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ON THE DENSITY OF HAUSDORFF ULTRAFILTERS

TOMEK BARTOSZYNSKI AND SAHARON SHELAH

Abstract. An ultrafilter U is HausdorfT if for any two functions f, g € o®, f(U) = g(U) iff
f1X = g|X for some X € U. We will show that the statement that Hausdorff ultrafilters are
dense in the Rudin-Keisler order is independent of ZFC.

§1. Introduction. For /' € w® and an ultrafilter U on w define f(U) =
{X Cw: f71(X) € U}, and for f.g € o we say that f = g mod U if
thereis X € U such that f(n) = g(n) forn € X.

We say that U is HausdorfT if for any two functions f.g € w®, if f(U) =
g(U)then f =g mod U.

Let FtO be the collection of all finite-to-one functions f* € w®. Recall that
an ultrafilter U is a p-point if for every function f € w® either there is n
such that f~'({n}) € U or there exists g € FtO such that f = g mod U.
Similarly, U is Ramsey if for every function f € w® either there is n such that
f~'({n}) € U or there exists a one-to-one function g € w® such that f = g
mod U.

In this paper we will assume that all ultrafilters U, and their images f (U)
are non-principal.

It is worth mentioning that the following appears as an exercise in [7]. If
f(U) = U then f = id mod U. Therefore, if U is not HausdorfT, then this
is witnessed by two functions, both not one-to-one mod U. It follows from it
that Ramsey ultrafilters are Hausdorff.

The notion of a Hausdorff ultrafilters was reintroduced and studied by
Mauro Di Nasso, Marco Forti and others in a sequence of papers [3, 4, 5, 6]
in context of topological extensions. They used the name Hausdorff be-
cause Hausdorff ultrafilters are precisely those ultrafilters whose ultrapowers

2000 Mathematics Subject Classification. 03.

Key words and phrases. Hausdorft, ultrafilters, consistency.

The first author was partially supported by NSF grant DMS 0200671 and by KBN grant 5
PO3A 037 20.

The second author was partially supported by United States - Israel Binational Science Foun-
dation. Publication 826.

Logic Colloquium *04

Edited by A. Andretta, K. Kearnes. and D. Zambella

Lecture Notes in Logic. 29

(© 2006, ASSOCIATION FOR SYMBOLIC LOGIC 18



Sh:826

ON THE DENSITY OF HAUSDORFF ULTRAFILTERS 19

equipped with the standard topology are Hausdorff topological spaces. In
this paper we will show that it is consistent that for every ultrafilter U there
exists a function f € w® such that f(U) is Hausdorff. A counterexample to
this theorem is an ultrafilter called strongly non-Hausdorff.

DEerFINITION 1. An ultrafilter U is strongly non-Hausdorft if for every f €
w®, f(U) is either a trivial ultrafilter or f(U) is not Hausdorff.

We will prove the following two theorems:
THEOREM 2. Assume CH. There exists a strongly non-Hausdorff p-point.

THEOREM 3. It is consistent that there are no strongly non-Hausdorff ultrafil-
ters.

§2. A construction of a non-Hausdorff ultrafilter. Let / C w be a finite set
andlet A = {(n.n) : n € w}. Denote by [I]*> = (I x I)\ A. Foraset X C [I]?
define

| X|,=min{ k:3{4;. B; :i <k}Vi<k A, NB;=0 and X C U A; X B;
i<k
We will drop the subscript 7 if it is clear from the context what it is.

Lemva 4. (1) [P, — oo as |[I]| — oo.

@) |xurl, <|Xl, +|Y
(3) ifZCland X C I |X|, > 2. theneither |[[Z* N X |, > | X[, /2—1
or [U\ZPnXx|, > x|, /2-1.

ProOF. If (1) fails then thereis k € w and sets {A” Bi:in.j< k} such that
A7NB} = 0 for j < k and [n])? = Ujgk A} x Bj. By compactness we get sets
{A47. B¢ : j < k}suchthat AYNBY = (for j < kand[w]® = Ujgk A7 x BY.
which is not possible.

A more direct argument shows that |[/]*|, > |I] — 2.

