Paper Sh:668, version 2006-03-11_10. See https://shelah.logic.at/papers/668/ for possible updates.

ANTI-HOMOGENEOUS PARTITIONS
OF A TOPOLOGICAL SPACE
SH668

SAHARON SHELAH

The Hebrew University of Jerusalem
Einstein Institute of Mathematics
Edmond J. Safra Campus, Givat Ram
Jerusalem 91904, Israel

Department of Mathematics
Hill Center-Busch Campus
Rutgers, The State University of New Jersey
110 Frelinghuysen Road
Piscataway, NJ 08854-8019 USA

ABSTRACT. We prove the consistency (modulo supercompact) of a negative answer
to the Cantor discontinuum partition problem (i.e., some Hausdorff compact space
cannot be partitioned to two sets not containing a closed copy of Cantor discontin-
uum). In this model we have CH. Without CH we get consistency results using a pcf
assumption, close relatives of which are necessary for such results; so we try to deal
with equiconsistency.

Saharon: §5 + glossary?

This was presented in a lecture in the Logic Colloquium, Berlin ’97, and then in the set theory
workshop, Budapest, Summer ’98

I would like to thank Alice Leonhardt for the beautiful typing.

Done Sept. (and Dec.) 1997

First Typed - 97/Dec/16

Changes together with proofreading to the Journal, 2003/6

This work ws partially supported by The Israel Science Foundation

Latest Revision - 06/Mar/11

Typeset by AMS-TEX



Paper Sh:668, version 2006-03-11_10. See https://shelah.logic.at/papers/668/ for possible updates.

2 SAHARON SHELAH

ANNOTATED CONTENT

61  General spaces: consistency from strong assumptions

[We define X* — (Y*)} for topological spaces X*,Y*. Then starting with
a Hausdorff space Y* with 6 points such that any set of < ¢ members
is discrete and k = k<" € (6,\) and appropriate &/ C [A]? such that
any two members has intersection < o < 6, we force appropriate X*. We
then show that the assumption holds under appropriate pcf assumption and
finish with some improvements, varying the topological and set theoretical
assumptions.]

§2  Consistency from supercompact, with clopen basis

[We deal here with the set theoretic assumption. We show that the as-
sumptions can be gotten from supercompact for the case we agree to have
CH, relying on earlier consistency results. We also investigate the order of
consistency between relatives of “S C {0 < A : cf(d) = k} is stationary with
no stationary subset in I[A]”, and existence of non trivial (in an appropriate
sense) of & C [\|",[A; # As € &7 = |A1 N As| < 0]]

§3  Equi-consistency

[We show that some versions of the topological question and suitable combi-
natorial questions are equi-consistents. See [Sh 108|, [HJSh 249], [Sh 460],
[HJSh 697]. We then indicate the changes needed for the not necessar-
ily closed subspace case colouring by more colours and other spaces. For
discussion see [Sh 666],51.]

84  Decomposing families of almost disjoint functions



Paper Sh:668, version 2006-03-11_10. See https://shelah.logic.at/papers/668/ for possible updates.

ANTI-HOMOGENEOUS PARTITIONS OF A TOPOLOGICAL SPACE SH668 3

§1 GENERAL SPACES: CONSISTENCY FROM STRONG ASSUMPTIONS

In our main theorem, 1.2, we give set theoretic sufficient conditions for being
able to force counterexamples to the Cantor discontinuum partition problem, pos-
sibly replacing the Cantor discontinuum by any other space. It has a version for
spaces with clopen basis. Then (in claim 1.4) we connect this to pcf theory: after
easy forcing the assumptions of Theorem 1.2 can be proved, if we start with a suit-
able (strong) pcf assumption (whose status is not known). Then in claim 1.7 we
deal with variants of the theorem, weakening the topological and/or set theoretic
assumptions. Further variants are discussed in the end of the section (73 spaces
without clopen basis and variants of 1.4). This continues Juhasz Hajnal Shelah
[\JHSh:249 ]. By [Sh 460] if 2% > R, then it is doubtful if (3X)(X — (Cantor
discontinuum)y, ) is consistent; e.g. if [a| < R, = |pcf(a)| < Ry yrzp or if V = vy
where Q is a c.c.c. forcing making the continuum > JY!, then there is no such
space. On the case with > cf(6) colours see 4.17. Bill Weiss proved the existence
of such problems (X - (2¢)1) under V = L.

Recall

1.1 Definition. Let n € [1,w) (though we concentrate on n = 1) .

1) We say X* — (Y*)y, if X*, Y™ are topological spaces and for every h : [X*]" — 6
there is a closed subspace Y of X*, homeomorphic to Y* such that h [ [Y]™ is
constant (if n = 1 we may write h: X* — 6 and h [ Y).

2) If we omit the “closed”, we shall write —,, instead of —. We write (Y*)Z,
meaning: for every h : [X*]" — v < 6. We use -, »,, for the negations.

1.2 Theorem. Assume

(A) (1) A>K>0>0>Rgand Kk =kK<"
(i1) (Va<k)(|a|” < k) and k > 0% >0

(B); o C[\? and
Al%AQGE{ilAlﬂA2|<O’

(B)2 o is (< Kk)-free (or k-free or (k,o)-free) which means: if &' C of ||| < K
then for some list
{A: e < (} of &', for every e < ¢ we have
[Acn | Al <o

{<e

(C) if F: X — [N|=F, then some A € o (or just some A such that (JA")(A C

A & |Al=0 & A € o) is F-free which means

(%) for a# B from A we have a ¢ F(5)
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(D) Y* is a Hausdorff space with set of points 0 and a basis B = {b; : i < 0*}
(E) if Y is a subset of Y* with < o points, then Y is a discrete subset,
i.e. there is a sequence of open (for Y*) pairwise disjoint sets (%, :y €Y),
such that y € %,
(if o = Vg this follows from being Hausdorff).

Then
1) for some k-complete kt-c.c. forcing notion P, in V¥ there is X* such that:

(a) X* is a Hausdorff topological space with \ points and basis of size | </ |+ 0*
(b)) X* — (Y*)L ci(py (that is, if X* = U X, where i(x) < c¢f(#)) then some
1<5 ()
closed subspace Y of X* homeomorphic to Y* is included in some single X;
(i.e. (Fi)(Y C X;))).

2) If in addition Y* has a clopen basis A of cardinality < 0* such that the union of
any < o members of B is clopen, then we can require that X™* has a clopen basis.

1.3 Remark. We may define the conditions historically (see [ShSt 258], [RoSh 599],
so put only the required conditions). Then we can allow 6* = &, but see 1.7.

Proof. We write the proof for part (1) and indicate the changes for part (2).
Without loss of generality

®, Va<B<NVBeNMNEI2"Aed){a,f} CA & ANBC{a,B}].

[Why? Aswe canuse {{2c: o € A} : A € &/}, without loss of generality (J{4 :
A€ o} ={2a:a < A} and choose A, 5 € [A]? for a < B <~ < A such
that {«, 8} € Aap~ and (Aa s~ \{, B} : @ < B < v < \) are pairwise
disjoint subsets of {2a + 1 : @ < A}, each of cardinality 6 and we re-
place &/ by &* = &/ U{Ayp~ : @ < < v < A}. Now clauses (A),
(D), (E) are not affected. Clearly clause (B); holds (i.e. «/* C [\ and
A# B e g* = |ANB| < o). Also clause (C) is inherited by any ex-
tension of the original 7. Lastly for clause (B)s, if &' C &* || < &,
let (A¢ : ¢ < ¢*) be a list of &' N &/ as guaranteed by (B)2 and let
(Ac: ¢ e[C*,¢* + |7\ &])) list with no repetitions 7"\, now check.]
&, % is a basis of Y* of cardinality 6*, and for part (2), 4 is as there.

[Why? Straight.]
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Let o ={A¢: (<X} and B ={b :i <0}
We define a forcing notion P:

p € P has the form p = (u, us, v, vs,w) = (uP,ul, vP, vk, wP) such that:
ux Cu € [N]<F

ve Cv € [A¥]<"F

W= wP = (we,;: ¢ € v and i < 0%) = (wf,; : ( € vy, i < 0%)

(a)
(8)
(7)
(0) wei € uy and
b;Nb; =0 = we; Nwej = 0; this is toward being Hausdorff
€ cv, = A Cu
(e) ¢ ¢
(¢) letting A7 =: U{w¢; i < 0*} N A¢ for ¢ € v¥, it has cardinality ¢ and
for simplicity even order type 6, of course AIE C u% and for some sequence
(*ygj : j < 0) listing its members with no repetitions we have
wg, NAZ={~;:j<0andje€b}
n) if ¢ € v¥,1 < 6* and £ € v¥ then the set %7, . is an open subset (for part
G,E,0
(2), clopen subset) of the space Y* where %', , =: {j <0 :7{; € w{ ;}.

&) convention if ¢ € A*\v{ we stipulate wf ; = 0.

The order is: p < q iff u? C w9, vk = ul NuP,vP C v, vY = viNovP and ¢ € VL =

r _ .4 V4
We ; —wmﬂu .

Clearly

(x)o P is a partial order.

What is the desired space in VF? We define a P-name X* of a topological space as

follows:

X set of points J{uk : p € Gp}

The topology is defined by the following basis:
{ﬂ Uiy m<wand (p < A*,ip < 0" for £ < n} where

l<n
X1 % c,i[Gp] = U{wg ; : p € Gp satisfies ¢ € vi'}; so
F i ¢ € A\ U {o? : p e Gp} and i < 0% then % i[Gz] = 07

(for part (2), also their compliments and hence their Boolean combinations).

Now we shall prove
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()1 for @ < A\,¢ < X* and p € P we have

(1) plF“ae X* iff a € ul and

(i7) plF “a ¢ X*” iff € uP\uk and

(iii) IFp “N* =U{vP : p € Gp}
)

if ( € v} and i < 6 then
plE“%ciNuk = wg’i”

(iv

(v) {p€P:aecuP}isa dense open subset of P
(vi) {p€P:(€vP}isa dense open subset of P.

[Why? Easy, e.g. let p € P,& € A*\vP and « # [ are from A\u?, we define
g € Pby: u? = uPU{a, B}, ul = uf U{a},v? = vPU{}, 08 = of and wi ; =
w’&i for ( € vi =k and i < 6*. Easily P = “p < ¢”,8 € u?\ui,a € u and
£ e v\vi]

(x)2 P is k-complete, in fact if (p. : € < §) is increasing in P and § < &
then p = U pe is an upper bound where uP = U uPe ub = U ube oP =
e<d e<d e<d
U vPe P = U vbe and wf ; = U{w(s; 1 e < § satisfies ¢ € v} for ¢ € vi°.

e<d e<§

[Why? Straight.]

(¥)3 PP={peP:if ( <A and |[A; NuP| > o then ¢ € vP} is a dense subset of
P
[why? for any p € P we define by induction! on e < o : p. € P is increasing
continuous with €. Let pg = p, if p. is defined, we define p.11 by

Pt = { < X" 1 (€ vPe or |[Ac NuPe| > o}
Pe+1

W = e (= o)

uPett = P U U{A4 1 € vPett}

PDe . . . e
wes st wig(=wl ) if ¢ € viE i < 07

Lof course, if 6* < & is a limit ordinal such that cf(6*) # cf(o) then we may use (pe : ¢ < §*)
and pg+ is as required
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(and there are no other cases).
By assumption (A)(7i), the set vP=+1 has cardinality < k, so p.y1 belongs

to P.

Clearly p. < pey1 € P. Now for ¢ limit let p. = U pe. Clearly we can
£<¢

carry the definition. Now p,+ = U pe is as required because if A €

e<o
o, |A¢ NuPot| > o then for some e < o™ we have |[A; NuPe| > o hence
¢ € vP=+1 hence A; C uP=tt C uPot,
Note that we use here o < k which follows from ¢ < 0 < &.]

()4 P satisfies the k*-c.c.
[Why? Let p; € P for j < sk, without loss of generality p; € P’ for j <
k7. Now by the A-system lemma for some unbounded S C k™ and v® €
[A*]<%, u® € [A]<" we have:
je€ES=0v® CoPi & u® CuPi and (vPi\v® : j € S) are pairwise disjoint
and (uPi\u® : j € S) are pairwise disjoint. Without loss of generality
otp(vP7), otp(uP’) are constant for j € S and any two p;, p; are isomorphic
over v®, u® (if not clear see 1.7).
Now for ji,j2 € S the condition pj,,p;, are compatible because of the
following ()]

(x)5 assume p', p? € P satisfies
(i) e (UPQ\UZZQ) =0 and w? N (UPQ\UQQ) =0
(i1) e (vpl\vfl) =0 and u? N (upl\uﬁfl) =0
(i13) if C € w2 N2 then A’C’1 = A’gz and
i< 0= w’g; N Nu?r’) = w’gi N WP Nup’)
(iv); ifC € vfl\vi’Q then [A¢ NuP’| < o or just ]Afgl NuP’| <o

(iv)2 similarly® for ¢ € Wb \vfl we have |A§2 nur'| <o.

Then there is g € P such that:
(a) v1= oP' U P
1 2
(b) vi =8 ULl

(c) ul =uP Uu?’

2note that if p',p? € P’, then clauses (iv)1, (iv)2 holds automatically, but the proof of 1.7
which is very similar to the proof of 1.2, uses this version.
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(d) ul = u? Ut
1

and p? < q.

[Why? To define the condition ¢ by clauses (a)-(d) above we just have to define

wg’i (for ¢ € v} = vfl U 11532 and i < 0*). If ( € vfl N vff we let wg’i = w;g; U w:gi.
¥
for i < 0% (clearly £ € {1,2} = w{,; N w = wg ;); this will be enough to guarantee
PE“l<q & p?>< q” provided that we have q € P and that for ¢ = 1,2 we shall
3— —2 3—¢

define w ; for ¢ € of \v* such that w ;N u* = wé’i and wC C uf; so only
clauses (5) + (n) in the definition of membershlp in P are problematic.

L 3—¢
Now for £ = 1,2, let v} \v¥  be listed as (T(e,¥) : € < &) with no repetitions

¥ _
such that Bf = AI;@ 0 (U A’}(g’@ Uu?’ Z) is of cardinality < o.
£<e

[Why possible? By the assumptlon (B)2 and clause (iv), above.]
Now for each ¢ € N \v* we choose by induction on ¢ < ¢} the sequence (wéf :
i < 60*) such that
1) wf’i cu?’ U U Ar(g n(E u?’ qu,é).
E<e
2) wC‘? is increasing continuous with €.

0.0 3—2¢
3) wey =we; -

£7 £ _ E, !
4) e <ezwin W U A, = wgd

5) If i < j < 6* and b; Nb; = 0 (hence wé’i._z N wgsj_e = () then wf’f. N w?? = 0.
6) For each i < 0* the set {j < 0 : fy%’fe(e 0 € we 11 is an open set in Y* (for part
(2) of 1.2: clopen).]

If we succeed then we let w{ ; be wf’jz for 0 € {1,2},C € Ufgie; clearly by clauses (3)
+ (4) in the construction for &’ = 0 we have w{ ; N W = wgi.ie and by clause (1)
in the construction we have wC C ul and clause () in the definition of ¢ € P holds
by (5), and clause (1) by (6) in the construction. So let us carry the induction.

For € = 0 use clause (3) and for limit € take unions (see clause (2)). Suppose we
have defined for € and let us define for e+1. By an assumption above Bf = ApT(E 0

(U AI,}[(E 0 U uf ) has cardinality < o and so ZZ i< ’YT(S 0, € Bt ctisa

E<e
subset of 0 of cardinality < o. Hence, by assumption (E) of the theorem 1.2, we

can find a sequence (t;(e,f) : j € Z¢) such that: t;(,f) < 0* and j € be, (e,0) for
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j € Z% and <btj () 1 J € Z%) is a sequence of pairwise disjoint open subsets of Y*.
Lastly, we let

le+1

e, ¢ . Y
we'; ng U {7§(g,2),s : for some 7 € Z_ we have

¥4
D le
Vr(e,0),; € W, and

5€ btj (e,6) }

Clearly this is O.K. and we are done. Remember that the union of < ¢ set from %
is clopen for part (2) of 1.2.]
So we have proved (x)s hence also (x)4. We sometime need a stronger version of

(*)5

(¥) in ()5 if in addition for £ = 1,2 we are given Z, C u‘:'.fe\qﬁfs_lZ such that
4 2
(V¢ € v¥ )[[AZ N Zy| < o] then we may add to the conclusion:
(f) tefl2nced i< =0l nZ =0
More generally
(F)F if ge + (8 \o¥') x 0% x Z, — {0,1} satisfies g(C,j1,7) = 1 =
9(C, 72,7) = b;, Nb;, # 0 for £ = 1,2, then we can add
J1 3432 ,
tef{l,2},Cevd \l,i<0',yeZy=[yewl,; < g((i,y) = 1]

[Why? During the proof of (x); when for each ¢ € vfg_e\vfl, we define <wéf 1<
6*) by induction on € we add
_ 4
(7) i< 6%,y €e Zn (ur’ ‘U U AI}(&@) implies v € wgi < ge(¢,3,v) = 1.
E<e

In the proof when we use assumption (E), instead of using BY = A’C’EE Pl U Algi& HY

E<e
_ £ £ —
u?” Z) we use B{ = A‘z(g,z) A (U A]C)(E,é) Uu? U Zp) which still has cardinality
(<e
£ — * *
< 0. In the end if Z, AP U’ we let w? = whSt T = b5 vy EZy:
C * Cvz <7/L C,'L

£<e}
9(¢,i,7) = 1}]
Now we come to the main point
(¥)7 in VE if i(x) < cf(f) and X* = U X; then some closed Y C X* is
1<i(*)
homeomorphic to Y*.
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[Why? Toward contradiction assume p* € P and p* IFp “(X; : @ < i(x)) is a
counterexample to (x)7”. So in particular p* IFp “(X; : i < i(x)) is a partition of
X*, ie., of J{uk : p € Gp}” and let X;(,) =: AN\ U{X; 1@ <i(x)}.

