
ON CH + 2*1 -* (a)l FOR a < ω2

SAHARON SHELAH1

§1. Introduction.
We prove the consistency of

CH + 2Nl is arbitrarily large + 2*1 -/+ (ωλ x ω)\

(Theorem 1). In fact, we can get 2Nl -/* [ωι x ω]^, see 1A. In addition to this
theorem, we give generalizations to other cardinals (Theorems 2 and 3). The
ω\ x ω is best possible as CH implies

u>3 —> (ω x ri)\.

We were motivated by a question of J. Baumgartner, in his talk in the
MSRI meeting on set theory, October 1989, on whether ω$ —* (&)\ for a. < ωi
(if 2**1 = ^2? it follows from the Erdδs-Rado theorem). Baumgartner proved the
consistency of a positive answer with CH and 2Nl large. He has also proved [BH]
in ZFC + CH a related polarized partition relation:

%\ /NΛ1'1

<Nj "* Uλ0

Note. The main proof here is that of Theorem 1. In that proof, in the
way things are set up, the main point is proving the ^2-c.c. The main idea in
the proof is using P (defined in the proof). It turns out that we can use as
elements of P (see the proof) just pairs (α, 6). Not much would be changed if
we used ((αn,αn) : n < ω}, αn a good approximation of the nth part of the
suspected monochromatic set of order type ω\ x ω. In 1 A, 2, and 3 we deal with
generalizations and in Theorem 4 with complementary positive results.

§2. The main result.

THEOREM 1. Suppose
(a) CH
(b)λ*=X.
Then there is an #2-c.c., NI -complete forcing notion P such that
(i) |P| = λ

(ii) Ihp "2Hl = A, λ y* (ωj x ω%"
(Hi) Ihp CH
(iv) Forcing with P preserves cofinaΰties and cardinalities.
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282 S. SHELAH

Proof. By Erdos and Hajnal [EH] there is an algebra B with 2*° = NI
ω-place functions, closed under composition (for simplicity only), such that

(g) If an < \ for n < ω, then for some fc

Oik € cle{ on : k < I < ω }.

((g) implies that for every large enough fc, for every m, α* € clβ{ <*/ : ra < / <
ω}.) Let

π6 = { 6 : b C λ, otp(δ) = £, α € 6 => 6 C c!B(6 \ α) }.

So by (g) we have

0 If α is a limit ordinal, b C λ, otp(6) = α,

then for some a G 6, δ \ α G |J$ Ή-6-

Let 7?.<u,1 = Uα<α;1 ^<* ^e^ ^ ̂ e ̂ e se^ °f forcing conditions

(w,c,P)

where w is a countable subset of λ, c : [w]2 —> {red, green} = {0,1} (but we
write c(α,/9) instead of c({α, /?})), and P is a countable family of pairs (α, 6)
such that

(i) α, 6 are subsets of w

(ii) b G ̂ <Wl and α is a finite union of members of 7^<u,1

(iii) sup(α) < min(6)

(iv) if sup(α) < 7 < min(δ), 7 € w, then 0(7, •) divides α or 6 into two infinite
sets.

We use the notation

for p G P. The ordering of the conditions is defined as follows:

p<q <=ϊ wp C wq&cp C cq&Pp CPq.

Let

c=\J{cp:p€GP}.

FACT A. P is NI -complete.

Proof. Trivial — take the union. D

FACT B. For 7 < λ, { q € P : 7 € w« } is open dense.

Proof. Let p € P. If 7 € wp, we are done. Otherwise we define q as
follows: w* = w*\J {7}, P<* = PP, cq \ wp = c? and 0^(7, •) is defined so that
if (α, 6) € Pq, then cq(j, •) divides a and b into two infinite sets. D

FACT C. Ihp «2*ι > λ and c : [λ]2 -4 {red, green}."
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ON CH+2Nι^(α)* FOR a<ω2 283

Proof. The second phrase follows from Fact B. For the first phrase, define
ρa G ωι2, for a < λ, by: pa(i) = c(0,α + i). Easily

Ihp uζa e
ωι2 and for a < β < λ, pa φ pβ"

so Ihp "2*1 > λ." D

FACT D. P satisfies the H2-c.c.

Proof. Suppose pi G P for i < fc^ For each i choose a countable family Ai

of subsets of wpi such that A1 C 7^<u,1 and (α, 6) G T^1' implies 6 6 A1 and α is a
finite union of members of A1. For each 7 G c G .A1 choose a function F* c (from

those in the algebra B) such that F^c(c \ (7 + 1)) = 7. Let υ, be the closure of
Wi (in the order topology).

