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1. Introduction

We want to consider torsion-free R-modules over a ring R. In Section 3 the ring R
will be a principal ideal domain and in Section 4 we allow more general commuta-
tive rings R. However generally we assume that R has a distinguished countable,
multiplicatively closed subset S of non-zero divisors. We also may assume that
1 € S and say that an R-module G is torsion-free if gs = 0 (g € G, s € S) only

holds if g = 0. Moreover, G is reduced (for S) if () Gs = 0. Throughout we
sES
suppose that R is reduced and torsion-free (for S). The reader will observe that

under these restrictions two kinds of realization theorems for R-algebras A as en-
domorphism algebras of suitable modules G are known. If we are lucky, then we
find an R-module G with

Endp G = A. (STRONG)

This first case we shall call a strong realization theorem. The constructed module
is an A-module and multiplication by a € A is an R-endomorphism of G because
R is commutative, hence A C Endg G where Endg G is the endomorphism ring of
G and the construction of G shows how to get rid of the endomorphisms not in A.

The first deep result for a strong realization theorem is Corner’s theorem [1]
mentioned at several places in this volume. Note that Corner at this time was
interested in R = Z and A torsion-free, reduced of cardinality Ry with special
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emphasis to rings A of finite rank. Extensions and interesting applications of this
result are due to Adalberto Orsatti [21, 22, 23] whom we want to honour by
including this paper into a volume of articles on module theory for his 60th birthday.

Corner's result was extended in a number of papers which we do not want to
discuss in detail. The reader is asked to consult the ‘unified treatment’ in Corner,
Gobel [4] which extends known results and also summarizes the new developments
in the early eighties. Paper [4] is based on new combinatorial techniques first used
for p-groups in Shelah [28], then refined in [29, 30, 31] to what is called after [4]
‘Shelah’s Black Box’. We only mention some of the main contributions obtained
1, 2, 3, 4, 6, 7, 8, 10, 18, 19, 17, 28, 29, 30, 31| and surveys in [11, 14].

Besides the case of strong realizations it will happen quite often that mathe-
matical interest leads to less lucky cases. We cannot expect a strong realization
theorem due to unavoidable endomorphisms. Classical examples for this second
kind of realization theorems are those for are abelian p-groups G where it is known
from early results that many small endomorphisms automatically belong to End G.
see Fuchs [15]. In order to derive a realization theorem for a ‘decent’ ring (like
the p-adic integers A = J,) we must replace (STRONG) by a weaker demand
End G/SmallG = A, which was investigated in Corner [2] and for cardinals > 28
in Shelah [28], see Dugas, Gébel [6] for an extension.

If we change the category from p-groups to some other class of modules, the
ideal Small G must be replaced by some suitable ideal depending on that category.
A useful definition of such an ideal should also reduce to well-known ideals like
SmallG or Fin G for well-studied categories. This idea was followed up in joint
work with Dugas [8], in [12] and [4], and lead to the ideal Ines G which (up to
small adjustments like purity) is the collection of all those ¢ € End G which do
extend to any

7:G — G (G'2G)
where G’ belongs to the category under consideration. The desired weak realization
theorem is of the form

Endr G = Ax Ines G (WEAK)

where (WEAK) is a little stronger than Endgp G/InesG = A and denotes a ring
split extension.

The strong realization theorem is still a special case (InesG = 0) and can
be obtained if A is cotorsion-free, i.e. if Homg(R, A) = 0 where R denotes the
completion of R in the S-topology (generated by Rs, s € S). Cotorsion-free modules
G of cardinality A with (STRONG) have been constructed earlier, see [4, p. 456].
They all satisfy

|G| = X > |A] with ARO = )\, (CARD)

We note that such cardinals A are not cofinal to w by Konig’s lemma, hence cardinals
like A = R, are excluded. The proof of the Black Box uses AR® = X, so the restriction
seems to be due to the Black Box. The same holds for weak realization theorems.
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It is the aim of this paper to study this drawback more closely. We want to deal
with this in two more definite classical cases where either InesG = 0 or Ines G =
Fin G where Fin G denotes the ideal of all ¢ € End G with Im ¢ of finite rank. The
latter case comes up naturally for two classical categories, separable abelian groups
and Ry-cotorsion-free modules. Separable modules are pure submodules of products
[T R of the ring R and Ny-cotorsion-free G are defined by the requirement that
they are reduced and torsion-free such that every homomorphism from a complete
module into G has finite p-adic rank, see [4].

If A is Ro-cotorsion-free, then we can find (e.g. in [4, p. 470]) Ro-cotorsion-free
R-modules G with

(WEAK). Ines G = Fin G and (CARD). (FIN)

Similarly, if A is R-free and countable, then we can find separable R-modules G
with (FIN); see [10] and Corner, Gobel [5]. If A is uncountable. then we must add
a technical condition discussed in [5, 10].