For each av < A let ((pa,j,ia,j) 1 j < k) be such that:

(i) (Pa,j :Jj < k) is a maximal antichain® of P’ above p*
(i1) pa,jlFp “a € X;, 7 and a € uP*, 50 iq; < i(x) and o € UL™ & iq; <
i(x)
(iii) p* < Pa,;
(iv) pa,; € P

[Why can we demand o € uP~3? By clause (v) of (x);. Why not j < j, < K7
For notational simplicity and as above any member p of P there are x pairwise
contradictory members (by the information on the set of points of X*, see (x);

above).]
Now we define a function F', Dom(F') = A as follows:

F(a)is | J{uP~i :j <K} SN

So by clause (C) of the assumption of 1.2 we can find {(*) < A* and A C A¢(,) of or-
der type 0 such that: if a #  are from A then o ¢ F(3). Let A = {f. : ¢ < 0} with
no repetitions. We can find ((x*) € A*\ [J{vP*9 : j < K, € A\ {((*)} the set
A¢ (s 1 disjoint to U{F(a) : o € Ay}, let (5 : j < 0) be an increasing sequence

of members of A¢(,)) and let pt € P be defined by: wP’ = uP" U AC(**),u]j =

* . + * + + + * *
W U523 < bt = UG}t = UGG}l = i i
well defined and w?(**) . =1{vj :j €b}. Clearly p < p™. Now we shall choose by
induction on € < 0, p., g- and if € < # also j. < k such that:

(CL) pE € P7p+ Spe
uPe = P U U uPPe)Je(n)

e(l)<e

uPe = uiﬁ U U S OREC)
e(l)<e

vPe = P U U pPPe(1)de(1)
e(l)<e

3if we demand only € P then we should increase F'(a) accordingly
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oPe = vf+ U U o e Ie)
e(l)<e
(of course pg = p™)
(b) pet1 > pp.j. and jo = Min{j < K : pg.; is compatible with p. and
ig.,g <i(x)}
(¢) ge is a function, increasing with e, from v{* x 8* x i(*) into the family of
open subsets of Y* (for part (2), clopen)

(d) if bj, Nbj, = 0 then g-((, j1,%) N ge((, j2,4) = O when both are defined

(e) letting T¢ = otp{&1 < § : g j. = i, je, }» for every ¢ € vi® and i < 0~
and £ < € we have:

Be € wie, < Ye € g:(C, 4y ige e )

(f) pe is increasing continuous with ¢ (in P)

(9) if € <eand j < 6* then B¢ € wé”z**m & Te by

It is easy to carry the definition. For ¢ = 0,p. = p*. If they are defined for ¢ let
us define for € 4 1 so pe, je, g- are well defined, hence p.,pg_ ;. are two compatible
members of P hence the assumptions (i) — (iv), (iv)2 in (%)5 holds with p.,pgs. ;.
here standing for p', p? there.

First we define g.; with domain (v} Uvl? 7<) x 6* extending g., so we have to
define (g-11(¢,5,4) : ¢ € vi%7=\wk* and j < 6*,i < i(*)) and the restriction are for
each ((,1) separately. For each ¢ € v%7<\vl* the set Zi ;=16 <eip, j =i and
T € uPe} C 0 has cardinality < o hence we can find a sequence <%§C’i 1§ € ZL,)
of pairwise disjoint open sets of Y* such that £ € Zé,i = T, € ?/gc’i.

Now we define

o1 (€.3.9) = UIZE £ € € 21 and f € ull ).

It is easy to check that g.,; is as required in clauses (¢) + (d).
We intend to use (x)g toward this, let

Z.g = {Bs}

gr (2= \vl?7¢) x 0* — {0,1} be defined by ¢2(¢,5,8:) =1 & Yo € 9:(¢, j,ip..5.)

Zh={B¢: < e}
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gg : (vfﬁs’je\fuff)xé*stl — {0,1} be defined by gf(C,j, Be) =16 Te € ge1(C, ) Be je -

In limit & take union. In all cases j. is well defined by clause () above noting then
B: ¢ uPs so by (x)1 we know that p. W “B. ¢ X*, ie., B. € X;()".

Having carried the induction let i* < i(*) be minimal such that the set Z = {¢ <
6 :ig. ;. = 1"} has cardinality 0; it exists as i(x) < cf(f). Note: ((x) ¢ vPses for
e<0,j<rkas ANF(B:) is the singleton {5.} so |[ANuPs=i| < 1. Now we define p:

uP = uPe

o =0 U {((+)}

vl =02 U{C(%)}

Af(*) = {B: : € € Z} and 7&*) _ is the e-th member of Aé’(*), equivalently the
unique f¢ such that ig, ;, =" & T¢ = ¢ and wzg’i is

(a) wgs if ¢ € vPe

(B) Wty g = ).
We can easily check that p € P and p* < pg_,.,pT < p € P (but we do not ask
pe < p). Clearly p forces that {f: : € € Z} is included in one X, that is X ;.
Let g: 0 — X be g(§) = B when £ < 0,6 € Z, otp(Z Ne) =&. Now p > p* and we

are done by (x)g below.]

(x)g if p e P and ¢ € v} then
p IF “the mapping j 72 j for 7 < 0 is a homeomorphism from Y* onto
the closed subspace X | {ygj :j <0} of X7

[Why? Let p € G,G C P be generic over V.

(o) If b€ A (recall that £ is a basis of Y*), then for some open set % of
X|G] (clopen for part (2)) we have

U N d<0y={v;:7€b}



Paper Sh:668, version 2006-03-11_10. See https://shelah.logic.at/papers/668/ for possible updates.

ANTI-HOMOGENEOUS PARTITIONS OF A TOPOLOGICAL SPACE SH668 13

[Why? As b = b; for some ¢ < 6* and p forces by clause (¢) + (¢) of
the definition of p € P and clause (iv) of (%); above that
Ucin{vg; 13 <0y ={7¢,; 7 €bi}, see Ky above.]

(B) If bis an open set for Y*, then for some open subset % of X we have

%ﬂ{vf,jij<9}:{7§,jij€b}

[Why? As b= U b; for some Z C 6* and apply clause («)]
icz
(y) if % is an open subset of X*[G] and 77 ;) € % (so ¢ € ux), then for

some i(x) < 0* we have
Veie) € Weiey MV 10 <O S UcinlGIN{nE ;25 <0} C%.

[Why? By the definition of the topology X*[G]| we can find n < w, &, <

A* and j, < 0* for £ < n such that fygj(*) € ﬂ Ue, ;,|G] €. [Why?
I<n
By X.] We can find ¢ € G C P such that p < ¢ and & € v{ for £ < n.

[Why? Recall (x); and X;.] For each ¢ < n, by clause () in the
s q . A4 a
definition of P’ we know that % ., =:{j <0 :7/, € %, ;,} is an
open set for Y*, and necessarily j(x) € 02/5,47].5. Let i(*) < 6 be such
that j(x) € by C ﬂ UL, ;, hence fyé)’j(*) € Ucim[GIN{VE,; 15 <

£<n
g} C ﬂ Ue, ;,|G] € % as required. So i(*) is as required.]
{<n
(0) {~¢;:J <0} is aclosed subset of X*

[Why? Let 8 € A\{7¢, :j <6} and let p < g € P; it suffices to find
qt,q < qt € Pand € € vf and ¢ < 6* such that 8 € uqu\uZ+ or
g e wg; andwg;ﬂ{’yé)j 1 j <0} =0. If B & ul define g7 like ¢
except that u¢" = w4 U {3} (but u?" = ud as in clause (i) of (*)1). So
without loss of generality 3 € ul.

We can find a set © C ul such that 8 € u,Ag Nu=0and ¢’ € vl =
{j <0:9¢ ; € u}isanopensubset of Y*, (why? just as in the proof of
(*)s; that is let (£ : e < &*) be alist vi such that B, = A \U{A¢_,, :
e(1) < e} has cardinality < o, and as any two members of &7 has

intersection of cardinality < o without loss of generality {§; = (, and
choose ue C U{Ag_,, : €(1) < e} by induction on € < & such that
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g <e= us = u NU{Ag,,, 1 e(1) <&’} and B € U{Ag,,, 1 e(1) <
e} = B €u.and [e(1) <e = {j: '755(1),3‘ € uc} is open in Y*] and

u; = ug = (). For part (2) we ask “clopen subset of Y*”. In the end
let u = ue« U{S}).

By ®; in the beginning of the proof we can find & € \*\v? such that
) = A Nu? (why? apply ®; with o/ < ' € A\u? and B = u9, and
then (x);) and let ., € A¢ for i < 6 be increasing. We define ¢ as
follows.

! =70 {€}
vl =l U}
uq+ =ulU Ag

A U{ve,;:J <0}

wg: iswl;if¢ € viandis{ye; : j € b} Uuwif ( = ¢ & 0 €
bandis {ve;:j€ebtif (=& & 0¢b;. Soqt is as required above
and this suffices.]
Lastly, we would like to know that X* is a Hausdorff space. We prove more

()9 In V¥ if uy C ug € [A]<7 then for some (,i we have

weiNug N X" =u NX"

[Why? Let py € P force that u; C us form a counterexample, as P is k-
complete some p; > pg forces u; = uq,us = uy and without loss of generality p; €

P’. By (*); and k-completeness without loss of generality us C u?* and as

by (%)1 we have py IF “us N X* = ug Nul'” we can ignore the elements of

ug\uk' so without loss of generality us C ul*.

Let ((x) € A*\vP* be such that A¢(,) NuPt =0 (as in the proof of (x)s(9)).
Let v¢(x),; € Ac(x), for j < 0 be increasing. Let u C uf' be such that
uNuz = u and ¢ € vi* = {j <0 :97; € u} is open (for part (1)) or
is clopen (for part (2)) in Y* (exists as in the proof of (x)5 and of (x)g(d))
and define q € P
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u? = uPt U Ag
ul = ub* U{yey, 0 J <0}
v =P U{((x)}

vl =v" U{C(%)}

wg’i is: ngi if (evd, is {yepy:d€bitUuif (=((x) & 0€b;andis {vc(),:
jebitif (=((x) & 0¢b;. It is easy to see that ¢ is required.]
Together all is done. O

* * *

Now when do the assumptions of 1.2 hold?
1.4 Claim. 1) Assume

(a) a € [RegNA\k)® and J = [a]<°
(b) Ta/J is (\*)T-directed,

(c) o is reqular, A\ > kTt k> 0> 0
(d) X* >A>kr<"=kr>0;

(e) \* < 2% is regular.

Then

(f) InVy = VEew(\2Y) e have (a),(c),(d) and (e) and 2> = \* and

(g) the assumptions (A)(i), (B1),(B2),(C) of Theorem 1.2 hold (recall (A)(i)
means we omit 0* and the demand (Vo < k)(|a|” < K).

2) We can in (g) above strengthen (C') to

(C) ifzg = (xp; + 1 < ig) for B < X and ig < k then we can find i(x) and
A € [N\ such that
(1) BeA=ig=1i(x)
(13) if B1 < B2 are from A and iq,1o < i(x) then xg, i, = Xg,,i, = Ta,,i; =
LB2,i1 & LB1,i1 = LB,z
(t91) if ¢ < i(x) and B1, P2, B3 € A are distinct then xg, ; = Tp, i = Tp, i =
xﬁ?»:i'
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Proof. Let a = {)\. : € < 0} without repetitions; without loss of generality A\. > k1
for e < 6. Let J' =[0]<7. In V we can find (f, : @« < A*) such that X below holds
for this proof 1.5 below.

1.5 Observation. Assume a = {\; : ¢ < 6} is a set of regular cardinals, J’ is an
ideal on 6 such that IT\./J’ is (A\*)T-directed, \* = cf(A\*) > sup(a), and o regular
and 6 < k < Min(a) (or at least for every regular k' <  the set {e < 0: A\, <K'}
belongs to J' and, of course, a is a set of regular cardinals > 6). Then

X we can find (f, : o < \*) satisfying f, € H Ae such that

e<0
(@) f=(fa:a<\*)is <y-increasing
(b) f has a <p-lub f*
(c) ifa € (J)" then sup{cf(f*(i)):i € a} > sup({\: : e € a})
)

ifOél < A" & g < A* & g1 < 0 & Eg < 0 & fal(&fl) = fa2(82)
then 1 = &5

(e) for every Z € [A\*]=F we can find @ = {a, : o € Z) such that a, € J'
anda<f & aeZ & feZ & c€b\as\ag = fale) < fa(e)

(f) if o <6 and J' = [0]<7, then for every Z € [\*]<* for some sequence
a = (ay : a € Z) satisfying a, € J' for o € Z and some well ordering
<*of Zwehaveae Z & feZ & a<*f & ccb\ag = fale) #

fs(e).

Proof. By the proof of [Sh:g, 11,1.4,pg.50] or see [Sh 506] we get: for some (f, :
a < X*) with f, € Ila we have (a) + (b) + (c) + (e).

Clause (d) is easy, just replace f, by f. € H Ae which is defined by f/ (e.) =:

e<d

0 x fo(€) + € and replace f* by f**, Dom(f**) = 0, f**(¢) = 6 x f*(e) recalling
6 < Min(a). We shall prove that (f/ : @ < \*) is also as required in clause (f).
So let Z € [A\*]=F be given; let Z = {v. : ¢ < |Z]|} be with no repetitions. Let
(ag : B € Z) be as guaranteed by clause (e). We can choose by induction on
¢ < |Z|,Z: C Z increasing continuous in ¢ and Z¢ such that Zy = 0, Z¢41\Z¢| <
o, [ZC #* 7 = ZC #* Z<+1] and ZC+1\ZC - Z¢ - ZC_H,‘ZC’ < 0,7 € Z.y1 and
a€Z" & BeEZ & edtag & c€ay & fale) = fz(e) = B € Z° (actually the
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B ¢ Z, are irrelevant).
Why does such a sequence exist? The only problem is, given Z; to choose Z ¢. Now
as |aq| < o (because a, € J' C [a]<7) and by the choice of (a, : @ € Z) we have

(%) (Ve <O)(¥y <A)(F=B e Z)(edas & fale) =)

hence there are no problems, (in fact if o is uncountable we can ask < o). With
more details, we define Z$ by induction on n < w as follows; Zg = {7}, Zf; 41 =
ZSU{B : for some a € Z§ and ¢ € a, we have e ¢ ag & fz(e) = fa(e)}.

As o is aregular and a € Z = |a,| < o, by (*) we can prove by induction on n that
|Z$| < o, hence Z¢ = U{Z§ : n < w} is as required. Now list Z¢ as (ag 1§ < &)
such that £ = |Z¢] < 0.

Define a well ordering <* of Z as follows

a<Be @)z ¢ ZVE)(ae ZN\Z AP € ZNZ N (31, 6)(a =
Oégl NGB = 0522 NE < 52)

Now we define a/, € J' for a € Z as follows: if a = ozg € Zc+1\Z¢ then al, =
Ufa,s te <&has < |Z¢| < o and o is regular and 8 € Z = |ag| < o clearly

lal,| < 0. Now suppose (a, : a € Z) fails clause (f) for <* which is a well ordering

of Z. So there are ¢ < # and o <* 8 from Z which exemplifies this and let { be such
that o € ZC\ZC and let & be such that a = ag; so by the definition of <* we have

B¢ Z; and ¢ {ag, & <&} As a, C al, and the choice of (a, : @ € Z) and as
e ¢ ag (by the choice of a, 3, €) necessarily € € a, hence 8 € Z¢ (so 8 € Z°\Z) but

as said above 3 ¢ {ag, 1§’ < (}, so by the choice of aj; we get easy contradiction.
Uis

Continuation of the proof of 1.4. Clearly in V; we have (a),(c),(d) of 1.4 and X of
1.5 above.
Asin VA < \* = cf(\*) < 2%, clearly in V; we have 2* = \* (and we can forget
V and the assumption (b), recall (b) says “Ila is (A\*)*-directed”. More on the
existence of f as in X, see [Sh:g, Ch.VIIL,§5]).

So we can in V7 let (hy @ a < A*) list the functions h : A — [A]". Now for each
¢ < A\* we define a function g¢ : kT — [kTT]S% by?

gc(y) = {5 < k1T : for some €1,e2 < 0 we have
O x kT X fe(e1) +O0 X B+e1 €

h([e x kTT x f((e’fz) + 6 x ’y—l—SQ]}.

dactually 0 x kTt x vy =Tt x v
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So we can ([Ha61]) for each ¢ < A* find Z¢ € [s™]""" such that

Br# B2 € Ze = B1 & 9¢(B2).

For ¢ < \* let

Ac ={0x T x fe(e)+0xB+e:e <0 and B < kT is the e-th member of Z;}.

Now we shall check.

