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2 SAHARON SHELAH

§0 INTRODUCTION

Our first motivation was the question: can a countable structure have an auto-
morphism group, which a free uncountable group? This is answered negatively in
[Sh 744).

This was a well known problem in group theory at least in England (David Evans
in a meeting in Durham 1987) and we thank Simon Thomas for telling us about
it. Independently in descriptive set theory, Howard and Kechris [BeKe96] ask if
there is an uncountable free Polish group, i.e. which is on a complete separable
metric space. A related result (before [Sh 744]) was gotten by Solecki [S098], [S099]
who proved that the group of automorphisms of a countable structure cannot be an
uncountable free abelian group. Having the problem arise independently supported
the feeling that it is a natural problem.

The idea of the proof in [Sh 744] was to prove that such a group has some
strong algebraic completeness or compactness, more specifically for any sequence
(dy : n < w) of elements of the group converging to the identity many countable
sets of equations are solvable. This is parallel in some sense to Hensel lemma for
the p-adics, and seem to me interesting in its own right.

Lecturing in a conference in Rutgers, February 2001, 1 was asked whether I am
really speaking on Polish groups. We then prove the parallel result (i.e. 0.1 below)
using a more restrictive condition on the set of equations. Parallel theorems hold,
for semi groups and for metric algebras, e.g. with non isolated unit (e is a unit
means {e} is a subalgebra).

More specifically we prove (see Conclusion 4.3, 4.1(1)).

0.1 Theorem. 1) There is no Polish group which as a group is free and uncountable.

2) Slightly more generally, assume

(a) G is a metric space
(b)

(c) G is complete

(d) the density of G is < |G]|.

G is a group with continuous xy,x !

Then G is not free.

0.2 Thesis: If G is a Polish algebra satisfying one of the compactness conditions
defined below, then it is in fact large in the sense of lots of sets of equations has a
solution.
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A reader interested just in this theorem 0.1 can read just §3.

0.3 Question: What are the restrictions on Aut(A) for uncountable structures A?
We also prove that if A is a structure of cardinality p, p is strong limit of
cofinality Ry (e.g. 3,,) and the automorphism group of A is of cardinality > p, then
it is far from being free; this does not follow directly from 0.1(2) as the natural
metric considered here does not satisfy all the conditions.
In [Sh 744] this is proved in the special case where A = U P2 satisfying |P2| < p.

n

Note: An arbitrary subgroup e.g. of the symmetric group of size N; can consistently
be made into an automorphism group by Just, Shelah, Thomas [JShT 654]. So 3,
is more interesting from this point of view.

0.4 Question: Is there a model theory of Polish spaces?

Naturally we would like to develop a parallel to classification theory (see [Sh:c]).
A natural test problem is to generalize “Morley theorem = Los conjecture”. But
we only have one model so what is the meaning?
Well, we may change the universe. If we deal with abelian groups (or any variety)
it is probably more natural to ask when is such (Borel) algebra free.

0.5 Example: If P is adding (2%0)*-Cohen subsets of w then
(C)V and (C)VI“

are both algebraically closed fields of characteristic 0 which are not isomorphic (as
they have different cardinalities).
So we restrict ourselves to forcing P; < Py such that

and compare the Polish models in VF1, VP2 We may restrict our forcing notions
to c.c.c. or whatever...

0.6 Example: Under any such interpretation

(a) C = the field of complex numbers is categorical

(b) R = the field of the reals is not
(by adding 2% many Cohen reals).
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(Why? Trivially: RV[P2] is complete in V[Py] while RVl in VIP2] is not complete,
but there are less trivial reasons).

0.7 Conjecture: We have a dychotomy, i.e. either the model is similar to categorical
theories, or there are “many complicated models”.

0.8 Thesis: Classification theory for such models resemble more the case of Ly, .,
than the first order.
See [Sh:h]; as support for this thesis we prove:

0.9 Theorem. There is an F, abelian group (i.e. a Fy-definition, in fact an
explicit definition) such that V |= “G is a free abelian group” iff V = 280 < Rysq.

Comments: In the context of the previous theorem we cannot do better than F,,
but we may hope for some other example which is not a group or categoricity is
not because of freeness.

0.10 Conclusion: Freeness (of an F,-abelian group) can stop at ¥,, (any n).

A connection with the model theory is that by Hart-Shelah [HaSh 323| such things
can also occur in Ly, r, whereas (by [Sh 87a], [Sh 87b] Theorem) if /\(2N” < Nnt1)

and 9 € Ly, »,, categorical in every N,,, then 1 is categorical in evgry A. See more
in [ShVi 648].

The parallels here are still open.

This casts some light on the thesis that non-first order logics are “more distant”
from the “so-called” mainstream mathematics.

Lecturing on [Sh 744], in MAMLS meeting (Rutgers, Feb.2001) some asked if
this apply to Polish group, (not just automoprhisms of countable structures) and
showed it. Subsequently (during Hattingham, Aug. 2001 Euresco conference),
telling Sabbagh about the results for Polish groups he wondered whether we get
“non Ng-freeness”, but the results give only non-strongly-N;-freeness. Subsequently
his ex-student Anatole Khelif who continues this work and proves non-Rg-freeness.

Lately Blass asks on definable abelian subgroups of Z“, answers are derived for
this from [Sh 402] and §5. The works originally have a section on stability theory in
this context, proving a generalization of the existence of large indiscernibility set.
Very lately (Feb 2009) it was moved to [Sh 849], also the parts on “semi-groups”,
the semi-group of endo-morphism and for metric algebras were removed.

We may be more humble than in 0.4.

0.11 Question: Is there model theory for equational theories, stressing free algebras?
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The material in §1 - §5 (except some generalizations) was presented in a course
in Rutgers, Sept. - Oct 2001 and I thank the audience for their comments and
Haim Horowitz for help in proofreading. We thank the referee for doing much to
improve the presentation in particular by “less is better”.

0.12 Notation. 1) Let w denote the set of natural numbers, and let x < w mean “z
is a natural number”.

2) Let a, b, ¢, d denote members of G (a group).

3) Let d denote a finite sequence (d,, : n < n*), and similarly in other cases.

4) Let k,¢,m,n,i,j,r, s,t denote natural numbers.

5) Let €, (, & denote reals > 0.

0.13 Definition. 1) A group word is a sequence z7'z52,...,z,*

variables or elements of a group and ny € Z for £ =1,... k.
2) The word is reduced if ny # 0,2 # Tp41.

where the x, are

k
3) The length of a word w = z{*z5* ... z;* is Z 1.
=1

4) A group term w(x1,...,z,) is a word of the form zy'z,?...z/* with {; €

{1,...,n},ne € Z (actually r, € {1,...,—1} suffice).
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§1 METRIC GROUPS AND METRIC MODELS

We first define metric [complete| group, and give a natural major example: au-
tomorphism groups. The natural example of metric group is the group of automor-
phism of a countable structure.

1.1 Definition. a = (G,?) is called a metric group if:

(a) G is a group
(b) G is a metric space for the metric ?

—1

(c) the functions zy,z~" are continuous.

2) Saying (G,0) is complete, means complete as a metric space.

1.2 Notation: For a metric group a, the metric is denoted by 0, and the unit is
denoted by e, and the group by G,. When no confusion arises “G is a metric
group” means (G,0q) is a metric group.

Now we define cases closer to automorphism groups, in those cases the proof is very
similar to the one in [Sh 744].

