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Abstract. Let κ a regular uncountable cardinal and λ a cardinal > κ, and suppose λ<κ is less than
the covering number for category cov(MMMMMMMκ,κ). Then (a) I+κ,λ

κ−→(I+κ,λ, ω + 1)2, (b) I+κ,λ
κ−→[I+κ,λ]2κ+ if κ is a

limit cardinal, and (c) I+κ,λ
κ−→(I+κ,λ)2 if κ is weakly compact.

0. Introduction

Let κ be a weakly compact cardinal. Then κ−→(κ)2 and more generally for any cardinal λ ≥ κ,

{Pκ(λ)} κ−→(I+κ,λ)2 ([M4]), which means that for any F : κ × Pκ(λ)−→2, there is A ⊆ Pκ(λ) such that A

does not belong to Iκ,λ (the ideal of noncofinal subsets of Pκ(λ)) and F is constant on

{(∪(a ∩ κ), b) : a, b ∈ A and ∪ (a ∩ κ) < ∪(b ∩ κ)}.

Now if J is the ideal of noncofinal subsets of κ, then J+−→(J+)2 since (A,<) is isomorphic to (κ,<) for

any A ∈ J+. So it is natural to ask whether I+κ,λ
κ−→(I+κ,λ)2 for every λ > κ. It turns out that the answer is

negative. This is not surprising since it is well-known that some members of I+κ,λ may be quite different from
Pκ(λ). To give an example , if the GCH holds and λ is the successor of a cardinal of cofinality < κ, then

cof(Iκ,λ | A) < cof(Iκ,λ) for some A ∈ I+κ,λ ([MPéS2 ]). We prove that I+κ,λ
κ−→(I+κ,λ)2 if and only if λ<κ is

less than cov(MMMMMMMκ,κ) (a generalization of the covering number for category cov(MMMMMMM)).

Let κ be an arbitrary regular uncountable cardinal. Dushnik and Miller [DMi] established that κ−→(κ, ω)2.

This was improved to κ−→(κ, ω + 1)2 by Erdös and Rado [ER]. The Erdös-Rado result generalizes ([M3]) :

for every cardinal λ ≥ κ, {Pκ(λ)} κ−→(I+κ,λ, ω+ 1)2 (i.e. for any F : κ×Pκ(λ)−→2, there is either A ∈ I+κ,λ
such that F is identically 0 on

{(∪(a ∩ κ), b) : a, b ∈ A and ∪ (a ∩ κ) < ∪(b ∩ κ)},

or a0, a1, . . . , aω in Pκ(λ) such that a0 ⊂ a1 ⊂ . . . ⊂ aω,∪(a0 ∩ κ) < ∪(a1 ∩ κ) < . . . < ∪(aω ∩ κ) and F

is identically 1 on {(∪(an ∩ κ), aq) : n < q ≤ ω}). Here we show that I+κ,λ
κ−→(I+κ,λ, ω + 1)2 if λ<κ is less

than cov(MMMMMMMκ,κ). In the other direction we prove that I+κ,λ
κ−→/ (I+κ,λ, 3)2 if λ is greater than or equal to

dκ (or even dκ).

It is a result of [M5] that {Pκ(λ)} κ−→/ [I+κ,λ]2λ for any λ > κ if κ is a successor cardinal such that κ−→/ [κ]2κ.

In contrast to this, we show that I+κ,λ
κ−→[I+κ,λ]2κ+ if κ is a limit cardinal and λ a cardinal > κ with

λ<κ < cov(MMMMMMMκ,κ). It is also shown that I+κ,λ
κ−→/ [I+κ,λ]2λ if λ ≥ dκ.

Throughout the remainder of this paper κκκκκκκ will denote a regular uncountable cardinal and λλλλλλλ
a cardinal > κ.> κ.> κ.> κ.> κ.> κ.> κ.

The paper is organized as follows. Section 1 reviews a number of standard definitions concerning ideals
on κ and Pκ(λ). Sections 2-7 give results about combinatorics on κ that are needed for our study of
Pκ(λ). Sections 2 and 3 review some facts concerning, respectively, the dominating number dκ and the
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covering number for category cov(MMMMMMMκ,κ). Section 4 deals with the problem of determining the value of the
unequality number Uκ in the case where κ is a successor cardinal. In Section 5 we show that if 2<κ = κ
and Uκ < κ+ω, then Uκ = nonnonnonnonnonnonnonκ(weakly selective). Sections 6 and 7 review some material concerning,
respectively, the unbalanced partition relation J+−→(J+, ρ)2 and the square bracket partition relation

J+−→[J+]2ρ.

Sections 8-15 are concerned with combinatorial properties of ideals on Pκ(λ). Section 8 gives two char-
acterizations of dκκ,λ : one as the least cofinality of any κ-complete fine ideal on Pκ(λ) that is not a weak
π-point, and the other as the least cofinality of any κ-complete fine ideal on Pκ(λ) that admits a maxi-
mal almost disjoint family of size κ. In Section 9 we show that any κ-complete fine ideal on Pκ(λ) with
cofinality < cov(MMMMMMMκ,κ) is a weak χ-point. Conversely if κ is inaccessible and Iκ,λ is a weak χ-point,
then cof(Iκ,λ) < cov(MMMMMMMκ,κ). Sections 10-13 deal with unbalanced partition relations. Given an infinite
cardinal θ ≤ κ such that κ → (κ, θ)2, we show that (a) u(κ, λ) · nonnonnonnonnonnonnonκ(J+−→(J+, θ)2) is the least

cofinality of any κ-complete fine ideal H on Pκ(λ) such that H+ κ−→
κ
/ (H+; θ)2, (b) If H is a κ-complete

fine ideal on Pκ(λ) with cof(H) < cov(MMMMMMMκ,κ) (respectively, cof(H) < nonnonnonnonnonnonnonκ(weakly selective)), then

H+−→(H+, θ)2 (respectively, H+ κ−→
κ

(H+, θ)2), and (c) Conversely, if θ = κ and I+κ,λ
κ−→
κ

(H+, θ)2, then

cof(Iκ,λ) < cov(MMMMMMMκ,κ). The last two sections are concerned with square bracket partition relations. We

show that if κ is a limit cardinal, then H+ κ−→[H+]2κ+ (respectively, H+ κ−→
κ

[H+]2κ) for every ideal H

on Pκ(λ) such that cof(H) < cov(MMMMMMMκ,κ) (respectively, cof(H) < nonnonnonnonnonnonnonκ(J+−→[J+]2κ)). In the other

direction, λ ≥ dκ implies that I+κ,λ
κ−→/ [I+κ,λ]2λ (and I+κ,λ

κ−→
κ
/ [I+κ,λ]2κ if κ is a limit cardinal such that

2<κ = κ).

1. Ideals

In this section we review some standard definitions and a few basic facts concerning ideals on κ and Pκ(λ).

Given a cardinal µ and a set A, let Pµ(A) = {a ⊆ A :|a |< µ}.

Given an infinite set S, an ideal on S is a collection K of subsets of S such that (i) {s} ∈ K for every s ∈ S,
(ii) P (A) ⊆ K for every A ∈ K, (iii) A ∪B ∈ K whenever A,B ∈ K, and (iv) S /∈ K.

Given an ideal K on S, let K+ = P (S) − K and K | A = {B ⊆ S : B ∩ A ∈ K} for A ∈ K+. sat(K) is
the least cardinal τ with the property that for every Y ⊆ K+ with |Y |= τ, there exist A,B ∈ Y such that
A 6= B and A ∩B ∈ K+.

cof(K) is the least cardinality of any X ⊆ K such that K =
⋃
A∈X

P (A). K is κ-complete if
⋃
X ∈ K for

every X ∈ Pκ(K). Assuming that K is κ-complete and
⋃
Y ∈ K+ for some Y ⊆ K with |Y |= κ, cof(K) is

the least cardinality of any X ⊆ K such that K =
⋃
{P (∪x) : x ∈ Pκ(X)}.

We adopt the convention that the phrase “ideal on κκκκκκκ” means “ κκκκκκκ-complete ideal on κκκκκκκ”.

Note that the smallest ideal on κ is Pκ(κ).

Given two sets A and B and f ∈ AB, f is regressive if f(a) ∈ a for all a ∈ A.

An ideal J on κ is normal if given A ∈ J+ and a regressive f ∈ Aκ, there is B ∈ J+ ∩ P (A) such that f is
constant on B.

NSκ denotes the nonstationary ideal on κ.

κ is inaccessible if 2µ < κ for every cardinal µ < κ.
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Let [A]2 = {(α, β) ∈ A × A : α < β} for any A ⊆ κ. Given an ordinal α ≥ 2, κ−→(κ, α)2 means that for

every f : [κ]2−→2, there is A ⊆ κ such that either A has order type κ and f is identically 0 on [A]2,

or A has order type α and f is identically 1 on [A]2. The negation of this and other partition relations
is indicated by crossing the arrow. κ−→(κ)2 means that κ−→(κ, κ)2.

κ is weakly compact if κ−→(κ)2.

If κ is weakly compact, then it is inaccessible (see e.g. Proposition 4.4 in [Ka]).

An ideal J on κ is a weak P -point if given A ∈ J+ and f ∈ Aκ with {f−1({α}) : α < κ} ⊆ J, there
is B ∈ J+ ∩ P (A) such that f is < κ-to-one on B. J is a local Q-point if given g ∈ κκ, there is
B ∈ J+ such that g(α) < β for any (α, β) ∈ [B]2. J is a weak Q-point if J | A is a local Q-point for
every A ∈ J+.

It is well-known (see [M1] for a proof) that an ideal J on κ is a weak Q-point if and only if given A ∈ J+

and a < κ-to-one f : A−→κ, there is B ∈ J+ ∩ P (A) such that f is one-to-one on B.

An ideal J on κ is weakly selective if it is both a weak P -point and a weak Q-point.

Given a cardinal ρ with 2 ≤ ρ ≤ κ and an ideal J on κ, J+−→[J+]2ρ means that for every A ∈
J+ and every f : [A]2−→ρ, there is B ∈ J+ ∩ P (A) such that f ′′[B]2 6= ρ. κ−→[κ]2ρ means that

(Pκ(κ))+−→[(Pκ(κ))+]2ρ.

Note that κ−→[κ]22 if and only if κ−→(κ)2.

Let P be a property such that at least one ideal on κ does not satisfy P. Then nonκ(P ) (respectively,
nonκ(P )) denotes the least cardinal τ for which one can find an ideal J on κ such that cof(J) = τ
(respectively, cof(J) = τ) and J does not satisy P.

Notice that λ<κ < nonnonnonnonnonnonnonκ(P ) if and only if λ<κ < nonnonnonnonnonnonnonκ(P ).

Iκ,λ denotes the set of all A ⊆ Pκ(λ) such that A ∩ {b ∈ Pκ(λ) : a ⊆ b} = φ for some a ∈ Pκ(λ). An ideal H
on Pκ(λ) is fine if Iκ,λ ⊆ H.