We may assume that { V j : i < ω% ) is a Δ-system (we have CH) and that
otp(t>, ) is the same for all i < ω^. Without loss of generality (w.l.o.g.) for i < j
the unique order-preserving function hij from v, onto Vj maps pi onto pj, A1

onto A7, wpi Π wp> = wp° Π wpl onto itself, and

for 7 € c G -4* (rejnember: B has 2N° = NI functions only). Hence

(8)1 ftij is the identity on υ, Π Vj for i < j.

Clearly by the definition of 7^<u,1 and the condition on F^ c:

®2 If α € -A{, i ± j and α g w;p< Π w;̂ ' ,

then α \ (it;'1* Π lϋ1'' ) is infinite.

We define q as follows.
w? = wp° U u;pl.

c9 extends cp° and cpl in such a way that, for e G {0, 1},

(*) for every 7 G u>pe \ wpl~* and every α G -41"6, cg(7, •) divides α into
two infinite parts, provided that

(**) α \ wpe is infinite.

This is easily done and po ^ ί? Pi ^ 9? provided that q G P. For this the
problematic part is c9 and, in particular, part (iv) of the definition of P. So
suppose (α,6) G 'P9, e.g., (α,δ) G Pp°. Suppose also 7* G w? so that suρ(α) <
7* < sup(6). If 7* G WPQ, there is no problem, as p0 € P. So let us assume
7* G w9 \ tf^0 = ^Pl \ ^Po. If a \ wpl or b \ wpl is infinite, we are through
in view of condition (*) in the definition of cq. Let us finally assume a \ wpl is
finite. But a C wp°. Hence α \ (wp° Π wpl) is finite and $2 implies it is empty,
i.e., α C wp° Π wp l. Similarly, 6 C u;'0 Π t^pl. So /ι0,ι t (α U 6) is the identity.
But (α,6) G P^0. But Λ t tJ maps p, onto p7. Hence (α,6) G P1*1. As pi G P, we
get the desired conclusion. D
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284 S. SHELAH

FACT E. Ihp "There is no c-monochromatic subset of λ of order-type ωι x

ω.

Proof. Let p force the existence of a counterexample. Let G be P-generic
over V with p G G. In V[G] we can find A C X of order-type ω\ x ω such that
CG \ [A]2 is constant. Let A = \Jn<ωAn where otp(Λn) = ω\ and sup(An) <
min(An+ι). We can replace An by any A'n C An of the same cardinality. Hence
we may assume w.l.o.g.

(*)ι An G nωι for n < ω.

Let ίn = sup(An) and

βn = min{ β : Sn < β < λ, d(/9, •) does not

divide M A/ into two infinite sets },
Kn

where d = CG. Clearly βn < min(4n+ι). Hence βn < /ϊn+1. Let c?n G {0,1}
be such that d(βn^) = dn for all but finitely many 7 G |Jj<n A/. ^et w be an
infinite subset of ω such that dn is constant for n G u and {"/?„ : M G u } G 7?-u;
Let AI = { OL\ : i < ω\ } in increasing order. So p forces all this on suitable names

(βn:n<ω), (α[:i<ωl), (δn:n<ω).

As P is ^i -complete, we can find po G P with p < po so that po forces β = β\
and δn = Sn for some βι and 8n. We can choose inductively conditions pk G P
such that pk < Pfc+i and there are i* < j* and α\ (for i < j k ) with

α G u;'**1 for i < jk,

{ <*\ ' i < ik } C clB{ α| : ύ < i < jk },

α = α for i < jkj

c(/?n,θί() = dn for / < n,i > i0, and

7 € [ίm,^m) Π IUP* implies 0(7,-) divides

{ α, : z < jjt, / < m } into two infinite sets"

(remember our choice of βm). Let

/(*) = min(u)

b={βι:leu}

k k k

Now q G P. To see that q satisfies condition (iv) of the definition of P, let

sup(α) < 7 < min(6). Then sup{α|(fc*
} : k < ω} < 7 < βl(^. But 7 G wq =
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ON CH+2κi-Kα)2 FOR a<u>2 285

\Jk w
pk , so for some fc, 7 € wpk. This implies

whence 7 > £/(») and

{«!: /</(*) , i < J t } C α ,

which implies the needed conclusion.

