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TORSION-FREE ABELIAN GROUPS ARE BOREL COMPLETE

GIANLUCA PAOLINI AND SAHARON SHELAH

ABSTRACT. We prove that the Borel space of torsion-free Abelian groups with
domain w is Borel complete, i.e., the isomorphism relation on this Borel space
is as complicated as possible, as an isomorphism relation. This solves a long-
standing open problem in descriptive set theory, which dates back to the sem-
inal paper on Borel reducibility of Friedman and Stanley from 1989.

1. INTRODUCTION

Since the seminal paper of Friedman and Stanley on Borel complexity [3], descrip-
tive set theory has proved itself to be a decisive tool in the analysis of complexity
problems for classes of countable structures. A canonical example of this phenom-
enon is the famous result of Thomas from [I4] which shows that the complexity of
the isomorphism relation for torsion-free abelian groups of rank 1 < n < w (denoted
as &,) is strictly increasing with n, thus, on one hand, finally providing a satisfac-
tory reason for the difficulties found by many eminent mathematicians in finding
systems of invariants for torsion-free abelian groups of rank 2 < n < w which were
as simple as the one provided by Baer for n = 1 (see [I]), and, on the other hand,
showing that for no 1 < n < w the relation 2, is universal among countable Borel
equivalence relations. As a matter of facts, abelian group theory has been one of the
most important fields of mathematics from which taking inspiration for forging the
general theory of Borel complexity as well as for finding some of the most striking
applications thereof. The present paper continues this tradition solving one of the
most important problems in the area, a problem open since the above mentioned
paper of Friedman and Stanley from 1989. In technical terms, we prove that the
space of countable torsion-free abelian groups with domain w is Borel complete.

As we will see in detail below, saying that a class of countable structures is Borel
complete means that the isomorphism relation on this class is as complicated as
possible, as an isomorphism relation. The Borel completeness of countable abelian
group theory is particularly interesting from the perspective of model theory, as this
class is model theoretically “low”, i.e., stable (in the terminology of [12]). In fact,
as already observed in [3], Borel reducibility can be thought of as a weak version of
L., w-interpretability, and for other classes of countable structures such as groups
or fields much stronger results than Borel completeness exist, as in such cases we can
first-order interpret graph theory, but such classes are unstable, while abelian group
theory is stable. Reference [] starts a systematic study of the relations between
Borel reducibility and classification theory in the context of Ng-stable theories.
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Coming back to us, we now introduce the notions from descriptive set theory
which are necessary to understand our results, and we try to make a complete
historical account of the problems which we tackle in this paper. The starting
point of the descriptive set theory of countable structures is the following fact:

Fact 1.1. The set KL of structures with domain w in a given countable language
L is endowed with a standard Borel space structure (KZ, B). Every Borel subset of
this space (KL, B) is naturally endowed with the Borel structure induced by (KL, B).

For example, if take L = {e,-, ()71}, and we let K’ to be one of the following:

(a) the set of elements of KX which are groups;

(b) the set of elements of K which are abelian groups;

(c) the set of elements of KX which are torsion-free abelian groups;

(d) the set of elements of KL which are n-nilpotent groups, for some n < w;
then we have that K’ is a Borel subset of (K%, B), and so Fact applies.

Thus, given a class K’ as in Fact we can consider K’ as a standard Borel
space, and so we can analyze the complexity of certain subsets of this space or of
certain relations on it (i.e., subsets of K’ x K’ with the product Borel space struc-
ture). Further, this technology allows us to compare pairs of classes of structures
or, in another direction, pairs of relations defined on pairs of classes of structures.

Definition 1.2. Let X; and X5 be two standard Borel spaces, and let also Y1 C X,
and Yo C Xo. We say that Y1 is reducible to Y, denoted as Y1 <r Yo, when there
is a Borel map B : X1 — X5 such that for every x € X1 we have:

z €Y, & B(z) € Y.

Notice that Definition covers in particular the case X; = K’ x K’ for K’ as
in Fact and so for example Y7 could be the isomorphism relation on K’. Also,
given a Borel space X, we can ask if there are subsets of X which are <gz-maxima
with respect to a fixed family of subsets of an arbitrary Borel space (e.g., Borel
sets, analytic sets, co-analytic sets, etc). In particular we can define:

Definition 1.3. Let Xy be a Borel space and Y1 C X;. We say that Y1 is complete
analytic (resp. complete co-analytic) if for every Borel space Xo and analytic subset
(resp. co-analytic subset) Yo of Xo we have that Yo <p Y7.

We now introduce the notion of Borel reducibility among equivalence relations.

Definition 1.4. Let Xy and Xo be two standard Borel spaces, and let also Ey be
an equivalence relation defined on X, and Es be an equivalence relation defined on
Xo. We say that Ey is Borel reducible to Fo, denoted as E1 <p Fs, when there is
a Borel map B : X7 — X such that for every x,y € X1 we have:

xEvy < B(x)E2B(y).
Remark 1.5. Notice that in the context of Definitions and E, <y B
and Fy <p E5 have two different meaning, as in the first case the witnessing Borel

function has domain X x X, while in the second case it has domain X. Furthermore,
notice that E1 <p Eo implies E1 <r Ea (but the converse need not hold, see ,

We now define Borel completeness, the notion at the heart of our paper.

Definition 1.6. Let Ky be a Borel class of structures with domain w and let =, be
the isomorphism relation on Ky. We say that Ky is Borel complete (or, in more
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modern terminology, =1 is Seo-complete) if for every Borel class Ko of structures
with domain w there is a Borel map B : Ko — Ky such that for every A, B € Ky:

A~ B & B(A) 2 B(B),

that is, the isomorphism relation on the space Ko is Borel reducible (in the sense
of Deﬁnition to the the isomorphism relation on the space K.

The following fact will be relevant for our subsequent historical account.

Fact 1.7 ([3]). Let K be a Borel class of structures with domain w. If K is Borel
complete, then its isomorphism relation is a complete analytic subset of K x K, but
the converse need not hold, as for example abelian p-groups with domain w have
complete analytic isomorphism relation but they are not a Borel complete space.

We now have all the ingredients necessary to be able to understand the problems
that we solve in this paper and to introduce the state of the art concerning them.
But first a useful piece of notation which we will use throughout the paper.

Notation 1.8. (1) We denote by Graph the class of graphs.

(2) We denote by Gp the class of groups.

(8) We denote by AB the class of abelian groups.

(4) We denote by TFAB the class of torsion-free abelian groups.

(5) Given a class K we denote by K, the set of structures in K with domain w.

Convention 1.9. To simplify statements, we use the following convention: when
we say that a class K of countable structures is Borel complete we mean that K,
is Borel complete. Similarly, when we say that a class K of countable groups is
complete co-analytic we mean that K, is a complete co-analytic subset of Gp,,.
Finally, when we say that the isomorphism relation on a class of countable groups
is analytic, we mean that restriction of the isomorphism relation on K to K, x K,
is an analytic subset of the Borel space Gp,, x Gp,, (as a product space).

In [3], together with the general notions just defined, the authors studied some
Borel complexity problems for specific classes of countable structures of interest.
Among other things they showed (we mention only the results relevant to us):

(i) countable graphs, linear orders and trees are Borel complete;

(ii) torsion abelian groups have complete analytic 2 but are not Borel complete;
(iii) nilpotent groups of class 2 and exponent p (p a prime) are Borel Completeﬂ
(iv) the isomorphism relation on finite rank torsion-free abelian groups is Borel.

In [3] Friedman and Stanley state explicitly:

There is, alas, a missing piece to the puzzle, namely our conjecture
that torsion-free abelian groups are complete. [...] We have not
even been able to show that the isomorphism relation on torsion-
free abelian groups is complete analytic, nor, in another direction,
that the class of all abelian groups is Borel complete. We consider
these problems to be among the most important in the subject.

The challenge was taken by several mathematicians. The first to work on this
problem was Hjorth, which in [6] proved that any Borel isomorphism relation is

Ias already mentioned in [3], this result is actually a straightforward adaptation of a model
theoretic construction due to Mekler [9].
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Borel reducible (in the sense of Definition[L.4) to the isomorphism relation on count-
able torsion-free abelian groups, and that in particular the isomorphism relation on
TFAB,, is not Borel (as there is no such Borel equivalence relation), leaving though
open the question whether TFAB,, is a Borel complete class, or even whether the
isomorphism relation on TFAB,, is complete analytic (cf. Def. and Fact .

The problem resisted further attempts of the time and the interest moved to
another very interesting problem on torsion-free abelian groups: for 1 < n < m < w,
is the isomorphism relation £, on torsion-free abelian groups of rank n strictly less
complex (in the sense of Definition than the isomorphism relation on torsion-
free abelian groups of rank m? As mentioned above, the isomorphism relation
on torsion-free abelian groups of finite rank is Borel while, as just mentioned, the
isomorphim relation on countable torsion-free abelian groups is not, and so the two
problems are quite different, but obviously related. Also this problem proved to be
very challenging, until Thomas finally gave a positive solution to the problem, in
a series of two fundamental papers [I3] [14], proving in particular that, for every
n < w, &, is not universal among countable Borel equivalence relations.

The fundamental work of Thomas thus resolved completely the case of torsion-
free abelian groups of finite rank, leaving open the problem for countable torsion-free
abelian groups of arbitrary rank, i.e. the problem referred to as “among the most
important in the subject” in [3]. The problem remained “dormant” for various
years (at the best of our knowledge), until Downey and Montalbdn [2] made some
important progress showing that the isomorphism relation on countable torsion-
free abelian groups is complete analytic, a necessary but not sufficient condition for
Borel completeness, as recalled in Fact This was of course possible evidence
that the isomorphism relation was indeed Borel complete, as conjectured in [3].
Despite this advancement, the problem of Borel completeness of countable torsion-
free abelian groups resisted for other 12 years, until this day, when we prove:

Main Theorem. The space TFAB,, is Borel complete, in fact there exists a con-
tinous map B : Graph,, — TFAB,, such that for every H, Hy, € Graph,,:

Hy, = Hy if and only if B(H,) = B(H>).

The techniques employed in the proof of our Main Theorem, lead us to the
consideration of classification questions of co-Hopfian torsion-free abelian groups,
where we recall that a group G is said to be co-Hopfian if G does not have proper
subgroups H isomorphic to G, i.e., every injective endomorphism of G is surjective.
As well-known (see e.g. [4, Proposition 2.2, pg. 130]), for G € TFAB, G is co-
Hopfian iff G is divisible and of finite rank, i.e. G is a finitely dimensional vector
space over Q, and so clearly the co-Hopfian groups form a Borel subset of TFAB,,.
We wonder: what if replace the notion of surjective morphism with a notion of
“almost-surjective” morphism which is appropriate for the class TFAB? Does the
classification problem becomes intractable? In particular we might consider:

Definition 1.10. (1) We define the collection Emb; of embeddings between ele-
ments of TFAB as f : G — H € Emby if and only if H/ f[G] is torsion.