We adopt the convention that the phrase “ideal on Pκ(λ)Pκ(λ)Pκ(λ)Pκ(λ)Pκ(λ)Pκ(λ)Pκ(λ)” means “ κκκκκκκ-complete fine ideal on
Pκ(λ)Pκ(λ)Pκ(λ)Pκ(λ)Pκ(λ)Pκ(λ)Pκ(λ)”.

Note that Iκ,λ is the smallest ideal on Pκ(λ).

u(κ, λ) denotes the least cardinality of any A ∈ I+κ,λ.

The following facts are well-known (see e.g. [MPéS1]) : (1) u(κ, λ) ≥ λ ; (2) λ<κ = 2<κ · u(κ, λ) ; (3)
u(κ, λ) = cof(Iκ,λ | A) for every A ∈ I+κ,λ ; (4) u(κ, κ+n) = κ+n whenever 0 < n < ω.

K(κ, λ) denotes the set of all cardinals σ ≥ λ with the property that there is T ⊆ Pκ(λ) such that |T |= σ
and |T ∩ P (a) |< κ for every a ∈ Pκ(λ).

It is simple to see that σ ≤ u(κ, λ) for every σ ∈ K(κ, λ). Notice that λ ∈ K(κ, λ). More generally, if τ
is an infinite cardinal ≤ κ such that |Pτ (ν) |< κ for every infinite cardinal ν < κ, then λ<τ ∈ K(κ, λ).
It follows that λ<κ ∈ K(κ, λ) if κ is inaccessible. It can be shown (see Remark 11.4 in [To 2] and Theorem
4.1 in [CFMag]) that λ+ ∈ K(κ, λ) if ∗

κ holds and cf(λ) < κ.

An ideal H on Pκ(λ) is κ-normal if given A ∈ H+ and a regressive f ∈ Aκ, there is B ∈ H+ ∩ P (A) such
that f is constant on B. The smallest κ-normal ideal on Pκ(λ) is denoted by NSκκ,λ.
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2. Domination

In this section we recall some characterizations of the dominating number dκ.

Definition. dκ is the least cardinality of any X ⊆ κκ with the property that for every g ∈ κκ, there is
f ∈ X such that g(α) < f(α) for all α < κ.
dκ is the least cardinality of any X ⊆ κκ with the property that for every g ∈ κκ, there is x ∈ Pκ(X)

such that g(α) <
⋃
f∈x

f(α) for all α < κ.

PROPOSITION 2.1.

(i) ([L1]) dκ = cof(NSκ).

(ii) ([MRoS]) dκ = cof(NSκ).

Definition. Given an ideal J on κ, M≥κJ is the set of all Q ⊆ J+ such that (i) |Q |≥ κ, (ii) A∩B ∈ J
for all A,B ∈ Q with A 6= B, and (iii) for every C ∈ J+, there is A ∈ Q with A ∩ C ∈ J+.

aJ is the least cardinality of any member of M≥κJ if M≥κJ 6= φ, and (2κ)+ otherwise.

THEOREM 2.2. ([Laf], [MP2]) dκ = nonnonnonnonnonnonnonκ(aJ > κ) = nonnonnonnonnonnonnonκ(weak P -point).

PROPOSITION 2.3. dκ ≥ nonnonnonnonnonnonnonκ(aJ > κ) ≥ nonnonnonnonnonnonnonκ(weak P -point).

Proof. The first inequality follows from Proposition 2.1 (ii) since aNSκ = κ ([MP2]). To prove the second
inequality, argue as for Lemma 8.5 below.

QUESTION. Is it consistent that dκ > nonnonnonnonnonnonnonκ(weak P -point) ?

3. Covering for category

Throughout this section ν will denote a fixed regular infinite cardinal.

We will review some basic facts concerning the covering number cov(MMMMMMMν,ν).

Definition. Suppose ρ is a cardinal ≥ ν.
Let Fn(ρ, 2, ν) = ∪{a2 : a ∈ Pν(ρ)}. Fn(ρ, 2, ν) is ordered by : p ≤ q if and only if q ⊆ p.
ρ2 is endowed with the topology obtained by taking as basic open sets φ and Oρs for s ∈ Fn(ρ, 2, ν),
where Oρs = {f ∈ ρ2 : s ⊆ f}.
MMMMMMMν,ρ is the set of all W ⊆ ρ2 such that W ∩ (∩X) = φ for some collection X of dense open subsets of
ρ2 with 0 <|X |≤ ν.
cov(MMMMMMMν,ρ) is the least cardinality of any Y ⊆ MMMMMMMν,ρ such that ρ2 = ∪Y.

PROPOSITION 3.1.

(i) ([L2],[Mil2]) cov(MMMMMMMν,ρ) ≥ ν+ for every cardinal ρ ≥ ν.

(ii) ([L2],[Mil2]) Suppose that ρ and µ are two cardinals such that ν ≤ µ ≤ ρ. Then cov(MMMMMMMν,µ) ≥
cov(MMMMMMMν,ρ).

(iii) ([L2]) Suppose 2<ν > ν. Then cov(MMMMMMMν,ν) = ν+.
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PROPOSITION 3.2. Suppose that ρ is a cardinal > ν and V |= 2<ν = ν. Then setting P =
Fn(ρ, 2, ν) :

(i) ([L2],[Mil2]) V P |= cov(MMMMMMMν,ρ) ≥ ρ.

(ii) ([L2],[Mil2]) If cf(ρ) ≤ ν, then V P |= cov(MMMMMMMν,ν) > ρ.

(iii) Let µ be any regular cardinal > ν. Then (dµ)V
P

= (dµ)V and (dµ)V
P ≤ (dµ)V .

Proof. (iii) : The conclusion easily follows from the following observation : Suppose that σ is a cardinal
> 0 and F ∈ V P is a function from σ×µ to µ. Then by Lemma VII.6.8 of [K], there is H : σ×µ−→Pν+(µ)

such that H ∈ V and F (α, β) ∈ H(α, β) (so F (α, β) ≤ ∪H(α, β)) for every (α, β) ∈ σ × µ.

Remark. It is not known whether it is consistent that cf(cov(MMMMMMMν,ν) ≤ ν.

4. Unequality

Our main concern in this section is with the problem of evaluating the unequality number Uκ when κ is
a successor cardinal.

Definition. Uκ (respectively, U′κ) is the least cardinality of any F ⊆ κκ with the property that for every
g ∈ κκ, there is f ∈ F such that {α ∈ κ : f(α) = g(α)} = φ (respectively |{α ∈ κ : f(α) = g(α)}|< κ).

The following is readily checked.

PROPOSITION 4.1. cov(MMMMMMMκ,κ) ≤ Uκ ≤ dκ.

Remark. It is shown in [MRoS] that if V |= GCH, then there is a κ-complete κ+−cc forcing notion P
such that

V P |= “dκ = κ+ω and cov(MMMMMMMκ,κ) = 2κ = κ+(ω+1)”.

For models where dκ > κ+ see also [CS].

PROPOSITION 4.2. Uκ = U′κ.

Proof. Fix F ⊆ κκ with the property that for every g ∈ κκ, there is f ∈ F such that

|{α ∈ κ : f(α) = g(α)}|< κ.

For f ∈ F and γ, δ < κ, define fγ,δ ∈ κκ by : fγ,δ(α) = f(α) if α ≥ γ, and fγ,δ(α) = δ otherwise. Then for
every g ∈ κκ, there are f ∈ F and γ, δ < κ such that {α ∈ κ : fγ,δ(α) = g(α)} = φ.

The following is due to Landver [L2].

PROPOSITION 4.3. cf(Uκ) > κ.

Proof. Suppose otherwise. Set ν = cf(Uκ) and fix F ⊆ κκ so that |F |= Uκ and for every g ∈ κκ, there
exists f ∈ F with {α ∈ κ : f(α) = g(α)} = φ. Let < Fβ : β < ν > be such that (a) |Fβ |< Uκ for any β, and

(b)
⋃
β<ν

Fβ = F. Select Aβ ⊆ κ for β < ν so that (i) |Aβ |= κ for every β < ν, (ii) Aβ ∩ Aγ = φ whenever

γ < β < ν, and (iii)
⋃
β<ν

Aβ = κ. For each β < ν, there is gβ : Aβ−→κ such that

{α ∈ Aβ : (f � Aβ)(α) = gβ(α)} 6= φ

for every f ∈ Fβ . Set g =
⋃
β<ν

gβ . Then clearly, {α ∈ κ : f(α) = g(α)} 6= φ for all f ∈ F. This is a

contradiction.
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We now turn our attention to the task of computing Uκ. We begin with the case when κ is a successor
cardinal.

THEOREM 4.4. Suppose κ is the successor of a regular infinite cardinal ν. Then

Uκ ≥ min(dκ, cov(MMMMMMMν,κ)).

Proof. Fix F ⊆ κκ with 0 <|F |< min(dκ, cov(MMMMMMMν,κ)). Pick k : κ−→κ− ν so that

|{α < κ : k(α) > f(α)}|= κ

for every f ∈ F. Select a bijection j : κ × ν−→κ and a bijection iα : k(α)−→ν for each α < κ. Given

A ⊆ κ and t ∈ A2, define a partial function t from κ to κ by stipulating that t(α) = γ if and only if
(a) γ < k(α), (b) {j(α, η) : η < iα(γ)} ⊆ t−1({0}), and (c) j(α, iα(γ)) ∈ t−1({1}). For f ∈ F, let Df be
the set of all s ∈ Fn(κ, 2, ν) such that there is α ∈ dom(s) with k(α) > f(α) and s(α) = f(α). Clearly,
each Df is a dense subset of Fn(κ, 2, ν), so we can find g ∈ κ2 with the property that for every f ∈ F,
there is a ∈ Pν(κ) with g � a ∈ Df . Then

{α ∈ dom(g) : g(α) = f(α)} 6= φ

for every f ∈ F.

THEOREM 4.5. Suppose κ is a successor cardinal. Then Uκ ≥ dκ.

Proof. Fix F ⊆ κκ with 0 <|F |< dκ. Set κ = ν+. Pick k : κ−→κ− ν so that

|{α < κ : f(α) < k(α)}|= κ

for every f ∈ F. For α < κ, select a bijection πα : k(α)−→ν. Given f ∈ F, there exists if ∈ ν such

that the set
Af = {α < κ : f(α) < k(α) and πα(f(α)) = if}

has size κ. Define gf ∈ κκ by

gf (β) = least α ∈ Af such that α ≥ β.

It is shown in [MRoS] that dκ is the least cardinality of any X ⊆ κκ with the property that for every

h ∈ κκ, there is x ∈ Pκ(X) such that the set {β < κ : h(β) ≥
⋃
f∈x

f(β)} is nonstationary in κ. Hence

there is h ∈ κκ such that the set

Bx = {β < κ : h(β) ≥
⋃
f∈x

gf (β)}

is stationary in κ for every x ∈ Pκ(F ).

