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2 SAHARON SHELAH

ANNOTATED CONTENT

§1 Constructing Ny (,)11-free Abelian group

[We introduce “x is a combinatorial k(x)-parameter”. We also give a short
cut for getting only “there is a non-Whitehead Ny, 1-free non-free abelian
group” (this is from 1.6 on). This is similar to [Sh 771, §5], so proofs are
put in an appendix, except 1.14, note that 1.14(3) really belongs to §3.]

§2 Black boxes

[We prove that we have black boxes in this context, see 2.1; it is based on
the simple black box. Now 2.3 belongs to the short cut.]

§3 Constructing abelian groups from combinatorial parameter

[For x € K g}’*) 41 We define a class @y of abelian groups constructed from it

and a black box. We prove they are all Ry (,)1-free of cardinality |I'|* + Rg
and some G € % satisfies Hom(G,Z) = {0}.]

84 Appendix 1

[We give adaptation of the proofs from [Sh 771, §5] with the relevant
changes.|
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§0 INTRODUCTION

For regular 6 = R,, we look for a f-free abelian group G with Hom(G,Z) = {0}.
We first construct G and a pure subgroup Zz C G which is not a direct summand.
If instead “not direct product” we ask “not free” so naturally of cardinality 6, we
know much: see [EMO02].

We can ask further questions on abelian groups, their endormorphism rings,
similarly on modules; naturally questions whose answer is known when we demand
N;-free instead N,-free; see [GbTI06] . But we feel those two cases can serve as
a base for significant number of such problems (or we can immitate the proofs).
Also these cases are reasonable for sorting out the set theoretical situation. Why
not # = N, and higher cardinals? (there are more reasonable cardinals for which
such results are not excluded), we do not fully know: note that also in previous
questions historically this was harder.

Note that there is such an abelian group of cardinality Ry, by [Sh:98, §4] and see
more in Gébel-Shelah-Struiingman [GShS 785]. However, if MA then Ny < 280 =
any No-free abelian group of cardinality < 28° fail the question.

The groups we construct are in a sense complete, like “Z. They are close to
the ones from [Sh 771, §5] but there S = {0, 1} as there we are interested in Borel
abelian groups. See earlier [Sh 161], see representations of [Sh 161] in [Sh 523, §3],
[EMO02].

However we still like to have § = X, i.e. N,-free abelian groups. Concerning
this we continue in [Sh 898].

We thank Ester Sternfield and Riidiger Gobel for corrections.

We shall use freely the well known theorem saying

0.1 Theorem. A subgroup of a free abelian group is a free abelian group.
0.2 Definition. 1) Pr(), x): means that for some G we have:

(a) G=(Gy:a<K+1)

‘Gﬁ-i-l’ < )\7

(9) some h € Hom(G,;Z) cannot be extended to h € Hom(Gyy1,Z).

2) We let Pr=(\,0,k) be defined as above, only replacing “Gjy1/Gq is free for
a < K’ by “Gei1/Gy is O-free.
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§1 CONSTRUCTING Ny (#)+1-FREE ABELIAN GROUPS

1.1 Definition. 1) We say x is a combinatorial parameter if x = (k,S,A) =
(k*,S8*, A*) and they satisfy clauses (a)-(c)

(a) k<w
(b) Sis aset (in [Sh 771], S = {0,1}),
() A C*Y(«S) and for simplicity |A| > Vg if not said otherwise.

1A) We say x is an abelian group k-parameter when x = (k,S,A,a) such that
(a),(b),(c) from part (1) and:

(d) ais a function from A x w to Z.

2) Let x = (k*, 5%, A¥) or x = (k*, 5%, A*,a*). A parameter is a k-parameter for
some k and K ,2?*) /K EE*) is the class of combinatorial/abelian group k(x)-parameters.
3) We may write a} ,, instead a*(n,n). Let wg ,» = w(k,m) ={{ <k : £ # m}.

4) We say x is full when AX = #()(«3).

5) If A C A* let x [ A be (k*, 5%, A) or (k*, 5%, A,a | (A xw)) as suitable. We may
write x = (y,a) if a = a*,y = (k*, 5%, A¥).

1.2 Convention. If x is clear from the context we may write k or k(x), S, A, a instead
of k*, 5%, A*, a*.

A variant of the above is

1.3 Definition. 1) For S = (S,, : m < k) we define when x is a S-parameter:
neANAmM<ES =0y, €“(Sh).
2) We say a is a (x, y)-black box or & witness Qr(x, y) when:

if Dy, + AX, — X for m < k* then for some 77 € A* we have: m < k* An <
w = hp(n 1 (Mm,n)) = agz.mn, see clause (a) of Definition 1.4 below on
“n1 (m,n)” and A¥,.



Paper Sh:883, version 2009-03-05_10. See https://shelah.logic.at/papers/883/ for possible updates.

N,-FREE ABELIAN GROUP, ETC. 5

2A) We may replace x by x if x = (x : £ < k*). We may replace x by A* (so say
Qr(A*, x) or say a is a (A, x)-black box). B
3) We say a parameter x is S-full or x is a full (S, k)-parameter when A* =

IT “(Sm)-

m<k

1.4 Definition. For a k(x)-parameter x and for m < k(x) let

(@) AX, =Axmn ={n:7=(n: € < k(x)) and 1,,, € 7S and £ < k(%) AL #
m =1y €“S and for some 7' € A we have n <w,7=1"1 (m,n)} where
n=1n"1(m,n) means n, =n,, [ nand £ < k(x) AL #m = n, =n,}

(0) A%y is U{AS, :m < k(x)}

(c) m(n) =mif 7€ AX,.

1.5 Definition. 1) We say a combinatorial k(x)-parameter x is free when there is
a list (7® : a < a(x)) of A* such that for every a for some m < k(x) and some
n < w we have

(*) 7 1 (mm) & {ng, 1 (mym) : B < o}

2) We say a combinatorial k-parameter x is f-free when x [ A = (k, S*, A) is free
for every A C A* of cardinality < 6.

Remark. 1) We can require in (x) even (3°n)[n% (n) ¢ U{nf(n’) < kB <
a,n’ <wl].
At present this seems an immaterial change.

1.6 Definition. For k(x) < w and an abelian group k(x)-parameter x we define
an abelian group G = Gx as follows: it is generated by {z; : m < k(x) and 7 €
A%} U{ysn :n <wand € A*} U {z} freely except the equations:

Xin (M)Yin+1 = Yagn +a% .2 + D {Tg1<mn> :m < k(*)}.

