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On the non-existence of mad families
Haim Horowitz and Saharon Shelah
Abstract

We show that the non-existence of mad families is equiconsistent with ZFC', answering
an old question of Mathias. We also consider the above result in the general context of
maximal independent sets in Borel graphs, and we construct a Borel graph G such that
ZF + DC + ”there is no maximal independent set in G” is equiconsistent with
ZFC + 7there exists an inaccessible cardinal”.!

1. Introduction

We study the possibility of the non-existence of mad families in models of ZF+ DC.
Recall that F C [w]” is mad if A,B € F — |[ANB| < Xg, and F is maximal with
respect to this property. Assuming the axiom of choice, it’s easy to construct mad
families, thus leading to natural investigations concerned with the definability of
mad families. By a classical result of Mathias [Ma], mad families can’t be analytic
(as opposed to the classical regularity properties, there might be II} mad families,
which is the case when V = L [Mi]). The possibility of the non-existence of mad
families was demonstrated by Mathias who proved the following result:

Theorem [Ma]: Suppose there is a Mahlo cardinal, then there is a model of
ZF + DC + "There are no mad families”.

The following natural question was asked by Mathias in [Ma]:

Question [Ma]: What’s the consistency strength of ZF 4+ DC + "there are no
mad families”?

For almost four decades, no progress was made on that problem. In 2015, Asger
Toernquist was able to reduce the upper bound on the consistency strength with
the following result:

Theorem [To]: There are no mad families in Solovay’s model.
We shall settle the above problem in this paper by proving the following result:
Theorem 1: ZF 4 DC+ "There are no mad families” is equiconsistent with ZF'C.

In [HwSh:1089] we prove the existence of a Borel maximal eventually different
family? in ZF, which is quite surprising when contrasted with the above mentioned
results. One possible approach to explaining the surprising difference between mad
and maximal eventually different families is via Borel combinatorics. It’s easy to
see that there are Borel graphs Gprap and Hy;gp such that there exists a mad
(maximal eventually different) family iff there exists a maximal independent set in
Gryap (Hygep). Therefore, we may view the above problems and results as private
cases of the more general problem of understanding maximal independent sets in
Borel graphs.

We shall prove that large cardinals are necessarily involved in the understanding of
the general problem, suggesting a much more complicated picture:
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2A family F C w¥ is eventually different if for every f,g € F, if f # g then f(n) # g(n) for
large enough n. F is a maximal eventually different (MED) family if F is an eventually different
family and is not strictly contained in another eventually different family.
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Theorem 2: There exists a Borel graph G such that ZF + DC + "there is no
maximal independent set in G” is equiconsistent with ZFC + "there exists an
inaccessible cardinal”.

Theorem 1 will be the main result of Section 2, Theorem 2 will be the main result
of Section 3.

2. ZF + DC + "there are no mad families” is equiconsistent with ZFC

Background and previous results

Results on the consistency strength of regularity properties go back to the works
of Solovay and Shelah ([So] and [Sh:176]), who proved that ZF + DC + "all sets
of reals are Lebesgue measurable” is equiconsistent with ZFC + "there exists an
inaccessible cardinal” while no large cardinals are needed for the Baire property.

As for the consistency strength of the non-existence of mad families, the problem,
which first appeared in [Ma] in 1977, is discussed in [Br] and [Kan]. We shall prove
in this section that the non-existence of mad families is equiconsistent with ZFC'

A discussion of the proof

In order to prove the theorem, we will construct a sufficiently saturated forcing
notion. We consider the class K of ccc forcing notions that force M Ay, . Using the
fact that ccc is equivalent to Knaster’s condition under M Ay, (and that Knaster’s
condition is preserved under products), we are able to prove that K has the amal-
gamation property. By a bookkeeping argument, using the amalgmation property
of K, we construct a forcing notion P € K such that if P;,P; € K are of a “small”
cardinality, P; <Py and f; : P; — P is a complete embedding, then there exists a
complete embedding fy : P — P such that f; C fs.

We then force with P, and consider the inner model HOD(R<#) inside the generic
extension (where u is a cardinal that we fix in the beginning of the proof). In
order to prove that there are no mad families in our model, we assume towards
contradiction that F is a canonical P—name of a mad family, and we find a forcing

Q. <P of cardinality < u such that F is defined using a canonical Q,—name. The
next step is to find a pair (Q, D) such that:

1. Q< Q<P

2. 1Q| < p.