Define J ⊆ P (κ) by : D ∈ J if and only if there is x ∈ Pκ(F ) such that D ∩Bx ∈ NSκ. Then J is an
ideal on κ. Since sat(J) > ν by a result of Ulam (see [Ka], 16.3), there exist pairwise disjoint Di ∈ J+

for i < ν with
⋃
i<ν

Di = κ.

Let C be the set of all infinite limit ordinals δ < κ such that h(ξ) < δ for every ξ < δ. Then C is a
closed unbounded subset of κ. Define t ∈ κκ so that for every η < κ, t(η) < k(η) and cη ∈ Dπη(t(η)),
where cη = ∪(C ∩ η).
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Now fix f ∈ F. Pick ζ ∈ Dif ∩ C ∩B{f} and set η = gf (ζ). Notice that ζ ≤ η by the definition of gf .
Also, η ≤ h(ζ) since ζ ∈ B{f}. Hence cη = ζ by the definition of C and the fact that ζ ∈ C. It now
follows from the definition of t and the fact that ζ ∈ Dif that πη(t(η)) = if . On the other hand, η ∈ Af
since η = gf (ζ), so f(η) < k(η) and πη(f(η)) = if . Thus t(η) = f(η).

Remark. It follows from Proposition 4.1 and Theorem 4.5 that Uκ = dκ if κ is a successor cardinal and
dκ < κ+ω.

THEOREM 4.6. Suppose that κ is a successor cardinal and 2<κ = κ. Then Uκ = dκ.

Proof. By Proposition 4.1 it suffices to prove that Uκ ≥ dκ. Set κ = ν+ and select a one-to-one

j :
⋃
α<κ

[α,α+ν)κ−→κ.

Now fix F ⊆ κκ with 0 <|F |< dκ. Select g ∈ κκ so that for every f ∈ F, there is βf < κ with

j
(
f � [βf , βf + ν)) < g(βf ).

Let C be the set of all γ < κ such that β + ν < γ and g(β) < γ for every β < γ. Then C is a closed
unbounded subset of κ. Let < γδ : δ < κ > be the increasing enumeration of C. For δ < κ, set

Wδ =
{
t ∈

⋃
γδ≤α<γδ+1

[α,α+ν)κ : j(t) < γδ+1

}
.

Then define kδ ∈ [γδ,γδ+1)κ so that for every t ∈ Wδ, there is ζ ∈ dom(t) with kδ(ζ) = t(ζ). Set
k =

⋃
δ<κ kδ.

Given f ∈ F, let δf < κ be such that γδf ≤ βf < γδf+1. Then f � [βf , βf +ν) ∈Wδf . Hence k(ζ) = f(ζ)
for some ζ ∈ [βf , βf + ν).

QUESTION. Is it consistent that κ is a successor cardinal and Uκ < dκ ?

QUESTION. Is it consistent that κ is a successor cardinal such that 2<κ = κ and cov(MMMMMMMκ,κ) < Uκ ?

Let us now consider the case when κ is a limit cardinal. By a result of Bartoszyński [B] and Miller [Mil1],
Uω = cov(MMMMMMMω,ω). Landver [L2] was able to show that this fact generalizes to uncountable inaccessible
cardinals :

THEOREM 4.7. If κ is an inaccessible cardinal, then Uκ = cov(MMMMMMMκ,κ).

QUESTION. Is it consistent that κ is a limit cardinal and cov(MMMMMMMκ,κ) < Uκ ?

5. Weak selectivity

The following is due to Baumgartner, Taylor and Wagon [BauTW].

PROPOSITION 5.1. If κ is a successor cardinal, then every ideal on κ is a weak Q-point.

By Proposition 5.1 and Theorem 2.2 nonnonnonnonnonnonnonκ(weakly selective) = dκ if κ is a successor cardinal. The
remainder of the section is primarily concerned with the value of nonnonnonnonnonnonnonκ(weakly selective) in the case when
κ is a limit cardinal.

Remark. It is easy to see that κ+ ≤ nonnonnonnonnonnonnonκ(weak Q-point) if κ is a limit cardinal.
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Definition. An ideal J on κ is a weak semi-Q-point if given A ∈ J+ and a < κ-to-one function f
from A to κ, there is C ∈ J+ ∩ P (A) such that |C ∩ f−1({α}) |≤|α | for every α ∈ κ.
J is weakly semiselective if J is both a weak semi-Q-point and a weak P -point.
J is weakly rapid if given A ∈ J+ and f ∈ κκ, there is C ∈ J+ ∩P (A) such that o.t.(C ∩ f(α)) ≤ α+ 1
for every α ∈ κ.

Remark. It is simple to see that every weak Q-point ideal on κ is weakly rapid, and every weakly rapid
ideal on κ is a weak semi-Q-point.

Every weak semi-Q-point ideal on ω is weakly rapid ([MP1]). We will show that this does not generalize.

Definition. An ideal J on κ is a semi-Q-point if given a < κ-to-one function f from κ to κ, there
is B ∈ J such that |f−1({α})−B |≤|α | for every α ∈ κ.

PROPOSITION 5.2. Suppose κ is a limit cardinal. Then there exists a semi-Q-point ideal on κ that
is not weakly rapid.

Proof. Let Y be the set of all infinite cardinals < κ. Select h ∈ Y κ so that (a) h(µ) is a regular infinite
cardinal ≤ µ for every µ ∈ Y, and (b) {µ ∈ Y : h(µ) ≥ θ} is stationary in κ for every θ ∈ Y. For
A ⊆ κ and θ ∈ Y, let TAθ be the set of all µ ∈ Y such that h(µ) ≥ θ and |A ∩ [µ, µ+ h(µ)) |= h(µ).
Now let Jh be the set of all A ⊆ κ such that TAθ is a nonstationary subset of κ for some θ ∈ Y. It is
simple to check that Jh is an ideal on κ.

Let us remark in passing that if κ is weakly Mahlo and h is defined by : h(µ) = ω if µ is singular, and
h(µ) = µ otherwise, then a subset A of κ lies in Jh if and only if the set of all µ ∈ Y such that µ is
regular and |A ∩ [µ, µ+ µ) |= µ is nonstationary in κ.

Let us show that Jh is a semi-Q-point. Thus fix a < κ-to-one function f : κ−→κ. Then

C =
{
µ ∈ Y : µ =

⋃
α<µ

f−1({α})
}

is a closed unbounded subset of κ. Set Q =
⋃
µ∈C

[µ, µ+ h(µ)). It is immediate that κ−Q ∈ Jh. Now fix

α ∈ κ such that Q ∩ f−1({α}) 6= φ. Pick ν ∈ C so that

[ν, ν + h(ν)) ∩ f−1({α}) 6= φ.

Clearly, α ≥ ν and ν ∩ f−1({α}) = φ. Let ρ be the least element of C that is > ν. Then α < ρ and
f−1({α}) ⊆ ρ. Thus

Q ∩ f−1({α}) ⊆ [ν, ν + h(ν))

and consequently
|Q ∩ f−1({α}) |≤ h(ν) ≤ ν ≤|α | .

It remains to show that J is not weakly rapid. Fix D ∈ J+
h . Then

S = {µ ∈ TDω :|TDω ∩ µ |= µ}

is a stationary subset of κ. Given µ ∈ S, |D ∩ µ |= µ since

D ∩ [ρ, ρ+ h(ρ)) ⊂ D ∩ µ

for every ρ ∈ µ ∩ TDω , and hence
o.t.(D ∩ (µ+ h(µ)) > µ+ 1.

THEOREM 5.3. Suppose κ is a limit cardinal. Then Uκ ≤ nonnonnonnonnonnonnonκ(weak semi-Q-point).
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Proof. Let J be an ideal on κ with cof(J) < Uκ. Let us show that J is a weak semi-Q-point. Thus fix

A ∈ J+ and a < κ-to-one function f : A−→κ. Select Bβ ∈ J for β < cof(J) so that J =
⋃

β<cof(J)

P (B).

For β < cof(J), define gβ ∈ κκ by :

gβ(α) = least element of (
⋃
γ>α

f−1({γ}))−Bβ .

There is h ∈ κκ such that {α ∈ κ : gβ(α) = h(α)} 6= φ for every β < cof(J). Define C ⊆ ran(h) by : h(α) ∈ C
just in case h(α) ∈

⋃
γ>α

f−1({γ}). Then clearly C ∈ J+ ∩ P (A). Moreover, C ∩ f−1({α}) ⊆ {h(γ) : γ < α}

for every α < κ.

THEOREM 5.4. Suppose that κ is a limit cardinal and 2<κ = κ. Then

nonnonnonnonnonnonnonκ(weakly semiselective) ≤ Uκ ≤ nonnonnonnonnonnonnonκ(weak Q-point).

Proof. The proof of the first inequality is an easy modification of that of Lemma 6.1 in [MP1] (which

should be corrected by substituting “e ∈ [ω]<ω such that B ⊆
⋃
j∈e

ωEj ∪
⋃
f∈z

Bf” for “e ∈ [
⋃
j∈ω

ωEj ]<ω such

that B ⊆ e ∪
⋃
f∈z

Bf”). The second inequality is proved as Proposition 5.3 in [MP1].

Remark. Suppose that κ is a limit cardinal, 2<κ = κ and nonnonnonnonnonnonnonκ(weakly semiselective) < κ+ω. Then
by Proposition 4.1 and Theorems 2.2 and 5.4,

Uκ = nonnonnonnonnonnonnonκ(weakly selective) = nonnonnonnonnonnonnonκ(weakly semiselective).

Remark. It is consistent (see [MP1]) that Uω < nonnonnonnonnonnonnonω(weak Q-point), and that nonnonnonnonnonnonnonω(weak Q-point)
< nonnonnonnonnonnonnonω(weak semi-Q-point). We do not know whether these results can be generalized.

QUESTION. Is it consistent that κ is a limit cardinal, 2<κ > κ and κ+ < nonnonnonnonnonnonnonκ(weak Q-point) ?

QUESTION. By a result of [MP1], cf( nonnonnonnonnonnonnonω(weak Q-point)) > ω. Does this generalize ?

6. nonnonnonnonnonnonnonκ(J+−→(J+, θ)2)

In this section we use standard material to discuss the value of nonnonnonnonnonnonnonκ(J+−→(J+, θ)2) for a cardinal θ ∈ [3, κ].

THEOREM 6.1.

(i) dκ ≥ nonnonnonnonnonnonnonκ(J+−→(J+, 3)2).

(ii) dκ ≥ nonnonnonnonnonnonnonκ(J+−→(J+, 3)2).

(iii) nonnonnonnonnonnonnonκ(weak P -point) ≥ nonnonnonnonnonnonnonκ(J+−→(J+, ω)2).

Proof. (i) and (ii) : By a straightforward generalization of Lemma 4.4 in [M2], there exists an ideal J on
κ such that cof(J) ≤ dκ, cof(J) ≤ dκ and J+−→/ (J+, 3)2.