1.3 Definition. 1) G is a specially metric group when:

(o) G is a metric group
(B) for every (,e € RY there is £ € RT such that: if zq1,22,y1,92 € {a :

0c(a,eq) < e} then 0¢(x1,22) < EAV(y1,y2) < & implies 0g(1y1, T2y2) <
CA(xyt,xy ) < ¢ this is a kind of uniform continuity (inside the e-
neighborhood of eg; this is harder if we increase ¢ and/or decrease ()

(7) for arbitrarily small ¢ € R the set {a € G : 9(a,ec) < (} is a subgroup of
G.
2) We say ¢ = ((, : n < w) is strongly O.K. for G if:

(a) ¢ RS

(b) ¢, satisfies clause () of part (1), i.e. {a € G :0(a,eq) < (,} is a subgroup
of G

(¢) Cor1 < ¢ and 0= inf{(, :n < w}

(d) ifwy,22,91,92 € {a € G:0g(a,eq) < (o} and d(x1,22) < (ny1,0G(Y1,¥2) <
Cnt1 and r(1),7(2) € {1,—1} then D(;(:L';(l)y;”@),:r:g(l)y;@)) < Cn.



Paper Sh:771, version 2012-05-25_10. See https://shelah.logic.at/papers/771/ for possible updates.

POLISH ALGEBRAS, SHY FROM FREEDOM SH771 7

3) We say G is specially™ metric group if in part (1) we have («), (8) and

(y)T for every ¢ € RT the set {a € G : 9(a,eq) < (} is a subgroup of G.

1.4 Observation. 1) If G is a special metric group then there is a sequence ¢ which

is strongly O.K. for G.

2) We can in clause (d) of 1.3(2) above omit (1), 7(2) and conclude only “d(x1y1, z2y2) <
(p and D(xl_l,x; 1) < (,. This causes just slight changes in the computations of
length in the proof or replacing ¢ by a suitable subsequence.

3) Every specially™ metric group is a specially metric group.

Proof. Easy.

1.5 Definition. Assume A is a countable structure with automorphism group
G = Aut(A) and for notational simplicity its set of elements is w, the set of
natural numbers (and, of course, it is infinite, otherwise trivial).

We define a metric @ = 04 = 03" on G by

(f.9) = sup{27": f(n) # g(n) or f~(n) # g~ (n)}.

Let Auty = (Aut(A),03""), but we may write G4 or G3**.

1.6 Claim. : For A as above:
(Auty, 05" is a complete separable specially™ metric group.

Proof. Easy.
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§2 SEMI METRIC GROUPS: ON AUTOMORPHISM
GROUPS OF UNCOUNTABLE STRUCTURES

It seems natural investigating the automorphism groups of a model A say of
cardinality, e.g. ., intending to put in a framework where we shall be able to
prove it is not a free group of cardinality > 3,,. Now choose A = (4,, : n < w) such
that, e.g. the universe of A is J,, and A,, = 3,,. For such A there is a natural metric
on Aut(A) under which it is a complete metric group, but usually of too big density;
there is another natural metric on Aut(A) under which it is a complete metric space
with density 3, but multiplication is not continuous and Cauchi sequences may
not converge to any point. To get the desired results we use “indirectly complete-
metric” defined in 2.1, which combine the two metrics; in other words we weaken
the completeness demand; hopefully this will have other applications as well, e.g.
also for Borel groups. We had looked at some generalizations: replacing Aut(A) by
other derived structures and A a Polish Algebra.

The reader may skip this section if not interested in the results concerning J,,. One
way to present what we are doing is

2.1 Definition. We say G is an indirectly complete metric group if:

(a) G is a group
(b) G is a metric space under d¢

(c) if ¢ = (cn : n < w) satisfies dg(cp, cry1) < 1/27, then letting d,, = cgnlc%ﬂ
and d = (d,, : n < w) we have

() for some metric 3" = 9 4, under ', G is a metric group, and d con-
verges to some ¢ under ?’, moreover (G,0’) is complete.

2.2 Definition. Assume A is a structure.

1) A is an w-representation of A if A = (4, : n < w), A, C A,41 for n < w and
U{A, : n < w} is the universe of A.

2) For every w-representation A of A let Aut z(A) = {f € Aut(A): for every n < w
for some m < w we have (Vx € A,)(f(x) € A, & f~Hz) € An)}-

3) If Ais an w-representation of A and G = Aut(A) then we defined =0, 5 = Dg[‘jfg,
a metrict on G by

Lthis is proved in 2.3
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0(f,g) = sup{2™" : there is a € A,, such that
for some (f',9') € {(f,9), (f 97"}
one of the following possibilities holds

(a) for some m < w we have f'(a) € A, & ¢'(a) & Am,

(b) f'(a) # ¢'(a) are in A,}.

4) If A is an w-representation of A and G = Aut(A) then we define o' = ¥’

)

L g a
metric on G by 0'(f,g) = sup{2™™: f | A, =g | A, and f~L 1A, =971 A,

A

—

2.3 Claim. Assume A is an w-representation of an infinite structure A.

1) (Aut(A),d, 5) is an indirectly complete metric group with density < 2% +

»{2M4=l < w}; in fact it is a complete metric space (but in general not a

metric group).

2) (Aut(A),0) 3) is a complete metric group of density < S{||A|A :n < w}; so

if each A,, is ﬁm’te the density is < Ng.

3) If the universe of A is w and A, =n ={0,...,n — 1} then A = (A, : n < w)
aut

is an w-representation of A with each A, finite and ofaxA = 03" from Definition
1.5(1) and under it Aut(A) is a complete separable specially metric group.

Proof. 1) Let 0 =0, 4. First we show that

(x)1 0 is a metric (even ultrametric).

()2 3(f~1 97" =2(f.9)

(¥)3 G as a metric space under d¢g has density < L{2/4»l : n < w}.

We may wonder whether (Aut(A),d) is complete, i.e. whether every d-Cauchi
sequence (f, : n < w) in G, d-converge to some f € G.

Before answering we prove a weaker substitute (in fact, it is the one we shall use
for proving the indirect completeness below).
Now we note that:

()4 if (fn : » < w) is a 0-Cauchi sequence, then for every a € A, (f,(a) : n < w)
is eventually constant and (f,!(a) : n < w) is eventually constant so the
limit f is a well defined permutation of A, moreover belongs to G = Aut(A).
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Very nice, but multiplication? is not continuous in general for this metric, 9. We
also have

(*)5 (Aut(A),?) is a complete metric space.

[Why? Let f = (f, : n < w) be a 9-Cauchi sequence, by (*)4 there is
f € Aut(A) to which f pointwise converges. Now let n(*) < w be given so
for some n(1) < w we have: n > n(1) = d(f,, fo1)) < 27" and we shall
prove n > n(1) = o(f, fn) < 27", So for each ¢ € Ay (+) we shall check
clauses (a),(b) in the definition of d in Definition 2.2(3). First for every m <
w we have n > n(1) = fu(c) € Ay = foa)(c) € A, but (fu(c) : n < w)
is eventually constantly f(c) hence f(c) € Ap, = fr(1)(c) € Ap. This takes
care of clause (a).

As for clause (b), similarly n > n(1) A [{fn(a), fnay(a)} € Ay = fu(a) =
Fagy(@)) hence n > n(1) A [{£(@), fay(@)} C A = £(a) = fur)(@)). The
same holds for (f, ! :n <w), f~! so we are done.]