We now come to our main concern, the problem whether we are able to avoid
the cardinality restriction on A caused (virtually) by the use of the Black Box which
is A = A®o. The condition AR* = X is needed to complete an easy and transparent
counting argument for predicting homomorphisms, see Appendix of [4]. Hence
ARo > X requires at least changes of the Black Box. However, in Section 3 we will
see that this obstacle is more basic and really not due to Shelah’s Black Box but
caused by the ‘natural algebraic’ setting which is prepared for its use. Recall that
the desired R-modules in all cases are sandwiched between a base module B and
its S-adic completion B, i.e.

BC GCB.

This initial step already removes the chance to work with A such that c¢f(A) = w in
case (WEAK) as follows from one of our main result:

Corollary 3.7. Let R be a principal ideal domain and G be a torsion-free, reduced
R-module of cardinality X such that cf(\) = w. Suppose u'®l < X for all cardinals
pu < A If G has X pairwise distinct pure injective submodules, then Endg G/ Fin G
has rank AR,

If we want to construct Np-cotorsion-free R-modules realizing an Ng-cotorsion-
free (but not cotorsion-free) algebra A, then the base module B above is @@ Ag
A

and |A| < A. Each copy of the R-module Ar has a non-trivial cotorsion submodule
and B as well as G, if of size A, satisfies the requirements of Corollary 3.7 above.
If A~ EndgG/FinG then |A| < X contradicts the conclusion of Corollary 3.7.
Hence modules of cardinality A do not have the desired endomorphism ring.

It is interesting to note that cofinality cf A = w is used in the proof of (3.7) to
conclude

|[Endi G/Fin G| = AR > X from |Endg G| = A™ and |FinG| < \.
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If A is cotorsion-free, we have seen that the construction by the Black Box
must be improved. In Section 4 we distinguish two cases (A) and (B) depending
on the algebra A. In case (A) we assume that A (as above) is cotorsion-free. A
new combinatorial argument is introduced which is a mixture of the Black Box and
an older combinatorial principle from [25], which was also used in Gobel, May [19]
and named ‘Shelah elevator’. The Shelah elevator was used originally in [25] for
constructing arbitrary large indecomposable, torsion-free abelian groups. In [19]
it was used to export modules from smaller to larger cardinality. Here we first
construct a fully rigid system of R-modules Gx (X < u) such that

Homp(Gx,Gy)=Aand Gx CGy f X CY Cu
and
HomR(Gx,Gy) =0if X Z Y.

If u = u® < X is some cardinal > |A|, then the Black Box applies and we
obtain a fully rigid system. In the second step we take a few members of this fully
rigid system and put them into the Shelah elevator and lift them up to G with
|G| = X as desired.

If A is not cotorsion-free, we have to work harder to circumvent the dead end
by (3.7). We must avoid that G has too many pure injective submodules. This is
done in case (B). Again, a basic idea is to carry information from a rigid system
of R-modules of smaller cardinal p < A up to A. However, this time the Black Box
is used to obtain an even stronger fully rigid system. Here a family of R-modules
{Gy : u € uSRo} is called essentially A-rigid over a directed subset 1 of uSNo, if
the G, 's are fully rigid as usually (see e.g. [4]):

Homg(Gy, Gy) = Adyur, X Fin(Gy, Gy/)

where 0y = 1 if u C v’ and by = 0 if u € u/. Moreover G, C Gy foru Cu’ €
<Rg
pu=No,

Hence Gy = |J Gy is a well defined R-module and ‘rigidness’ between any G,
u€edd
and Gy is required as well; see Definition 4.3.

Inspection of the proofs in [4, The torsion-free theory, pp. 464-465, Ines in
other torsion-free theories (pp. 465-470)] shows that the existence of essentially
rigid families can be replaced by these stronger essentially rigid families, see (4.4)
and (4.5). The main burden in the rest of case (B) is to find a suitable directed
system U of size A to ensure that Gy is of size A. Since we start from a family of
modules of size u given by the Black Box, A must be close enough to that u. If
this is the case we derive a new realization theorem for algebras A with particular
emphasis on cardinals A with cf A = w.

The main result is

Theorem 4.7. Let A be an R-algebra, p, A\ be cardinals such that |[A] < p =
ulo < X < 24, If A is Rg-cotorsion-free or A is countably free, respectively, then
there exists an Ng-cotorsion-free or a separable (reduced, torsion-free) R-module G
respectively of cardinality |G| = A with Endg G = A® FinG.
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2. Basic definitions, examples and motivations

Let R be a principal ideal domain and x = |R|* be the successor of the cardinality
|R| of R, which is fixed throughout Section 2 and 3.