3. Zj [ Q:= {g ta is a canonical Q-name of a subset of w such that IFp ”g € .f”}
is a canonical Q—name of a mad family in V.

4. D is a Q—name of a Ramsey ultrafilter on w.

5. kg DN (F) =0".

Next we consider a forcing notion Q; € K such that |Q;| < u such that Q«Mp<Qy,
where Mp is the Mathias forcing restricted to the Ramsey ultrafilter D. Letting
A; be thgname for the generic of Mp, there is a name a of a member of the mad
~ ~ ~1

family restricted to Q; (denoted by Fi) witnessing the madness of the family with

respect to a;. Finally, a contradiction will be derived by considering an isomorphic

copy (Q2,Mp,as, As, F2) of (Q1,Mp, a1, A1, F1) and amalgamating over Q.

Proof of Theorem 1
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Hypothesis 1: 1. A= AH p=cf(u), a <p— o <p, Rg <0 =0% < x=
cf(k) <pand a < k — |a| < k.

For example, assuming GCH, the hypothesis holds for p = N3 = k, A = ¥4 and
0 = N,.

2. For transparency, we may assume C'H.
Definition 2: 1. Let K = {P: P is a cce forcing notion such that IFp "M Ay, "}
2. Let <k be the partial order < on K.

3. We say that (P, : o < ) is <g-increasing continuous if P, € K for every

a<ay, a<fB =P, <Pgandif 8 < a, is a limit ordinal then UﬁIP’ﬁ, <Ps.
<

Claim 3: 1. (K, <k) has the amalgamation property.

2. If Py is a ccc forcing notion, then there is Py € K such that P; < Py and
|P2| < |]P)1|N1 + Rt

3. If (P, : a < 0) is <g-increasing continuous and § is a limit ordinal, then
Ué]P’a E cce, hence by (2) there is Ps € K such that (P, : a < §)(Ps) is <g-
a<

increasing continuous.

4. If P € K and X C P such that |X| < p, then there exists Q € K such that
X CQ Q<kPand |Q <2% 4|X[N.

Proof: 1. Suppose that Py,P;,Ps € K and f; : Pg — P; (I = 1,2) are complete
embeddings. Let Py x, 5, P2 be the amalgamation of P; and Py over Py (as in
[ROShG?Q]), ie. {(pl,pg) € Py xPy: (3]7 S Po)(p IFp "p1 € Pl/fl(]PO) Np2 €
Py/f2(Po)”)}. As Py < Pi Xy, 5, Po, IFpy, "M Ax,” and M Ay, implies that every
cce forcing notion is Knaster (and recalling that being Knaster is preserved under
products), it follows that Py x ¢, r, P2 |= cce, and by (2) we're done.

2. IP5 is obtained as thee composition of P; with the ccc forcing notion of cardinality
Py [®t + 2% forcing M Ay, .

4. As in the proof of subclaim 1 in claim 6 (see next page). O

Claim 4: There is a ccc forcing notion P of cardinality A such that:

1. Forevery X CP, |[X|<p— (FQeK) (X CQ<PA|Q| < p).

2. If P;,Py € K have cardinality < p, P; <Py and f; is a complete embedding of

RO(P,) into RO(P), then there is fi C f, that is a complete embedding of RO(IP3)

into RO(P).

Proof: We choose P, € K by induction on o < A, such that the sequence is

<k —increasing continuous and each P, has cardinality A, as follows:

1. For limit o we choose P, € K such that BU Pg <P, . We can do this by claim
<o

3(2) and the induction hypothesis.

2. For a = B+ 1, we let ((P],P], f{) : ¥ < A) be an enumeration of all triples as
in 4(2) for Pg. We construct a <x —increasing continuous sequence (P : v < A)
by induction as follows: Pg = Pg. P7_; is the result of a K —amalgamation for the
7th triple, and for limit v we define P as in (1). Finally, we let P, = P3.

Note that by claim 3(4), requirement (1) is satisfied for every forcing notion from
K, hence it’s enough to guarantee that requirement (2) is satisfied. It’s now easy

to see that P = U P, is as required. [
a<A

Definition/Claim 5: Let P be the forcing notion from claim 4 and let G C P be
generic over V. In V[G], let Vi; = HOD(R<*), then V1 = ZF + DC,.. O
3
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Main claim 6: There are no mad families in V.
Proof: Let F be a canonical P-name of a mad family (i.e. a canonical P-name of a

family of subsets of w), and let 77 be a sequence of length < & of canonical P-names of
reals such that F is definable over V using 7. Let Kp = {Q € K : Q<PA|Q| < &}

By claim 4(1), there is Q. € Kp such that 7 is a canonical Q,-name. Let K]l;f be
the set of Q € Kp such that Q. < Q and F | Q is a canonical Q-name of a mad

family in V@, where F | Q = {a : a is a canonical Q-name of a subset of w such
that Ikp "a € F7}.

