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Why There Are Many Nonisomorphic Models for
Unsuperstable Theories

Saharon Shelah*

We review here some theorems from [S6], and try to show they are applicable
in other contexts too.

1. Unsuperstable theories, in regular cardmalltles Let PC(Ty, T) be the class of
L(T)-reducts of models of T.

THEOREM 1.1. If T is not superstable, T = T (T complete), A > |T1], A regular,
then in PC(T;, T) there are 2* models of cardinality A, no one elementarily embed-
dable in another.

This was mentioned in [S4], and in fact in [S2]. We shall first sketch the proof
and then point out some applications of the theorem and the method.

We generalize the notion of indiscernibility used in Ehrenfeucht-Mostowski
models (from [EM]). Let I be an (index) model, M a model and, for each s € 7, 4; is
a (finite) sequence from M. For § = {s(0), :--, s(n — 1)>, s(I) e Llet a; = ds) A *+*
Ady, 5. The indexed set {a,: seI} is called indiscernible if whenever §, 7 are
finite sequences from I realizing the same quantifier-free type, ; and 4; realize the
same type in M.

Now as T is not superstable, by [S2], T has formulas ¢,(%, 7,), a model M, and
sequences d,, 7 € “=4 such that, for y €A, € "2, M |= ¢ld,, 4;] iff 7 is an initial
segment of 7. Clearly M has an elementary extension to a model M; of T'. By using
a generalization of Ramsey’s theorem [Rm] to trees (a proof was in [S3]) and by
compaciness, we can assume {a,: y € I'} is indiscernible; where I is a model with
universe =1, one place relations P} = ?A (¢ < w), the lexicographical order <y,
and the function f, f(y, 7) = the lengthiest common initial segment.

*The author thanks NSF grant 43901 by which he was supported.

© 1975, Canadian Mathematical Congress
i

259



Sh:51

260 SAHARON SHELAH

For each 0 < A, cf 0 = w, choose an increasing sequence y, of ordinals converg-
ing to §. For every set w = {0 < A:cf 0 = w} let M}, be the Skolem hull of {a,:
pe“lory =, 0€w}, and let M, be the L(T)-reduct of ML. Now we can
prove that if My, can be elementarily embedded into M, then w(l) — w(2)
is not stationary (using Fodor [Fd]). As every stationary subset of A can be split
to A disjoint ones (see Solovay [Se]), it is easy Lo finish.

We can apply this construction, e.g., to the theory of dense linear order. This
was independently done by Baumgartner [Ba]. (Note that every unstable theory is
unsuperstable, and T is unstable iff it has the order property, i.e., there is a formula
¢(%, ») and sequences 4, is some model M of T'such that M = ¢la,, d,] <n < m.)

Fuchs [Fu] asked how many separable reduced p-groups of cardinality 2 > Ng
there are. The class of such groups is not elementary (we should omit the type
{x # 0} U {@»)(p"y = x): n < w}). However, we can find suitable 4,, ¢,. Hence
there are 24 nonisomorphic ones of cardinality A (> ). For let G be a group
generaled freely by x, ( € “=2) subject only to the conditions: If y € "2, p**1x, = 0;
Xy = Dn<o P Xpty: (For 2 singular, see §2; this solution appears in [S5].)

The first-order theory of any infinite Boolean algebra has the order property,
hence is unstable and unsuperstable, so we can apply 1.1. Notice that, e.g., the
theory of atomless Boolean algebras has elimination of quantifiers; hence “ele-
mentary embedding” can be replaced by embedding (the existence of 2% noniso-
morphic Boolean algebras of cardinality A was proved in [S1], [X1], [X2]).

The existence of a rigid model is somewhat more complex. Monk and McKenzie
ask about the existence of rigid Boolean algebras of cardinality {;, when 2% > N
(in [MM], see there for references and results). Stepanek and Balcan [SB] show the
consistency with ZFC of 2% > ¥, + there is a rigid Boolean algebra of cardinality
N1 with rigid completion.

THEOREM 1.2. For every A > ¥y there is a rigid Boolean algebra of power A with
a rigid completion. If A is regular, the algebra satisfies the countable chain condition.

Proor. We prove it for regular A (from that it is easy to prove for singular cardi-
nalities). Let S, {o < A} be disjoint stationary subsets of W* = {0 < A:cfd = o,
0 divisible by |5|} For each § € W* choose an increasing sequence {{(d, n):n <
w} which converges to it, so that d € S, = a < {(d, 0), and {(0, ») is odd.

Let B’ be the free Boolean algebra generated by {x,:a < A} U {ys:0 € W*}, and
let & be a function from A onto B’ which maps J onto the subalgebra generated by
{x;, ;i i, j < 8} for € W*. Let B = B'/J where J is the ideal generated by y; —
Xz om (0 € W*) and y; — h(a) (for 0 € S,).