1.7 Explanation. A canonical example of a non-free group is (Q, 4). Other examples
are related to it after we divide by something. The y’s here play the role of providing
(hidden) copies of Q. What about x’s? For 7 € A we consider (y;, : n < w), as
a candidate to represent (Q,+), k(%) + 1, “opportunities” to avoid having (Q, +)
as a quotient, say by dividing K by a subgroup generated by some of the x’s.
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This is used to prove Gy is not free even not Ry (,);o-free, which is necessary. But
for each m < k(x) if (Z51(m,n) : 7 < w) are not in K, or at least 2,(, ) for n
large enough then Q is not represented using (y5, : n < w); so we have k(x) + 1
“opportunities” to avoid having (y;, : n < w) represent (Q,+) in the quotient,
one for each infinite cardinal < Ny (,). This helps us prove N, )-freeness. More
specifically, for each m(x) < k(x) if H C G is the subgroup which is generated by
X = {Zij<mmn> : m # m(x) and f € ¥ L@ S) and m < k(*)}, still in G/H the set
{yg.n : n < w} does not generate a copy of Q, as witnessed by {51 <m(s)n> : 2 < W}

As a warm up we note:

1.8 Claim. For k(x) < w and k(x)-parameter x the abelian group Gy is an W -free
abelian group.

Now systematically

1.9 Definition. Let x be a k(x)-parameter.

1) For U C“S let Gy = G5 be the subgroup of G generated by Yy = Y = {2z} U
{Yinn 21 € ANFOH(U) and n < w}U{Zig1<mon> 1 m < k(x) and 7 € ANEEFD ()
and n < w}. Let G = G35 be the divisible hull of Gy and G+ = G?;S).

2) For U C “S and finite u C “S let Gy, be the subgroup! of G generated by
U{Guu\{n}) : M € u}; and for 7 € FZT et Gu.;; be the subgroup of G generated
by U{Guun,k<tg(n) and key * £ < Lg(n)}.

3) For U C “S let =y = E% = {the equation X, : 7 € AN Y and n < w}.
Let v = 5§, = H{Evuw\(sy) : B € u}-

1.10 Claim. Let x € Kj4)-

0) If Uy C Uz € “S then Gy, € G5, € G™.

1) For any n(*) < w, the abelian group Gy, (which is a vector space over Q), has
the basis Yg(*) = {2} U Y 1 1 € ANFOH O U {zgcmmns : m < k(x),7 €
AN and n < w}.

2) For U C“S the abelian group Gy is generated by Yy freely (as an abelian group)
except the set Zy of equations.

3) If m(x) <w and Uy, € *S for m < m(x) then the subgroup Gy, +...+Gu,,.,_,
of G is generated by Yy, UYy, U...UYy, . _, freely (as an abelian group) except
the equations in =y, UZy, U...UZy,, ;-

34) Moreover G/(Gy, + ...+ Gu is Wy -free provided that

m(*)+l)

® if 9o, ., M) € HUm : m <m(*)} are such that

Inote that if u = {n} then Gy =Gy
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(V€ < k(x))(3m <m(x)[{no, - - ko }\{ne} € Un)
then for some m < m(x) we have {no,..., M)} € Un.

4) If m(x) < k(%) and Uy, = U\U} for £ < m(x) and (U; : £ < m(x)) are pairwise
disjoint then ® holds.

5) Guu C Guuy if U C¥8S and u C“S\U s finite; moreover Gy, Cpr Guuu Cor
G.

6) If (Uy : o < a(x)) is C-increasing continuous then also (Gy, : o < a(x)) is
C-increasing continuous.

7)IfUL CU; CU CYS and u C“S\U is finite, |u| < k(x) and U2\Uy = {n} and
v=uU{n} then (Guu + Gu,uu)/(Guu + Gu,uu) s isomorphic to Gu,uv/Gu, -

8) If U C “S and u C “S\U has < k(x) members then (Gu. + Gu)/Gun is
isomorphic to Gy, /Gy .

1.11 Discussion: For the reader’s benefit we write what the group Gy is for the case
k(x) = 0. So, omitting constant indexes and replacing sequences of length one by
the unique entry we get that it is generated by y, , (for n € “S,n < w) and x,, (for
v € > S) freely as an abelian group except the equations (n!)yy nt1 = Yn.n + Tyin-
Note that if K is the countable subgroup generated by {z, : v € “>2} then G/K
is a divisible group of cardinality continuum hence G is not free. So G is Nj-free
but not free.

Now we have the abelian group version of freeness, the positive results in 1.12, 1.13
and the negative results in 1.13.

1.12 The Freeness Claim. Let x € Ky ().
1) The abelian group Gyuu/Gu,, is free if U C “S,u CYS\U and |u| < k < k()
2) If U C“S and |U| < Ry, then Gy is free.

1.13 Claim. 1) If x is a combinatorial k(x)-parameter then X is Ny (,)11-free.
2) If x is an abelian group k(x)-parameter and (k*, S*, A*) is free, then Gy is free.

Proof. 1) Easily follows by (2).
2) Similar and follows from 3.2 as easily G belongs to ¥{(.),sx,ax), see Definition
3.3.
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1.14 Claim. Assume x € K,‘;'E*) is full (i.e. AX = FHFTL(@(5%))),

1) IfU C¥S and |U| > (|S] + No) T EO+D the (k(x) + 1)-th successor of |S| 4+ No.
Then G is not free.

2) If |S*| > Ny ()41 then Gy is not free.

3) Assume x € K}?()*)v ST+ Ao < Apgr for £ < k(x) and [AX| > Ay and G € 9y
(see Definition 3.3) then G is not free.

Proof. 1) Let R, = |S|. Assume toward contradiction that Gy is free and let x
be large enough; for notational simplicity assume [U| = Ny4p )41, this is O.K.
as a subgroup of a free abelian group is a free abelian group. We choose N; by
downward induction on ¢ < k(x) such that

(a) Ngis an elementary submodel® of (J(x), €, <%)
(0) [INell = [Ne M Ra gy | = Raqp and {¢: ¢ < Rayp} © Ny

(c) (x5 :7m € A’ék(*)>, (Yam M € A and n < w),U and Gy belong to Ny and
Not1, .oy Nis) € Ne

Let Gy = Gy N Ny, a subgroup of Gyy. Now

(x)o Gu/(X{Gy: € < k(x)}) is a free (abelian) group
[easy or see [Sh 52], that is:
as Gy is free we can prove by induction on k < k()41 then G /(X{Grx)41—¢
¢ < k}) is free, for k = 0 this is the assumption toward contradiction, the
induction step is by Ax VI in [Sh 52] for abelian groups and for k = k() +1
we get the desired conclusion.]

k(*)
(%)1 letting U} be U for £ = k(*) + 1 and ﬂ (N, NU) for £ < k(*); we have:
m={
U} has cardinality N, for £ < k(x) + 1
[Why? By downward induction on ¢. For ¢ = k(%) + 1 this holds by an
assumption. For ¢ = k(x) this holds by clause (b). For ¢ < k(x) this holds
k(*)
by the choice of Ny as the set ﬂ (N, NU) has cardinality Ro4p41 > Ny
m={+1
and belong to Ny and clause (b) above.|

27 (x) is {x: the transitive closure of = has cardinality < x} and <} is a well ordering of
A (x)



Paper Sh:883, version 2009-03-05_10. See https://shelah.logic.at/papers/883/ for possible updates.