Subclaim 1: KIPT is <-dense in Kp.

Proof: Let Q € Kp and let o = |Q. + 2|™ < k. We choose Z; by induction on
i < wg such that:

a. Z,L' Q]P’and |Z,L‘ <o.
C. Z():Q*U@

d. If i = 3j + 1, then for every canonical name using members of Z3; of an “M Ay,
problem” in Z; we have a name for a solution.

e. If i =35 + 2, then Z; < P.
f. If i = 35 4 3, then for every canonical Z3;s-name a of an infinite subset of w,

there is a canonical Z;-name b such that IFp ?la N | =Vg A b € F7.

It’s now easy to verify that Z,, is as required: By (c) and (e), Q. < Z,,, <P, hence
also Z,,, = cce. By (a), |Zu,| < k. By (d), IFz,, "MAy,” (given names for ¥,
dense sets, we have canonical names depending on N; conditions, hence there is
some j < wy such that they are Z3; o-names), hence Z,, € K. By (f), F | Z,, is
a canonical Z,,-name of a mad family in VZ«2.

We shall now prove that such Z; can be constructed for ¢ < ws: For ¢ = 0 it’s
given by (c) and for limit ordinals we simply take the union. For ¢ = 35 4+ 1 and
i = 3j + 3 we enumerate the canonical names for either the M Ay, problem or the
infinite subsets of w (depending on the stage of the induction), there are < o such
names. At stage 3j + 1 we use the fact that P forces M Ay, in order to extend
Z3; using P-names for the solutions of the M Ay, -problems. At stage 3j + 3, we
extend the forcing similarly, using the fact that F is a name of a mad family. For

i =37 42, we let Z3;19 be the closure of Z3;; under the functions f; : PxP — P
and fy : [P]I=R0] — P where: fi(p, q) is a common upper bound of p and ¢ if they’re
compatible, and fo(X) is incompatible with all members of X provided that X is
countable and not predense.

Subclaim 2: If Q € K[;r and F': Q — P is a complete embedding over Q,, then F’
maps F | Q to F [ F(Q).

Proof: As F is the identity over Q. and F is definable using a Q,-name.

We now arrive at the two main subclaims:

Subclaim 3: There is a pair (Q, D) such that:

a. Q. <Qe K.
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b. Q is a name of a Ramsey ultrafilter on w.

c. kg ”lN) N (}N7 Q) =0".

Subclaim 4: Subclaim 3 implies claim 6.

Proof of subclaim 4: Let Mp be the Q-name for the Mathias forcing restricted

to the ultrafilter D. Let Q; € K such that Q*Mp <Qq and |Qq| < & (such forcing
notion exists by 3(2)), and let A; be the Q-name for the M p-generic real.

Let Fy : Q1 — P be a complete embedding such that F} is the identity on Q (such
an embedding exists by claim 4(2). There is Q) € K such that Fy(Q1) < Q) by
subclaim 1. There is a pair (Qf, FY) such that @ < QY and F| : Qf — Q] is an
isomorphism extending Fj. WLOG (QY, F{) = (Qq, ), so F1(Qy) € K.

Let Fy = ! (F 1 F1(Q)).

As kg () ”.f I F1(Qq) is mad”, it follows that IFg, ”F1 is mad”, hence there is
some a; such that a; is a canonical Q;-name for a subsez of w, IFg, "a; € F1” and
IFq, ”(;1 N A1 is inﬁNnite” Recalling the basic property of the forcing M DN, every
1nﬁn1te subset of A1 is generic, therefore, by considering A1 N ay instead of Al,
WLOG kg, ”A1 C a1 .

Now let (Qg,MD,GQ,AQ,]:Q) be an isomorphic copy of (Ql,MD,al,Al,fl) such

that the 1s0morph1sm is over Q. Consider the amalgamation Q3 = Q1 XQ Q2 By
the basic properties of P, there is a complete embedding F5 : Q3 — P over Q. By
the density of K, there is Q) € K such that F3(Q3) < Q). As before, choose
(Qq, Fy) such that Q3 < Q4 and Fy : Q4 — Q) is an isomorphism extending F.