(iii) : Baumgartner, Taylor and Wagon [BauTW] established that if J is an ideal on κ such that
J+−→(J+, ω)2, then J is a weak P -point.
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Definition. Given an ideal J on κ, A ∈ J+ and F : κ × κ−→2, (J,A, F ) is 0-good if there is

D ∈ J+ ∩ P (A) such that {β ∈ D : F (α, β) = 1} ∈ J for every α ∈ D.

The following is readily checked.

LEMMA 6.2. Suppose that J is weakly selective and (J,A, F ) is 0-good, where J is an ideal on
κ, A ∈ J+ and F : κ× κ−→2. Then there is B ∈ J+ ∩ P (A) such that F is constantly 0 on [B]2.

LEMMA 6.3. Suppose that (J,A, F ) is not 0-good, where J is an ideal on κ, A ∈ J+ and F : κ×κ−→2.

Then :

(i) There is B ⊆ A such that o.t.(B) = ω + 1 and F is identically 1 on [B]2.

(ii) Suppose that aJ > κ and θ is an uncountable cardinal < κ such that κ−→(κ, θ)2. Then there

is C ⊆ A such that o.t.(C) = θ + 1 and F is identically 1 on [C]2.

Proof. The proof is similar to that of Lemma 10.4 below.

THEOREM 6.4.

(i) nonnonnonnonnonnonnonκ(J+−→(J+, ω + 1)2) ≥ nonnonnonnonnonnonnonκ(weakly selective).

(ii) Suppose that θ is an infinite cardinal < κ such that κ−→(κ, θ)2. Then

nonκ(J+−→(J+, θ + 1)2) ≥ nonκ(weakly selective).

Proof. (i) : Baumgartner, Taylor and Wagon [BauTW] showed that J+−→(J+, ω + 1)2 for every weakly

selective ideal J on κ.

(ii) : By Lemmas 6.2 and 6.3.

Remark. Suppose that κ is a successor cardinal and θ is cardinal ≥ 2 such that κ−→(κ, θ)2. Then

by Theorems 6.1 (i), 6.4 (ii) and 2.2 and Proposition 5.1, dκ = nonnonnonnonnonnonnonκ(J+−→(J+, θ + 1)2).

Remark. It is consistent (see [M2]) that d > nonnonnonnonnonnonnonω(J+−→(J+, 3)2). We do not know whether this can

be generalized.

THEOREM 6.5. Suppose κ is a weakly compact cardinal. Then :

(i) nonnonnonnonnonnonnonκ(weak Q-point) ≥ nonnonnonnonnonnonnonκ(J+−→(J+, κ)2).

(ii) nonnonnonnonnonnonnonκ(J+−→(J+)2) = nonnonnonnonnonnonnonκ(J+−→(J+, κ)2) = nonnonnonnonnonnonnonκ(weakly selective).

Proof. The result follows from Theorems 2.2 and 6.1 (i) and the following two well-known facts : (1) Every
ideal J on κ such that J+−→(J+, κ)2 is a weak Q-point ; (2) If κ is weakly compact, then J+−→(J+)2

for every weakly selective ideal J on κ such that aJ > κ.
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7. nonnonnonnonnonnonnonκ(J+−→[J+]2ρ)

In this section we consider the cardinal nonnonnonnonnonnonnonκ(J+−→[J+]2ρ), where 3 ≤ ρ ≤ κ, about which little is known.

We begin with the case where ρ = 3. The following is due to Blass [Bl].

LEMMA 7.1. Suppose J is an ideal on κ such that J+−→[J+]23. Then J is a weak P -point.

Proof. Fix A ∈ J+ and f ∈ Aκ with {f−1({γ}) : γ ∈ κ} ⊆ J. Define g : [A]2−→3 by stipulating

that g(α, β) = 0 if and only if f(α) < f(β), and g(α, β) = 1 if and only if f(α) = f(β). There are
B ∈ J+ ∩ P (A) and i < 3 such that i /∈ g′′[B]2. It is simple to see that i 6= 0, so f is < κ-to-one on
B.

The following is proved by adapting an argument of Baumgartner and Taylor [BauT].

LEMMA 7.2. Suppose J is an ideal on κ such that J+−→[J+]23, and (J,A, F ) is 0-good, where

A ∈ J+ and F : κ × κ−→2. Then either there exists C ∈ J+ ∩ P (A) such that F is constantly 0 on

[C]2, or for every δ < κ, there exists Q ⊆ A such that o.t.(Q) = δ and F is constantly 1 on [Q]2.

Proof. Select B ∈ J+ ∩P (A) so that {β ∈ B : F (α, β) = 1} ∈ J for every α ∈ B. By Lemma 7.1, there
exists S ∈ J+ ∩ P (B) so that |{β ∈ S : F (α, β) = 1}|< κ for every α ∈ S. Define δξ for ξ < κ by :

(i) δ0 = ∩S;

(ii) δξ+1 = the least ζ < κ with the property that ζ > β for every β ∈ S such that F (α, β) = 1 for
some α ∈ S ∩ δζ ;

(iii) δξ =
⋃
ζ<ξ

δζ if ξ is a limit ordinal > 0.

Let X be the set of all limit ordinals < κ. For η ∈ X, n ∈ ω and j < 2, set

djη,n = S ∩ [δη+2n+j , δη+2n+j+1).

For j < 2, let
Dj = ∪{djη,n : η ∈ X and n ∈ ω}.

Select k < 2 so that Dk ∈ J+. Notice that F (α, β) = 0 if (α, β) ∈ [Dk]2 and {α, β} 6⊆ dkη,n for all
η ∈ X and n ∈ ω.

Define h : [Dk]2−→3 by stipulating that h(α, β) = 0 if and only if {α, β} 6⊆ dkη,n for all η ∈ X and

n ∈ ω, and h(α, β) = 1 if and only if F (α, β) = 1. There are W ∈ J+ ∩ P (Dk) and i < 3 so that
i /∈ h′′[W ]2. Clearly, i 6= 0. If i = 1, F is identically 0 on [W ]2. Now assume i = 2. Let Z be the set
of all (η, n) ∈ X × ω such that W ∩ dkη,n 6= φ. Suppose that there is γ < κ such that o.t.(W ∩ dkη,n) ≤ γ
for every (η, n) ∈ Z. Then there exists C ∈ J+ ∩ P (W ) such that |C ∩ dη,n |= 1 for any (η, n) ∈ Z.
Clearly, F takes the constant value 0 on [T ]2.

PROPOSITION 7.3. Suppose θ ∈ (2, κ) is a cardinal such that κ−→(κ, θ)2. Then

nonnonnonnonnonnonnonκ(J+−→[J+]23) ≤ nonnonnonnonnonnonnonκ(J+−→(J+, θ + 1)2).

Proof. By Theorem 2.2 and Lemmas 6.3, 7.1 and 7.2.

Let us now consider the partition relation J+−→[J+]2κ. We begin with the following observation.
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PROPOSITION 7.4. Suppose κ is inaccessible. Then there is an ideal J on κ such that (a)
J+−→/ [J+]2κ, (b) J is not a weak semi-Q-point, (c) aJ > κ, and (d) J+−→(J+, α)2 for every α < κ.

Proof. Let < ρα : α < κ > be the increasing enumeration of all strong limit infinite cardinals < κ. let
Z be the set of all regular infinite cardinals < κ. For µ ∈ Z, set νµ = (ρµ)++. Then νµ−→/ [νµ]2νµ by

a result of Todorcevic [To1]. On the other hand, by a result of Erdös and Rado (see [EHMáR], Corollary
17.5), νµ−→(νµ, τ)2 for every infinite cardinal τ < µ. Pick pairwise disjoint Aµ for µ ∈ Z so that

|Aµ |= νµ for any µ ∈ Z, and
⋃
µ∈Z

Aµ = κ. Let J be the set of all B ⊆ κ such that

|{µ ∈ Z :|B ∩Aµ |= νµ}|< κ.

It is simple to see that J is an ideal on κ.

For µ ∈ Z, pick gµ : [Aµ]2−→νµ so that g′′µ[B]2 = νµ for every B ⊆ Aµ with |B |= νµ. Let G : [κ]2−→κ

be such that
⋃
µ∈Z

gµ ⊆ G. Then clearly G′′[C]2 = κ for any C ∈ J+.

Define f ∈ κκ by stipulating that f−1({µ}) = Aµ for every µ ∈ Z. Clearly, there is no S ∈ J+ so that
|S ∩ f−1({α}|≤|α | for all α < κ. Hence J is not a weak semi-Q-point.

Let us next show that aJ > κ. Thus suppose that Bα ∈ J+ for α < κ, and Bα ∩ Bβ ∈ J whenever
β < α < κ. Select a strictly increasing function k : κ−→Z so that

|(Bα − (
⋃
β<α

Bβ)) ∩Ak(α) |= νk(α)

for any α < κ. Set

T =
⋃
α<κ

((Bα − (
⋃
β<α

Bβ)) ∩Ak(α)).

Then T ∈ J+ and moreover |T ∩Bα |< κ for every α < κ.

It remains to prove (d). Thus fix A ∈ J+ and F : κ × κ−→2. Suppose that there is η < κ such that

for every Q ⊆ A with o.t.(Q) = η, F is not constantly 1 on [Q]2. Since by Theorem 17.1 of [EHMáR]
κ−→(κ, α)2 for every α < κ, it follows from Lemma 6.3 that (J,A, F ) is 0-good. Select D ∈ J+ ∩ P (A)

so that {β ∈ D : F (α, β) = 1} ∈ J for every α ∈ D. Define Dγ for γ < κ and a strictly increasing
function h : κ−→Z so that

(0) Dγ = D − (
⋃
δ<γ

⋃
α∈Dδ∩Ah(δ)

{β ∈ D : F (α, β) = 1}) ;

(1) |Dγ ∩Ah(γ) |= νh(γ).

For γ ∈ (|η |+, κ), select Xγ ⊆ Dγ ∩ Ah(γ) so that |Xγ |= νh(γ) and F is constantly 0 on [Xγ ]2. Set

Y =
⋃

|η|+<γ<κ

Xγ . Then clearly Y ∈ J+ ∩ P (A). Moreover, F takes the constant value 0 on [Y ]2.

Remark. J+−→(J+, κ)2 does not necessarily imply that J+−→[J+]2κ. This follows from the following

two facts : (0) If κ is weakly compact, then there exists a normal ideal J on κ such that J+−→(J+, κ)2

([Bau1], [Bau2]) ; (1) Assuming V = L, κ is completely ineffable if and only if there is a normal ideal J
on κ such that J+−→[J+]2κ ([M4]).

Recall that for S ⊆ κ,♦∗κ(S) means that there are sα ∈ P|α|+(α) for α ∈ S such that for every A ⊆ κ,
there exists a closed unbounded subset C of κ with the property that A ∩ α ∈ sα for every α ∈ C ∩ S.

PROPOSITION 7.5.- Suppose that ♦∗κ(S) holds for some stationary subset S of κ. Then dκ ≥
nonnonnonnonnonnonnonκ(J+−→[J+]2κ) and dκ ≥ nonnonnonnonnonnonnonκ(J+−→[J+]2κ).

