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Abstract. We will answer a question raised by Emmanuel Dror Far-
joun concerning the existence of térsion-free abelian groups G such that
for any ordered pair of pure elements there is a unique automorphism
mapping the first element onto the second one. We will show the exis-
tence of such a group of cardinality A for any successor cardinal A = p*
with g = uXo.

1. Introduction

We will consider the set pG of all non-zero pure elements of a torsion-free abelian
group G. Recall that g € G is pure if the equations zn = g for natural numbers
n # 1 have no solution z € G. Clearly every element of the automorphism group
Aut G of G induces a permutation on the set pG and it is natural to consider groups
where the action of Aut G on pG is transitive: for any pair z,y € pG there is an
automorphism ¢ € AutG such that z¢ = y. In this case we will say that G is
transitive, for short G is a T-group. (Transitive groups are A-transitive groups in
Dugas, Shelah [5]). This kind of consideration is well-known for abelian p-groups.
It was stimulated by Kaplansky and studied in many papers, see [14, 15, 1] for
instance. If G is a free abelian group with two pure elements z and y, then there

v AV XXT.

are two sets X and Y of free generators of G such that z €¢ X and y € Y. We
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can chose a bijection a: X — Y with za = y which extends to an automorphism
a € AutG. Hence free groups are T-groups and a similar argument holds for a
wide class of abelian groups. There are T-groups like Z%: /Z with Z™] the set
of all elements in Z% of countable support, which are N;-free but not separable,
see Dugas, Hausen [4]. The existence of Ny-free, indecomposable T-groups in L for
any regular, not weakly compact cardinality was also shown in Dugas, Shelah [5,
Theorem (b), p. 192]. This was used to answer a problem in Hausen [11}, see also
(12] and [5, Theorem (a), p. 192].

Thus we may strengthening the action of AutG on pG and say that G is a
U-group if any two automorphisms ¢, ' € Aut G with gy = g¢’ for some ¢g € pG
must be the same ¢ = . Hence G is a UT-group if and only if G is both a T-group
as well as a U-group. Thus G is a UT-group if and only if Aut G is transitive and
{every non-trivial automorphism acts) fix point-free on pG. In connection with
permutation groups such action is also called ‘sharply transitive’. Note that pG
may be empty, if G is divisible for instance. In order to avoid trivial cases we also
require that 0 # G # Z and G is of type 0, hence G is torsion-free and every element
of G is a multiple of an element in pG. If G is of type 0 and not finitely generated
then |pG| = |G| is large and the problem about the existence of UT-groups becomes
really interesting. This question is relatéd to problems in homotopy theory and was
raised by Dror Farjoun. In response we want to show the following

Theorem 1.1. For any successor cardinal A = ut with p = p™o there is an Ny -free
abelian UT-group of cardinality X.

We will also determine the endomorphism rings of these groups. They are
isomorphic to integral group rings R = ZF of groups F freely generated (as a non-
abelian group) by A elements (with A as in the theorem). Since endomorphisms
of a group G will act on the right (in accordance with used results from [9, 10]),
we will also view G as a right R-module (and as a left or right Z-module). Using
classical results on group rings it will follow that AutG = +F, where —1 € Z is
scalar multiplication by —1, hence +F is a direct product of a group of order 2 and
F. Moreover ZF has no idempotents except 0 and 1, hence G in the theorem is
indecomposable and obviously the center of ZF is just Z, hence Z is also the center
of EndG. Therefore Theorem 1.1 strengthens the Theorem in Dugas, Shelah [5,
p. 192] substituting T-groups by UT-groups and removing the restriction V = L
to the constructible universe. Also note that it is straightforward to replace the
ground ring Z by a p-reduced domain S for some prime p. Hausen’s [12] problem
can be answered also in ordinary set theory. Further applications can be found in
Qantian

First we would like to explain why constructing UT-groups is a hard task, much
harder then finding suitable T-groups. Because R* above is a free abelian group, we
can easily find groups G with R = End G, see [3, 2]. But there are still two obstacles
which must be taken into consideration.: Often |R| < |G| in realization theorems,
thus the units of R which represent Aut G will never act transitive on a bigger
group and G can’t be a T-group. More importantly, inspecting the constructions
in [3, 2], it is clear that they provide no control about the action, thus both U and

MarcEL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

)



Sh:650

Uniquely Transitive Torsion-free Abelian Groups 273

T for UT-groups are a problem. Note that in many earlier constructions G has a
free dense and pure R-submodule of rank > 1 mostly of rank |G}. But T-groups
must obviously be cyclic over their endomorphism ring R, hence {3, 2] do not apply
in principle. Inspecting the proof in [5] it is easy to see that G is not torsion-free
over its endomorphism ring. This comes from the list of new variables z, y, ... added
to R in the construction in order to make R acting transitive on all pairs of pure
elements. Even refining the list of pure pairs in [5] it seems hard to avoid clashes
of related pairs such that x — y for example has a proper annihilator. Thus the
groups in [5] are T-groups and not UT-groups (even modifying the arguments).

Thus a new approach is need, which will be established in Section 3. We will use
a geometric argument choosing carefully new partial automorphisms for making G
transitive but with very small domain and image in order to preserve the U-property
for the new monoid. Then we will feed the partial maps with pushouts to grow
them up and become real automorphisms without destroying the UT-property. At
the end we will have a suitable subgroup F' of automorphisms of some group G,
thus G becomes an R-module over the ring ZF =4f R.

Finally we have to fit these approximations to ideas getting rid of the endo-
morphisms outside R, see Section 4. We need the Strong Black Box as discussed
and proven in terms of model theory in Eklof, Mekler [6, Chapter XIV]. Note
that this prediction principle is stronger then (Shelah’s) General Black Box, see
[2, Appendix]. The Strong Black Box is also restricted to those particular car-
dinals mentioned in the theorem. However, here we will apply a version of the
Strong Black Box stated and proven on the grounds of modules in ordinary, naive
set theory, which can be found in a recent paper by Gdbel, Wallutis [10], see also
[9]. In order to show End G = R well-known arguments for realizing rings as en-
domorphism rings must be modified because the final ring and its action are only
given to us at the very end of the construction: We will first replace the layers
G, from the construction by a new filtration only depending on the norm. Note
that the members of the new filtration of the right B-module G must be right R,-
submodules for suitable subrings R, of R to have cardinality less than |G|. But
they are still good enough to kill unwanted endomorphisms referring to the predic-
tion used during the construction. Moreover note that the two tasks indicated in
the last two paragraphs must be intertwined and applied with repetition. While
the final G is an N;-free abelian group, hence torsion-free, it is not hard to see that
G is torsion as an R-module: If 0 # g € G, then we can choose distinct elements
¢z, y € pG such that ng’ = ¢, and z — y € pG. Hence there are distinct unit
elements 5,7y, 75y € U(R) = &F such that ¢'r; = z,9'ry = y,¢'rzy =z +y. The
endomorphism r; +r, does not belong to £F, in particular it can not be r,;. Hence
T=r;4+7,—7Tgy #0but ¢r =2x+y—(z+y) =0 and g is torsion. It is worth not-
ing that the result can be strengthened under V = L, where we get strongly-A-free
groups of cardinality A as in Theorem 1.1 for each regular, uncountable cardinal A
which is not weakly compact. In this case the approximations in Section 3 can be
improved, replacing ‘R;-free’ by ‘free’ at all obvious places. The main result of this
section will then be a theorem on free groups G with a free (non-abelian) group
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F C Aut G acting uniquely transitive on G. Also Section 4 must be modified: The
Strong Black Box 4.2 must be replaced by { following arguments similar to [3].