N,-FREE ABELIAN GROUP, ETC. 9

%)y U? =: U} NyNU) has cardinality Ny1p41 for £ < k(x
¢ 041 +0+
[Why? As \Uglﬂl =Ny >N = ||N|| > [NeNU|]
-1
x)3 for m < £ < k() the set U3 , =:U? N N, has cardinality Ny,
m,f ¢ +

Why? By downward induction on m._For m=4{¢—1as U? € N,, and

[Why? By F

|UZ| = Ry4e41 and clause (b). For m < ¢ — 1 similarly.]

Now for ¢ = 0 choose 1} € U}, possible by (x)s above. Then for £ > 0,¢ < k()
choose n; € Ug”g. This is possible by (x)3. So clearly

(¥)a ny €U and g € Ny, NU < £ m for £,m < k(x).
[Why? If ¢ = 0, then by its choice, n; € U g, hence by the definition of U, 62 in
(%)2 we have nj ¢ Ny, and 1 € U£1+1 hence 7y € Nyy1 N ... N Ny by (%)1
s0 ()4 holds for £ = 0. If £ > 0 then by its choice, 7} € Ugé but Ug’%e CU?
by ()3 so n; € U? hence as before nj € Nyp1 N...N Nis) and n; & Np.

-1
Also by (%)3 we have n; € ﬂ Ny so (x)4 really holds.]
r=0

Let n* = (n; : £ < k(%)) and let G’ be the subgroup of Gy generated by {Z7<m n> :
m < k(x) and 7 € *¥HU and n < w}U{y;, : 7 € FOFIU but 7 # 7* and n < w}.
Easily Gy C G’ recalling Gy, = NyNGy hence X{Gy : { < k(x)} C G’, but yz- o ¢ G’
hence

(%)5 Y0 € 2 AGe: £ < k(x)}.

But for every n

(*)6 MYqs mt1 — Yien = 2{Tie1<mmn> - m < k(x)} € B{Ge: £ < k(x)}.
[(Why? g+1<m.n> € Gm as " | (k(x)) + 1\{m}) € N by (+)a.]

We can conclude that in G/ Y {Gy : £ < k(x)}, the element yz« o+ > {Gp : £ <
k(*)} is not zero (by (x)s) but is divisible by every natural number by (x)g.

This contradicts (x)g so we are done.

2),3) Left to the reader. 04 14
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§2 BLACK BOXES

2.1 Claim. 1) Assumek(*) < w,x = X", \ = T (x) and S = A\ A = k() +1(wg)

or just Se = Mo = Xo,Je(x) = A\° = x¢ for £ < k(x) and A = H “(S¢) and
0<k(x)

x = (k(x), A\, A) so x is a full combinatorial (Sy : £ < k(x))-parameter. Then A has

a x-black box, i.e. Qr(Agr+,X), see Definition 1.3. B

2) Moreover, x has the (x; : £ < k(x))-black boz, i.e. for every B = (By : 7 €

A’ék(*)> satisfying clause (c) below we can find (hy : ) € A) such that:

(a) hg is a function with domain {171 (m,n) :m < k(x),2 <n <w}

(b) (T] <m7 n>) < B_ 1<m,n>

(¢) Bij(m,n) 15 a set of cardinality x.m,

(d) zf h is a function with domain A<k( L) See Definition 1.4 such that h(7 1

(m,n)) € Bgicmns) for 1 € Am < k(x),n <w and ap < Ay for £ < k(x)
then for some € A*, hy C h and 1n¢(0) = oy for £ < k(x).

3) Assume x; = /\?O,Xgﬂ = X)iq for £ < K(x). If S¢ = X\ for simplicity, for
{ < k(*),x is a full combinatorial (S, k(x))-parameter, and | By <mn>| < Xie) for
n € A* then we can find (hy : 7 € A*) as in part (2), moreover such that:

(e) if 7 € A then ng is increasing

(f) if A¢ is regular then we can in clause (d) above add: if Ey is a club of Ay for
¢ < k(x) then we can demand: if n € A* then for each £ for some o < N
we have ny € “(Ey U {aj})

(9) if Ae is singular of uncountable cofinality, \q = X{\¢; : i < cf(A)},
cf(Ni¢) = Aie increasing with i we can add: if ug C cf(N) is unbounded,
Ey; a club of A\g; then ng € “(E; ;U {a}}) for some i € uy.

Proof. Part (1) follows form part (2) which follows from part (3), so let us prove
part (3). To uniformize the notation in 2.1(1), i.e. 1.3(2) and 2.1(2),(3) we shall
denote:

O} ] hﬁ(ﬁw <m7n>) n(m)n
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Note that without loss of generality® o € A%y = Bo = |By|, i.e. without loss

of generality 7 € A* An <wAm < k() = Bpj<mn> = Xn and we use agf;fl)’n =

hi(n 1 (m,n)) for n € Ax,m < k(x) and n < w. We prove part (3) by induction on
k(x). Let Ay = A* and without loss of generality S, = ;.

Case 1: k(x) = 0.
By the simple black box, see [Sh 300, III,§4], or better [Sh:e, VI,§2], see below
for details on such a proof.

Case 2: k(x) =k + 1.
Let

Oy of = (ak 17 € Ag,n < w,m < k) witness parts (2),(3) for k, i.e. for x*,

{r_]?m7n
hence no need to assume x* is full.

So A = M), X = Xi(x) and let H = {h : h is a function from Ay to x}. So

H| < (A)A:O = x. By the simple black box, see below, we can find (h, : 7 € “))
such that

®3 (@) hy=(hyn:n<w)andh,, € H forne
(B) if f={(f,:ve“>A) and f, € H for every such v and a < \
and p € “~ ) is increasing then for some increasing n € “\
we have p<n and n < w = hyn = foin

(v) if cf(A) > Vg and E' is a club of A then we can add U{n(n) : n < w}
e L.