(2) is obvious.
(3) Note that

I’

X1, < [|((ZPUI\ZPU(Zx(I\Z)U(I\Z)xZ2))nX]|, <
[IZzPnx|,+ I\ ZPnX]|, +1+1.
Thus
H[Z]zﬂXHI—i—H[I\Z]ZOXHI2||X||1—2. o

For I € [w]<® let my. 7, : [I]> — I be projections onto first and second
coordinate respectively.

LEMMA 5. Suppose that X C [I*, and | X |; > 1. Then no(X) Nm(X) # 0.
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PRrOOF. Since X C mo(X) x 7y (X), it follows that if 7o(X) N7 (X) = 0
then | X, < 1. o

Next we define functions 7, g° € FtO that will witness that ultrafilter V7
that we are about to construct is not Hausdorff.

Let {I;. Ji : k € w} be two sequences of disjoint consecutive intervals such
that for k € w,

k

() P, =2%.

(2) |l = [LID?l.
Bijection implicit in (2) allows us to define projections 7%, 7k : Ji — I, Let

=, nk and g° = |, n}. Notethat f°(x) # g°(x) forany x € Jy = [I;].
k € w.
As a warm-up let us use these definitions to show the following:

LEmMA 6. Assume CH. There exists a p-point that is not Hausdorff.
Proor. We will need the following easy observation:

Lemma 7. If f, g € FtO and U is an ultrafilter then the following conditions
are equivalent:
(1) £(U) #g(U).
(2) fIXINg[X]=0for some X € U.
We will build an ultrafilter 5 on the set |, [1]*> which we identified with
w. Let {Z, : @ < w; } be enumeration of [w]”.
We will build by induction a sequence { X, : @ < w;} so that
1) V< a X, C* Xp,
2) Xor1NZy =0or Xoy C Z, forall a.
3) forevery a < wi. fO[X,]1N g [Xa] # 0.
4) forevery a < wy, hmsupk | Xo N Jkll;, = o0

(
(
(
(
Let Vo = {X : Ja X, C* X}. Note that the conditions (1) and (2) guarantee

that 7 is a p-point, and lemma 7 and (3) implies that f°(Vy) = g°(Vy).
Finally, (4) is the requirement that (by lemma 5) implies (3).

SUCCESSOR STEP. Suppose that X, is given. Find a strictly increasing se-
quence {/x : k € w} such that the set 4 = {k : [Xo NJi|, = I} is
infinite.  Let 49 = {k : |[XaNZoN k|, > L/2 -1} and 4, = {k :
|(Xa \ Za) N Jikll; > Ik/2 — 1}. By lemma 4(2), one of these sets, say Ao, is
infinite. Let X, = Uker X, N Z, N Ji. The other case is the same.

Livit sTep. Given {Xp : f < a < w1} let {f : k € w} be an increasing
sequence cofinal in .. By finite modifications we can assume that X C Xp,
for all k. Build by recursion a strictly increasing sequence {u; : k € w}
such that

VkVj <k 3i € [ug.upir) || Xp, 0|, > k.
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and let
Yo=Jlxpn U 7
k i € [ug tgq1)
It is clear that X, satisfies (1) and (4). -

Observe that CH was only needed in the limit step. If we do not require that
that V is a p-point then we have the following:

THEOREM 8. There exists an ultrafilter that is not Hausdorff.

PROOF. As in lemma 6. we will build an ultrafilter on the set | J, [Z]*. Let

7= {X - U[Ik]2 limsup | X N Ji], < oo}.
P k

Note that 7 is an ideal, and let U be any ultrafilter disjoint with Z. Functions
19, g° witness that U is not Hausdorf. =

These constructions are optimal. Suppose that [, f| € w® witness that some
ultrafilter U is not Hausdorff. Without loss of generality we can assume that
fo(n) # f1(n) for all n. Let Z,, ;, be the ideal generated by [w]<” U {X :
SolX1N f1[X] = 0}. Clearly U NZy, s, = 0. Moreover, if V' is another
ultrafilter which is disjoint with Z, ., then V' is not Hausdorff as witnessed
by the same functions. If U is a p-point then Z, ¢, is defined as 7 above. To
see it, let us start with the following observation.

LEmMMA 9. Suppose that U is a p-point. The following conditions are equiva-
lent.

(1) U is not Hausdorff.
(2) there exist functions fo, f1 € w® and a sequence of disjoint intervals
(I, : n € ) such that
(a) Vn fo(n) # f1(n),
(b) fo(U) = f1(U).
(¢) VaVi=0,1f;1L,: 1, — I,.