2. Warming up: Construction of a special group

We begin with a particular case of an old theorem and discuss extra properties of
the constructed group. Part of this proposition will be used in Section 3.

Proposition 2.1. Let k be a cardinal with kX = k, F be a free (non-abelian)
group of rank < Kk and R = ZF be its integral group ring. Then there is a group G
with the following properties.

(i) G is an Ri-free abelian group of rank k with End G = R.
(ii) G is torsion-free as an R-module.
(iii) AutG = +F
(iv) If ¢ € End G, then ¢ is injective.

Aiaeds

Proof. Note that the integral group ring R = ZF has free additive group R* with
basis F'. We can apply a main theorem from [2] showing the existence of an R;-free
abelian group G with End G = R. The {ree group I is orderable (i.e. has a linear
ordering which is compatible with multiplication by elements from the right), see
Mura, Rhemtulla [16, p. 37). However note, that torsion-free groups may be non-
orderable, see [16, pp. 89 - 95, Example 4.3.1.]. The integral group ring ZF of
any orderable group F satisfies the unit conjecture, this is to say that the units of
R = ZF are the obvious ones, hence U(ZF) = +F, see Sehgal [17, p. 276, Lemma
45.3]. Moreover, any group ring which satisfies the unit conjecture also satisfies
the zero divisor conjecture, hence R has no zero-divisors, see Sehgal [17, p. 276,
Lemma 45.2]. Therefore R is torsion-free as an R-module.

Now the remaining part of the proof is easy: AutG = U(R) = +F and if
0+# g € G, then g € R C G because G is also an N;-free R-module by construction
in [2]. If we consider multiplication of g by some 7 € R on a non-trivial component
of ¢ in this free direct sum, then r = 0 because R is torsion-free as an R-module.
Hence G is torsion-free as an R-module. Any ¢ € End G = R is scalar multiplication
by a suitable r € R hence injective because G is a torsion-free R-module. 0

We will use Proposition 2.1 in Section 3. We get more out of it if we know that
a particular endomorphism is pure:

Lemma 2.2. Let F be the free (non-abelian) group and EndG = ZF be the
endomorphism ring of the Ny-free abelian group G given by Proposition 2.1. If
p € ZF \ £F, then ¢ is a monomorphism and not onto. If 0 # ¢ € ZF, then ¢ is
pure in ZFY if and only if Im ¢ is pure in G.

Proof. All endomorphisms of G in Proposition 2.1 are monomorphisms as shown
there. If ¢ € R = ZF = End G would be onto, then ¢ must be an automorphism,
thus ¢ € U(R), which is £ F; and this was excluded.

We come to the last assertion. We shall write 0 # ¢ = 7 € R and suppose
that » = nr’ (n # =£1) is not a pure element of RT. Note that nG # G, hence
Gr' # Gnr’ and we can pick an element g € Gr’ \ Gr which is mapped into Gr
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under multiplication by n. Hence Gr is not pure in G. Conversely let r be pure in
R and counsider any g € G such that gp € Gr for some prime p. Hence gp = ¢'r
and by construction of G (just note that G is N;-free as R-module) thereis h € G
such that ¢’ € hR and hR is a pure subgroup of G. Hence also g € hR and we
can write g = hry, g’ = hry which gives hpry = hryr and pry = ryr because G
is R-torsion-free. Using that p cannot divide r by purity in R and that r,ry are
elements of the group ring ZF we can write ry = r'p for some r' € R. Finally
gp = g'r = (hr'p)r, hence g = hr'r € Gr and Gr is pure in G. O

If we replace [2] in the proof of Proposition 2.1 by [3], then we can strengthen
Proposition 2.1 in the constructible universe L. We get a

Corollary 2.3. Let k be a regular, uncountable cardinal which is not weakly com-
pact such that O, holds and let F be a free (non-abelian) group of rank < & and
R = ZF be its integral group ring. Then there is a strongly-x-free abelian group G
of rank k with End G = R and properties (i1), (1) and (iv) of Proposition 2.1.

Recall that G is k-free if all subgroups of cardinality < x are free, and G is
strongly x-free if also any subgroup of cardinality < k is contained in a subgroup
U of cardinality < s such that G/U is x-free as well.

3. Growing partial automorphisms

Besides the set pG of pure elements of a group G we consider a particular subset
pAut G of all partial automorphisms ¢ of G. Here ¢ is an isomorphism with domain
Dom ¢ and range Im ¢ subgroups of G. The inverse isomorphism will be denoted
by ©~!. However note that ¢! is not the inverse of y as a member of pAutG
because ¢! = ¢~ 1y = 1 only holds if Dom¢ = Imy = G. If we want to stress
this point, then we call ¢! a weak inverse element of ¢. Surely 0 € Dom¢ but
it will happen often that ¢ # 0 but ¢? = 0 for partial automorphisms ¢. Here we
denote with 0 the trivial partial automorphism with Dom 0 = 0(= {0}).

Because we are working exclusively with N;-free groups, we require that ¢ €
pAut G if and only if ¢ is a partial automorphism and G/ Dom ¢, G/Im ¢ are R;-
free abelian groups. The composition of partial automorphisms p,1) is again a
partial automorphism with Dom(¢%) = (Im ¢ N Dom )¢ ~! and range Im(py) =
(Imp N Dom ¥)1. Thus products of partial automorphisms of G act naturally on
G as partial automorphisms and domain and range are well defined. If 9,9 €
pAut G, then we want to show that !, 4 € pAut G. Hence it is enough to check
the freeness condition. If we replace ¢ by ¢!, then only domain and image are
interchanged, thus trivially ! € pAut G. It remains to consider domain and range
of p7. Passing to an inverse, as just noted, it is enough to deal with Dom(p).
We already observed that

(3.1) Dom(py) = (Imp N Dom 1)~ L.
From ¢ € pAut G follows that G/ Dom4) is N;-free, hence
Imy/(Ime N Domy) & (Im ¢ + Dom )/ Dom ¥ C G/ Dom )
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is Nj-free. We apply ¢~ ! and (3.1) to see that Dom ¢/ Dom(ypy) is R;-free. More-
over ¢ € pAut G, and therefore G/ Dom ¢ is R;-free, hence G/ Dom(pt)) is Ny-free
as desired.

We arrive at our first

Lemma 3.1. The set pAut G of all partial automorphism ¢ of G with G/Dom ¢
and G/ Im ¢ both X;-free abelian groups is a submonoid of all partial automorphisms
with 1 = id¢ and —1 = —idg acting as multiplication by 1 and —1 respectively,
which is closed under taking (weak) inverses.

Moreover, if F C pAut G, then (F) C pAut G is the submonoid of all products
taken from the set {+1} UFUT !, where §~! = {y~! | ¢ € F}.

We begin with an observation which allows us to consider induced partial au-
tomorphisms on a factor group.

Observation 3.2. If U C G are abelian groups and ¢ € pAutG with (Imp N
U)p™! C U and (Domp N U)p C U, then ¢ induces a partial automorphism @ of
G where G = {g =g+ U | g € G} taking g to gp for any g € Dom . Moreover
Dom® = Dom ¢ and Im% = Im o.