Proof. By a result of [M4], the hypothesis implies that NS+
κ −→/ [NS+

κ ]2κ.
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Remark. It is shown in [S] that if (a) κ is a successor cardinal ≥ ω2 with 2<κ = κ, and (b) setting
κ = ν+, µτ ≤ ν for every infinite cardinal µ < ν, where τ = ℵ1 if cf(ν) = ω and τ = ℵ0 otherwise,
then there is a stationary subset S of κ such that ♦∗κ(S) holds.

Remark. We do not know whether it is consistent that the conclusion of Proposition 7.5 fails. Results of
Section 15 (below) imply that

nonnonnonnonnonnonnonκ(J+−→[J+]2κ) ≤ (dκ)<κ

if κ is a limit cardinal such that 2<κ = κ.

8. dκκ,λ

We now start our study of combinatorial properties of ideals on Pκ(λ). The aim of this section is to present
a two-cardinal version of Theorem 2.2.

Definition. dκκ,λ is the least cardinality of any F ⊆ κ(Pκ(λ)) with the property that for every
g ∈ κ(Pκ(λ)), there is f ∈ F such that g(α) ⊆ f(α) for all α ∈ κ.

Remark. It is shown in [MPéS1] that dκκ,λ = dκ · u(κ+, λ).

Definition. Given an ideal H on Pκ(λ), M≥κH is the set of all Q ⊆ H+ such that (i) |Q |≥ κ, (ii)
A∩B ∈ H for all A,B ∈ Q with A 6= B, and (iii) for every C ∈ H+, there is A ∈ Q with A∩C ∈ H+.

aH is the least cardinality of any member of M≥κH if M≥κH 6= φ, and 2(λ
<κ)+ otherwise.

The following is proved as Proposition 11.2 of [MP2].

PROPOSITION 8.1. Given a κ-normal ideal H on Pκ(λ), the following are equivalent :

(i) aH = κ.
(ii) sat(H) > κ.

COROLLARY 8.2. Let A ∈ (NSκκ,λ)+ and set H = NSκκ,λ | A. Then aH = κ.

Proof. The result follows from Proposition 8.1 since sat(H) > κ by a result of Abe [A].

The following is proved as Proposition 11.1 (ii) of [MP2].

PROPOSITION 8.3. Given an ideal H on Pκ(λ), the following are equivalent :

(i) aH = κ.
(ii) There exist Aα ∈ H+ for α < κ such that (a) Aα ⊆ Aβ whenever β < α < κ, and (b) for every

C ∈ H+, there is α < κ such that C −Aα ∈ H+.

Definition. An ideal H on Pκ(λ) is a weak π-point if given f ∈ κH and A ∈ H+, there is
B ∈ H+ ∩ P (A) such that B ∩ f(α) ∈ Iκ,λ for every α ∈ κ.

THEOREM 8.4. Let H be an ideal on Pκ(λ) such that cof(H) < dκκ,λ. Then aH > κ and H is a
weak π-point.

Proof. Let Aα ∈ H+ for α < κ be such that Aα ⊆ Aβ for all β < α. Select X ⊆ H so that |X |= cof(H)

and H =
⋃
B∈X

P (B). For B ∈ X, define fB ∈ κ(Pκ(λ)) so that fB(α) ∈ Aα −B. There is g ∈ κ(Pκ(λ)) such
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that {α < κ : g(α) 6⊆ fB(α)} 6= φ for every B ∈ X. Set C =
⋃
α∈κ
{a ∈ Aα : g(α) 6⊆ a}. Then C ∈ H+, and

moreover C −Aα ∈ Iκ,λ for any α < κ.

Definition. d
κ

κ,λ is the least cardinality of any X ⊆ κ(Pκ(λ)) with the property that for every

g ∈ κ(Pκ(λ)), there is x ∈ Pκ(X) such that g(α) ⊆
⋃
f∈x

f(α) for every α < κ.

Remark. It is shown in [MRoS] that d
κ

κ,λ = dκ · cov(λ, κ+, κ+, κ), where cov(λ, κ+, κ+, κ) denotes the
least cardinality of any X ⊆ Pκ+(λ) such that for every b ∈ Pκ+(λ), there is x ∈ Pκ(X) with b ⊆ ∪x.

Remark. It is immediate that Iκ,λ is a weak π-point. On the other hand aIκ,λ > κ does not necessarily

hold. In fact if cf(λ) 6= κ and d
κ

κ,σ ≤ λ for every cardinal σ ∈ [κ, λ), then aIκ,λ = κ ([M6]).

LEMMA 8.5. Suppose that H is an ideal on Pκ(λ) with aH = κ. Then there is an ideal K on Pκ(λ)
such that (a) K is not a weak π-point, (b) cof(K) ≤ cof(H), and (c) cof(K) ≤ cof(H).

Proof. Select Aα ∈ H+ for α < κ so that (α) Aα ⊆ Aβ whenever β < α < κ, and (β) for any C ∈ H+,
there is α < κ with C −Aα ∈ H+. Let K be the set of all B ⊆ Pκ(λ) such that B ∩Aα ∈ H for some
α < κ. It is simple to check that K is as desired.

THEOREM 8.6.

(i) There is an ideal H on Pκ(λ) such that (a) aH = κ, (b) cof(H) = dκκ,λ, and (c) cof(H) ≤ d
κ

κ,λ.

(ii) There is an ideal K on Pκ(λ) such that (a) K is not a weak π-point, (b) cof(K) = dκκ,λ, and

(c) cof(K) ≤ d
κ

κ,λ.

Proof. (i) : Set H = NSκκ,λ. Then aH = κ by Corollary 8.2. Moreover, cof(H) = dκκ,λ ([MPéS1]) and

cof(H) = d
κ

κ,λ ([MRoS]).

(ii) : By (i), Lemma 8.5 and Theorem 8.4.

Remark. Theorem 8.6 is not optimal, even under GCH. In fact, suppose that the GCH holds, λ = σ+,
where σ is a cardinal of cofinality < κ, and κ is not the successor of a cardinal of cofinality ≤ cf(σ). Then

d
κ

κ,λ = λ ([MRoS]). Moreover, there is A ∈ (NSκκ,λ)+ such that cof(NSκκ,λ | A) = σ ([MPéS2]). Hence there

is by Corollary 8.2 an ideal H on Pκ(λ) (namely H = NSκκ,λ | A) such that cof(H) < d
κ

κ,λ and aH = κ,

and by Lemma 8.5 an ideal K on Pκ(λ) such that cof(K) < d
κ

κ,λ and K is not a weak π-point.

9. Weak χ-pointness

Definition. An ideal H on Pκ(λ) is a weak χ-point if given A ∈ H+ and g ∈ κ(Pκ(λ)), there is
B ∈ H+ ∩ P (A) such that g(∪(a ∩ κ) ⊆ b for all a, b ∈ B with ∪(a ∩ κ) < ∪(b ∩ κ).

Our primary concern in this section is with the problem of determining when Iκ,λ is a weak χ-point.
We will first give a sufficient condition and then prove that this condition is necessary if κ is inaccessible.

The following is proved as Lemma 2.1 in [M2].

THEOREM 9.1. Let H be an ideal on Pκ(λ) such that cof(H) < cov(MMMMMMMκ,κ). Then H is a weak χ-point.

QUESTION. Is it consistent that 2<κ > κ and Iκ,κ+ is a weak χ-point ?
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THEOREM 9.2. Suppose that for all A ∈ I+κ,λ with A ⊆ {a : ∪(a ∩ κ) ∈ a}, there is B ∈ I+κ,λ ∩ P (A)
such that ∪(a ∩ κ) ∈ b for all a, b ∈ B with ∪(a ∩ κ) < ∪(b ∩ κ). Then σ < nonnonnonnonnonnonnonκ(weakly selective) for
every σ ∈ K(κ, λ).

Proof. Suppose that T ⊆ Pκ(λ−κ) is such that |T ∩P (a) |< κ for every a ∈ Pκ(λ), and J is an ideal
on κ with cof(J) ≤|T | . Select Dd ∈ J for d ∈ T so that for every W ∈ J, there is u ∈ Pκ(T )− {φ}
with W ⊆

⋃
d∈u

Dd. Now fix Gα ∈ J for α < κ. Define A ⊆ Pκ(λ) by stipulating that a ∈ A if and only

if there is δ < κ such that (a) δ = max(a ∩ κ), (b) δ /∈
⋃

d∈T∩P (a)

Dd, and (c) δ /∈ Gα for every α ∈ a ∩ δ.

Let us show that A ∈ I+κ,λ. Given c ∈ Pκ(λ), pick δ < κ so that δ /∈
⋃

d∈T∩P (c)

Dd and for every

α ∈ c ∩ κ, δ > α and δ /∈ Gα. Set e = c ∪ {δ}. Then e ∈ A.

By our assumption there is B ∈ I+κ,λ∩P (A) such that ∪(a∩κ) ∈ b for all a, b ∈ B with ∪(a∩κ) < ∪(b∩κ).

Set C = {∪(a ∩ κ) : a ∈ B}. Then C ∈ J+. Moreover, ξ /∈ Gζ for all ζ, ξ ∈ C with ζ < ξ.

We mention the following partial converse to Theorem 9.2.

PROPOSITION 9.3. Suppose that 2<κ = κ and H is an ideal on Pκ(λ) such that cof(H) <
nonnonnonnonnonnonnonκ(weakly selective). Then for all f ∈ κκ and A ∈ H+, there is B ∈ H+ ∩ P (A) such that
f(∪(a ∩ κ)) ⊆ b for all a, b ∈ B with ∪(a ∩ κ) < ∪(b ∩ κ).

Proof. Fix f ∈ κκ and A ∈ H+. For D ⊆ Pκ(κ), set ZD = {a ∈ Pκ(λ) : a ∩ κ ∈ D}. It is simple to
see that (a) ZPκ(κ) = Pκ(λ), (b) Z

∪DZD for D ⊆ P (Pκ(κ)), (c) ZD ∈ Iκ,λ for every D ⊆ Pκ(κ) with

|D |= 1, and (d) ZD′ ⊆ ZD for all D,D′ ⊆ Pκ(κ) such that D′ ⊆ D. Hence

K = {D ⊆ Pκ(κ) : ZD ∈ H | A}

is a κ-complete ideal on Pκ(κ). For C ⊆ Pκ(λ), let WC be the set of all d ∈ Pκ(κ) such that

{a ∈ Pκ(λ) : a ∩ κ = d} ⊆ C.

If C ∈ H | A, then WC ∈ K since ZWC
⊆ C. Moreover, if D ⊆ Pκ(κ) and ZD ⊆ C ⊆ Pκ(λ), then

D ⊆WC . Hence
cof(K) ≤ cof(H | A) ≤ cof(H).

For d ∈ Pκ(κ), let Sd be the set of all e ∈ Pκ(κ) such that f(∪d) 6⊆ e or ∪e ≤ ∪d. Then Sd ∈ K since

{a ∈ ZSd : f(∪d) ∪ {(∪d) + 1} ⊆ a} = φ.