ProoOFr. One implication is obvious we will prove the other. Suppose that
U is not Hausdorff and let functions f_ ;.1 = 0,1 witness that. We can assume
that sets 4%, = £ '({n}) ¢ U forall n and i = 0, 1. Moreover, by restriction
to an element of U we can assume that 42 N 4} = () for all n. Since U is a
p-point there is a set B € U such that B N A’ is finite for all » and i. Let
ko = 0 and define k,.; = max{4, N B : A, N BN[0.k,] #0, i =0,1}.
Without loss of generality C = J,c,,[k2n. koni1) € U. Put I, = [koy. kpui2)
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forn € wandlet 4; = |J, {4} \ kay : A, N B N[kay. kons1) # 0}. Finally, put

B fo(n) ifn € Ay
fO(”l) B {mm(lk) ifn e Ik \AO '

1(n) = f1(n) ifn € A
S = max(Ik) ifl’lEIk\Al.

Clearly fori = 0,1, /; = f; mod U, as exemplified by B N C. and fo. /1
have the other required properties as well. -

Suppose that o, f1. (I, : n € w) are as in Lemma 9. For a set X C I, define
|X]|,=min{k : X = X;U---UX; & Vi <k fo[X;]N f1[X;] =0}.
ThenZy, s, = {X Cw:3kVn |X N1, <k}.

83. A construction of a strongly non-Hausdorff ultrafilter under CH. Now
we are ready to prove Theorem 2 and to construct a p-point ultrafilter U
whose all finite-to-one images are not Hausdorff.

Let (ha, Zs : @ < w;) be enumeration of FtO x [w]”. We will construct a
sequence (X,, e, : @ < 1) such that Uy = {X € [w]” : Ja X, C* X} is the
ultrafilter that we are looking for. We will require that

(1) Vﬁ <a X, C X/)’:
(2) for all o either X, C Z, or X, N Zy = 0,
(3) fO0eq,.g° 0 e, witness that A, (Up) is not Hausdorff.

As before, (1) and (2) guarantees that Uy is a p-point, and (3) implies that
Uy is strongly non-Hausdorff.

DEFINITION 10. A finite set Y C w is a (n, §)-witness if there exists k €

such that ||eg o hg[ Y] N Jk”lk >n.

To satisfy (3), we demand that,
(4) VB < a < w limsupy |leg o hy[Xa] ﬂJkH[k
Va VB < a3dY € [X,]°? Y isa (n, B)-witness.
The last condition concerns the inductive requirement for the function e,:

(5) forall f < a.
lim,, e, max{k : (egohg)~'({n})NX, contains a (k. B)-witness} = cc.

= o0, or equivalently

SUCCESSOR STEP. Suppose that {Xj : f < a} satisfying (1)-(5) are already
defined and we want to define X, satisfying (1)-(5).

Case 1. If for some f < o, limsupy |eg o hg[Zo N Xo] OJk”Ik < oo then
let Xoi1 = Xo \ Za.
Casg 2. If for some f < a, limsup, He,; ohg[Xo \ Zo]N JkH[k < oo then

let Xos1 = Xo N Z,.
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In all other cases let X,.| = Xy N Z,.
We have to check that cases 1 and 2 are exclusive. By the inductive
hypothesis,

= Q.

Vf < a limsup Heﬂ o hp[Xa] N Jk”],
k K

Assume that for the two possible choices for X,,1: 4 = X, N Z, and
B = X, \ Z, one of them is rejected. Let iy < a be the minimal ordinal
witnessing this. Without loss of generality we can assume that for some
po < a.

< 0.

limksup leg, o hplA1N I,

The following lemma will complete the construction:
Lemma 11. For every f < a,

limsup ||eg o hg[B]1N Ji ||, = oc.
k

I
Proor. By minimality of [, the statement is true for f < fy. By the
induction hypothesis it is also true for f = f,. In particular, we must have
fo < a.
Suppose that the Lemma is false and let f; > fy be the first ordinal such
that for some N € w,

hmsup |eg, © hp[BINJk|, < N.