Also q > pk > />. But now, if r > # forces a value to <*U*JΛ; we Se^ a

contradiction. D

Remark 1A. Note that the proof of Theorem 1 also gives the consistency of
λ /» [α>ι x ω]^Q: replace "0(7, •) divides a set x into two infinite parts" by "0(7, •)
gets all values on a set #."

§3. Generalizations to other cardinals.

How much does the proof of Theorem 1 depend on NI? Suppose we replace
NO by μ.

THEOREM 2. Assume 2μ = μ+ < λ = Xμ and 2 < K < μ. Then for some
μ* -complete μ+^c.c. forcing notion P of cardinality 2μ:

Ihp 2" = λ, λ -h (μ+ x μ]l

Proof. Let B and Tie be defined as above (for 6 < μ"1"). Clearly

0 If α C λ has no last element, then for some α £ α, α \ α G \Jδ Tie.

Hence, if δ = otp(α) is additively indecomposable, then α \ α G 7^6 for some
α € α.

Let Pμ be the set of forcing conditions

(w,c,P)

where w C λ, \w\ < μ, c\ [w]2 ~> /c, and P is a set of < μ pairs (α, 6) such that
(i) α, b are subsets of u;

(ii) b G 7?-μ, and α is a finite union of members of Uμ<$</z+ ̂
(iii) sup(α) < min(δ)
(iv) if sup(α) < 7 < min(6), 7 G w, then the function 0(7, •) gets all values

(< /c) on α or on b.

With the same proof as above we get

Pμ satisfies the μ^-c.c.,

Pμ is μ^-complete,

(so cardinal arithmetic is clear) and

Ih ,, λ /» [μ+ X μ}l

D
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286 S. SHELAH

What about replacing μ+ by an inaccessible 0? We can manage by demand-

ing

{ α Π (α, β) : (α, 6) € P, \J otp(α Π (α, /?)) x n = otp(α)
n

(α,/3) maximal under these conditions}

is free (meaning there are pairwise disjoint end segments) and by taking care in
defining the order. Hence the completeness drops to 0-strategical completeness.
This is carried out in Theorem 3 below.

THEOREM 3. Assume θ = θ<θ > N0 and X = \<θ. Then for some 0+-c.c.
θ- strategically complete forcing P, |P| = λ and

IHp2' = λ, λ y * ( O x θ f t .

Proof. For W a family of subsets of λ, each with no last element, let

Fr( W) = { f : f is a choice function on W such that

{ α \ /(α) : α 6 W } are pairwise disjoint }.

If Fr(W) ^ 0, W is called free.

Let P<0 be the set of forcing conditions

where w C λ, \w\ < 0, c : [w]2 — > {red, green}, W^ is a free family of < θ
subsets of w, each of which is in IJδ<0 ^δ> anc^ ̂  is a se^ of < 0 pairs (α, 6) such
that

(i) α, 6 are subsets of w

(ii) 6 € ftu,
(iii) sup(α) < min(δ) and for some δQ < δι < < £n, ίo < min(α), sup(α) <'

(iv) if sup(α) < 7 < min(6), 7 G ιu, then 0(7, •) divides α or 6 into two infinite
sets.

We order P<0 as follows:

p < q iff wp C wq, cp C c\ Pp C T>^, Wp C W9 and every

/ G Fr(W) can be extended to a member of Fτ(Wq).

D

§4. A provable partition relation.

CLAIM 4. Suppose θ > N0, n,r < ω, and λ = \<θ. Then

(\+γ χ n - > ( 0 x n , 0 x r ) 2 .
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ON CH+2κι^(α)| FOR a<ω2 287

Proof. We prove this by induction on r. Clearly the claim holds for
r = 0, 1. So w.l.o.g. we assume r > 2. Let c be a 2-place function from (λ+)Γ x n
to {red, green}. Let x = D2(λ)+. Choose by induction on / a model Nt such that

), €,<*),

\Nt\ = λ, λ + 1 C JV,, JV< C ΛΓ,, c 6 JV, and JV/ € JV/+1. Here <* is a
well-ordering of H (χ). Let

A, = [(λ+)Γ x 1, (λ+) rx(ί + l)),

and let £/ G A/ \ NI be such that 8\ £ x whenever x € TV/ is a subset of A/ and
otp(x) < (A"*~)r. W.l.o.g. we have δ\ £ -Λfy+i Now we shall show

(*) If Y 6 N0, Y C Am, |F| = λ+ and δm € F,
then we can find β 6 F such that c( /?,£/) = red for all / < n.