(2) We define the maps Emby on TFAB as those f : G — H € Emb; such that f[G]
is H/ f|G] torsion and bounded (i.e., there is n € w such that n(H/f[G]) = 0).

(3) We define Embgs as those f € Emby of the form g — mg for some m € Z\ {0}.

These three notions of “almost-surjective” morphism lead to three variations of
the notion of co-Hopfian group (cf. Definition[2.7)) and for them we are able to show:
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Theorem 1.11. For ¢ € {1,2,3}, the set of Emby-co-Hopfian torsion-free abelian
groups is a complete co-analytic subset of the Borel space space TFAB,,.

In a work in preparation [I0] we extend the ideas behind Theorem to a
systematic investigation of various classification problems for various rigidity condi-
tions on abelian and nilpotent groups from the perspective of descriptive set theory
of countable structures. In another work in preparation [II] we study the question
of existence (and absolute exitence) of uncountable (co-)Hopfian abelian groups.

2. NOTATIONS AND PRELIMINARIES
For the readers of various backgrounds we try to make the paper self-contained.

2.1. General notations

Definition 2.1. (1) Given a set X we write Y C, X for Y C X and |Y| < No.

(2) Given a set X and T,§ € X <% we write §<T to mean that 1g(y) < 1g(Z) and
7 [ 1g(9) = 7, where T is naturally considered as a function X&) — X.

(3) Given a partial function f : M — M, we denote by dom(f) and ran(f) the
domain and the range of f, respectively.

(4) For a € B™ we write T C B to mean that ran(z) C B, where, as usual, @ is
considered as a function {0,...,n —1} — B.

(5) Given a sequence f = (f; : i € I) we write f € f to mean that there exists
j €I such that f = f;.

2.2. Groups

Notation 2.2. Let G and H be groups.

(1) H < G means that H is a subgroup of G.
(2) Welet GT = G\ {eg}, where eg is the neutral element of G.
(3) If G is abelian we might denote the neutral element eq simply as 0g = 0.

Definition 2.3. Let H < G be groups, we say that H is pure in G, denoted by
H <, G, when if k € H, n < w and (in additive notation) G |= ng = k, then there
is h € H such that H = nh = k.

Observation 2.4. H<,GeTFAB, ke H,0<n<w,GEng=k=g€ H.
Observation 2.5. Let G € TFAB, p a prime and let:

Gp ={a € G : a is divisible by p™, for every 0 < m < w},
then G\, is a pure subgroup of G.
Proof. This is well-known, see e.g. the discussion in [5, pg. 386-387]. ]
Notation 2.6. We denote by Emb the class of embeddings between (abelian) groups.

Definition 2.7. (1) Let K be a class of groups and suppose that (K,Map,) and
(K,Map,) are categories. Then we say that G € K is (K, Map,, Map, )-Hopfian
(or (Map,, Map,)-Hopfian) when f € Map, (G, G) implies f € Map, (G, G).

(2) We say that G € K is co-Hopfian (resp. Hopfian) when G is (K, Map,, Map,)-
Hopfian, where K is the class of groups, Map; is the class of embeddings (resp.
onto homom.) and Map,, is the class of onto homom. (resp. embeddings).

(8) More generally, when Map,; = Emb (cf. Not.@), instead of (K, Map,, Map,)-
Hopfian we simply talk of Map,-co-Hopfian groups (we do this in Theorem,
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2.3. Graphs and Trees

Definition 2.8. By a directed graph we mean a structure in the language L = { R},
where R is a binary predicate symbol. We say that the directed graph M is irreflezive
when M = Vo(—R(z,2)). We say that the directed graph M is asymmetric when
M = VaVy(R(z,y) — —R(y,z)). We say that the directed graph M has no cycles
(or that it is acyclic) when there is no n < w and g, ..., x, € M such that:

M Exg=x,, M= R(z,,x0) and, for every i <n, M = R(z;, x;iy1).

Definition 2.9. By a graph we mean a structure M in the language L = {R},
where R is a binary predicate symbol, satisfying the following axioms:

(i) Yx(=R(z,x)) (irreflexivity of R);

(i) VaVy(R(z,y) — R(y,x)) (symmetry of R).
The graph M has no cycles when there isno2 < n < w and xg, ...,x, € M such that:

M E=xy =12y, M= R(zy,x0) and, for every i <n, M |= R(z;, ziy1).

Definition 2.10. Given an L-structure M by a partial automorphism of M we
mean a partial function f: M — M such that [ : (dom(f))pr = (ran(f))as-

Definition 2.11. Let (T, <r) be a strict partial order.

(1) (T,<r) is a tree when, for allt € T, {s € T : s <p t} is well-ordered by the
relation <r. Notice that according to our definition a tree (T, <r) might have
more than one root, i.e. more than one <p-minimal element. We say that the
tree (T, <) is rooted when it has only one <p-minimal element (its root).

(2) A branch of the tree (T, <) is a mazimal chain of the partial order (T, <r).

(8) A tree (T, <) is said to be well-founded if it has only finite branches.

(4) Given a tree (T,<r) and t € T we let the level of t in (T, <r), denoted as
lev(t), to be the order type of {s € T : s < t} (recall item (1)).

Concerning Def. 4), we will only consider trees (T, <r) such that, for every
teT, {seT:s<gt}is finite, so for us lev(t) will always be a natural number.

Fact 2.12. Let M be a graph, U #V C M and assume that |U| = | M| = |V]| = N,.
Then the following are equivalent:
(A) h is an isomorphism from M [ U onto M | V;
(B) there is g = (gr : k < w) such that:
(a) for every k < w, g is a finite partial automorphism of M ;
(b) for every k < w, gr S gr+1;
(c) for every k < w, gr # g5 ';
(d) Uk<w gk = h

3. BOoREL COMPLETENESS OF T'ORSION-FREE ABELIAN GROUPS

3.1. The Frame

Hypothesis 3.1. (1) M is (a copy of) the universal homogeneous graph of size
No (a.k.a. the countable random graph) and M has set of nodes C w;

(2) G is the set of finite partial automorphisms g of M such that either dom(g) = ()
or g # g~ . Notice that in particular G is closed under g v g~*;

(3) form <w, gln = {(907'"7977171) egm: go & & gmfl}'

Notation 3.2. (1) We use s,t,... to denote finite subsets of M and U,V, ... to
denote arbitrary subsets of M.
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(2) For g = (go, - Jig(z)-1) € G#9 and s,t Cy M, we let:
(a) g[s] =t mean that glg(g)_l[s] =1
(b) dom(g) = dom(gig(g)—1);
(¢) ran(g) = ran(gig(g)—1):
(d) g7 = (g; "+ <lg(g))

Definition 3.3. In the context of f[ypo_thesis let Ko (M) be the class of objects
m(M) =m = (XmaXmaIm7Im7fm7Emaﬁm7Sm7<m) = (XaX7Ialaf7E7ﬁ7S7<)
such that the following conditions are satisfied:
(1) X is a non-empty countable set and X C w;
(2) (a) (X.:sC, M) is a partition of X into infinite sets;

(b) fors C, M, let X, = Utgs X{;

(c) X =(Xs:5Cy, M) and so s Ct C,, M implies X, C Xy;
(8) ford € M let Xy = {Xs:5 Co U} and so X = Xpy = U{Xs: 5 Sy M}
(4) (a) I=(I,:n<w)=({I":n<w) are pairwise disjoint;

(b) g € I, implies g € G for some m < n;

(¢) I, is finite;
(5) ifg' g € I, then g’ € I, = U€<n Io;
(6) I =1" =], ., In and <g is the order of being an initial segment;
(1) F=fz:9€ 1) and:

(a) f5 is a finite partial permutation of X with no cycles, i.e. there are no

Z0, ..., Tn € dom(fz) such that xo =, f3(xn) = xo, and, for every i <n,
fg(xi) = xit1, so in particular fz(x) # x and fz(x) =y implies f3(y) # x;
(b) dom(f3) € Xaom(g) and ran(fz) C Xyanz) (cf. Notation @)@),
(c) for s,t C, M and g[s] =t we have:
fa(x) =y implies (x € X, iff y € X]).

(d) for s,t Co M, (f3(z) =y,xz € X.,y € X}) implies (g[s] =t);

(e) if ge I, then g~' € I, and fz-1 = fg_l;
(8) 927 = f3 S fyg:
(9) for Z C X, we let seq(Z) = Jycpew 5€4,(Z), where, for 0 <n < w, we let:

seq, (Z) ={z € Z" : T injective};
(10) we define the graph (seq, (X), R%) as (Z,y) € R = R,, when T # § and:
for some g € I we have f3(Z) =y,

notice that fz(Z) =y implies fg‘l(g) =z and fg_1 =f,1€f,asgt el

(11) the graph (seq,(X),R,) has no cycles (cf. Definition|2.9);

(12) (a) E® = E = (E, :n <w) = (EP : n <w), and, forn < w, E, is the
equivalence relation corresponding to the partition of seq,,(X) given by the
connected components of the graph (seq,,(X), Ryn);

(b)Y =Yn={x € X: for somegel,zcdom(f;)}, and:

seqy(m) = {Z € seq,(X) : for some g € I, T C dom(f3)},
notice that seqy(m) C seqy,(Ym) but the converse need not hold;
(13) D is a sequence of prime numbers without repetitions such that:
P = (P(e,q) : € €seq,(X)/Ey for some 0 <n <w and q € (Z\{0})");
(14) S™ C I™ satisfies the following conditions:
(a) if g € I™ is trivial, i.e. dom(g) =0, then g € S™;
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(b) for non-trivial g € I™, g€ S™ iff g~ ¢ S™;
(c) if 3~ (g) € I™ and g is non-trivial, then g~ (g) € S™ < g € S™;
ifn<w, ge - g =(90,..-,9n) and s € dom(g, ), then we have:
(15) if LGES™CI™, §=1(go,....,gn) and s C dom(gy), th h
(a) n even implies X N {0,...,n — 1} C dom(f3);
(b) n odd implies X, 5 N{0,...,n — 1} Cran(fy);
) < i, < wand 2°,....2"1 € /E, are pairwise distinct, then there are
16) if 2 < i d 70, .., g1 E d hen th
i1 # 1 <. and l1,02 < n such that the following holds:
() a:zll ¢ {x} <t <y, (3,0) # (i1,0)};
(B) w2 & {x) £ <nyi <y, (3,0) # (i2,l2)};
(17) if k> 1, g € Z/Ey and for some i,j <lg(Z) =1g(y), yi = z;, then i = j.
(18) <u is a linear order of Yy of order type < w;
(19) if g € S™, T € seqy(dom(fy)), k > 1, then max<  (T) <m maxc, (f5(Z)), fur-
ther if £ <k, g = (g; : i <n) and x¢ ¢ dom(f5}p), then max< (Z) <m fz(xe);
(20) for k> 1, & € seqy(Ym), let sucf(z) = {f3(Z) : g € S™, & € seq;,(dom(f3))};
a) the directed graph (seq as no cycles (cf. Def. , where:
921 he directed graph (seqy(Ye), P™) b les (¢f. Def h