I
Since by the induction hypothesis, X, = AU B contains a sequence of (k,,, f1)-
witnesses where k, — oo, it follows that 4 contains a sequence of (k,, —N. f8)-
witnesses. Since ep, o g [A U B] = ep o hg [A] U ep, o hg [B]. it means that

o hg [A]\ ep, o hp [B]is infinite.

ep,
By the induction hypothesis, for all but finitely many n € eg, o hg [A] \ ep, ©
hg,[BY. (hg0ep )~ ({n})NA = (hgoep )~ ({n})N(AUB) contains an (I,. fo)-
witness, where /[, — oo. This means that lim sup, Heﬁo o hglA]N Jk”lk = 00,
a contradiction. -
Finally we define the function e,1. Let {yx : k € w} be an enumeration
of a.
Define strictly increasing sequence (uy : k € w) such that
(1) Vk Vj <k [ug. ug41) N Xos1 contains a (k. y;)-witness,
(2) Vk [ug. g 1) O hor1[Xas1] # 0.
Define e, 1(/) =k <= j € [ug, ur11). It is easy to see that the inductive
conditions are satisfied.

LiviT sTep. Suppose that { Xy : f < o} are defined and « is a limit ordinal.
Let {f; : k € w} be an increasing sequence cofinal in «, and let {y; : k € w}
be an enumeration of o such that y; < f for j < k. By finite modifications we
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can assume that X | C Xy for all k. Build by recursion a strictly increasing
sequence (uy : k € w) such that

Vk Vj < k [ug. uxs1) N Xp, contains a (k. f;)-witness,

and let
XO( = UXﬁA N [uka uk+1)7
k

and e, () =k <= [ € [uy.ur41). Itis clear that X, satisfies (1)-(5).

84. A model where there are no strongly non-Hausdorff ultrafilters. In the
next two sections we will show that:

THEOREM 12. It is consistent with ZFC that for every ultrafilter U there is
h € FtO such that h(U) is a Hausdorff p-point. In particular, it is consistent
that there are no strongly non-Hausdorff ultrafilters.

In order to prove this theorem we will show that there exists a proper forcing
notion M which has the following properties:

(1) If U is an ultrafilter in ¥ then V™ = 34 € FtO h(U) is a p-point
ultrafilter,

(2) If Uisap-pointin V then V™ = 3h € FtO h(U) is a Hausdorff p-point,

(3) M preserves p-points,

(4) M preserves Hausdorff p-points.

We will show that this suffices for the proof. Let M, be a countable support
support iteration of M. We will show that ¥« is the model we are looking for.
Suppose that U € V™2 is an ultrafilter. By the standard Skolem-Lowenheim
argument we can find 6 < w, such that V™ = U N V™ is an ultrafilter. By
(1) there is #; € V™1 N FtO such that V™+ = 7 (U) is a p-point. By
(2) there is hy € VMo+2 N FtO such that ¥™s+2 | = hy(hy(U)) is a Hausdorff
p-point. The rest follows from the following theorem that we will prove in the
next section.

THEOREM 13. Suppose that (P, Q, : o < ) is a countable support iteration
of proper forcing notions such that \+, Q, preserves Hausdorff p-points. Then
Ps preserves Hausdorff p-points.

We will show that the rational perfect set forcing M defined below has the
required properties. The rational perfect forcing M is the following forcing
notion:

p € Mif p C w<? is a perfect tree of finite increasing sequences of natural
numbers and Vs € p 31 € p (s C ¢ & |succ,(1)| = Ry). For p.g € M, p > ¢
if p C ¢. Without loss of generality we can assume that [succ,(s)| = 1 or
succ,(s)| = Ny forall p € Mand s € p. Conditions of this type form a dense
subset of M.
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Letsplit(p) = {s € p : [succ,(s)| > 1} = U, ¢, split, (p). where split, (p) =
{s esplit(p) : |{t C s :t esplit(p)} =n}.

Forpge M.n € w,weletp >, q < p>q&Vi,j <nifsisj-th
element of split;(¢) then s € split;(p).

We have to verify that M has property (2) and (4) above, property (1) was
proved in [2] and property (3) in [8]. Property (2) follows from the following
result of Dow that we present here for completeness.

LemMA 14 (Dow). Suppose that U € V is a p-point. Then VM = 3h €
w® h(U) is a Ramsey ultrafilter. In particular, h(U) is Hausdorff in V™.