Let o = {A; : ¢ < A*}. Clearly

Ac € [N)? (hence o C [\)?)
[why? recall that 6 < k, kT < ]
G #CG=]Ag NAg| <o
[Why? Let a € A, N A¢, so for some (f1,€1), (B2,€2), for £ = 1,2 we have
a=0xkrtT x fe,(e0) +0 X Be+ e and By < kT, < 0. Clearly this
implies €1 = €2, 81 = B2, fe, (1) = fe,(€2), and otp(Be N Z¢,) = €4, S0 P is
determined just by f¢,(e¢) (so (¢) and e, (with no use of o) and by clause
(d) of X also e is determined by f¢,(e¢) hence |Ae, N Ag,| < {a € Ag:
there are (B1, f2,¢€1,€2) as above}| < [{e < 0 : fe(e) = fe,(e)} < o as
G < G — fe, <g fe, recalling J = [0]<7 ]
|| = A"
[Why? By the choice of &7 and (*)1 + (*)2.]
if F': A — [A\]S", then some A € o is F-free
[Why? For some a we have F' = h,, so Z,, A, were chosen to make this
true.|
if o7’ € [o/]<", then we can list &7/’ as {A¢, : 1 < i(x)} such that
|Ae, N U A¢,| < o for each i < i(x)

J<i
[Why? Let &/’ = {A¢ : ¢ € Z} where Z C \*,|Z| < &, so by clause (f)
of X we can find (an : @ € Z),<* as there. Let Z = {(; : i < i(*)} be
<*-increasing with ¢ and so

A | JAg S{Ox T X fe () +0x B e +eie€ac}

j<i

which has cardinality < o where f, . is the e-th member of Z, ]

See https://shelah.logic.at/papers/668/ for possible updates.
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So clause (A)(i) holds by clause (d) of our assumption (note, 6* does not appear
here), clause (B); holds by (*)1 + (x)2 and (B)2 holds by (x)5 and lastly (C) holds

2) Similar, jsut in order to get more in the proof of (x)4 we let (hy : o < \*) list
the relevant h’s and choose Z; accordingly. 0q 4

1.6 Remark. We can get (C)* from Claim 1.4(2) for any ~ such that {6 € a :
(2<F)T <6} e J.

1.7 Claim. 1) We can change the assumptions of Theorem 1.2 by omitting (A)(ii)
and by replacing (E) by (E)~ and (C) by (C)', i.e., having:

(A)(i) A>k>0>0>Rg and k = K~" and 0* <k
(i.e., this is (A)(i) without (A)(ii), i.e., omitting “(Va < k)(|a|” < k), Kk >
0* Z 977)

(C) if F: X — [NJ=F then we can find A’ € o/ and A C A" of order type 0 such
that:
if € A then f¢ U{F(a): a € AN S}

(E)~ if Yo, Y1 are disjoint subsets of Y* each with < o points, then there are open

disjoint sets Uy, %1 of Y* such that Yo C %, Yy C Y.

2) We can similarly weaken the assumptions in 1.2(2), omitting “the union of < o
members of B belong to B”, but in (E)~ demand % to be clopen.

Proof. We indicate the changes in the proof.
We can further demand from (b; : i < ) that

®3 bo; Nboir1 = 0 and if b,y Nb;; = O then for some j we have (ba;, bajy1) =
(biy, biy) and if Yy, Yy € [Y*]<9 are disjoint then for some i we have Yy C
bai, Y1 C b2iy1.

Note that 6<° < k so no problem arises with the number of b;’s.
In the definition of P we replace clause () by

(0)” wei € ux and we,2i Nwe2igr =0

and in the definition of the order when P |= p < ¢ we add ¢ € vi\vl = |[AcNuP| < 0.
However, as we have weakened assumption (A), the x¥-c.c. may fail. So we define:
the pair (f,g) is an isomorphism from p € P onto ¢ € P if:

(i) f is a one-to-one order preserving mapping from u? onto u?
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(i) g is a one-to-one order preserving mapping from v? onto v?
(#4i) f maps uf onto ul
(iv) g maps v} onto v

(vi) if ¢ € v} and j < 0 then Vg(g),j = f(ygj)
(vii) if ¢ € v¥ and ¢ < 0* then

Wy = 1f(B) : B €we,;}

i)
)
)
(v) if ¢ € v% then Agey =1{f(B): B € A¢}
)
)

We say p,q are isomorphic if such (f,g) exists. Clearly being isomorphic is an
equivalent relation. Let y be large enough and € be an elementary submodel of
(A(x), €, <*) of cardinality k such that A\, k,0%,0,0,Y* (b; : i < 0*), o/ ,IP belong
to € and "~ € C €. Let

= {p € P: for some g € PN € the conditions p, q are isomorphic}.

In the rest of the proof P is replaced by Q, each time we construct a condition we
have to check if it belongs to Q.

The only place we use (Vo < k)(Ja|” < k) is in the proof of (x)3. So omit (x)s,
and this requires us first to improve the proof of (x)4 (and second (x)7, see later).
Let p; € Q for j < k™ and let v; = {¢ < A\* : A NP’ has cardinality > o} UvP7,
so clearly |v;| < k and vPi C v;.

For some stationary S C {§ < st : ¢f(d) = k}, the conditions p; for j € S
are pairwise isomorphic and j € S implies vP7 N (U v;) = v® and uPi N (U(u’” U

i<j i<j
U U A¢)) = u®. Also without loss of generality for ji,jo € S the isomorphism
CEv;

(f,g9) from pj, to pj, satisfies f | u® = idue,g | v® = id,e. We would like to
apply ()5 from the proof of 1.2 to p;, p; for any j > i from S, so we have to verify
clauses (i), (1), (4i7), (iv)1, (iv)2 there. Now only clause (iv)s is problematic. Now
if i # j are from S and ¢ € v¥\vi’ and [A7 NwPi| < o, note that AY" C wuPi
hence A? NuPi CuPi NuPi = u® C Vmin($)+1- S0 for 7,5 € S\{min(S), p;, p; are
compatible by (%)s in the proof of 1.2.

In the proof of (k)5 and (x)g (hence (x)7), clause (F)~ gives us less but the
change in the definition of P (weakening (J) to (6)~) demands less and they fit,
e.g., during the proof of (x)5 we can deal with each pair (w¢ 2;, w¢ 2i4+1) separately.

The second place in which we use ()3 is during the proof of (x)7. The proof is
similar but:
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® F(a) now is a subset of A which includes U{uP~7 : j < k} and satisfies
Aed & |[ANF(a)| > 0= AC F(a).

[Why such F(«) exists? As in the proof of (x)3. Then, first we apply clause (C)’
from 1.7 to find {(x) < A* and A C A¢(,) of order type 6 such that A satisfy the
demands of (C)*. Second, choosing p. by induction on &, choosing p.1, verifying
the conditions in ()5 they hold because of the change in the definition of the order
of P.

Lastly, for proving “X is Hausdorff”, clause (4)~ is weaker but as Y* is Hausdorff

(and the choice of (b; : i < 6*)) there is no problem. O, 7

1.8 Concluding Remarks. 1) We could make in 1.2 only some of the changes from
1.7, i.e.,

() in 1.2 we replace (A),(C) by (A)(i),(C)* of 1.7
(8) in 1.2 replace (E) by (E)~.

2) In 1.2(1) can we make the space regular (75)?

In view of 1.2(2) this may be not so interesting, still needed for a regular X* —
(R)y,- Note that for X to be a Ts-space it is enough that there is a family % of
open subsets such that their finite intersections forms a basis, (Vo # y € X)(3% €
BYrxew & y¢ U)andx € U € B = (3, % € B)(x € U C U &
U VU =X & U NU = 0). Let Ro C {(4,5) : by nb; = 0} (so to include
generalization, as in 1.7 we chose Ry C {(2¢,2i +1) : i < 0*}) and Ry C {(4,]) :
bi U bj = Y*},RQ - {(Z,j) : bl - bj})

We need: for ig < 6,7 < 6 such that j € b;, there are 41,72 < 6* such that
J € bi,bi, C biovbio Uby, =Y* b, Nb;, = () and moreover (i17i0> € Ro, (io,ig) €
R, (i1,i2) € Ro. If Y* is a T3-space with a basis of cardinality < * then there is
no problem to find such b.

Then we should change the definition of P, clause (d) to

0 () uf, ol
(0) (i,4) € Ro = wi;Nw{ ; =0
(¢) (i,7) € Ri = wi; Uwg ; = u
(d) (i,5) € Rg = wf; Cwf

(0) if a € wéio then for some 41,75 we have o € wg,il, (i1,10) € Ra, (ig,12) €
Ry, (i1,12) € Ro
(or use a three place relation R).
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So there is no problem to generalize the proof of 1.2.
3) In 1.4, as indicated in the proof, we can replace in the assumption (b) + (e), i.e.
“Tla/J is (\*)T-directed, A\* < 2% is regular” by: A\* = 2* and

(%) there is f = (fo : @ < \*), fo € Ila such that for every Z € [A\*]<% we can
find (aq : @ € Z),aq € Jsuch that a # B € Z & ¢ € O\as\ag = fole) #

fs(e).
4) By the proof of 1.5, if a,.J = [a]<° and f are as in () of 1.8(3) then

(¥)" there is f = (f’ : a < X*),f, € Ha such that for every Z € [\*]<"
we can find (an : @ € Z),a, € J and well ordering <* of Z such that

a<*BeZ & eceb\ag= f,(e) # f(e) (in fact f'=1.

5) See more 4.17: for more colours.

6) If CON(ZFC +3 supercompact) then CON(CH + there is a T3-topological space
with N, ;1 needs such that X — (R)J, ).

[Why? Similar to the proof of 2.6 below, using 1.8(2).]
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§2 CONSISTENCY FROM SUPERCOMPACT

In the first section we got consistency results concerning Cantor discontinuum
partition problem but using pcf statement of unclear consistency status (they come
from 1.4); this is very helpful toward finding the consistency strength, and un-
avoidable if e.g. we like CH to fail (see §3), but it does not give a well grounded
consistency result. Here relying on Theorem 1.2 of the first section, we get con-
sistency results using “only” supercompact cardinals. First we give a sufficient
condition for clause (C) of Theorem 1.2 which is reasonable under instances of
G.C.H. We then (2.2) quote Hajnal Juhasz Shelah [HJSh 249], [HJSh 697] (for
o = Vg, 0 > Ny, respectively) and from it (in claim 2.3), in the natural cases, prove
that the assumptions of 1.2 hold deducing (in 2.6) the consistency of CH + there
is a T3-space X with clopen basis with R, 1 point such that X — (Cantor set)zﬂO
starting with a supercompact cardinal. This gives a (consistent) negative answer
to the Cantor discontinuum partition problem. We can even make it compact. We
also try to clarify the relations between such properties of, e.g., Ny, 4.

2.1 Observation: If clauses® (A)(i) + (B); of Theorem 1.2 holds, then clause (C)
there follows from

(CYt if (Y; : i < k™) is a partition of A\ then for some A € & and i < K+
we have A C Y.

Proof. Let F : A — [A]=" be given. Choose by induction on ¢ < X a set Us C A
and g¢ : Us — kT, both increasing continuous with ¢ such that:

(%)(7) if o € U then F(a) C Uy and
(i) if a € U then F(a)\{a} € {8 € U : g¢(8) # gc(a)}.

For ( = 0 let Us = 0 = g¢, for ¢ limit take unions. If Us = A, let Ueyr = Ue
and gc41 = g¢, otherwise let ar = Min{A\\U} and let W, € [A]=" be such that
ac € We and (Voo € We)[F(a) € We]. Let ec = sup{g¢(8) : B € Us N We} so
ec < kT and let Usq = Us UW, and let geyq extend g¢ such that geyq [ (We\Ue)
is one to one with range C [e¢,e¢ + k).

Clearly ¢ € Us = Dom(g¢) so g = U{g¢ : ¢ < A} is a function with domain A.
Now applying (C)* to the partition which g defines, we get some A € & on which
g is constant so by (x)(ii) we are done. Oo1

By [HJSh 249], [HJSh 697], or see more below in 2.7 - 2.9, (toward equiconsistency)
we have:

Sactually from (B)1, only “(B); &7 C [\]” is used; as we do not change %7 and the cardinals
this is O.K.
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2.2 Claim. Assume V |= GCH (for simplicity) and 0 < x < xgX < k < pu <
pt =X and o,x, X0, k, A are reqular, cf(pu) = o and x is a supercompact cardinal
(or just A-supercompact), e.g. 1= xg°.

Then for some forcing notion P, which is o-complete of cardinality xo, in VF,27 =
ot,2°" = xo =0T (and GCH holds) and some B = (Bs : 6 € S) satisfies for any
reqular k € (Xxo, 1t):

(x)(i) S C {6 < AX:cf(6) =0T} is stationary,
Bs C 6, otp(Bs) =0t and 61 # 02 € S = |Bs, N Bs,| < o
(11) A= pt =2 u strong limit and letting @ = o we have 0 < 0 < k = K< <
p; note that if p = xg* then A = N11
(7i3) cf(p) = o (this actually follows by (i) and (ii))

What we need is getting in such model, condition (C')* of 2.1 which also is from
[HJSh 697] but for completeness we shall prove what we use.

2.3 Claim. Assume

(a) B=(Bs:0€S),0,k,u, A are as in the conclusion (x) of the previous claim
2.2 and

(b) S reflects in no ordinal of cofinality < k (holds automatically if k < 017,
see [Sh 108], [Sh 88a]), but see 2.7, 2.8.

:0 € S} (and 6* = 0)

Then without loss of generality 0,0 =: o X\, o/ = {Bs
)1 , (C) in Theorem 1.2 and even

satisfies the set theoretic requirements (A), (B)1, (B)2
(C)* of 1.4.

Proof. Without loss of generality “0 € S = p* divides ¢§”, and as we are assuming
 is strong limit of cofinality 0 and A = u™ =2 and § € S = cf(§) =0t #£ 0 =
cf(n) we have $g ([Sh 108]). So let (fs : 6 € S) be such that fs : § — [d]" satisfy
(Vf:X—= N5 (F9 € S)(fs = f0). Foreach d € S, let By = {as.:e <ot}
be increasing with ¢ and let gs : k7T — [k T]<" be defined by

gs(B) = {’y < k1T : for some 1,69 < 0 we have

kYT X age, +9 € fs(k™ x A5e, + 5)}

So by the free subset lemma (Hajnal [Ha61]) there is Zs € [xT]* " such that
Y1 # Y2 € Zs = 71 ¢ gs(72). Let 75 € Zs be strictly increasing with e < o™ and



Paper Sh:668, version 2006-03-11_10. See https://shelah.logic.at/papers/668/ for possible updates.

ANTI-HOMOGENEOUS PARTITIONS OF A TOPOLOGICAL SPACE SH668 25

let By = {kT" X ase + 75 : € < ot}. So clauses (A), (B); are immediate. Now
clearly (C) of 1.2 holds and lastly (B)2 of 1.2 follow from the assumption (b) on S
(see [Sh 108]). In order to get (C)* of 1.7 we should shrink Zs further.

Now &/ = {Bj : § € S} are as required in Theorem 1.2. Oa 3

In similar spirit, we do further analysis.

2.4 Claim. Assume

(a) X is regular and 67 < X

(b) B=(Bs:5€S), where S C X is stationary
(¢) Bs €6 and Bs has cardinality 0

(d) if 61 # 6o are from S then o > |Bs, N Bs,|
(e) ¢

Then for some (Bjs:6 € S’) we have

) S'CS

(B) Bs C 6 has order type 6
)
)

(cv

(v) for 61 # 62 from S" we have o > |Bs N By |

(0) if Z C X is unbounded in X\ then for stationarily many 6 € S’ we have

Bs CZ

(e) S’ is stationary

() if F: X — [N=F,k = cf(k), kT < X then for stationarily many § € S’ the
set By is F'-free.

2.5 Remark. 1) If clauses (a)-(d) of 1.4 hold in V|, then (a)-(e) holds after we force
with Levy (A, 2<*), note that if A\ = 2<* this is equivalent to adding a Cohen subset
to A.

2) We can add (in 2.4 see proof below):

(0)T if Z. € X\ = sup(Z.) for € < 6 then for stationarily many § € S" we have:
for every € < 6, the e-th member of Bs belong to Z,

(B8)1 if 0 € S = cf(d) = cf(f) then Bs is unbounded in §

(B)2 if 6 € S = cf(6) =61 # cf(f) so 61 < 0 then B; has order type 6 x 6; and
is unbounded in 9.
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Proof. Without loss of generality otp(Bs) = 6.

Let Z = (Zs : 6 € S) be such that Zs C § and for every Z C X the set
{6 € S:ZNJ§= Zs} is stationary, such a sequence exists as g holds.
Now we choose Bj C § by induction on ¢ such that By # (0 = otp(Bj) = 6.
We let B§ be Z7 = {a € Zs : otp(Zs N ) € Bs} when otp(Z3) =6 & (V& €
SNo)[|Zf N Bs| < o] and let B§ be () otherwise. Let S" = {6 € S : B} # 0} and
we shall prove that (Bj : § € S’) is as required.

Clauses («), (8), () are obvious and clause (¢) follows from clause (9), so let us

prove clause (9).
Let Z C X be unbounded. So Cz = {6 < A :§ =sup(ZNJ) = otp(Z N )}

is a club of X and let Sz = {6 € S : ZN§ = Zs}. By the choice of Z clearly
Sz is a stationary subset of A, so also Sz N Cy is a stationary subset of A. Let
S, ={0 € SzNCyz : By = Zs}, so it is enough to prove that S’ is a stationary

subset of A, we shall prove more:
(x) S5 =Sz NC\S% is not a stationary subset of A.

Toward contradiction assume S7, is stationary.