Definition 2.1. We will say that an R-module M of rank A > x has many pure
injectives if there are A pairwise distinct pure injective summands of M (purely)
generated by < x elements.

This definition may also be useful in the countable case as well, however we are
mainly interested in application close to Black Box proofs, hence A > N;.

Examples. Any module M of rank A over a discrete valuation ring R possesses a
basic submodule B, which is unique up to isomorphism; see Fuchs [15] or Eklof,
Mekler (14, p.124]. Hence B = @, bR is a direct sum of pure cyclic submodules
b;R (i € I). It is often the case that M has many pure injectives:

(a) If R = J, is the ring of p-adic integers, then M is a direct sum of a divisible
module D and a reduced submodule M’. If D has rank A, then Al has
enough pure injectives. Otherwise we may assume that D = 0 and A is a
reduced J,-module. If M is an abelian p-group, then a theorem of Kulikov
applies, see Fuchs [15, p. 146]. It shows when |I| > A, then M has many
pure injectives. If M is torsion-free, then each summand of its basic module
is pure injective. Hence ]\4 has many injectives if, again, |[I| > A. Also note
that B C M C B where B is the p-adic completion of B; see Fuchs (13].

(b) The last remark relates to modules used in Black Box proofs for realizing
rings as endomorphism rings; see Dugas, Gobel [6, 7, 8], Shelah [30, 31] or
Corner, Gébel [4]. In any case (mixed, torsion-free or torsion)-constructions

begin with an A-submodule B = € b; A of the final module G with End G
TEX
as required and

BCGC, B (*)

where B is the S-completion and C, denotes pure submodules. In all cases
which are not cotorsion-free, the pure cyclic A-module b; A is not cotorsion-
free and possesses a pure injective submodule # 0. Hence G has many pure
injectives if G has rank XA > |A4|. The final module has size |G| = A" which
is A only if cf A > w.

We want to investigate what happens if we require |G| = A and c¢f A = w. Surely,
many pure injectives may prevent the existence of realization theorems. Hence we
consider this possibility first.

In case |G| = A, cf A = w we note that (like in case ¢f A > w), the resulting
module G has many pure injectives. If however |G| = AR this is no harm. (In
fact it is not obvious from (x) and surprisingly not true as we shall show that G
(derived in the realization theorems) has many pure injectives.

If X has cofinality w, then we are bound to distinguish two cases. If the algebra
A is cotorsion-free, then we will derive new realization theorems for modules of size
A cofinal to w, which is similar to the known ones in [4, 30, 31]. If the module
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has many pure injectives, then we want to show that realization theorems (even
modulo large ideals of inessential endomorphisms) do not exist. If the algebra 4 is
not cotorsion-free. in Section 4 we also find a way around to construct modules of
size A with ¢f A = w for certain cardinals having a specified endomorphism ring as
before.

3. Torsion-free R-modules — non existence of a realization
theorem

Recall that R is a PID such that R is reduced (and torsion-free) for some fixed
multiplicatively closed, countable subset S. Also recall that N, denotes the pure
closure of N C M if the R-module M is torsion-free. Let J, denote the p-adic
integers for some prime p, this is the p-adic completion of R provided R is p-
reduced.

We begin with a known result which appears in Dugas, Gobel [7], see the proof
in 7] or in [14].

Proposition 3.1. If M is a reduced, torsion-free R-module and N C M with
N = J,. then N, = J, and N, is a summand of M.

Corollary 3.2. Let A > |R| be some cardinal. If M is torsion-free reduced with
pairwise distinct submodules N; (i € A) which are pure-injective, then M has A
pure injectives which constitute a direct sum in M.

Proof. Each N, is a p-adic module. We replace the given family by an equipotent
subfamily of Jy-modules for a fixed p. Similarly we may assume that N; = J,. If we
replace the new family by (NV,). (¢ < A), each (N,). may coincide with finitely many
(N,). by (3.1). An equipotent subfamily J, = N, C M satisfies @ N, C M. O
1EA

The conclusion of the following Proposition 3.3 follows from the existence of a
family of submodules similar to the one in 3.2. Under these conditions it will be
possible to find many endomorphisms. These endomorphisms will destroy any hope
for a realization theorem, even modulo some ideal of inessential endomorphisms.
Moreover (3.3) illustrates that (3.2) must be strengthened in order to carry out
(3.3) and its consequences. Notice that (3.3) is the main tool for proving the non-
existence of a realization theorem.
Proposition 3.3. Suppose G = |J G, is the union of a chain of pure submodules

new
G, of cardinality A, (n € w) such that A\, (n € w) is strictly increasing. Let {N |
1 € Ant1.1 € w} be a family of pure injective modules such that @@ N C Gp4
IGA”+1
is direct and G, BN Cu G4 is pure foranyn € w andi € Aty Ifn € [] Anp
new
then there exists an h, € Endg G with Imh, = @ N

n)*
new n(n)

Remark 3.4. Note that A = |G| = sup A, is cofinal to w. The choice of Im h,, will

necw
ensure that h, is not swallowed by Ines G, the ideal of inessential endomorphisms
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of G. Obviously (3.3) will imply the existence of A* > X such endomorphisms and
R = End G/ Ines G would be impossible for any ring R with |R| < A; see (3.6).