Bt =A{(z,9) : ¥ € seqy(Ym), § € sucy ()}
(b) the transitive closure of {(%,9) : T € seqy,(Ym),§ € suci(z)}, denoted as
<. is a strict partial order on the set seq;,(Ya);
(22) (seq;(Ym), <}) is a tree (possibly with more than one root);
(23) if &,y € seqy(Ym) are Ey-equivalent, then:
(a) clearly, by (22), and recalling that T,§ € seqy,(Ym) are Ej-equivalent, we
have that T,y have a greatest <}'-lower bound, denoted as T A} y;
(b) ifz= (TARG) <P g, i < k and z; = y;, then y; is not <m-mazimal in ran(y);
(c) if & <Py, then ran(z) Nran(y) = 0;
(24) if s,t C,, M and X, NYy # 0 # X, N Yy, then for some x € X and y € X,
we have that © # vy € Yo, and (z,y) is <5-minimal in (z,y)/Es.

Remark 3.4. Let m € KY°(M). Notice that conditions (n) and (./ of Defini-
tzonm imply that for every f; € f™ we have that dom(f;) Nran(f;) = 0. Why?
Suppose there is x1 € dom(f5) Nran(fz), and let xog € X be such that fz(xo) = 1
and xo := fg(x1). Then (vo,x1)Ea(x1,x2), contradicting Definition .

Observation 3.5. Let m € KY°(M). The set of conditions (1 from Defini-

tionm 3.5 is not minimal. In particular clauses @ imply (16) and also:

() ifz% ...,z € /E, are pairwise dzstmct then there exists j < i, and £ <n
such that xé is <m-mazimal in {xo,. L x) 1} and the following holds:

z) & {xl, i <ie,m <n,(i,m) £ (j,0)}

Proof. For n =1, both and (-) are trivial. Let then n > 2.

(+) Let j < i, be such that 27 is locally <™-maximal (i.e., i < i, implies 7 £™ z%).
Let £ < n be such that xi is <p-maximal in 7/ (recall that z/ is with no
repetitions). We claim that (j,¢) is as required in (+).

We prove (4). Let (i, m) be a counterexample, le i <i,,m<m, (i,m)# (4,£) and

xl = xz By Definition , =/, so necessarily i # j and let § := z° A 2.

If 7 # 27, then, noticing ﬁrstly that § <™ 27 we may apply Deﬁnition with

7', @7, § here standing for 7,7, 7 there, and so we have that = is not <y-maximal in

Z7, a contradiction. If on the other hand § = 27, then 27 =y <]} ', as &/ =y =2'

)

cannot happen, but this contradicts the fact that i < i, implies 7/ £™



Paper Sh:1205, version 2021-06-03. See https://shelah.logic.at/papers/1205/ for possible updates.

TORSION-FREE ABELIAN GROUPS ARE BOREL COMPLETE 9

We are then left with proving . Now, if {Z' : i < i,} has two <™-incomparable
elements, then we are done by (+). Indeed, let i(1),4(2) < i(x) be such that
M) 72 are <M-incomparable. Now, for ¢ € {1,2} there is j(£) < i(x) such
that #/(9) <™ 770 and 27 is locally <™-maximal among {z° : i < i(x)}. We
can then choose m(¢) < n such that xfrgf;) is <p-maximal in 7', By (+) we
know that (j(£),m(£)) are as required for (-). But then, by the choice of z( ),i(2)
and j(1),(2), also 271, 27() are <M-incomparable (by Deﬁnltlon hence

(1) # 5(2). Tt follows that (7(1),m(1)), (4(2),m(2)) are as required for (16), and
so in this case we are done. So we are left with the case in which {z° : i < iy} s
<p-linearly ordered. W.l.o.g. we have the following situation:

<Mt <™ gl

By Def. [3.3|(23c) the sets (ran(z?) : i < i,) are pairwise distinct, so we are done. ®

Definition 3.6. For m € Kt°(M), we say that m € K§°(M) when:

(%) X™ =Y,

(x)1 if s Cow M, then for some x # y € X we have —~((z)E1(y)) (this condition
actually follows by Definition but we chose to include it for clarity);

()2 I =Upecw In = Upew 9 (cf. Hypothesis (@),

(%)3 if, for everyn < w, gn € G and g, S Gny1, and U = Un<w dom(g,) C M,

then U, .., dom(f(g,:r<n)) = U{Xs : s Co, U} (this condition actually follows
by Definition but we chose to include it for clarity).

Definition 3.7. (1) K5°(M) is the class of m € KY°(M) such that for some n < w
we have that for every m > n, I, =0, in this case we let n = n(m) to be the
minimal such n < w. Note that if m € K§°(M), then Yy, is finite.

(2) We say that n € suc(m) when:

(a) n,m € K§°(M);

(b) n(n) =n+ 1, where n(m) = n;

(¢c) if £ < n(m), then I}* = I} and /\gelm I3 =1
(d) 1" ={g,57 '}, lg(g) < n, and € < 1g(g) zmplzes

glte ],

£<n
notice that g ¢ J,,, I}" (by Deﬁmtwn 3. (@)) and the symmetmc condi-
tion gt /L€ Upen I follows from Deﬁmtzon
(e) if ZE"y and —(ZE™Y), then T ¢ seq;,(m) or y ¢ se , hence we have:
(z/EY is a singleton) or (g/Ek is a singleton);
(f) if g is as in (d) and s C dom(g) Udom(g—1), then for some z,y € Yo N X.:
~((2)ET(y));
(g) if s € dom(g), then Y, N X, C dom(f3);
(h) <m C <y (cf Definition m(@) x €Yy and y € Yy, \ Yy implies © <, y;

(i) S™ CS™, s0 S™=S5"NI";
(3) <sue on KE°(M) is the transitive closure of the relation n € suc(m).

Claim 3.8. For M as in Hypothesis Kbho(M) # 0.
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Proof. (x)1 K§°(M) # 0.
[Why? Let m be such that:
) | X ] =Np, and X C w;
) (X!:sC, M) is a partition of X into infinite sets;
(c) for s Cy, M, Xs = U,c, X7;
(d) X = (X,:5C, M);
) IF = {0}, fo is the empty function, f = (f()) and I 1, = 0, for every n < w;

Notice that () denotes the empty sequence and under this choice of m, n(m) = 1,
where we recall that the notation n(m) was introduced in Definition [3.7|(1)).]

(¥)2 Ifm e K§°(M), n =n(m) >0, § = (go, .-, gm—1) € I, (son > m) and:

(i) g€G;
(ii) Uz<mgf g;
(iti) g7 (9) ¢ I™;

(iv) if m is even, then g is trivial or g € S™;

(v) if m is odd then g ¢ S™;

then there is n € K§°(M) such that (recall thatf; = fi*):
(

(a) n € suc(m);

(b) 97 (9) € I};

c) dom(fg (g)) contains {0, .. =1} N Xaom(g);
(d) if m is even, then S™ N I" = {g ( '}

(e) if m is odd, then S* NI = {(g71)"(g9)7'}, so n(n) = n(m) + 1.
We prove (x)3. To this extent:
(¥)2.0 Let s, = dom(g) C,, M, hence dom(g) C s..
(#¥)2.1 Let uq,us be such that:
(a) wuy is a finite initial segment of X;
(b) wy includes (X N{0,....m —1}) U Yp;
(c) for every s C dom(g)Udom(g~1) the set (ug N X%)\ Yy has > 2 elements;
(d) ug =u; NXg,.

(%)2.2 For £ € ug, let yp = £ and z; = fi(ys), where we let f, be such that:

(a) f. is a finite permutation of X obeying Def. [3.3|(7a)-(7d) with dom(f.) = us;
(b) f« extends fz;

(c) if z € dom(fs) \ dom(f3), then fi(z) ¢ (us UYn);

(d) if t C ran(g), then the set (Xj N (ran(f.)) \ ran(f7") is an initial segment of the

set X, \ Y, with respect to the standard order on the natural numbers (recall
that by Definition we have that X C w);.
It follows that:
(¥)2.2.1 (+1) if s € dom(g), then ((X.Nuz)\ Ym)\ f«[Ym] has at least two elements;
(-2) if s Cran(g), then ((X.Nfi[uz])\Yi)\ f«[Ym] has at least two elements.
[Why (¥)2.217 E.g., for (-2), let t = g71[s], so (X;Ndom(f.))\ Ym has at least two
elements, and thus f, maps them into distinct members of X/ \ Yy, .|
We now define n, as required in (%)s.
(¥)23 (a) n(n) =n+1;
(b) fg (9) = = fu f(g—l ~(g=1) = ftand Iy = {g~(9), (37" ) (¢ "}
(¢) <mC<yand z €Yy, and y € Y, \ Yy, implies z <, y;
(d) Yy = Yy, Udom(fy) Uran(fy);
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(e) for {;m € Y, we let £ <, m iff one of the following three exclusive
conditions is verified:
(1) £ <mm;
(ii) £ € Y and m € Yy \ Yau;
(iii) m, ¢ € Yo \ Yy and £ is smaller than m as natural numbers (recall
that by Definition we have that X C w);
(f) if n is even, then S™ = S™ U {5 (9)};
(g) if n is odd, then S™ = S™ U {(g71)"(g9)"'}.
We have to check that n € KY°, in fact it being in suc(m) (and so in Kb5°) is
then obvious, and (b) and (c) of (k)2 are obvious too. Comparing the graphs
(seqy(X), Ry) and (seq;(X), RY) the set of new edges are the following:
{(‘%737) : (‘i"g) € Zf U Zﬁl}v
where we let:
(%)2.4
2y = {(,9) : @ € seqi(u2), fu(7) = 7,7 & seqy,(m)},
Zﬁl = {(i‘,gj) : (ﬂ,.’i‘) € Z{C}a
Notice that possibly Z C dom(f.) AT ¢ seq;(m), and possibly Z C dom(f«) AT &
dom(f")AZ € seq(m) (as witnessed by some g’ € IZ,), anyhow the union ZfUZ*,
is disjoint. Notice:
(%)2.41 if T C ug, lg(z) = k and § = f.(Z), then:
() 7 C dom(fy) & 5 C ran(fy) = 7 € seq(m);
(-2) & Cdom(f.) NYym # T € seq,(m), in general;
(-3) there might be s C dom(g) and = € X/ such that € Y, but = ¢
dom(fg), but then = € up and so x € dom(fz~(g4)) \ dom(fy).
Now, we have:
(*2.5) (a) if (Z,7) € ZF, then:
(o) T € seqy(uz), T € dom(fy) and z N fi(Yin) € dom(f3);
(B) ¥ € filuz), § £ dom(f3), § £ ran(f;) and § N Y C ran(fy);
(b) the dual of item (a) for (z,7) € Z*;
(c) if y € seqy(n) \ seqy(m), then § occurs in exactly one edge of R}.
Notice now that:
(%)2.6 in the graph (seq,(X), R}) we have:
(i) all the new edges have at least one node in seqy(u2) \ seqy(dom(f3))

and one in seq (f.[u2]) \ seq(ran(f,));
(ii) every node in seqy(n) \ seq(Yiy) has valency 1.