Select a bijection ` : Pκ(κ)−→κ. Since cof(K) < nonκ (weakly selective), there is D ∈ K+ such that

e /∈ Sd for all d, e ∈ D such that `(d) < `(e). Set

B = A ∩ ZD = {a ∈ A : a ∩ κ ∈ D}.

Then B ∈ H+. Now fix a, b ∈ B with ∪(a ∩ κ) < ∪(b ∩ κ). Then clearly `(a ∩ κ) 6= `(b ∩ κ). In fact
`(a∩ κ) < `(b∩ κ) (since otherwise a∩ κ /∈ Sb∩κ and therefore ∪(a∩ κ) > ∪(b∩ κ)). Hence b∩ κ /∈ Sa∩κ,
so f(∪(a ∩ κ)) ⊆ b ∩ κ.

Definition. For A ⊆ Pκ(λ), let

[A]2κ = {(∪(a ∩ κ), b) : a, b ∈ A and ∪ (a ∩ κ) < ∪(b ∩ κ)}

Remark.
[Pκ(λ)]2κ = {(α, b) ∈ κ× Pκ(λ) : α < ∪(b ∩ κ)}.
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Definition. For a, b ∈ Pκ(λ), let a ≺ b just in case a ⊆ b and ∪(a ∩ κ) < ∪(b ∩ κ).

Definition. For A ⊆ Pκ(λ), let

[A]2≺ = {(∪(a ∩ κ), b) : a, b ∈ A and a ≺ b}.

Remark. [Pκ(λ)]2≺ = [Pκ(λ)]2κ.

THEOREM 9.4. Suppose that κ is inaccessible and H is an ideal on Pκ(λ) such that
cof(H) < cov(MMMMMMMκ,κ), and let A ∈ H+. Then there is C ∈ H+ ∩ P (A) such that [C]2κ = [C]2≺.

Proof. For α < κ, set Aα = {a ∈ A : ∪(a ∩ κ) = α}. By induction on α < κ, we define ck ∈ {φ} ∪ Aα
for k ∈ α2 as follows. Given k ∈ α2, set

ek =
⋃
{ck�β : β ∈ k−1({1})}

and
Zk = {a ∈ Aα : ek ⊆ a}.

If Zk 6= φ, let ck be an arbitrary member of Zk. Otherwise let ck = φ.

Set ν = cof(H) and pick Bξ ∈ H for ξ < ν so that H =
⋃
ξ<ν

P (Bξ). Let ξ < ν. For α < κ, let Dα
ξ

be the set of all s ∈ (α+1)2 such that (i) s(α) = 1, and (ii) there is a ∈ Aα −Bξ with the property that

(∀β ∈ α ∩ s−1({1}))(∀k ∈ β2) ck ⊆ a.

Then let Dξ =
⋃
α<κ

Dα
ξ and Uξ =

⋃
s∈Dξ

Oκs . Let us prove that the open set Uξ is dense. Thus let γ < κ

and p ∈ γ2. Pick a ∈ (
⋃

γ≤δ<κ

Aδ)−Bξ so that

(∀β ∈ p−1({1}))(∀k ∈ β2) ck ⊆ a.

Set α = ∪(a ∩ κ) and define s ∈ (α+1)2 by : s � γ = p, s(δ) = 0 if γ ≤ δ < α, and s(α) = 1. It is
immediate that s ∈ Dα

ξ .

Select f ∈
⋂
ξ<ν

Uξ. For each ξ < ν, there is sξ ∈ Dξ such that sξ ⊂ f. Let αξ < κ be such that

sξ ∈ D
αξ
ξ . Set T = {αξ : ξ < ν} and define g ∈ κ2 so that g−1({1}) = T. For ξ < ν, set

dξ =
⋃
{cg�β : β ∈ T ∩ αξ}

and
Cξ = {b ∈ Aαξ : dξ ⊆ b}.

Finally, let C =
⋃
ξ<ν

Cξ.

Let us verify that C is as desired. It is clear that C ⊆ A. Let ξ < ν. There is aξ ∈ Aαξ −Bξ such that

(∀β ∈ αξ ∩ s−1ξ ({1}))(∀k ∈ β2) ck ⊆ aξ.

Put kξ = g � αξ. Then aξ ∈ Zkξ since sξ(β) = f(β) = 1 for every β ∈ T ∩αξ. It follows that ckξ ∈ Zkξ .
It is immediate that Zkξ = Cξ. Thus we have shown that (a) Cξ − Bξ 6= φ for every ξ < ν, and (b)
cg�αξ ∈ Cξ for every ξ < ν. It follows from (a) that C ∈ H+, and from (b) that [C]2κ = [C]2≺ since given
ξ, ζ < ν with αξ < αζ , we have cg�αξ ⊆ b for every b ∈ Cζ .

QUESTION. Is the assumption that κ is inaccessible necessary in the statement of Theorem 9.4 ?

Remark. Suppose κ is inaccessible. Then by Theorems 9.1, 9.2, 9.4, 5.4 and 4.7, Iκ,λ is a weak χ-point
if and only if λ<κ < cov(MMMMMMMκ,κ) if and only if {C : [C]2κ = [C]2≺} is dense in (I+κ,λ,⊆).
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10. H+ κ−→(H+, α)2

Definition. Let H be an ideal on Pκ(λ) and α an ordinal. H+ κ−→(H+, α)2 means that given

F : [Pκ(λ)]2κ−→2 and A ∈ H+, there is B ⊆ A such that either B ∈ H+ and F is identically 0 on

[B]2κ or (B,≺) has order type α and F is identically 1 on [B]2κ.

In this section we show that H+ κ−→(H+, ω+ 1)2 for every ideal H on Pκ(λ) with cof(H) < cov(MMMMMMMκ,κ).

Definition. Suppose that H is an ideal on Pκ(λ), A ∈ H+ and F : κ × Pκ(λ)−→2. Then (H,A, F ) is

0-good if there is D ∈ H+ ∩ P (A) such that {b ∈ D : F (∪(a ∩ κ), b) = 1} ∈ H for any a ∈ D.

The following is straightforward.

LEMMA 10.1. Suppose that (H,A, F ) is 0-good, where H is an ideal on Pκ(λ) which is both a weak
π-point and a weak χ-point, A ∈ H+ and F : κ×Pκ(λ)−→2. Then F is identically 0 on [C]2κ for some

C ∈ H+ ∩ P (A).

Definition. Given an ideal H on Pκ(λ) and B ∈ H+, let Md
H,B be the set of all Q ⊆ H+∩P (B) such

that (i) any two distinct members of Q are disjoint, and (ii) for every A ∈ H+ ∩ P (B), there is C ∈ Q
with A ∩ C ∈ H+.

LEMMA 10.2. Suppose that (H,A, F ) is not 0-good, where H is an ideal on Pκ(λ), A ∈ H+ and

F : κ× Pκ(λ)−→2, and let B ∈ H+ ∩ P (A). Then there exist QB ∈Md
H,B and ϕB : QB−→B such that

(i) ϕB(D) ≺ b and F (∪(ϕB(D)∩κ), b) = 1 whenever b ∈ D ∈ QB , and (ii) ∪(ϕB(D)∩κ) 6= ∪(ϕB(D′)∩κ)
for any two distinct members D and D′ of QB .

Proof. Set T = {∪(a ∩ κ) : a ∈ B} and define ψ : T × (H+ ∩ P (B)) → P (B) by ψ(α,C) = {b ∈ C :
F (α, b) = 1}. Now using induction, define η ≤ κ and αδ ∈ T and Bδ ∈ H+ ∩ P (B) for δ < η so that :

(0) If δ < η, B − (
⋃
ξ<δ

Bξ) ∈ H+,

αδ = least α ∈ T such that ψ(α,B − (
⋃
ξ<δ

Bξ)) ∈ H+

and Bδ = ψ(αδ, B − (
⋃
ξ<δ

Bξ)).

(1) If η < κ, B − (
⋃
ξ<η

Bξ) ∈ H.

Notice that if γ < δ < η, then

ψ(αδ, B − (
⋃
ξ<δ

Bξ)) ⊆ ψ(αδ, B − (
⋃
ζ<δ

Bζ))

and consequently αγ ≤ αδ. In fact αγ < αδ as ψ(αγ , B − (
⋃
ξ<δ

Bξ)) = φ (since (B −
⋃
ξ<δ

Bξ)) ∩Bγ = φ

and Bγ = {b ∈ B − (
⋃
ζ<γ

Bζ) : F (αγ , b) = 1}).
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We claim that {Bδ : δ < η} ∈ Md
H,B . Suppose otherwise. Then there exists E ∈ H+ ∩ P (B) such that

E ∩Bξ ∈ H for every ξ < η. Since

E − (
⋃
ξ<δ

Bξ) ∈ H+ ∩ P (B − (
⋃
ξ<δ

Bξ))

for every δ < κ, we must have η = κ. Set

β = least α ∈ T such that ψ(α,E) ∈ H+.

Then for each δ < κ,

ψ(β,E)− (
⋃
ξ<δ

Bξ) ∈ H+ ∩ P (ψ(B,B − (
⋃
ξ<δ

Bξ)))

and therefore β ≥ αδ, which is a contradiction.

For each δ < η, pick sδ ∈ B so that ∪(sδ ∩ κ) = αδ, and put

Sδ = {b ∈ Bδ : sδ ∪ (αδ + 2) ⊆ b}.

Finally, set QB = {Sδ : δ < η} and define ϕB : QB−→B by ϕB(Sδ) = sδ.

LEMMA 10.3. Suppose that H is an ideal on Pκ(λ) and A ∈ H+. Suppose further that C ∈ H+∩P (A)

and Qα ∈Md
H,A for α < β, where β is a limit ordinal with 0 < β < κ. Then

{a ∈ C : (∀h ∈
∏
α<β

Qα) a /∈
⋂
α<β

h(α)} ∈ H.

Proof. It suffices to observe that for each a ∈
⋂
α<β

(C ∩ (∪Qα)), there is h ∈
∏
α<β

Qα such that

a ∈
⋂
α<β

h(α).

LEMMA 10.4. Suppose that (H,A, F ) is not 0-good, where H is an ideal on Pκ(λ), A ∈ H+ and
F : κ× Pκ(λ)−→2. Then :

(i) There is C ⊆ A such that (C,≺) has order type ω + 1 and F is identically 1 on [C]2κ.

(ii) Suppose that aH > κ and θ is uncountable cardinal < κ such that κ−→(κ, θ)2. Then there

is C ⊆ A such that (C,≺) has order type θ + 1 and F is identically 1 on [C]2κ.

Proof. We prove (ii) and leave the proof of (i) to the reader. By Corollary 19.7 in [EHMáR], we have that
µτ < κ whenever µ and τ are cardinals such that θ ≤ µ < κ and 0 < τ < θ. Using this and Lemmas

10.2 and 10.3, define Rβ , Qβ ∈ {W ∈Md
H,A :|W |< κ} and ϕβ : Qβ−→A for β < θ by :

(0) R0 = {A} ;

(1) Qβ =
⋃

B∈Rβ

QB ;

(2) Rβ+1 = Qβ ;

(3) Rβ = H+ ∩ {
⋂
α<β

h(α) : h ∈
∏
α<β

Qα} if β is a limit ordinal > 0 ;
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(4) ϕβ =
⋃

B∈Rβ

ϕB .