Proof. Define h(n) = k if my < n < my,y, where (my : k € w) is the
generic sequence added by the Miller real. Since Miller forcing preserves p-
points P™ = h(U) is a p-point. Thus it remains to check that if p -y f €
FtO then there exists ¢ > p and X € U such that ¢ Iy / [A[X] is one-to-one
or constant. By shrinking we can assume that for every ¢ € split(p) and
every n € succ,(z), there exists k,~, € @ such that p,~, IF £(t]) = k.
In particular, p,~, I+ f(h(j)) = k,~, for ¢(Jt| — 1) < j < n. By further
shrinking, we can assume that for every ¢ € split(p) and n.m € split(p(z)).
either k;~, = k,~,, or that k,~, < k;~,, if n < m. This defines a partition of
split(p) = AU B where 4 = {t € split(p) : ky~n = ky~m = k, foralln,m €
succ,(7)} and B = split(p) \ 4. By passing to a stronger condition we can
assume that one of these sets is empty (see [8]). Specifically, one of the
following cases holds:

(1) split(p) C A4 and all k, are distinct for ¢ € split(p).

(2) split(p) € A and k, = k for all r € split(p).

(3) split(p) N 4 = () and all k,~, are distinct for all ¢ € split(p) and n €
succ, (7).

For ¢ € split;(p) and n € succ,(t) let I,~, = [n.s(|s| — 1)), where 1 ~n C s
and s € split;,(p). By shrinking p we can find X € U such that for
every ¢ € split(p). X N U{Z~» : n € succ, (1)} = (. We proceed as follows,
given ¢ € split(p) we first thin out succ,(7) so that intervals I,~, are pairwise
disjoint. Next we thin out succ,(¢) so that B, = |J{I;~, : n € succ,(t)} ¢ U.
Since U is a p-point there is X € U such that X \ B, is finite for each ¢.
Finally we shrink the set succ,(¢) so that X N B, = () for all z. This is the
condition ¢ that we are looking for. Suppose that n.m € X and r > ¢
is such that r by f(h(n)) = f(h(m)). Without loss of generality we can
assume that r = ¢z where n,m < 5(|5| —1). Let#g C¢; € --- C 1, C 5 be
the list of all splitting nodes of ¢ shorter than §. Since n,m ¢ |J <k By it

follows that n,m € Uj<k[§(|tj| —1).5(|¢;])). It follows that for some j < k.
gs Ik f (h(n)) = f(h(m)) = ki, (or kis11,1) or k). In the first two cases it

follows that n.m € [5(|¢;| — 1).5(|z;])). so g5 IFm h(n) = h(m) = |¢;| — 1
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(so f o his forced to be one-to-one on X ) and in the second case it means that
gs kv £ (h(n)) = f(h(m)) = k (so f o his forced to be constant on X).

In the remainder of this section we will show that Miller forcing preserves
Hausdorff p-points.
We will start with the following observation.

LEmMA 15. The following conditions are equivalent for an ultrafilter U

(1) U is not Hausdorff.

(2) there are functions f. f1 € w® such that
(a) fo(U) = f1(U),
(b) Vn fo(n) # f1(n),
(c) Vn fon). f1(n) < 2n+2.

PrOOF. We will show that (1) implies (2). the other implication is obvious.

Let go. g1 € w® be such that go(U) = g;(U) and gy # g mod U. Let
A ={n:go(n) #gi(n)}\{0,1}. By the assumption 4 € U. Define 1 € »®
as follows: dom(h) = range(go|4)Urange(g;[4) and let h(n) = min{(2k +i :
i €2, gi(k) =n}. Nextputfori=0,1, f;(n) = h(g;(n)) forn € 4 and
filn) =iifn ¢ A. Note that fo(U) = h(go(U)) = h(g1(U)) = f1(U). the
other two properties are equally easy to see. -

LEMMA 16. Suppose that U € V is a Hausdorff p-point. Then VM |= U is a
Hausdorff p-point.