Proof. If g € G and g@ = 0 in G, then go = ¢’ € U and
g=g¢te(ImpnlU)p" CT,
hence § = 0 and ¥ € pAut G. The other assertions are also obvious. O

In order to show Proposition 3.9 we relate elements of free (non-abelian) groups
and elements in pAut G. It is important to be able to work with elements of pAut G
acting on a partial free basis of G. To be precise, we will need the following definition
extending freeness from G to pAutG.

Definition 3.3. Let § = {¢¢ | t € u} C pAutG be a finite set of partial au-
tomorphisms. Then (G,F) is called Yi-free if any countable subset of G belongs
to a countable subgroup X C G with basis B and the following properties for any
v € (%)

(i) G/X is Ni-free.

(ii) ¢ induces a partial injection on B, that is, if b € B N Domp, then also

by € B.
(i) X NDomp = (BN Dom ).

Passing to weak inverses, it follows from (i43) that also X NIm¢ = (BNTIm ).
Moreover X N Dom ¢ and X N Imy are summands of X with free complements
generated by B \ Domy and B \ I, respectively. It also follows that G is
Ni-free. We can ease arguments in Lemma 3.11 and Lemma 3.12 to note here
that we only need a partial basis b(F) (a subset of B) with the property (i7) and
(b(F)) NDom ¢ = (b(F) N Dom ¢); see Proposition 3.9.

Next we relate basis elements of free non-abelian groups and partial automor-
phisms with care. Suppose the set § ='{¢; | t € J} generates a free group ()
and as in Definition 3.5 there is a map 7: § — pAut G (acting on the left), then
this map can be extended to (F). The extension is unique if we restrict ourselves
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to reduced elements ¢ = ;... ¢, in (F) with ¢; € FUF ! and define natu-
rally w(¢) = w(¢1)...7m(vn). However, if 1,02 € (§) are reduced and ¢ is the
reduced element which coincides with the formal product @192 in (F), then only
m(p1)m(p2) C 7(p) holds as a graph and this means Dom (7 (¢ )7 (p2)) € Dom ()
and 7(y) | Dom(7(p1)7(p2)) = 7(p1)7(p2). Thus we have equality if also the for-
mal product pi¢s is reduced.

Definition 3.4. With 7: § — pAutG as above we say that m (or 7(F)
w € F}) satisfies the U-property if o = ¢’ for any reduced elements ¢, ¢’
zn(p) = zw(¢’) and some T € Dom(p) N Dom(p’) NpG.

= {r(¢) |
€ (F) with

The last definition is crucial for this paper because it is the microscopic version
of U-groups discussed in the introduction. We also must pass from groups G* with
this U-property to suitable extension G" with the U-property. All this we encode
into our main definition of quintuples ¢ and their extensions. Normally our maps
will act on the right, but we allow three exceptions, the maps ¢, 7 and h below.
Also Py, (J) denotes all finite subsets of the set J.

Definition 3.5. Let & be the family of all quintuples
r= (G7 §,e,m, h)~: (G, 3%, €f, 7, R
such that the following holds.

(i) G is an Ri-free abelian group.

(il) F={e¢ |t € J} 15 a set of free generators ¢, indexed by J = J* of a group
(8)-

(iii) e: J — {1,-1} is a map.

(iv) m: § — pAutG is a map which satisfies the U-property. We shall write
(o) = @b and omit ¢ if the meaning is clear from the context.

(v) h: By, (J) — Im(h) is a partial function from Domh C Py (J). Ifu €
Domh and U = h(u), § = {p: | t € u}, then the following conditions must
hold.

(a) U is a countable subgroup of G and (Dome* N U)p* C U for all
© € (F); hence ¢F induces B* € pAut(G/U); see Observation 3.2. Let
G=G/U and § = {¢" | p € §}.

(b) (G,F) is Ny-free; see Definition 3.3.

It follows that G above is R;-free. From Definition 3.5 (iv) and Lemma 3.1
follows

Corollary 3.6. If1 € & then (¢} |t € J¥) C pAut G*.
Hence G¥/ Dom @f is Rj-free for all ¢ € (F). We will carry on this condition
inductively, just checking the generators in § and using the following simple

Test Lemma 3.7. If U C G are groups and any countable subset of G is contained
in a countable subgroup X with free generators By U By such that By C U and
UnN(By) =0 then G/U is Ny-free.

The same test lemma will be used inductively for U in Definition 3.5 (v)(b). We
will pass from groups G* to larger groups GY related to z,5 € R by taking pushouts
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or unions. This is reflected in the next definition (in particular condition (4i:)) of
an ordering on K. This is the final step before we can start working.

Definition 3.8. Lett <1y (1,9 € £) if the following holds for r = (G¥,§¥, &, n¥, hF)
and ) = (G, F%,€%, 7%, hY).
(i) G* C GY and GY/G* is Ny-free.
(i) 7" extends 7 in the weak sense (w* =< 7V), that is J* C JY (equivalently
FF C 3" and also ¢} C ) ertends for allt € J*.
(iii) Ift € J¥, then one of the following cases holds
(a) ef(t) = €"(t) and ¢} = ¢].
(b) G‘ C Dom ] NIm ).
(c) €(t) =1 =—€t) andGFCDom(pt
(d) e9(t) =1 = —€e¥(t) and GF C Im ¢].
(iv) h* CAY extends (i.e., if h*(u) C GF, then h¥(u) = h(u) C G").
(v) If u € Domh* and @F =4 GF/RE(u) € G =% GY/hF(u), then any basis B
of a countable subgroup X C G asin Definition 3.5 extends to a basis B’
of some countable subgroup X' of G’ which also satisfies Definition 3.5.

Proposition 3.9. Suppose that t < 1 in & and v € Domh?, |G| > R, G? =
Dom go? =Im go? for every t € u. If F' is the group freely generated by {¢: | t € u}
and 8 = Eie] a;9; € ZF is an element of the integral group ring, a; # 0 for
all i € I and if the 6;s are pairwise distinct (reduced) elements of F, such that
07 =3, aifl] is bijective, then I is a singleton and its coefficient is 1 or —1.

Proof. If F = (py | t € u), then by hypothesis FY = (¢} | t € u) is a free subgroup
of AutG". If also § = > . ; a;0; € ZF is as above, then 69 € ZF? and we may
assume that ker#” = 0. It remains to show that #Y is surjective if and only if
I = {0} is a singleton and ap = %1. If I = {0}, then it is clear that 6 is surjective
if and only if ap = +1. Hence we may assume that Y is an isomorphism, and
|[Z| > 1 for contradiction. In order to apply Definition 3.5 we pass to the quotient
G’ = GY/h(u) and to the induced maps @,, which we rename again as G%, ;. It
follows that h(u)8” C h(u) and silently we assume that h(u) is invariant under
(69)~1; otherwise we must enlarge h(u) by a back and forth argument such that
the quotient satisfies again Definition 3.5 (v). Also G° = GY/h(u) # 0 because
[A(w)| = Ro < |GY].