Now observe that I-q, ”A1 N A2 is infinite”: Let G C Q be generic, then in V[G]
we have: Q3/G = (Ql/G) (QQ/G) <Q4/G. As MD[ ] <Qi/Q (I =1,2), we have
Mp[G]xMp[G]<Q3/G, so it’s enough to show that II—MD[G]XMD[G] "|A1NAs| = Ro™:
Le; ((wl,Bwl),(wz,Bg)) € Mp[G] x Mp[G] and n <Nw, soNBl N Eg GN lN)[G] is

infinite, therefore, there is n; > n, sup(wy U wy) such that n; € By N Bs. Let
g = ((wrU{ni},B1\ (n1+1)), (waU{ni}, B2\ (n1+1))), then p < gand ¢ IF "n; €
AN Ay,

Therefore, IFg, ”a1 N ag is infinite” (as the intersection contains A; N As).

~ ~

It now follows that IFg, ”a1 = ag”: First note that IFp,(q,) "Fi(a1), F4(a2) eFI

Fy(Q4q)”. Now Fy(Qq) = Q4 € Kﬂf, so F | F4(Q4) is a canonical Fi(Q )-name of a
mad family, therefore kg, q,) "Fi(a1) = F4(a2) hence I-g, "a = ay”

;e
It’s now enough to show that kg, "a; = az € V@”: Work in V[G]. First note that
IFq,/a "A; is almost contained in e;ery I?lember of Q[G}, hence (by subclaim 3)
it’s almo;t disjoint to every member of F' [ Q7, and also I, /¢ "a; € V@, hence
a; € }: I Q7. Now recall that IFq, ”A;g a;”, together we get aNcontradiction.
';herefore, it remains to show that II-Q:”al =Na2 € V@7: By the claim above, IFg,

5
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”a1 = ag” Work in V[G], so a is a Q;/G-name (I = 1,2). Suppose that the claim
doesn”t hold, then there are ¢;,71 € Q;/G and n < w such that ¢; IF "n € a1 > and
r1lF"n ¢ a1”. Let qa,72 € Q2/G be the “conjugates” of (gi,71) (i.e. their images

under the isomorphism that was previously mentioned), then (¢1,72) € Q3/G forces
that n € a1 and n ¢ ag, contradicting the fact that I-q, "a1 = a2”. This completes

the proof of subclalm 4.

Proof of subclaim 3: Let 0 = |Q.|® < k. We choose (Q,, A ) by induction on
€ < o such that:

a. Q. € Kﬁ' and |Q.| < 0.

b. A, is a canonical Q.-name of a subset of w.

~

c. IFg, 7Ac is not almost included in a finite union of elements of F [ Q..

d. (Qo, 49) = (Q.,w). WLOG Q. € Kj', as K is <-dense in Kp.

@

(Qc¢ : ¢ <€) is <-increasing.

lm)

kg, 7(A¢ : ¢ <€) is C*-decreasing”.

g. If e =26+ 1 and A. # () where A, = {(C,g) ¢ < 572 is a canonical Q¢-name

of a subset of w such that Wq,, "Az C* a or Age TF w \ g”}, then letting I'. =

{C:(¢,a) € A} and ¢ = min(T), for some Qe, (Zs,ae) € Ac and IFg, ?Ac C* a or

A, C* (@\ay). 7 T

h. If e = 2§ +2 and F, # 0 where F. = {((, f) : ( < and f is a canonical Q¢-name

of a function from [w]? to {0,1} such that HZJQ2£+1 7=(3 ) . [Ag \ n]? is constant”,
ANV A C i ( n) = l}andvA€1C{n (V‘X’zeAel)( n) =1} },

n<w (<2

then letting ' = {( : (C f) € F.} and CE = mzn( ¢), for some fe, (Ce,fe) € F. and
ko, ”f6 [A.)? is constant”

~

Subclaim 3a: The above induction can be carried for every € < o*.
Subclaim 3b: Subclaim 3 is implied by subclaim 3a.

