;WKM - rw-Bazzw'

ack ack
O
Remark: Theorem 10 is also a consequence of ZFC. So ZFC implies the existence

of non-compact hyperfinite Loeb spaces of arbitrarily large singular cardinalities.

We need Maharam Theorem for next two theorems. Given a complete Boolean
algebra B. For any X C B recall that B(X) is the complete subalgebra generated by
X. Let

7(B) = min{|X|: X CBAB=B(X)}.
For any a € B~ {0} let B[a be the Boolean algebra {b A a : b € B} with a being

the largest element 1 in B [a. A complete Boolean algebra B is called homogeneous
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if 7(B) = 7(B | a) for every a € B~ {0}. The following is a version of Maharam
Theorem (see [F, pp.911 Theorem 3.5]).

Maharam Theorem Let B be a homogeneous measure algebra of a
probability space with 7(B) = A. Then there is a measure preserving
isomorphism ® from B to B(*2).

Let 1 be a cardinal. For next two theorems we always denote, for each o € p,

B, ={f€ "2: f(a) = 0}.

For any set X C *#2 let supt(X) denote the support of X, i.e. the smallest w C pu
such that for any f,f" € *#2 we have f |[w = f' | w implies f € X iff f/ € X.
Clearly supt(X) is at most countable if X is a Baire set. For any measurable set
X in a measure space we denote again X for the element in the measure algebra,

represented by X.

Theorem 11. Suppose M is obtained by adding X\ random reals to a ZFC model N
for some regular X > (2YN with X = . Suppose |Q| = X (A =2 in M). Then

18 not compact.

Proof: Let Q be a hyperfinite Loeb space in *V with |2] = A. Without loss of
generality we assume that B(€2) is homogeneous and 7(B(2)) = p for some u > A.
The reason for that is the following. It is easy to see that for any internal subset a
of Q with positive Loeb measure there exists an |a|-independent sequence of measure
sLp(a) on B(Q) | a. Since |a] = A, then 7(B() [ @) > A. Suppose B(Q) is not
homogeneous. Then we can choose an internal subset a C  such that Lp(a) > 0
and p = 7(B(Q) [a) is the smallest. Hence p > A and B(Q2) [ a is homogeneous. Then
we could replace €2 by a.

By Maharam Theorem let ® : B(Q2) = B(#2) be the measure preserving isomor-
phism. For each o € A C p let A, C 2 be measurable such that

B(A,) = Bo.
Suppose € is compact and let C be the inner-regular compact family on 2. Again let
A = Ay, AL, = QN Ay, BY = B, and B, = "2\ B,. Then there exist X}, € C
such that X}, C Al and

LP(U X(l:v,n) = %7

new
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where X, may not be Q \ X7 . Foreach v € \, n € wand [ =0,11let Y C B,
be a Baire set such that

O(X.,) =Y.,
We want to find an £ € [\]* and an n(a,l) for each a € E and [ = 0, 1 such that for
any m € w, any distinct {ag,... ,ap,_1} € F and any h € ™2

m—1

h(i)
A Yoty 7 O

=0
This is enough to prove the theorem because by Maharam’s isomorphism we have a
family
Fy =X sty @ € B}
with fi.p. for every f € 2. But |Q] = A. So there must be a family F; for some
f € 2 with empty intersection, which contradicts that C is a compact family.
Let P = B(*2) be the forcing in N for adding A random reals. Since P has c.c.c.,

then for each a € )\ there exists a countable set v, C X in A such that
{Y!,:newAl=0,1} CNB2,
Work in NV. Let 1, be a P-name for
U supt(YOi’n).

new,l=0,1

Again since P has c.c.c. there exists a countable w, C u such that
H_Ipz ua - We-

Note that a € w, for every a € A C p. Since A > 2% > wy, we can find a v C p with
|o] < X and an E € [A\]* such that for any two different o, 3 € F

wo Nwg C 0.
So in M for any two different o, f € E we have
supt(Y, ) N supt(Yﬂl:m) C .
Without loss of generality we assume that o < \ is an ordinal, 2 N E = () and

A val = A

aclE
For any X C #2 and n € "2 let

X)) ={¢e "™"2:n¢e X}
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Now we work in M. For each o € E, n € wand [ = 0,1 let
Ofxn = {77 € 62 : ]/M\@(Yolz,n<n)) > 0}

Claim 11.1  v3(U,, Cl,) =1 foreach « € E and [ = 0, 1.
Proof of Claim 11.1: For any 7 € "2 we have

v Y20 0) = sl (U V7

necw ncw

because (|, ., Y.,)(n) € B.(n) and v, (B (n)) = . So by Fubini Theorem we

new - on
= VM(U Y,

N | —

have

:[ VM\U U d’/v )
< %mn e (Y () > 0}).

