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2 SHIMON GARTI AND SAHARON SHELAH

0. INTRODUCTION

We consider a problem about polarized relations with infinitely many
colors. Recall that (g) — (g)x denotes the statement that for every coloring
c:axf — xonecan find A C a,B C  and ¢ € x such that otp(A) =
v,0tp(B) = ¢ and (A x B) = {i}. The most investigated case is § = &
and o = kT for some infinite cardinal x. Our convention is that < « and
we tacitly assume that x € k to avoid trivialities.

In this paper, x will be an infinite cardinal, a fact which implies almost
immediately some consistency strength with respect to positive relations.
One can see this from the following (unpublished) result of Galvin.

. - 2
Claim 0.1. If there exists a Kurepa tree then (gf) > ( )w.

w1

Proof.

Suppose that f, g : w1 — w. We shall say that f and g are almost disjoint iff
H{B € wi: f(B)=9g(B)} < Ro. Let . be a Kurepa tree. We intend to build
a collection .# = {f, : @ € wa} C “lw such that .% is a family of pairwise
almost disjoint functions.

For every § € w; fix an enumeration (tg, : n € w) of the elements of
L(7). Let (ba : o € wa) be an enumeration of the wi-branches of .7 (or
some of them, if there are more than Ny branches). For every a € wo define
fa 1 w1 — w as follows:

fa(ﬁ) =m & by N Eﬁ(g) = tﬁm.

Notice that if ap < a1 < wy then for some By € wi we have by, [ fo =
ba, [ Bo and ba,y(B) # ba, () whenever 5 € [Bp,w1). By the definition of our
functions we see that fo,(8) # fa,(B) for every 5 € [5o,w1).

Letting % = {f, : @ € wa} we may conclude that .7 is almost disjoint. All
we need now is to convert such a family to a coloring which exemplifies the
negative relation (Zﬁ) > (jl)w. To this end, define a coloring ¢ : wo Xw; — w
as follows:

c(a, B) = fa(B).
If p < an < wy and B € [w;]*! then for a sufficiently large 5 € B we have
c(ao, B) = fao(B) # fa,(B) = c(au, B), so we are done.
o1
Silver proved that the non-existence of Kurepa trees is equiconsistent
with the existence of a strongly inaccessible cardinal. From Silver’s theo-
rem we deduce that the positive relation (Zf) — (w21)w requires at least a
strongly inaccessible cardinal. But the consistency strength of this state-
ment is stronger, and it is located around an wi-Erd6s cardinal as proved
by Donder and Levinski in [3].
In the present work we are interested in a stepping-up phenomenon, re-
flected in the following theorem of Baumgartner who showed in [2] that if
(“2) — (2) then (“2) — (”)w for every n € w. As recorded in [2], this

w1 w1/ w w1 w1
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statement was also proved by Donder and Levinski. A natural question is
how far can this stepping-up theorem reach.

. .. . 2 .
Question 0.2. Does the positive relation (Zf) — (Wl)w imply (Zi) — (L:j)w?

This is [6, Question 1.11], and our goal is to give a negative answer.
Namely, we shall force the positive relation (Zf) — (‘*121)0.) (and hence a
positive relation will hold with sets of size n for every natural number n),
but simultaneously we will force (:i) - (:J”l)w

This result can be viewed as a reflection of an old debate between Plato
and Aristotle, see [1]. According to the common interpretation, Aristotle
denied the concept of actual infinity but accepted the idea of potential in-
finity. Therefore, one can think of an arbitrarily large natural number n but
the collection of all natural numbers does not exist. The main result of this
paper is a combinatorial version of this attitude.

Our notation is mostly standard and follows, e.g., the conventions of [9].
However, we employ the Jerusalem forcing notation, so p < ¢ means that the
condition p is weaker than the condition ¢. For background in the partition

calculus we suggest [8], [13] and [5].
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1. POLARIZED RELATIONS WITH INFINITELY MANY COLORS

An infinite cardinal X is called wq-Erdds iff A — (w1)5*. These cardinals
were studied combinatorially in [4]. Several deep results were established by
Silver in his dissertation with respect to these cardinals. For more on this
subject we direct the reader to Silver’s paper [12].

w2
w1

Theorem 1.1. Assume that A\ is wi-Erdds. Then one can force ( ) —

(:fl)w for every n € w and simultaneously (:’f) - (u‘:’l)w

Proof.