Proof of Subclaim 3b: First we consider the case where ot < k. Let Q =
U Qe, note that as Ry < cf(ot), Q € K. By the choice of Qp, Q. < Q. Now

21<e?ine a Q-name D := {B : B is a canonical Q-name of a subset of w such that
IFg ”(Fe < a+)(A:§* E)”N} BNy (g), Fo "D is an ultrafilter”: For example, in order
to see that D is ?orced to be upwards closed, suppose that p; IF 7B C* A C w and
B € D” theNn there are p; < pa, n < w and € < o such that py II—N”B \2 - A and
A \n C B” There is a condition ps and a canonical name A3 such that ps < p3
and p3 Ik ”A Ad”. Let {p3; : ¢ < w} be a maximal antlchaln in Q such that

D3 = D30 and let A4 be the Q-name defined as:
1. A4[GQ] = A3 [GQ] if P30 € GQ

2. A4[G@] = §[GQ] if P30 ¢ GQ.
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Therefore, A4 is a canonical name for a subset of w, I "A4 € D” and p3 IF A4 = A”.

In order to see that for every Q-name a C w, it’s forced that a € DVw\ a € D, we

have to show that every such name is being handled by clause (g) at some stage of
the induction. Suppose that for some name a it’s not the case. Each such name is

a Q¢-name for some ¢ < o, so pick a minimal ¢ for which there is such a Q¢-name.
Therefore, for every e = 2§ 4+ 1 such that { < &, (. < (, so at each such stage we're
handling a Q¢-name. As |Q¢|™ < o, the number of Q¢-names is at most o and the
number of induction steps is larger, we get a contradiction. Similarly, it follows by
(h) that g "D is a Ramsey ultrafilter”: Let f be a Q—name of a function from

[w]? to {0,1} (wlog f is a canonical name). As l-g "D is an ultrafilter”, for every

n <w, {{i: f(i,n) =1} : 1 < 2} is a Q—name of a partition of w in V?, hence
for some Iy, V@ |= "{i: f(i,n) = l;,} € D", and therefore, for some & = &; ,,

V@ = "Ae C {i: f(i,n) =10} Now {{n:l;, =k} :k < 2} is a canonical

~

Q-—name of a partition of w, so again, there is ks such that {n :l;, = k;} € D, and
there is & such that Ag, C* {n:ls, =ks}. As Q = cee, there is € < oF such that
all of the above names are Q¢ —names and g, "&2,§5 ., < & for every n < w”. As

the sequence of the A; is C*-decreasing, f has the form of the functions appearing

in requirement (h) of the induction, hence by (h) there is a large homogeneous set
for f.

~

By (c), it follows that g "DNF [ Q = 07

We now consider the case where o™ = k. In this case we add a slight modification
to our inductive construction: The induction is now on € < 0. We fix a partition
(S¢ : € < o) of o such that |S¢| = o and Se N§ = 0 for each § < 0. At stage £ of

the induction we fix enumertions (a§ 14 € S¢) and (ff 14 € S¢) of the canonical

~

Q¢-names for the subsets of w and the 2-colorings of [w]? such that for some ¢ < &,
A¢ satisfies the condition from (h) with respect to ff .

We now replace the original (g) and (h) by (g)’ and (h)’ as follows:

(g) f e=2i+1and i € S¢ then kg, 7Age C* af V Age C* w'\ af”.

h) If e=2i+ 2 and i € S¢ then IF ”f.5 Ac] is constant”.
§ Qe Ji

Note that £ < i in the clauses above, as S¢ N & = 0, therefore, at stage € = 2i + [
(I =1,2), the names af and ff are well-defined when 7 € S¢.

As Ny < ¢f(0), then as before, letting Q = L<J Qc, Q. <Q € K. As before, I-g "D
is a filter”, and by clause (c), kg "DNF | Q = 07, and by (g)’, kg "D is an
ultrafilter”. By (h)’, kg "D is a Ramsey ultrafilter” (the argument is the same as

in the case of o1 < k), so we’re done.
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Proof of subclaim 3a:

We give the argument for the case o™ < k. The case 07 = k is essentially the
same.

Case I (e = 0): Trivial.

Case II (e = 2£ +1): We let Qc = Qq¢. Pick some ((,a.) € A, the Qc-name
A will be defined as follows: If Ao N ac satisfies clause (C)Nof the induction, then
v;e let Ac = Age N ae. Otherwise: let j4€ = Ao \ a.. We need to show that A,
satifies cwlause (Nc) SuNppose not, then botNh Age 5 Qe aINld Age \ a. don’t satisty clausNe
(c), but then Ay is almost included in a ﬁNniteNunion ONf ele;nents of _f I Qa¢, a
contradiction.