Let B, be the subalgebra generated by {x;:i < a} U {y;:0 < a}. Foranyae B,
B* a subalgebra of B, let F(a, B*) be the filter {b € B*: b 2 a}. Let T, = {a € W*:
there is b < a such that F(b, B,) is not principal}. Clearly T, is not uniquely de-
termined by the isomorphism type of (B, a), but it is uniquely determined modulo
D;.Also, S, = T,,ifa = h(a)/J, and if b = h(B)/J is disjoint to @, then Sy N T, =
@. Now for any automorphism F of B, T, = T(, mod D;, and, for some g, a,
F(a) are disjoint, except when F is the identity. Hence B is rigid. As B; is dense in



Sh:51

NONISOMORPHIC MODELS FOR UNSUPERSTABLE THEORIES 261

its completion, it is not hard to prove that the completion is rigid. Also the proof
of the c.c.c. is clear, Similarly we can prove

THEOREM 1.3. For every X > ¥ there is a rigid order with a rigid completion of
cardinality £ 2% + A. This was well known for A =2

2. I(A, Ty, T) for other cardinals. Let I(A, T, T') be the number of nonisomorphic
models in PC(Ty, T) of cardinality A.

THEOREM 2.1. Let A = |T1| + W1, Ty 2 T (T complete) and T unsuperstable.
Then I(A, Ty, T) = 2% except possibly when all the following conditions hold,

(1) 2 = |Ty|;

QT # T;

(3) Tis stable;

(4) for some p < A, pR=22,

We sketch the proof of the main cases. Of course for regular A > ] T, ], the result
follows by 1.1.

Case I. Thereis p < 2 £ p*, 2¢ < 24,

Let My, a, (y €“Zp), ¢, be as in the proof of 1.1. For any w < @u let M(w)
be the Skolem hull of {a,: y € “>u or y € w}, and M(w) is the L(T)-reduct. Clearly
]wl == ”M(w) ” = A, and M(w;) ~ M(w,;) define an equivalence relation on
{w:w < ey, |w| = 2}. Each equivalence class has < 2# members; hence there are
2% equivalence classes.

Case I1. For some regular 4 < 4,2# = 24, and 2 > | T |

ProoOF. Similar to 1.1.

Case I11. 2 > |T4|, A singular but not stronglimit, and p < 2 = u* < 2,2¢ < 22,

Choose regular ¢ < Awith 2# = 2; and let M}, a, (y € “24), ¢, be as in 1.1. For
each sequence W = (w;: i < A) of subsets of {§ < p:cf & = u}, let M(#) be the
Skolem hull of

{a,:p e, (Yn > O)p(n) > u}
U {pe®2: (vm)p(n + 1) < y(n + 2), and y’s limit € w, gy }.

Let M(w) be the L(T)-reduct of MY(w). Now we prove that if M(#1), M(w?) are
isomorphic, where # = {(W}: i < A) then for every i/ < A there are n < w, jy, **,
Jjn <A and closed unbounded S < 2 such that w} < S (\iyw;. (Again,
variants of the Fodor theorem and downward Lowenheim-Skolem theorems are
used.) The conclusion is now easy.

Case IV. A > |T1 |, A is a strong limit singular cardinal.

As the construction is somewhat complex, we describe a similar construction.

Let ¢,(x, 7,) be as in 1.1, let M, N be models of T, and we describe a game
G(M, N). In the nth move Player I chose a sequence 4, from M of the length of 7,
and then Player II chose a sequence b, from N of the length of 7,. Player II wins if
{pu(%; a,): n < w} is realized in M iff {p,(%, b,): n < w} is realized in N. Clearly if
M, N are isomorphic, Player II has a winning strategy; hence if Player I has a
winning strategy they are not isomorphic. Let M; (i < «) be models of T, and let
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{b;: j < £} be an enumeration of the set of all sequences from some of the M,’s
(s0 & = X,ca| M;]). Let My, a,(n € =), p, be as in 1.1, and let M} be the Skolem
hull of {a,: 7 € *>«} U {a,: 7 € ®k, and there is an , such that b, ,, € M, has length of
Fn and M; omits {p,(%, b,¢»): n < w}}. Let M, be the L(T)-reduct of M}. Now in
the game G(M,, M,) Player 1 has a winning strategy: He will choose @y = 4, and
if in the nth move he has chosen 4, and Player II has chosen b;, he will choose in
the (n + 1)th move a,~.

In this we can construct M,, ¢ < A, which are pairwise nonisomorphic, and H M, "
< A. With inessential changes we can have |M,| = 2. Now we can change the
rules of the game so that each player chooses y sequences each time; and then just
as above we built one tower, we can build y towers, and the place of each model in
each of them is independent.