Notice also that:
(¥)2.6.1 (a) if Zo,..., T, is a path in (seqy(n), R}) with no repetitions and 0 < ¢ <
m, then T, € seq,(m);
(b) E} [ seqi(m) = EF' | seqy,(m).
Thus, by (%)2.6 and (x)2.6.1, n satisfies Definition in fact we have:
(%)2.7 Definition )-(3) are obvious as they are the same for m;

(*)2.s Definition [3.3|[4)-(15) and (I8)-(24) are easy to check by our choices.

(*)2.9 As noticed in Observation Definition [3.3(|16]) follows from Definition|3.3|(18)-
, and Definition [3.3((17) is easy.

So we finished proving (x)s.
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(¥)3 We can choose an <g,-increasing sequence (m, : £ < w) in Kb°(M) whose
limit m is as wanted, i.e. m € K5°(M).

We show this. We can find a list (g* : £ < w) of |J,,.,, G/ such that:

(i) 1g(g") < 4

(ii) if g* < g*, then ¢ < k;

(iii) 1g(g*) = 0 iff £ = 0.
Now, by induction on ¢ < w, we choose m; € K§° such that n(my) < £+ 1 and
myy1 € suc(my). We proceed as follows:

(£ =10) use (x)1;

(=k+1) (1) if §k+1 € I™k then my = my;
(-9) if gFTL & I™ let my, = lg(g**!) — 1, so gF*! [ m € I™k and:
(-9.1) if my, is even, use (%) with the pair n(my), g*+! here stand-
ing for the pair n, g~ (g) there;
(-2.0) if my, is odd, use (), with the pair n(my), g**! here standing
for the pair n,g™ (g) there.

Clearly m = limy.,,(m;) is as promised by the choice of (g° : ¢ < w), e.g. Def.
(*1) holds by Def. 3.7][2f), which in turn holds by (#2.1)(c) of the present proof.
Concerning <y, which is needed for Definition 3.3|[18)), let <m= J{<m,: ¢ < w}.
As, by the first half of Definition [3.7(2h), (Vi,, <m,) is an increasing sequence of
linear orders, clearly (Y, <um) is a linear order, and it is easy to see that it is of
order type < w, by the second half of Definition . Finally, we show that
Ym = X. It suffices to prove that, for any s C,, M, X’ C Y,,. For this it suffices to
prove that for any m < w, {0,....m—1}NX. CY,,. But clearly for some g € G}, we
have that s C dom(g), and so for some ¢ > 0 we have that g¢ = g, and also for some
i > and ¢, ¢" € G we have that §' = 5~ (¢’,¢"). Thus by Definition [3.3|[15) we
have that {0,...,m — 1} N X! C dom(f;(lﬂ)) C Y. This concludes the proof. m

Definition 3.9. Let m € KY°(M).

(1) Let Gy = Ga[m] be P{Qz : x € X}.
(2) Let Gy = Go[m] be the subgroup of Ga generated by X, i.e. P{Zx:x € X}.
(3) Let Gy = G1[m] be the subgroup of Ga generated by:
(a) Go,'
(b) P (X0, dewe), where:
(i) 0 <m < w;
(1)) T = (xp: £ <n)€seq,(X), e=T/Ey;
(iii) G = (qe: £ <n) e (Z\{0})";
(iv) p = P(e,q) (S0 a prime).
(4) For aprimep, let Gy p) = {a € Gi : a is divisible by p™, for every 0 <m < w}
(notice that, by Obsem)ation G(1,p) 15 always a pure subgroup of Gy).
(5) ForU C M, we let:

Gauwm = GuumM)] =Gau =Yy € Xu,u Sy UG, = (Xu)g, -

Notice that the notation m(M) was introduced in the second line of Def. ,
(6) For f; € f (cf. Definition @), let fg be the unique partial automorphism
of Go which is induced by f5, explicitly: if k < w and for every £ < k we have
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that y; € dom(f3), vi = f3(y}), ¢t € Q and a = D i<k qy; € Ga, then:

2a)=> -
<k
Notice that if 3, qy; € Gy, then also Zl<k qy; € G1, by Definition (@)
recalling Definition |3.5 m@) and (-) this is relevant for Lemmam
(7) For £ € {0,1} we let f2 = a partial automorphism of G¢, and fg f1

q}
(8) Fori € {0,1,2}, a = kaqug € Gy, with xp € X and g, € Q\ {0}, let
supp(a) = {.%‘z ¢ < m}, i.e., supp(a) C, X is the smallest subset of X s.t.:

€ (supp(a))g,
Lemma 3.10. Let m € K§° and ¢ € {0,1,2}.
(1) Gz[ } € TFAB and |Ge[ ]| = Ng.
(2) Recalling fg = f1 = f I G(1,dom(g)) (cf- Definition E@@), we have that
the map fg is a well-defined partml automorphism of Gy, and dom(fg) is a pure

subgroup of G1[m], in fact dom(fg) is the pure closure in Gy of dom(fg).
(3) If p = p(e,q), € € 5eq, (X)/En, ¢ = (qe: £ <n) € (Z\{0})" andn > 1, then:

Gap = AZO awe) : 7€ e},

<n
(4) For e as in (3), assume that we have i, > 2 and = e, for i < i., which are
pairwise distinct, ¢* € Q\{0}, fori <i., anda=73_,_;, ¢ qwy;) € G1. Then
supp(a) has at least two elements, where supp(a) is as in Definition (@

Proof. Ttems (1), (2) are clear. We elaborate on items (3), (4). Concerning item (3),
ifgy€eand 0 <m <w, then p~™ Ez<k: qeye is one of the generators of G, as this
holds for every 0 < m < w it follows that ), . qeye € G(1,p), by the definition of
G(1,p)- As G(1p) is a subgroup of G, for every § € e we have that Z(}_,_,, qeye) C
G(1,p) < Gi. But then we have that Z = {Z(3_,_,, qeye) : § € e} € G(1,), and so
(Z)c, < G p- Lastly, (), < G(1p), because by Deﬁnition we have that:
(*1) G(1,p) is a pure subgroup of Gy, as G; € TFAB.

So we are done with one inclusion. Concerning the other inclusion, toward contra-
diction assume that g € G(1 ) \ (2)§,, where Z is as above. Now, we have:

(*2) Z1:=(Z)§, is a pure subgroup of G and G1/Z; € TFAB;
(*3) each non-zero element of G1/Z; is not divisible by p™ for some m < w.

[Why? By the choice of G; and Z]
Hence we reach the following contradicting statement:

(*4) g € G(1,p) € G is not divisible by p™ for some m < w.

Concerning item (4), by Definition applied to 7°,...,7"* "' € e there are
i1 # iy < iy and f1, > < n such that the following holds:

(@) vt & (i £ < i < i () # (i, 4

(B) w2 ¢ {wi s € <myi < i, (i,0) # (i, £2) }.

But then, by («), yz1 appears exactly once in the sum ), (X qyl) € G,
and similarly, by (8), y,> appears exactly once in the sum EKZ (O awyh) € Gy.
Hence, as a =), ;. > qué), we have that |supp(a)| > |{y€17y£2}| =2 [
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Claim 3.11. Assume that m € KE°(M), U #V C M and [U| = |V| = Rg. Then:
M [Z/{ =~ M [V = G(Lu)[m] = G(l,v)[m].

Proof. Let h be an isomorphism from M [ U onto M | V. Let (ry : £ < w) list U
with no repetitions (recall [U| = |V| = Rg) in a such a way that:
(i) for k<w, gx =h [ {re: €<k}
(ii) (gx : k < w) is as in Fact with respect to h;
(iii) for k < w, gr = (ge : £ < k), s0 gp € GFT1 (cf. Hypothesis );
(iv) s ={re: € <k} =dom(gx) and t, = {h(re) : £ < k} = ran(gg);
(v) by Definition *)q, for every k < w we have that g, € I™ and so f;, € f™.
Notice now that for & < w we have:
(*1) (a) dom(fﬁk) - XSk? ran(f%) - th;
(b) {0,....,k =1} N X,, Cdom(fg,,,);
() {0, ... k—1}N Xy, C dom(fg;il) = ran(fg,,,)-
[Why? (a) is by Def. B3|[7b). (b) and (c) are by Definition [3.3|(14) (15)).]
Notice also that:
(x2) (d) Ugey dom(fz,) = Upep Xow = Xus
() Upew dom(fg,") = Ugcy Xnisn = Xv-
[Why? (d) is by (%1)(a)-(b) and the fact that X C w. (e) is by (x1)(a)-(b), the fact
that X C w and that h is from U onto V.]
Hence, we have:

(*3) Upecw fgk is an isomorphism from G134y onto G(q,y (cf. Def. )
[Why? By Def. B-9(5) (6) (7). =

3.2. Analyzing Isomorphism
Hypothesis 3.12. Throughout this subsection the following hypothesis holds:
(1) m € K3°(M);
(2) U+VC M;
(3) U] =Ro = [VI;
(4) m is an isomorphism from G(1 1 [m] onto G(1,y[m].

Lemma 3.13. Let a € G(1[m] \ {0} and let b = 7(a).