But still we have to prove that (Aut(A), ) is an indirectly complete metric group.
The only clause left is (c) of Definition 2.1. So assume g, € G,0(gn, gn1+1) < 1/27,
hence by (*)4 + (*)5 the sequence (g, : n < w) converge to some g € G by the
metric and hence pointwise converge to g. Let fn = g5l gony1, easily (f, 1 n < w)
pointwise converge to eq = idy, let f = eq; so it suffices to find a metric 9" such
that (G,?’) is a complete metric group in which (f,, : n < w) converge to f. We
prove this assuming just

X f = (fn:n <w)is an w-sequence of members of G' which pointwise converge

to f € G.
Let B, = B} = {a € A :a € A, and for every m € (n,w) we have f,,(a) =
fn(a) & f1(a) = f;1(a)}. Clearly B = (B}—l :n < w) is an increasing w-sequence
of subsets of A with union (the universe of) A. Recall that ' =: 0, 5 was defined
by
(fog9) = sup{2": f [ Bo# gl Boor f [ Bu#g " | Bu}.
Now by parts (2),(3)

(¥)¢ the group G with 0" is a complete metric group

2E.g. let A be a trivial structure (i.e. with the empty vocabulary so G is the group of
permutations of A) and by, # ¢ € Ap+1\An and an € Ap be pairwise distinct (for n < w). Let
hj exchange an,cn if n < k and is the identity otherwise. Let f interchange an, by if n < w and
is the identity otherwise. Let gj interchange by, cn if n < k and is the identity otherwise. Now
(gr : k < w) is a Cauchi sequence and so has a limit g, but hx = fgrf and (hy : k < w) is not a
Cauchi sequence as 0(hy,, hy, ) = 1 if k1 < ka2 as witnessed by a = ay, .
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and obviously

()7 ' (fn, fm) < Max{27",27"} and o'(fn, f) < 27"
hence

(%)s (fn :n < w) converge to f by 0.

So by (%) + (*)g we are done.
2),3) Left to the reader. P
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§3 COMPACTNESS OF METRIC ALGEBRAS

Note that below if u,, = {t,} = {n} we may write z,, instead of Z,,,n instead t € u,,
and d,, instead of d,,. Also 3.1 - 3.6 works for Polish algebras as well.

3.1 The completeness Lemma. Assume a is a Polish group G = G4 such that

®(a) (up :n <w) is a sequence of pairwise disjoint non-empty finite sets

(D) Ty = (x4 : t € uy)

(¢) on(Znt1) = (Ont(Tns1) L € u_n> is a sequence of group terms, possibly with
parameters (from Gq) so G,(d) = (0,4(d) 1 t € uy) for any d = (ds : s €
un+1>7 ds S G

(d) ¢ = (¢ :n <w) is a sequence of positive reals converging to 0

(e) dnt1 = (dpt1,t 1t € Upt1) with each dyi1: an element of G such that if
dyy1 = (dy g1 0t € ungr) 48 of distance < Guy1 from dpy1, (thatisd, 4 €
Ball(dp41,t,Cnt1) for each t € upqq), then 6,(d;, ) € Ball(dy,(n) which
means: t € Up = Op (oo dyyy oo )scunsy € Ball(dng, Go)

(f) for every n < w and a positive real € there is m > n such that

(x)e if d;n,t € Ball(dm 1, G) for every t € u,, then the distance between
On(on_1(- o yom_1(d,),...),0n(0ns1(. . yom_1(dm))...) is < €.

Then there are dj, , € M for n < w,t € uy, which solves the set of equations

* *
n,t — On+l (dn+1,s>S€un+1

and satisfies

dyy1¢ € Ballg(dniit,Cn)-

3.2 Remark. 1) In “special” versions we have d,, = 7,,(dn+1) (and in [Sh 744] we
have d,, = 0,(d,,+1) but here there is no “the true solution which we perturb”.

2) Condition (e) in Lemma 3.1 says that if in large m we perturb d,, with error
< ¢ and compute down by the &’s we still get a reasonable d,, but not necessarily
a very good one.

k

n

Proof. For every k we shall define (c
the algebra.

1€ up,n <w), asequence of elements of
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First, if n > k let ¢f , = dy, 1. Second, we define ¢k = (¢ , : t € u,) by downward
induction on n < k.

n = k by the first case.
n<kletel =a,(ck ).

By clauses (e) and (f) we have, respectively

(*)1 Cf:z,t € Ball(dn’t,gn).
(x)2 for every positive real ¢ > 0 and n < w, there is m > n such that if k > m
then t € u, = cf , € Ball(c]y,e).

So, for each n and t € u,, the sequence {ck , : k < w) is a Cauchy sequence by (*)z;
hence it converges to some ¢, ; € M. Now

X the sequence (¢, ; : n < w,t € u,) forms a solution: for every n < w and

t € u, the equation cfm =on(... ,cﬁ’ﬂ’s, . )s€uns, is satisfied whenever
n > k hence in the limit ¢, = 0n (..., Cnat,e0 -+ )s€unis- Os ¢

Recall about groups

3.3 Fact: A free group is torsion free and the group is not divisible, in fact, every
element ¢ has at most one n-th root for each n = 1,2,... and has no root for every
large enough n except when c is the unit.

Recall

3.4 Definition. We say N is a retract of the group (or the algebra) M when
N C M and there is a homomorphism form M onto N which is the identity on N.

3.5 Fact: Every countable subgroup of a free group G is contained in a countable
subgroup which is a retract of G.

We now give a criterion to show non-freeness. We could use z instead of x, of

course.
3.6 Claim. 1)
(a) a is a complete metric group, the group is G, and e, € G4

) a

(b) B

(c) = is a set of terms of the form o(x,7y)
) if

(d) if o(z,9) € Z and b € YO B and ¢ € Gy then {x € G4 : ¢ = o(x,b)} is
finite

C G is countable with e, belonging to the closure of B\{e.}
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(€) for every finite A C G4 and ¢ a positive real there are a sequence b from
99 B and term o(z,9) € E such that:

(a) o(es,b) € Ball(e,, ()
(B) o(c,b) ¢ A for every c € G4,.

Then no countable sub-group of G4 containing B is a retract (in the algebraic sense)
of G4. Hence G is not free.
2) We can omit ey, i.e. omit clause (b) and the last phrase of clause (a) and change

clause (e) to

(e)" for any finite A C Gy andreal ¢ >0 and d € G, there is a term o(x,y) € E
and sequence b € 99 B and element d' € G4 such that

(a) oMa(d',b) € Bally(d,()
(B) for no c € Gy do we have 0% (c,b) € A.

3.7 Remark. We can similarly phrase sufficient conditions for “G, is unstable in
No” [for quantifier free formulas, see [Sh 849]].

Proof. 1) Like the proof of part (2) below except that we add to (x):

(1) en = e

Also part (1) can be derived from part (2).
2) We rely on 3.1; without loss of generality |B| = Ny.

Assume toward contradiction that GG is a countable reduct of G, which includes
B, so we can choose h*, a homomorphism from M, onto G which extends idg, .
Let {(a, : n < w) list G. Let u, = {n}. We choose b,, e, and o,(x,¥,) and (, by
induction on n such that

(6)(a) on(z,7n) €E
(B) b, a sequence from B C G C Gy of length £g(7y,)
(v) ¢na posmve real, (py1 < /2

()

(€) o

€n

(en+1, ») € Bally(en, (), moreover if c € Ballg(en41,Cuy1) then o, (c,by,) €
Balla(en, Cn)
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(¢) if kK < n and ¢, € Ballg(ent1,(n+1) and we define the terms o471 ¢()
for /£ < n + 1, with parameters by downward induction on ¢ as follows
Ontin+1(x) = x,0p410(x) = 04(0n+173+1<1’),l_)g) then the 0-distance be-
tween oy,11,k(c) and 0,41 () is < G-

Let us carry the induction, in stage n we choose e, (, and 0, _1(z, Bn_l) if n > 0.

Case 1: n = 0.
This is straightforward.