Case III (e = 2¢ + 2): Pick some ((., f.) € F.. By the definition of F,, in V@-1
for every n < w there are [, < 2 and kf1~< w such that for every k € A1, if ki, <k
then f(k,n) =1¢. In addition, there are k., such that k. <n € Ae,Nl — 15, = ..

WLOG k;, < kj,, for every n < w. By the induction hypothesis, as IFq,_, "F |

Qc_1 is mad” and as A, satisfies clause (c), there are pairwise distinct a., € F |
Qc—1 such that bc ,, = an N A1 is infinite for every n < w. We now choose n; by

induction on ¢ such that:

a. n; € Ac_q \k‘e

b. If i = j 4+ 1 then n; > n; andni>k§j.

c. If i € (52, (j +1)?) then n; € be ;_j2.

This should suffice: By (a)+(b), f [ {n; : i < w} is constantly l.. By (c), {n; : i <
w} is not almost included in a ﬁ;ite union of elements of .f [ Qc_1: This follows

from the fact that for each n < w, {n; : ¢ < w} contains infinitely many members of
be.n, hence of ac . As {n; : i < w} has infinite intersection with an infinite number

OF members of N.f [ Qc_1, it can’t be covered by a finite number of members of
F 1 Qe

Therefore, Q. := Q.1 and A, := {n; : i < w} are as required.

Why is it possible to carry the induction? As each b, is infinite, and requirements
(a)+(b) only exclude a finite number of elements, this is obviously possible.

Case IV (e is a limit ordinal): We choose (Qe¢ n; @en,be,n) by induction on n < w
such that: A

a. gL<JE(@5 C Qe € K]PT.

b. If n =m + 1 then Q¢ m < Q¢ p.

If n > 0 then we also require:

C. Q¢ p is a Q p-name of a member of F [ Qc .

~

d. b is a Qc n-name of an infinite subset of w.

8
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e. kg, , "ben C @en A A beyy & Al
’ ~ ~ (<e o ~
f. kg, "aci # acn for I <n”.
Why can we carry the induction? By the properties of IP, there is Qo € K]PT such
that U @C C Q- Let D6 o0 be a Q. o-name of an ultrafilter containing {A e < (},

let M D. o be the Q¢ o-name for the corresponding Mathias forcing and let w be the

name for the generic set of natural numbers added by it. By the properties of PP,
there is Q¢1 € KHT such that Q¢ < Q.1 and Q.1 adds a pseudo-intersection w to

Dyo.

There is a Q. 1-name a1 such that lkg_, ”a6 1 € .7-" [ Qe1 A |a6 A w\ = Ny”. Let
b6 1= w N ae,1, then cTearly (Q, 1,a€ 1,bE 1) are as required. Suppose now that
(Q6 l,ae l,b6 l)Nwere chosen for [ < k. Note that I-q, , ”{w\ U | e U {AC ¢ <€}
have the FIP” Suppose not, then there is { < € such that H— "A¢ Q U ael ,
as lFp 7 /\ Qe € ]-"’ this is a contradiction: It’s enough to shovv that H—]p ”AC

is not almost contained in a finite union of members of F”. Suppose that p ll-p

”/ic c* lgklz” where lil are elements of .f Let G C P be a generic set containing
p, then V[G] E ”AC[G] - Y bl[G]”. G N Q¢ is generic, {b € F | Q[GNQ( :
|bN AC [GNQ¢]| = NO} is mﬁmte Therefore, in V[G] there are b; € .f[G] (1 <w)
such that |A¢[G] Nb;| = Rg for each ¢ < w, so A¢[G] can’t be almost covered by a

finite number of members of F[G], which is a contradiction.
Let D, j, be a Q. -name for a nonprincipal ultrafilter containing {w\lgkaﬁ,l}U{AC :

¢ < €}, as before, let Q41 € K]};f such that Qcr < Q¢ r4+1 and Qcxy1 adds a
pseudo-intersection wk_H to D6 k- Again, Ikq,, ., "There is a, k+1 € .7: I Qe k1

such that |w;€+1 N a. k+1| = NO , now let b, kb1 = = a, k41 N wkﬂ It’s easy to see

that (Qe’k+1, Qe fot1, be’k+1) are as required.

