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Abstract. A ring R is called an E-ring if the canonical homomorphism
from R to the endomorphism ring End(Rz) of the additive group Rz,
taking any r € R to the endomorphism left multiplication by 7 is an
isomorphism of rings. In this case Rz is called an E-group. Subrings
of Q are obvious examples of E-rings. However there is a proper class
of examples cpnstructed recently, see [8]. E-rings come up naturally
in various topics of algebra (see the introduction). So it’s not sur-
prising that they were investigated thoroughly in the last decade, see
[4, 10, 7, 18, 21]. This also led to a generalization: an abelian group
G is an E-group if there is an epimorphism from G onto the additive
group of End(G). If G is torsion-free of finite rank, then G is an E-
group if and only if it is an E-group, see [14]. The obvious question
whether the classes of E-groups and E-groups coincide in general was
raised a few years ago. We will answer it by showing that the two
notions differ in the infinite rank case. Applying combinatorial ma-
chinery to non-commutative rings we shall produce an abelian group G
with (non-commutative) End(G) and the desired epimorphism with pre-
scribed kernel H. Hence, if we let H = 0, we obtain a non-commutative
ring R such that End(Rz) = R but R is not an E-ring.
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1. Introduction

Easy examples of E-rings are subrings of Q and further examples up to size 2%°
coming from p-adic integers have been known for a long time. Details on those
rings can be found in the two monographs [12, 13]. Arbitrarily large E-rings were
constructed more recently first in [8] and then in [7]. The examples in [7] share
additional properties related to their automorphism groups. E-rings are important
in connection with (strongly) indecomposable modules, see [1], [20] and [21]. They
are also crucial for investigating problems in homotopy theory, see the work of Far-
joun [10], [18] and Casacuberta, Rodriguez, Tai [4] or [22]. So it is not surprising
that they were studied in detail over the last decade. In this connection, some years
ago Feigelstock, Hausen and Raphael extended the notion of E-rings and called an
abelian group G an EE-group, (we prefer the shorter script E-group) if there is
an epimorphism from G onto the additive group of End(G). The results appeared
recently in [14]. In particular the authors show that, if G is torsion-free of finite
rank, then & is an E-group if and only if G is an E-group—the two notions coincide
for groups of finite rank. The obvious question was clear: It was asked whether this
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is true in general. Here we want to answer this open question. The nice feature

about this problem is the fact that combinatorial arguments are used and applied
to non-commutative ring theory to produce the required examples.
We recall the two definitions.

Definition 1.1. If R is a ring, then § : R — End(Rz) denotes the homomorphism
which takes any r € R to the Z-endomorphism 6(r) which is multiplication by v on
the left. If this homomorphism is an isomorphism, then R is called an E-ring and
Rgz s called an E-group.

Recall from Schultz [24] that E-rings are necessarily commutative. The rings
R we will construct are definitely not commutative and so not E-rings. However
they are close to E-rings in the sense that the following definition holds.

Definition 1.2. If R is the endomorphism ring of some abelian group G and there
is an epimorphism G — R — 0 with kernel H, then G is called an E(H)-group.
Moreover, G is called an E-group if G is an E(H)-group for some abelian group
H and G is a strong E-group if G is an E(0)-group, i.e., the epimorphism is an
isomorphism.

Note that trivially a strong E-group G is in fact a ring R with Rz = G and
such that End(Rz) = R as rings. Thus a non-commutative strong E-group cannot
be an F-ring and hence we solve Vinsonhaler’s 25-dollar-problem [23, Problem 1]
which was asked for the first time in [24].

One of the main results in a paper by Feigelstock, Hausen and Raphael [14] is
the following

Theorem 1.3. Let G be any torsion-free abelian group of finite rank. Then G is
an E-group if and only if G is an E-groyp.

We want to prove the following result which complements the theorem by Feigel-
stock, Hausen and Raphael and answers their problem.
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Theorem 1.4. For any infinite cardinal A = pt with R0 = u there is an Ny -free
abelian group G of cardinality |G| = A\ which is a (strong) E-group.

Remark 1.5. A modification of our construction would also ensure that the con-
structed E(H)-groups are proper in the sense that they are not strong E-groups. All

one has to do is to satisfy that Go/H % Go for all o < X where G = |J G, is the
<A
E(H)-group. Then the group G can not be a strong E-group.

An R-module is Ni-free if its additive group is Ri-free, i.e., all its countable
subgroups are free. Recall that endomorphism rings of N;-free abelian groups have
N;-free additive group. The key tool of this paper can be found in Section 2, where
we investigate non-commutative polynomial rings over rings. The construction of
G is based on a strong version of (Shelah’s) Black Box as stated in [25] or slightly
modified in [17], see also [5]. The paper is based on heretofore informal notes
written in 1998.