Case 2: n=Fk+ 1.
Let D be the set of ¢ = (¢, : m < k) which satisfies

Xp(i) m <k = ¢ = om(Cmt1, B (b))

(ZZ) Co = Q.

We can prove by induction on m < k that {c,, : ¢ € D} is finite, and let A =
{ci : ¢ € D}. By clause (e)’ of the assumptions (see 3.6(2)) applied with (A, (, ex)
here standing for (A, (,d) there, there are r < w,0 = o(x,y0,...,yr—1) € = and
be(Gy) and d as there. We let by = b,0x = 0,9k = (Yo, -+, Yr—1),n = d'.

Lastly, we should choose ¢, € RT. There are several demands but each holds
for every small enough ¢ > 0, more exactly one for clause (¢) and for each m < n,
one for clause (().

Having carried the induction, clearly 3.1 apply hence there is a solution (d} : n <
w), that is Gq |= d, = o (d}, 11, bm) for m < w. But h* is a homomorphism from
G, into G so (h*(d¥) : n < w) satisfies all the equations in X, and h*(b,) = b, as
by, is a sequence from B C G and h* | G = idg; hence (recalling clause (e)’) by our
choice in stage n = k + 1, h*(dj) # ax. As this holds for every k and {ay : k < w}
list the elements of G, we are done. s 6

3.8 Remark. 1) If we phrase algebraic compactness, it is preserved by taking reducts.
2) In a reasonable variant we can replace “B countable” by ||B|| < cov(meagre);
we hope to return to this elsewhere.

3) We can change the demand on =: at most one solution in clause (e), A a singleton
in clause (f). This suffices for groups.
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§4 CONCLUSIONS

4.1 Conclusion 1) If (G, ) is a complete metric group of density < |G|, then:

(a) G is not free,

(b) if G is Ny-free (see 4.2) then for some countable A C G, there is no countable
reduct H of G including A, recalling 3.4.

2) Tt suffices that G is an indirectly complete metric group and as a metric space
it is of density < |G|.

3) Instead “density” < |G|” it is enough to assume that the topology induces by
the metric is not discrete.

Recall (see [EM02])

4.2 Definition. A group G is A-free when every subgroup of G generated by < A
elements is a gree group.

Proof. 1), 2) Clause (a) follows from clause (b) by Fact 3.5. Let p = density(G)
and y; € G be pairwise distinct for ¢ < p. Without loss of generality v; ¢ ({y; :
Jj < i})g. So for some increasing sequence (i,, : n < w) the sequence (y; :n < w)
is a Cauchi sequence.

For part (1), by completeness it converges say to y*, the convergence is for 0.
Now (b, : n < w) =t ((¥*) Wiy, : n < w) converges to e, the members are
pairwise distinct so without loss of generality # eq.

However for part (2) we know that some (G, '), i.e. equal to (G,0) as a group but
with a different metric; is a complete metric group with an w-sequence (b, : n < w)
of members of G\{eg} converging to eg. Let ' = 0.

Let =2 = {2y : m < w} and B = {b, : n < w} and e, = eg. Now we shall
apply 3.6(1). In the assumptions, clauses (a)-(c) are obvious. As for clause (d) we
are using: equations of the form z™a’ = @’ has at most one solution in G, see 3.3.
We are left with clause (e), so we are given a real ¢ > 0 and a finite set A C G.
We can choose b € ((B\A)\{eg}) of distance < ( from eg. Let o(x,y) = "y
and b = (b) where n < w is the minimal n > 1 such that [a € A = ab~! has no
n-th root]. This is possible, see Fact 3.3. So first o(eg,b) = b € Bally/(eg, () as
required in subclause («) of clause (e). Second, if a € A then ab~! has no n-th
root s0 ¢ € G = " # ab™! = c"b # a which means that ¢ € G = o(c,b) ¢ A as
required in subclause () of clause (e) so by 3.6(1) we are done.

3) Choose (y, : n < w) converging to some y* such that (y, : n < w) " (y*) is with
no repetitions, possible on (G,0) is not discrete. Now continue as above. Cgn
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In particular
4.3 Conclusion: There is no free uncountable Polish group.

4.4 Conclusion: 1) Assume A is a countable structure. Then Aut(A), the group
of automorphisms of A, is not a free uncountable group, in fact it satisfies the
conclusions of 4.1.

2) Assume A is a structure of cardinality A and A = p = 3, or more generally
A=3{\, :n <wh2r < 2t = ${2M 1 n < w} < 2*. Then Aut(A) cannot
be free of cardinality > pu, in fact, it satisfies the conclusions of 4.1.

Proof. 1) By 1.6, Aut(A) is a Polish group and apply 4.3. B
2) Without loss of generality the universe of A is A, using A = (A, : n < w)
we know by 2.3(1) that (Aut(A),0, z) is an indirectly complete metric group and

apply 4.1(2). Og 4
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§5 QUITE FREE BUT NOT FREE ABELIAN GROUPS

If uncountable Polish groups are not free, we may look at wider classes: F,,
Borel analytic, projective, L[R].

5.1 Question: 1) Is the freeness of a reasonably definable abelian group absolute?
2) For which cardinals A does A-freeness imply freeness (or A -freeness) for nicely
definable abelian groups, in particular for A = 8,7

3) Similarly for other varieties (or any case when “free” is definable, say for any
universal Horn theory).

This is connected also to [Sh 402] whose original aim was a question of Marker
“are there non-free Whitehead Borel Abelian groups”. But already in [Sh 402] it
seems to me the basic question is to clarify freeness in such groups; that is, question
5.1 above.

Blass asked about definable subgroups of Z“ (see question 5.10): by [Sh 402] and
the construction here we quite resolve this.

Recall that [Sh 402] analyze R;-free abelian groups which are ¥} or so. A natural
dividing line was suggested; the complicated half was proved to be not Whitehead,
and at least for me is an analog to not Ry-stable. The low half is No-free. So under
CH we were done, but what if 2% > X;? Are they also free? This was left open by
[Sh 402].

We shed some light by giving an example (an F, one) showing that the non-CH
case in [Sh 402] is a real problem. This resolves the original problem:

B (a) it is consistent that there are non-free Borel Whitehead groups

(b) it is consitent that there are no non-free Borel Whitehead groups.

[Why? Clause (a) is derived in 5.13 whereas by [Sh 402] we have clause (b), in fact
derive it from CH.]

But what about the further question, e.g. 5.1(2)7 The examples seem to indicate
(at least to me) that the picture in [Sh 87al, [Sh 87b] is the right one here, connecting
theories of ) € Ly, ,, with X}-models. Also related are [EM2], [MkSh 366] on almost
freeness for varieties, and see [EM02] on abelian groups. In particular we conjecture
“every N,-free Borel group is free”.

We shall use freely the well known theorem saying

X a subgroup of a free abelian group is a free abelian group.



Paper Sh:771, version 2012-05-25_10. See https://shelah.logic.at/papers/771/ for possible updates.

POLISH ALGEBRAS, SHY FROM FREEDOM SH771 19

5.2 Definition. For k(x) < w we define an abelian group G' = G, it is generated
by {Zmm, :m < k(x) and v € “Z2and 7 = (e : £ < k(x),{ # m) where n, €
“2} U{ysn :n < wand n = (ne : £ < k(%)) where n, € “2} freely except the
equations:

&ﬁ,n (n!)yﬁ,nJrl = YqsnTt
YAxm o m < k(x) and 7, =7 [ {m' < k(x) :m' # m} and

V=" [ n}.

(Note that if my < mg < k(x) then 7,,, # 7m, having different index sets).