Now for every 6 € S7, clearly Z5 is a subset of Z5 = Z N ¢ of order type 6, but
By # Z§ hence (o € SN6)(|Z5 N B, | > o), so we choose such as € SN J. So
for some stationary S3* C S%, and a* we have (Vo € S5 )[as = a*). Now 6 € S5*
implies o < |Z§ N B/,.| hence for some A} € [B.,.]7 we have A} C Z§. As |[B..]7| <
67 < X = cf()), possibly shrinking S3* for some A* we have § € S = A5 = A*.
Now easily § € S3* = Bs O {otp(yNZ) : v € A*} which has cardinality o, so
01 # 02 € S = 0 < |Bs, N Bs,|, contradiction.

Lastly, clause (¢) follows from clause (§) by 2.1 as A is regular or alternatively if
F : X\ — [A\]=%, by [Ha61] some unbounded Z C X is F-free so by clause (§) there
are stationarily many ¢ € S’ such that Bj is F-free. 0o 4

Proof of 2.5(2). Without loss of generality (Vo € S)(cf(d) = ;) for some 6.

Let 6* € [0,07), cf(6*) = 0, for what we state in 2.5 we have §* is 0 if §; = 6 and
is @ x 61 if 6; < 6. Let h : 6* — 6 be one to one onto. Let ((Z5. :e < d§*): 5 € 5)
be such that for every sequence Z = (Z. : ¢ < §*) satisfying Z. C X the set
{6 €85 : (Ve <6*)(Z.Nd = Zs.)} is stationary, it exists as {g holds. Moreover,
we can find (Cs : § € S) such that Cs is a closed unbounded subset of order type
0%, let C5 = {5, : € < 6*} and if Z, C X for € < 0* then the following subset of S
is stationary

{6e€8:Zs5.=272.Nn0 for e < 6" and
otp(Z: Ns5,¢) = s, for e < ¢ < 6™ and

Y5, is closed under pr (a pairing function)}.
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Let
Z5 = {a :for some € < 0" and 5 we have
Yé.e <a< 75,6—1—175 c A57 Otp(ﬁ N Aé) — h(é‘)
and « is the pr(vsc, §)-th member of Zs . }.
Now check. Ua.5

2.6 Conclusion: If CON(ZFC +3 supercompact), then CON(CH + there is a T3-
topological space X with clopen basis, even compact, with N, ; nodes such that
if we divide X to countably many parts, at least one contains a closed copy of the
Cantor discontinuum, “2).

Proof. By 2.2 + 2.3 we get a universe with GCH and 0 = Np,0 = Ry, Kk = Ny, A =
N, +1 satisfying the set theoretic requirements of 1.2. So as the Cantor discontinuum
satisfies clauses (D), (E) of 1.2 and the demand in 1.2(2) we are done by 1.2. Oy ¢

* * *

Lastly, we start to resolve the connection between the various statements around.
Now [HJSh 249] continue and strengthen [Sh 108], [Sh 88a] (and [HJSh 697] continue
them). We show that by a “small nice forcing” (not involving extra large cardinals
assumption) we can get the result of [HJSh 249] used above from the one in [Sh
108], [Sh 88a]. (See also [Sh 652, §5] on the semi-additive colouring involved, i.e. it
is proved that consistently there is a colouring of the kind appearing in the analysis
(there, or see the proof of 2.7 below)). On I[A] see [Sh 108], [Sh 88al], [Sh 420,
§1]. However, there is a price, our “small nice forcing” has to violate G.C.H. quite
strongly.

2.7 Claim. Assume
(a) cf(p) =k < p and Vo < p)(|a|® < p) and X = p™
(b) S C{d < \:cf(0) =~rt} is stationary, S ¢ I[A\] and
(c) 287 < X and K = K<*.

Then for some forcing notion Q we have:

(o) Q is (< k)-complete, |Q| = kT and Q is kT -c.c.
(B) in V@, for some stationary S’ C S there is a sequence (A5 : § € S) such

that each As is an unbounded subset of & of order type k™ and 6, # 03 €
S = |A51 ﬂA52| < K.
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Proof. Let = Z A; where \; < p is increasing continuous with i, A\g > k. Choose
1<K

A= (A, :a€f), with Ay = {Va. : € < K7} being any unbounded subset of « of

order type kT and 7, . increasing with e.

We can find a® = (a% : i < k) for a < p* such that

()1 a= U a,as is increasing continuous in 4, |a| < A;

1<K

(x)2 if a € af then af* C a; .
Without loss of generality
(¥)3 Aq C af.
Let ¢ : [ut]2 = k be ¢{o, 8} = Min{i:a €al} for a < 8 < AT so
X a<f<y=cla,v} < Max{c{a, B}, c{B,7}}.

For a € S let ¢, : [kT]? — Kk be defined by:
for e < ¢ < k™ we let

cale, C} = c{%x,ea VQ,C}'

Let € = {cq : v € S} 50 ca € (5)k, hence |€] < 25", Let for c € €,5. = {a €
S :cq =c},s0(S.:c€ ) is a partition of S to < 2r" < p™ sets hence necessarily
for some ¢, € € we have

(¥)a Se, ¢ I[\] and in particular is stationary.
We fix c,. We define a forcing notion Q:
(A) pe Qiff p= (uP,£P) where uP € [kT]<F and £ < k and Rang(c* | [uP]?) C
¢p

(B) QE=p<qiff: (p,q € Q and)
(i) uP Cul

(i1) &P < ¢!
(1i1) for every 8 € uP and a € (u?\uP) N B we have c.{c, B} > &P.
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(*)5 (a) Qs a (< k)-complete partial order of cardinality x*
(b) Q' =:{p € Q:uP has a maximal element} is a dense subset of Q’

(¢) ifa<k® then Q, = {p € Q: u” has a maximal element and
max(u’) > a} is a dense subset of Q'.

[Why? As k = k=" clearly |Q] = st and Q is closed under union of
length < k, together we have Clause (a), as for clause (b), for any p € Q
choose j € (sup(u?) + 1,k™) and define ¢ = (u?,£9) by u? = v? U {j} and
¢4 = sup({€P} U Rang(c. | [u9]?)) + 1 clearly p < g € Q (clause (iii) of (B)
is empty) and u? has a last member j. Clause (c) has the same proof except
that we choose j > af

(x)¢ Q satisfies the k*-c.c.

[Why? Assume toward contradiction that (p; : i < k™) are pairwise in-
compatible. Without loss of generality p; € Q'. As k = k<% without loss
of generality (uP? : i < xT) is a A-system with heart u*. Also without
loss of generality &P¢ = £*. So C = {§ < kt : uPs\u* is disjoint to §
and (Vj < §)(uPi C §)} is a club of kt. For § € C let e5 = Min(uPs\d)
and (s = max(uP?) so § < g5 < (5. Now assume o < [ are from C,
and pq,pp is incompatible. Why is ¢ = (uP~ U uP?,£) not a common up-
per bound where we let ¢ = sup({£*} U Rang(c | [uPe UuPs]?)) 4+ 17 As
q € Q and as uP> Na = uP? N B, uP> C [ and £ = P~ = EP8 < €9 clearly
Pa < ¢, hence necessarily —(pg < ¢q) so clause (iii) of (B) fails, i.e. for some
Y2 € uP? and 1 € u? Ny \uP? (hence 1 € uP>\a and 72 € uP#\3) we have
v, 2} < EPF =&*. But e, <1 and g4 < 11 = cuf{ea, Y1} < P> =&
and v2 < (g and 2 < (g = c.{72,(s} < &% = £*. Hence by X above
necessarily c.{eq, (s} < &*.

So for § € S.,, (V56 : ¢ € C) is strictly increasing hence with limit § and
for each i € C, 5., is above {75, : j < i} but < J and

. . s, 1
J<i1= C{76:5j7767<7l} < f* = Vs,e; € agi i

By [Sh 108] it follows that S € I[A] (or directly, for every v < A, [{(7s.,;, :
jelni*):0eb8i* e Ccvser =} < Aas for each i < kT (and 7)
we have < |al. |l < (Ae-)!"l < p possibilities); contradiction to (x)s. So Q
satisfies the k*-c.c.]

Now clearly for every i < k™ there is p; € Q' such that i < max(uP?), hence (by
(%)g), for some i(x) < kT we have p;,) kg “W1 = {i : p; € G andcf(i) = K} is

stationary in £*7”. Let p;,y € G C Q with G generic over V and W1 = W1[G]. Let
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C={6 <kt : (Vi <d)[sup(ufi) < 4]}, it is a club of k*. Let Wy = C' N W) and
for i € Sy let ¢; = Min(uP*\i),(; = max(uP?). Now

()7 if i € Wy and £ < &, then {j € Wi Ni:ci(ej,€i) < €} has cardinality < k.

[Why? By density argument for some ¢ € G we have p; < ¢ and £7 > &.
Now if j € Wi Né\u? then p; € G hence for some g7 € G C Q we have

¢g<qt & pj<qt,so¢; € u?" Ne; and as ¢ < g+ by the definition of <@,
necessarily c,(g;,e;) > £ > &, as asserted.|

Now for § € S., define A5 = {75, : € € Wa}. So Af is an unbounded subset of § of
order type k1.

(x)s if 61 # 0 are from S., then A5 N Ay has cardinality < .

[Why? Without loss of generality d1 < 2, let (x) € Sz be such that
01 < Ys,,e(x)- Assume toward contradiction that A = Ay N Aj  has car-
dinality > k. Recall (by (*)3) that 5 € A = c{8,01} = 0; now let-
ting £* = ¢{01,7s,,c(+)} < & we get by X that 8 € A = c{B,75,,:(+)} <

max{c{f3,01}, c{d1,7Vs,,(+) ) = max{0,£"} = £*.
So A~ ={e < Kkt : 75, € A} has cardinality k and e € A~ = ¢, {e,e(x)} <
&*, contradicting (x)7.]

So we are done. Oy 7

2.8 Claim. Assume

(A)(i) A\>Kk>0>0>Ny and k = K<"
(B)l JZ/Q[)\]Q andAl#Agedé\AlﬂA2]<a.

Then for some forcing notion Q and Q-name </’ of a subset of &/ we have:

(a) Q is a strategically (< k)-complete forcing notion (hence add no new se-
quence of length < k)

(b) Q is kT -c.c. forcing notion of cardinality A<
(c) in VO, clauses (A)(i), (B)1 above still hold for </ hence for o' and </’

satisfies also (B)q from 1.2, i.e.
o is (< K)-free

(d) if \,k, o satisfies clause (C) of 1.2 in 'V, then \, K, &/ satisfies clause (C)
in VO

(e) like clause (d) for (C)* from 1.4
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Proof. Let o = {A¢ : ( < A\*} with no repetitions.
Let Q be the set of p = (v,v,) = (vP,0%) such that:

(a) ve Cv e [N
(b) there is a list ( = (C(¢) : € < *) of v, such that for every ¢ < £* we have

Ay N U A¢(e) has cardinality < o; we call (((¢) : € < €*) a witness, also
{<e
the list ¢ and the the well ordering on v% it induces are called witnesses.

The order is defined by

p < qiff (a) vP Cv? and
(B) o\ Cut\vl
() every ( witnessing p € Q can be end-extended to (’
witnessing q € Q.

Define Q-names Y = U{vY : p € Gg} and &' = {A¢ : ( € Y}. Now

(x)1 Qis a partial order
(*)2 ‘Q| _ ()\*><m < (>\<9)</<c = \<K
(*)s any increasing continuous sequence of members of Q of length < k has a

least upper bound.
Hence

(¥)4 Q is strategically (< k)-complete.

For p € Q let u? = U{A¢ : ( € vP}
(x)5 for p € Q we have uP € [\]<" and p < g = uP C u.
Let Q' = {p € Q:if ( < A and |[Ac NuP| > o then ( € vP}; compare with the
proof of 1.7. For p € Q let v = {{ < A" : |[Ac NuP| > o}, so:
()6 (a) vP Covf and pe Q= |vh] <k and
(b) if (Vo < k)[|a|” < k] then p € Q = |[vZ] < K, and
(¢) ifpeQthen (pe Q)= (vl =vP) and
(d) @ is a dense subset of Q if (Va < k)[|a|” < K]

[Why? E.g. for clause (d), let p € Q we choose by induction on ¢ < o1 (< k)
a condition p, such that: py = p, vt = v¥, p. is increasing continuous with e
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and vPett = {( < A* : ¢ € vPe or just |[AcNuP<| > o}. There are no problems
and p,+ is as required as |A; UuPot| > o = for some ¢ < o, |Ac NuP=| >
o = for some e < 0T, € vPe+t C pPot ]

(¥)7 if pe @', ¢ € X*\vP or just p € Q,¢ € A\, then p’ = (vP U {C}, 0¥ U{(})
and p” = (vP U{(}, oY) are in Q (even p € Q' = p' € Q') and are > p.

We say po,p1 € Q are isomorphic if otp(vP°) = otp(vP?), otp(uP?) = otp(uP?), and
OPyr1 yro maps vk onto vX', O Pyr1 yro maps uP° onto uP! and for ( € vP°, v € uP®
we have a € A¢ & OPypi yvo () € App

w1570 (€)

(x)s Q satisfies the k*-c.c.
[Why? Let p, € Q for a < k*. Let v, = U ve and u, = U{A¢ : ¢ € v}
B<a

so uPP C ug for B < a and (v, @ a < KT), (U : o < k1) are in-
creasing continuous. As vPe € [A\*]<", we can find stationary S C {§ <
kt @ cf(6) = k} and v such that « € S = vP> Nv, = v. Similarly
without loss of generalitya € S = w’> Nu, = u. Without loss of gen-
erality for a, 8 € S the conditions p,, pg are isomorphic, the isomorphisms
being the identity v and u. So v¥*Nv = v, for some v, C v. Let <}, be awell
ordering of v;* which witnesses p, € Q, so without loss of generality <}, |
v, =<*. Let a < 8 be in S and define ¢ = (vP> U vP?8 vi* Uvy*). Clearly
v Cu? € [N*]<F, also ¢ € vP=\vPs or ¢ € vP#\vP~ implies |A; Nu| < 0.
(Why? If not by the isomorphism of p, and pg we can find ¢; € vP=\vP#, (s €
vP#\vPe such that (o = OP,rs e (¢1) and ¢ € {(1,¢(} and Ag, Nu =
A¢, Ny so [Ag, Nu| > |Ag, N Ag,| > o hence ¢ € vig' hence (2 € v so
(2 € vP> NP8 hence (1 = (2 € vP> NvPA, contradiction.)

Hence ¢ € vP>\vP? = |A: NuP?| < o (otherwise A¢ NuP? C ugNuP? =u
hence |A; Nu| > o and get a contradiction by the previous statement) and
¢ € vPB\vPx = |A; NvPe| < o (similar proof). Now define a two-place
relation <* on vi:

G <" G iff & <, 2 (so (1, ¢ € vP)
or (1 € vl & (o € vi\ovb®

or {C1, ¢} Co\vlr & (1 <j (o

Easily <* is a well order of v{ (as ¢ € v{”\vE* = |A; NuP| < o), and it
is a witness. So ¢ € Q. Does p, < ¢q7 Clauses («), () are very straight
and for clause (), as pq, pg are isomorphic for any given witness <!, a well
ordering of v, we can find <2, a witness for pg which is a well ordering
of v1”, and is conjugate to <'; now use <!, <? as we use <*, <j above. So
really p, < ¢. Similarly pg < ¢.]
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(x)g kg “o’ = {A¢: ¢ € U{vf 1 p € Go}} is (< k)-free”.

[Why? Read the definitions of @ and of being (< k)-free, remembering
that forcing with Q add no new sets of ordinals < k as it is strategically
(< k)-complete.]

(%)10 if p,q € Q are compatible, then they have an upper bound r € Q such that
v =vP Ul

(¥)11 if o satisfies clause (C) of 1.2 then &/’ satisfies it in V©.

[Why? Assume p* € Q,p* Ikg “F : A — [A\]SF is a counterexample”. As Q satisfies
the kT-c.c. and as increasing the F'(«) is O.K., without loss of generality each F(«)

is an object from V so for some function F : A — [\ from V we have F = F. As

we can increase each F'(«), without loss of generality ( € vg = Ac C ﬂ F(a). As

V, o satisfies clause (C) there are ¢ and A € [A¢]® which is F-free, by tcfle previous
sentence ¢ ¢ vg. Define ¢ = (v?,v%),v7 = P~ U {¢},v? = o? U{C}. Tt is easy
to prove p* < ¢ € Q, the point being [A; NU{A¢ : & € vf*}| < o which holds as
)’ vg, and ¢ forces that A € [A¢]Y is as required concerning F.] Os 8

2.9 Observation. Assume that kK = k<% < X and S C )\ stationary. Then for
some xT-c.c., strategically x-complete forcing notion Q of cardinality A<", we have
IFg “S is the union of < k sets each not reflecting any ¢ of cofinality < x”.

Proof. Straightforward. [Used in (C) = (D) of the proof of 3.2 below.] O

So putting together the claims above we can conclude, e.g.

2.10 Conclusion If (x) below holds, then there is a forcing notion P of cardinality
2¢ = 1% not adding sequences of length < k, not collapsing cardinals < u™ (or
> 21), not changing cofinalities such that in V¥ the cardinals (¢ < 0 < Kk =
k<28 < ) satisfies the assumption of 1.2; also its conclusion and (C)* of 1.7
where

(x) 0 = cf(0),0 =07 < k = K<F < p,p strong limit singular of cofinality o
such that {0 < u™ : cf(6) = o™} ¢ I[N\
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63 EQUI-CONSISTENCY

Let “2 denote here the Cantor discontinuum.