(1) For a prime p, a € G p) < b€ G p);

(2) if a = qx, for some g € Q\ {0} and x € Xy, then for some y € Xy:
(a) (x)E1(y);

(b) b€ Qy, i.e. there exist mi,mo € Z \ {0} such that mib = may.

Proof. Item (1) is obvious by Hypothesis [3.12f{). Concerning item (2), let n < w,
7 € seq,(X) and g € (Q\ {0})™ be such that b = > {qeye : £ < n}. Tt suffices to
prove (2)(b), as if b = 2y let P = P(()/E1.q), then € G(1 ) and so, by (1),
y € G(1,p) and thus by Lemma we are done. Trivially, n > 0, we shall show
that n = 1, so toward contradiction we assume that n > 1. Let ¢. € w\ {0} be
such that by := g.b € Go[m]. Let e = §/E,, q) = ¢+q¢ and § = (g; : £ < n), so that
¢+qeye = qpye and g € Z\ {0}. Let p = p(c gy. Then we have:
(x1) (1) b€ Gap;

(i) a € G p-
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[Why (i)? By the choice of p we have that by € G(1 ) (cf. Def.[3.9@3) [)) and so, as
G(1,p) is pure in Gy (cf. Observation, by = q1b and q1 € Z, we have b € G(1 )
(cf. Observation 2.4). Why (ii)? By (1) and (*1)(i), recalling Hyp. [3.12|{4).]

By Lemma ), there are k < w, and, for i < k, §* € j/E, and ¢* € Q\ {0}
S.t.:

(x)2 a= Zi<k qi(Zé<n qéyé) = Zi<k(2l<n qlqéyé)
Notice that by the assumption in item (2) of the present lemma we have that a = gz,
for some z € X and ¢ € Q\ {0}, and so we have that:
(#)s () gz =a =37 ,(3icp, O UY0);

(b) x e {y; :i <k, <n}
By Lemma[3.10[4) & = 1,s0 gz = a = ¢°>_,_,, qju¢, hence (recalling that ¢ # 0 and
that §° € seq,,(X), as E, is an equivalence relation on seq,,(X)) necessarily n = 1,
as wanted. Finally, as w(a) = b € Qz and 7(a) € G1[V] necessarily y € Xy. [

Conclusion 3.14. (1) There is a sequence (¢l : © € Xy) of non-zero rationals
and a function m1 @ Xy — Xy such that for every x € Xy we have that
7(x) = qL(m1(xz)), moreover the function mp is 1-to-1.

(2) There is a sequence (q2 : x € Xy) of non-zero rationals and a function mo :
Xy — Xy such that 771 (x) = ¢2(m2(z)), moreover my is 1-to-1.

(3) (i) meom : Xy = Xy = idy;

(i) m omg: Xy = Xy =idy;
(iii) 71 : Xy — Xy is a bijection.

Proof. (1) by Lemma (2) by Lemma applied to 7~ 1. (3) by (1) and (2).
]

Claim 3.15. In the context of Conc. and letting (¢l : x € Xy) = (q. : ¢ € Xy).

(1) For some q. € Q\ {0} we have that, for every © € Xy, ¢z = Gx.
(2) There is an isomorphism o1 : M [U =X M [ V.

Proof. Let ¢ # y € Xy be such that (z)/ET # (y)/ET (cf. Definition [3.3((24).
Let then e = (z,y)/E2, ¢ = (1,1) and p = p(c 4. Now, by the choice of p, we have
that z +y € G(1 ) and 50 g1 (2) +q,m1(y) = 7(2) +7(y) = 7(x +y) € G(1,)- So,
by Lemma [3.10((3)), there are (z;,v;) € (z,y)/E2 and ¢* € Q\ {0}, for i < k, s.t.:
(*1) @1 () + qymi(y) = 2o @' (@i +yi) = Q2o €'@i) + Qe Y1)
Let (zk,yx) = (mi(z), m1(y)). Now, (mi(x),m1(y)) € seqy(X) by Conclusion
Let e; = (z)/ET, e2 = (y)/ET and, for £ = 1,2, p; = p(e,,1)- So:
(x1.1) for z € X, 2 € G(1,) & 2z € ey
Hence, z = m1(x) € e; and yr = m1(y) € eq, since 7 is an isomorphism and (by
Lemma [3.14((1))) 7 is such that for every = € Xy we have 7(x) = ¢l (m1(z)). Also,
x; € e; and y; € eq, for every i < k, as (x;,y;) € (x,y)/F2 and so z; € x/Ey and
y; € y/Es. Lastly, clearly e; Nes = (), by the choice of (z,y). Hence, the sets
{z; 11 <k} and {y; : ¢ < k} are disjoint. But this means that:
(*1.2) the sets {z; : i <k} U {m(x)} and {y; : i < k} U {m1(y)} are disjoint.
Thus, by (x1) and (*1.2) we have:
(x2) (a) qumi(z) =Y {q'z;i i <k}

(b) qym(y) = > Aq'yi i <k}
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Let B, = {(¢,7) : 4,j < k,x; = x;}, so E, is an equivalence relation on k. By
(%2)(a), m1(x) € {x; : i < k}, and so for some i, < k we have that x;, = m(z).
Hence, again by (*2)(a), we have:
(k25) () @ = SAqi 1 € i/ Ep: |
(b) ifi <k and i ¢ i,/E,, then Y {¢’ : j€i/E,} =0.

Together we have:
(¥)s ¢u=22{q" i <k}
Similarly using (x)2(b) we get that:
()1 gy =2 {q" i < k}.
Thus, ¢, = gy. So z,y € Xy and /E} # y/E} implies ¢, = ¢,. Hence, for every
x,y € Xy we have ¢, = g,. Why? If /E® # y/ET see above, if z/E* = y/E},
by Definition %)1, we can find z € X \ z/E] = X \ y/ET, 80 ¢ = ¢ = qy.
Moving to item (2), we shall show:
(x5) if k = 2, z € seq;,(Xy) and Z is <M-minimal, then there is a sequence (g* : £ <

n) of members of I™ and z; € seqy(X), for £ < n, such that:

(a) zo =2

(b) zp = mi(2);

(c) if £ <n, then fze(Z¢) = Zgy1.
We shall now prove (%5). Let a =Y {z¢: £ < k} € G1 and b = 7(a), so:

b=n(d>_z) =Y m(2) =Y qumi(z) = g Y mi(20).
<k <k <k <k
Let e = z/Ey, ¢ = (1,...,1) and p = p(c,4), 50 @ € G(1 ) and thus b = 7(a) € G(1 p),
~——

k
hence there are i(*) and, for i < i(*), §* € Z/E) and ¢' € Q\ {0} such that:

(i) (7" i <i(+)) is with no repetitions;
(ii) b= Zi<i(*) ql(Z€<k y})
Hence we have:
(+1) gy m(z) = > d' O v
<k i<i(x) <k

Now, k = 2, and so we have:

(+2) gm1(20) + ¢emi(21) = (Y q'ye) + (DY d'vh).

1< (*) 1< (*)
Recall that by Definition |3.3||17]) we have:
(+3) {yo -1 <i()}n{yi i <i(x)} =0.
We now distinguish three cases.
Case 1. i, = 1.

Recall that §* € z/ED and z is <P-minimal, so the tree (z/E[", <% z/E™) has
only one root and this root is z, hence i < i(x) implies z < . By the definition
of <, as z < 30, clearly there are n < w, (% : £ < n) and (g° : £ < n) such that
Zo =z, zn = §° and, for £ < n, fze(Z) = Ze41. Thus, as by assumption i, = 1, we
have that ()5 holds, noticing that z, = ° = m(2).

Case 2. 1, > 2.

As (7' : i < i(x)) is with no repetitions, there is i < (%) such that §* # z. Choose
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i < i(x) such that g is (locally) <@"-maximal among {' : i < i(*)}, hence §* # z,
and let ¢ < k be such that y} is <m-maximal in 7’, then, by Definition ,
yi appears only once in (3’ : j < i(x)), and it does not appear in z (as z <P 7°),
contradicting the equality (43). Hence, this case is not possible.

Case 3. i, = 0.

Contrary to the assumption that 7 is an isomorphism from G ; 14)[m] onto G 1 y)[m],
as then an element a # 0 is mapped to 0. Hence, this case is not possible.

As only Case 1 is possible and in that case (x5) holds, we are done proving (xs).

(%¢) If s C,, U, then for some unique t =t C,, V we have:

(a) m maps X/ into X/;

(b) in (a) we have |ts| = |s];

(c) $1 # s9 implies ts, # ts,;

(d) for every t C,, V there exists s C,, U such that ts = t.
We prove (xg). Concerning item (a), if it fails, then there is zZ = (21, 22) € seqy (X))
such that A,_; ,mi(z¢) € X{, and t; # t» and z/EJ is <J'-minimal (see Defini-
tion ) Now, applying (x5) to z, let (g° : £ < n) be as there. For each £ < n
and s; C,, M, either X, Ndom(fy,) =0 or fz, maps X, Ndom(fy,) # 0 into X

EDR

for some so C,, M, by Definition [3.3{(7d)), so the contradiction follows, and clause

(a) holds. Concerning item (b), by the proof of clause (a) we can choose sq, ..., sp,
such that sg = s and ge(s¢) = s¢41, for £ < n, and t = s,,. Now, by induction on
¢ < n we can prove that |sg| = |so|, where the case £ = 0 is trivial, and the case £+1

is by Definition [3.3|[7d) (7d), recalling that partial automorphisms are 1-to-1 maps.
Finally, concerning items (c) and (d), we can apply the above replacing (U, V, )
with (V,U,7=1). So for every t C,, V there is s; C,, U such that |t| = |s;| and 71
maps (X})g, into (X7,)¢,, but then it is easy to conclude. For example, concerning
item (c), toward contradiction, assume that s; # so but t5, = t5, := t. Choose
then 2, € X[ and 23 € X, so by (a) we have:

Y1 = 7T1(J)1) S )(7551 and Yo = 7T1(.Z‘2) S thz.
Hence, y1,y2 € X{ = X, = X,,, but then:

z1=m ' (y1) € X, and x5 = 7] '(y2) € X1,

By clause (a) for (V,U,771), we get a contradiction, since s; # sq, recalling that
by Definition we have that X N X =0. All together (xg) holds.
We shall now show:
(x7) (a) the map h:U — V such that r € U implies t{,y = {h(r)} is well-defined;
(b) h:U — V is one-to-one and onto;
(¢) his an isomorphism from M [U onto M | V.
We prove (x7). Clause (a) is by (xg)(a)(b). Clause (b) is by (%6)(c)(d). Clause (c)
holds by (x5), but we elaborate. Let 7o # r1 € U and let 7y = h(rg) and r; = h(rq).
Since h is one-to-one from U onto V it suffices to prove:
() (ro,r1) is an edge of M iff (r{,r]) is an edge of M.
Now, apply (*5) to Z = (29, 21) for zg € X%TO} and 2 € X~/{r1} such that (zg, z1)
is <§-minimal (cf. Definition )7 and let (g°: ¢ < n) and (2 : £ < n) be a
witness of this, so 2" = m1(Z). For £ < n and i € {0, 1}, let:
(1) 2) = z;
(2) %™ = fa.(20);
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(3) 9 =ry
(4) r7" = h(r)).