Proof of (3.3). Let A" : G, © N}' — N]* be the canonical projection. This
projection extends to

R} : G — N

because G, ¢ N* is pure in G and N is pure injective. If n € [] A,4+1, then put
new
ho = hoa
new
If x € G, then there is n € w such that = € G, hence h;"(m)(:c) =0forallm>n
and the sum h,(z) = 3 hp . (z) is finite and hence well-defined in G. Clearly
ncw
h, € EndG and Imh, = @ Ny O
new

In view of (3.3) we want to strengthen (3.2).

Lemma 3.5. Let u be a regular cardinal > x and let G be a torsion-free, reduced
R-module with the following properties.
(a) There is a family N, C G (¢ < p) of pure injective pairwise distinct submod-
ules purely generated by < x elements.
(b) Let K C G with |K| < k < u for some regular cardinal k.

Then we can find pure injective summands 0 # N, of G and K' C G such that
KCK' |K|<kand K& @ N/ C. G.
<p
Proof. By Corollary 3.2 we replace the given family by a new family of pure
injective summands N; # 0 (¢ < u) such that @ N, is a direct sum. Inductively we
i<

enumerate a subfamily of the N;’s and choose Ig =Ky, K; C K,4y with N; C K4,
and N; & K, which is a strictly increasing, continuous chain K, of submodules and
elementary submodels of G with respect to a language L, of cardinality x.

If K, is given, we want to find N; from the above family with K, ¢ N,. Then
we let K1) be the elementary closure of K; & N, and proceed continuously. Recall
that J, = N; from (3.2) and let g; : J, — G be the given isomorphism. There
is some g = g; with g(1) ¢ K, by cardinality. The algebraic reason for taking the
elementary closure is that G/K; must be torsion-free, reduced. We want to show
that Im ¢ N K; = 0. Suppose g(z) € K; for some 0 # z € J,. If x is not pure in J,,
then = = pkz’ for some pure z’ € J,. Hence g(z) = p*g(z’') € K, and K is pure in
M and torsion-free. We also have g(z') € K; and hence may assume that x is pure
in J,. There is a maximal p-power p* such that

p*¥ | g(1) modulo K; because G/K, is torsion-free reduced and 0 # ¢(1) + K.

We also find n € R such that p**! | (n — z) in J,, hence p**1 | (ng(1) — g(z))
and p**! | ng(1) mod K;. We conclude p | n and p**! | (n — ) forces p | x in J,.
contradicting purity. We have N, & K, for the above V; renamed as N;. The above
family N,, K, (i < u) is established.



Sh:547

242 Gobel and Shelah

Let S = {a < p: cf(a) > x} which is stationary in u. The following arguments
do not use the specific structure of N;. We only need that the N,’s are the pure
closure of < x elements. Also in the last paragraph we could have dropped the
reference to (3.2). If € S, then

Ks ®Ns CG

by the above family. The elementary submodel Ks over L, ensures that K; allows
an elementary embedding hs : Ns — Kj. Let

['s be the set of equations 7 | (z; — ¢;), (¢ € Ks), (r € R)

where z, € Ly corresponds to some generator af of N5 (say Njs is purely generated
by a set {al :i € I5} of size < x) such that 7| (a® — ¢,) in M (r € R). Then I's has
< x variables and |R| < |R|* = x equations. The elementary embedding ensures
some strong purity.

If 7| (x, — ¢;) € U5 then 7| (hg(a®) — ¢,) in G. (%)
Put Ny = {z — hs(z) : € N5} C Ns ® K5 C G and notice that
N5 — Ng(z — z — hg(z))

gives an isomorphism. Clearly N5 & K5 = N; & K5 by definition of Nj. Let
Ng = (Ng). and note that Ny is pure injective as well by the above. Also note
that Ny N Ks = 0 and N§’ @ K5 must be pure in G. The pure injective module
NY{ is the first of our p candidates needed in (3.5). The others show up by an easy
combinatorial trick based on Fodor's Lemma, see Jech [20]. Recall that Ks& N and
hs : Ns — Ks may be viewed as a regressive function and S is stationary. Copies
of N5 in K can be enumerated by ordinals < § as cf(d) > x, hence hs : Ny — N
for v < §. By Fodor’s Lemma there is a stationary subset S} C S with hs(Ns) = N
for some fixed N and all § € ;.