2. Almost free rings over non-commuting variables

Polynomial rings R[X] over a ring R awith commuting variable X are obviously
free R-modules. We will extend this to the non-commutative case, showing that
the non-commutative polynomial ring R(X) as abelian group is R-free if Ry is so.
This will be needed in Section 3. The ring construction is easy and well-known, see
Bourbaki [3, pp. 216, 446 fI.]. Let R be a ring of characteristic 0, then M denotes
all monomials, the elements

(2.1)

X% X i £ 0 (j<n), ;€ R\{1} 1<j<n)andr; £0,(j <n)

The ring R(X) is formally generated by all sums of the monormials in M. First

we assume that Rz = @ Zt is freely generated as abelian group by T = {t; : 1 € [}
€T
and tg = 1 without loss of generality. Then the multiplication on Rgz is coded into

the so-called “constants of structure”, see Bourbaki (3, p. 437}, which are

(2.2) Vi €Z (i,5,k € Z) with t; - tx = Y viyts.
el
The constants are well-defined by independence. We want to use T to find a
representation for elements in R{X). Any element in R can be expressed as a sum
over T' with coeflicients in Z. If r € R(X) is a sum of monomials in M, then we
may substitute any r; € R from (2.1) as indicated, and the polynomial in M turns
into a sum of what we will call T-monomials.

(2.3) m=t;,; X"t X" € TM, with jx #0 (k<n), t;, #1 (1 <k <n).

Hence R(X) is generated as abelian group by all T-monomials and multiplica-
tion is ruled by the structure constants (2.2) restricted to T-monomials. Hence it
seems plausible that the next lemma holds. We use the structure constants on R
to define the ring multiplication on R(X). If m,m' € TM, let m = mt, m' = t'm/
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with 77, m’ € TM and 7 ending with X™, m’ beginning with X™ . Then the
product is defined by cases.

(2.4)

Ift #1 =1, then mm’' =mtm’, and if t’ # 1 = ¢, then mm' =mt'm’,
(2.5)

ift =1=t, then mm' =mm’, with ‘middle term’ Xt
(2.6)

it #£1£¢, (22) fortt' =Y itit=t;t' =t, ismm' =Y ~vmtm.

i€l i€l
If to = 1 is involved in the last equation, then the summand 7;?ka has a
‘middle term’ X™*™ as in case t = t' = 1. So clearly mm' is a sum of T-monomials.

Lemma 2.1. If R is a ring with Rz = @ Zt, T = {t; : i € I} and structure
teT
constants (2.2) as above, then let Ry = & Zm be the direct sum taken over all
meT M
T-monomials TM as above. The multiplication on R’ is now defined by (2.4)—(2.6)
and it follows that R' = R{X) as rings with center 3R’ = 1Z.

Proof. Reducing elements in R(X) to sums of T-monomials we have seen that
R’ = R(X) as sets. Moreover, considering sums of T-monomials it is obvious that

7 = R(X)z as abelian groups. We finally must show equality as rings. There
are two natural ways to do this. Either we extend the structure constants on R
to R', R{X) and check their ring properties (see Bourbaki [3, p. 438]) or we check
that R’-multiplication is R{X)-multiplication. We prefer the second way. Hence
we must show that (2.2), (2.4)-(2.6) and its linear extension define uniquely the
ring structure on R’ which is the same as R(X). Any case of the ring laws reduces
to consider distributivity of a product

(2.7) (zm +2"m/")ym/

with z,2" € Z, m, m’ as in (2.4)-(2.6) and m"” = m”t" similar to m above. If
t =t" =1ort =1, then (2.7) becomes immediately the unique T-monomial
zmm’ 4+ z"m"m’ by (2.4)—(2.6) and linear extension. If 1 = m”, then (2.7) can be
treated with (2.4) and distributivity in T given by (2.2):

m(zt+ 2"t 2t'm’ = m(ztt' +2"t"t)ym! = zmttm + 2"m "t = amm + 2"mm

showing the unique R{X)-multiplication (by m’) in this case. If ™ # m’, then
zmm’ and z”"m’m/ are sums of distinct T-monomials, hence (2.7) defines the unique
R(X)-multiplication by linear extension. O

Our main interest in Lemma 2.1 is ex\tracted as the following

Corollary 2.2. (a) If R is the ring above with Rz free, then R(X)z/Rz is free.
(b) If Ry is Ri-free, then R{X)z/Ryzg is N;-free.
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Proof. By Lemma 2.1 we have T < TM and TM is a Z-basis of R(X)z, hence
(a) follows. For (b) choose any countable set C of R and let Rc = ((C)) be the
subring generated by C and Rc(X) the subring of R{X) generated by C and X
respectively. The ring R is free by hypothesis and Re (X )/ R is free by (a), hence
(b) follows. O

If J denotes the sum of all those monomials with at least one factor X, then J is
a two sided ideal of R(X) (of ‘non-constant’ polynomials). We have R(X) = R J
and if R is a field, then J is a maximal ideal of R{X). Separating summands of
higher order becomes more complicated and fortunately is not needed.