The following theorem clarifies the consistency strength of the problem to a large
extent. We can hardly expect a stronger kind of result as long as inner models
for supercompacts have not been discovered. Concentrating on “2 is for historical
reason; we can replace Xy by p. Also, using the same claims we can replace A > Jg
by other restrictions. Note that 3.7 continues [Sh 460, §3], [HJSh 249]. The claims
will give more, naturally. However, a real problem is:

3.1 Problem: What occurs if we demand GCH?

3.2 Theorem. The following are equi-consistent with ZFC + k = cf(k) > 2%,
(In fact we get more than equiconsistency: the model for one statement is gotten
from another by (set) forcing. Moreover, the forcing notions we use are from a very
restricted family where Kk is involved in its definition. We use only forcing notions
which preserves the cardinals and cofinalities < (QNO)Jr and even < x and do not
change the value of 2%°, in fact finite composition of k-complete ones and c.c.c. of
cardinality < 280 ones; so we can add 2%° = Ry or 2% =Ny or 28 =RV s, .3 or
whatever, to all clauses simultaneously) letting p = 2<":

(A)[¥2] = (A)(w,) there is a compact Hausdorff space X such that X —, (¥2)3 but no subspace
with < pi points has this property® (on —., see 1.1(2) and “2 is the Cantor
discontinuum,)

(A)T like (A)(wa) replacing “2 by “for any Hausdorff space Y* with < 280 points”

(B)[*2] = (B)(w,) there is a compact Hausdorff space X with clopen basis such that X —
(“’2)1< cf(2%0) but no subspace with < p points has this property

(B)* like (B)[*2] replacing “2 by “for any Hausdorff space Y* with < 280 points”
and demand X has a clopen basis only if Y has; i.e. for every Hausdorff

space Y* with < 280 points there is a Hausdorff space X with clopen basis if
Y* has, such that X — (Y*)1<Cf(2NO) but no subspace of X with < u points
has this property
(C)  there are A\, S, f such that
(a) S C X is stationary, X\ > u is regular
(b)) f={(fs:0€5)
(c) fs is a one-to-one function from A C “2 of cardinality 2%° to §
(d) if 61 # 62 then {n € “2: fs,(n) = f5,(n)} has scattered closure (in the
topological space “2)

6of course, if, e.g., k = (280)T this holds
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(D)  there are A\, S, A such that
(a) S C X\ is stationary, A\ > p is reqular
b

(b) A=(As:0€5)

(c) As is a subset of § of cardinality 2%

(d) for 61 # 02 from S we have As, N As, is finite

(e) {As:06 € S} is k-free, that is, for any u € [S]<" there is a sequence
(Bs : § € u) such that Bs € [As]<Y and (As\Bs : § € u) are pairwise
disjoint

(f) if F: X — [A=F then for some 6 € S the set As is F-free.

e

3.3 Remark. 1) Note that we can easily add clauses sandwiched between two ex-
isting ones. We can also add the parallel statement on X — [Y] see 3.12,
3.13, 3.8.

2) We can add the case of regular spaces (i.e. T3) or work as in 1.7.

3) Clearly most of the proof of most arrows in the proof (of 3.2) have little to do
with the properties of the topological space “2; still mainly 3.14 does, so

1
<cf(2®0)?

3.4 Question: With what can we replace the space “2 (but see 4.17(2))?

We make some definitions and prove some claims before proving 3.2. One of them
(3.13) depends on §4, also 3.7, 3.8 which are not explicitly needed. The following
definition is used in 3.7. To see the point of this definition look at Example 3.6
below and part (2) of the definition.

3.5 Definition. 1) For a cardinal x and Iy, /; such that I, C {(a,b) : a,b C
r are disjoint} (normally kK = U{a Ub : (a,b) € Ip UI1}) so we may forget to
mention k) and cardinal 6 we say that a cardinal A is (1o, I1, #)-approximate or
(k, Ip, I1, 0)-approximate if we can find &2 = (Z, : a € C) such that
(i) C aclub of A
(ii) P, C [a]<? for a € C and | Z,| < Min(C\(a + 1))
(7i7) for any 1-to-1 function f from x to A, for some a € C at least one of the
following holds
(a) for some ¢ € Z, and (a,b) € I; we have (Vi € a)(f(i) € ¢) and
(Vi € b)[f(i) =
(b) for some (a,b) € Iy we have
() (Vi <k)(f(i) <a—i€a)
(B) (Vi<r)ieb—a< f(i) < Min(C\(a+1))].
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2) If ¢/ is a function from (k) to (k) and K C & (k) and

Lk, cl, K] =L[ct,K] =11 ={(a,b) :a Ck,be K and b C cl(a)}

Iylk,cl, K] = Iplcl, K] = Ip = {(a,b) :a C k,b€ K and anNb =0}

then we may say A is (K, ¢/, §)-approximate or (s, K, ¢/, §)-approximate instead of
A is (1o, I, 0)-aproximate.

3) We may replace k by another set of this kind call the domain of the tuple
(understood from Iy, I;). We may write this set before Iy, i.e. in the place of k for
clarification.

4) We may replace (I, I1,6) by (I,0) if Iis a set of pairs (I, I1) such that (Z, : a €
C) satisfies the requirement above for all the triples (1o, I1,6) such that (o, I1) €1
(not necessarily all pairs have the same domain A).

Similarly, K stands for a set of tuples (k, K, cf,0) or in short (k, K, cf) when 0 is
understood from the context or even (K, cf) as in part (2). (We may even vary 6).

Concerning 4.4 below

3.6 Examples: 1) Let C be a Cantor set (say “2),

cl€ is the (topological) closure operation on subsets of C

K€ ={AC C: Ais closed perfect hence uncountable} and IS = I;[C, ¢/, K] for

¢ =0, 1; see Definition 3.5(2).

2) Let R be the real line, ¢/* be the (topological) closure operation on subsets of R

and K® = {A C R : A is closed perfect uncountable, bounded (from below and above)}
and I} = I;(R, c/®, K®) for £ =0, 1.

3.7 Lemma. Assume

(@) A> x>k >0 and o are infinite cardinals,
(b) ¢l is a partial function from [N]<? to K C [\]="

(c) K is a set of triples (k, K*,cl*) with K* C P(k), cl* a function from [r]<?
to Z(k) as in Definition 3.5(2) above (for )

(d) if b € K, then for some (k, K*,cl*) € K and one to one function f from k
mto b, we have:

(o) VeK*={f(a):acl}eK
(B) d, bV Ck & cl*(d)=V = cl{f(a):acd} D{f(a):aecl}
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(€) for every A € [N|SX we can find a [K,o]-colouring c of A, where:

X for any A C A, c is a [K,o]-colouring of A means that c is a function
from A to o such thata € K & a C A= Rang(c|a)=0

(f) for every p, if x < p < A then u is (K, 6)-approximate.

Then there is [K, o]-colouring c of A.

Proof. See after the proof of 4.14 below. (The reader may prefer to read first §4 up
to the proof of 3.7, 3.13).

3.8 Conclusion: 1) Assume

(a) every cardinal yu,2% < pu < Xis (C, K€, cl€, R} )-approximate (using the
notation of 3.6(1))

(b) X is a Hausdorff topological space.

Then X - (Cantor set); moreover X — [Cantor set]y, , see Definition 3.12 below.
2) We can replace in part (1), C by R.

Proof. By 3.7 (and 3.6). Us.s

3.9 Claim. The forcing notions in 1.2 and in 2.8 satisfies, e.g., the condition *Zi ;
see below Definition 3.10(1A).

Proof. Included in the proof of 1.2, 2.8, respectively. Us.g

3.10 Definition. 1) Let D be a normal filter on pt to which {6 < u™ : cf(§) = p}
belongs. A forcing notion Q satisfies *%, where € is a limit ordinal < p, if player I
has a winning strategy in the following game *%,[Q] defined as follows:
Playing: the play finishes after ¢ moves.
In the ¢(-th move:
Player I — if ¢ # 0 he chooses (qzC ;4 < pt) such that qf cQ
and (V¢ < ¢)(VPi < ;ﬁ)pf < qf and he chooses a
function f¢ : ut — u™ such that for the D-majority
of i < u', fe(i) < i;
if ( =0 let qf = (g, fc = is identically zero.
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Player IT — he chooses <]01C 4 < pt) such that (VDi)qiC < pf and pf € Q.
The Outcome: Player I wins provided that for some E € D: if

pw<i<j<upht,i,j€FEand /\ fe(i) = fe(j) then the set {]01C (< 6}U{p§ (<€}
é<e

has an upper bound in Q.

1A) If D is Dy, =: {A C p* : for some club E of u* we have i € E & cf(i) =
u= i€ A} we may write p instead of D (in %7, and in the related notions defined
below and above). Usually we assume D;+ CD.

2) We may allow the strategy to be non-deterministic, e.g. choose not f; just f¢/D.
3) We say a forcing notion Q is e-strategically complete if for the following game,
®(€@ player I has a winning strategy.

A play last € moves. In the {-th move:

Player I - if { # 0 he chooses g¢ € Q such that (V€ < ()pe < q¢ if ¢ =0 let g¢ = (g.
Player II - he chooses p: € Q such that g; < p¢.

The Outcome: In the end Player I wins provided that he always has a legal move.

3.11 Lemma. If p= pu~" and ¢ is a limit ordinal, then the property “Q is (< u)-

strategically complete and has *;,” is preserved by (< p)-support iteration.

Proof. See [Sh 546] and history there; in each coordinate we preserve that the
sequence of conditions is increasingly continuous and on each stationary S C {§ <
pt i cf(§) = p} on which the pressing down function is constant the conditions

form a A-system.
Us.11

We can also consider

3.12 Definition. 1) We say X* — [Y*|j if X*,Y™* are topological spaces and for
every h: [X*|™ — 0 there is a closed subspace Y of X* homeomorphic to Y* such
that for some o < 0, ¢ Rang(h [ [Y]™) is not 0.

2) If we omit the “closed” we shall write —,, instead of — and -, -»,, denote the
negations. [Compare with 3.2, 3.7.]

3.13 Claim. 1) Assume X is a Hausdorff space with A points. Assume further
X — [%2]} and p > 280 but no subspace X* of X with < p points satisfy X* — [“2]}
and p = pi°. Then
(¥) we can find a regular k € (u, )], a stationary S C k and a sequence f =
(fo : € 8) such that:
(i) Dom(f,) C “2 has cardinality 2%°
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(1i) fo is one-to-one and is a homeomorphism from “2 | Dom(f,) onto
X | Rang(f.) if A is the set of points of X

(tii) if o # B are from S, then {n € Dom(f,) : fa(n) € Rang(fs)} has
scattered closure in “2

(tv) for a club of § € S we have Rang(f.) C U Rang(f3).
BEaNS

2) Similarly for —,, and for R instead “2.

We shall prove it later (after the proof of 4.14).
3.14 Observation: There is a c.c.c. forcing notion Q of cardinality 2¥° such that:

lFg “there is h : “2 — w such that :
(o) if C(€ V) is closed scattered then each
C N h~*{n} is finite, and
(B) if A C (*2) is uncountable (and from V)
then |A N A~ {n}| = |A] for each n”.

Proof. Let p € Q be (fP,6P) where fP? is a finite function from “2 to w and €7 is
a finite family of closed scattered subsets of “2.

The order is:

p<qiff fPC f1,€"P C€?and C c¥? & neCnN Dom(f?) &
n#v & ven Dom(f')\Dom(f*) = f4(n) # f*(v).

Clearly

(¥)1 Q is a forcing notion of cardinality 2%

(%)2 Q satisfies the c.c.c.
[why? let p, € Q for @ < wy, let Dom(fy) = {Naye : £ < Lo}, €P> =
{Cqr + k < ko} both lists with no repetitions and let m, = Min{m :
(Nae [ m € < £y) is with no repetitions}. Without loss of generality
Me = m(*),lo = (%), ke = k(%),M0¢ | m(x) = vp. By A-system lemma
without loss of generality for some £(xx) < £(*) we have:

() 0 < l(x%) = (Na,0 : @ < wq) is with no repetitions
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(B)  a<w & Le[l(xx),L(x)) = Nae =N
() {Nae o <wi, l < L(xx)} is with no repetitions.

Now as each Cy 1 is closed and scattered it is necessarily countable so
without loss of generality

a<f<w & L<lix)=>ns0¢ | Can
k<k(x)

We now choose by induction on ¢ < £(*x) sets Ay, By € [w1]®*, decreasing
with n such that

a€A1 & BEB & a<Bomaid | Conl
k<k(x)

This is straight: let Ag = wy = By; let Ay, By be given. Clearly for some
a; € Ay the set {nae : o € Al\oy} is Ny-dense in itself, ie. (Vo €
A\og)(Vn < W) (3B € A)(mse I n = Nau | n). Let Ty = {Nae | 0 :
a € A/\oj and n < w}, it is a subtree of “~2 and lim(7}) is a perfect subset

of “2. So for each § € By for some v§ € Ty we have (Vp € UC’g,k)(ﬁug ap)
k

so for some vy € Ty we have Byy1 =: {8 € By : Vé = vy} is uncountable and
let App1 =:{a € Ap:vp<anar}.
For a < 3, € Ay(ss), B € By(sx), We have p, pg are compatible.]

(¥)3 if A C “2 is uncountable and n < w then £4, =: {p : for some n €
A, fP(n) = n} is dense open.
[Why? Let p € Q. Now as C* =: U{C : C € P} is closed and scattered
hence countable clearly for some n € A we have n ¢ C* so ¢ = (fP U
{(n,n)},€P) satisfies p < g€ QN Iy ]

()4 for each n € “2 the set
Iy ={p:n € Dom(fP)} is dense open
[why? being open is trivial; as for density for p € Q let n = sup(Rang(f?))+
1 and without loss of generality p ¢ .#, hence n ¢ Dom(f?), now letting
qg=(fPU{(n,n)},€") we have p < q € 7, ]

(x)5 for each closed scattered C, the set I = {p: C € €P} is dense open
[why? immediate as p € Q = p < (fP,¢P?U{C}) € Q]

Let f=U{f?:p€ G}, it is a Q-name.
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()¢ f is a function from (“2)V to w and for each closed scattered C € V, f | C

is one to one except on a finite set.
[Why? For any p € Q there is ¢ such that p < ¢ € Q & C € €9, now
g <reQ= f"[(C\ Dom(f?)) is one to one|; so q I-q “f | (C\ Dom(f?))
is one to one, so as Dom( f?) is finite we are done.]

(¥)7 IFg “AN f‘l{n} has cardinality |A| for A € V,; A C “2,; A uncountable”.
[Why? As in V we can find pairwise disjoint A; C A for i < |A|, |4i| = |A]
and apply (*)s.]

Together we are done. U314

Proof of Theorem3.2.
(B)" = (B)[“2]
Trivial (special case).

(A)* = (A)[~2]
Trivial (a special case).

(B)" = (A)*F
Trivial (stronger demands).

(B)[“2] = (A)[“2]

Trivial (stronger demands).

(A)[“2] = (C)
By 3.13 for § = 2, u = 2<".

(C) = (D)

Forcing by Levy(k,2<") change nothing so without loss of generality x = £<".
Let \,S,f = (fo : @ € S) be as in clause (C) of 3.2. Next let Q be the forcing
notion from 3.14 which is a c.c.c. forcing notion of cardinality 2%°, so we get the
conclusion of 3.14 so let h be as there and let g : (¥2)V — 2%° be one to one;
without loss of generality (2%0)« divide « for every a € S. For each o € S let

Ao =1 {(2%) x f(n) + g(n) : n € Dom(f,) and h(n) = 0}.

we get: A, C “2,|A,| = 2% and for o # 3 from S, A, N Ag is finite. So clauses
(a)-(d) of clause (D) from Theorem 3.2 holds. Then we force by Levy(\,2<?),
nothing changes but we get {g. By 2.4 without loss of generality clause (f) of (D)
of 3.2 holds. By 2.8 without loss of generality we have the k-freeness (i.e., clause
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(e) of (D) of 3.2 which is equivalent to (B)s of 1.2) while clause (f) of (D) of 3.2
(= clause (C) of 1.2) is preserved by clause (d) of the conclusion of 2.8.

(D) = (B)" and (D) = (A)*[2¥]

We do it by forcing but for the proof any s such that X; < cf(k) = £,25F < A
can serve. We can force by Levy(k,2<%), so without loss of generality kK = k<".
First assume that x > 2% (as in the main case) and we restrict ourselves to spaces
Y* with a basis of cardinality < x which is no restriction if x > J; or if we are
proving just (D) = (A)T[2¥], then we can use a product of forcing instead of
iteration. Now any strategically (< k)-complete xT-c.c. forcing notion preserves
(D), we do not use this in this first case, but still note it. By forcing by Levy (), 2<*)
(see 4.3) without loss of generality (g for the S of clause (D), this will be preserved
for any forcing notion PP if P has density < A, which holds in our case.

Let (Y;* : i < i*) list the topological spaces as in clause (B)* with set of points 2%
ori* =1 & Yy =“2, depending on what we are proving. For each i < ¢*, let Q;
be the forcing from 1.2, the assumption of 1.2 holds by (D) and the assumptions
on Y;* and X} be the Q;-name of the topological space which Q; produces. Let Q

7

be the product of {Q; : i < i*} with support < k. Now Q is k-complete. Hence by
our present assumption no new relevant space Y* is added by forcing by Q.

Why is X} as required, i.e., X} — (Yi*)l<cf(2}¢0) also in V@7 Forcing by Q add more

“colouring” ¢, i.e., functions from X7, i.e., A into some ordinal < 2%°. However,

the proof of 1.2 can be repeated for this case.