Proor. Let U € V be a Hausdorff p-point. First of all recall that U
remains a p-point in ¥ [8, Proposition 4.2]. Thus we only have to show that
U remains Hausdorff. Let p € M and f, /| be such that

(1) plrm Va fo(n) # f1(n).
(2) plbm Vn fo(n), f1(n) <2n+2.
It suffices to find ¢ > p and X € U such that ¢ Iky fo[X]N f1[X] = 0.
Define a game G (U) played by players I and II. Player I on his n-th move
plays a set X;,, € U and player II responds with a finite set a,, C X,,. Together
they construct a sequence X, a;, Xz, da,.... Player I wins if Unew a, ¢ U;
otherwise player 11 wins. It is well known, [1], that player I has a winning
strategy in G(U) if and only if U is not a p-point. We will be simultaneously
playing game G (U) and constructing sequences of (g, : n € w), (X, : n € w)
and (a, : n € w) such that

(1) (Xy.a, :n € w)isaplayin G(U),

(2) g0 =pand gui1 >n qu,

(3) Gn+1 IFm fO[Ujgn aj] N fl[Ujgn aj] = 0.
Since U is a p-point, player II does not have a winning strategy in G(U).
Therefore there exists a play for player II such that X = |J, a, € U. At the
same time, if ¢ > ¢, for all n then. by (3) above. ¢ IFy fo[X]1N f1[X] = 0.
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Without loss of generality we can assume that for every ¢ € split(p) and
n € succ,(r). there exists (f§ ", f1 ") € (w=<?)? such that p,~, lby Vi =
0.1 fillt| +n = £ "I|t] + n. For given ¢, sequences {(f§ ", f1 ") :n € w}
form a finitely branching tree. Let (f}, /1) be one of its infinite branches.
Now prune the tree so that (/. /1) is the unique branch for every ¢ € split(p).
Since these functions need not be finite-to-one for each ¢ we have one of the
following four cases: either thereis i € {0,1}, a/ € w and X/ € U such that
SI1X} is constant with value a!. or for i € {0, 1} there is X’ € U such that
fo. f11X" are both finite-to-one. By passing to a stronger condition we can
assume that exactly one of these cases holds. Furthermore, if it is one of the
first three cases then we can assume that for the relevant i € {0, 1} the values
a! are all the same or all distinct.

The construction follows the cases described above. Suppose that (gx. Xk,
ar : k < n) are already constructed. Let S, C split(g,) be the set of nodes
that need to be contained in split(g,,1).

Case 1 f{. f11X" are finite-to-one for ¢ € split(p).

Since U is Hausdorff and functions are finite-to-one, for each ¢ € S there
is X; € U such that f{[X, N X']N fi[X, N X'] = 0., and f![X, N X']N
fi_ilUk<paxl = 0fori = 0. 1. Define X1 =[,cg X; N X", this is the move
played in the ultrafilter game. Player II responds with a,,; C X,,;. Finally,
let g,,1 be obtained by keeping only thise nodes s € split(¢,) \ U;<, Sk such
that |s| +n > max(a,41) for n € succ,, (s). It is easy to verify that g, 1. X1
have the required properties.

Case 2 f§1X" is constant with value ) and a/, are distinct for ¢ € split(p)
and f{[X" is finite-to-one.

Assume inductively that for each s € split(g,) \ Su—1. a§ € fi[Ui<, akl-
Since U is Hausdorff, for each ¢ € S there is X; € U such that f{[X; NX‘1n
SIX,NnX'T=0.and fi[X, N X0 filU<, ax] = 0.

Define X, 11 = (,cs Xr N X', this is the move played in the ultrafilter
game. Player II responds with a,,11 C X,,1,. Let g, | be obtained by keeping
only thise nodes s € split(¢,) \ Uy<, Sk such that [s| + n > max(a,:1)
for n € succ,, (s). Finally let ¢, be the condition obtained from ¢, by
removing all splitting nodes s & (U, <, Sk with aj € U, g, f{lans1]. Again,
Gns1. X,y1 have the required properties.

Remaining cases are handled similarly. -

It is possible to show directly that an iteration of Miller forcing of countable
(and thus arbitrary) length preserves HausdorfT p-points as well. This can be
done by introducing <, order on the iteration and modifying the proof of
Lemma 16. Instead we will prove much more general Theorem 13.

85. Preserving Hausdorff p-points. In this section we will prove a general
theorem concerning the preservation of Hausdorff p-points. The theorem
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is a specific application of a general preservation theorem due to Shelah
[9, Chapter X VIII].

Let C = {(fo, f1) € ®xw® :Vn fo(n) # f1(n)}. Consider the following
relation C= | J, C, on C x P(w) defined as

(fo.f1) Eu X < folX \ n]N f1[X \ n] = 0.

Note that if U is a Hausdorff filter then U is a C-dominating family, that
is, for every ( fo. f1) € C thereis X € U such that (fo, f1) C X.