1
Notice that by the choice above we have that, for i € {0,1}, 77 = r}. Furthermore,
by Definition — we have that, for £ < n, g, maps (r§,7}) to (r§™, 7).
Recall now that, for ¢ < n, g is a partial automorphism of M, and so it is immediate
to prove by induction on ¢ < n that the following holds:

M [ R(ro,m1) ¢ R(rg, 1),
and so we are done, since, as already noticed, r}* = r;, for i € {0, 1}. [
Claim 3.16. In the context of Claim[3.15, q. is an integer.

Proof. If not, then ¢, = 3¢, for m € Z\ {0} and k € w\ {0,1}. Let p be a prime
dividing k. Let 1 € Xy;. If in G; we have that z; is not divisible by p, then we
are done (since then 7(x1) cannot be g.z1). Thus, by Lemma [3.10)@3) (4)), it must
be the case that p = p, /g, ,(q)), for some ¢ € Q \ {0} such that gz, € Go, but

by Deﬁ*)l we can find xo € Xy such that (x2) ¢ (x1)/FE1, and so, by
3.10

Lemma [3.10{(3]), also in this case we reach a contradiction. Thus, q. € Z. ]
Claim 3.17. In the context of Claim g« € {1,—1}.
Proof. If not, then we contradict Claim when applied to 77 !. ]

3.3. The Proof of the Main Theorem
Notice that in this subsection Hypothesis is no longer assumed.

Conclusion 3.18. Let m[M] € K§°, U,V C M and [U| = |V| = Rg. Then:
(%) MIUZMI|V e Guuylm =G y)ml.

Proof. First assume that & = V), then clearly both the left-hand-side (LHS) and
the right-hand-side (RHS) of (x) holds. Assume then that ¢/ # V. If the LHS of
(%) holds, then by Claim also the RHS of (x) holds. On the other hand, if the
RHS of (%) holds, then the assumptions in Hyp. are fulfilled and thus[3.13}3.17]
holds, so in particular Claim 2) holds, and thus the LHS of (x) holds. ]

Convention 3.19. In Fact and Definition (@ instead of considering struc-
tures with domain w we could have considered structures with domain an infinite
subset of w. We take the liberty of not distinguishing between these two variants.
This happens most notably in the Proof of Main Theorem right below.

Proof of Main Theorem. Let M be as in Hypothesis Fix m € K5°(M) (cf.
Claim [3.8) and assume without loss of generality that G1[m] has set of elements
w. For every graph H with domain w we define F[H] : H — M by defining
F[H](n) by induction on n < w as the minimal ¥ < w such that {(¢, F[H]|({)) :
¢ <n}U{(n,k)} is a graph isomorphism from H [ (n + 1) onto M | ({F[H](¥) :
¢ < n}U{k}). The map H — M | {F[H](n) : n < w} is clearly continuous.
We will show that the map F' : M [ U — Gyy[m], for & C M infinite, is
also continuous (recall Convention , thus concluding that the map B := F’ o
F : H — G (r[H](n): n<w})[m] is a continuous map from Graph,, into TFAB,
(Convention and so, by Conclusion the map B is as wanted.

In order to show that F’ is continuous, first recall that m as well as p from
are fixed. Now, given a € G1[m], we have to compute from &/ whether a € G 34y [m]
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or not. To this extent, let a = > {qfz} : ¢ < n} with the z,’s pairwise distinct and
4 € Q\ {0}. Now, as by BE), Xu = ULX, : 5 Cu U} = U{X, : s C U} and the

latter is a partition of X, for every ¢ < n, there is a unique finite s3 C M s.t.:

a€Guuml & /\ sy CU.
L<n

This suffices to show continuity of F’, thus concluding the proof of the theorem. m

Remark 3.20. We observe that in the context of the Proof of Main Theorem we
can choose both M and m to be computable stuctures, in the sense of computable
model theory, i.e., all the relations and functions of the structure are computable.

4. THE Co-HOPFIAN PROBLEM FOR TORSION-FREE ABELIAN GROUPS

Fact 4.1 ([4, Proposition 2.2, pg. 130]). For G € TFAB, G is co-Hopfian iff G is
divisible and of finite rank, i.e., G is a finitely dimensional vector space over Q.

Conclusion 4.2. The co-Hopfian groups in TFAB,, form a Borel subset of TFAB,,.

On the other hand, we will show below that there are variations on the notion
of co-hopfianity (cf. Definition [2.7)) which give a completely different answer.

Hypothesis 4.3. Throughout this section the following hypothesis stands:
(1) T = (T, <r) is a rooted tree with w levels and we denote by lev(t) the level of t;
(2) T =U,co, Tn, Tn € Tpy1, and t € T, implies that lev(t) < n;
(3) To =0, Ty, is finite, and we let Ter, = Uy, To (50 T< (1) = Tn);
(4) if s <rt €Ty, then s € T,.
Definition 4.4. Let K$°(T') be the class of objects:
m(T)=m= (XTI n<w)=(Xn, fn:n<w)
satisfying the following requirements:
(a) Xo #0, Xy, is finite and strictly increasing with n, and X<, = U, Xe;
(b) fu=(fi:t€T,), soifs €Ty, for some m < n, then fs is determined by fu.;
(c) ifn>0andt € T,\T<y,, then f; is a one-to-one function from X,,_1 into X, ;
(d) for everyt € T, XoNran(fy) = 0;
(e) if s <pt €Ty, then fs C fi;
(f) ift €Ty \ T<n, ft(z) =y and y € X,_1, then for some s <p t, x € dom(f;);
(g9) if s,t € T, and x € ran(fs) Nran(f;), then for some r € T,, such that r <t s,t

we have that x € ran(f,.), equivalently, ran(fs)Nran(f;) = ran(f,.), for r = sAt,
where A is the natural semi-lattice operation taken in the tree (T, <r);

(h) Xn+1 = U{ran(ft) ite Tn+1 \Tn} U Xn;

(i) welet X = X™ =, .., Xn.

Convention 4.5. m = (X,,, f, : n < w) € K{°(T) (cf. Definition .

Observation 4.6. In the context of Definition[[.]}, we have:

(1) If m<n<w,teT,\ T, and for every s <r t we have s € T,,,, then:
(Xn—1\ Xm) Nran(f;) = 0.

(2) Lett € T, then for every x € dom(f;) we have that x # f(x), moreover there
is unique 0 < n < w such that x € X,—1 and fi(x) € X;, \ Xp—1.
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Proof. We prove (1), by Definition we know that f; is one-to-one from X,,_;
into X,,. If n = 1, then m = 0 and so X,,_1 = X9 = X,,, thus the conclusion
is trivial. Suppose then that n > 1 and let y € (X,,—1 \ X;n) Nran(f:), and let
x € dom(f;) be such that f;(z) = y. Then, by Definition there exists s <p t
such that @ € dom(fs). But then, using the assumption in (1), we have that
s € T, (so m = 0 is impossible by Definition [£.3|(3)). Hence, by Definition [4.4J(d),
ran(fs) C X, so y = f(z) € X,,,, contradicting the fact that y € (X,,—1 \ Xin).

We prove (2). Assume that z, ¢, and thus also f;, are fixed and = € dom(f;). Let
s <7 t be <p-minimal such that f(z) is well-defined, and let n < w be such that
s € T, \ T<y, (notice that n > 1 since Ty = (). Clearly, there is unique m < w
such that € X, \ X< As © € dom(fs) and s € T}, \ T<,, necessarily m < n, so
x € X<p. But by the choice of s we have that » <r s implies ¢ dom(f,). By the
last two sentences and Def. [1.4(f) we have f,(z) € X, \ Xcp, but fi(z) = fo(z). =

Claim 4.7. For T as in Hypothesis[{.3, KS°(T) # 0 (cf. Definition[{.4).
Proof. Straightforward. [

Definition 4.8. On X (¢f. Convention we define:

(1) for x € X, suc(x) = {fe(z) : t € T,x € dom(f1)};

(2) forxz,y € X, weletx <x y if and only if for some 0 < n < w and xg, ..., T, € X
we have that \,_, Tey1 € suc(xy), x =29 and y = Tp;

(3) seq(X) = {7 € seqi,(X) : T is injective};

(4) we say that T € seqy(X) is reasonable when the following happens:

n1 < ng, i1y € Xna) \ Xan)s Ti2) € Xn2) \ Xene) = (1) < i(2);

(5) <% is the partial order on seq,(X) defined as T+ <% %2 if and only if z*,72 €
seq, (X) and there are 0 < n < w, §°,....§" € seq,(X) and to,....tn_1 € Tn
such that for every £ < n we have that fi,(3°) = g*Tt, and (z%,22) = (¥°,9");

(6) notice that for k =1 we have that <%=<x, where <x is as in

Observation 4.9. (1) (X,<x) is a tree with w levels;

(2) (X, <x) is well-founded iff (T, <r) is well-founded;

(3) every z € Xq is a root of the tree (X, <x);

(4) if y € Xpt1 \ Xn, then for one and only one x € X,, we have y € suc(x);

(5) if y € suc(x), then {t € T : fi(xz) =y} is a cone of T';

(6) if T € seq,(X), then some permutation of T is reasonable (cf. Definition[{-8({4)));
(7) if f1(Z) =7 and T is reasonable, then so is §;

(8) for every k > 1, (seq,(X),<%) is a tree;

(9) if ¥ <% § and T is reasonable, then § is also reasonable;
(10) if @ € seqy(X) is reasonable, T <% y' = (y§, .y 1), T <K ¥% = (W3, ., ¥2_ )

and y,i_l = yi_l, then §' = g°.