[Why? First assume x = A. Let (o = (o : £ < na) 1 @ < A) enumerate “~H
such that for each g € “”H the set {« < A : g, = g} is unbounded in A\. Now
for n € “A and n < w let hy, = gyk),n for every k large enough if well defined
and gy (n+1),n Otherwise. So clause (a) of ®3 holds and as for clause (3) of @3, let
f={f,:v€“>N) be given, f, € H.

Assume p € “Z )\ is increasing. We choose a,, by induction on n < w such that:

®4 (@) ay =p(n)if n < Llg(p)

3Why? (As doubts were cast we shall elaborate.) For 7 € Acp(s) let Bf = {i:i < |Bgl|} forn €
A< (x) and let gz be a one-to-one function from B;, onto By. Now assume that (h% 11 € Ncpn))
is as required in the claim for (B : 7 € A) and define a fucntion hy, with domain Dom(h;) =
{71 (m,n) : m < k(x) and n < w} such that hz(7 1 (m,n)) = gn(hy(71 (m,n))) € By <m,n> for
7€ A,m < k(x),n < w. Define the function ' with domain A<,y by /(1) = g%loh7 so h' is well
defined with domain A< (. such that h’(7) € Bj;. By the choice of (hj; : 1 € A<y (4)) thereis 7 € A
such that m < k(x)An <w = h'(71 (m,n)) = h'(7j 1 (m,n)). But by the choice of hj, h’ we have
m < k() An < w = ho( | (m,n) = g3 (WG 1 (m,m))) = g (W (1 1 (m,m)) = b7 1 (m.m))
as required.
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(ﬁ) an<)\andan>amjfn:m+1
(v) if n > Lg(p) then o, satisfies ga, = (fra,.e<m) : M < n).

Now 1 =: (o, : m < w) is as required in clause (8) of ®3; to get also clause () of
©®3 we should add in clause (8) of ®4 then a,, > min(E\auy,).

Second, if x > X but still x < AR, let (g, : o < x™°) list “>H, and let h,, : Y — A
for n < w be such? that a < 8 < x = (V*°n)(h,(a) # h,(8)) and let cd: X\ — “> X
be one to one onto. Now for n € “A and n < w let h,, , be g, where « is the unique
ordinal o < x such that for every k < w large enough (cd(n(k)))(n) = h,(a) so in
particular (¢g(cd(n(k)) : k < w) is going to infinity or A, , is not well defined; in
fact, we can use only the case fg(cd(n(k)) = k; stipulating h,, , € “{0} when not
defined. So we have defined (hy,, : 7 € “A\,n < w). Now we immitate the previous
argument: clause (3) of ®5 holds.

Next we shall define a**) = <O‘§7,(:z),n 07 € A1, m < k(x),n < w) as required;
so let 7 = (e : £ < k(x)) € Ag(yy we define @g(*) = (ozlf(*) :m < k(x),n < w) as

’r] 7m7n
follows:

Os if Ny € “Xand (no, ..., Nk(x)—1) € A then for m < k(x) and n < w
. k(*
(o) if m = k() then a,—z,(m),n = Ny ({105« + 5 M) —1)) < Ame

. . k(x)  _ k
(8) if m < k(x),ie. m <k then apmn =070 mn < Am-

n?m7

Clearly ag%’n < Am in all cases, as required, (in clause (a),(b),(c) of 2.1(2) and

(e) of 2.1(3). But we still have to prove that <d§,(:1),n cn € AL m < k(x),n <
w) witness Qr(x**),x), see Definition 1.3(2) this suffices for 2.1(2), little more is
needed for 2.1(3); just using (v) of ®3 and the induction hypothesis.
Why does this hold? Let h be a function with domain A’él:(*i) as in part (3) and
a; < Mg for £ < E(x).

For v € “”Xlet f, : A — A = Ag(y) be defined by: f,((ne : £ < k)) =: h((ne :
{ < k)" (v)). So by ©3 above for some increasing 1; ) € “A we have nj ,,(0) = o,
and

GO N <w= fnz(*) tn = hnz(*)’n.
Now substituting the definition of f we have

O7 (105 Mk) € A An < w = hye om0, mk) = h{(10, - ks My [ 12))

4recall (YV>°N) means “for every large enough n < w”
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Substituting the definition of &@* we have

o k’ * *
©g if (no,...,mk) € Ax and n < w then a<(770):-~~777k,77:(*)> = h({(no, - - . e o) I

Now we define a function h’ with domain A’gk by: if 7 € A’gk then h'(77) =
So by the choice of @* in ®y we can find (ng,...,n;) € Ax with no repetitions
such that 7} (0) = aj for £ < k and in Oq

g m<kAn<w= O/(ﬁng,...,n;),m,n - hl((n37 s 7777c<> 1 (mvn)>)

Let ﬁ* - (7737---77727771:+1>a77/ - <77(>)ka777:<>
Note that
©ro it m < ki < w then K7 1 (km)) = A 1 (m,m)" (1)) = h(T* 1
(m,n)).

Now by ®g + ®19 and ®5(fF) this means
®11 if m <k and n < w then a’;ﬁ*fnn = h(n* 1 (k,m)).

So by putting together ©g + ®11 we are clearly done, i.e. we can check that
gy -, n,:(*)> is as required. P

2.2 Conclusion. For every k < w there is an Ny1-free abelian group G of cardinality
Jk+1 and pure (non-zero) subgroup Zz C G such that Zz is not a direct summand
of G.

Proof. Let xy = 2% and x be a combinatorial k-parmeter as guaranteed by 2.1.
Now by 2.3(2) below we can expand x to an abelian group k-parameter, so Gy is
as required.

2.3 Claim. 1) If x is a combinatorial k-parameter such that Qr(x,2%°) then for
some a,y := (x,a) is an abelian group k-parameter such that h € Hom(Gy,Z) =
h(z) = 0.

2) For every k there is an Wy11-free abelian group G of cardinality 31 and z € G
a pure z € G as above.

Proof. 1) Let & witness Qr(x, 2%0). We define a function 1:Ord — Z by: () in «
if a <w,is —n if «a = w+n < w+ w and is zero otherwise. For each 7 € A* we
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shall choose a sequence (a; ., : n < w) of integers such that for any b € Z\{0} for
no ¢ € “Z do we have:

X for each n < w we have

nlent1 = cn + @500 + X{e(@s,mn) 1 m < k(x)}.

This is easy: for each pair (b,cp) € Z x Z the set of (a, : n < w) € “Z such that
there is at least one sequence (and always at most one sequence) (cg, 1, ¢, ...) of
integers such that X holds for them, is meagre, even no-where dense so the choice
of (a5, : n < w) is possible.