Second, consider the general case.
Now we use iterated forcing (P;,Q; : j < i(*),7 < i(x)) with (< x)-support, each
satisfying the *Zi version of kT-c.c. and for simplicity (< k)-strategically complete
(see 3.9). Now let each Q; be as in 1.2 for some Y7 (a P;-name of a topological

space as in 1.2) and it forces an example X 7. With suitable bookkeeping (if x > 2%

is easier) we finish as those iterations preserve “(< k)-strategic completeness hence
no new set of ordinals of cardinality < x and (the strong version of) kT-c.c.” is
preserved, see 3.11.

Still we have to prove that the example X we force to satisfy “X} — (Y;*)L if
o < cf(2%0)” has this property not only in VFi+1 but also in VFit). For this we
repeat the relevant part of the proof of 1.2 noting the explicit way the Q;’s; this
will be presented in full in [Sh:F567]. PP

For self-containment we recall (really [Sh:g, II,2.2] and see [Sh 108], [Sh 88al).

3.15 Claim. Assume k is strongly compact and x = cf(x) < cf(p) < Kk < A =
cf(A) = put (so A = A% and (Va < p)(|o|<" < p)) and a € Reg N p\k, pu =
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sup(a), |a| = cf(p) and f = (fo : @ < \) is a < va-increasing cofinal sequence in
ITa.

Then for some g € (x, k), we have cf(pg) = cf () < p, Vo < po)(|alX < uo)
and if P = Levy(x, po) * Leyy(ua”J“, k), in VE we have

(a) SZ; ={0<put VI cf(d) =put} C {0 <put:cf(0) = xt} does not
belong to I[u™],

(b) bad(f) 2 S* ={06 < ut :cf(6) = pug, f 6 has a < joa,-lub
f € Ila such that 6 € a = cf(f(0)) < cf(d)} is a stationary subset of p™*

(¢) forcing by P, preserve ,uar is a cardinal and the stationarity of subsets of
SL‘OI (from V) and preserve “5 € S* is not a good point in f” and f = (fa :
a < \) is < jpa-increasing cofinal in Ta; if p = w¥,a = {u™ :n € (0,w)}
we get the result for H R, /Jbd,

n<w

Proof. The choice of py (and clause (a)) is a main point in [Sh 108], [Sh 88a]. Now
S* = U{SZ+ D ug < kycf(pg) = cf(u) < po} is stationary by [Sh:ig, 2.2,5.6] using
0

(*)" not (x), so for some pg, S, 1s stationary, and (c) is obvious. Of course, (b) =
(a) by [Sh:g, I]. Uz.15
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§4 DECOMPOSING FAMILIES OF ALMOST DISJOINT FUNCTIONS

Let (I,J) be a pair of ideals on say # = Dom(/,J) such that I C J and we
consider a family .# of functions each from some A € J* to A which are almost
disjoint in the sense that

® if f # g are from .% then {i < 6 : i € Dom(f) N Dom(g) and f(i) =
g(i)} € 1.

A decomposition is a representation of .# as | J.%, such that the .%, are pairwise
«

disjoint, “small” and f € %, = {i € Dom(f) : f(i) ¢ U{Rang(g) : g € %3 for
some 8 < a}} is “small”. We try to prove that if such decomposition does not
exist, then there are “transparent” counterexamples.

This helps the equiconsistency in §3 and continue [Sh 161], [HJSh 249], [Sh:g,
I1,56], [Sh 460, 3.9].
The reader can concentrate on the case that % is a singleton.

4.1 Definition. 1) Let % denote a set of pairs of the form (I, J) where

(a) I C J areideals over a common set called Dom(7, J) = Dom(/) = Dom(J)
or just

() eI CJC PDom(Il,J)and [ACBel=Acl,[ACBeJ=Ac
J], Dom(I,J) & J.

Let It = Z(Dom(I))\I and J* = Z(Dom(J))\J.

Let k(%) = sup{|Dom(I,J)| : (I,J) € #}. We call # standard if for each
(I,J) € &, the set Dom(I,J) is a cardinal; we call ¢ disjoint if (Dom(I,J) :
(I,J) € &) is a sequence of pairwise disjoint sets.

2) NFri(\, %) means that for some A* > X we have NFrq(\*, \,%) which means
that A\ > |%| 4 k(%) and there are (F(; ;) : (I,J) € %) exemplifying it which

means:

(a) Fu,5) €A{f: [ afunction, Dom(f) € J*}

(b) if f ?é g c y([ﬂ]) then
{z:x € Dom(f)N Dom(g) but f(x) = g(x)} belongs to I

(¢) A= |U{Rang(f) : f € F1.0) and (I,J) € 7}
(@) A< X =Y {1 Funl: (1]) € Z).

2) NFra (A, %) means that A is regular > |%| + k(%) and there is (fs : 6 € S) such
that
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(a) S C A is stationary and is the disjoint union of (S(; s : (I,J) € %)
(b) Dom(fs) € J© and Rang(fs) C 0 for each 6 € S

(c) 01 # 02 € S(1,5) = {x : x € Dom(fs,) N Dom(fs,) and f5, (x) = fs,(x)} €
1.

3) We omit N from NFr in parts (1) and (2) for the negation. If # = {(I,J)} we
may write just (1, J).

4.2 Fact: 1) NFry(\, %) is preserved by increasing % to %' when || + k(%)
A. Also NFra(A\,#) is preserved by increasing % to @' if |%'| + k(Y') <
Similarly if NFrqy(A*, \, Z),A* > Xf > A1 > A\ A1 > |2+ k(%)) and #4 O % then
NFI‘l()\T, )\1,@1).

2) NFr1 (), %) is equivalent to NFry (AT, A\, %) which is equivalent to (3(1,J) € %)
NFr (A, A\, (1, J)).

3) If \* is regular or at least cf(A\*) > |#/| then NFrq (A\*, \, %) iff there is (I, J) € &
such that NFr; (\*, \, {(,J)}).

4) NFrq (A, %) implies NFro (AT, %).

5) NFry(A, %) iff there is (1, J) € ¢ such that NFro(A, {(,J)}) and |#| < A.

<
A

Proof. Check.

4.3 Claim. 1) Assume that NFro(X\, {(I,J)}) and let f = (fs : 6 € S) exemplifies
it and Tt < X\, 7 > |Dom(I, J)| and for simplicity k = Dom(I,J). If $g then we
can find E a club of X and (f§: 0 € SNE) exemplifying NFro(X, {(I,J)}) such that

(*) if F : X — [N then for some § € SN E the set Rang(f}) is F-free (i.e.
a # B € Rang(f3) = B ¢ F(a)).

2) The forcing of adding a Cohen subset of \ (i.e. (*>2,<)) preserve “A exzemplifies
NFro (A, {(I,J)})” (as it preserves “S is stationary”), add no bounded subsets to A
and forces $g.

Proof. 1) As in the proof of 2.3.

Let h = (hs : 6 € S) be such that hs :  — [§]=7 and for every h: A — [A\]=7 the
set {0 € S:hs =h|d} is a stationary subset of \; such g exists as we assume {g.
Let E={0 < X\ : 77" x w divide ¢} it is a club of A and for § € SN E we define
the function gs : 77+ — [7TF]=7 by
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95(B) = {v < 71 :for some 1,62 < Dom(I,J) we have
7t x f5(€1) +v € h5(’7’++ X f5(€2) + B}

Note that |gs(8)| < 7 as hs(77T X fs(e2) + B) has cardinality < 7 and the number
relevant of €1,¢e9 is < |Dom(/,J)| = k < 7. So by [Ha61] there is an unbounded
subset Zs of k™1 such that 81 # B2 € Zs = B1 & g5(52)-

Let Zs = {75, : € < 771}, with 75 increasing with e. Now for § € SN E we define
f5 : Dom(I, J) — 6 by

f5(e) =771 % fs(e) + 756

Now clearly f; is a function from x = Dom(/,J) into A, in fact, it is into § as
Rang(fs) € & (777 x w)|d. Also for §; # d from SN E

{e<n:fs@)=Ffi,@)}={e<r:77F x f5,(c) + V6.
=7 X f5,(8) +Vs5e} CS{e <k f5,(6) = [s,(e)} € T.

Lastly, if 6 € SN E and €1 # €2 < k and f5(e1) € hs(f5(e2)) then

T X fs(e1) + 5.6, = f5(e1) € hs(f5(e1)) = hs(T77 X fs(e2) + V5.60)
C U ho(THF X f5(2) + 75,05)

e<k

SO V5.2, € 95(7V5,e,) by the definition of gs, but v5,¢,,7s.¢, are distinct members of Zs,
contradiction to its choice. By the choice of (hs : § € S), for every F : [\] = [A]S7
for stationary many 6 € S (hence § € SN EQ we have hs =h [ § & € SNE
hence Rang(f5) is F-free.

2) Stralght D4_3

Now we give sufficient conditions for the existence of decomposition which implies
easily (in the cases needed see later) the existence of suitable colouring. The reader
may concentrate on the case % is a singleton.
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4.4 The Decomposition Claim. Assume:

(a) ¥ is as in Definition 4.1(1)
b) A>pu> Y|+ k(%)

(¢) for no regular k € (u, A] do we have NFra(k, %)

(d) ¢l is a function from [N|SF to [\]<H

(€) for A, B € [\]S* we have A C cl(A) and™ A C B = cl(A) C cl(B)
(f) &

C [N=¥ has cardinality® < X or at least has a dense® such subfamily
and : satisfies:

for every A € &P there are a pair (I,J) € %, a set % € J* and a one to
one function f: U — A such that:

(@)par if U CU & %' €I then for some A’ € P
we have A" CANcl({f(i):ieU'})
(B)f.a1  there are %, C U, %, € IT for a < a* for some o* < p
such that for any %' C U, %' € I'T for some a < a* we have
U, C U or at least
Ancl({f(i):iewl}) CANcl{f(i):ie X'}
(9) if A€ P then'® cl(A) = A.

Then

Dec(A, 2,1, % ): for every x > X and x € H(x) there is a sequence (M, : a < \)
such that:

(1) Mo < (H(x),€,<})
(i) pU{Z A pxp © Mo and |[Ma|| = p
(7i7) U M, includes A
a<<A

(iv) Assume A € & and define a(A) = Min{ao < X:if a < X then for some
(I,J) € % and % € J* and f : % — A which is one-to-one, we have
{f, %} € M, hence Rang(f) C M, and {i € U : f(i) U Mg} e JT}}.

B<a
Then a(A) < X\ and for some (I,J), %, f which are witnesses to a(A) = «

"no real harm in adding cf(A) = cf(cl(A))

8see 4.5 below

9.e. there is &' C & such that (VA € Z)(3IB € P')[B C Al and |P?'| < A
Oysed in 4.7
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we have!

{ieu: f el Mpres

B<a

(v) For any pregiven o = cflc) < p we can demand M, = U Mgy o, Mo ¢
e<o

increasing with € and (My ¢ : ( <€) € My cp1 and pU{Z X\, p,x} € M, ..

Now below we shall prove that Claim 4.4 follows from the following variant (we
change (d), (e), (F))-

4.5 Claim. Assume

(a)" ¥ is as in Definition 4.1(1)

() |X[=A>p=|Z|+kK(¥)

(c) for no reqular k € (p, A| do we have NFry(k, %)

(d) F =(F :t e T),T isa partzal order of cardinality’®> < X or at least

denszty13 § A; we consider the Zi’s as indexed sets such that t # s =
Fs N .Fy = 0 though they may h(we common members, so [ € Fyp

(e) for each t € T each member f € F; is a one-to-one function such that for

some (I,J) = (I¢,Jf) € ¥ we have Dom(f) € J*,Rang(f) C X

(f) ift €T and f € Fy, then there is a subset T[f] of T' of cardinality < p such
that T'[f] is a cover of T< ¢~ which means (Vs € Ty~ )(3t € T[f])[s <r 1]
where for f € F; we let

Teys =:{r €T : and for some g € #, we have (I,,Jy) = (If,Js) and
{i i€ Dom(f),i € Dom(g) and f(i) = g(i)} € IJT =1}

THEN Dec(\, F,u, % ): for every x > \ and x € J(x) there is a sequence (M,
a < \) such that:
(1) Mo < (H(x),€,<})
(i2) MU{Q/ Ay © Mo and [| Mo =
)

(i U M, includes \
a<A

moreover for some X € M, of cardinality < p (so X C M,) we have {i € % : f(i) €
X\ |J Mg} € J*, and the parallel in 4.5.

B<La

12light assumption by 4.2(4)

13j.e., there is T’ C T satisfying |T'| < X and (Vs € T)(3t € T')(s <t t)
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(v) if s € T, then for some t,s <p t € T and for some a < X\ and g € F; we
have
()  {ie Dom(g):g(i) € | J Mg} e,
B<a
(B) t,g € M,, hence Rang(g) C M,

(v) for any pregiven o = cf(o) < p we can demand M, = U M, . where
e<o
(Mye : € < o) isincreasing, pI{Y, A\, pu, M, x} C My, o, M, = U Mae,(Mac -

e<o

(<e)eMyer1 and (Mg : < ) € M.

Before proving 4.5 we deduce 4.4 from it and prepare the ground.

Proof of 4.4 from 4.5. Clearly without loss of generality ¢ is disjoint and let the
set of elements of T' be & and for A € T we let

Fa= {f : for some (I,.J) € %, we have Dom(f) € J and,

f is one to one into A and clauses ()f a1, (8)f,a,1 of (f) of 4.4 hold}

and for any f € %4 let (If,gs) be as in the definition of .Z 4.

We define the partial order <p on T by: A; <p A, iff A, C A;. We have to
check that the assumptions in 4.5 holds, now clauses (a)’, (b)’, (¢)’ are the same as
(a), (), (c) of 4.4, and clauses (d)’, (e)" are obvious. As for clause (f)’ it follows by
clause (f) and the definition of (%4 : A € ).

[Why? We are given in (f) the objects t € T, f € Z; sot = A € & and let
(I,J) = (Iy,Jf) € & and % = Dom(f) € J, see the definition of T. Now as
f € Z4 by the definition of F4 let (Z. : a < a™) be as in subclause () of clause
(f) of 4.4. For each a < a* choose A, as in subclause (a) ¢, 4,1 of clause (f) of 4.4 for
U' = ) so in particular A € & and A), C ANct{f(i):i € %,}. Let us choose
T[f] =: {AL, : a < a*}, so obviously T[f] € [Z]SH = [T|>* as a* < u. Let us check
that T'[f] is as required in clause (f)" of 4.5. The main point is checking that T'[f]
is a cover of T'(f); let r € Ty, i.e., let 7 = A" and (by the definition of T/, inside
4.5), there is g € %, such that (14, J,) = (If, Jy) satisfying %' =: {i : i € Dom(f)
and i € Dom(g) and f(i) = g(i)} € I}, so %' € I'". So (by clause ()74 from
(f) from 4.4) for some o < o we have ANcl{f(i):i€ U} C ANncl{f(i):1€ U'};
by the choice of T[f] we have A, € T[f], let s = A/,

Now s € Ty and (by the choice of Af,) clearly s = A}, € A which means r < s.
Lastly, T[f] has cardinality < |a*| < u. So clause (f)" of 4.5 holds.]
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Finally let x be large enough and x € #(x). So by 4.5 there is a sequence
(M, : a < A) for our (#4 : A € T),x,x as required there. It is enough to
show that (M, : o < ) is as required in the conclusion of 4.4. Now clauses
(i), (ii), (iii) and (v) of the conclusion of 4.4 are just like clauses (i), (ii), (iii)
and (v) of the conclusion of 4.5, so we should check only clause (iv). So assume
A € & and let a(A) be as defined there. By clause (iv) of the conclusion of
4.5 applied to s = A there are t,«, g as there, i.e. s <r t,a < \,g € %; and
{i € Dom(g) : g(i) € U Mg} € Jy, Dom(g) € Jf andt,g € M,. Sot € Z,t C A,

B<La
Rang(g) Ct C s = A, Dom(g) C M, and Rang(g) € M,. So « is as required.
Uyg

4.6 Observation. 1) If in Claim 4.4 we add as an assumption clause (g) stated below
and 6 < u, then we can find a function A from A to p such that for every A € &
we have 0 = Rang(f | A); where

(h) if (I,J) € % and % € J* then't |%| = p.
2) Assume

(a)”
)" A>p =¥ |+ r(¥)
()" & C [N+
(d)" the conclusion of 4.4 holds
()

e)’ as (g) above.

% as in Definition 4.1(1)

Then we can find h : A — p such that A € & = p = Rang(f | A).

Proof. 1) For each o < Alet B, = MaNA\U{M3 : < a}, and choose h,, : B, —
such that

Ac MyANAE€NFA|ANB,| =p = Rang(ha | (AN BL)) = p.

Let h: A — p extend every hg.
2) Similarly. Oig

Below we think of the functions from .% as say continuous embedding.