If X # 0 is a countable subgroup of GY, then X is free. We may assume
without restriction that X6% C X, XF% C X and X(6°)~! C X and 0x =df gv |
X € EndX. If z € X, then 2z = ¢gf% € G9" = (Y, thus g = z(6")"! € X

wd alg ctive (o i
aiia UX is also DULJG\.AA ve (Ol X/ We can start with some X' with s °p°’“°‘ basis

B’ # ( as in Definition 3.5 (v) (the weak version mentioned after the Definition
3.3) and let X be its closure as above. Then X’ will be a summand of X because
G/X' is Ry-free. Hence B’ extends to a basis B of X: The maps px = ¢? | X,
(p € F) (by hypothesis) are total automorphisms of X, thus all automorphisms of
Fx = {px | ¢ € F} are permutations of B’ when restricted further to B’.

Let G be the group given by Proposition 2.1. Note that ¢, € F {t € u)
is given by Proposition 3.9 and ZF = End G, hence any ; can be viewed as an
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automorphism of G. In order to distinguish it from the element in F’ we will call the
automorphism ¢} € AutG and F becomes F*. The mapping * extends naturally
to all of ZF, (by the identification ZF = End G), thus 6* = 3_,.;a:f} € EndG,
where 8 € F*. From [I| > 1 and Lemma 2.2 it follows that * is not surjective.
Let y € G\ G6* which will help us showing that 8x can not be surjective either, in
fact we want to show that B’ N X8x = 0. Fix an element ¢ € B’ and define a map
®: B — G such that ¢® = y. If b € B and there is ¢ € F such that cox = b, then
put b® = c®p*. If v exists, then it is unique by the U-property. Hence @ is defined
on cFx(=cFY). If b € B'\ cFx, then let b® = 0. Hence ® is well-defined on B and
extends uniquely to an homomorphism ®: X — G. It follows bpx ® = bdyp*, hence
bOx® = b®6* for all b € B, i.e. commuting with ® replaces the x by *. If c € X0y,
then there is z = ), g zpb € X with z0x = c¢. Thus ¢ = 20x = > g s (b0x)
and we apply @ to this equation to get the contradiction

y=c®=> z(bfx)® =Y z(bD)6" € GO".
beB beB

Thus 8y, hence 6 is not surjective. |

It is convenient to check the U-property by the following simple characteriza-
tion.

Proposition 3.10. Let (F) be the group freely generated by § and 7: §F — pAut G*
be a map as in Definition 3.5 with w(p;) = ¢} for allt € J. Then § satisfies
the U-property if and only if any reduced product ¢ € (F) with zp* = z for some
z € Domp* NpG is p =1 € (F).

Proof. 1f we can chodse a reduced element ¢ € (F) with z¢* = z = (21%) for some
z € Dom ¢*NpG, then ¢ = 1 follows by the U-property of §. Conversely, if there are
reduced elements ¢,y € (F) with zp* = z¢* for some x € Dom ¢f N Dom ¢F N pG,
then we can write z = z¢f(¢*)~!. Hence z € Dom ¢*(¢*)~! and we can cancel
oy~ ! to get a reduced 4 € (F) with § = pyp~! in (F). From z € Dom oF(y¥)~1 C
Dom 6F it follows z = z6F. We have # = 1 by hypothesis, and ¢ = 1 follows. O

The last proposition shows that the U-property is a strong restriction on ().
If only z¢* = x for a reduced ¢ and pure z € G, then ¢ = 1. However note that if
@ € (F)\ {1}, then zp*(pF)~! = z for some = € pG, hence p¥(¢F)~! C idg but not
©F(pF)~! = idg because pp~! is not reduced.

The next lemma will be used to make the desired group ‘more transitive’. We
want to isolate the argument on the existence of h(u): If ¢t = (G, F,e,7,h) € &,
wo € pAutG with 0 ¢ J as in Lemma 3.11, then we extend h: Py, (J) — Im(h)
to h': Py, (J') — Im(h') where J' = JU {0}. If u € Dom h, then h'(u) = h*(u).
If 2,y and ¢ are from Lemma 3.11, then let A(u') for v’ = u U {0} be a countable
subgroup U’ € G containing {z,y} U h(u) such that G = G/U’ and the induced
maps F_ satisfy Definition 3.5 (v) (the weak version mentioned after Definition 3.3
will suffice). Note that we only use extensions of groups G* as in Lemma 3.11
or Lemma 3.12 and unions of ascending chains of such groups. By a back and
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forth argument, and a moments reflection about the action of the extended partial
automorphisms by the pushouts, it follows that such a countable subgroup U’ exists.

Lemma 3.11 (to get more partial automorphisms). Ifr = (G, §,¢&,7,h) € R
and z,y € pG such that T* # +y for all ¢ € (F), then let v}: zZ — yZ(z — y)
be the natural isomorphism. If §% = FU {po},J? = JU{0},e" =cU{(0,1)},n" =
7F U {(¢0,95)} and hY = k' as above, thent <y = (G,F7,&%, 77, W) € R

Proof. Obviously ¢ <y. Also ) € pAutG because zZ,yZ are pure subgroups of
G and G is Ni-free, hence G/zZ and G/yZ are Ni-free. But it is not clear at the
beginning that 1 satisfies the U-property. We will check this with Proposition 3.10.

Let be " = F, 00 =n and ¢ € (F'). We write ¢ = @17 ¢ ... n%~ 1y with
0 # ¢; € Z and p; € (F) reduced and assume that all ¢;’s are different from +1,
except possibly @1, r. Now we assume that z¢? = z for some z € Dom ¢ N pG
and want to show that ¢ = 1.

However next we claim, that the product ¢ must be very special and show first
that e; = +1 for all i < k. If this is not the case, then some n? or ™2 is a factor of ¢.
We may assume that n? appears. Note that Dom(n?)? = (Im(n") NDomn")(n?)~ 1,
and Im7” N DomnY = Zy N Zz = 0 by the choice of z,y. Hence (n9)? = 0 and
7 = 0 is a contradiction, because 0 # z° € Dom Y, so the first claim follows. Next
we show that

(32) p = 210" .
We look at the path of 2, the set {z] of all consecutive images of z:

€1
)

2y = 2,21 = zw?,zz = Z1(77°) ceeyZ2k—-1 = sz—zﬂpz

In order to apply (n?)¢! to z; we must have z; € Dom(n?)¢t, but Dom(n?)*:
is either Zxz or Zy, hence z; is one of the four elements of the set V = {&=x,+y}
by purity. Inductively we get z; € V for all 0 < ¢ < 2k — 1. Suppose that n®?
appears in ¢, then z3 = z9¢) € V because z4 = z3(7")? is defined and z3 is pure.
However ¢ € Dom 3 or y € Dom 3, respectively. Hence o, is multiplication by
+1 on Zz or on Zy or xwe = +y. The last case was excluded by our hypothesis on
z,y and the first two cases and the U-property would give ¢ = 41 which also was
excluded. Hence (3.2) follows.

Our assumption is reduced to z = £z¢](n")1¢) for some z € pG. We may
replace n by 7!, hence £; = 1 without loss of generality and z = +z¢n%p5. We
consider the path [z] and have z; = z¢] = £z from purity of z; € Domn?. It
follows zy = #y and 23 = yy) = £z from our assumption. Thus ypap] = +x and

wap1 € (F), which contradicts our choice of z,y. Hence only ¢ = 1 is possible and

y € R follows. a

The next lemma will increase domain and image of partial automorphisms,
respectively.

Lemma 3.12 (growing the partial automorphisms). Ifr = (G, J,s,m,h) € &
with § = {¢s | s € J} and t € J, then there ist <y = (GY,F7,&%, 77, h) € & such
that the following holds.