Corollary 2.3. Let R be as above. The set J of sums of monomials which are not
constant are a two-sided ideal of R(X) and R(X) = R& J is a ring split-eztension.

3. A class of quadruples for constructing E-groups

We want to find an abelian group G with R = End G and ¢ : G — R an epimor-
phism with prescribed kernel ker(o) = H. Hence G is a left R-module and the

Iaan v OMATNATY

e 13 PR | ~ 3
CPIIMIOTPDIIISII T INAUCEs & Z-homomor yhlsm

o G — R
such that o,(z) € R = End G is defined by
(3.1) o.(z)(y) = o(y)z for all z,y € G.

The construction of (G, R, ,0.) is done inductively by extending approximations
of such quadruples such that the final one is as required. Let H be a fixed but
arbitrary abelian group which is R;-free.

Definition 3.1. The quadruple ¢ = (Rg,Gq,04,04x) = (R,G,0,0,) belongs to the

class Ry if the following holds.

(a) R is a unital ring of characteristic 0.

(b) G is a left R-module,

(¢) Gz, Rz are Ni-free,

(d) o: G- R is a Z-homomorphism with kero = H, and 1 € Im(o) C, R,

(e) 0x : G — End G is a Z-homomorphism defined by (3.1) and 0.(g) € R for each
g€ G, hencea,: G— R,

(f) Anng G =0 and R C, End(G).

We often use g4 = (Ra,Ga,04,00+) € Ry for those quadruples. The next
lemma is used to prove Proposition 3.3.

Lemma 3.2. (a) If G is a free abelian group of finite rank, then End G is a free
abelian group.

(b) If G is Ny -free, then End G is an N;-free abelian group as well.

Proof. Any endomorphism of G can be represented as an element of the cartesian
product G and End G C G as abelian group. However N;-freeness is closed under
cartesian products and subgroups, hence End G is Ni-free. If GG is freely generated
by a finite set E, we may replace G% by G¥ which is free and (a) follows. d
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The class &g of quadruples is partially ordered by inclusion, i.e., if
q=(R,G,0,0.),d =(R,G' o' ,0o.) € Ry,
then
¢g<q ifandonlyif RC R,G CG',0 C o' and (hence) 0. C 0,.

The following proposition will ensure that our construction of an E(H)-group will
take place within Rg.

Proposition 3.3. (a) If ¢; = (R, Gi,04,04), (1 € I) is a continuous, ascending
chain of quadruples in g, and G; C. Gig1, 1r, = 1R, for alli € I, then

U g; = (U R;, U Gi, U O U Tix) € RH.
i€l i€l el i€l i€l

(b) (Z,Z® H,0,0.) € Ry where 0 : Z® H — Z is the canonical projection.

(c) If ¢ € Ry, then there exists ¢ < ¢’ € Ry such that Ry C oy (Gy) and
Gy Cu Gy
Proof. (a) By continuity and (3.1) we have 0. = (|J 0i)« = |J 0, hence 0. : G —

i€l €l
R with pure image, where G = |J G; and R = |J R;. Moreover, R is a unital ring
i€l i€l

with 1g = 1g, for all ¢ € I ande G is a left R-module. Gz is Ni-free since G; is
pure in G;41 for all i € I and therefore R C Endg G is Ry-free as well by Lemma
3.2(b). Note that Anng G = 0. Finally, kero = H and 1g € Im(o) is clear. Hence
it remains to show that R is pure in Endgz G. Assume that ¢ € Endz G and np € R
for some integer n. Thus there is some ¢ € I such that np =’ € R; Ci Endz G;.
We claim that ¢ [¢; € Endz G; for all j > i. Let g € G, then np(g) = r'g € G;
and hence ¢(g) € G by purity. Thus ¢ [g,=7; € R; for all i < j € I because
R; C, Endz Gj;. Since nyp = 1/, we obtain nr; = r’ for all j and therefore r :=r; =
ri for all j, k > i by torsion-freeness. Thus ¢ =r € R.