We may assume that Martin’s axiom with 2% = w9 holds in the ground
model, since one can force it while preserving the properties of A\. We define
a forcing notion Q. The conditions in Q will approximate a coloring c¢ :
A X w1 — w. This coloring will be a witness (in the generic extension) to the

w

negative relation ( Uf‘l ) —> ( ) . Concomitantly, Q will collapse the cardinals

w
below A to ¥y but A will belpll’jeserved. Thus A = wy in the generic extension
and the desired negative relation will be established. The positive relation
(“w’f) — (LZ)W will be a reminiscent of the fact that \ is wi-Erdés in the
ground model.

Let us define the forcing conditions and the order. A condition p € Q is

a quintuple (¢,U, f, g, A) = (eP,UP, fP, g?, AP) such that:

(a) € € wy.

(0) UCA—w, U] <Ry

(¢) f and g are functions whose domain is U.

(d) If @ € U then f(«) is a one-to-one function from ¢ into U U a.
(e) If @ € U then g(a) is a function from ¢ into w.

(f) AC U and |A| < Ry.

We shall refer to P as the height of the condition p. Suppose that p,q € Q.
We shall say that p <g ¢ iff e? < 9, UP C U9, AP C A? and the following
requirements are met:

(N) If & € UP then fP(a) C f%(a) and gP(a) C g%(v).
(3) If u € AP and eP < ¢ < £ then there are «, 8 € u such that a # 8
and g?(a)(e) # g7(B)(e).
Recall that f(«) and g(«) are functions, so the inclusion in the order defi-
nition is inclusion of functions.

The working part of the condition is g, which approximates a witness to
the desired negative relation. The role of f is to collapse all the cardinals
strictly below A to 8. One can verify that <g is a partial ordering, thus Q
is a forcing notion.

If (p, : n € w) is an increasing sequence of conditions in Q then it has an
upper bound (actually, a least upper bound). To see this, let € =, .,
soe € wy. Let U = J,c,UP" so U C XA —w; and |U| < Ry. Similarly, let
A =, e AP and for every a € U let f(a) = {fP"(a) : @ € UP",n € w}

ebn



Paper Sh:1219, version 2021-09-02_2. See https://shelah.logic.at/papers/1219/ for possible updates.

ARISTOTELIAN POETRY 5

and g(a) = J{g""(a) : @« € UPr,n € w}. Set ¢ = (¢,U, f,g,A) and notice
that p, <g ¢ for every n € w.

Fix G C Q which is V-generic. It follows that X; is preserved in V[G].
Since all the objects in a given condition are of size at most Ry and A“1 = A
one can deduce from a Delta-system argument that Q is A-cc, thus \ is
preserved in V[G] as well. Notice, however, that if k € (w;, A) then the
f-part of the conditions will add a mapping from w; onto x, thus x will be

an ordinal of size N; in V[G]. One concludes that A = w;/ %I and this fact
will be proved anon in a formal way.

Let us define two types of dense open subsets of Q. Firstly, for every
a < B < A and each € € wy; we define:

Dope ={p€Q:a,BcUP e <P, erang(fi(a))}.

Let us show that each D,g. is open and dense. The openness of D3, follows
directly from the definitions. For density, suppose that p € Q but p ¢ Dqg..
Let us try to define a condition ¢ so that p < g € Dgge.

Choose €9 > ¢ such that e + w < €%. Define U? = UP U {a, B} Uw;. For
every v € UP let f(y) be a one-to-one function from ¢ into U9 such that
f4(v) D fP(y). This is possible since €4 € w; and |[U9| = 8. Likewise, for
v =  we make sure that a € rang(f9(/3)). This is possible since e < &
and hence one can pick i € €7 — P and set f9(3)(i) = a.