Now toward contradiction assume that h is a homomorphism from Gx to zZ
such that h(z) = bz,b € Z\{0}. We define b’ : A%, — x by b/(7) =n if n < w and
h(z;) =nz and h'(7) = w +n if n <w and h(z;) = (—n)z.

By the choice of @, for some 77 € A* we have: m < kAn <w=h' (77 (m,n)) =
Qgmn- Hence h(Tg1(mn)) = t{agmmn)z for m < k,n <w,

Let ¢,, € Z be such that h(y;,) = c,2. Now the equation X ,, in Definition 1.6
is mapped to the n-th equation in Xy, so an obvious contradiction.

2) By part (1) and 2.2. O3

2./ Remark. 1) We can replace y by a set of cardinality x in Definition 1.3. Using
Zz instead of x simplify the notation in the proof of 2.3.

2) We have not tried to save in the cardinality of G in 2.3(2), using as basic of the
induction the abelian group of cardinality Ng or Ny.

2.5 Claim. 1) If xo = x§°,xm+1 = 2X7m and Ay, = Xm for m < k for the x-full
combinatorial k-parameter x, the (x, x)-black box ezist.

2.6 Conclusion. Assume pg < ... < pp(x) are strong limit of cofinality g (or
o = No), Ao = pf, xe = 21,

Then in 2.1 for 7 € A* we can let hj,, has domain {v7 € A% : [y, = n for
C=m+1,... . k(x)}.
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§3 CONSTRUCTING ABELIAN GROUPS FROM COMBINATORIAL PARAMETERS

3.1 Deﬁnition. 1) We say F'is a p-regressive function on a combinatorial param-
eter x € K k) when S* is a set of ordinals and:

(a) Dom(F) is A*
(b) Rang(F) C [AXUAX, =%

(c) for every i € A¥ and m < k(x) we® have sup Rang(n,,) > sup(U{Rang(v;,) :
v € F()}); note oy € A* or v € AL, ) as F(7) is a set of such objects.

1A) We say F is finitary when F'(7) is finite for every 7.

1B) We say F' is simple if 7;,(,)(0) determined F'(7) for 7 € A*.

2) For x, F' as above and A C A* we say that A is free for (x, F') when: A C A* and
there is a sequence (77® : a < a(x)) listing A" = AU|J{F(7) : 7 € A} and sequence
(ly : o < a(x)) such that

(a) Lo < k(%)
(b) if a < a(*) and 7 € A then F(7®) C {7’ : B <a} U{R? 1 (m,n) : v < «
is such that 77 € A* and n < w,m < k(x)}

(c) if & < a(x) and 7* € A then for some n < w we have 7% | (£o,n) & {7° 1
Uo,n) : B<a,n® € A} U{R’: B <a}.

3) We say x is O-free for F'is (x, F') is pu-free when x, F' are as in part (1) and every
A C A* of cardinality < 6 is free for (x, F).

3.2 Claim. 1) If x € Kk( ) and F is a regressive function on x then (x,F') is
Ny (+)41-free provided that F is finitary or simple.

2) In addition: if k < k(x),A C A* has cardinality < Ry and u = (uz : 7 € A)
satisfies uz C {0,...,k(x)}, |uy| > k, then we can find (N* : o < Ry), (ly : a <
Ni), (g : o < Ng) such that:

() AC{7™:a <N}
(b) zfna € A* then ly € uga,ng < w
(€) 71 (la,na) & {7P 1 Ua,na) : B<alU{n?: B <al.

Remark. We may wonder:

Sactually, suffice to have it for £ = k(x)
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Ruedeger Question: Assume F(7]) € [A<y(,]=N for 77 € A* is as in Definition 3.1.
Is this O.K. in the proof of 3.2, particularly Case 17

Answer: Seems not. Assume v # p € A and

(A) wp = {6}, F(7) = {p 1 () :m < w}
(B) up = {ls}, F(p) = {51 (la,n) : 1 < w}.

So if (v,p) = (MaysNas), We have ag # oy as v # p, (1 < az) by (B), and
—(ag < aq) by (A).

Proof. 1) Follows by part (2) for the case k = k(x),u; = {0,...,k(x)} for every
neA.

2) So we are assuming x € K,‘;l()*), F is a regressive function on x which is finitary
or simple, k < k(x), A C A* has cardinality < ¥, and without loss of generality A
is closed under 77 — F'(77) N A*. We prove this by induction on k.

Case 1: £k =0.

Subcase 1A: Ignoring F'.

Let (7% : o < |A|) list A with no repetitions (so a < |A| = a < N, = Xg). Now
a < |A| = uze # (0 and let £, = min(ugze) < k(x). Hence for each o < |A| we know
that 8 < a = 7”7 # 7%, hence for some n = n, 3 < w we have 7% | (lo,n4.5) #
71 (s P ).

Let ng =sup{nap: 0 < a),itis <w as a < w. Now (({o,nq) : o < |A]) is as
required.

Subcase 1B: 77 € A = F (7)) is finite®.

Let (n® : a < |A]) list A, we choose w; by induction on j < j(*),j(*) < w such
that:

® (a) wj; C |A]is finite for j < w

(b) JEwjn
( if @ € w; then F(n®) NA C {7*: 5 € w;}
(d) wjy = |A] and wg =0
() w; Cwjp
(f) if j(*) = w then wj,y = U{w; : j < j(x)}.

61f we assume for 7 € A = F(77) C A<j(x) then any list (7 : o < |A]) with no repetitions and
0= (o : a <|A]),Llo € uze will do. Why? Because Y, := U{F(7°) : B < a} is a finite subset of
A<k(xy- Now for a < |A| the set ul, := {n < w: 7% | (fa,n) belongs to Y} is finite, and also for
each B < atheset u”,Y, g:={n <w:7%1 ({a,n) = 781 (€a,n)} is finite. As « is finite we can
find n = ng € W\Ya\U{Y, 3:8 < a}. Now (ng : a < |A|) is as required.
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No problem to do this; for clause (c) use “F is regressive, the ordinals well ordered
but we elaborate. Assume that the finite w; C |A| has been chosen. We define
wj,m by induction on m such that w;,, C |A| is finite and C-increasing with m.
For m =0 let w; ,, = w; U{a}. If w;,, is defined let

Wjm41 = Wjm U{B < |A|: for some a € wj ,, we have

i e F(7%) N A}.