(b) is obvious, and (c) needs some work: Let R” = Rz & Rz be a ring direct
sum, z,xy two central orthogonal idempotents. We put Rz = R if there is no
ambiguity. Let G' = G @& Re an R”-module with R” acting component-wise, hence
Anngre = Rzg = Annz and Anngr G = Rx. Next we extend o and let ¢ C o'
be such that ¢'(re) = rx for all r € R (and ¢'(9) = o(g)x0, ¢ € G). Hence
o' : G' — R satisfies kero’ = kerc = H and R C Imo’ as required. Clearly,
Imo’ = Imozg ® Rz C. R” since Im ¢ was pure in R. Note that ¢/, is actually
defined by (3.1), such that ¢, : G’ — Endz @, hence R” must be enlarged for
o, : G’ — R’ in Definition 3.1(e). The ring R” acts by scalar multiplication (on the
left) on G'. The action is faithful by hypothesis (Definition 3.1(f)}, hence R” can
be viewed as a subring of Endz G'. Let R’ = R”[Im ¢,]. be the pure unital subring
of Endz G’ generated by R” and Imo?.

Obviously ¢ < ¢’ for ¢’ = (R, G',0",0,) and ¢’ = g, satisfies (c) of Proposition
3.3. It remains to show that ¢’ € Ry. We must check Definition 3.1 (c), (d) and
(f). We have kero’ = kero = H. Moreover, if g € G, then ¢/,(g)(G’) = 0 implies
o.(g) = 0, hence Anng' G’ = 0 and (f) follows. It remains to show that Imo’ is
pure in R'. As shown above, Im ¢’ is pure in R", hence it suffices to show that R”
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is pure in R’. We will even show that R” is pure in Endz G’. Let ¢ € Endz G’ and
assume that nyp = rzg @ r'z € R” for some integer n. By torsion-freeness of G’
and Rz it follows that ¢ is of the form ¢’ & r* for some ¢’ € Endz G and r* € R.
Hence 7' = nr* and ny’ = r and therefore ¢’ = r’’ € R since R is pure in Endz G.
Thus ¢ = 7"zo®r*z € R” and the purity of R” is established. Finally, the abelian
groups G, Rz are Rj-free by hypothesis on g, hence G’ is Ri-free and Endz G’ is
N;-free by Lemma 3.2, and therefore ¢’ € Ry. O

From the last proof we extract a useful

Definition 3.4. Ifo, : G — Endz G is a Z-homomorphism and R acts faithfully
on the left R-module G by scalar multiplication, then we denote by

Ry, C. Endz G
the pure unital subring of Endz G generated by R C Endz G and Imo,.
The next proposition provides the link to our construction in Section 4.

Proposition 3.5. Let ¢ = (R,G,0,0.) € Ry. Then there exists a ‘transcendental
extension’ ¢ < ¢’ € Ry such that the following kolds for ¢ = (R/,G',¢',cL).
(a) G' =G & R(X)e as R(X)-module where X acts as identity on G.

(b) o'(g) =0o(g)Xe, o'(re) =re if r € R and o'(re) = rXe otherwise.

(¢) R' = (R(X)),, with R{X) from Section 2.

(d) R C Im(o).

Proof. We must show that ¢’ € Ky. The ring R is N;-free by hypothesis, hence
R(X) is Ri-free by Corollary 2.2(b) and R’ is R;-free by Lemma 3.2. Clearly,
kero’ = kero = H and Imo’ C, R’ with R C Im(c) follow as in the proof of
Proposition 3.3. Mdreover, G’ is R;-free and Anng G’ = 0, so the proposition
follows. O

We have an immediate corollary-definition.

Corollary 3.6. If Y = {q € Rx, 0, maps onto Ry}, then Ry is dense in Ry.

Proof. Apply Proposition 3.3(¢) w times and note that Proposition 3.3(a) can be
used because the union of the countable sequences of rings and modules respectively
are Nj-free by construction. Hence any ¢ € Ry is below some ¢’ € RY. O

4. Construction of E-groups by black box arguments

The combinatorial ideas of Sections 4 and 5 can be found in Shelah [25], see also
the appendix Shelah’s Black Boz in Corner, Gébel [5] and this Black Box could
be used. However, we will use a stronger version of the Black Box as developed in
[17]. The Black Box needs, as usually, some minor alterations, which are obvious
and the proof is left to the reader.

Let X be some infinite cardinal, and {X, : @ < A} a sequence of transcendental
elements which will be used to define rirtg extensions.

First we define ring extensions ‘locally’ and let Roy1 2 Ry (Xo) = R (Xo) =
Ruca @ Jacy, a ring direct sum with central idempotents ¢, and ¢, where J, is
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defined as in Corollary 2.3. Since there is no danger of confusion we usually will

omit the ‘place holders’ ¢, and ¢,,. The sequence of rings R, with |[Ry| < A

(a < ) will be completed during the construction of the abelian group G (with

Endz G = |J R,), taking unions at limit steps, i.e., Ry = |J Rg if  is a limit
a<i B<a

ordinal. Note that |J Ra = |J Ra (Xa).
a<<A a<A
Similarly we define

B=(PRu(Xe)ea CGCEB

a<A

where B denotes the p-adic completion of B (as an abelian group) for some fixed
prime p. Since we want to apply the Black Box later on we need a free basis-module
inside B. Therefore, we assume that our rings R, (and hence R,(X,)) (a < A) are
N,-free, hence homogeneous of type Z. By a well-known result [16, Theorem 128]
there exists for each a < A a completely decomposable group F,, C. R,(X,) such
that |Ro(Xa)| < |Fy|™ and