Choose K’ C, K;, for some iy € S) (minimal) with NU K C K’. Induction on
d with the last argument shows that

K ¢ Ny C.Grlor I ={6€8,6>io}.
sel

Also note that [I| = u and (3.5) follows. O

Theorem 3.6. Let R be a PID with |R|™ = x and let A\ > p > x be cardinals with
cf(N) = w and B < X for all u < X\. If G is a torsion-free, reduced R-module of
cardinality A with a set of A\ pairwise distinct pure injective submodules, then we
find AR endomorphisms h; (i € AY°) with Imh; pure and isomorphic to a direct
sum of a countable infinite subset of some set of A pure injective submodules.

Proof. Let A\, (n € w) be a strictly increasing sequence of cardinals with sup A\, =
n€w

X. Replacing )\, by its successor A\ if necessary, we may assume that each A\, is
a regular cardinal, moreover A\g > x. We apply Lemma 3.5 inductively to find a
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countable chain of pure submodules G,, C G such that G = |J G,, |G| = A\, and

ne€w

such that there are pure injective modules N* (i € Ap41) with

Gn® P N!C.Gnpr

ie)‘n-#l
Now we are in the position to apply Proposition 3.3 and find endomorphisms h,, €
EndG (n € [] Ans1) such that Imh, = @ N, O
ne€w n€w

Realization theorems for certagn R-algebras A provide R-modules G with A4 =
End G/J for some suitable ideal J = Ines G depending on the nature of A and
modules G. If G is torsion-free, then either J = 0 (in case A is cotorsion-free) or
J = FinG is the ideal of those endomorphisms ¢ of G with Im¢ of finite rank.
More generally J = Ines G if Im ¢ is complete in the S-topology, see § 1 and 4.

Our first application is an easy counting argument.
Corollary 3.7. Let (R, G) be as in Theorem 3.6, then End G/ Fin G has rank \®o.

Remark 3.8. If the algebra A is not cotorsion-free, then A possesses a pure
injective submodule 0 # N C Agr and any module G in construction by the
Black Box has a pure submodule @, A, hence the hypothesis of (3.7) holds, and
End G/FinG = A is impossible. This is in contrast to cardinals A with c¢f(\) > w,
see [4] and [17].

Proof of 3.7. Note that |[EndG| = A®° by (3.6) and |FinG| = ), hence from
AR > ) it follows |End G/ Fin G| = ARo. O

The next application is based on the observation that endomorphisms h; (i €
AR0) in Theorem 3.6 are not complete: Each Im h, is pure and a countable direct
sum of pure injectives. Hence h; ¢ Ines G and a suitable choice of h)s ensures that
the following holds.

Corollary 3.9. Let (R, G) be as in Theorem 3.6, then End G/Ines G has rank A\R°
as well.

Sometimes the implication of Theorem 3.6 holds automatically, e.g. in case of
certain classes of p-groups. In this case (3.9) follows by the given arguments. We
leave it to the reader to check the details.

Remarks 3.8 applies mutatis mutandis for Corollary 3.9. This might lead to
the impressions that realization theorems (which so far have only been established
for cardinals A with cf(A) > w or if R has ‘more than three primes’) will always fail
otherwise. Fortunately we will be able to extend the known results in Section 4.

4. Realizing algebras

Let R be any fixed commutative ring, with a distinguished countable multiplica-
tively closed subset S of non-zero-divisors as discussed in Section 1. We will consider
torsion-free, reduced R-algebras A (for S).
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In the first part (A) we concentrate on cotorsion-free R-algebras, so we require
Hompg (R, A) = 0. Part (B) will be harder; we will deal with realization theorems
of the (WEAK) form.

As in Section 3 we choose a cardinal x with |[A]T = x.

(A) In the cotorsion-free case we can follow an established road including only
a little new work. However, we are mainly interested in cardinals \ cofinal to w
and modules of this size, where A > x.

Theorem 4.1. Let A, R and x be as above and suppose p is a cardinal with x <
it = u < X. Then we can find an R-module G with End G = A and |G| = .

We need a useful notion from Corner (3], used in [4, 18] and at many other
places.

Definition 4.2. Let A be an R-algebra. A family {Gx : X C I} of R-modules
Gy is called fully A-rigid family over an indexing set I if for any subsets X, Y. C [
the following holds

H()HIR(GX,GY) =A and GX g G)' if X g Y
Homgr(Gy,Gy) =0 if X ZY.