As wj ,, is finite and C |A| and each F(7%) is finite and C {n? : v < |A]} clearly
Wi m+1 is finite - ’A|

Lastly, we let w11 be U{w;,, : m < w}. If it is finite we have carried the
inductive step on j. If not, then (w;, : m < w) is C-increasing and we let
Vim = Sup{na,0(i) : i <w,a € Wj mi1\Wjtm} and it suffices to prove

(%) Yjm > Vjm+1 (both are ordinals!).

Why (*) is true? As by the definition of ;41 for some i, < w and B, €
Wjm42\Wjm+1 we have n50(ix) = Yjm+y1. By the definition of wj 40 as S ¢
Wj m+1, there is a, € wj m41 such that n? € F(n®) NA.

As By ¢ wj m+1 necessarily o, ¢ w; ., hence by the definition of v, ,, we know
that (Vi < w)(1a,0(i) < vj.m). By clause (c) of Definition 3.1(1) as 7# € F(7%) we
know that 1g,0(7x) < sup{na,0(?) : i < w}. By the last two sentences we are done
proving (x), so we are done defining w;; hence we finish justifying ®.

Now let (B(j,4) : i < if) list wji1\w; such that: if 41,4 < 4} and 7Pl ¢
F(7P0%2)) then iy < ig; we prove existence by F being regressive. Let (7, : i < ir*)
list U{F'(7%) : @ € wjpq1 \w; \NAN{F (%) : v € w; }.

Let o = X{ij(}) + 15, 1 (1) < j}. Now we choose p. for & < aj for j < j(x) as
follows:

(CL) pa;Jri =Vj,q if 2 < Z;*
(0) Partireti = 7P i § < i,

Lastly, we choose ng;; < w for i < z;‘ as in case 1A.
Now check.

Subcase 1C: F' is simple.

Note that F'(7) when defined is determined by 7;,(,)(0) and is included in {7 €
A%y UA* 2 sup Rang(vg(s)) < mi(+)(0)}. So let u = {Me(0) : 7 € A} and
u* =uU{sup(u)+ 1} and for a € u let Ay = {1 € A : 74(,)(0) = a} and for a € u*
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let Aco = U{Apg : 8 € u}. Now by induction on € u* we choose ((7°,4.) : € < eg)
such that it is a required for A.g. For f = min(u) this is trivial and if otp(u N 5)
is a limit ordinal this is obvious. So assume o« = max(u N ), we use Subcase 1A
on A, and combine them naturally promising ¢, = k(x) = n, > 1.

Case 2: k =k, + 1 and |A]| = R.
Let (A; : € < Ni) be C-increasing continuous with union A, [A11 .| = Vg, , Ag = 0,
each A closed enough, mainly:

®1 if 7" € A for i <i(x) <w,pe ANand {p;: £ < k(x)} C{n}: 0 <k(x),i<
i(*)} then p € A,
®2 A¢ is closed under 77 — F(77) N A*.

Next

€ up: for every or just some n < w for

© if e <Ny, € Acy1\Ac then uj = {£
v ] (¢,n)} has at most one member.

some v € A, we have 771 (¢, n)

[Why? So assume toward contradiction that 7 € A.y; and ¢(1) # £(2) belong to
uy. Hence by the definition of uj there are v, 72 € A, and nq,ne < w such that
7] <€1,n1> 7 1 <€1,n1) and 7 ] <€1,n2> = 1 <€2,n2>. Now m < k(*) = for
some ¢ € {1,2},m < {; = for some i € {1,2},n, is (7 1 (4i,ni))m = Nm € {pe :
p€ A} Hence {ns : ¢ < k(x)} C {pe: ¢ < k(%) and p € A.}. So by ®; we have
n € A¢, so we are done.|

Apply the induction hypothesis to A.y1\A for each € and get (7, lc an. ) :
a < a(e)) such that 75 1 (€£ 4, ne.a) ¢ (7P 1 (bepymep) : B < a).

Let a. = Y{ale ) e < A} and a = S{a(() : ¢ < e} + 6,8 < ale) let
n® =n"P Ly = L. 5,M0 = Nep. Le. we combine but for A.;1\A. we use (ug\ug :
7€ Acr1\Ae), so |u,7\u%| >k —1=k,. Os o

3.3 Definition. For a combinatorial parameter x we define ¥, the class of abelian
groups derived from x as follows: G € % if there is a simple (or finitary) regressive
F on A* and G is generated by {ysn :n € A, n <w}U{zy:7€ A’ék(*)} freely
except

&ﬁ,n (n!)yﬁ,n—i—l = Ya,n + bﬁ,nzﬁ,n + Z{xﬁ1<m,n> :m < k(*)}
where

® (CL) bﬁ,n c Z

(b) zpn is a linear combination of
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{25 : 7 € F()\A*} U {ysn 177 € F(7) N A* and
(Vm < k(x))(7 1 (m,n)) € F(n)}.

3.4 Claim. Ifx € Kg?*) and G € 9 (i.e. G is an abelian group derived from x),
then G is Ny ()41 -free.

Proof. We use claim 3.2. So let H be a subgroup of G of cardinality < Ny (,). We
can find A such that

(*) (a) A C A* has cardinality < R,

(b)  every equation which X\ = {Z51<mn>, Ysn : m < k(x),n <w,n € A}
satisfies in G, is implied by the equations from I'y = U{&j ,,:
€A}

(¢) HCGA= (Zicmn>Yqn:TEAM<Ek(x),n <w)g

(d) if 7€ A then F(7) is included in AU{w | ({,n) : v € A, ¢ < k(x) and
n < w}.

So it sufices to prove that G, is a free (abelian) group.

Let the sequence ((7%,¢,) : @ < a(x)) be as proved to exist in 3.2. Let % =
{a < a(x) : 7* € A} U {a(*)} and for a < afx) let X2 = {z81cmn> : B €
anN%,m<k(*)and n <w}and X! = X2U{n?: B8 €a\%}. So for each a € %
there is g = (e : ¢ € v,) such that: £, € vy, C {0,...,k(%)}, o < w and
X2 \XLE ={zi1<tm> £ € v and n € [ng 0, w)}.

For o < a(%) let Gaa = ({ygpn,20 : B € % N and 7 € X3})g,. Clearly
(Gt @ < a(x)) is purely increasing continuous with union Gy, and G o = {0}.
So it suffices to prove that G o41/Ga o is free. If o ¢ % the quotient is trivially a
free group, and if o € Z we can use ¢, € v, to prove that it is free giving a basis.

Us.4

3.5 Conclusion. For every k(x) < w there is an Ny (,)41-free abelian group G of
cardinality A\ = Jj (441 such that Hom(G,Z) = {0}.