Fo Cu Ro(Xo) G Fa

where 1/7; is the p-adic completion of F."a (a < A). Note that F, is a free abelian
group since Ry (X,) is Ry-free. We collect the F,, (o < A) and define F := @ Fpeq.

o<
Thus F is a free abelian group of cardinality at most X such that

FC.BC.F.
Let Fy = D Za. where p = |F|. Writing e(. o) for a.e, it follows that B’ =
e<p

P Ze,q satisfies B = B’. For later use we put the lexicographic ordering
(e,a)EpXA
on p x A; since p, A are ordinals p x ) is well ordered.

We are ready to define supports of elements in B. Ifo #g€ B then we can

write g = Y gaeo and I C A, |I] < Rg, go € Ra(X,). Moreover, each g, = g/, + 94
a€l
with g/, € R, and g, € J,. We define two kinds of support.

(4.1) The A-support of g is the set [g]x = {a < X : g4 # 0}.

The notion of A-support naturally extends to subsets of B, see again [17].
On the other hand, any element 0 # g € B = B’ can be written as

g= (g(e,a)e(s,a)>(s,a)€p><)\ €B' C H Ze(s,a)
(e,a)Epx A
and we define the ‘usual’ support of g by [g] = {(¢,a) € p X A | g(c,ay 7# 0}. Note
that |[g]| < R and that the A-support of g is [g]y = {a < A | e < p: (g,a) € [9]}.
As usual we may define a norm on B’ by [[{a}|| = a+1 (a < A), | M| = sup,e s |l

(M < X) and |ig]l = lllghll (g € B), ie., lg]l = min{8 < X | [glx € B}. Note,
[9]» € B holds if and only if g € Bj; where By = @ R, (X4)eq. Finally, we also
a<f
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have a ring support and ring norm defined by [g]rng = {e < p | Ja < X: (g,0) € [g]}
and “gllr’mg = ”[g]m'ngH-

We will now state a suitable version of the Strong Black Box as developed in
[17]. The proof is almost identical with the one in [17, Section 1] and will therefore
be left to the reader but we will give all the necessary definitions and results.

Fix cardinals > Ry, 4 = u* such that A = u™. We need to say what we mean
by a canonical homomorphism. For this we fix bijections g, : © — « for all v with
g <y < X where we put g, = id,. For technical reasons we also put g, = g, for
¥ < . Moreover, let g(c o) = ge X ga for all (¢,a) € p x A.

Definition 4.1. We define P to be a canonical summand of B’ if P = @ Ze,q)
(e,@)eT
for some I C p x A with |I| £ k such that:

o if (e,a) €I then (g,e) € I;
if (e,a) € I, a € p then (a,¢) € I
o if (e,a) el then {(IN (X ) geo =INImgeq; and
|1P]| < A°, where A% = {a < A | cf(a) = Ro}.

Accordingly, p: P — B’ is said to be a canonical homomorphism if P is a canonical
summand of B' and Im ¢ C P; we put [ip] = [P}, [¢]x = [P]s and |¢|| = ||P]|.

If we denote by C the set of all canonical homomorphisms, then |C| = A holds
(see [17]). Our version of the Strong Black Box reads as follows (compare to [17,
Theorem 1.1.2.]), where A = {a < X\ : cf(a) = w}:

Black Box Theorem 4.2. Let E C \° be a stationary subset of A with A = u™,
W= p.
Then there exists a family C* of canonical homomorphisms with the following

properties:

(i) If o € C*, then |o|l € E.

(ii) If o, ¢’ are two different elements of C* of the same norm a then ||[p]x N

Il < « R
(iiiy PREDICTION: For any homomorphism ¢ : B — B’ and for any subset I of
A with |I| < k the set

{aeE|3peC ol =a,p S, 1 C [0}
1s stationary.
For the proof of the Theorem we have to define an equivalence relation on C:

Definition 4.3. Canonical homomorphism ¢, ¢’ are said to be equivalent or of
the same type (notation: ¢ = '), if [p] N (u X p) = [0'] N (1 X ) and there exists
an order-isomorphism f: [p] — [¢'] such that (zf)¢’ = (z@)f for all z € dome
where f:_d/or-n\go — dm’ is the unique extension of the R-homomorphism defined
by e,y f = e(e,ar (&5 @) € [9])-

As in [17] it is easy to see that there are at most u different types. Next we
have to recall the definition of an admissible sequence.
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Definition 4.4. Let g C 1 C -+ C n C -+ (n <w) be an increasing sequence
of canonical homomorphisms.