Proof. Ttems (1)-(3) and (8)(9) are clear. We prove (4). By Definition [4.4(h)) we
have at least one = € X, such that y € suc(z), but by Definition we
have at most one x € X,, such that y € suc(x), putting everything together (4)
holds. Ttems (5) and (6) are also easy. Item (7) can be proved for ¢t € T, \ T<,, by
induction on n < w. Finally, concerning item (10), w.l.o.g. n[j'] < n[g?], where for
g € seq,(X) we let n[y] = min{m < w: § C X,,}, and we can prove item (10) by
induction on n[g?]. Item (5) is not used but we retain it to give the picture. ]
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Definition 4.10. Let m € K°(T) (i.e. as in Convention[{.5).
(1) Let Gy = Ga[m] be P{Qz : x € X}.
(2) Let Go = Go[m] be the subgroup of Go generated by X, i.e. @{Zx : x € X}.
(3) ForteT, let:
(a) Hoyy = @{Qx : x € dom(f;)};
(b) T2y = @D{Qu : w € ran(fe) };
(¢) f2 is the (unique) isomorphism from H a4y onto I (3 4y such that x € dom(f;)
implies that f2(x) = fi(x) (¢f. Definition (@)
(4) Fort €T, we define H(07t) = H(Q,t) NGy and I(O,t) = I(Q,t) NGy;
(5) For f2 as above, we have that ff[H(O,t)] = I04). We define 1O as f2 I Ho,)-
(6) We define the partial order <. on Gg := Gq\ {0} by letting a <, b if and only
ifa#be GS‘ and, for some 0 <n < w, ag,...,an € Go,a9 = a,a, =b and:

(< n=3teT(filar) = ar).

(7) Fora =73, ., que, withx, € X and g, € Q\ {0}, let supp(a) = {z¢ : £ < m}.
(8) For a € GY, let nla] be the minimal n < w such that a € (X<n)§, .

Lemma 4.11. (1) If {t € T : f2(a) = b} # 0, then it is a cone of T

(2) <.] X =<x (where <x is as in Definition[{.§(3)).

(3) (Go, <) is a tree with w levels (recall Hypothesis [4.3(1)).

(4) If s <p t, then f£ C fE, for £ € {0,2}.

(5) Ift € T, f2(a) = b and a € G, then nla] < n[b] (cf. Definition (@)

(6) Ifa <. b (s0oa,be GY), then the sequence (a; : £ < n) from 6) is unique.
(7) If a <. b, and, for £ € {0,1}, a; = Zquixf, ¢ €Q\{0}, 2" =(zf:i<k) €
seqy (X), then maybe after replacing * with a permutation of it, z° <’§( zt.
Proof. Unraveling definitions, e.g. for item (3) use Definition [1.4f), we elaborate
only on item (5). Concerning item (5), as a # 0, let a = >, ¢;z;, ; € X with
no repetitions, ¢; € Q\ {0}. Let z; € Xy \ Xcpy and w.lo.g. k(i) < k(i + 1),
for i < n (cf. Observation @) Clearly a € (Xi(n))g, but a € (Xcpm)G, As
f2(a) is well-defined, clearly {z; : i <n} C dom(f;) and b= f2(a) = Dicn Gife(Ti)
and, as f; is 1-to-1, the sequence (fi(x;) : ¢ < n) is with no repetitions. By
Observation applied with n there as k(n) here, fi(z,) ¢ (Xi(n))&,, hence we
have that n[b] = n(fi(zy,)) +1 > k(n) + 1 = n[al, so (5) holds. |

Claim 4.12. If (A), then (B), where:

(A) (a) a,bs € Gy, fort < {,;
(b) a <. by and the by’s are with no repetitions;
(c) a=3Aqiz; 1i <j};
(d) &= (x;:1<j)€ X is injective and reasonable;
(e) 4 € Z\ {0}
(B) there are £, and for £ < L., §° = (y(q) i < j) such that:
(a) Y,y =: vt e X and z <L g (c¢f. Definition @),
(b) be = {qiy,) i <j}, and so the y¢ are pairwise distinct;
(c) (Y : 1< j) is injective and reasonable;
(d) if j > 1 and L. > 1, then there are at least two y € X such that:

Hl,0) €< Ly, i< j and Yy =y} = 1;



Paper Sh:1205, version 2021-06-03. See https://shelah.logic.at/papers/1205/ for possible updates.

22 GIANLUCA PAOLINI AND SAHARON SHELAH

(e) if j > 1 and £, > 1, then there are {1 # €1 < £, and i1,i2 < j such that:
(i) if £ < Li, i < j and Yo = Y(ey,ir), then (6,4) = (L1,41);
(i9) if € < L, i < J and Yy = Y(e,in), then (£,7) = (L2, 12).

(f) (Weej—1) = £ < i) is without repetitions and none of {yeq) : £ < ly,i <

j — 1} appears in it (recall that z,7°, ...,y ! are reasonable).

Proof. By the definition of <, there are (y; : i < j, £ < {.) satisfying clauses
(a)-(c) of (B) as in the proof of Lemma 4.11(7). Recall that ({7 : 7 <% 7}, <%) is
a tree. We now imitate the proof of Observation [3.5
Case 1. {7’ : £ < £.} is not linearly ordered by <%.
Then there are £(1) # £(2) < ¢, such that 7**), 5%?) are locally <&—maximal. So
as in the analogous case in the proof of Obs. we can choose 71,172 < j s.t.:

it € Xnfpy,) \ Xenppy,] a0d 2 € Xpp, 1\ Xenppy, ]
notice that by the assumption that the sequences are reasonable we can choose
11 = j — 1 =19, see Lemma . Hence, yfl(l), yfz(Q) are as required.
Case 2. Not Case 1.
So w.l.o.g. we have that, for every ¢ < £, — 1, 3* <]}( gt Now, for ¢ < ¢, and
i < j, let n(f,i) < w be such that y¢ € X, \ X<n(e,)- Let:
(-1) (1) < j be such that ¢ < j implies n(0,7) > n(0,i(1));
(-2) 4(2) < j be such that ¢ < j implies n(£, — 1,i) < n(l, — 1,i(2)).
Then (0,i(1)), (¢, — 1,4(2)) are as required. As, for £ < £, §* is reasonable we can
actually choose i(1),4(2) such that i(1) =0 and i(2) = j. — 1. |

Definition 4.13. Let (p, : a € Gg) be a sequence of pairwise distinct primes.
(1) Fora € GY, let:
PS* ={pp: b€ Gf,b<. a} and P2 = {p,: b€ GF,a <, b}.

(2) Let Gy = Gi[m] = G1[m(T")] = G1[T] be the subgroup of Ga generated by:
{m™a:a € GF, m e w\{0} a product of primes from PS”, poss. with repetitions}.
(3) For aprimep, let Gy p) = {a € Gy : a is divisible by p™, for every 0 <m < w}

(notice that, by Observation G(1p) is always a pure subgroup of G1).
(4) Forbe G, let Py ={p,:a € Gf,G1 = Nnew Pi' 0}

Remark 4.14. (1) If a,b € Gf and Qa = Qb C Gy, then P, = P,
(2) If b € GT, then Py is infinite.

Proof. Concerning (1), let ¢fa = ¢3b, where ¢7, g5 € Q\{0}. W.Lo.g. ¢}, ¢ € Z\{0}
and so gfa = ¢3b € G1. Let now p be an arbitrary prime, and, for £ € {1,2}, let
m(f) < w be such that that g, = pm(e)qz, p [ q; and (¢;,p) = 1. By transitivity of
equality, w.l.o.g. a € Ga'. Now, let m € Z with m > 0. Then we have:

(a) In Gy, p™|a iff p™| ¢} a.

[Why (a)? First assume that G1 = p™|a, then there is a; € Gy such that Gy |
p™ay; = a. Let ay = gfay, then G1 E ¢fa = ¢f (p™a1) = p™(¢fa1) = p™asg, so
G1 E p™| ¢fa. Assume now that G = p™| ¢fa, and let ¢fa = p™ag, with a3 € Gy.
By the choice of p we know that (p,¢f) = 1 and so also (p™,q7) = 1. It follows
that 1 belongs to the ideal of Z that p™ and ¢ generates, hence:

for some mq,mg € Z, we have m1p™ + magqi = 1.
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But then:

a = 1-a
(m1p™ + maqy)a
mip™a + magia
p"(myia) 4 (mop™as)
p™(maa) + p™ (maas)
= p™(mia+ maas),

and so p™|a, and thus we are done proving item (a).
(b) In Gy, p™|gia iff p+m | pmMgia.

[Why (b)? Similar to (a).]

(¢) In Gy, p™tm M| prMgrg iff pmtm)| pm(2)gip,
[Why? Since by our assumptions, p"Mgta = p™)g5b.]
(d) In Gy, pm W] pmRlgsp iff pmtmt=m) \qé‘b
[Why? Like (b).]

(e) In Gy, pm+m'(1)_m'(2)| g3 b iff p7"+m(1)_m(2)| b.

[Why? Like (a).]
Thus, putting everything together we have:

(f) In Gy, p™|a iff pmtm)=m2)|p,

As for n < w we have p"*!| ¢ implies p"| ¢, clearly:
N p"las N\ o7
n<w n<w

As p was an arbitrary prime, this concludes the proof of (1). Also, item (2) follows
from (1) considering the distinct primes py, pop, Psp, ---- ]

Lemma 4.15. (1) If p = pa, a € G, then:
Gap =(beG a<,b)g,.

(2) Fort €T, H14) := Hy NGy and I(14) = 24 NGy are pure in G.

(3) For (’ ) as in Definition (.) (’ ) Hopl € Iay. We define f(l D s

Jit 1,t)-

(4) 1t TH(M) =Iny-

Proof. Ttem (1) is clear by Claim [£.13|(I) ([2). Concerning item (2), simply notice:
Hq gy = (Zx : x € dom(f;))6,

Loy = (Zx - x € ran(fy)) G, -

Item (3) is by item (2) and the following observation, if fi(x) = y, then we have

x <, y (recall Lemma [4.112))), and so P, C P, (cf. Definition |4.13|(L)). Finally,
concerning item (4), assume that 0 < n < w and t € T, \ T<,, then there is

x € Xp—1 such that y = fi(x) € X, \ X<p (cf. Observation 7 notice that in
particular x <. y. So py is well-defined, since y € G(T, and we have the following;:
(a) G1 Epy [z, and so Hey gy = py [ (as Hiy is pure in Gy, cf. item (2));
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[Why (b)? By the definition of G recalling that x <, y.]

But then, since by item (3), ft I H(1,) is an embedding of H(; 4 into I(; ;) we have
that f; [H14)] Epy ff(x)A f(x) =y. On the other hand, since I(; 4) is pure in G
(cf. item (2) of the present lemma) we have that for every m < w, p;™y € I 1)
(cf. Observation , and so we are done. Finally, the fact that I(Lt)/ftl [H ) is
torsion is easy (and it is not used in the proof of Theorem . [

Recall Definition for the definition of Emb,-co-Hopfianity, for £ € {1, 2, 3}.