14if J is not an ideal we should say: if (I,J) € %, % € Jt, W € J then |2 \WU| = p
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4.7 Claim. 1) In 4.4 (i.e. if its assumption so its conclusion holds), we have
(A)g = (B)g where

(A)g if ' C P has cardinality < u, then we can find h : U{A: A€ P} to 6
such that A € &' = 0 = Rang(h | A) =0

(B)g we can find h : X — 0 such that A € & = 0 = Rang(h | A)
provided that we add in clause (f) of 4.4 the statement

(7)o in (B) we can add:
if %1 € J then for some a < o, cl{f(i) :i € U} is disjoint to {f(i) :i €
U}

2) In 4.5 we can conclude (A)g = (B)g when

(A)g if TV CT,|T"| < pu and G is a function with domain U{F; : (Is € T")(s <rp
t)} such that G(f) € Jy, then we can find a function h and ((ts, fs) : s € T')
such that for every s € T" we have s <p ts and fs € F;, and 0 = {(h(fs(7)) :
i € Dom(fs)\G(fs)}

(B)g we can find a function h : X — 0 as in (A)g for T" = T provided that we
strengthen in clause (f) of 4.5
(Vs € Ty )(Vg € F)(YU € J)(3t € T[f])[s <r t & (Vh € F)(Vi €

Dom(g))(h(i) ¢ Rang(g | %))]-

3) In part (1) and in part (2) we can replace (y)g by
(V) if % € Jt and % € J then |U\%| = p.

Proof. 1) Recall that A € & = cl(A) = A. Let {A} . : ( < (o < p} list
{A e Z:afd) = a} and let (Ig,J¢), %5, f¢ witness a(A4;) = a. So by the
assumption of 4.4, clause (f)(v) appearing only in 4.7(1) there is A, - € & N M,
such that Al . C cl{f&(i) : i € % and fc(i) € M\ | ] Mg} C A .. Clearly
B<a
A, € & and a(A], ) = a and we apply clause (A)y to P¢ = {A - : ( < (o}
getting h,, : U A;}C — 6 so without loss of generality h,, : AN M, \ U Mg — 0.
(<Ca B<a
Now h = U he is as required.

a<<A
2) FILL!

3) Similar. D4.7

4.8 Remark. In part (1) of 4.7 we can omit clause () if we replace (A)y by
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(A)} if ' C 2 has cardinality < p and (AL 18 JE UL fE) + ¢ < Q) is

as in the proof of 4.7, then for some function h with domain U{A, ¢ : ¢ <
Ca \U{Ba,¢ : ¢ < (o} we have Bo ¢ € %, Ba¢ € Jo, Rang(h | (Rang(f& |
%CO‘) N Dom(h))) = 6.

The following is close to [Sh 161, §3| (or see [Sh 523, §3] or [EM]).
4.9 Definition. 1) We say I' = (S, \) is a full (A, u)-set if:

(a) S # 0 is a set of finite sequences of ordinals

(b) S is closed under initial segments

() A=(N\y:nelS)and Acs = A

d) for each n € S, the set {a: n" () € S} is empty or the regular cf(\,)
)

e) Ay > piff A, # piff 3a)(n” (o) € 5) iff n € S\S™ where S™ is the set of
<1max1mal77€5

(
(
(f) (a) if Ay > p is a successor cardinal then a < A\, = )\;A<a> =\,

(B) if Ay > p is a limit cardinal then (\,-(q) : @ < cf(Ay))
is (strictly) increasing with limit \,,.

4.10 Observation/Definition: 1) If I' = (S, A) is a full (A, u)-set, then from S and A
we can reconstruct A hence I', so we may say “S is a full (\, u)-set” or “\ = X517,
Also if S # {<>}, from S we can reconstruct A and p.

2) Let S™ ={ne S:\, = u}.

3) If n € S and A, # p then for every ordinal a we have o < cf()\,) & n™(a) € S.

4.11 Fact/Definition: 1) If S'is a full (A, u)-set and n € S'let S<"> =: {v :n"v € S},
it is a full (A, p)-set.
2) If for each a < cf(A), S, is a full (Ay, ) set and (Ao = Ao & X = A\J) or
(Ao s a0 < cf(N)) is (strictly) increasing with limit A\, \g > u, then
S={<>}U U {{a)"n:m € S} is a full (A, p)-set.

a< cf(N)
3) For a full (\, u)-set Sand n € S, let n™ = (n(l) : £ < k)" (n(k)+1) if Lg(n) = k+1
but <>* will be used though not well defined.

Proof. Straightforward.
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4.12 Definition. 1) We define by induction on A the following. For a set X of
cardinality A, x large enough and = € 7 (x) we say N is a full y-decomposition of
X for A(x),x (or (A, u)-decomposition) if for some full (A, p)-set S we have

(*¥) N is an S-decomposition of X inside () for z, which means that for (the
uniquely determined (), : 7 € S) letting A.~+ = X we have:

) N =((Ng,N;f):n€S)

) N, <N, < (H(x),€,<"), but not necessarily N,, € N,

(¢) {X,z} € N and £ < Lg(n) = { Ny, N}, } € N,

(d) NSl = XN+ = [(N,FAN,) N X[ and A+ € N,

(e) if Aes > p, then (N> 1 a < cf(Acs)) is <-increasing continuous

with union containing NZ.

(f) NZ,s = Nogi1s for a < cf(Acs) and Nogs = N~ has cardinality
i

(g) for each a < cf(Ac<(5)) the sequence <(N<a>AnaNIa>An) tn €

S<e>) is a (), u)-decomposition of X N NI, \Nc~ for 5#(x) and
' =:(x, Ny, NT).

—
S

b

—~

2) We say N is a full (), u, 0)-decomposition of X for JZ(x),z if 0 = cf(o) < u
and in addition

(h) for each n € S\S™* there is a sequence (N, . : ¢ < o) which is <-increasing
continuous, N, o = N,, for each ¢ < ¢ we have (N, ¢:( <¢) € Ny .41 and
N;F = N, [alternatively the objects we demand € N,;F belong to N, , (in
clauses (c) and (h))] and in (c) we add £ < £g(n) = (N 1€ <o) € N,

3) We can write (N, : € SU{<>"} instead of ((V,, N,7) : n € S) by clause (f)
so in particular N_<+ = NI, .

4.13 Definition. 1) Let X, \, u, %/, Z be as in 4.5 so T = Dom(.%).
We say N is good for (z, X, %, T, F) if:

(a) Nisafull (A, u)-decomposition of X for 7#(x) and «’ =: (z, X, \, u, ¥, T, F);
let
N = {((Ny,N;f) :n € 5) and X = Al

(b) if s € T, then for some t € T, s <p t and for some n € S™ (ie., A, = )
there is f € %, and so (Iy,Jy) € ¥, U € JJJ{ and f : % — Rang(g)
witnessing it, such that:
(¥)1 {ie: f(i) € U{N,:v <y nand v € S™}} belongs to Jy
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(¥)2 ¢, f belong to N{N,: £ < Lg(n)} NN,
hence

(x)3 {i € % : f(i) € F‘l{N;'M : 4 < Lg(n)} and f(i) ¢ U{N, : v <g
n and v € S™*}} belongs to JJT.

2) We may omit z if clear from the context.

4.14 The Main Claim. Under the assumption of 4.5, forx € 7 (x),0 = cflo) <
p and x large enough there is a full (A, u, o)-decomposition of X for x,x good for
(X, %.T,7).

Proof. By induction on A = | X| for all possible (7', %) without loss of generality |T'| =
A.

Case 1: A = p.
Trivial.

Case 2: A = cf(\) > p.

Choose (N, : a < cf()\)) such that the set z* =: {z, X, Z, u, A\, f > T<fs, f =
T'[f]} belongs to No, No < (H(x), €<}), Na is <-increasing continuous, (Ng : 8 <
a) € N441, each N, has cardinality < A and N, N A is an initial segment if o > 0
and [[No|| = p, 0 € Ng. For t € T let a(t) =: Min{« : for some f € U F, and

s>t

(Ir,Jf) € ¥ (asin 4.5 clause (e)’) we have {i : i € Dom(f) and f(i) € No} € J7}.
Let S = {8 < A : forsomet € T we have 8 = «a(t)} C A\. For each § € S
choose tg € T and sg satisfying t3 <1 sg such that 8 = a(tg) and fz € F,
witness this. Let % = {i € Dom(fs) : fg(i) € Ng} and let fz = f5 |
Uz and let (Ig,J3) = (Iy,,J5,) so Us € Ji and Rang(fs) € Ns N X Now
without loss of generality fzg € Ngi1 (hence sg,Ig, Jg € Ngi1) as all the require-
ments on fg have parameters in Ngy; so we could have chosen fg in Ngyi. By
renaming, without loss of generality X = \.

Assume toward contradiction that S is stationary. Now as # € Ny, |#| <
p < A clearly # C Ny hence for some y € # the set S, = {5 € S : (Ig,Jg) =
y} is stationary. Let y = (I*,J*) and S, = {8 € S, : Ng N\ = B}, clearly
it is stationary. It suffices to show that (f; : 6 € S;) exemplifies NFra(\, %)
contradicting assumption (c¢)’ from 4.5. Clearly S} C X and § € S| = Dom(f5) €
J* and Rang(f§) C 4, i.e., let us prove clause (c) of Definition 4.1(2) holds. If
not, for some §; < d2 in Sj we have B =: {i : i € Dom(fs ),7 € Dom(f;,)
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and f (i) = f5,(i)} € I'*, hence t5, € T(y, y (see 4.5, clause (f)’) hence by an
assumption there is tj, such that t5, <p t§ € T[fs,]. But z*,.Z, f5, belong to
Ns,+1 < N, hence T[fs,] € Ns,+1 but T[fs,] has cardinality < p (see clause (f)’
of 4.5) hence T[f5,] € Ns, 41 but t5, € T[fs,] so t5, € N5, 41 hence Fy € N, 41
hence there is f’ € ﬁ% NNy, +1 hence Rang(f’) C Nj, 41 contradicting the demand
a(ts,) = d2. So in Definition 4.1(2) only “S is a stationary subset of \” may fail,
but something has to fail. So S is not stationary.

Let E be a club of A disjoint to S and we can find N = (N/, : a < \) like
(N : a < \) such that E, N € N} so for N', S = (). Recall that by the assumption
of 4.5, T has cardinality < A hence T' C U{N,, : @ < A}. So for a € (0, A) for some

§ € E we have N,NA=ds0o N,NT =N;nT,N,n| JZ | Ns = Ns 0| | 7.
t

3 t
Now for each a we use the induction hypothesis on X, =: X N N/ ,\IN/, and

(j‘é“ :t € T where T{® = {t € T : t € N/, .,,t ¢ N/, and, moreover, for every
f € F; the set {i € Dom(f) : f(i) € N/} belongs to J} and 9t<a> ={flu% .7
is {i € Dom(f): f(i) € Xo} and f € %, N N;,1\N,}, and z, = (z*,a, N') so by
it we get (N;¥ :m € 5% and we let S = {<>}U{<a>"v:ve S, a<A}and
Neasv = NJ,Nes = Nj, Ne st = UNg-

Note that if A > p™,|T| > A, we can still manage'® but not needed. Also if
o = cf(o) < p, we can guarantee clause (h) of 4.12(2); similarly to Case 3.

Case 3: A singular > pu.
Let A = Z Ai and let (A\; : i < cf(\)) be increasing continuous, Ay >

ut + cf(\). We choose by induction on ¢ < u™ a sequence <NiC 11 < cf(\)) such

that:

(a) Nf is <-increasing continuous in i

(b) (N\i:i < cf(\), X, \, p,.Z all belong to N§

(€) Ai © Ny and [|N7 || = Ai if (3,¢) # (0,0) and u € N, NG| = p

(d) for each 1, (NZ-C : ¢ < p't) is <-increasing continuous

(e) ((Nf:i< cf(\):e<()e N

For each i < cf(\) and ¢ < pt and (I,J) € ¥ let 35(41’?])

of functions f € {f | % : % € J',f € U Fy and % C Dom(f)} such that
teT

be a maximal family

15we should strengthen the induction hypothesis: instead X we have Xg C X; such that

|Xo| = A, and continues naturally
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Rang(f) € X N Nf and f # g € 9(<ij) = {i: z" € Dom(f),i € Dom(g) and
f(i) # g(i)} € I. Without loss of generality cg"(CIJZJ) e N{™ and by 4.2(4) and
assumption 4.5 clause (¢)’ we know |ﬁ(cl’ij)| < \i, so a list of it of length < \;

belongs to Nf+1 hence ﬁé’ij) - NZ-CJFI. So if t € T and we define «(t) as in

Case 2 for (N*' : o < cf(p)), we get that a(t) is necessarily non-limit. Then let
No = Nt if o € (0,¢f(N)) and Ny = NQ and proceed as there (recalling that in
Definition 4.12 we have not demanded that N, € N;) Oy 14

Proof of 4.5.

Fix 0 = cf(0) < pand by 4.14 we can find a full (A, i, 0)-decomposition of X for
X, which is good for (X, %, F). Let N = (N,, : n € S) and note that <, linearly
order S in an order of order type A, so let (n, : @ < A) list S in <y,-increasing
order. Choose M, = ﬂ{N;; et £ <Lg(n)} NNy, and check that (M, : o < A) is as
required in 4.5 (reading Definition 4.13).

This completes the proof of 4.4 above, too. U445

Proof of Lemma 3.7.
Just'® by 4.14 above and 4.7, we do not elaborate as 3.7, 3.8 are not used in
other proofs. Saharon FILL!

Proof of 3.13. We use 4.4 + 4.7(1) above.
1) Without loss of generality let A be the set of points of X where X, are given
in 3.13, I = {A C “2: the closure of A is countable}, J the following ideal on “2

{w Cw2:|%]| < 2%}
and
v ={(,J)}.

So the conclusion (%) of 3.13 just means “for some regular k € (u,A\] we have
NFry(k,#)” and toward contradiction assume it fails. Clearly x > u. Let ¢f :
[A]SH — [A]SH be

16recall that 3.7 is not used in the proof of 4.18
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cl(A) = {a :a € A or for some countable B C A, a belongs
to the closure of B in the topological space X and

c{(B) has cardinality < 2%}

(if we like to have cl(A) = cl(cl(A)), iterate this w;-times).

Let us consider the assumptions of 4.4 and 4.7. Now clause (a) holds by the explicit
choice of % above, as for clause (b), we have |#| = 1, k(%) = 2% which is < u by
the assumption of 3.13. Clause (c) is the assumption toward contradiction above,
clause (d) (on ¢f) holds as clearly A € [A\]SH implies cf(A) = U{cl(B) : B € [A]<N0
and |cf(B)| < 2%} and [A]=N0 has cardinality g and < p*° = p by an assumption
of 3.13 and each countable B contribute at most 2% points. Clause (e) holds by
the properties of closure. Lastly, for clause (f) including subclause () which was
added in 4.7 we define

P ={A:AC \is asubset of A,

has cardinality continuum and X [ A is homeomorphic to “2}.

So for A € & let f = fa be a homeomorphism from the topological space “2 onto
the space X | A and let 4 = “2; we shall show that they are as required in
(f) of 4.4. Now for A € &, X | A is a compact space and X is Hausdorff, hence
A is a closed subset of X. If %’ C “2, %’ ¢ I, i.e. %' is not scattered letting
" = {v e %' for no open nb of v in ¥2 is %' scattered} and f = fa, then we
have

A = cl{f(i) i€ U} ={f(i) i€ clos(Z")} C A

is homeomorphic to “2 hence € &, and this proves clause ().
Let (% : a < 2%0) list the countable nonscattered subsets of “2, it clearly exem-
plifies clause (5) (of (f) of 4.4).

Lastly, clause () (which does not appear in 4.4 but in 4.7(1)), any perfect

subsets of “2 contain 2%° many pairwise disjoint perfect subsets so any member of
J is disjoint to all but < 2% of them.
So as all the assumptions of 4.4 hold so we can apply 4.7(1). There for our 6§ = p,
if (A)g of 4.7(1) holds, then we get (B)y which says X - [“2], contradicting an
assumption. But (A)y of 4.7 holds as we have assumed in 3.13: for every subspace
X* of X with <y points, X* - (“2)} and as for (§) there it was checked above.
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2) For —,, recall that: if X is a Hausdorff space, A C X and X | A is a compact
space then A is a closed subset of X. For R we just should be more accurate about
closure; note that the topological closure of a countable set may have cardinality
bigger than 2%, For A C X let c/(A) = cl(A, X) = U{Rang(f) : f a one to one
mapping from R to X which is a homeomorphism onto X | Rang(f) and such that
Yy ={z € R: f(x) € A} is a dense subset of R}. But for any such fi, fo, if some
Y C Yy, NYy, is countable dense and [z € Y = fi(y) = f2(y)] then fi = f2, so the
proof is similar. Alternatively replaced R by [0, 1]. Os3.13

As should be clear from the previous part of the paper, NFry(\, %) is closely
connected to pcf theory. In particular, on the one hand, §1 uses essentially the cases
of NFr; whose consistency is not clear (i.e. hopefully it will be proved that they
are impossible). On the other hand, §2 uses a case of NFro, say for I = [w;]<N°. So
let us explicate the obvious relation (and the connection to [Sh 460, 3.9]).

The reader may wonder why not finer properties complimentary to the existence
of large almost disjoint families were used, as in [Sh 430]; the answer is that here
assumption like y? = ¢ are natural (and limitations on time).

4.15 Claim. 1) If NFri(A*, A\, %) and I* is an ideal on k = k(%), satisfying (x)
below, then there is F C "X such that f #g€ .F ={i<k: f(i)=g(i)} € I* and
| Z| = \* where

(x) if (I,J) € ¥ and A € J* then for some one-to-one function h from k into
A we have Rang(h) ¢ J and for every B C k we have [{h(a) : a € B} €
I = Bel.

2) If NEry (AN, X\, {(I*, J*)}) or (A, N\, %, 1%) is as in part (1), and 2% < X then for

some sequence 0 = (0; : i < k) of regular cardinals € [2%, \] we have H 0;/1" has
1<K

true cofinality which is > \*.