Explanation. A canonical example of a non-free group is (Q, +). Other examples are
related to it after we divide by something. The y’s here play that role of providing
(hidden) copies of Q. What about 2’s? For each 7 € **)¥1(«2) we use m < k(x)
to give (ysn @ n < w),k(x) + 1 “chances”, “opportunities” to avoid having (Q, +)
as a quotient, one for each cardinal < Wy (,). More specifically, if H C G is the
subgroup which is generated by X = {2, 5., : m # m(x) and 7 is a function from
{€ < k(x):€#m} to“2and v € “”2}, still in G/H the {y5, : n < w} does not

generate a copy of Q, as witnessed by {xm(*),ﬁm<*>,nm(*> in i1 < W}

5.3 Claim. The abelian group Gy ) is a Borel group, even an Fy-one, that is the
set of elements and the graphs of + and the function x — —zx (i.e. {(x,y,2) :
Gr) F “z+y = 2"} hence also {(x, —x) : © € Gy(x)}) are Fy-sets; hence Borel.

Proof. Let cd be a one-to-one function from the set of finite sequences of natural
numbers onto the set of natural numbers and we define:

O1 (a)  cd(@m,g,0) = (cd({m,cd(v), ..., (i), ... )e<i(x) bm : 1 < w) SO it
€ “w and let 2y = {cd(2y 5,,) : (n,7,v) as in Definition 5.2}
(b)  cd(ypm) = (cd(n,...,ne(i) ... )o<p(x) : @ <w) and
21 = {cd(ys,n) : (7,n) as in Definition 5.2}
(¢c) for a sequence a = (a; : £ < n) of integers let
abs(a) = (|a¢| : £ < n) and sign(a) = (sign(ay):
¢ < n), where sign(ay) is 0,1,2 if ay is negative, zero,
positive respectively.

Clearly Zy, 21 are disjoint. We say v represents x € Gy, as witnessed by
((zg,ap,m) : £ < n) when:
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© (a) GlEx=> am,

<n

(b) 2z € {xn5 1 (n,7,v) as in Definition 5.2} U {yz m/ : (7, m’) as

in Definition 5.2}
(¢) (z¢:{ < n) is without repetitions
(d) (cd(z¢) | m: € < n) are pairwise distinct
(e) if ((zp,ap,m') : € < n') satisfies clauses (a)-(d), then m < m/
(f) ifn=0thenm=0
(9) cd(20) <tex €d(z1) <iex ... where <oy is the lexicographic order

on “w

(h) v = {cd((n)" sign(a)” abs(a)"(cd(z¢)(i) : £ < m)) : i < w) where

a = (ag : £ < n), of course.

Now for n < w,a = {ay: £ < n) € "(Z\{0}),i <w and g = (0 : £ < n) € "(‘w) is
<lex-increasing hence without repetitions (and if n = 0 we let i = 0) we let

Za,g = {v v represent some x € Gy, as witnessed by

((ze,ap,1) : £ <n) and cd(zg) [ i = g for £ < n}.

Let % be the set of such pairs (a, o)

(¥)1 (Za;: (a,0) € %) is a sequence of pairwise disjoint closed subsets of “w

()2 every member of G is represented by one and only one member of Z :=
U{Zﬁ,,é . (&, @) S @}

[Why? For any i < n clearly {z, 5, : (m,7,v) as in Definition 5.2} U {yz,; : 7 €
F()+1(w2)) generates freely a subgroup G;(*)’i of G(x)-

Why? E.g. let G* be a vector space over the field Q with basis {z7, - , : (m,7,v)
as in Definition 5.2} U {ys , : 7 € F()+1(«2)}. We define a mapping h into G* from
the set of generators {x,, 5, : (m,7,v) as in Definition 5.2} U {y; ; : € #(*)+1(«2)
and j < w} as follows:

(@) W(Emnu) =55,

() h(yn,i) =v5

(¢) we choose h(ys, ;) for j € (i,w) by induction on j such that h maps X ;4
to an equation satisfied in G*

(d) we choose h(ys ;) for j € [0,7) by downward induction on j such that h
maps Xy ;11 to an equation satisfied in G*.
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So as h maps the set of generators of Gj,) into G* preserving the equations in 5.2
we can extend h to a homomorphism from Gy, into G*.
Now the set which generates G;f(*) ; is mapped in a one-to-one way, onto a basis

freely, as stated above.

52

of G*, hence it generates G;C(*)
Inspecting 5.2 clearly the quotient G,/ G;ﬂ(*) ; is torsion. The rest should be
clear, t0o0.]

(x)3 # = {(v1,v2,13) : vp represent xp € Gy for £ = 1,2,3 and Gy,
“r1 4+ x9 = x3” } is the graph of a three-place function

(x)4 for any (ag, 0¢) € % for ¢ =1,2,3 the set {(v1,v2,v3) € U vy € Z5, 5, for
¢=1,2,3} is a closed set.

Clearly we are done. Us.3

As a warm up we note:

5.4 Claim. Gy, is an Ny-free abelian group.

Proof. Let U C “2 be countable (and infinite) and define G}, like G restricting
ourselves to ny € U; by the Lowenheim-Skolem-Tarski argument it suffices to prove
that Gy, is a free abelian group. List k)1 without repetitions as (7, : t < w),
and by induction on ¢t < w choose s; < w such that [r <t & 7, [ k(x) =7 |

k(¥) = 0 = {nepy TL: L€ [s,w)} N {Npogey [£: L € [5r,w)}].

Let
Vi = {Zmp0 i m < k(x),7 € POFNMMIY and v € @>2}
Yy = {a:m,ﬁv,, :m = k(x),7 € *U and for no t < w do we have
7= 1) & v € iy 1€ < £ <)
Ys ={ym.n:t<wandn € [s,w)}.
Now

(¥)1 Y1 UYs UY3 generates Gy;.

[Why? Let G’ be the subgroup of G}, which Y7 UY5 U Y35 generates. First we prove
by induction on n < w that for 7 € *®U and v € "2 we have Thy,e € G IE
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Tp(x),n,» € Yo this is clear; otherwise, by the definition of Y for some ¢ < w and
t < w such that £ > s; we have = 7y [ k(*),v = 0y ) [ £
Now

(a’) yﬁt,é+17 yﬁt,é are in Y3 g G/.

Hence by the equation Xy, in Definition 5.2, clearly z(.) 5, € G'. So as Y1 C
G’ C G, all the generators of the form x,, 5, with each ny € U are in G'. Also we
have

(b) Ty, 7, 1{i<k(x),izm},» Delong to Y1 C G if m < k(x).

Now for each ¢ < w we prove that all the generators yz, », are in G'. If n > s;
then clearly yz, » € Y3 C G'. So it suffices to prove this for n < s; by downward
induction on n; for n = s; by an earlier sentence, for n < s; by X ,. The other
generators are in this subgroup so we are done.]

(¥)2 Y1 UYs UY3 generates Gy, freely.

[Why? Translate the equations.
Alternatively, let Z = (2, : o < a(x)) list the set {z, 7, : (m,7,v) as in
Definition 5.2 but 77 € ¥ 10U} U {y;,, : 7 € U and n < w} which generates
y and Zz lists it without repetitions such that for some increasing continuous

sequence (; : 1 < w + w) we have ag = 0, a4 = a(*) and

(a) {za:a<a}=Y1UYoUY3

(0) {za @ € [014n, 14ny1)} = {Tk),ip € Gy & Ths) 5,0 & Yo and Lg(v) = n}

(€) {za € [wpr, twirs1)} = {Unn it <w,n < s and r = s; — n}.

Now the proof above shows that:
® there is a one-to-one function from the set Z of equations defining G, onto

[, auy1w) such that:
if the equation ¢ is mapped to the ordinal a then: if zg appears in the
equation then 8 < a and z, appears in the equation and its coefficient is 1

or —1.