Proof of (4.1). If A = ARo_ then the existence of a fully A-rigid family over X
follows from Corner, Gobel [4] by a proof based on Shelah’s Black Box, see [4] and
also [27]. In particular, if A = p, let {Gx : X C u} be such a family. Also note
that |G x| = p follows from [4]. We choose a finite cotorsion-free rigid subfamily,
taking a finite subset I C u with |I| > 6 and

S:{Gl\':Xgl}.

Note that [I| = 4 would suffice, see [19]. This small family is the basic tool
for applying a different combinatorial argument, the “Shelah’s elevator”, see [19)
and also Shelah [26]. We will apply a version given in Corner [3] which can be
used more directly to obtain a cotorsion-free R-module G of cardinality A with
End G = A. O

(B) In order to find realization theorems for algebras as endomorphisms alge-
bras A of R-modules G which have unavoidable inessential endomorphisms we have
to work harder for End G/InesG = A, where InesG is the ideal of all inessential
endomorphisms of G. Since we are primarily interested in G's of cardinality A with
cf(\) = w we need different (new) combinatorial techniques because the second
combinatorial principle used in (A) would break down. Nevertheless the new meth-
ods resembles ideas from this method which originates from [25]. While the proofs
on this Shelah’ elevator are based on a clever distribution of rigid pairs covering
the forthcoming module, e.g. an indecomposable abelian group, the new method is
no longer an elevator moving up from bottom to top (cardinals), see [19]. It only
connects certain levels, needs more fuel and runs on a more powerful rigid system
(even more powerful then a fully rigid system), which we explain first. For clarity
we restrict to modules G with Ines G = Fin G, the unavoidable endomorphisms are
those of finite rank. So we assume that the algebra A is Rg-cotorsion-free (e.g.
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A = J,), which automatically leads to Fin G, see Corner, Gobel [4]. Recall that
an R-module G is Ng-cotorsion-free if G is torsion-free, reduced and any cotorsion
submodule has finite rank over R.

Definition 4.3.

(a) If I is an indexing set of cardinality u, then J = P(I)<®° denotes all subsets
of cardinality < Ng. Obviously J is partially ordered by inclusion and we
will abuse notation and write {:} = i (i € I) for singletons.

(b) Let A be an R-algebra and i be a directed subset of J. A family of R-
modules {G, : u € J} will be called an essentially A-rigid family for 4l (over
puSNo) if the following holds.

(i) If w = {u; : ¢ < n} and the w;'s in J are pairwise disjoint, then

Gu = @ G,
i<n
(ii) {Gy :u € J} isdirected, if u C u’ then G, C. Gy . Let Gy = |J G..

u€id
(iii) If u C «/, then G, € G and Homg(G,, Gy') = A ® Fin(Gy, G,,).
(iv) If u € J, then Homg (G4, Gy) = A @ Fin(G,, Gy).
(v) If u € u', then Homg(Gy, Gy') = Fin(Gy, Gy).
(vi) |Gy| = p®e for all u € J.

An easy modification of the proof of the Main Theorem in [4] shows that we
can strengthen this result to get

Proposition 4.4. Let |I| = u be a cardinal with u®° = p and J, U be as in (4.3).
Let A be an No-cotorsion-free R-algebra with |A| < p.

Then we can find an essentially A-rigid family {G, : u € J} of Ng-cotorsion-free
R-modules for i1.

Proof. By inspection of [4]. O

A similar result holds for separable modules. Separable R-modules are sub-
modules of products [] R.

Proposition 4.5. Let |I| = u be a cardinal with u®° = yu and J, 4 be as in (4.5).
Let A be a free R-algebra which is countably generated or satisfies a technical
(‘nasty’) condition discussed in [5, 8] with |A| < p.

Then there exists an essentially rigid family {G, : v € J} of separable R-
modules for il.

Proof. See [10] and [5] for A countably generated. O

The modules in (4.4) and (4.5) give rise to the desired modules Gy for a suitable
directed system il. The relevant properties of il are derived in our next

Proposition 4.6. Let W C [A|S® with [W| < X and AR > X > k = cf(k) > Ro.
Then we can find a directed subset U C [A]<N and a coding function || || : A — U
with the following properties

(a) || || is a bijection
(b) WU NN C U
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(c) Ifa:k — X, then there exists u € U with |{i € k: ||a(3)]| C u}| > No.