Select b ∈
⋂
β<θ

(∪Qβ). There must be k ∈
∏
β<θ

Qβ such that b ∈
⋂
β<θ

k(β). Then

C = {ϕβ(k(β)) : β < θ} ∪ {b}

is as desired.

THEOREM 10.5. Suppose θ is an infinite cardinal < κ such that κ−→(κ, θ)2. Then

H+ κ−→(H+, θ + 1)2 for every ideal H on Pκ(λ) such that cof(H) < cov(MMMMMMMκ,κ).

Proof. Let H be an ideal on Pκ(λ) such that cof(H) < cov(MMMMMMMκ,κ). Then H is a weak χ-point by
Theorem 9.1. Moreover, H is a weak π-point and aH > κ by Theorem 8.4 since cov(MMMMMMMκ,κ) ≤ dκκ,λ by

Proposition 4.1. Hence, H+ κ−→(H+, θ + 1)2 by Lemmas 10.1 and 10.4.

11. H+ κ−→
κ

(H+, α)2H+ κ−→
κ

(H+, α)2H+ κ−→
κ

(H+, α)2H+ κ−→
κ

(H+, α)2H+ κ−→
κ

(H+, α)2H+ κ−→
κ

(H+, α)2H+ κ−→
κ

(H+, α)2

Definition. For A ⊆ Pκ(λ), let

[A]2κ,κ = {(∪(a ∩ κ),∪(b ∩ κ)) : a, b ∈ A and ∪ (a ∩ κ) < ∪(b ∩ κ)}

Remark. [Pκ(λ)]2κ,κ = [κ]2.

Definition. Let H be an ideal on Pκ(λ) and α an ordinal. H+ κ−→
κ

(H+, α)2 means that given

F : [Pκ(λ)]2κ,κ−→2 and A ∈ H+, there is B ⊆ A such that either B ∈ H+ and F is identically 0 on

[B]2κ,κ, or (B,≺) has order type α and F is identically 1 on [B]2κ,κ.

We will show that H+ κ−→
κ

(H+, ω + 1)2 for every ideal H on Pκ(λ) such that cof(H) < nonκ(weakly

selective).

Definition. For an ideal H on Pκ(λ), JH = {B ⊆ κ : UB ∈ H}, where

UB = {a ∈ Pκ(λ) : ∪(a ∩ κ) ∈ B}.

LEMMA 11.1. Let H be an ideal on Pκ(λ). Then JH is an ideal on κ. Moreover, cof(JH) ≤ cof(H).

Proof. It is simple to see that (a) Uκ = Pκ(λ), (b) U
∪B ⊆

⋃
B∈B

UB for B ⊆ P (κ), (c) UC ⊆ UB if

C ⊆ B ⊆ K, and (d) UB ∈ Iκ,λ for every B ⊆ κ with |B |= 1. The first assertion immediately follows.

For C ⊆ Pκ(λ), let YC be the set of all δ ∈ κ such that

{a ∈ Pκ(λ) : ∪(a ∩ κ) = δ} ⊆ C.

If C ∈ H, then YC ∈ JH since UYC ⊆ C. Moreover if B ⊆ κ and UB ⊆ C ⊆ Pκ(λ), then B ⊆ YC .
Hence cof(JH) ≤ cof(H).
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Remark. Let H be an ideal on Pκ(λ). Then

{∪(a ∩ κ) : a ∈ A} ∈ (JH|A)+

for every A ∈ H+.

The following is readily checked.

LEMMA 11.2. Given an ideal H on Pκ(λ), the following are equivalent :

(i) JH is a local Q-point.

(ii) For every g ∈ κκ, there is B ∈ H+ such that g(∪(a ∩ κ)) < ∪(b ∩ κ) for all a, b ∈ B with
∪(a ∩ κ) < ∪(b ∩ κ).

Suppose κ is a limit cardinal. If κ+ < nonκ(weak Q-point), then by Lemma 11.1 JIκ,κ+ |A is a local

Q-point for every A ∈ I+κ,κ+ . The following shows that this implication can be reversed.

PROPOSITION 11.3. Suppose that κ is a limit cardinal and JIκ,λ|A is a local Q-point for every

A ∈ I+κ,λ. Then σ < nonκ(weak Q-point) for every σ ∈ K(κ, λ).

Proof. Suppose that J is an ideal on κ and T ⊆ Pκ(λ−κ) is such that cof(J) ≤|T | and |T ∩P (a) |< κ
for every a ∈ Pκ(λ). Select Bd ∈ J for d ∈ T so that for every D ∈ J, there is u ∈ Pκ(T )− {φ} with

D ⊆
⋃
d∈u

Bd. Let A be the set of all a ∈ Pκ(λ) such that ∪(a ∩ κ) /∈ Bd for every d ∈ T ∩ P (a − κ).

It is simple to see that A ∈ I+κ,λ. Now fix g ∈ κκ. By Lemma 11.2, there is C ∈ (Iκ,λ | A)+ such that
g(∪(a ∩ κ)) < ∪(b ∩ κ) for all a, b ∈ C with ∪(a ∩ κ) < ∪(b ∩ κ). Set

D = {∪(a ∩ κ) : a ∈ C ∩A}.

Then D ∈ J+. Moreover g(α) < β for all α, β ∈ D with α < β. Hence J is a local Q-point.

THEOREM 11.4. Suppose that θ is an infinite cardinal < κ such that κ−→(κ, θ)2, and H is an

ideal on Pκ(λ) with cof(H) < nonκ(weakly selective). Then H+ κ−→
κ

(H+, θ + 1)2.

Proof. Fix G : κ× κ−→2 and A ∈ H+. Define F : κ× Pκ(λ)−→2 by F (α, b) = G(α,∪(b ∩ κ)).

First suppose (H,A, F ) is 0-good. Pick D ∈ H+ ∩ P (A) so that

{b ∈ D : F (∪(a ∩ κ), b) = 1} ∈ H

for any a ∈ D. Set Bα = {δ < κ : G(α, δ) = 1} for α < κ. Then B∪(a∩κ) ∈ JH|D for every a ∈ D since

D ∩ UB∪(a∩κ) = {b ∈ D : G(∪(a ∩ κ),∪(b ∩ κ)) = 1} = {b ∈ D : F (∪(a ∩ κ), b) = 1}.

By Lemma 11.1 cof(JH|D) < nonκ(weak P -point) so there is G ∈ (JH|D)+ such that |G ∩B∪(a∩κ) |< κ
for every a ∈ D. Notice that D∩UG ∈ H+. Select g ∈ κκ so that ∪(b∩κ) /∈ B∪(a∩κ) for all a, b ∈ D∩UG
such that g(∪(a ∩ κ)) < ∪(b ∩ κ). By Lemma 11.1

cof(JH|(D∩UG)) < nonκ(weak Q-point)

and hence by Lemma 11.2 there is R ∈ (H | (D ∩ UG))+ such that g(∪(a ∩ κ)) < ∪(b ∩ κ) for all
a, b ∈ R with ∪(a ∩ κ) < ∪(b ∩ κ). Then R ∩D ∩ UG ∈ H+ ∩ P (A) and moreover F is identically 0 on
[R ∩D ∩ UG]2κ,κ.
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Finally, suppose (H,A, F ) is not 0-good. Since aH > κ by Theorems 2.2 and 8.4, there is by Lemma 10.4
C ⊆ A such that (C,≺) has order type θ + 1 and F is identically 1 on [C]2κ. It is immediate that G
is constantly 1 on [C]2κ,κ.

Remark. Suppose κ is a successor cardinal. Then by Theorem 11.4 κ+ < dκ implies that
I+κ,κ+

κ−→
κ

(I+κ,κ+ , θ + 1)2 for every cardinal θ ≥ 2 such that κ−→(κ, θ)2. Conversely, it will be shown

in the next section that I+κ,κ+

κ−→
κ

(I+κ,κ+ , 3)2 implies that κ+ < dκ.

12. H+ κ−→
κ

(H+;α)2H+ κ−→
κ

(H+;α)2H+ κ−→
κ

(H+;α)2H+ κ−→
κ

(H+;α)2H+ κ−→
κ

(H+;α)2H+ κ−→
κ

(H+;α)2H+ κ−→
κ

(H+;α)2

Definition. Given an ideal H on Pκ(λ) and an ordinal α,H+ κ−→
κ

(H+;α)2 means that for all

F : [Pκ(λ)]2κ,κ−→2 and A ∈ H+, there is B ⊆ A such that either B ∈ H+ and F is identically 0 on

[B]2κ,κ, or {∪(a ∩ κ) : a ∈ B} has order type α and F is identically 1 on [B]2κ,κ.

Remark. H+ κ−→(H+, α)2 ⇒ H+ κ−→
κ

(H+, α)2 ⇒ H+ κ−→
κ

(H+;α)2 ⇒ κ−→(κ, α)2.

We will prove that I+κ,κ
κ−→
κ

(I+κ,κ+ ;α)2 if and only if κ+ < nonκ(J+−→(J+, α)2).

THEOREM 12.1. Suppose that 3 ≤ α ≤ κ and H is an ideal on Pκ(λ) such that

cof(H) < nonκ(J+−→(J+, α)2). Then H+ κ−→
κ

(H+;α)2.

Proof. By Lemma 11.1, (JH|A)+−→((JH|A)+, α)2 for every A ∈ H+. The desired conclusion easily

follows.

THEOREM 12.2. Suppose that 3 ≤ α ≤ κ and I+κ,λ
κ−→
κ

(I+κ,λ;α)2. Then σ < nonκ(J+−→(J+, α)2)

for every σ ∈ K(κ, λ).

Proof. The proof is an easy modification of that of Proposition 11.3.

Remark. Suppose that κ is inaccessible and 3 ≤ α ≤ κ. Then by Theorems 12.1 and 12.2,
I+κ,λ

κ−→
κ

(I+κ,λ;α)2 if and only if λ<κ < nonκ(J+−→(J+, α)2).

Let us finally observe that for 3 ≤ α ≤ κ, there always exists an ideal H on Pκ(λ) of the least possible

cofinality such that H+ κ−→
κ
/ (H+;α)2 :

PROPOSITION 12.3. Given 3 ≤ α ≤ κ, there is an ideal H on Pκ(λ) such that (a) H+ κ−→
κ
/ (H+;α)2,

(b) cof(H) = u(κ, λ) · nonκ(J+−→(J+, α)2), and (c) cof(H) ≤ λ · nonκ(J+−→(J+, α)2).