This clearly suffices.] Us.4

Now systematically
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5.5 Definition. 1) For U C “2 let Gy be the subgroup of G generated by

Y = {ygm : 7 € *OFL(U) and n < wU{Zpm 5., : m < k() and 7 € KGFDMmE (7))
and v € “>2}. Let G{; be the divisible hull of Gy and G* = GZZ2).
2) For U C “2 and finite u C “2 let Gy, be the subgroup® of G generated by
U{Guu\{ny) : 1 € u}; and for 7 € OFIZT et Gu,5 be the subgroup of G
generated by U{Guun, :k<tg(n) and k) * £ < £g(7)}.

3) For U C “2 let Zy = {the equation X ,, : 7 € *™+U and n < w}. Let

Evu = U{Zuu\(s)) : B € u}.

5.6 Claim. 0) If Uy C Uy C 2 then Gf;, € G, C G*.

1) For any n(x) < w, the abelian group G, (which is a vector space over Q), has the
basis Y = Y 1 71 € FOTHO) Y U {@m g, - m < k(x), 7 € ROTDmI ()
and v € Y72},

2) For U C “2 the abelian group Gy is generated by Yy freely (as an abelian group)
except the set Zy of equations.

8) If Up, € “2 form < m(x) then the subgroup Gy, +...+Gu,,,,_, of G is generated
by Yy, UYy, U...UYy, ,,_, freely (as an abelian group) except the equations in
v, UEy, U... U Eym(*)_l. Also Gy, + ... + Gym(*)_1 1s a direct summand of G
when

® if N0,y Me(x) € U{Um : m < m(x)} such that

(Ve < k() (Fm <m(){n0, -+ M) 1\ e} € Un)
then for some m < m(x) we have {no,..., M)} € Un.

4) If Uy = U\U, for £ < m(x) < k(x) and (U, : £ < m(x)) are pairwise disjoint then
® holds.

5) Guu € Guuw if U C“2 and u C “2\U; moreover Gy, Cpr Guuw Cpr G-

6) If (Uy : o < a(x)) is C-increasing continuous then also (Gy, : o < a(x)) is
C-increasing continuous.

7) If Uy CU; CU C¥2 and u € “2\U is finite, |u| < k(x) and Us\Ur = {n} and
v=uU{n} then (Guu + Gu,uu)/(Guu + Gu,uu) s isomorphic to Gy,uv/Gu, v -
8) If U C “2 and uw C “2\U has < k(x) members then (Gu, + Gu)/Gu is
isomorphic to Gy, /Gp..,.

Proof. 0) Obvious.
1) See the proof of (x)y inside the proof of 5.3.
2),3),4) Follows.

3note that if uw = {n} then Gy =Gy
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5) Note that without loss of generality |u| > 2. First, Gy, C Gyu,, follows by the
definition. Second, we deal with proving Gy, Cpr Guuw. So let |u| = m(*)+1 and
(ne : £ < m(x)) list u, necessarily with no repetitions and let Uy = U U (u\{n¢}) (so
Guu = Gy, +...+ Gu,,,,) and assume z € Gyuy,a € Z\{0} and az belongs to
Gu,+...+Gu,,., so it has the form X{b;zm, 5,0, 1 1 <i(x)}+3{c;yp,n, 17 < J(x)}
with b;, ¢; € Z and 7;, p; are (finite) sequences of members of Uy(;), Uy ;) respectively
and are as required in Definition 5.2 where £(7), k(j) < m(x).

Now similarly as z € Guuu, we can find 2 = X{bjwp: g0 0 1 < i'(x)} +
S{cSypn, 17 <J' (%)}

By the equations in Definition 5.2 without loss of generality for some n(x) we
have: j < j(*) = n; = n(x) and j < j'(*) = n’; = n(x). Also without loss of generality each
of the sequences ((m;,7;,v;) @1 < z(*)> < 1 j < j(x)) is with no repetitions,

(

and also in ((m},n;,v;) : i < i'(x)),(p; < j'(x)) there is no repetition (for
5y < 300} and (723 < /() we s my = m{e). 1t = (=)
Together

® Z{biTm, g0 10 < ()} + B{cjypme 1 I < I} = Blabzn g, 11 <
i’ (%)} + E{ac}yﬁ;,n(*) i< § ()}

Now this equation holds in Gy, hence is G and even in G*. By part (1) and the
“no repetitions” after possible permuting we get i(x) = i’ (x), j(x) = j'(*), (m;, 7;,v;) =
(mg, 0, v;), bi = abj for i < i(x),p; = p; for j < j(x),c; = acj for j < j(x). But
this proves that {Imi,m,vz' 1< i’(*)}U{yﬁg_,n(*) :j <j' (%)} € Gy, hence z € Gy,
as required.

Third, the proof of Gyu, Cpr G is similar.

6) Easy.
7) Clearly Uy Uv = Uy Uu hence Gy,uu € Gu,us = Gu,uw hence Gy + Guyuy is
a subgroup of Gy ., + Gu,uu, so the first quotient makes sense.

Hence by an isomorphism theorem (Gu »+Gu,uw)/(Gu.w+Gu,uw) is isomorphic
to Gu,uu/(Gu,uu N (GU,u + GUl,u>)~ Now Gy,.» € Gu,uv = Gu,uw and Gy, v =
E{Gylu(v\{y}) cvEwv) = E{GUlu(’U\{lI}) c v Eub+ GUIU(U\{,?}) C Gun + Guyuu-
Together Gy, , is included in their intersection, i.e. Gy,uuN(Guw+Gu,uu) include
Gy, .» and using part (1) both has the same divisible hull inside G™. But Gy, ,, is a
pure subgroup of G by part (5) hence of Gy, u,. Hence necessarily Gu,u, N (Gu . +
Gu,uu) = Gu, v, 50 as Gu,uu = Gu,uy We are done.

8) The proof is similar to the proof of part (7). Note that Gy, C Gy + Gy, hence
the first quotient makes sense. So by an isomorphism theorem (Gy ., + Gu)/Gu
is isomorphic to G, /(G N Gy). Now Gy, NGy, includes Gy ,, and using part (1)
both has the same divisible hull inside G*. But Gy, is a pure subgroup of G,, by
part (5). So necessarily Gy, NGy = Gy y, 50 G/ (Guu N Gy) = Gu/Gy 4, SO We
are done. Os.6
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Discussion: For the reader’s convenience we write what the group Gy, is for the
case k(x) = 0. So, omitting constant indexes and replacing sequences of length one
by the unique entry we get that it is generated by y,, , (for n € “2,n < w) and z,, (for
v € “>2) freely as an abelian group except the equations (n!)yy n+1 = Yn,n + Tyin-
Note that if K is the countable subgroup generated by {z, : v € “~2} then G/K
is a divisible group of cardinality continuum hence G is not free. So G is N;-free
but not free.

Now we have the main proof

5.7 Main Claim. 1) The abelian group Guuu/Gu, is free if U C “2,u C “2\U
and 1 < |u| <k < k(x) and |U| < Ry)_p-
2) If U C“2 and |U| < Ry, then Gy is free.

Proof. 1) We prove this by induction on |U|; without loss of generality |u| = k as
also k' = |ul satisfies the requirements.

Case 1: U is countable.

So let {v; : £ < k} list u be with no repetitions, now if k£ = 0, i.e. u = () then
Guuu = Gu = Gy, so the conclusion is trivial. Hence we assume u # (), and let
ue = u\{v;} for £ < k.