MaRrcEL DExkER, INc.
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(1) §F =3, 1 (I\{t}) =" [ (J\{t}), €'(t) = —"(t) and G = Go + G is
a pushout with D = Gy N G and G*F = Gy & G.
(i) (a) Ife¥(t) = 1, then Go = Domy], G1 =Imy] and D = Dom ¢}.
(b) Ifef(t) = —1, then Go =Imy}, G1 = Dom ] and D =Im¢].

Proof. The set J and h do not change when passing from r to ). Thus we consider
7F next and restrict to ef = 1 (the case ef = —1 follows if we replace ¢; by ¢ ).
For the pushout we let GY = (G x G)/H with H = {(z¢,—z) | z € Dom ¢, }. If we
also say that Up = (U x0) + H/H C GY and U1, = (0 x U) + H/H for any U C G,
then in particular G? = Gp + G1 and D =% Gy N G = (Im ¢})o = (Dom}); by
the pushout. Moreover we identify Gy = G¥, hence Dom ¢} = (Dom ¢})q =4 D’
and D = Im¢!. The canonical map

0] G" > G ((z,0)+H — (0,z) + H)

extends ¢} because ((z,0) + H)p} = (0,z) + H = (z¢5,0) + H for all z € Dom ¢j.
Clearly Gy = Dom ¢} and G; = Im ;. Moreover G?/D = Go/ Dom ¢} &G/ Im ¢}
is Ny-free, hence also GY and GV/G* = G1/D are N;-free, and the maps % = ¢}
{t # s € J) remain the same. It follows that 77: F? — pAutG?. The existence
of a partial basis satisfying Definition 3.3 was discussed before Lemma 3.11. So
for t € y € & we only must check the U-property for § with the new partial
automorphisms from ¢ (s € J) and apply Proposition 3.10:

Consider a reduced product ¢ = @102, . .. gpf"_lcpn, where 1 # ¢; € (F\{e:})
except possibly ¢; = +1 and ¢, = 1.

Suppose that z¢" = z for some z € pG? and let

20 = 2,21 = 209],t1 = 21(%) L zg =tipn,ta = Zz(@“)éz,n-,zn =tn_105

be the path [2] of z. Thus z, = 20 by assumption on . First we note that ¢} = ¢}
for all ¢ < n with the possible exceptions for ¢1 = +1 or p, = 1. If also all
the (p?)% can be replaced by (¢})%, then [2] C GF and by the U-property of §,
zp? = zpF = z it follows ¢ = 1. We will consider the two cases zg € Gy and
20 S Gl \Go

First we reduce the second case zg € G1\ Gy to the first case. Since z; € Dom ¢
it follows @1 = =1, hence z; = +z € G; \ Go. From z; € Dom(p})% it follows
51 < —land #] = _dr 21(¢]) "t € Go. From z, = z; it follows z,_1{p])0»—2¢) =
zg € G1 \ Gp and therefore ¢,, =1 and 6,1 > 1. The equation zg¢p? = zp reduces
to

+11(0]) 1 05 (00) 7 - ¢y = 1] with ¢ € G,
which is the first case for a new 2z = t’l € pGo.

If zg € Gy, then also zo € Dom ¢} and 2z; = zo<p1 € Gy. We will continue along
the path step by step having two subcases each time, but one of them will lead to
a contradiction. In the first step either zy € D' or z; ¢ D’. In any case §; = 1
and in the second case t; = z1¢9; € G1 \.D, but t; € Dom ¢} so necessarily yo = 1
and n = 2. We get t1¢) = zo = t1, and't; = 20 € Gy contradicting t; € G1 \ D.
We arrive at the other case z; € D’. Hence t; = 219} € D and we must have
t1 € Dom ¢}. Therefore also z3 = t1¢5 € Go, and d3 = 1. Again we have two cases
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zg € D' and zo ¢ D' with 62 = 1, where the second case leads to a contradiction.
Hence t; = 200} € D and we continue until we reach n and all the ¢]s are replaced
by the yis. Now our first remark applies and ¢ = 1 follows from the U-property
for §. O

Lemma 3.13. Let o be a limit ordinal. Then any increasing continuous chain
Vo= (G, 0,9, 77, W) jeq in (R, <) obtained by applications of Lemma 3.11 and
Lemma 3.12 has a natural supremum r = (G,§, e, 7, h) in R, where G = Ujea G?,
F=Ujea s J =Ujea /7 and m, b are defined below.

Proof. The map h extends uniquely, because h is defined on finite subsets of J.
Similarly we can handle 7. We define : § — pAut G by taking unions: If ¢t € J,
then t € J7 for all 1 < j € o and i € « large enough. Therefore we can let
¢t =4 Uicjeq ™ (#1), and Dom g = U, ;¢ Dom 79 (]). We found a well-defined
partial automorphism ¢}: Dom¢g; — G and also want that 7(p;) = ¢} € pAutG.
Hence we must show that G/Dom ¢} and G/Im¢} are N;j-free. Passing to an
inverse it is enough to consider G/Domy}. Either there is a strictly increasing
chain j; € a (i € I) cofinal to & such that m7 (i) # 75+ (pf*!) for all 4 € 1 or
the sequence 77 (p!) becomes stationary, say at jo € . In the first case Lemma
3.12 applies and Dom ¥ +1(pft!) = GFY¢ and User G§* = G* by cofinality, hence
Domg; = G and G/Dom ¢} = 0 is trivially R;-free. In the other case we have
Dom ¢! = Dom ¢}°, hence G7/ Dom ¢f is R;-free by induction. Moreover G /G
is N;-free because Ni-free is of finite character by Pontryagin’s theorem (speaking
about subgroups of finite rank). Hence G/ Dom ¢} is Ni-free, as required. Now it
is easy to see that t € R: Definition 3.3 is easily verified by taking union of partial
bases. The U-property carries over to limit ordinals. O

The next main result of this section follows by iterated application of the
Lemma 3.11, Lemma 3.12 and Lemma 3.13. Without danger we now can iden-
tify the free groups F’ and (F’) by the isomorphism 7’ in the theorem.

Theorem 3.14. Ifr = (G,§,e,m,h) is in R, then we can also find a gquintuple
¥ =(G,F, ¢, 7 b in 8 with r <1’ such that the following holds.
(a) §' is a set of automorphisms of G’ which freely generates (F') C AutG,
hence G’ is a module over R = Z{F").
(b) (F') acts uniquely transitive on pG'.
© G+ 3] =G| + 3]

Proof. We will proceed by induction to get a chain ¢ <
several steps each time. Finally ¢/ will be the supremum of the 5.

In the first step we apply |Go|-times Lemma 3.11 and Lemma 3.13 to ¢ =
ro taking care of all appropriate pairs of elements in pGo and let 19 < 1y =
(G1,F1,€1,71, h1) be the union of this chain such that (F1) acts transitive on pGy.
In this case Gy = G but the other parameters in r¢ increase (along a chain) by
Lemma 3.11. In the next step we apply |G1|-times Lemma 3.12 and Lemma 3.13
to get 11 < 12 = (G2, 2,2, 72, he) such that Gy € Dom }* and Gg C Im}* for

In € & (n € w) taking
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all £ € J*2 = J*¥. We continue this way for each n. From Lemma 3.13 follows
1 <1’ € , and by construction (¥} C Aut G’ acts uniquely transitive on pG’ such
that also {(c¢) of Theorem 3.14 holds. O

Now we can restrict elements in & to triples and say that ¢ = (G¥, &, 7F)
belongs to &* if and only if GF is an R;-free abelian group, § = {y | t € J¥} freely
generates a (non-abelian) group (§) and 7*: §F — Aut G* is an injective map such
that 75(F) = {7¥(¢t) = ¢} | t € J¥} satisfies the U-property. Still we can view &*
as a subset of R and have an induced ordering, compare Definition 3.8: We have
r <9y (r,h € &) if (v) and the following holds.