We shall now prove that there is a forcing notion Q. € KH;!' and a Q.-name A, such

that U Qe € Qe and lhg, ” A A C7 AcA (A A b2n| = N)”:

Let Q' = nngE’"’ we shall prove that there is a Q’-name for a ccc forcing Q" that

forces the existence of A, as above, such that |Q’ * Q"| < &:

~

Let Q” be the Q'—name for the Mathias forcing MD/ restricted to the filter D’
generated by {AC ¢ < e}U{[n,w) : n < w}, so there is a name A€ such that IFQ/*QN
TAC € [w]“’, /\ AE c* AC and ) \Ae N be n| = No”. Letting A° be the generic set
added by M D' in order to ShOW that the last condition holds, we need to show that
(in 178 )if p € Mp, and k < w, then there exists a stronger condition ¢ forcing that
K € A°Nb.., for some k' > k. Let p = (w,5), as § € D', there is { < e and I, <w

9
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suchthatAC\l cSs. Asbeng*A47therelssup( )+k<k"€b€nﬂA<\l ns,

SO we can 0bv10usly extend p to a condltlon q forcing that k' € A6 N be -

~

By claim 3, there is Q% € K such that Q' *Q"” <Q? and |Q?| < ¢. By the properties

of P, there is a complete embedding f3 : Q3 — P such that f3 is the identity over
Qc,0 (hence over Q). Therefore, IFp ” /<\ f3(ac,) € F”. By the (proof of the)

density of Kﬂj, there is Q* € Ky such that f3(Q%) < Q* and |Q* < o. Let
Q=04 4 fg(AE)7 we shall prove that (Q., A.) are as required. Obviously,

IFq, ”A € [ ]“’”, and as f? is the identity over each Q¢ (¢ < ), I, ” C/\ A, C*
AC 7. The other requirements for Q. and A are trivial. It remains to bhOW that
IFQE ”AE is not almost covered by a ﬁmte union of elements of 7 [ Q.. As
kg, ” /\ 13 (a6 n) € F | Q. and /\ f?’(aE n) # f3(aE m), it’s enough to show
that Il—@ K |A N f3(a5 )| = No”, wh1ch follows from the fact that IFgr.gr

|zﬁl6 n b6 n| =Ny and the fact that I-q, , "ben C ac,”. This completes the
proof of the 1nduct10n - -

Remark: By the proof of the density of K]; in Kp, whenever we have Q € Kp
of cardinality < o, we can construct Q' € Kj such that Q < Q" and |Q'| < o.
Therefore, at each of the steps in the limit case, it’s possible to guarantee that the
cardinality of the forcing is < o. O

3. Borel graphs and large cardinals

Background

The study of Borel and analytic graphs was initiated by Kechris, Solecki and Todor-
cevic in [KST], and has been a source of fruitful research ever since (see [KM] for
a survey of recent results). Following the result from the previous section and the
discussion in the introduction of the paper, one would hope to explain the discrep-
ancy between mad families and maximal eventually different families in a more
systematic manner. As mentioned in the introduction, mad and maximal even-
tually different families are simply maximal independent sets in the appropriate
Borel graphs. Therefore, one might hope to obtain a dichotomy result, e.g. a result
saying that for some Borel graphs it’s consistent relative to ZFC that no maximal
independent sets exist, while for the others, the existence of such sets is provable
in ZF + DC.

We shall prove in this section that there is a Borel graph G for which ZF + DC +
“there is no maximal independent set in G” is equiconsistent with ZFC + "there
exists an inaccessible cardinal”, so large cardinals are necessarily involved in the
study of maximal independent sets in Borel graphs (and a dichotomy result as
above is impossible).

A discussion of the proof

Our goal is to construct a Borel graph such that the statement ”w; is inaccessible
by reals” will be translated to the non-existence of a maximal independent set in
the graph. The graph will consist of reals such that each real codes a linear order
of w and a sequence (r; : ¢ € I) of distinct reals. The edge relation will be defined
such that two reals are not connected by an edge iff one is embeddable into the
other as an initial segment in a natural way. We will show that if w; = wlL[a
10
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some real a, then by picking in L[a] vertices that code the countable ordinals, we
get a maximal independent set in V. The other half of the equiconsistency result
will be obtained by showing that our graph has no maximal independent set in
Solovay’s model.

Proof of Theorem 2

Definition 1: We shall define a Borel graph G = (V, E) as follows:

a. V is the set of reals r that code the following objects:

1. A linear order I, of the element of w or some n < w.

2. A sequence (s, : a € I,,) of pairwise distinct reals.

b. Given r; # ro € V and b € I, let X, ,, be the set of pairs (aj,a2) €
I, X I, <p such that s, 4, = Sp;.4,-

c. Given r1 # ro € V, =(r1 Era) holds iff one of the following holds:

1. There exists b € I, such that X, ,, is an isomorphism from I, to I, <.

2. There exists b € I,, such that X, ,, ; is an isomorphism from I,., to I, <.
Definition 2: Given r| # ro € V, we say that ro extends r1, and denote this by
r1 <G r2, when —(r1 Ery) and clause (1) holds in definition 1(c).