Proof. Argue as for Lemma 5.1 of [M2].
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13. H+ κ−→ (H+)2H+ κ−→ (H+)2H+ κ−→ (H+)2H+ κ−→ (H+)2H+ κ−→ (H+)2H+ κ−→ (H+)2H+ κ−→ (H+)2

Definition. Given an ideal H on Pκ(λ), H+ κ−→(H+)2 (respectively, H+ κ−→
κ

(H+)2) means that for all

F : [Pκ(λ)]2κ−→2 (respectively, F : [Pκ(λ)]2κ,κ−→2) and A ∈ H+, there is B ∈ H+ ∩ P (A) such that F

is constant on [B]2κ (respectively, [B]2κ,κ).

THEOREM 13.1. Suppose κ is weakly compact. Then H+ κ−→(H+)2 for every ideal H on Pκ(λ) such

that cof(H) < cov(MMMMMMMκ,κ).

Proof. Suppose that H is an ideal on Pκ(λ) with cof(H) < cov(MMMMMMMκ,κ), F : κ×Pκ(λ)−→2 and A ∈ H+.

Then cof(H) < dκκ,λ by Proposition 4.1 and therefore by a result of [M5] there are B ∈ H+ ∩ P (A) and
i < 2 such that

{b ∈ B : F (∪(a ∩ κ), b) 6= i} ∈ Iκ,λ

for every a ∈ B. Since H is a weak χ-point by Theorem 9.1, there is C ∈ H+ ∩ P (B) such that F
takes the constant value i on [C]2κ.

Remark. It follows from Theorem 6.5 (ii) and Theorem 15.1 (below) that if κ is weakly compact, then

H+ κ−→
κ

(H+)2 for every ideal H on Pκ(λ) such that cof(H) < nonκ(weakly selective).

COROLLARY 13.2. The following are equivalent :

(i) κ is weakly compact and λ<κ < cov(MMMMMMMκ,κ).

(ii) I+κ,λ
κ−→(I+κ,λ)2.

(iii) I+κ,λ
κ−→
κ

(I+κ,λ;κ)2.

Proof. (i) → (ii) : By Theorem 13.1.
(ii) → (iii) : Trivial.
(iii) → (i) : By Theorems 12.2, 6.5 (i), 6.1 (iii), 5.4 and 4.7.

14. H+ κ−→ [H+]2ρH+ κ−→ [H+]2ρH+ κ−→ [H+]2ρH+ κ−→ [H+]2ρH+ κ−→ [H+]2ρH+ κ−→ [H+]2ρH+ κ−→ [H+]2ρ

Definition. Given a cardinal ρ with 2 ≤ ρ ≤ λ<κ and an ideal H on Pκ(λ), H+ κ−→[H+]2ρ means that

for all F : [Pκ(λ)]2κ−→ρ and A ∈ H+, there is B ∈ H+ ∩ P (A) such that F ′′[B]2κ 6= ρ.

THEOREM 14.1. Suppose that κ is a limit cardinal and H is an ideal on Pκ(λ) such that

cof(H) < cov(MMMMMMMκ,κ). Then H+ κ−→[H+]2κ+ .

Proof. Fix F : κ × Pκ(λ)−→κ+ and A ∈ H+. Since cof(H) < dκκ,λ by Proposition 4.1, there are

B ∈ H+ ∩ P (A) and ξ ∈ κ+ such that {b ∈ B : F (∪(a∩ κ), b) = ξ} ∈ Iκ,λ for every a ∈ B ([M5]). Now
H is a weak χ-point by Theorem 9.1 and so ξ /∈ F ′′[C]2κ for some C ∈ H+ ∩ P (B).

Let us now show that I+κ,λ
κ−→/ [I+κ,λ]2λ if λ ≥ dκ. We will need some definitions.

Definition. Given f ∈
∏
α∈κ

(κ− α), we define f̃ ∈ κκ by stipulating that
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(i) f̃(0) = 0 ;

(ii) f̃(ξ + 1) = f(f̃(ξ)) + 1 ;

(iii) f̃(ξ) =
⋃
ζ<ξ

f̃(ζ) if ξ is a limit ordinal > 0.

Remark. f̃ is a strictly increasing function.

Remark. If g ∈ κκ is a strictly increasing function such that g(α) ≤ f(α) for all α < κ, then

g(f̃(ξ)) ∈ [f̃(ξ), f̃(ξ + 1)) for every ξ < κ.

Definition. Given f ∈
∏
α∈κ

(κ − α) and a cardinal τ ∈ (0, κ), we define cf,τ : f̃(τ)−→τ by stipulating

that cf,τ takes the constant value ξ on [f̃(ξ), f̃(ξ + 1)).

Definition. Suppose that T ⊆ Pκ(λ − κ) is such that (a) |T |≥ dκ, and (b) |T ∩ P (a) |< κ for every
a ∈ Pκ(λ).
Let ψT : T−→κκ be such that given g ∈ κκ, there is u ∈ Pκ(T )− {φ} such that

g(α) ≤
⋃
d∈u

(ψT (d))(α)

for all α < κ.
For e ∈ Pκ(λ− κ), let τT,e =|T ∩ P (e) | and select a bijection kT,e : τT,e−→T ∩ P (e).

Also, define fT,e ∈ κκ by

fT,e(α) = max(α,
⋃

d∈T∩P (e)

(ψT (d))(α)).

Finally, let AT be the set of all a ∈ Pκ(λ) such that (i) T∩P (a−κ) 6= φ, and (ii) ∪(a∩κ) ≥ f̃T,a−κ(τT,a−κ).

Remark. AT ∈ I+κ,λ.

THEOREM 14.2. Suppose that ρ ∈ K(κ, λ) and ρ ≥ dκ. Then I+κ,λ
κ−→/ [I+κ,λ]2ρ.

Proof. Select T ⊆ Pκ(λ − κ) so that |T |= ρ and |T ∩ P (a) |< κ for every a ∈ Pκ(λ). We define a
partial function F from κ×AT to T by stipulating that

F (β, a) = kT,a−κ(cfT,a−κ,τT,a−κ(β))

if a ∈ AT and β < f̃T,a−κ(τT,a−κ).

Now fix B ∈ I+κ,λ ∩ P (AT ) and x ∈ T. Let g ∈ κκ be the increasing enumeration of the elements of the

set {∪(b ∩ κ) : b ∈ B}. Select u ∈ Pκ(T )− {φ} so that g(α) ≤
⋃
d∈u

(ψT (d))(α) for all α < κ. Now pick

a ∈ B so that x ∪ (∪u) ⊆ a. Notice that g(α) ≤ fT,a−κ(α) for every α ∈ κ. Let ξ ∈ τT,a−κ be such
that kT,a−κ(ξ) = x. Then

f̃T,a−κ(ξ) ≤ g(f̃T,a−κ(ξ)) < f̃T,a−κ(ξ + 1) ≤ f̃T,a−κ(τT,a−κ) ≤ ∪(a ∩ κ).

Moreover,
F (g(f̃T,a−κ(ξ)), a) = kT,a−κ(ξ) = x.

since
cfT,a−κ,τT,a−κ(g(f̃T,a−κ(ξ))) = ξ
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15. H+ κ−→
κ

[H+]2ρH+ κ−→
κ

[H+]2ρH+ κ−→
κ

[H+]2ρH+ κ−→
κ

[H+]2ρH+ κ−→
κ

[H+]2ρH+ κ−→
κ

[H+]2ρH+ κ−→
κ

[H+]2ρ

Definition. Given a cardinal ρ ∈ [2, κ] and an ideal H on Pκ(λ), H+ κ−→
κ

[H+]2ρ means that for all

F : [Pκ(λ)]2κ,κ−→ρ and A ∈ H+, there is B ∈ H+ ∩ P (A) such that F ′′[B]2κ,κ 6= ρ.

Remark. κ−→/ [κ]2ρ ⇒ H+ κ−→
κ
/ [H+]2ρ ⇒ H+ κ−→/ [H+]2ρ.

The following result shows that I+κ,κ+

κ−→
κ

[I+κ,κ+ ]2ρ if and only if κ+ < nonκ(J+−→[J+]2ρ).

THEOREM 15.1. Let ρ be a cardinal with 2 ≤ ρ ≤ κ. Then :

(i) H+ κ−→
κ

[H+]2ρ for every ideal H on Pκ(λ) such that cof(H) < nonκ(J+−→[J+]2ρ).

(ii) If I+κ,λ
κ−→
κ

[I+κ,λ]2ρ, then σ < nonκ(J+−→[J+]2ρ) for every σ ∈ K(κ, λ).

Proof. (i) : Use Lemma 11.1.
(ii) : Argue as for Proposition 11.3.

Remark. Thus assuming κ is inaccessible, I+κ,λ
κ−→
κ

[I+κ,λ]2ρ if and only if λ<κ < nonκ(J+−→[J+]2ρ).

Finally, we show that if λ ≥ dκ and κ is a limit cardinal such that 2<κ = κ, then I+κ,λ
κ−→
κ
/ [I+κ,λ]2κ.

THEOREM 15.2. Suppose that (a) κ is a limit cardinal such that 2<κ = κ, and (b) either λ > dκ, or

dκ ∈ K(κ, λ). Then I+κ,λ
κ−→
κ
/ [I+κ,λ]2κ.

Proof. Select T ⊆ Pκ(λ− κ) so that |T |= λ · dκ and |T ∩P (a) |< κ for every a ∈ Pκ(λ). Also, select

χ : κ−→
⋃
γ<κ

γκ so that |χ−1({z}) |= κ for every z ∈
⋃
γ<κ

γκ. Now let A be the set of all a ∈ AT such

that

χ(∪(a ∩ κ)) = cfT,a−κ,τT,a−κ .

Notice that A ∈ I+κ,λ. We define a partial function F from κ × κ to κ by stipulating that F (δ, η) =
(χ(η))(δ) if η ∈ κ and δ ∈ dom(χ(η)).

Now fix B ∈ I+κ,λ ∩P (A) and ξ ∈ κ. Let g ∈ κκ be the increasing enumeration of the elements of the set

{∪(b ∩ κ) : b ∈ B}. Select u ∈ Pκ(T )− {φ} so that g(α) ≤
⋃
d∈u

(ψT (d))(α) for all α < κ. Pick a ∈ B so

that ∪u ⊆ a and |T ∩ P (a) |> ξ. Then

g(f̃T,a−κ(ξ)) < ∪(a ∩ κ)

and

ξ = cfT,a−κ,τT,a−κ(g(f̃T,a−κ(ξ))) = (χ(∪(a ∩ κ))(g(f̃T,a−κ(ξ))) = F (g(f̃T,a−κ(ξ)),∪(a ∩ κ)).

Remark. Theorems 14.2, 15.1 and 15.2 (as well as e.g. Theorems 9.2, 9.4, 12.1 and 12.2, Propositions 9.3
and 11.3 and Corollary 13.2) are also true for κ = ω. This gives (a) d ≥ nonω(J+−→[J+]2ω), and (b) if

λ ≥ d, then I+ω,λ
ω−→/ [I+ω,λ]2λ and I+ω,λ

ω−→
ω
/ [I+ω,λ]2ω.
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