Proof. We use x and (hj : 7 € A¥) from 2.1(3), and we shall choose G € ¥%. So G
is Ny ()41-free by 3.4.
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Let .¥ = {<(CL1,T_]Z) 1 < i1>A<(bj,17j,nj) : j < j1> i < w,a; € Z,T_h € A);k(*)
and ji < w,b; € Z,v; € A, n; < w} (actually & = A, ) suffice noting v; =
)

So |.7| = Ak(«) and let p be such that:

@ = ((af, n7") i <ia) {0, 7§, ) : § < Jja) so U = (V5 £ < K(x))

Now to apply Definition 3.3 we have to choose z, (for Definition 3.3) as ¥{af'zy, :
i <)+ E{b;‘y,;?yn? 1j <Jjofand zz = 25, = 10 (0) for 7 € A*,n < w then for
7 € A* we choose (b, : n < w) € “Z such that:

® there is no function h from {2z} U{ys »n : n < w}U{Z51<mn> : m < k(*),n <
w} into Z satisfying
® (a) h(z;) #0 and
(0)  h(zm<mn>) = hy(7 1 (m,n)) for m < k(x),n <w

(¢) for every n sn

() nAYgn+1) = M(yan) + banh(z;) + Z{zq1<mn>):
m < k(x)}.

E.g. for each p € “2 we can try ¥ = p(n) and assume toward contradiction that
for each p € “2 there is h, as above. Hence for some ¢ € Z\{0} the set {p € “2:
h,(z5) = ¢} is uncountable. So we can find p; # ps such that h, = c = h,,(z,)
and p1 | (Je|+7) = p2 | (Je|] + 7). So for some n > |c|+ 7,p1 [ n = p2 | n and
p1(n) # p2(n). Now consider the equation (x),, for hs, and hj,, subtract them and
get (p1(n) — p2(n))c is divisible by n!, clear contradiction.

So G € Yy is well defined and is Ny, (,)41-free by 3.4. Suppose h € Hom(G,Z) is
non-zero, so for some o < Ag(x), h(za) # 0 (actually as G' = ({ap : 0 € Apobe
is a subgroup such that G/G! is divisible necessarily h | G is not zero hence in
2.1(2) for some v € A%, ) we have h(zy) # 0). So by the choice of (hy : 7 € A)
for some 7 € A*, 1) (0) = o and we have hy = h [ {Zg<mn> :m < k(x),n < w}.
By ® we clearly get a contradiction. Us.s

Remark. We can give more details as in the proof of 2.3.
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3.6 Conclusion. For every n < m < w there is a purely increasing sequence (G, :
a < w, +1) of abelian groups, G, Gz/G, are free for a < f < w,, and G, +1/G.,
is N,,-free and for some h € Hom(Gy,Z) has no extension in Hom(Gy,, +1,7Z).

Proof. Let G,z be as in 2.2. So also G/Zz is R,-free. Let G, = ({z})¢ for
a<wy, Gy +1=G.
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§4 APPENDIX 1

4.1 Notation. If 7* € A¥, and 7 = 7* [ {{ < k(%) : £ # m} and v = n}, then let
T, = Ty+. (See proof of 1.12).

Proof of 1.8. Let U C “S be countable (and infinite) and define Gy, like G re-
stricting ourselves to 7y, € U; by the Lowenheim-Skolem argument it suffices to
prove that G, is a free abelian group. List A N k)H1 without repetitions as
(M : t < t* <w), and choose s; < w by induction on ¢t < w such that [r <t & 7, |

k(x) =1 Th(x) = 0= {0 ) 10 € [s4,w0)} NN pay [ €2 L E [s0,w)}].

Let
Vi = {@mg., :m < k(x),7 € FOFNMT and v € @>2}
Yy = {a:m,m,, m = k(x),7 € KU and for no t < +* do we have
n =1 rk’(*) & ve {T]t’k(*) rgiSt §£<CU}}
Ys ={yn,.n:t<t"and n € [s;,w)}.
Now

(¥)1 Y1 UY2 UY3U{z} generates GJ,.

[Why? Let G’ be the subgroup of G; which Y7 UY> UY3 generates. First we prove
by induction on n < w that for 7 € *™U and v € ™S we have Thee),g0 € G If
Th(x),5,» € Y2 this is clear; otherwise, by the definition of Y3 for some ¢ < w (in fact
¢ =mn) and t < w such that £ > s; we have 7 =7 [ k(x),v = 04 p(x) | L.

Now

(@) Yno01» Y., arein Y3 C G
Hence by the equation X, in Definition 1.6, clearly x5, € G'. So as Y1 C
G' C Gy, all the generators of the form xy(,) 5, with each i, € U are in G'.

Next note that

(b) @y 5, 1{i<k(x):izm},» Delong to Y1 € G if m < k().
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Now for each ¢ < w we prove that all the generators yg, », are in G'. If n > s;
then clearly yz, ,» € Y3 C G'. So it suffices to prove this for n < s; by downward
induction on n; for n = s; by an earlier sentence, for n < s; by X ,,. Together all
the generators are in this subgroup so we are done.]

(¥)2 Y1 UYo UY3U{z} generates Gy, freely.
[Why? Translate the equations, see more in [Sh 771, §5] ]
Uis

Proof of 1.10. 0), 1) Obvious.

2),3),4) Follows.

5) Let (n, : £ < m(x)) list u,U; = U U (u\{ne}) so Gy, = Gug -+ GUpy-
First, Gyw € Guyuy follows by the definitions. Second, we deal with proving
Guu Spr Guuw. So assume 2* € G,a* € Z and a*z* belongs to Gy, + ...+ GUm(*)
so it has the form X{b;xy1<m;n,> + 1 < i(*¥)} + X{cjyg;n, 1 J < j(*)} + az with
i(*) < w,j(*) < wand a*,b;, ¢c; € Z and v;, 7}, 7j; are suitable sequences of members
of Uy(iy, Us(iy, Uk respectively where £(7), k(j) < m(x). We continue as in [Sh 771].
6) Easy.

7) Clearly Uy Uv = Uy U u hence Gy,uu € Gu,us = Gu,uw hence Gy + Guyuy is
a subgroup of Gy, + Gu,uu, so the first quotient makes sense.

Hence (GU,u+GU2Uu>/(GU,u+GU1Uu) is iSOIIlOI‘phiC to C7YU2LJu/(GU2Uum (GU,u+
GU1Uu))' Now GUl,v - GU1Uv = GUQU’U - GU,u + GUg,u and GUl,v - GU,’U =
Guov = Guu € Guu + Gu, - Together Gy, , is included in their intersection,
i.e. Guyuuw N (Guw + Gu,uw) include Gy, , and using part (1) both has the same
divisible hull inside G*. But as Gy, , is a pure subgroup of G by part (5) hence of
Gu,uv- So necessarily Gy,uu N (Guw + Gu, w) = Guy v, 50 s Guyuw = Gu,uw we
are done.