Then (pn)pc,, 15 said to be admissible if [po] N (1 x p) = [wn] N (u x u) for
all n < w. Also, we say that (¢n),.., is admissible for a sequence (Bn),.. of
ordinals in A if (¢n), <., s admissible satisfying |lonll < Bn < llont1ll and {pn] =
[‘Pn+1] N {(Bn X Br) for alln < w.

Moreover, two admissible sequences (¢n), .., ond (@y,), ., are said to be equiv-
alent or of the same type if v, = ¢}, for alln < w.

Note that the union |J ¢ of an admissible sequence () is also an el-

n<w
n<w

ement of C. Moreover, if we let 7 be the set of all possible types of admissible
sequences of canonical homomorphisms, then clearly |7| < p* = pu. If (pn), ., is
admissible of type 7 , then we also use the notion of 7-admissible. As in {17], the
following proposition is the main ingredient of the proof of the Black Box Theorem
4.2,

Proposition 4.5. Let ¢ : B’ — B be a homomorphism, I C p x X a set of
cardinality at most k and H=Hy1={p €C|lo C¥,I C[y]}.
Then there ezists a type T € T such that

Jpo € HYBo 2 |lwoll -+ Fon € HVBn 2 |lipal| -+~
with (¢n), o, s T-admissible.

The proof is in [17] and also for the proof of the Black Box Theorem 4.2 we
refer to [17, Section 1]. Finally we have a corollary suitable for application.
Corollary 4.6. Let the assumption be the same as in the Black Box Theorem
4.2. Then there ezists an ordinal \* > A with [X*| = A and a family (pp)s 5. of
canonical homomorphzsms such that
(i) pp € C* and |pgl|l € E for all B < A*.

(i) lloyll < sl for ally < B <A™

iii) [lles]a N les]all < llesll for ally < B <A™ N

iv) PREDICTION: For any homomorphism ¢ : B’ — B’ and for any subset I of
A with |I| < k the set

{a € E|38 <X : |logll = a,08 S, 1 C [wp]}

1§ stationary.

(
(

5. The inductive steps in the construction of ¢ = (R, G, 0,0,).

We now use induction along v < A* given by the Black Box to find quadruples

= (R, Ga,00,0ax) € Ay for a fixed Wy-free group H, see Definition 3.1. Let
H be given and choose ¢y € Ry arbitrary, e.g., g0 = (Z,Z & H,0,0.) which is
in Ry by Proposition 3.3(b). We must assume that [H| < A. Let (pg)g<r« be a
family of canonical homomorphisms as given by Corollary 4.6. For any 5 < A\* let
Pg = dom ¢g. Suppose that the quadruples gs = (Rg, Gg, 03, 03+) are constructed
for all § < « subject to the following conditions:

(i) Rp is a unital ring with 1z, = 1g, for all y < g
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We first have to prove a Step Lemma.
Step Lemma 5.1. Let P = @ Zey q) for some I* C p x X\* and let M be
(e,a)el™
a subgroup of B’ with P C, M C, B’ which is Ri-free and an R-module, where
R= | Ry(Xo) withI' = {a < A: Je < p,(e,0) € I*}. Assume that ¢ =
acl’
(RyM,0,0.) € Ru. Also suppose that there is a set I = {(en,an) 1 n <w} C [P} =
I* such that ap < a1 < -+ - < @p < -+ (n<w) and
(i) M= U Gan, R= U Ra,;
n<w n<w
(i1} (Ra,, Gans Cans Tanx) € Ry for ain <w
(iil) In N[g]a is finite for allg € M (I = [I]»).
Moreover, let ¢ : P — M be a homomorphism which is not multiplication by an
element from R. R
Then there exists an elementy € P and an element ¢ C ¢ = (R',M',0',0.) €

Ay such that M C, M' C, @, ye M andyp € M'.

Proof. By assumption M is an R-module and hence the completion M is an R-
module. Thus for any y € P and r € R it follows that ry is defined inside M
and

[ry C [yl.
We construct a new group M C, M, for y € P as follows:

Put M, = (M, Ry), C B’. Since Imo is a pure subgroup of R there is a unique

extension

G:M—>R
of o such that kerg = kero = H. Moreover, Im7 is pure in R. We choose

R} = R[Im& ;). C R and let

M2 = (RIM,Ry) C B
Again we may choose Rg = R;. Ima Mae2 € ﬁh CR. Continuing this way we obtain
a sequence of groups M, and rings Ry (n € w) such that
+1 ! ~ n n
M;™" is an Rjj-modyle and 5(M) C Ry.
Taking M, = U M and R = |J Ry we get that M, is an R -module and o, =

new new
o Im,: My — R;. By a standard support argument we see that M, and (hence) R},
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are still X;-free. Finally take R, = (R;) o € Endz(M,). By construction Im oy, is

pure in R, and hence g, = (Ry, My,0y,0;) € fg.
At this stage we determine y more specifically in order to obtain that ¢ &
Endz My. Let y = 3 p"e(cn.an) and = = (y) € M. If z ¢ M, then choose

new
M' = M, and R’ = R, and hence g, € Ry with ¢ ¢ Endz M,.
If x € My, then there exist integers k and n such that