This implies

vo({n v (| Y2 (n) > 0}) = 1.

new

Uk, ={n:ves(|J Y, m) >0}

necw new

But

O (Claim 11.1)

We now divide the proof of the theorem into two cases.

Case 1: v =k for a finite k € w.
Fix an g € "2. For any a € F and | = 0,1 the fact v5(|J
that there exists an n(a,[) such that n, € C!

a,n(a,l)”

'.n) = 1 implies

TLGDJ

So for any m € w, any distinct

{ag, ... a1} € E and any h € ™2 we have, by Fubini Theorem and independence,
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m—1
> 2] s (Vo (10))) > 0.
Case 2: v >w. Let -
SCAN (| va)uo)
a€E
be such that |S| = 5. We can factor the forcing P to Py * P, such that
NP = N]Pl*]%,
where P; = B(*52) and Py, = (B( 52))"" (see [K2, Theorem 3.13]). Let r € 52
be a random function over N*'. Since |S| = |v| we can assume that r is a random

function from v to 2. Since Céyn € N*t for any @ € B, n € wand [ = 0,1, and
Vs(Upew Chn) = 1, then there exists an n(a, 1) for any o € E and [ = 0,1 such that

l
re Ca,n(aJ) .

Now for any m € w, any distinct {ap,... ,q,_1} € E and any h € ™2 we have
r € C', where

m—1
_ h(i)
C= ﬂ Caivn(aivh(i))'
=0

This implies v3(C) > 0. Hence

m—1

h(i)
Vp( ﬂ Yaiyn(%h(i)))

=0

m—1

h(i
o /cyﬂ\ﬁ( ﬂ Y%(ﬂz(ai,h(i))(n))d%(n)
i=0
m—1
h(i
= /C(H ww(Yai(,n)(ai,h(i))(n)))d%(n) > 0.
i=0

O

Remark: Theorem 11 is complementary to Theorem 2 and its corollaries. Com-
bining those results we conclude that the compactness of a hyperfinite Loeb space of

size 2¥ is undecidable under ZFC.

Theorem 12. Suppose M is obtained by adding x random reals to a ZFC model N
for some reqular k > w. Suppose X is a strong limit cardinal such that c¢f(\) < k.

Suppose || = X. Then Q is not compact.
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Proof: Let (A, : a € ¢f(})) be an increasing sequence such that A = {J,c.r(n) Aa
and 2% < )\, for each a € ¢f(\). By similar arguments in the proof of theorem 11
we can assume that B(€2) is homogeneous and 7(B(€2)) = A. Note that the cardinality
of any positive measure internal subset of {2 is A.

By Maharam Theorem there is a measure preserving isomorphism @ from B(£2) to
B(*2). Using the same notation as in Theorem 11 let A, C © be measurable such
that <I)(f_17) = Bv for each v € A. By the same argument as in Claim 10.1 we can find

a cf(A)-independent sequence
(CaCQ:aecf(N)

of measure 1 such that for any Z € [cf()\)]® we have (,., Co = 0, where C, =
A, AA,, for some different 74,7, € [Aa, Aat1). Suppose €2 is compact and assume C
is an inner-regular compact family on €. Let X, , C C, be such that

LP(U Xan) = %

new

and let Y, ,, C 22 be Baire sets such that @(Xa,n) = Ya,n. It suffices now to find an
E € [cf(N)]¥™ and an n(a) for each o € E such that for any m € w and for any

distinct {ag, ... ,am—1} € E we have

m—1
/\ Yai,n(ai) 7é 0.
i=0
This is enough to prove the theorem because we have a family
{Xa’n(a) ToE E}

with f.i.p. but
m{XO"”(O‘) OAS E} - ﬂ C, = 0.

