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ON LONG EF-EQUIVALENCE
IN NON-ISOMORPHIC MODELS

SAHARON SHELAH

Abstract. There has been a great- deal of interest in constructing models which are non-
isomorphic, of cardinality A, but are equivalent under the Ehrefeuch-Fraissé game of length a,
even for every @ < A. So under G.C.H. particularly for A regular we know a lot. We deal here with
constructions of such pairs of models proven in ZFC, and get their existence under mild conditions.

§1. Introduction. There has been much work on constructing pairs of
EF, ,-equivalent non-isomorphic models of the same cardinality.

In the summer of 2003, Vadninen asked me whether we can provably in
ZFC construct a pair of non-isomorphic models of cardinality 8; which are
EF,-equivalent even for a like w?. We try to shed light on the problem
for general cardinals. We construct such models for A = cf(1) = A* for
every a < A simultaneously and then for singular 1 = A®. In subsequent
work Havlin and Shelah [HvSh:866] we shall investigate further: weaken the
assumption “4 = A%” (e.g., A = cf(1) > J,) and generalize the results for
trees with no A-branches and investigate the case of models of a first order
complete 7' (mainly strongly dependent). We thank Chanoch Havlin and the
referee for detecting some inaccuracies.

DEFINITION 1.1.

(1) Wesay that M, M, are EF,-equivalent if M, M, are models (with same
vocabulary) such that the isomorphism player has a winning strategy in
the game O¢ (M, M,) defined below.

(1A) Replacing a by < o means: for every f < a; similarly below.

(2) Wesay that M;, M, are EF,, «-equivalent when M>, M; are models with
the same vocabulary such that the isomorphism player has a winning
strategy in the game 0% (M), M) defined below.

(3) For My, M>, a, u as above and partial isomorphism f from M, into
M, we define the game 0% (f, M1, M>) between the player ISO and AIS
as follows:
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(a) the play lasts o moves

(b) after f moves a partial isomorphism f s from M; into M, is chosen
increasing continuous with

(c) inthe f+ 1-th move, the player AIS chooses Ag; C My, Ag> C M,
such that |4g1| + |4p2| < 1+ p and then the player ISO chooses
Jfp+1 2 fp such that

Ap1 C Dom(fp1) and 4p, C Rang(fp41)

(d) if B = 0, ISO chooses fo = f; if f is a limit ordinal ISO chooses
fp=U{fy 7 <B).
The ISO player loses if he had no legal move.

(4) If f = 0 we may write 0% (My, My). If x4 is 1 we may omit it. We
may write < u instead of u*. The player ISO may be restricted to
choose f 11 such that(Va)(a € Dom(fp41) Aa ¢ Dom(fp) — a €
Ap1V fpr1(a) € Apa).

§2. The case of regular 1 = A%,

DEFINITION 2.1.

(1) We say that ¢ is a A-parameter if ¢ consists of
(a) acardinal A and ordinal a* < 4
(b) aset I, and aset S C I x I (where we shall have compatibility
demand)
(c) afunctionu:l — P(A); weletu; = u(s) fors € 1
(d) asetJ and a functions:J — I, welets, = s(¢) for ¢ € J and for
selweletJ;={teJ:s =s}
(e) aset T CJ x J suchthat (z1,5,) € T = (s,,8,,) € S.
(1A) We say ¢ is a full A-parameter if in addition it consists of:
(f) a function g with domain J such that g, = g(¢) is a non-decreasing
function from ug(,) to some o < a*
(g) afunction h with domain J such that h, = h(¢) is a non-decreasing
function from uy(,) to 4 such that
(h) ifty,tp € Jands, =s =s,,,8, =g =g, andh, = h = hy,
o't = a = a” then #; = t, hence we write t = 13, , = 1*(s, g h).
(2) We may write a* = of, A=A, I = L, J = Jy, Jy = J§, (s, g, h) =
t*¥(s, g, h), etc. Many times we omit ¢ when clear from the context.

DEFINITION 2.2. Let ¢ be a A-parameter.

(1) For s € I, let G be the group' generated freely by {x, : ¢ € J;}. .
(2) For (s1,5) € S; let Gy 5, = G5, by the subgroup of G, x Gs

'We also could use abelian groups satisfying Vx(x + x = 0), in this case Gs is the family of
finite subsets of J, with the symmetric difference operation also we could use the free abelial
group.
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