PPo(y) = Tng + 1y
for some 7,77, € R} and g € M. It follows that

(P*e — )y =rng.
Since (p*o —7/,) # 0 there is b’ € P such that
(pk(p —73) b #0.
Note that Q’ has finite support. Moreover, by the cotorsion-freeness of R there
exists m € R such that 7o ¢ M with b = (pFo —r,) V. Let y' = y + 7b’. We claim
that ¢ ¢ Endz(M,). By way of contradiction assume that
Plo(y+ b)) = rhg" +r(nt +y)

for some integer | > k and elements r,"n,r;;; € R} and g* € M. Without loss of
generality, we may assume n = m, hence

ploly +b) =rig* + r;*(wb’ +y).
Let s = p'/p*. Hence
plo(mb’) = plo(y + mb') — sph(y) = riag” + r (b +y) — s(rag +rhy) =

*

= (1hg" — sTug) + T + (ry = s7h)y.

Since [b'] = [V], [p(7d')] = [p(¥')] and ¢g*,g € M an easy support argument shows
that 7} = sr;, and hence

spFo(mb’) = (rig* — srng) + srimb’
and thus
s(pFp(b)) —rab) = (rhg" — sTag) € M.
By purity we get m(p*p(V) — r,b') = mb € M—a. contradiction. Finally we put
M' =My, R =Ry and ¢ =g, € &y. Thus

M =RM+ Y Ry®,

k<w
where y(¥) = > z_ze(an,an) or y®) = 2 %;e(sn,an) +a®b, .
n>k n>k
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We will now carry on the construction to « and distinguish three cases.

Case 1: Suppose a is a limit ordinal. Then G, = |J Gp is Ny-free by (iii)
f<a

and hence Proposition 3.3(a) shows that we can take unions, i.e., g0 = [J ¢s.
f<a

Case 2: Suppose @ = (§ + 1, then |jpg] € A\°. Assume that Impg € Gg or
wp € Rp. In this case we let Ggy1 = Gg ® Rg(Xg)eg as in Proposition 3.5 with
Rl, = R (Xs) = Rp (Xp) with X acting as identity on Gg. We let Ry = (Ry,),-
and by Proposition 3.5 it follows that (Ry, Gy, 04, 0)) € R where 04 and 0, = 044
are taken from Proposition 3.5. Put y3 = 0.

Case 3: Suppose that o = 841 and Imyg C Gg, s € Rs. In this case
we try to ‘kill’ our undesired homomorphism ¢g which comes from the Black Box
prediction.

Recall that ||gg|| € A%, hence there are (e,,8.) € [¢s] (n € w) such that
Bo <P < - < B < and sup,e, Brn = |l@s]. Without loss of generality we
may assume that §, € E for all n € w and hence Gg,+1 = G, ® Rg, (X3,)€p,-
We put I = {(€n,Bn) | n < w}. Then IN{g]x is finite for all g € Gg. We apply the
Step Lemma 5.1 to I as above, P = dom g and M = Gg. Therefore there exists
an extension g, = gg41 of gs and an élement yg € G, such that ygpg € G, and
lysll = lesll = 1| Psll-

Finally put qg = (Gu,Ru,0m,08+«) = J go € fg. Obviously, Gy has

a<h
cardinality A and R C Endz G. Moreover,

Gu=B+ Y Y Rgyy .
B<A* k<w

Next we describe the elements of G H.

Lemma 5.2. Let Gy be as above and let g € Gy \ B. Then there are k < w and a
finite subset N of A* such that g € B+ 3 ngék) and [g]a N{yglx is infinite if and
BEN

for

only if 8 € N. In particular, if ||gl| ¢s e limit ordinal then ||g|| = lya. | = l|vs.
B« = max N.

Proof. Let g€ Gg =B+ >, > ngén). Then there exist a finite subset N’ of
B n<w

A, beB,kcw,agn € Rz (8 € N, n <k) such that
g=>b+ Z Za’ﬁ:"yém‘
BEN' n<k

(n)

k
Since Y — *;’—nyl(ak) € B’ C B this expression reduces to

g=0b+ Z agy[(;k)
‘BEN'
for some ag € Rg (B € N'), ¥ € B'. Putting N = {8 € N' | ag # 0} (N # @ for

g ¢ B) the conclusion of the lemma follows since [yg|x N [yg/]x is finite for § # 3’
by Corollary 4.6(iii). O
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Using the above lemma we prove further properties of Gg.

