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GRAPHS REPRESENTED BY EXT

MOHSEN ASGHARZADEH, MOHAMMAD GOLSHANI, AND SAHARON SHELAH

ABSTRACT. This paper opens and discusses the question originally due to
Daniel Herden, who asked for which graph (i, R) we can find a family {Gq :
a < p} of abelian groups such that for each «, 8 € p
Ext(Ga,Gg) =0 iff (o, B) € R.

In this regard, we present four results. First, we give a connection to Quillen’s
small object argument which helps Ext vanishes and uses to present a useful
criteria to the question. Suppose A = AX0 and p = 2*. We apply Jensen’s
diamond principle along with the criteria to present A-free abelian groups rep-
resenting bipartite graphs. Third, we use a version of black box to construct
in ZFC, a family of Nj-free abelian groups representing bipartite graphs. Fi-
nally, applying forcing techniques, we present a consistent positive answer for

general graphs.
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2 M. ASGHARZADEH, M. GOLSHANI, AND S. SHELAH
§ 1. INTRODUCTION

The vanishing and non-vanishing properties of Ext(—,~) are useful tools, see
for instance the book [I8]. Here, we assume the objects —,~ are not necessarily
noetherian, so the corresponding Ext-family becomes more mysterious. Despite
its ubiquity, there is very little known about the correspondence between graph
theory and the Ext-family. Our aim in this paper is to present a sample of such
connection by coding graphs using the vanishing property of Ext of a family of
almost free abelian groups.

Recall the following achievements from literature. In his seminal paper [13],
Shelah proved that freeness of Whitehead groups, that is an abelian G satisfying
the vanishing property Ext(G,Z) = 0, is undecidable in ZFC. After this, there
has been a considerable amount of work to understand set theoretical methods in
algebra. Gobel and Shelah [6] introduced a method to construct splitters, that
is groups G satisfying Ext(G,G) = 0. They applied their method to prove the
existence of enough projective and injective objects in the rational cotorsion pairs.
Cotorsion pairs were introduced by Salce [12] in 1979. Combining with the splitters,
this theory has a lot of applications, not only in group theory but also in the theory
of rings and modules. For instance, see the book [7]. Gobel, Shelah and Wallutis,
proved in [5] that any poset embeds into the lattice of cotorsion pairs of abelian
groups. To be more explicit, let I be any set, and look at the power set P(I) of I.
For any X € P(I) they construct ®;-free abelian groups G x, H¥ such that for all
X, Y CI,

Ext(Gy,H¥) =0<=Y C X (%)

Also, there are some restrictions on the size of Ext-groups. As a sample, suppose
G is countable torsion-free, then Ext(G,Z) is divisible and hence determined up
to isomorphism by its torsion-free rank and its p-rank. Shelah and Striingmann
proved that the p-rank of Ext(G,Z) is either countable or 2%¢. For this and its

generalization, see [17].
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Definition 1.1. Given a directed graph G = (u, R), we say that G is realized as
an Ext-graph of groups, provided that there exists a family of groups {G, : « < u}

such that for each o, 8 € u

Ext(Ga,Gg) = 0 iff (a, 8) € R.

Given the success of representing a wide range of rings as endomorphism rings of
abelian groups (see [2] and [7]), and useful constructions of a rigid system consisting
of 2" abelian groups (see [3]), it is a natural and interesting question of what can
be represented as extension groups of abelian groups. In fact, Daniel Herden asked

the following question:

Question 1.2. Which graphs (u, R) can be realized as an Ext-graph of abelian

groups.

Our aim in this paper is to partially answer Question

The organization of the paper is as follows. Section 2 contains the preliminaries
and basic notations that we need. In Section 3 we apply some ideas similar to
Quillen’s small object argument from model category (see [4, Theorem 2.1.14]) to
present a general criteria for representing bipartite graphs as an Ext-graph of \-free

abelian groups:

Theorem (A). Let 1, 2 < 2* be such that cf(u2) > A and let R C py X po.
Suppose the following assumptions are satisfied:
(a) G = (G, :a < p1) and G* = (G, : a < py) for ¢ = 1,2, are sequences of
abelian groups,
(b) for each a, G, is an R;-free abelian group of cardinality A and G, = G2 /G},
where G, C G2 are free abelian groups of cardinality A,
(c) if @ < py and L is constructible by {G, : v € 1 \ a} over G} then, there

is no homomorphism g from G2 into L extending idg: -

Then there exists a sequence K = (Kg : 8 < u2) equipped with the following

three properties:

(o) Kg is an R;-free abelian group of cardinality 2* for each 8 < g,
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(8) Ext(Ga,Kp) =0 iff RS,
(v) if every G, is A-free then every K, is A-free as well.
Theorem (A) is one of the main technical results of the paper and plays an

essential role in the sequel. Given cardinals p < A with p regular we set
A : -
Sy ={a < A:cf(a) = p}.