P7/Π/ does (*) suffice? Assume (*) holds. We can construct by induction
on i < θ and for each i by induction on / < n an ordinal α t > / such that
(a) otij € AI and j < i =>• α^/ < α,-,/

(b) αM € TVo
(c) c(otitι,δm) = red for m < n
(d) ^α^/jαj^/J = red when ^1 < i or z'ι = i&l\ < I.

Accomplishing this suffices as otij € AI and

/ < m => sup A/ < min Λm .

Arriving in the inductive process at (i,/), let

y = { ̂  e AI : c(β, Qij,m) = red if j < i, m < n, or j = i, m < / }.

Now clearly F C A;. Also F G AΓ0 as all parameters are from 7V0, their number
is < θ and ΛΓ^ C ΛΓ0. Also £/ G F by the induction hypothesis (and <5j € AI).
So by (*) we can find aij as required.

Proof of (*). F g TVo, because ίm € Y and F € JV0. As |F| = λ+, we have
otp(F) > λ+. But λ+ -> (λ+,0)2, so there is J3 C F such that |5| = λ+ and
c \ B x B is constantly red or there is £? C F such that |£| = θ and c \ B x B is
constantly green. In the former case we get the conclusion of the claim. In the
latter case we may assume B € ΛΓ0, hence B C ΛΓ0, and let k < n be maximal
such that

has cardinality θ. If fc = n, any member of B1 is as required in (*). So assume
k < n. Now B1 G Nk, since B £ N0 -< Nk and {N/,A/} € AT* and £/ € Nk
for / < k. Also

terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781316718254.019
Downloaded from https://www.cambridge.org/core. Cornell University Library, on 04 Nov 2019 at 09:49:18, subject to the Cambridge Core

Sh:424

https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781316718254.019
https://www.cambridge.org/core


288 S. SHELAH

is a subset of B' of cardinality < θ by the choice of k. So for some B" G ΛΓ0,
c \ {Sk} x (B1 \ B") is constantly green (e.g., as B1 C 7V0, and Λ^' C JV0). Let

Z = { £ € Afc : c \ {6} x (J5; \ B11} is constantly green }

and
Z1 = {δ € Z : (Vα € B1 \ J3")(£ < α <3> £* < α)}.

So Z C A*, Z G TV*, 6k e Z and therefore otp(Z) = otp(A*) = (λ+)r.
Note that fc^m=^Z' = Z a n d f c = m = > Z ' = Z\ sup(B' \ B"), so Z'
has the same properties. Now we apply the induction hypothesis; one of the
following holds (note that we can interchange the colours): (a) There is Z11 C Z;,
otp(Z") = θ x n, c \ Z" x Z" is constantly red, w.l.o.g. Z" € Nk, or (b) there
is Z" C Z', otp(Z") = θ x (r - 1), c \ Z" x Z11 green and w.l.o.g. Z" € Nk. If
(a), we are done; if (b), Z11 U (B1 \ B") is as required. D

Remark 4A. So (A+)"*1 -» (0 x n)2 for λ = λ<*, 0 = cf(fl) > N0 (e.g.,
λ = 2<*).

Remark 4B. Suppose λ = A<<?, θ > N0 If c is a 2-colouring of (λ+r)θ x n
by k colours and every subset of it of order type (λ"1"^"1^)5 x n has a monochro-
matic subset of order type θ for each of the colours, one of the colours being red,
then by the last proof we get
(a) There is a monochromatic subset of order type θ x n and of colour red or
(b) There is a colour d and a set Z of order type (λ"*"Γ)3 and a set B of order

type θ such that B < Z or Z < B and

{ (α, β) : a € B, βεZoτa^βeB}

are all coloured with d.
So we can prove that for 2- colourings by k colours c

(A+r)* x n -> (0 x m , . . . , 0 xn f c ) 2

when r, 5, n are sufficiently large (e.g., n > min{ n/ : / = 1, . . . , fc, s > Σ?=ι ni })

by induction on Σ/=1

 ni
Note that if c is a 2-colouring of λ"1"2*, then for some / < k and A C λ+2fc

of order type A+(2/+2) we have
(*) If A1 C Λ, otp(A') = λ"1"2', and d is a colour which appears in A, then there

is B C A1 of order type β such that B is monochromatic of colour d.
We can conclude λ+2* -» (0 x n)2.
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