Lemma 5.3. Let Gy be as above and define G* (o < A) by G* := {g € Gy |
IlgH <, ||g|lri'ng < Ol}. Then:

(a) Gy NP C Gayq for all B < A%
(b) {G® | & < A} is a A-filtration of Gy; and
(c) if B < X*, @ < A are ordinals such that |¢g| = o then G* C Gg.

Note, we used the lower index (8 < A*) for the construction while we use the
upper index (a < A) for the filtration.

Proof. First we show (a). Let g € Gg N ]3; for some B < A*. Since Bgy11 € Ggt1
we assume g € Gy \ Bgy1. Then, by Lemma 5.2, g € B+ > Rvy7) for some
vEN

finite N C A*, k < w such that [g]x N [y])x is infinite for v € N.

Since g € Pg we also have [g]y C [Pg]y (= [Pg] ).

If gl < “PﬁH then N C G by Corollary 4.6(ii) and thus g € Gg C G,3+1
and [g]x N [y%] c [gpg] Nl mﬁmte Hence ﬁ = 7, by condition (iii) of
Corollary 4.6 and so g € Ggy1 as required.

Condition (b) is obvious.

To see (c) let § < A*, @ < A with ||<pﬁ||-—aand1etg€G"‘ Ifgengeare

finished. Otherwise, by Lemma 5.2, we have g € B + Z Ry$F (N C A* finite,

k € w) with [g]x N [y,]» is infinite for v € N. This 1mphes loyll = lluvll < llgll <
a = |lpgl]| for all v € N and thus N C g3 by Corollary 4.6(ii), i.e., g € Gg, which
finishes the proof. O

6. Proof of the Main Theorem
In this final section we want to prove our Main Theorem which reads as follows:

Main Theorem 6.1. Let A be an infinite cardinal such that A = pt with pio = p
and let H be an Ri-free abelian group of size less than A. Then there exists an
Ry -free E(H)-group of cardinality A with non-commutative endomorphism ring. In
particular, there is a strong E-group of cardinality A.

Proof. Let A and H be given as stated in the theorem and choose a stationary subset
E of A whose members have cofinality w. We construct g = (Rp, G, 0H,0H) =

|J ¢a as in the previous section. Thus Ry C, Endz Gy and 0 : Gy — Ry with
a<
kernel ker 6y = H. Moreover, Gg is Ni-free and Ry is obviously non-commutative.

We first claim that oy is surjective. Therefore let r € Ry, hence there exists a < A
such that r € R,. Without loss of generality we may assume that o ¢ E. By (v)
we conclude that r € R, C Imogqi. Sin'g:e 0a+1 C oy as functions it follows that
r € Im oy and thus op is surjective.

It remains to prove that Ry = Endz Gy. Assume that ¢ € Endz Gy \ R.
Let ¢ = ¢ [p/, hence @' ¢ R. Let I = {{en,n) | n < w} C p x A such that
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ap < a3 < --ap < -+ and Iy N [g]y is finite for all g € Gg. Note that the
existence of I can be easily arranged, e.g.,let EC A, a € A\ E, e, € p (n < w)
arbitrary and (@, )n<w. any ladder on a. .

By Lemma 5.1 there exists an element y € B’ such that y¢’ ¢ G’ which is an
extension of Gg. By the Black Box Theorem 4.2 the set

E' ={aecE|38<):|esl=aps ¢,y Clegl)

is stationary since |[y]| < Ro. Note, [y] C [pg] implies that y € dgl;l\(pg. Moreover,
the set C = {& < A : p(G*) C G*} is a cub in A, hence E' N C # 0. Let
a € E'nC. Then G*' C G* and there exists an ordinal § < A* such that
lesll =, ps Cpand y € dO/l’Il?g. The first property implies that G* C Gg by
Lemma 5.3 and the latter properties imply that @5 ¢ R. Moreover, dom g C B’
with || dom ¢g||rng < [|dom¢g|| = o and hence dom g, and also (dom pg)y are

contained in G* C Gj.

Therefore ¢z : domyps — Gg with ¢z € Rg and thus it follows form the
construction that ygps &€ Ggy1. On the other hand it follows from Lemma 5.3 that
yss = ysp € Gg N Py C Ggy1—a contradiction. Thus Endz Gy = R. O

Corollary 6.2. Let X be an infinite cardinal such that A% = \. Then there is a
non-commutative ring R such that Endz(Rz) = R.

Proof. Let H = {0} and apply Theorem 6.1 to obtain a strong E-group G. Thus
o : G — Endz G is an isomorphism, where Endz G is non-commutative. Hence,
R := G has a non-commutative ring structure such that Endz(Rz) = R. O
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