The interesting mission is g9, and here we have to be attentive to part
(3) of the order definition. We define A? = AP and if v € UP then ¢9(y) |
el = gP() | eP, and if v € U? — UP then g?(~) | €P is constantly zero. Now
for every v € U? and every ¢ € [eP,e?) we choose g%()(¢) such that for
every u € AP = A7 the sequence (g9(y)(¢) : v € u) is not constant. This is
possible due to Martin’s axiom and 2% = wy (forced at the beginning of the
proof), but we make the comment that adding we-many Cohen reals instead
of MA will have the same effect. Now ¢ € D,g. (this is the easy task) and
p <@ ¢ (this is the challenging part) so D,g. is dense.

For every a € [wi,A) let go = U{gP() : p € G, € UP} and let f, =
U{fP(a) : p € G,a € UP}. From the density of the D,g.s we deduce that
fa maps w; onto « and hence every x € (wy, A) is collapsed to N;. Likewise,
éa is a function from w; to w.

Secondly, for every u € [A]N0 define:
Eu:{pGQIUEAp}.

Clearly, E, is open. For the density of E, notice that if p ¢ E, then one
can choose U? D UP such that v C U? and then one can add u to A2 while
defining f? and g? according to the requirements of <g.

To accomplish the proof of the negative relation we combine the g,s into a
(name of) a single coloring ¢ : (A—w1) xw; — w. Thus for &« € A—wy, B € wy
let ¢(a, B) = ga(B) and let ¢ = ¢[G]. By the above considerations, c is a
coloring from (wy — w1) X wy into w in V[G].
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Suppose that u € [we — w1]N and v € [w1]™t. Let p € G be any condition
which forces this fact. Choose o, € u and ¢ € v such that o # 5 and
e > ¢eP. Let g be so that p < g € Dage. Now g I c(a, ) = gale) = g(a)(e) #
g(B)(e) = gs(e) = c(B,¢) and hence the negative relation (ﬁ) - (L:"l)w is
established.

It remains to prove that the positive relation (ﬁ) — (:}ll)w holds in V[G]
whenever n € w. By [2] it is sufficient to concentrate on the case of n = 2.
Recall that A — (w1)5*, and Martin’s axiom with 2 = w9 holds in the
ground model.

Let x = A" and let <* be a well-ordering of H(x). Suppose that p € Q
and p IF ¢ : wy X w; — w. By the assumption that A\ is wi-Erdés we
choose a set U C A such that otp(U) = w; and U is indiscernible in the
structure (H(x), €, <*,p,Q,c). That is, if «, 8 € U and o < 3 then U —
is indiscernible over a = {vy : y € a}.

For our argument we would like to recast the whole story to a relatively
small elementary submodel. Let N be the Skolem hull of U U {p,Q, c} in
(H(x), €,<*). Notice that otp(N N A) = wi, [N Nw;i| =Ry and p,Q,c € N.
Denote N Nwy by 4, so § is a countable ordinal. Let R = Q [ N. Applying
at R the argument for the A-cc of Q one concludes that R is N;-cc.

Let G C R be a directed set which intersects every dense subset D of Q
which satisfies D € N. The existence of G is based on the assumption that
Martin’s axiom holds in the ground model, and the fact the the collection
of dense sets has the finite intersection property. Let ¢ € Q be an upper
bound of G. Choose a V-generic H C Q so that g € H.

We define a function d : NN A — w by d(a) = ¢(«, §). Since IFg w} = w;
and since U C N N A, |U| = X; there is a natural number m € w in V[H]|
such that W = {a € U : d(a) = m} € [U. For {ag,a1} C W let
Aapay = {C€ € w1 : c(ap,¢) = c(a1,{) = m}. Notice that |Agga,| = N1
whenever {ap, a1} € W. To see this, suppose that {ag,a1} € W and ¢
is a Q-name for sup(Aaga, ). Notice that ¢ € N (it is definable in N) and
hence ([H] € N. By the definition of W and d we see that § € Ayga, 50
necessarily ¢ [H] = w; and hence Ay, = Aaga, [H] is of size Rj. This means
that ¢ | ({oo, a1} x Aaga, ) 1s constantly m, so the proof is accomplished.