Let (7 : t < t* < w) list with no repetitions the set Ay, := {7 € T (U Uw):
for no £ < k does 77 € **)+1(U Uuy)}. Now comes a crucial point: let t < t*, for
each ¢ < k for some 7, < k(*) we have 7, ., , = v; by the definition of Ay, so
H{ree: € <k} =k < k(x)+1 hence for some m; < k(x) we have £ < k = 1y, # my
so for each ¢ < k the sequence 7; [ (k(x) + 1\{m:}) is not from {(ps : s < k(*) and
s#my) : ps € (UUuy) for every s < k(x) such that s # my}.

For each t < t* we define S(t) = {m < k(%) : {mrs : s < k(x) & s # m}
is included in U U wuy for no ¢ < k}. So my € S(t) C {0,...,k(x)} and m €
St) =m [ {j < k(x):j#m} & (UUuy) for every £ < k. For m < k(x) let
Mo =Tt [ {J < k(x) 1 j # m} and 7 := 7; ,,,,- Now we can choose s; < w by
induction on ¢ such that

(x) if t1 <t,m < k(x) and 7, ,,, = 7} ,,,, then
Neom | 8t & Ny [ £ € <wh
Let Y* = {mm,ﬁ,u € GUUu  Tm,q,v §é GUUUg for ¢ < k} U {yﬁ,n c GUUu D Ynn ¢

Gy, for ¢ < k}.
Let

Y1 ={zm5, € Y": for not <t* do we have m =m; & 7 =mn;}.
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Yo ={xmn5., €Y 12 5., ¢ Y1 but for no
t<t*dowehavem=my & =1, &

Neome | St V<N, }

Ys ={yin : Ysn € Y and n € [s;,w) for the ¢ < ¢* such that 7=}

Now the desired conclusion follows from

(*)1 {y +Gun:y € Y1 UY2 UY3} generates Guuu/Gu
(¥)2 {y +Gu 1y € Y1 UY2 UY3} generates Guuu/Gu,. freely.

Proof of (x)1. It suffices to check that all the generators of Gy, belong to G, =:
(Y1UY,UYsUGuu)a-

First consider x = x,, 5, where 5 € *)FM™H U Uw), m < k() and v € ™2 for
some n < w. If z ¢ Y* then x € Gy, for some ¢ < k but Gyuu, € Guu € G,
so we are done, hence assume z € Y*. If x € Y7 UY5 U Y3 we are done so assume
¢ YUY, UY;. Asx ¢ Y for some t < t* we have m = m; & 71 =mn,. As
x ¢ Yo, clearly for some ¢ as above we have 0, | st < v <anm, let n = Lg(v)
so sy < n. Hence by Definition 5.2 the equation Xy, ,, from Definition 5.2 holds,
NOW Y, n, Yii,.nt1 € Y3 C Gp,- So in order to deduce from the equation that
T = Tmiv = Ty, ii) me.m, In DElONGS tO Gy 1t suffices to show that T meslin €

vuw for each j < k(x),j # mq. But each such x5 ., 1, belong to Gy, as it
belongs to Y; U Ys.
[Why? Otherwise necessarily for some 7 < t* we have j = m,,n; ; = 7., and
Nrom,. | Sr I Nej [ M <ANpm, S0 1 > s, and as said above n > s,. Clearly r # t as
My = j # M¢, NOW as ﬁé,m,, = ﬁ;ﬂ,m,q and 7y # 7 (as t # r) clearly Ntm,. 7 Mrym,-
Also —(r < t) by (x) above applied with r,¢ here standing for ¢;,¢ there as 1, ,,. |
Sp <Mty | M <ANpm,. Lastly for if ¢ < r, again (%) applied with ¢, here standing
for tq,t there as n > my gives contradiction.|
So indeed z € G,

Second consider y = y5 n, € Guuy, if y ¢ Y* then y € Gy, € G ,,, 50 assume
y € Y*. If y € Y3 we are done, so assume y ¢ Y3, so for some t,7 = 7; and
n < s¢. We prove by downward induction on s < s; that y; s € Gy, this clearly
suffices. For s = s; we have yz, € Y3 C Gy ,; and if y; 41 € Gy, use the
equation Xy, ¢ from 5.2, in the equation y; 41 € Gy, and the x’s appearing in

the equation belong to G, ,, by the earlier part of the proof (of (x);) so necessarily

Yr,s € Gy, 50 we are done.
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Proof of (x)2. We rewrite the equations in the new variables recalling that Gy,
is generated by the relevant variables freely except the equations of X, from
Definition 5.2. That is, let (z, : @ < a(x*)) list Y* without repetitions such that for
some <-increasing continuous sequence («; : ¢ < w + w) of ordinals we have:

(a) ap =0, apiw = al*)
D) {za:a<a}=Y1UYoUY3

(€) {za @ € [14n,014n41)} = {Zmap €Y Zmpp ¢ Y1 UYs and v is of
lenth n}}

(d) {20 @ € [0wsn, @wiri1)} ={Ysn €Y 1 ysn ¢ Yz and r = sy — n}.
Clearly

® there is a one-to-one function from the set Zyy.\ U {ZEpuw (v} : ¥ € u} into
[, 1) such that:
if the equation ¢ is mapped to the ordinal a then if z3 appears in the
equation then § < « and z, appears in the equation with coefficient one or
minus one.

This clearly suffices.

Case 2: U is uncountable.

As Ry < |U| < Ry(4)—p, necessarily k < k(x).

Let U = {po : @ < pu} where p = |U|, list U with no repetitions. Now for each
a<|U|let Uy :={pp: B <al,us =uU{ps}. Now

®1 ((Guu + Gu,uw)/Guw = o < |U|) is an increasing continuous sequence of
subgroups of G/Gy
[Why? By 5.6(6).]

®2 Guu+ Guyuu/Gu is free.
[Why? This is (Gu.u + Gouw)/Guu = (Gu.u + Gu) /G which by 5.6(8) is
isomorphic to G, /Gp ., which is free by Case 1.]

Hence it suffices to prove that for each o < |U| the group (Gy,u +Gu, ,uu)/(Guu+
Gu,uu) is free. But easily

®g this group is isomorphic to Gu,uu, /Gu,, u., -
[(Why? By 5.6(7) with Uy, Uqs+1,U, pa,u here standing for Uy, Us, U, n,u
there.]

®4 GUaUua /GUouua is free.
[Why? By the induction hypothesis, as g + |Uas| < |U| < Ry(4)—(k41) and
el = b+ 1 < k(+).
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2) If k(*x) = 0 just use 5.4, so assume k(x) > 1. Now the proof is similar to (but
easier than) the proof of case (2) inside the proof of part (1) above.
Us.7

5.8 Claim. IfU C “2 and |U| > Ny(4)4+1 then Gy is not free.

Proof. Assume toward contradiction that Gy is free and let x be large enough; for
notational simplicity assume |U| = Ny ,)41. O.K. as a subgroup of a free abelian
group is a free abelian group. We choose Ny by downward induction on ¢ < k()
such that

(a) Ngis an elementary submodel* of (#(x), €, <%)
(b) ||Ng|| = |NgﬂNk(*)|:Ng and Ny, +1 C Ny
(C) Gy € Ny and Ng+1,...,Nk(*) € Ny.

Let Gy = Gy N Ny, a subgroup of Gy. Now

(%)o Gu/(X{Gy: € < Ek(x)}) is a free (abelian) group.
[Easy. Let Z C Gy be the set of free generators. Without loss of generality
Z € Ny. Then Z, = Z N Ny is the set of free generators of Gy N Ny = Gy.