(i) G* C @Y and GY/GF is Ry-free.
(ii) #F C oY,

The other conditions in Definition 3.8 are vacuous.

4. Construction of uniquely transitive groups

In this section we will sharpen Theorem 3.14 which shows that a group ring R = ZF
for some free group F can be represented as R C End G of some RN;-free group G
(hence G is an R-module), such that the units U(R) = +F act uniquely transitive
on G. If £+F C AutG is not necessarily transitive but satisfies the uniqueness
property (( ¢,¢’ € £F and Jz € pG,zp = z¢') = v = ¢’), then we will also
say that the pair (G, F) has the U-property. We will modify G such that equality
holds, that is R = End G. Thus we have to kill unwanted endomorphisms, which is
done using the Strong Black Box 4.2. We need some preparation to work with this
prediction principle. ,

First we need an S-adic topology. Let S = {g,, | » € w} be an enumeration of
a multiplicatively closed set generated by 1 and at least one more natural number
different from 1 and define sy = 1,8,41 = 85 - ¢, for all n € w which obviously
defines a Hausdorff S-topology on the groups G under consideration. Let G be the
S-adic completion of G and G C, G naturally, where purity “C.” is S-purity.

Next we must formulate the Strong Black Box and adjust our notations; see
Strong Black Box 4.2. We rely on the version adjusted to and proven for modules
using only naive set theory as explained in the introduction, see [10, 9]. Thus we
have to fix a few parameters next. To do so we choose an enumeration by ordinals
a € X\, with A = pT a successor cardinal such that pX° = u: Let F, be a free
non-abelian group with a set of u free generators Fq, the Fos constitute a strictly
increasing, continuous chain in o < A. We will write R, = ZF, with R = UaE 5 Ba
and note that R and RT are free abelian groups. By Theorem 3.14 there is an
R,-module G, of cardinality u which is cyclic as R,-module and R;-free as abelian
group and F, acts sharply transitive on pG,. We can choose a free abelian and
S-dense subgroup B, C, G4 C. E’; Also the B,s constitute a strictly increasing,
continuous chain in o < A. Passing to & + 1 we can let Byy1 = By @ Ay with
Ao =D, ,Za; (and p = p). It helps (when using [10, 9]) not to identify p and u
in the formulation of the Strong Black Box 4.2.

Copyright © Marcel Dekker, Inc. All rights reserved.

MaRrcEL DExkER, INc. ({E)
270 Madison Avenue, New York, New York 10016 o



Sh:650

284 R. Gdbel and S. Shelah

Thus the construction is based on a free abelian group B of rank A and its S-
adic completion §, in fact the desired group G will be sandwiched as B C,. G C. B.
Put B = @, €adla- Then, writing e, ; for eqa;, we have B = @(a,z’)eAszea,i-
For later use we put the lexicographic ordering on A x p; since p, A are ordinals A X p
is well ordered. R .

For any g = (9a,i€ai)(aijerxp € B C [L(aiyerxp Lea,i We define the support
of g by [g] = {(a,i) € AX p | gai # 0} and the support of H C B by [H] =
Uyger [9]; note [[g]] < Ro for all g € B. Moreover, we define the A-support of
gbylgly, ={aeX|3iep:(ai)e€[g]} € Xand the A-support of g by
Gla={tep|Taer: (o) €[g]} € p C A Recall that eq; = a;en, where
a; € A,, which explains the use of the notion “A-support”.

Next we define a norm on A, respectively on B, by Hall =a+1 (a€r),
IH| = supaenllell (H C A), hence [laf| = a, and [g] = [l[g]\]l (¢ € B), ie.
llgll = min{8 € A | [g], € B}. Note, [g], € f holds if and only if g € By for
By = @,cpeaha- We also define an A-norm of g by [|lglla = [|[g]4]l- Also let
A= {a < A cf(a) = w}.

Finally, we need to define canonical homomorphisms used in the Strong Black
Box for predictions. For this we fix bijéctions g, : u — 7 for all y with g <y < A
where we put g, = id, and so |y| = |u| = u for all such 4’s. For technical reasons
we also put gy = g, for v < p.

Definition 4.1. Let the bijections g, (v < A) be as above and put v,; = Yo X Vi
for all (a,7) € A x p. We define P to be a canonical summand of B if P =
EB(M)GI Zeq,; for some I C X x p with |I| < Ng such that:

o if (a,1) € I, then (i,1) € I; if (o,4) € I, € p then (i,a) € I and

o if (a,i) €1, then (IN (X w)ga:i =INaxi.
Accordingly, a homomorphism ¢: P — §Ais a canonical homomorphism if P is
a canonical summand of B and Im¢ C P; we put [¢] = [P, [¢], = [P], and
el = 1IP]).

Note, by the above definition, a canonical summand P satisfies || P)la < ||P]-
Let € denote the set of all canonical homomorphisms. From assumption pR = u
follows |€| = A. We are now ready to formulate the Strong Black Box:

The Strong Black Box 4.2. Let A = u* and p = p™° be as before and let E C \°
be a stationary subset of A.
Then there exists a family € of canonical homomorphisms with the following
properiies:
(1) If ¢ € €*, then ||¢]| € E.
(2) If ¢, ¢' are two different elements of € of the same norm «, then ||[¢], N
[\ < o
(3) PREDICTION: For any homomorphism v: B — B and for any subset I of
A X p with |I| < Rg the set

{aeE[Ipel:|dll=a,6 S¥,TC 9]}
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18 stationary.

We will enumerate €* taking care of the order of the norm and can write
€ = {@q | @ < A} such that ||[pa],]l < [[[#s],]l for all & < B < A. Note that we
distinguish between ¢ € ¥ and ¢ given by the Strong Black Box 4.2.

The enumeration is now used to find a continuous, ascending chain G, (@ < A)
such that B, C, Ga Csu E; and the corresponding o = (Gu;Fa, Ta) € R*. Let
E C X° be a fixed stationary subset of A° and choose rg = (G, o, 7o) to be any
triple given by Theorem 3.14 for cardinality u. For any § < A, let Pg = Dom ¢y
and suppose that the triples rg = (Gg,$3,73) are constructed for all § < a. If o is
a limit ordinal, then by continuity we let 1o = supg., g, thus to = (Ga, Fa: o) I8
well defined and belongs to £* by Proposition 4.3 and Theorem 3.14; in particular
Go = Ugq Gp is an Ry-module over the integral group ring R = Ug, Ra = ZFq

of the free group Fo = g, Fs and B, Ci G Cu B..
‘We may assume that & = f+ 1 and distinguish two cases, the trivial situation
and the ordinal a where we have to work.

