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2 SAHARON SHELAH

§1

Theorem. Suppose CH holds and the filter Dω1 (see below) is ℵ2-saturated. Then
there is an ℵ2-Souslin tree.

Notation: Dω1
is the filter generated by the closed unbounded subset of ω1. Let

Sαβ = {δ < ℵα : cf(δ) = ℵβ}.

Proof. It is known that the assumption implies 2ℵ1 = ℵ2. By Gregory [Gre]
we know that if there is a stationary S ⊆ S2

0 with no initial segment stationary,
then there is an ℵ2-Souslin tree. So assume there is no such S. By Gregory
[Gre], ♦(S2

0) holds, and let 〈Aδ : δ ∈ S2
0〉 exemplify this. For each α ∈ S2

1 define
Pα = {B ⊆ α : {δ < α : B ∩ δ = Aδ} is a stationary subset of α}. If |Pα| > ℵ1
let Bi ∈ Pα(i < ℵ2) be pairwise distinct and 〈γ(ζ) : ζ < ω1〉 be an increasing

continuous sequence of ordinals such that γ(ζ) < α and
⋃
ζ

γ(ζ) = α; let Si =:

{ζ < ω1 : Bi ∩ γ(ζ) = Aγ(ζ)}. Now Si is a stationary subset of ω1 (as Bi ∈ Pα)
and Si ∩ Sj is bounded for i 6= j (as for some ζ0 < ω1, Bi ∩ γ(ζ0) 6= Bj ∩ γ(ζ0))
hence 〈Si : i < ω2〉 exemplifies that Dω1 is ℵ2-saturated, contradiction, hence
|Pα| ≤ ℵ1. Also for every A ⊆ ω2, |[δ ∈ S2

0 : A∩δ = Aδ} is stationary hence for some
α ∈ S2

1 , {δ ∈ S2
0∩α : A∩δ = Aδ} is stationary below α. So 〈Pα : α ∈ S2

1〉 exemplify
a variant of ♦(S2

1) which by Kunen implies ♦(S2
1); together with 2ℵ0 = ℵ1, 2ℵ1 = ℵ2

we finish.

Remark. We can replace (ℵ1,Dω1
) by (ℵα, D(ℵα+1) + Sα+1

α ) if ℵα is regular.
(Received December 7, 1983).
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