8) See [Sh 771, §5]. Ui 10

Proof of 1.12. 1) We prove this by induction on |U|; without loss of generality |u| =
k as also k' = |u| satisfies the requirements.

Case 1: U is countable.

So let {v} : £ < k} list u be with no repetitions, now if k¥ = 0, i.e. u = () then
Guuuw = Gu = Gy, so the conclusion is trivial. Hence we assume u # (), and let
up = u\{v;} for £ < k.

Let (7; : t < t* < w) list with no repetitions the set Ay, := {f € AXNF&+H(TUU
u): for no £ < k does 7 € ¥+ (U Uuy)}. Now comes a crucial point: let ¢ < t*,
for each ¢ < k for some r; o < k(*) we have 7, , = v; by the definition of Ay, so
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{ree: € < k}| =k < k(%) + 1 hence for some m; < k(x) we have £ < k = r, o # my
so for each ¢ < k the sequence 7; [ (k(x) 4+ 1\{m:}) is not from {(ps : s < k(*) and
s #my): ps € Y(UUuy) for every s < k(x) such that s # my}.

For each t < t* we define J(t) = {m < k(x): the set {n. s : s < k(x) & s# m}
is included in U U wy for no £ < k}. So my € J(t) C{0,...,k(x)} and m € J(t) =
e [ {7 < k(x) 0§ #m} ¢ KT Ywy) for every £ < k. For m < k() let
Meom = Mt [ {7 < k() 2 j # m} and 7; := 7;,,,. Now we can choose s; < w by
induction on ¢ < t* such that

(%) if t1 <t,m < k(x) and 7, ,,, = 7} ,,, then
Neom | 8t & Nty [ £ 0 <wh.

Let Y* = {xm,ﬁ,,, € GUUu D Tm,q,v ¢ GUUuz for ¢ < k} U {yﬁ,n € GUUU Y ¢
Gy, for ¢ < k}.
Let

Y, = {xm,ﬁ’y € Y*: for no t < t* do we have m =m; & 7 =1;}.

Yo ={xmsp., €Y 12 5. ¢ Y1 but for no
t<t*dowehavem=m; & =1, &

Nemy | St LV <At m, }

Ys = {yin : Ysn € Y and n € [s¢,w) for the t < ¢* such that =7 }.

Now the desired conclusion follows from

(*)1 {y +Gun:y €Y1 UY2UY3} generates Guuu/Gu
(x)2 {y+ Guu:y € Y1 UY2UYs3} generates Gyuy/Gu,y freely.

Proof of (x)1. It suffices to check that all the generators of Gy, belong to Gy, =:
YTUY2UYsUGpua)a-

First consider © = ¥, 5, where n € *"+L(U Uu),m < k(x) and v € S for
some n < w. If z ¢ Y* then x € Gy, for some ¢ < k but Gyuu, € Guu € Gy,
so we are done, hence assume z € Y*. If z € Y7 UY5 U Y3 we are done so assume
r¢Y1UYoUYs. Asx ¢ Y] for some t < t* we have m=m; & n=mn,. Asx ¢ Yo,
clearly for some ¢ as above we have 7, [ st < v <7 m,. Hence by Definition
1.6 the equation X, ,, from Definition 1.6 holds, now vy, n, ¥s,.n+1 € Y3 C Gy,
So in order to deduce from the equation that x = xy/(<m, n> belongs to Gl 1t
suffices to show that Ty A<jm> € G, for each j < k(x),j # m;. But each such

Ty, 1<jn> belong to G, s it belongs to Y7 U Y.
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[Why? Otherwise necessarily for some r < ¢t* we have j = m,,%; ; = 7, ,,. and
Mrom, | Sr <0 [ 04Ny, SO N > s, and as said above n > s;. Clearly r # t as
My = j F My, NOW as 7y, = Ty, a0d T # 7, (as ¢ # 1) clearly nem, # Nrm,-
Also —(r < t) by (%) above applied with r,¢ here standing for ¢, ¢ there as 1, ,,. |
Sp I Mej | M <ANpm,.. Lastly for if ¢ < r, again (x) applied with ¢, here standing
for tq,t there as n > m; gives contradiction.|
So indeed z € G-

Second consider y = Y5, € Guuu, if y ¢ Y* then y € Gy, C Gy, S0 assume
y € Y*. If y € Y3 we are done, so assume y ¢ Y3, so for some t,7 = 7; and
n < s¢. We prove by downward induction on s < s; that y5 s € Gy, ,,, this clearly
suffices. For s = s; we have yz, € Y3 C Gy ,; and if y; 541 € Gy, use the
equation Xy, ¢ from 1.6, in the equation y5 41 € Gy, and the x’s appearing in
the equation belong to G, ,, by the earlier part of the proof (of (x);) so necessarily
Yi,s € Gy, 50 we are done.

Proof of (x)2. We rewrite the equations in the new variables recalling that Gy,
is generated by the relevant variables freely except the equations of X, from
Definition 1.6. After rewriting, all the equations disappear.

Case 2: U is uncountable.

As Ry < |U| < Ry(4)—p, necessarily k < k(x).

Let U = {po : @ < p} where p = |U]|, list U with no repetitions. Now for each
a<|U|let Uy :={ps: < a}andif a < |U| then uy = uU{ps}. Now

®1 ((Guw + Gu,uu)/Guw = a < |U]) is an increasing continuous sequence of
subgroups of Gyuu/Gu u-
[Why? By 1.10(6).]

®2 Guu+ Guyuu/Gu is free.
[Why? This is (Guu + Gouu)/Guu = (Guu + Gu)/Gu.w which by 1.10(8)
is isomorphic to G, /Gy, which is free by Case 1.]

Hence it suffices to prove that for each oo < |U| the group (Gy . +Gu, ,uu)/(Guu+
Gu,uu) is free. But easily

®g this group is isomorphic to Gu,uu, /Gu,, u., -
[Why? By 1.10(7) with Uy, Uqss1,U, pa,u here standing for Uy, Us, U, 0, u
there.]

®4 GUaUua /GUouua is free.
[Why? By the induction hypothesis, as Rg + |Uas| < |U| < Ry4)—(k41) and
lua| =k +1 < k(x).]
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2) If k(x) = 0 just use 1.8, so assume k(x) > 1. Now the proof is similar to (but
easier than) the proof of case (2) inside the proof of part (1) above.
U112
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