Claim 3 (ZF + DC): Let X CV be an independent set.

a. X is linearly ordered by <¢.

b. If X is countable then X is not a maximal independent set.

Proof: a. Obvious.

b. By clause (a), there is a linear order I such that X = {r; : 4 € I} and i <; j
iff r; <g r;. For every i < j € I, let F; ; be the isomorphism from I, to a proper
initial segment of Irj witnessing r; <¢g r;. Let I,. be the direct limit of the system
(Ir,, Fjr 2 i,J,k € I,j < k). For a € I, let s, be s,, o where a’ € I, is some
representative of a. Let » € V be a real coding I, and (s, : a € I,.), then =(rEr;)
for every r; € X. O

Claim 4: ZF+ DC+ "There is no maximal independent set in G” is equiconsistent
with ZFC + "There exists an inaccessible cardinal”.

Claim 4 will follow from the following claims:

Claim 5 (ZF + DC): If there exists a € w* such that X; = NlL[a], then there exists
a maximal independent set in G.

Claim 6: There is no maximal independent set in G in Levy’s model (aka Solovay’s
model).

Remark: While the set of vertices of G is denoted by V', the set-theoretic universe
will be denoted by V.

Proof of claim 5: Let (s4 : a < wlL[a]

[a]

) € Lla] be a sequence of pairwise distinct
, let v € (w“’)L[a] be the <p, —first real that codes

(o, (sg : B < @)). The sequences (sq : @ < wlL[a]) and (rq 1 < wlL[a]) belong to V,

L
and as w; = w; L}

L
reals. For each a < w;

, their length is w;.

It’s easy to see that {r, : a < wf[a]} is a well-defined set and is an independent
subset of V', we shall prove that it’s a maximal independent set. Let r € V' \ {r, :
a < wlLM} and suppose towards contradiction that —(rEr,) for every a < wlL[a].
There are two possible cases:

11
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[a]

Case I: r, <g r for every a < wlL . In this case, I, is a linear order, and each
Lla]

L . N
a < wy ) embeds into I, as an initial segment. Therefore, w; = w]
I, as an initial segment, a contradiction.

Case II: r <g 7, for some a < wf[a]. Let a be the minimal ordinal with this
property, then a necessarily has the form 5+1. If r = r3, then we get a contradiction
to the choice of r. If r # rg, then it’s easy to see that rErg, contradicting our
assumption. [

embeds into

Proof of claim 6: Let s be an inaccessible cardinal and let P = Coll(Rg, < k), we
shall prove that IFp "There is no maximal independent set in G from HOD(R)”.
Suppose towards contradiction that p € P forces that X is such a set. Let Q

be a forcing notion such that Q <P, |Q| < &, p € Q and X is definable using

a parameter from RV?, By the properties of the Levy collapse, we may assume
wlog that Q = {0} and p = 0. If IFp "X C (w®)V”, then IFp 7| X| = Ry, and by

claim 3, X is not a maximal independent set in V¥, a contradiction. Therefore,
there exisz p1 € P and ry such that p; Ibp 7"ry € )N( Ary ¢ V7. Let Q; <P be a
forcing of cardinality < ; such that p; € Q4 gnd rq is aNQl-name. For | = 2,3 let
(Qu, 1, 1;1) be isomorphic copies of (Q1, p1, 1;1) suchNthat n:11_1,2,3Q" < P (identifying

(q17q2) ”_Q1><Q2 "1 7é ra”. As (q17q2) ”_Q1><Q2 "ri,re € 5”7 then wlog (Q1,C./2)

forces that 7y <¢g re as witnessed by an isomorphism from I, to I, <5 for some

Q; with its canonical image in the product). Choose (p1,p2) < (¢1,¢2) such that

s € I,. Let g3 € Q3 be the conjugate of ¢1, then (g2, g3) forces (in @2 x Q3) that

r9,73 € X and r3 <¢g r2 as witnessed by an isomorphism from I, to I, <s. Now

~ o~

pick (q1,42,493) < (¢}, d5, q4) that forces in addition that r1 # rs, then necessarily

it forces that r{ Ers, a contradiction. [

~ ~
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