3) Assume

(a) NFra(A, %), so X regular > |¥/|

(b) @' a family of pairs (1,J) satisfying k(%) < k and: if (I,J) € % h is a
function from Dom(I, J) into a limit ordinal §, then for some A € JT,h/'(A)
is bounded in 6 and (I | A,J | B) € %".

Then for some N < X\, we have NFry (A, N, %7).

Proof. Straight.
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4.16 Conclusion. If p is a limit cardinal satisfying ®,, below, then A = cf(\) >
> k implies Fro (A, ([u]<*, [u]<")) where

®,, for every A\ > pu for some 6 < p we have:
if a € Reg NA\p and |a| < g then pcfp-complete(@) € A.

Proof. Easy by 4.15.

4.17 Concluding Remark. 1) Of course, we may replace in 3.2 the space “2 by
many others, e.g. R, or any Hausdorff Y* space with 2% points such that for
any uncountable A C Y*, for some countable B C A, |cly«(B)| = 2% moreover if
Z CY*,|Z| < 2% for some uncountable B’ C cly«(B) we have cly«(B') is disjoint
to Z.

We can also add variants with —,, replacing —. As long as the space has < 2%0
points, the only place we should be concerned is the proof of 3.13, we reconsider
the choice of ¢/ in the proof. In all cases for an embedding f from Y C Y* to
X, let c/(Rang(f)) = {z € X : for some y € Y*, f U{(y,z)} is an embedding of
Y[ (% U{z}) to X | ((Rang(f)) U {y})} and f" = fU{(y,z) : 2,y as above}.
The point is that for this choice of ¢/, if Y1 C Yo C Y* Y, C ¢ly«(X;) and f
embeds Y into X with Rang(f) not necessarily close, then (f [ X;)* is a function
from some Y3 C Y* into X extending f.

2) We may like to add to 3.2 the case with continuum many colours that is let
(Bm)<u[*2] and (B,)%,, be defined like (B)[2], (B)*, replacing )% ei(2%0) PY )L
and we add (B,) <t [“2], (B)::l; to the list of equivalent statements. Similarly

for (A). More is proved, that is X — (“2)L, where X has X points (or we get A
when we ask for compact X). The main point is adopting 1.2 (and 1.7).

For this we add also (C,)3,,3,.r, Where for k > 0 > o we let

(Cm)ro,o there are A, S, f such that

(a) S C \is stationary > kT, k>0 >0

() f=(fs:0€05)

(¢c) Dom(f5) = 0, each f5(i) is a subset of §\i of cardinality < x and (min(f5(7)) :
i < 0) is increasing with limit § (can ask i < j < 6 = f(sup(fs(i)) <
min(f5())

(d) if §; < 02 are in S then {i < 6 : fs,(i) N U f5,(4) # 0} has cardinality < o

Jj<o
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(€) if Fy: X\ — [N]=" for £ = 0,1 and Fy(a) € [A\a]=", then for some § € S we
have:

(o) fsis (Fo, F1)-free which means:
for i # j < 6, the set Fy(fs(i)) is disjoint to Fy(fs5(j))

(B) there are («; : i < @) such that fs5(i) = Fy(c;) and sup[U f5(i)] < .
j<i

Similarly for (D). Why is this O.K.? See below, noting that we get more.

3) As before, (B,,)" = (Bn)[“2] = (4,)[“2] and (Bn)t = (An)tT = (An)[“2],
also easily (C) = (C)3, o, y,; (Bm)™ = (B)T, (An)* = (A)*, (B)[*2] = (B)[~2]
and (An)[*2] = (4)[*2]

(f) if (Fp, F1) is a pair of functions with domain A and Fy(i) € [A\i]=*

3A) The forcing in 2.8, with the role of A being replaced by U fe(i) and A’g C
i<

|J f5(é) such that i < 6 = [AZ N f5(i)| < 1 works.

i<

4) Also

+

X4 (D)3, 3,xr, implies the consistency of (Bm)<:+.
2

As before without loss of generality for some k = k<% > § = 2% ¢ are such that
(C)w.0.0 hold. Now we just need to repeat the proof of 1.2. The asymmetry in
clause (d) does not hurt as if do # Jo, Ag; , A]gj are well defined, then it follows that
|ASI N AT <o,

In the crucial point we let p* IF “c : A — p for some p < A7. Really less is enough:
let p* IF “Z C X is unbounded” and we shall find ¢ and ¢ € S such that p* < g e P
and ¢ IF “X* | A} is a copy of the space Y (e.g. “2) and AY C Y”. How? We
define Fy(a) ={B: B € [, A) and p* ¥ § # Min(Z\«)}.

Fi(a) = U{uP>i : i < k} where (p,,; : ¢ < k) is a maximal antichain above p* such
that p, ; forces a € Z or forces o ¢ Z.

Now we repeat the proof of 1.2, but instead deciding the colour we decide the right
member of Z.

5) Lastly, we get (C’):’eﬂj from (C)x9,. So assume A > kt,k > 6 > o and

(As : 0 € S) are as in (C) and as before (by forcing) without loss of generality {g.
Now we can actually prove (C), g, for A\. So we prove



Paper Sh:668, version 2006-03-11_10. See https://shelah.logic.at/papers/668/ for possible updates.

ANTI-HOMOGENEOUS PARTITIONS OF A TOPOLOGICAL SPACE SH668 61

Ny if
(@) A>kT,k>0>0,k7 <A
(8) J an ideal on 6 such that (VA € J*)(Ja € J")(a C A)

(v) S C \is stationary, f = (fs: d € S), fs : 0 — 0 increasing, §; < 6y =
{i <0: f5,(i) = fo, (i)} € J*
(0) Os.

Then (C)y 0., as witnessed by A.

So let ((F§,FY): 8 € S) be such that F) : § — [0]<% for £ = 0,1 be such that: if
Fy: X — [A]=F for £ = 0,1 then S(py ) = {60 €S: Fy | § = F) and Fy | § = F{}
is stationary. We now choose by induction on § € S a function f5 such that:

(a) if there is a function f with domain 6 satisfying the conditions below then
fs is such a function, otherwise f5 is constantly (

(@) f(i) € [0]="\{0}

(8) i <j=sup(fs(i)) <min(f5(;5))

(v) for each i < @ for some a; < & we have F{(a;) = fs(i) and
sup(|J f(7)] < a; < min £(i)

(0) (min(f(i)) : i < 6) converge to §

(6) fori# j < 0 the set FY(f(i)) and F(f(j)) are disjoint

(¢) if 8 € 5N S then

{i<éd:f(@)N U f5,(j) # 0} has cardinality < o.
j<o

Let S~ = {6 € S: f5 is not constantly (} and we suffice to prove that f = (fs:d €
S™) is as required. Most clauses hold by the definition and we should check clause
(e), so let Fy, Fy be as there. Let Spy , = {6 €S : Fy | §=FS and Fy | § = F{},
so this set is stationary.

For every v € S* = {§ < A : cf(0) = T} let g(a) = sup(a N Fi(a)) < a so g is
constantly «(x) on some stationary S** C S.

Ey ={0 < X:otp(S**Nd) =09 and a < § = sup(Fp(a)) < d and o < § =
sup(Fy () < 8}.

Let Ef = {6 < A:otp(EyNd) =6} and for § € E1 N Sp, r, let Ay = {a € Ey :
otp(aNEp) € As}, so As € § =sup(As), otp(As) =0 and 61 # 02 € E1NSEy. r, =
|A51 ﬂA52| <.
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Let A; = {aj, : i < 0} increasingly and let a;; = Min(S™*\(aj,; + 1)) so as; <
ag ;g (even as; < Min(Er\(aj; + 1) and choose f; a function with domain 6 by

£5(i) = Folasy) = F{(a)

(the last equality as Fy [ § = F? as § € Sg, r,)-
Clearly f5(i) = Fo(a;) € Min(E;\(ay + 1)) and

v € f5(i) => F(vy) C Min(El\(Oéfs,i +1)) < Oéis,z'+1 < Ofﬁs,z‘+1

v € f5(i) = F(y) Nas,; C alx) < ag

Now f; satisfies almost all the requirements on f5 and if f§ = f5 for stationarily
many 0 € By N Sp, r, we are done. Let W = {§ € E1 N Sk, r, : f5 # fs}, we shall
prove that W is not stationary - this is more than enough.

So for 6 € W necessarily for some h(J) € § NS we have

={i<0:f5()n | fis(h) # 0}

Jj<6

has cardinality > o, so by Fodor’s lemma for some (%) we have Wy = {§ € W :
h(§) = 6(x)} is stationary.
Similarly as 07 < )\ = cf()\) for some w* € [0]7,ws = {J € w1 : w* C ws} is station-

ary. As? U f5(+)(4)]7 has cardinality x” which is < A without loss of generality for
Jj<o
some h* : w* — U f5(+)(j) the set
j<é
Wy = {6 € Wy : (Vi € w*)(h*(i) € £3() N | f50 ()
j<o

is stationary. So if §; < 2 are in ws the set {i < 0: f5(1) = f35,(4)} include w*.
But fs (i) = f;,(i) implies that ot = a?, hence As, N As, has cardinality > o
continuously.

6) W has a X clause (9), we add: Rang(fs) is bound in §7

This is equivalent to: for some fixed p < A, (Vd)(Rang(fs) C u). Repeating the
proof and replacing club of C' € [u]* we get clause (C), 0, witnessing A\ with
Rang(fs) C pu. We then get versions of the (A4)’s and (B)’s with p points.

(Note one special point: we should rephrase the “weak A-system argument, by
using it on a tree with two levels.



Paper Sh:668, version 2006-03-11_10. See https://shelah.logic.at/papers/668/ for possible updates.

ANTI-HOMOGENEOUS PARTITIONS OF A TOPOLOGICAL SPACE SH668 63

7) Note that by part (5) we get a stronger version of the topological statements: for
any A (or u in (6)) points there is a close copy of “2 (or the space Y') included in it.
Of course, if we like the space to be compact this refers only to any set of A (or p)
points among the original ones. Note the Boolean Algebra of clopen sets (when Y
has such a basis) satisfies the c.c.c. (remember in the cases only uf ,;Nuf 5, | = 0 is
demanded, the Boolean Algebra is free) so we cannot control the set of ultrafilters
(= points), but if we allow more disjointness demand we may, but we have not
considered it.

4.18 Claim. If = pu~*. Then there is a p-complete u*-c.c. forcing notion Q of
cardinality 2¥ such that

Ik “ there is a function h : "y — p such that
(a) if C €V is a closed subset of " of cardinality < u
then a < p= |[CNh Ha}| < p
(8) if A€V is a subset of “u of cardinality > p
then a < p = |[ANh™Ha}| = |A]".

Proof. As in the proof of 3.14, it suffices to prove:

(x) Assume that i*,j* < p and 7,,; € #u for a < pt,7 < i* is with no repe-
titions and C, ; C #pu is closed with < p points for a < ™, j < j*. Find
a < fsuch that i <i* & j < j* =14, ¢ Cas.

Why (%) holds? Assume not. First choose 6* < u* such that:
(xx) if B < p™ and ¢ < p then for some o < §* we have i < i* = n,,; [ ( =
ng,i I €.

We can find 3 such that 6* < 8 < p™ and {ng,; : i < i*} is disjoint to U Cs+ ;,
J<j*
noting that [ exists as | U Cs» ;| < p. Let ¢* < p be large enough such that
i<i*
i <i* & j<jg"=-(I)(ns | (v € Cs« ;). Lastly, choose a < 6* such that
i <i* = N [ ¢ =mna: | (. Now the pair (a,0*) can serve as (o, ) above. [y 15
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85 ADDITIONS

We can add

5.1 Theorem. The following are equiconsistent with ZFC +r > X = cf()\)
02,0 = 0<% J a family of < X ideals on 0<% such that J € J,{A, :n <w} CJ

0 #+ U Ay, letting p = or "

>

(C) there are A\, J, S, f such that:
(a) X is reqular > 2"””+, JeldJ

by SC Sg‘ s a stationary subset of A

(0)

() f=(fs:0€8)

d) f5:0F =0

(e) if 61 # 62 are from S then |As, NAs,| < 0,{i < 0: f5,(i) = fs, (1)} € J

(E) one of the following occurs
(o) there is a stationary S C Sy, which does not belong to I[\]
(B) for some \y = cf(\1) € (0,)) fori < 6% and J € J such that A =

I1x/7.

<0

Proof.
(C) = (F):

If (a) of (F) holds we are done, so assume not, hence for some stationary S C A
we have S € I[A] and let (a, : € S*) witness it, (so S\S* is not stationary,
ao < a,0tp(aq) < 07, [otp(as) =07 < a € S5],8 € an = ag = aq N P).

[Compare with older works]

Claim. Assume

(a) A=pt >0 >Ny are reqular cardinal
(b) S C Sy is a stationary subset of X which belong to I[\]
(c) f=(fs:0€8),fs5:0—0

(d) J an ideal on 6

(e) if 02 # 62 are from S then {i < 0 : f5,(i) = f5,(i)} € J
(f) X=p",Us(p) = 1, 2° < .
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Then we can find a partition (A, :n < w) of 6 and sequence (\; : i < 6),2% < \; =
cf(Ni) < X such that A, & J, = X = tcf(TIN;/J).

Proof. Let (aq : o € S*) witness S € I[\] (so S\ S* is not stationary so without loss of generality S C
S*).
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GLOSSARY

§1 General spaces: Consistency from strong assumptions.

Definition 1.1 X* — (Y*)y, (having a closed copy of Y'), monochromatic for a
colouring of n-tuples by € colours, X* —,, (Y*)j (not necessarily a closed copy).

Theorem 1.2 A sufficient condition for a forcing adding a space X™* such that X* —
(Y*)Z (9> consisting on conditions on the cardinals

((A),(B)1,(B)2,(C)) and on the space Y*
(D), (E)) [Saharon: copy and revise to be a proof of 1.5].

Claim 1.4: Sufficient pcf conditions for the set theoretic hypothesis of 1.2.

Observation 1.5: on beautifying nice scales.

Claim 1.7: A variant of 1.2.

Comments 1.8: We deal with some variants (e.g. regular spaces X™*,Y™).

Concluding Remarks 1.8: Mainly on 73 spaces.

§2 Consistency from supercompacts

Observation 2.1: How to deduce (C) from (C)", a new condition.
Claim 2.2: Quoting a “consistency by a supercompact”.
Claim 2.3: Sufficient condition of the set theoretic assumption of 1.2.

Conclusion 2.6: Getting from a supercompact a universe with CH + there is a

Hausdorff space X with clopen basis such that X — (Cantor discontinuum);ﬂo.

Claim 2.7: Upgrading by a small forcing a stationary S ¢ I [u™] included in
{6 < pt :cf(d) = cf(u)T} to A = (A5 : 6 € S’ C S),S’ stationary, As C 6 =
sup Ao, 01 # 02 = |As, N As,| < cf(p).

Claim 2.8: Upgrading A as in 2.7 to A [ S’ which is x-free by a cf(u)T-c.c., (<
cf(u))-complete forcing notion.

Observation 2.9: By forcing we can partition .S to non-reflectiving subsets.
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Conclusion 2.10: Getting the necessary assumptions from non-trivial I (A

83 Equi-consistency

Problem 3.1: What if we assume G.C.H.?

Theorem 3.2: Equi-consistency of several related statements, some are versions of
“there is X — (¥2)3”, and some relate to pcf statement (and relative to I[\] non-
trivial).

Question 3.4: Phrase such theorems for other spaces.

Definition 3.5: Is (k, Iy, I1, 0)-approximate.

Example 3.6: On the Cantor discontinuum.

Lemma 3.7: Sufficient conditions for the existence of a [K, o]-colouring of A.

Conclusion 3.8: A sufficient condition on “\ has approximation” for X — [Cantor

set]é&o.

Claim 3.9: The forcing notions of §1 satisfies a strong k™ -c.c.

Definition 3.10: A strong pt-c.c. called *5,.

g

=" is preserved by (< pu)-

Lemma 3.11: “Q is (< p)-strategically complete and has *
support iteration.

Definition 3.12: X* — [Y*]}.

Claim 3.13: From X - [*2]}, to (fo :a € S), to help 3.2.

2R0

Proof of 3.2:

Observation 3.14: Existence of forcing replacing “countable scattered” by finite.

Claim 3.15: The old claim on I[A] non-trivial from a strongly compact.

84 Helping equi-consitency

Definition 4.1: NFry(\, %), variant of almost free not free.
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Fact 4.2: Basic properties of NFry.
Claim 4.3: Improving examples for NFr by forcing (toward freeness).

The Decomposition Claim 4.4: Analyzing NFr.

Claim 4.5: A variant of the previous claim 4.4.
Claim 4.6: Improving 4.4, 4.5.

Claim 4.7: Getting a colouring from decomposition.
Remark 4.8: On a variant of 4.7(1).

Definition 4.9: Defining (S, \) a full (X, u)-set.

Observation 4.10: On A-set (A is computable from S).

Fact/Definition 4.11: Analyzing full sets.

Definition 4.12: N is a p-decomposition of X for J#(x), .

Definition 4.13: N, a full y-decomposition is good for (X, %, .7).

Claim 4.14: In 4.5, there is a good decomposition.

Proof of 3.13:

Concluding Remarks 4.17:

Claim 4.18: Properties of NFr.

85 Additions

Theorem 5.1: For an ideal on <% with non-trivial R;-completion.
Claim ?: FILL.

86 Appendix

Claim ?: Full proof of 1.7.

Claim ?: Full proof of 4.3.
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