Proof. Write A = |J A¢ for a decomposition of A into § subsets A of size A for
¢<6
some regular cardinal 8 with A > 6 > k.
Let Vi = U Ap and Uy = WU [/\]<N°, Il'lo =0.
B<g

We want to define inductively U: € (M]S| |l : Vo — U, for each ¢ € 6

as ascending, continuous chains such that Y = |J Uc and || || = UJ || ||c. From
¢ed ¢ed

dom|| ||¢ = V; followsdom || || = X immediately. Note that |Up| = X, and a bijective

map || ||, : Ao — Up can be defined. Suppose § € § and || ||¢c : Vo — U is defined
for all { < £. If € is a limit ordinal we take unions. Suppose £ = ¢ + 1, then we
must define || ||¢ and Ug such that (a) and (c) hold for U = U, and those a with
Ima C V;. Note that a is regular, so any a gives rise to some such {. Hence (a) and
(c) will also hold for U. Condition (a) requires only that || ||¢ is extended to || ||¢
as a bijection || ||¢ : V¢ — Ug. It remains to define any bijection || || : Ac — Ue \ Uc
taking care of (c).

From |A¢| = A we need |Ug \ U¢| = A, Ug D U¢ and define Ug in three steps.
First we take the ideal U; generated by Ug, that is

Ul ={uc|JE:ECU,E finite}.
Then adjoin the || ||¢-closure set of Uc, the set U of all elements

u' = J{llill¢ i e un V)

where u € Uc. Note that U/ = U/ U U has size X while A" > X, hence [[X]SR\
U/l = A" and we also find a set U/” C [\]=" \ U/ of cardinal X\. Now we define
Ug = U/ VU and U is constructed.

The first step in the construction of Ug ensures that U is directed in
(=, <)

and the second step ensures (c¢). If a: kK — A then Ima C V for some ¢ < 6. Next
we consider || Imaf = {||a(i)|| : ¢ € k} C U. The closure properties provide v € U
with ||a(7)]| C U for infinitely many i € k. O

Theorem 4.7. Let A be an R-algebra and p, A cardinals such that |A| < p = u™ <
AL -,
(a) If Ar is No-cotorsion-free, then there exists an Wo-cotorsion-free R-module
G of cardinality A with Endp G = A @ FinG.
(b) If Agr is a free R-module which is either countably generated or satisfies

the ‘nasty’ condition from [10], then there exists a separable (torsion-free)
R-module G of cardinality A with Endg G = A® FinG.

Remark 4.8. Theorem 4.7 is new for cardinals A cofinal to w.
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Proof. Let {X, : 1 € A\} be an anti-chain of the power set P(x) and choose U from
Proposition 4.6. Then we build the new partially ordered set

U={{Xi:i€u}:uel}.

By Proposition 4.4 or Proposition 4.3, respectively there is an essentially rigid
family {G, : u € [u|SR°} for U of Ng-cotorsion-free R-modules or separable R-

modules respectively. In particular G = Gy = |J G4.
uel
If c € Endg G and u € U then there exists a, € A such that

(0 | Gu) — ay € Fin, G

from Definition 4.3. Here we identify a, € A with scalar multiplication a, on G
(or any submodule). Moreover Fin, G denotes (partial) homomorphisms from G,
into G of finite rank. It follows immediately that a, does not depend on u since G
has infinite rank, is torsion-free and U is directed: (¢ [ Gy) — au, (0 | Gu/) — @y C
(o | Gy) — a, for some v € Y implies a = a,, = a, = a4, hence

(¢ 1 Gy) —a € Fin, G for all u € 4. (%)

We also claim that 0 —a € Fin G. Otherwise Im(c — a) has infinite rank, there
are independent elements y; € Im(o — a), (i € w). If ¢’ = ¢ — a, then we find
z; € Gy with ;0 = y; (i € w). We may assume z;,y; € G, with u, € U (i € w).

By Proposition 4.6 (a) there are a; € A such that ||| = u; (i € w). Moreover,
by Proposition 4.6 (c¢) we can find u € U such that {i € w: ||a;]| € u} is infinite.
Hence z,,y; € Gy, € G, for infinitely many ¢ € w from (4.3) (ii). However these
y: belong to Im((¢ — a) | Gy) and are independent. The mapping (¢ — a) | G,
has infinite rank and (¢ —a) [ Gy ¢ Fin, G contradicts (*). Hence (a) and (b)
follows. O

Finally we want to state a result for the kind of cardinal A not covered by (4.7).

Theorem 4.9. Let A be an R-algebra and X\ > |A| be a strong limit cardinal of
cofinality w. Then (a) and (b) from (4.7) hold.

Sketch of a proof. We can write A = sup A, such that 2% < Apns1 and A, is a

new
successor cardinal. Then we can use essentially rigid families for each cardinality
An using O-arguments, which give rise to the desired R-modules of size . Od

References

[1] A. L. S. Corner, Every countable reduced torsion-free ring is an endomorphism ring, Proc.
London Math. Soc. (3) 13 (1963), 687-710.