Case V. T unstable, A = | T|.

The problem is more difficult for A = |T1 |, because then it is harder to control
the properties of the model. We can assume T is countable, and that L(T}) contains,
except individual constants, only countably many nonlogical symbols. As T is
unstable, there is a model M! of T, and an indiscernible sequence {a@,: i < p} init
(¢ — a strong limit cardinal > |T1 |), such that M |= ¢la;, a;] < i < j; p € L(T).
We expand M by the one place predicate PM: = the set of individual constants in
M, and Skolem functions, and we get M,. So, by the Erdos-Rado theorem [EHR]
and compactness we can have, for any ordered set I, a model Ny(7) elementarily
equivalent to M,, and g, € My(I)for t €1, and for ¢t, s € I,

MZ(I) |= (D[a—ss dt] <s<t,

and {a,: seI} is indiscernible over P; = {a: My(I) = P[a]}, and together they
generate the model.

Let D be a good ultrafilter over u (exists by Kunen [Ku]), M;(I) be the elementary
submodel of My(I)#/D with universe {f/D: there are n < w, s(1), -+, s(n) € J, such
that, for every i, f(i) belongs to the Skolem hull of P; U ), a(!)}. Now M;(I)
will be an elementary submodel of M,(I) of cardinality £ in a strong sense. (We
chose & so that Ms(I), T, T, A€ H(x) = the family of sets of hereditary power
< k and takes an elementary submodel of H(x) to whichi (i < ), T, T, M;(I)
belong and the cofinality of the ordinals in it is w. We take the intersection of this
submodel with M3(I) as our model.) Let M(J) be the L(T)-reduct of M3(I), and
the rest is in the line of [S1].

References

[Ba] J. Baumgartner, A new kind of order types, Ann. Math. Logic.

[EHR] P. Erdés, A. Hajnal and R. Rado, Partition relations for cardinal numbers, Acta Math.
Acad. Sci. Hungar. 16 (1965), 93-196. MR 34 #2475,

[EM] A. Ehrenfeucht and A. Mostowski, Models of axiomatic theories admitting automorphisms,
Fund. Math. 43 (1956), 50-68. MR 18, 863.

[Fd] G. Fodor, Eine Bemerkung zur Theorie der regressiven Funktionen, Acta Sci. Math. (Szeged)
17 (1956), 139-142. MR 18, 551.



Sh:51

NONISOMORPHIC MODELS FOR UNSUPERSTABLE THEORIES 263

[Fu] L. Fuchs, Infinite abelian groups. Vol. II, Academic Press, New York and London, 1973.

[Ku] K. Kunen, Good ultrafilters and independent families, Trans, Amer. Math. Soc.

[MM] R, McKenzie and J. D, Monk, On automorphism groups of Boolean algebras.

[SB] P. Stepanek and B. Balcan, Rigid Boolean algebras can exist independently of the continuum
hypothesis, Notices Amer. Math. Soc. 21 (1974), A-500. Abstract # 74T-E57.

[S1] S. Shelah, The number of non-isomorphic models of an unstable first-order theory, Israel J.
Math. 9 (1971), 473-487. MR 43 #4652.

[S2] , Stability, the f.c.p., and superstability; model theoretic properties of formulas in
first-order theory, Ann. Math. Logic 3 (1971), no. 3, 271-362. MR 47 #6475.

[S3] , Proof of Eos conjecture for uncountable theories, Lecture notes by M. Brown,
U.C.L.A., Fall 1970.

[S4] , Categoricity of uncountable theories, Proc. Sympos. Pure Math., vol. 25, Amer,
Math. Soc., Providence, R.I., 1974, pp. 187-204.

[S5] , Whitehead problem and construction of groups, Israel J. Math. 18 (1974), 243-256.
[S6] , Stability and number of non-isomorphic models, North-Holland, Amsterdam (in
preparation).

[SO] R. M. Solovay, Real-valued measurable cardinals, Proc. Sympos. Pure Math., vol. 13, part
I, Amer, Math. Soc., Providence, R.1., 1971, pp. 397-428. MR 45 #55.

[X1] C. Tero, The number of Boolean algebras of cardinality m, Acta Salamenca, Univ. de Sala-
menca, 1971.

[X2] B. A. Efimov and V. M. Kuznecov, On topological types of dyadic spaces, Dokl. Akad. Nauk
SSSR 195 (1970), 20-23 = Soviet Math. Dokl. 11 (1970), 1403-1407. MR 43 3 3987.

THE HEBREW UNIVERSITY
JERUSALEM, ISRAEL

STANFORD UNIVERSITY
STANFORD, CALIFORNIA 94305, U.S.A.



Sh:51