Suppose that U is a family of subsets of w. Let U = {Y C w : In IX €
U X\n C Y}. ForaHausdorffp-point U, let S C [U]=™ be the stationary set
consisting of sets of form N N U where N is a countable elementary submodel
of H(y). Letg = {X, : a € S}, where X, € U is such that X, C* X for
X €a.

Shelah’s preservation theorem says:

THEOREM 17. Suppose that (C. S, g) strongly covers and (P,, Q, 1 a< o)
is a countable support iteration of forcing notions such that for every a < 4,
Ik Qq preserves (C, S, g). Then Ps preserves (C, S, g).

We will define all the relevant notions below and we will show that Theorem
13 follows from it.

DEFINITION 18. A countable model N is good if every (fo. f1) € N N C,
(fo. f1) € Xynu. Wesay that (C, S, g) covers (in V) if every countable model
N = H(y) containing (C, S, g) is good.

Note that this corresponds to the settings a* = w, R =C in [9, Definition
3.2 p. 889].

LEmMMA 19. Suppose that P is a proper forcing notion which preserves p-points.
The following conditions are equivalent for a Hausdorff p-point U in V:

(1) U is a Hausdorff p-point in V7.
(2) (C.8.g) coversin VP,

ProoE. (1)—(2) Suppose that N < H(y)"” is a countable model contain-
ing (C.S.g). Let (fo.f1) € NN C. Since U is Hausdorff in V" there is
Y € U such that (fo. f1) C Y. Since N is an elementary submodel contain-
ing all relevant objects we can assume that ¥ € N. Since Xyny C* Y we are
done.

(2)—(1) If U is not Hausdorffin ¥'” then there are functions /o, f1 € V7N
w® witnessing this. Since P preserves p-points, without loss of generality we
can assume by Lemma 9, that (fo, /1) € C. Therefore | fo[X]N f1[X]]| = No
forall X € U. It follows that if N contains f. f1 then (fo. f1) Z Xyrv. -

The definition below is a special case of the Definition 3.3 on page 8§99 in
[9] (Possibility A, case @}).
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DEFINITION 20. We say that (C, S, g) strongly covers if

(1) if (T, S.g) coversin V,

(2) for each n, relation C,, is a closed subset of C x P(w).,

(3) the following holds in every proper forcing extension V7 in which
(E.S.g) covers: IF N < H(y) is a countable model. ¥ € ® and
(fo” . f1) 1 j <k.ne€w)e Nn Csuch that
(a) Tima (/20 1) = (£ 1), o
(b) foreach j < k, thereis n; € w such that (f{. f{) C,, Xynv.
then there exists #* such that

Vi<k(fil. /1) En, Xnnu-

The next lemma shows that for the forcing notions preserving Hausdorff
p-points both notions coincide.

Lemma 21. If (C. S, g) covers then (C., S. g) strongly covers.

ProOOF. Let P be a proper forcing notion that preserves Hausdorff p-points.
Work in V7. Suppose that N < H(y) e is a countable model and let
keo (fi7. /1) j<kon€ ) ((f§./]):j < k). (ny:j < k) beas
required. We have to show that there exists n* such that

Vi <k (f§7. f17) Cay Xnew.

Since U is a p-point in N for each n € w. j < k there is a set A" ¢ UNN
such that (/7. f1”) Co A™/. Let A € N N U be such that 4 C* 4™/ for
n € w, j < k. Work in N and define sequence (m; : [ € w) such that

) mo=0.m; < myy. _ ‘

) Vn > mpa Vj <kVi=0.1f"Tm = f]m.

) A\m C ﬂngm,‘jgk A",

4) Vi:O,IVngm/ngkVugm/f?‘j(u)<m1+1,
5) VizO,anSm;VjSkVuzm,Hf?‘j(u)Zm/.

Without loss of generality the set B = Uj [m3r41.m342) € UNN. Let I* be
such that Xyny \m3+« C AN B and put n* = my;~. We have to show that for all
J<k.(fo”. f17) En, Xnau.thatis f§ 7/ [Xyao\n;10f] 7 [Xnao\n] = 0.
Fix j < k and suppose that x, y € Xynu \ n;.

CASE 1 X,y < my-.