Ui

One concludes from the above theorem that the stepping-up argument

of Baumgartner breaks down at Xg. But the breaking point corresponds to

the domain of the coloring. Thus if K > 2% then (“:f) — (n%r)w implies

(”f:j) — (:ﬂ)w Nevertheless, for successor cardinals the breaking point is
strictly smaller than the small component of the polarized relation. If x is
strongly inaccessible then the stepping-up argument goes up to k.

rt

Theorem 1.2. If k is strongly inaccessible and (’f) — (2) n then (n

. ) =
() _,; for every v € k.
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Proof.
Suppose that v € k and (“’:) + () _,.- Let x be such that (“’:) > (V)X.

K K
By monotonicity we may assume that y = |y|T. Our goal is to prove that

(H,: ) - (i)x’ thus proving our statement.

Let f : kT x kK — x be a witness to the negative relation (“:) - (Z)X

For every € € kT let fe = f | {¢} X K, so fe € "x. Assume that = € [kT]7.
Let 7 = 7(x) € w be the first ordinal for which if 8 € [7,x) then |{f¢(B) :

¢ € x}| > 2. Such an ordinal exists since f witnesses (“}:) - (Z)X

For every § € s let he : k — & be onto. By induction on ¢ € kT we
would like to define g¢ : & — x X X, so fix £ € kT and assume that g, is
already defined for every n < (. We will assume, further, that each g,(¢) is
a pair of the form (f,(¢), ) for some j € x. Set:

Ce ={acr:Vaelhfa]',7(x U{}) < a}.

Clearly, C¢ is a club subset of k. For every a € & let §(a) = sup(Ce N ), so
d(a) < avand () € Ce. For every o € k define:

Yo ={n € h¢d(a) : fyla) = fe(a)}.
Notice that |ya| < 7| < x.

Choose j € x so that n € yo = j # jy, stipulating g, (o) = (fy(a), Jn),
and let ge(a) = (fe(a), 7). This defines a function g¢ : K — x X x. Define
g KT XK= x x X by g(&, @) = ge().

Suppose that n < { < k¥. Choose 6 € C¢ — (n+ 1). For every o > §
one has g¢(a) = g(&, ) # g(n, o) = gy(), either because fe(a) # fy(r) or
because jg # Jp- This implies that (”:) > (i)x as required.

U2

The following seems to be open:

Question 1.3. Is it consistent that s is a strongly inaccessible cardinal and
+ 2
vet (%) = (2

If k is weakly compact then it is easy to see that (“:) > (2

H) < and

ot y . . .
hence ( N) — (K) n for every v € k. However, if one requires a stationary

set in the small component then a negative result can be forced over weakly
compact cardinals.

Hajnal proved in [7] that if k is measurable then (”: ) = (

K

H)<n and a

slight modification gives the relation ("“:) — (7) ., forevery 7 € kT. The

result reappeared in a paper of Chudnovskii who claimed that it holds at
every weakly compact cardinal as well. He did not supply the argument,
and it is still opaque whether the statement is true or not. The best known

results are (“:) — ("‘:)QC for every n € w and (”:) — (T

7 € kT, m € w, due to Jones in [10]. The latter is an improvement upon a
result of Wolfsdorf from [14].

)m for every
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K K
weakly compact cardinal, see [8, Question 8.3]. Another way to phrase this

question is by asking whether one can distinguish measurability and weak
compactness on the ground of the polarized relation. We suggest below a
possible direction by considering a stationary set in the small component of
the monochromatic product.

Let us say that (2) — ( r )x if for every ¢ : A X Kk — x one can find

Thus the first open problem is whether (”+) — (”w)w holds at every

stat

A C X otp(A) = 7 and a stationary set B C k such that ¢ | (A x B) is
constant. Similar expressions should be interpreted accordingly, e.g. if %
is an ultrafilter over x then (2) — (;/)x means that the small component
B C k satisfies B € % .