The first case arrives if we do not want to work or cannot work: If 3 is
a discrete ordinal, then we apply two steps. First let G, = Gg & G;la where G =
egRg is a “new” free summand. In the second step we apply Theorem 3.14 to get
Gl C. Gy and g = (Ga, Fa: o) € K. Note that in particular G, is an R,-module

with Rg C R, as integral group rings (because Fg C F,) and G,/Gp is R;-free.

alan
aus

Using Ag, we can arrange that Bgi1 Cu Gg1 Cu B/B-J,\l If 3 is a limit ordinal and
not in E, we proceed similarly. If 8 € E, then we also apply the trivial extension if
¢g is scalar multiplication by some r € Rg when restricted to P or if Im¢g € Gp.
Otherwise we will meet the condition of the Step Lemma 4.4 and must work:

Suppose that o« = 8+ 1 with 8 € E and Im¢g C Gg, ¢g ¢ Rs. In this case
we try to ‘kill’ the undesired homomorphism ¢ which comes from the black box
prediction. (However note that it could be that ¢3 € R later on, so in this case
¢s is a good candidate which should survive the massacre. This we must and will
see clearly at the marked place near the end of the proof!) Recall that ||¢s]| € A°,
hence there are (8,,1,) € [¢pg] (n € w) such that o < By < -+ < B, < -+ and
SUP,hew On = ||¢s]|. Without loss of generality we may assume that 8, ¢ F for all
n € w and hence G, = Gg, ® g, Rg,. We put I = {(Bn,in) | n < w}. Then
I N [g]x is finite for all g € Gg. We apply the Step Lemma 4.4 to I, P = Dom ¢g
and H = Gpg. Therefore there exists an extension ro = rg+1 of rs and an element
ys € Gq such that ysdps ¢ G, and |ysll = ||¢sl] = ||Psll- Thus the chain G,
(@ < ) is constructed up to the used Step Lemma 4.4. Finally let G = |J ¢, Ga-

It remains to show R = End G, the Step Lemma 4.4 and the following propo-
sition which ensures that the U-property can be extended when applying the step
lemma. We will use obvious simplified notations:

Proposition 4.3. Let G =, o, Gn, Tni € G}, be pure (R, -torsion-free) elements,
where G, 11 = Gn & G, Cy Gny1 and Gryy is obtained from G, by Theorem
3.14. Ifbe Go,z =3 . ZTnSn—1+ b and G’ = (G,zR,)«, then U(R,) = £F

ncw
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for the free group F = U, ¢, Fn, the pair (G', F) satisfies the U-property and G’ is
N, -free.

Proof. Tt is well-known that G’ is R;-free, see [2] or [6, 9] for instance. We want to
show that the pair (G', F') satisfies the U-property.

Ifre R, and ¢ € F, then r € R, and ¢ € F, for some n € w large enough.
Hence there is no restriction to write any 0 #y € G’ as y = zhr + g with z* =
Zn>ks~’;;—1$n+bk, r € Ry, b—b* € Go, g = go + 91, 90 € Go, 0 # g1 € Gy, and
[Go] Nlg1] = [z*r] N ]g] =

Suppose yy =y, hence (z*r)p + g = xFr 4+ g and by continuity

Sm—1 Sm—1
> . (Zmr)o+ 99 = 3 == (@mr) +g.

m>k m>k

We consider any m > n,k and note that z,, is a torsion-free element of the R,-
module Gy, and also ¢ € U(R,,), (hence Gy, is invariant under application of ¢,r)
and 0 # £,70,Zmp € Gm. Restricting the support [zr] of the last displayed
equation to z,, shows that S"‘ Hzmr) = smk L(zmr ). Hence 0 # (zn7) = (zo7)e
and passing to h € pG,, w1th hqg = z,7 we get hyp = h, hence ¢ = 1 by the U-
property for (Gm, Fy). So ¢ acts as idg,, for all m € w large enough. Thus ¢ is
the identity on G, and the same holds for G’ by continuity (G is dense in G’ in the
S-topology). O

Next we prove the step lemma.

Step Lemma 4.4. Let P = @ Zeq, for some I* C A X p and let H be
(o, i)l
a subgroup of B with P C, H C. B which is Ri-free and an R-module, where
R=% R = | Ry with I' =¥ [I], = {@ < A | 3 < p,(e,3) € I"}. Assume
acl’
that ¢t = (H,§,7) € & (thus R* = Z(F)). Also suppose that there is a set I =

{(omyin) | n < w} C{P] =1* such that g < a1 < -+ < oy < -+ (n < w) are
discrete ordinals and
(1) H= U Gana R = U Ran; where Ran = Z(%om)a In = (Gan’ganaﬂ'n) €

n<w n<w
R*

(i) In 0 [g)x is finite for all g € H (I = [I])).
If ¢: P — H is a homomorphism which is not multiplication by an element from
R, then there exists an element y € P andp < ¢/ = (H',§,7") € & such that
HC, H C,B,yc H andyp ¢ H'.
Proof. By assumption H is an R-module and hence the S-completion His an R-
module. Let Z be the S-completion of Z and let z = ¥ Sn€an i, € P. We will use

new
y=z € Pory=x+4b¢e P for some b &P to construct two new groups H C, Hy:
Let H, = (H,yR)» € B. By Proposition 4.3 and Theorem 3.14 we obtain

y = (Hy,§y,my) € & such that r <p, and y € H,. Clearly y¢ € H. Put z = yé
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and y = z. If z ¢ H,, then we choose H' = H, and have ¢, € &* with ¢ ¢ End H,.
Also R, = Z{Fz)-

If 2 € H,, then also z € H,, by an easy limit argument and there exist integers
k and n such that syz¢ = grn, + zr), for some r,,7, € R and g € H. It follows
z(sgp — ) = grn and 7,7, € Ry for some n’ € w. Since (sg$ — ;) # 0 there
is ¥ € P such that b =4 ¥ (sz¢ — 17) # 0. Note that & has finite support.
Moreover, by the cotorsion-freeness of H there exists 7 € Z such that b ¢ H. Let
y =z + nbt/. We claim that ¢ ¢ End(H,). By way of contradiction assume that
si(z+7b)d = g*ri, +(z+mb")rir for some integer I > k and elements 7}, 75¢ € Ry
for some m' € w and g* € H. Without loss of generality, we may assume n = m,
hence s;(z + wb")p = g*r) + (z + 7l )r:* and if s = s;/sk, then

si(md )¢ = si(z + 7'V — sspzd = g*r + (x + 7 )rt* — s(grn + a7y =
= (g*r}, — sgrn) + wb'r}* + z(ry* — sry).
Since [7rb’ 1 =[V'], {7t ¢] = [¥'¢] and g* g € H an easy support argument shows that
r2* = srl, hence ssk(wb’)qs (g rY — sgry) + swb'r], and thus sm(spb'd — b'r )=

o
\ -~ A o K/ 1t
\g e —byln) € H. By puu‘\]y W t (ak;b ¢—l‘ ) = 7wb € H - a contradicti

Proof of Theorem 1.1. If R = End G, then also Aut G = £F, because U(R) =
and any r € R\ U(R) viewed as endomorphism of G is not bijective by Proposition
3.9. Hence it remains to show that End G C R.

First we choose a new filtration of G and define

= {geqllgl<a} (a<N).
Lemma 4.5. The new filtration on G has the following properties.
(8) GNPs C Gy for all B < X;

(b) {G*|a < A} is a A-filtration of G;
(c) If o, < X are ordinals such that ||¢g| = a then G* C Gpg.