[2] A. L. S. Corner, On endomorphism rings of primary abelian groups, Quart. J. Math. Oxford
(2) 20 (1969), 277-296.

[3] A. L. S. Corner, Fully rigid systems of modules, Rend. Sem. Mat., Univ. Padova 82 (1989),
55-66.

[4] A. L. S. Corner and R. Gébel, Prescribing endomorphism algebras, a unified treatment, Proc.
London Math. Soc. (3) 50 (1985), 447-479.

[5] A. L. S. Corner and R. Gobel, Subgroups of the Baer-Specker group with prescribed endo-
morphism ring and large dual, this volume.



Sh:547

24

6
(7
8
9
(10

[11

[12
[13
[14
(15
[16
[17
[18

19

[20
(21

22

[23
(24

[29
(30

31

32

8 Gobel and Shelah
] M. Dugas and R. Gébel, On endomorphism rings of primary abelian groups, Math. Ann.,

261 (1982). 451-470.

] M. Dugas and R. Gobel. Every cotorsion-free ring is an endomorphism ring. Proc. London
Math. Soc. (3) 45 (1982), 319-336.

] M. Dugas and R. Gébel, Every cotorsion-free algebra is an endomorphism algebra, Math. Z.
181 (1982), 451-470.

] M. Dugas and R. Gobel. Torsion-free abelian groups with prescribed finitely topologized en-
domorphism rings, Proc. Amer. Soc. 90 (1984), 519-527.

] M. Dugas and R. Gébel, Endomorphism rings of separable torsion-free abelian groups, Hous-
ton J. Math 11 (1985). 471-483.

] M. Dugas and R. Gobel, Application of recent results and methods of abelian groups and
model theory to algebraic systems. pp. 41-62 in Infinite groups 1994, Walter de Gruyter,
Berlin 1996

] M. Dugas. B. Goldsmith and R. Gdbel, Representation of algebras over a complete discrete
valuation ring, Quart. J. Math. Oxford 35 (1984), 131-146.

] P. C. Eklof, Set theoretic methods in homological algebra and abelian groups, Les Presses de
I'Université de Montréal, Montréal 1980

] P. C. Eklof and A. H. Mekler, Almost free modules, set-theoretic methods, North~Holland.
Amsterdam 1990.

| L. Fuchs, Infinite abelian groups, Vol. I, Academic Press, New York, 1970.

| L. Fuchs, Infinite abelian groups, Vol. II, Academic Press, New York, 1973.

] B. Franzen and R. Gébel, Prescribing endomorphism algebras — the cotorsion-free case,
Rend. Sem. Mat. Univ. Padova 80 (1988), 215-241.

] R. Gobel and W. May, Independence in completions and endomorphisms algebras, Forum
Mathematicum 1 (1989), 215-226.

] R. Gébel and W. May, Four submodules suffice for realizing algebras over commutative rings,
J. Pure Appl. Algebra 65 (1990), 29-43.

] T. Jech, Set Theory. Academic Press, New York 1978.

] A. Orsatti, A class of rings which are the endomorphism rings of some torsion-free abelian
group, Ann. Scuola Norm. Sup. Pisa 23 (1969), 143-153.

] A. Orsatti, Anelli di endomorfismi di gruppi abeliani senza torsione, Sympos. Mat. 8 (1971),
179-191.

] A. Orsatti, Una introduzione alle teoria dei moduli, Aracne editore, Roma 1995.

| S. Shelal, A compactness theorem for singular cardinals, free algebras, Whitehead problem
and transversals, Israel J. Math. 21 (1975), 319-349.

] S. Shelah, Infinite abelian groups. the Whitehead problem and some constructions. Israel J.
Math. 18 (1974). 243-256.

] S. Shelah, On successors of singular cardinals, Logic Colloquium ‘78, 97 (1978) of Stud.
Logic Foundations Math., 357-380, North Holland, Amsterdam-New York.

] S. Shelah, On uncountable abelian groups, Israel J. Math. 32 (1979), 311-330.

]

Lecture Notes in Mathematics 498 (Springer, Berlin, 1975), 384-402.

] S. Shelah, On endo-rigid strongly Ri-free abelian groups in Xy, Israel J. Math. 40 (1981).
291-295.

] S. Shelah, A combinatorial principle and endomorphism rings, I. On p-groups. Israel J. Math.
49 (1984), 239-257.

] S. Shelah. A combinatorial theorem and endomorphism rings of abelian groups, 11, pp. 37-86
in Abelian groups and modules, CISM Lecture Notes, Vol. 287, Springer Wien-New York
1984.

] S. Shelah. Incompactness in regular cardinals, Notre Dame Journal of Formal Logic. 26
(1985), 195-228.