As we shall see, if x is measurable, 7 € k™ and % is a normal ultrafilter

over k then (“:) - () -, (this is a result of Kanamori, [11]) and since %

is normal this means that (”:) = () .- But if & is weakly compact then

one can force the negation of similar statements.

In order to do it we shall use Kurepa trees, adapted to inaccessible cardi-
nals. If one imitates the classical definition of Kurepa trees then the tree <%2
is Kurepa whenever k is strongly inaccessible, thus the concept of Kurepa
trees becomes uninteresting. We shall use the traditional substitute:

Definition 1.4. Slim Kurepa trees.
A k-tree .J is a slim Kurepa tree iff |Lg(.7)| < |B] for every 5 € k and the
cardinality of the set of cofinal branches of .7 is at least k™.

Before proceeding let us exclude from the discussion a seemingly stronger
concept. Call .7 wery slim if |L5(.7)| < |B| for every € k. Let us show
that the number of cofinal branches in such trees must be small.

Claim 1.5. Suppose that k = cf(k) > Ng. Then there are no very slim
k-Kurepa trees.

Proof.

Let .7 be a very slim k-tree. We intend to prove that the cardinality of
the set of cofinal branches of 7 is strictly less than . For every 8 € k let
05 = |L5(.T)|, so 83 < |B|. By Fodor’s lemma there are a stationary S C x
and a fixed cardinal 6 €  such that 5 € S = 63 = 6. Choose such a pair
(S,0) where € is minimal. Let B be the set of cofinal branches of .7. We
claim that |B| < 6.

Assume towards contradiction that |B] > 6 and let {b, : « € 67} C B
be a set of pairwise distinct cofinal branches. For every pair of ordinals
{a, 6} € [07])% let Bas € K be so that by (Bas) # bs(Bas). Let & = (J{Bas :
{a, 6} € [0)?}. Notice that ¢ € k since k = cf(k) > 0. Choose 8 € S such
that 8 > £. For every a € 07 let o = by, N L(7). By the above choices if
a # 6 then z, # x5. However, |L5(.7)| =0 < 07T, so this is impossible.

Uis
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It is easy to see that if x is measurable (in fact, ineffability is sufficient)
then there are no slim k-Kurepa trees. On the other hand, if x is weakly
compact then one can force such a tree over x while preserving weak com-
pactness. In the following theorem we shall see that the existence of such a
tree gives a negative polarized relation in the sense of stationary sets.

Theorem 1.6. Let k be weakly compact and let S = S5 N Card. Then one
can force the existence of a coloring ¢ : k™ x S — w with no monochromatic
product A x T such that otp(A) = k and T is a stationary subset of S.

Proof.

Let .7 be a slim Kurepa tree over k, and let {b, : @ € T} be a set
of (pairwise distinct) cofinal branches in 7. By the above claim we may
assume that [Lg(7)| = |B] for every 5 € k.

For each 8 € S we choose a decomposition of Lg(7) of the form (Iﬁ :
n € w) such that |I£| =05 < B. We define c: k't x S — w by c(a, B) =niff
ba NLp(T) € If. We claim that our statement is witnessed by the coloring
c. Indeed, suppose that A C kT with otp(A) = x and T is a stationary
subset of S, for which ¢ [ (A x T') is constantly n. For every § € T one has
95 < f3, so by Fodor’s lemma there is a stationary 7o C T and a fixed 6 € k
such that 5 € Ty = 02 = 0.

Let Ay consist of the first 67 elements of A. For every a, o’ € Ag there
is y(a,a’) € Kk such that by(y) # bo(y) whenever v > ~(a,a’). Since
|Ag| = 0T one can fix 79 € k such that v(a,a’) < 7o for every pair of
ordinals a and o from Ag. Choose 8 € Ty such that 8 > vg. For every
a € Aglet xo = b NL(T) € I?. Notice that if o # o then x, # Ty
since B > o > v(a,a’). Let W = {x, : a € Ag}. Tt follows that |[W|= 6+,
However, W C Iﬁ and \IE\ = 0, a contradiction.

Uie
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