ack
For any «a € ¢f()) there exists a countable set v, C k in N such that

{YVon:n€w} CNBD,

Choose a D € [cf(A)]¥™ such that

AN U Vo| = K.
aeD

Let S € kU, cp va be such that |S| = c¢f(X). Again we factor the forcing P = B(*2)
to Py * Py such that Py = B(*>52) and P, = (B(52))V". Note that Y,, € NF! for
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any « € D and n € w. Let
R= U supt(Yon)-

aeD new

Then R C X and |R| = ¢f(A). It is clear that R is unbounded in A. Recall that
B, ={f €2 f(r) =0}
for each v € X and
V/ Yow = B,.0B,

new

for each o € D. Notice also that v,,7, € R for all @ € D. Let G C Py be a N
generic filter. Without loss of generality we assume that Py = B(#2) since |S| = |R].
Now we define a dense subset D, C P, in NT1 for each o € D. For any Z C %2 let

T={fe2:fIReZ}
and for any Z C *2 let
“={fe ®2:f=g[R for some g € Z}.
Define
Do ={Z:vr(Z) > 0A (3B € [a,cf(N) N D)(Z+ < B,,AB,,)}.

Claim 12.1 In N1, the set D, is dense in Ps.
Proof of Claim 12.1: Given any X € Py for some Baire set X C 2 with
vr(X) > 0. Since supt(X) is at most countable, there exists a 8 € [a,cf(N\)) N D
such that s,75 € R\ supt(X). Let Y = X* N B, ,AB,,. Then
vr(Y") = vr(X)vr((By,AB,,)7) > 0

and Y < B,,AB,. O (Claim 12.1)

Let
E={acD:B, AB, €G}.
By Claim 12.1 we have |E| = ¢f(\). For each o € E since
\/ Y., =B, AB,,
then there exists an n(a) € w such that ?afn(a) € G. We are done because G is a

filter and supt(Yan@) € R. O

Remarks: (1) Theorem 12 is complementary to Theorem 6 and Corollary 7.

(2) In this theorem we didn’t require £ > 2¥ in N.
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Theorem 13. Suppose A > |V|, where V is the standard universe, and A = \. Then
there exists a *V', in which every hyperfinite Loeb space Q) has cardinality A and is not

compact.

Proof: Note that |V]| = 3, > 2¥. Construct a continuous elementary chain of
nonstandard universes

(Vo< (29)7)
such that for every a € (29)7,

(1) every hyperfinite Loeb space in *V,, has cardinality A,

(2) *V, is wy-saturated when « is a successor ordinal.

(3) for any hyperfinite Loeb space Q in *Viguy+ if Q@ € *V,, then QN *V,, has Loeb
measure zero in *V, 1.

The elementary chain of nonstandard universes satisfying (1), (2) and (3) exists
because at each step one need only to realize < A types. We want to show that
nonstandard universe *V = *Vjpe)+ is the one we want.

Obviously, *V{aw)+ is wi-saturated. Suppose there is a compact hyperfinite Loeb
space € in *V. Let C be an inner-regular compact family on Q. For every o € (2¢¥)"
such that Q € *V,, there is an internal set Z, € *V,.; such that

1

LP(ZQ> > 5

and
ZNnQn *v,) =0.
Now we can find X, , € C such that X,, C Z, and
LP(U Xoe,n) = LP(Za)'

new
Again using the same method as in the proof of Claim 9.1 we can find an E C (2¢)"
with |E| = (2¥)" and an n(a) € w for each a € E such that {X, n@) : @ € E} has

fip. But
m Xa,n(oz) - ﬂ Zo = 0.

aclE acFE
O

We would like to end this section by making a conjecture.

Conjecture: It is consistent with ZFC that there are no compact hyperfinite Loeb

spaces in any nonstandard universes.
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The reader might notice that all results in §1 are not proved by ZFC. But Theorem
8 assumes only ZFC plus a consequence of Singular Cardinal Hypothesis. So the
non-existence of any compact hyperfinite Loeb spaces would have to violate Singular

Cardinal Hypothesis, which implies the existence of pretty large cardinals.
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