Inthiscase x, y < maps 1 =mj3(_1)1. Since fori=0, 1, M1y 40 =
S11myg._1),, it follows that £/ (x) # /1 7 () since £ (x) # f{(»).

CASE 2 X,y > my.. In this case x,y > ma.; 1 and since 4 \ m3 g C 43
it follows that x, y € 43"/, Thus f§ 7 (x) # 7 /() by the choice of 4""/.

(
(
(
(
(
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CASE 3 x < mzp < y.
In this case x < m3_1 < my« < p,and f 7 (x) # f] 7 (y) by the
property of sequence (m; : [ € ). B

DEFINITION 22. We say that a forcing notion P is (C, S, g)-preserving if
whenever N < H(y) is a countable model containing P and C whenever
(pn + m € w) € N is an increasing sequence of conditions interpreting
(LD (fE SO € Nas (£ f9).....(fE. fF)) then there is an N-
generic condition g > pg such that:

(1) ¢ IFp N[G]is (C. S. g)- good and
(2) VnewVj Squ_P ((fo fl) C, XNOUH(fo f1)E XNﬂU)

Lemma 23. Suppose that P is a forcing notion which preserves p-points and U
is a Hausdorff p-point ultrafilter in V. The following conditions are equivalent:
(1) U is a Hausdorff p-point in V7
(2) Pis (C.S. g)-preserving.
ProoF. (2)—(1) If Pis (C. S. g)-preserving then (C. S. g) coversin V7. In
particular, U is a Hausdorff ultrafilter in VP.

(1)—(2) Suppose that N < H(y) is a countable model containing P and
C. Since U is Hausdorff, N is (C, S. g)-good. Let <pn :n € w) € N be an

increasing sequence of conditions interpreting ((f3. /V)..... (k. f5) e N
as (f9. f9).....(f& £5)). In other words, for every n,

(1) Dn+1 2= Pns N )

(2) polEVj <kVi=0.1f]In=f]In.
We have to show that there exists ¢ > po such that

qH_Pvan‘Sk((fo f1)E XNmU_>(fo f)E XNmU)

Since P preserves .p-points we can assume that for every j < ki = 0,1, po
decides whether f7 is constant or finite-to-one mod U. For each n try to
choose g, > p, such that
(1) gnis N-generic, o
(2) there exists X, € N N U such that ¢, IF Vj < k (f{.f]) Co X, &
Axdn £ =
Given n we proceed as follows: First find ¢’ > p,, X e NN U, lij € o for
j <k,i=0,1such that
(1) ¢/ Ik Vj <k (/3. f1) Co X,
(2) for every j <k.i=0,1either
(a) ¢’ I+ f7 is finite-to-one on X or
(b) ¢’ IF £/ is constant on X with value //.



Sh:826

ON THE DENSITY OF HAUSDORFF ULTRAFILTERS 31

Next choose ¢” > ¢’ and m so that either

(1) ¢"IF Vi =0,1Vj <k min(f/[X \ m]) > max(f/ (k) : k < n) (finite-

to-one case) or

(2) I/ € f7[n] (constant case).
Finally, let ¢, > ¢ be N-generic and let X, = X \ m. Note that this
construction will succeed for all sufficiently large n, that is when / € f lj [n].
Since U is a p-point there is infinitely many n such that Xyny \ 7 C X,,.
Choose n* to be such an n and let ¢ = g+.

Fix j < k and let n; = min(n : (f({,f{) C, Xynu). We have to show that
q Ik (f3. f1) C,, Xnvnu. Letx,y € Xyau \ n;.

Case 1 x,y < n. In this case ¢ IF fl’ [n = fij [n and we know that
fl1(x)# f{_,(y)fori =0.1.

CASE 2 x,y > n. In this case x, y € X,, and since ¢ I (f({f{) Co X,. it
follows that ¢ I+ f7_.(x) # f1(»)

Case 3 x < n < y. In this case we have two possibilities: either one
of the functions f. f is forced to be constant on X, or both are forced
to be finite-to-one on X,. In the first case ¢ I+ 3k < n f/(y) = f/(k).
Thus ¢ IF f{_,(x) # f/(p) since (k) # f{_,(x). If both functions are
finite-to-one then ¢ I- Vi = 0,1 7/ (x) < max(f/ (k) :k <n) < f{_i(y). -

Now Theorem 13 follows readily from Lemma 16 and the results of this
section.
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