Proof. Inspection of the definitions, or [10, 9]. O
Assume that ¢ € EndG \ R and let ¢’ = ¢ | B, hence ¢’ ¢ R. Let [ =
{{an,in) | n < w} € A x psuch that ag < a7 < ---a, < --- is a sequence of

discrete ordinals and Iy N [g]y is finite for all g € G. Note that the existence of I
can be easily arranged, e.g. let E C X°, o € A° \ E, i, € p (n < w) arbitrary and
{an)n<w any discrete ladder on a.

By Lemma 4.4 there exist an element y € B, (G, 3, 7) < (&, ,7') € &* such
that y € G’ and y¢’' ¢ G’. (The last innocent sentence uses ¢’ ¢ R and not just

At A Lrnn o auribahln 2 cAn A~
@' ¢ Rg for a suitable §, see our comment in the construction of G.) By the Rlack

Box Theorem 4.2 the set
E'={acE[IF <N ¢l =a,05 C¢',[] C 6]}

is stationary since |[y]| < No. Note, [y] € [¢s] implies that y € }3;; Moreover, the
set C={a<A| G CG*}isacubin A\ hence ENC #£0. Letac E'NC.
Then G*¢’ C G* and there exists an ordinal 8 < X such that ||¢g] = @, ¢5 C ¢

and y € J/D\ﬁ The first property implies that G* C G by Lemma 4.5 and the latter
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properties imply that ¢s ¢ R. Moreover, P3 C B with || P3| = o and hence Pg,
and also Pg¢ are contained in G* C Gjg.

Therefore ¢5: Pg — G4 with ¢g ¢ Rp and thus it follows form the construction
that ygdg ¢ Gy1. On the other hand it follows from Lemma 4.5 that ygdg = yg¢ €

G N Ps C Ga41 - a contradiction. Thus EndG = R. O0

We conclude this section with an immediate corollary of Theorem 1.1. In
Section 2 we noted that R = ZF for some free group F has only trivial zero
divisors. Therefore Theorem 1.1 has the following

Corollary 4.6. For any cardinal A\ = ut with uR0 = u there is an N, -free, inde-
composable abelian UT-group of cardinality A.

5. Discussions and applications

We want to discuss some consequences of our Main Theorem 1.1. Let Mon G be
the monoid of all monomorphisms of an abelian group G. Also let be

Mon,; G = {p € Mon G | G/Im ¢ is torsion}.
We immediately note a

Proposition 5.1. If G is an abelian group of type 0, then Mon; G is a submonoid
of Mon G.

Proof. If ¢, € Mon; G, then ¢y € MonG. To see that G/Im(p) is torsion,
consider any z € G. There are y € G,0 # n € w with nz = yv; similarly my = 2z,
hence mnz = m(yy) = z(py) and py € Mon, G. a

We notice at many steps of the proof of Main Theorem 1.1 that UT (with
respect to AutG) is a very strong property. If we replace AutG by MonG or
End G in the definition of UT, this is even stronger: We either get nothing new or
arrive on classical territory as shown next. We begin with an easy

Observation 5.2. If G is an abelian group of type 0 and Mon G acts UT on pG,
then AutG = Mon G.

Proof. Suppose ¢ € MonG and z € pG, then y =% zp € pG and there is ¥ €
Mon G with y¥ = z, hence zpy = z,y¥p = y and zrid = z,yid = y. Thus
w1 = Y = id follows by the U-property and ¢ € AutG. O

Hence UT is the same for automorphisms and monomorphism. If we require
even more, that End G acts transitive on G, then G is a vector space and the
problem on the existence of UT-modules becomes trivial.

Definition 5.3. We will say that G is E-transitive if for any pair x,y € pG there
is o € End G such that xo = y.

Any o € AutG induces a permutatibn of pG, but this does not hold for ¢ €
End G. Our next results removes the set theoretic assumption V = L from a
main theorem in Dugas, Shelah [5] and strengthens the outcome. Recall from the
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introduction that A-transitive in the sense of [5] is the same as transitive (or just
T) in this context.

Corollary 5.4. For any cardinal A = pt with u®0 = u there is an Ni-free abelian
group of cardinality A which is E-transitive, but not transitive.

In view of Proposition 5.1 we will strengthen this corollary further and sketch
a proof:

Theorem 5.5. For any cardinal A = pt with u0 = u there is an Ry-free abelian
group G of cardinality A with AutG = =£1, which is transitive with respect to
Mon; G. From Aut G = %1 follows immediately that G is not a T-group.

Sketch of a proof. The proof is very similar to the proof given for Aut G but simpler
because the U-property must go, see Observation 5.2. We must run through the
paper once more, essentially replacing Aut G by Mon, G. First we will replace the
definition pAut G by

pMon, G =% {¢ | ¢: Domy — Imy C G, ¢ an isomorphism, G/ Dom ¢ R;-free}.
If § € pMon, G, then (F) is the submonoid of pMon, G which is generated as a
monoid by {+1} U F, hence (§F) C pMon, G by Proposition 5.1. The Definition 3.3
of an N;-free pairs (G, (¢t)iew) remains the same, except that pAut and automor-
phisms must be replaced by pMon, and monomorphisms, respectively. Moreover
condition (#i7) is weaker (automatically) because (F) is not closed under weak in-
verses.

The U-property must be replaced by a very weak condition assuring that finally
a free monoid will act on the group as monomorphisms which are not automor-
phisms. This is incoxporated in the new definition for & (compare Definition 3.5).
We say that a quadruple ¢ = (G, 7§, , h) belongs to R if and only if the following
holds.

(i) G is an Rj-free abelian group.

(i) §F = {et | t € J} is a family of symbols ¢, indexed by J = J¥, which
generates a free monoid (F).

(iii) 7: § — pMon, G is a map which naturally extends to (F) and satisfies the
weak U-property: If ¢, € (), D = Domn(¢) N Domw(¢’) # 0 and
zp =z for all x € pGN D then v = ¢'.

(iv) h: Pxo(J) — Im(h) is a partial function from Domh C Py, (J) such that
for u € Domh C G the following holds.

(a) h(u) is a countable subgroup of G and (Dom ¢} N A(u))@} C h(u) for
allt e u

(b) If G = G/h(u) and B} denote the monomorphism induced by ¢}, then
(G, (@)tew) is Ny-free.

The definition of an order on K remains the same, except that condition
(44)(d) must be removed. Following the arguments along Section 3 we note that
Lemma 3.11 and a simple version of Lemma 3.12 are crucial for the weak U-property.
We obtain a theorem parallel to Theorem 3.14: For each r = (G, §, 7, h) € & we
can find ¢/ = (G, ¥, 7', h') € R with 1 <1’ such that ' C pMon, G’ which freely
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generates (§F') as a submonoid, (§') acts transitive on pG’, all members of (F) \ {1}
are proper monomorphisms and |G'| + |§F/| = |G| + |F|. As in Section 4 we mod-
ify G’ and get a new G with endomorphism ring R = Z(F). Recall that (§) is a
free monoid generated by §, hence U(R) = +1. Modification of Proposition 3.9
will show that any ¢ € R\ U(R) is not in Mon(G); thus Mon,(G) = (§) and
Aut G = U(R) = £1. The group G cannot be transitive. O
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