Theorem 4.16. Let m(T) € K°(T).

(1) We can modify the construction so that G1[m(T)] = G1[T] has domain w and
the function T — G1[T)] is Borel (for T a tree with domain w).

(2) T has an infinite branch iff G1[T] is not Emby -co-Hopfian.

(8) T has an infinite branch iff G1[T] is not Embsy-co-Hopfian.

(4) T has an infinite branch iff G1[T] is not Embs-co-Hopfian.

Proof. Ttem (1) is easy. We prove items (2)-(4) with a single proof. Concerning
the “left-to-right” direction of items (2)-(4), let (¢, : n < w) be an infinite branch
of T. By Lemma , (ft, :n < w) is increasing, by Definition , ffﬂ
embeds H(y, ) into I(o,, ), thus f2 = Un<w ffn is an embedding of Gs into Go,
since G2 = U, <, H2,1,,), where (H3, ) : n < w) is a chain of pure subgroups of
G with limit G2, because, recalling @7 we have that:

Hy,y 2 dom(fy,) € dom(ft,,,) € Heay,\h)

and by c) we have that (J,, ., H2+,) = G2. Thus fli=f1G = Un<w ftln =
Un<w fth [ H(1y,) is an embedding of Gy into G (cf. Lemma (3)), in fact we
have that dom(f;,) = H ) (cf. Lemma (3)) and G1 = U, ., H(1,1,,), where
(H(1,4,) : n < w) is chain of pure subgroups of G with limit G;. Clearly fl is not
of the form g — mg for some m € Z \ {0}, since for every z € dom(f;) we have
x # fi(z) (cf. Obs.[L.6), this is enough for the “left-to-right” direction of item (4).

We claim that Gy/f'[G4] is not torsion. To this extent, first of all notice that
Xo # 0 (by Definition [.4ifa)) and Xy Nran(f;,) = 0 (by Definition [£.4|{d))). Thus:

ran(f!) € G\ x, = Y {Qz: 2z € X\ Xo} = (X \ Xo)&,.
Now, let = € X, then 2 € Gy \ ran(f'), moreover, for ¢ € Q \ {0}:
qx ¢ Gi(\XO and so gz ¢ ran(f'),

and so in particular, for every 0 < n < w we have that nz ¢ ran(f!), hence
n(x/(ran(f1)) # 0. This is enough for the “left-to-right” of items (2) and (3).

We now prove the “right-to-left” direction of item (2). To this extent, suppose
that (T, <) is well-founded and, for the sake of contradiction, suppose that there
exists f € End(G1) one-to-one such that G1/f[G1] is not torsion. Let G = G and

w41 = f(Gy,) and notice that the sequence (G, : n < w) is strictly C-decreasing.
Let now cfy € G§ be such that cfj/f[G{] is not torsion in G§/f[G§], and let then,
for 0 <n < w, ¢ = f(c}), where fO = f and f**1 = f" o f. Notice that then
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for every n < w, ¢, € G, and ¢}, /G, is not torsion in G}, /G ;. Thus, for every
n<w,c, € Gy CGi= Gy C (s, and so we have that:

(*O) C;kz = Z{q(n,x)x T E wn}7
where w, C X is finite and non-empty, and ¢, ,) € Q \ {0}. Notice that:
(¥¢1) (i) for n # m < w we have that Qc # Qcf, (in G2);
(ii) U, <y wn is infinite.
[Why? Because (¢ : n < w) is linearly independent in the Q-vector space G3. To
see this, toward contradiction, suppose there is £, < w and n(0) < --- < n(¢,) and

q0; -, e, € Q\ {0} such that Go =3, ¢y gy = 0. Then:

Y @i € Ghyers
0<l< L

and so qoc:;(o) € GZ(0)+17 contradicting that cj‘l(o)/GfL(O)Jrl is not torsion, as letting

qo = no/mg, with ng,mp € w \ {0}, mogo € Z\ {0} and (moqo)c;;(o) € G;(0)+1']
Notice now that:

(x2) for every n < w, there is hy,, : wy4+1 — wy, such that y € wp41 = ha(y) <x v
[Why? Fix n < w, then, by the definition of G(; ) (Definition ) and the
choice of (f™ :m < w) and (¢}, : m < w), for every prime p, we have:

(*2.1) cn €Gayp) = 1 € Gy

Let m, € w\ {0} be such that my,c;, := ¢ € Go and let p’ = p_+, then ¢} €
G(1,), and so, since Gy, is pure in G (cf. Observation , mych = ¢ and
m, € Z\ {0}, we have ¢} € G(1,) (cf. Observation . Thus, by (*3) and
Lemma 1), there is k € Z \ {0} such that the following holds:

(%2.2) ke, €Y {Zb:c;, <. b}
Hence, there are j < w, ¢ <, bo,...,b;—1 € G, and k, ko, ...,kj_1 € Z\ {0} s.t.:
(*2.3) Gi ke, = Zkzbz

i<j
Notice that by the definition of <, (cf. Def. |4.10([6)), for every ¢ < j, we can find
fi=(ft(,, £ < L(i)) such that f; ., o--ofy, = fi € End(Gy) satisfies:
(*2.4) b; = fz(c;kl) = Z{q(n,m)fz(x) T E wn}v q(n,x) € Q \ {0}7

and r <x fi(z) 1= Y(i,0), for all & € wy, (cf. (¥1)). Thus, by (x2.2), we have:

(*2.5) Cht1 € Z{Qy(i,x) 21 < j, T € wn}
Hence, wny1 € {Yi) @ @ < J,2 € wu}. Let hy @ wpy1 — w, be such that if
Y € Wnq1, then for some i < j, y = y(; ») and hy,(y) = v <x Yi,2) = Y]

Let ¥n = (Y(n,p) : £ < £n) be a reasonable sequence listing w,. As in (x22), for
each n < w there are i,, < w such that for every ¢ < i, and ¢ < /¢, there are
q(lm), q?n,l) € Q\ {0} and yfn,e) such that the following holds:

* i = Ln =i i .
(*2.6) Chi1 = Dici, q(ln,i) D et q?n,l)yZn,E)’ where §n ¥ U = Y0y € < n)-
Now, firstly, we have:
(*2.7) For no n < w do we have 9, € {g¢, 11 <'i,}.
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[Why? As otherwise ¢}, and c};,; would be linearly dependent, a contradiction.]
Secondly, we have:

(*2.5) For every ¢ < ¢,, we have:

(a) Y(n,e) ¢ ra'n(gnfl)v if n > 0;

(b) there is £' < £,41 such that hy(Ymt1,0)) = Yene)-
[Why? By (x26) and (x2.7) (or for more details see below between (x1.5) and (x2).]
So we can choose 2 < {,, by induction on n < w such that we have:

)= Y2y and Yo 2) <x Ym+1,2 )

hn, (y(n+1,Zi+1)

This gives an infinite branch of (X, <x), contradicting the fact that (X, <x) is a
well-founded tree (cf. Observation 4.9(|2)) recalling that T is well-founded). Thus,
we have finished proving item (2) of the present theorem.

We now prove the “right-to-left” direction of items (3)-(4). To this extent, relying
on the “right-to-left” direction of item (2), it suffices to show that if f € End(G;)
is one-to-one and G1/f[G1] is torsion, then:

(a) G1/f[G4] is bounded;

(b) for some m € Z\ {0} we have that f(a) = ma, for all a € G;.

Since G1/f[G1] is torsion, for each € X, there is m, € Z\ {0} such that m,z €
ran(f). Fix now 2 € X. Then we can find a € G} such that f(a) = m,x, further,
as we can replace the pair (a,my) by the pair (ma, mmy) for any m € Z\ {0}, we
can assume w.l.o.g. that a € Gar. We claim that:

(%1) a € Q.
To this extent, let p = p,. Then a € G(1 ), and so f(a) = mex € G(1,). Thus,
since G(1,) is pure in G1 (cf. Lemma [{4.15[1))), we have that 2 € Gy, (cf.
Observation . But then, again by Lemma [4.15|1)), we can find n < w and
M2, M (2,0), -, M(2,n—1) € Z \ {0}, and by, ...,b,—1 € G such that:
(*1.5) (1) moz =D {mpnbe: L <n} € Gy;

(ii) a <, by, for every £ < n;

(iii) the by’s are pairwise distinct (w.l.o.g.).
Suppose now (as a € G7) that a = > {¢7y; : j < j.} for some j. < w, qo,...,qj,—1 €
Z\ {0}, and y; € X, with (y1, ..., y;—1) without repetitions. Clearly j, > 0.
(¥1.6) We claim that j, = 1.
For the sake of contradiction suppose that j, > 1. Now, as for every ¢ < n, a <, by,
there are (fy,, 7 < i(£)) such that fo = fi, ., _, © " © fi,o and fi(a) = b.
Thus, by (*1.5)(i), we have:

(*1.7) Mot = Zm(z,z) Z @ foly;).
¢

<n 7<J«

Ifn = 0 we get a contradiction (i.e. myx =0). Ifn =1, thenmoz = 37, ;. q“ fo(y;),
but as we are assuming that (y; : j < ji) is without repetitions, necessarily j, =1,
as desired. So assume n > 2. Then, wlo.g. (y; : j < j.) is reasonable (cf.
Lemma [£.9((6) ), and so using Claim (with (y; : j < j«) here as (z; : i < j)
there) we immediately get a contradiction, since the support of the right hand side
of (%1.7) has at least 2 members by Claim )(d)-(e), while the support of the
left hand side of (%1.7) has exactly one member. Thus, (x1¢) holds, as wanted.
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Let f be the extension of f to an embedding of Gy into G (which exists as f
embeds G into Gy and Gy C Gz = (G1)g, ). Hence, by (x1) we have:

(2) for every z € X there is ¢, € Q such that Gy = f(guz) = 2.
Furthermore, we have:
(%3) the sequence (¢, : © € X) is constant, call it g,.

[Why? Toward contradiction, suppose that 1 # 2 € X and ¢, # ¢z,. Then we

have 1 + 29 € Ga' and f(x) + x2) = qixl + %IQ. Let now p = pg, 44,, then
xq o

x1+x2 € G(1,) and so qixl + %xQ € G(1,p), but then arguing as in the proof of
] z9
Claim and using Claim we reach a contradiction.]

(*4) gx € Z \ {0}

[Why? Clearly ¢, # 0, and if g, ¢ Z, then G is divisible by some prime number p,
but clearly this is false. Hence ¢. € Z \ {0}, as wanted.] |
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