U Zy is the set of free generators of XGy. So Gy /XGy is free.]
¢

k(%)
(¥)1 letting U} be U for £ = k(*) + 1 and ﬂ (N, NU) for £ < k(x); we have:
m={
U} has cardinality R, for £ < k(x) + 1
[Why? By downward induction on ¢. For ¢ = k(%) + 1 this holds by an
assumption. For ¢ = k(x) this holds by clause (b). For ¢ < k(x) this holds
k()
by the choice of N, as the set ﬂ (N, N U) has cardinality Rp4q > Ny
m={+1
and belong to N, and clause (b) above.]

(¥)2 U? =: U} 1\(NeNU) has cardinality R4 for £ < k()
[(Why? As [Ugy | = Rep1 >R = [[Ne|| = [N, N U]

47 (x) is {z: the transitive closure of = has cardinality < x} and <} is a well ordering of
A (x)
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£—1
(x)s for m < € < k(x) the set U3 , =: U N (7] N, has cardinality X,
r=m

[Why? By downward induction on m. For m = ¢ — 1 as U? € N,, and
|UZ| = Ny11 and clause (b). For m < ¢ similarly.]

Now for ¢ = 0 choose nj € U?, possible by (x)2 above. Then for ¢ > 0,¢ < k(x)
choose n; € Ué”’é. This is possible by (x)3. So clearly

(¥)a n; €U and n; € Ny, NU < £ m for £,m < k(x).
[Why? If £ = 0, then by its choice, nj € UZ, hence by the definition of U} in
()2 we have n; ¢ Ny, and n; € U, hence nj € Nyp1 N ... N Nyy by (%)1
so (*)4 holds for £ = 0. If £ > 0 then by its choice, 7} € Ug’l but UEI’M C U?

by ()3 so n; € U} hence as before nj € Nyp1 N...N Ni(x) and n; & Ny.
-1

Also by (¥)3 we have n; € m Ny so ()4 really holds.]
r=0

Let n* = (n; : £ < k(%)) and let G’ be the subgroup of Gy generated by {zy, 5. :
m < k() and 7 € PO\ and v € “>2} U {yinn 17 € kGO but 77 # 7* and
n < w}. Easily Gy C G’ recalling Gy = Ny N Gy hence 2{G : ¢ < k(x)} C G', but
Yi=.0 ¢ G’ hence

(¥)s yie0 & 2 AGe L < k(x)}

But for every n

(*)s Zéygi,nﬂ — Yprn = ST g 1)+ 1\ (mD) g in M < K(x)} € X{Ge : £ <
% .
EV\)[h}]I? T, 1 (k) + 1\ {m}) s tn € G as 7% [ (k(x)) + 1\{m}) € Ny, by
*)q.

We can conclude that in Gir/ > {Gy : ¢ < k(x)}, the element yz- o + > {Gy : £ <
k(x)} is not zero (by (*)s) but is divisible by every natural number by (x)g.
This contradicts (x)p so we are done. Us.8

5.9 Conclusion. Gy is a Borel and even F; abelian group which is Ny, ;-free
but if 280 > Ny (+)+1 is not free and even not Ny, o-free.

Proof. Gy is Borel and F;; by 5.3, it is Ny ()1 1-free by 5.7 and if 2%o > Np ()41 1t
is not Ny (4)1o-free by 5.8. Us.9
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Blass asks

5.10 Question: Suppose (a) + (b) below, does it follow that forcing with Q add
reals?

(a) G is a Borel definition of an uncountable abelian subgroup of “Z (the
Specker group) which is not free

(b) the forcing Q satisfies IFg “GV is free”.

Now
5.11 Fact: For any Borel abelian group G: if CH, then the answer to 5.10 is yes. If
not CH then for some Borel, Abelian group the answer is not for Q = Levy(Ry, 2%).

Proof. First, assume CH holds and G is as in (a) of 5.10; (or just defined absolutely
enough such that GV is a subgroup of GV* for any forcing notion Q and is still not
free). Then by [Sh 402] the group GV is non-free in some strong way such that no
forcing not collapsing 2%° to Ry can make it free (that is, for some countable Gy C
GV,GV /Gy contains the direct sum of 2%¢ finite rank non-free abelian groups).
This is a strong yes answer.

Second, assume if 2% > N; we can find such group: for k(x) > 1, our Grsy if
Ny < g1 < 280 see below, provide a strong negative answer. So together this
gives answers to a question of Blass. U511

5.12 Corollary. 1) The group Gy ) is embeddable into “Z, even purely.

2) Hence forcing which does not add bounded subsets to Ny, can make it free (i.e.
Levy(Ry, 2%0) if ¢ < k(*) while if our universe satisfies 2%° > Ny (x) 1t is not free
there).

Proof. 1) For every n < w we define a function f,, from Y to Gy, where Y is the
set of generators of Gy ), i.e.

Y ={ysnt1 m<w,m € k(*Hl(w?)} UA{Zm, 5,0 < K(%),
Tm € {£:£<k(*)L#£m} (wz) and v € w>2}'

First define a function h,,: for n € “Z2, h,(n) is a sequence of length £g(n) and

nl) ifl<n & €<lg(n)

0= 0 S
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For i = (ny : £ € u) € “(*22) we let h,,(7) = (hn(ne) : £ € ).
Lastly, let

In(Wane1) = Yn, (7).n+1

f'n (ajm777]m71/) = xmyhn (ﬁm),hn(y) :

Does f, induce a homomorphism from Gy,,) into Gy ? For this it is enough to
check that for every one of the relations from Definition 5.2, its f,,-image is satisfied
in G, (), but this is obvious as it is mapped to another one of the equations in the
definition of G (,): the equation in Xj ., is mapped to the equation in Xy, (5 m-

So f,, extends to an endomorphism f,, of G(x)- Basily

® if L C Gps) is a finite rank subgroup (so free) then for n large enough
fn I L is one to one.

Now the range of fn is clearly countable hence free, and is infinite; let it be € Zz,, 4.
L<w
Hence for some homomorphisms g, ¢ from Rang(f,,) to Z for ¢ < w we have

z € Rang(fn) =2 =X{gne(2)2ne : L < w}

where g, ¢(2) = 0 for every ¢ large enough

Let fne = gneo f € Hom (G (x),Z). Those homomorphisms give, by renaming
the f,¢’s, an embedding of G, into “Z. Looking at the construction, it is a pure
one.

2) By 5.7. Us.12

5.13 Claim. Assume MA +2%0 > R,.
If k() > 2 and 2% > Ny11 then G = Gy is a non-free Whitehead Borel
(abelian) group.

Recall

5.14 Definition. An abelian group G is called a Whitehead group when: if H is
an abelian group and g is a homomorphism from H onto G with kernal isomorphic
to Z, then the kernel is a direct summand of H (equivalently, g is invertible).
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Proof. By 5.3 we know that Gy, is a Borel group and by 5.8 it is not free. Let
(Na » a < 2%0) list “2 with no repetitions and %, = {3 : 8 < a}.

So (%, : a < 2%0) be C-increasing continuous with union “2 such that %, =
0,|%.| < |al; and let H, := Gg,, see Definition 5.5(1). So (H, : a < 2%0) is a
C-increasing continuous sequence of subgroups of G with union G. For o < 2%0,
letting uo = {a} recalling Definition 5.5 we have G, uu, = Go,., = Hat1 and
Gy, = Gy, = Hy, hence Hy1/Hy = Gy 0u,, /G, u, and by 5.7(1) the latter
group is No-free so Hyy1/H, is No-free. As MA holds and |H,1/H,| < 2% and
Hu11/H, is No-free we know that it is a Whitehead group.

As H, is C-increasing continuous, Hy = {0} and each H,11/H, is a Whitehead
group, it follows that U{H, : a < 280} is a Whitehead group, which means that G
is as required. Os.13
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