In Section 4 we apply Jensen’s diamond principle g along with Theorem (A), and
show the following:

Theorem (B). Let S C S{}O be a non-reflecting stationary subset of A and
suppose g holds. Suppose A = A¥0, = 2* and let R C p x p be a relation. Then
there are sequences (G, : a < p) and (K, : a < p) of A-free abelian groups such

that for all @ < i, |G| = A, |Ks| = 2* and for all o, 3 < p,
Ext(Gqo,Kg) =0 < aRp.

The new advantage we have is that we work with A-free abelian groups with a
control on their size. Recall that Jensen’s diamond principle is a kind of prediction
principle whose truth is independent of ZFC.

In Section 5, we descend from Section 4 to the ordinary ZFC set theory and as
another application of Theorem (A), we prove the following theorem, where instead
of using the diamond principle we use some variant of “Shelah’s black box”:

Theorem (C). Let A = A¥, ;y = 2* and let R C y x i be a relation. Then there
are families (G, : a < p), and (K, : a < p) of Ny-free abelian groups equipped
with the following properties:

(1) for all @ < p, G, has size A and K, has size 2%,
(2) for all a, 8 < p,

Ext(Gqo,Kg) =0 < aRp.

Here, we lose the A-freeness from Theorem (B), the groups are just R-free, and
this is the price that Theorem (B) should pay to be in ZFC. The black boxes were
introduced by Shelah in [I4], where he proved that they can be considered as a

general method to generate a class of diamond-like principles provable in ZFC.
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In particular, Question has a positive answer for the case of bipartite graphs,

where:

Definition 1.3. A graph (u, R) is called bipartite if the vertex set can be decom-
posed as V7 U V5 such that all edges go between Vi and V5.

Concerning Theorem (C), we can realize bipartite graphs as the Ext-graph of
N;-free abelian groups. Nevertheless, it is easy to see that bipartite graphs fit in the
situation of (). In particular, we recover the main result of [5] by a new argument,
see Lemma 571 It may be worth to mention that Theorem (C) slightly improves
[5] via computing the size of objects, namely |G| = A and |K,| = 2* for all a < .

In the final section we prove the following theorem:

Theorem (D). Suppose GCH holds and the pair (S, R) is a graph where R C Sx
S, and let A > |S| be an uncountable regular cardinal. Then there exists a cardinal
preserving generic extension of the universe, and there is a family {G; : s € S} of

M-free abelian groups such that
Ext(Gs,Gy) =0 < sRt.

The strategy of the proof of Theorem (D) is given in Discussion However,
there are some details to be checked, and this is our task in §6. Here, the new
advantage we have is that we work with a general graph and also we rely on forc-
ing techniques. This theorem gives a consistent positive answer to Question
Despite this, we think Herden’s question has a positive answer in ZFC. Namely, we

present the following conjecture:
Conjecture 1.4. Any graph can be realized as an Ext-graph of groups.

We hope our results will shed more light on interplay between homological alge-
bra and graph theory.

For all unexplained definitions from algebra see the books by Eklof-Mekler [2]
and Gobel-Trlifaj [7]. Also, for unexplained definitions from the theory of forcing
see the books of Jech [9] and Kunen [10].
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§ 2. PRELIMINARY NOTATION

In this section, we set out our notation and discuss some facts that will be
used throughout the paper and refer to the book of Eklof and Mekler [2] for more
information. We restrict our discussion to the category Mod-Z of abelian groups,
though most of the notions and results can be extended to module categories over
more general rings. For abelian groups G and H, we set Ext(G, H) := Ext}(G,H)
and similarly, Hom(G, H) := Homgz(G, H). We need the following well-known fact
(see e.g. the book [I8| Page 77]):

Fact 2.1. (Baer and Yoneda) Let ¢; :== 0 — B 25 C; L A — 0 be two
short exact sequences of abelian groups. We say (; is equivalent to (z if there is a

commutative diagram:

CQZO B & (CQ e A —— 0
S
G=0 B —% 5 ¢ — A —— 0

Indeed, this is an equivalent relation, and there is a 1-1 correspondence between
the equivalent class of these short exact sequences and Ext(A,B). In addition,

[¢1] = 0 € Ext(A,B) iff ¢y splits.

Definition 2.2. An abelian group G is called R;-free if every subgroup of G of
cardinality < Ny, i.e., every countable subgroup, is free. More generally, an abelian

group G is called A-free if every subgroup of G of cardinality < A is free.

Definition 2.3. Let k be a regular cardinal. An abelian group G is said to be
strongly x-free if there is a set S of < k-generated free subgroups of G containing
0 such that for any subset S of G of cardinality < x and any N € §, thereisL € S
such that SUN C L and L/N is free.

Also, by a club subset of an uncountable regular cardinal x we mean a closed

and unbounded subset of .

Definition 2.4. Suppose k is an uncountable regular cardinal. Let &, denote the

club filter on &, i.e.,
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9., = {A C k: A contains a club subset of k}.

Let also P(k)/ 2, denote the resulting quotient Boolean algebra.

It is easily seen that %, is a normal k-complete filter on x and that it is closed
under diagonal intersections, i.e., if A; € %, for i < k, then their diagonal inter-
section

Ai<nAi:{§<"$:Vi<€7§€Ai}

is also in %,;. This can be used to prove the following easy lemma.

Lemma 2.5. Suppose k is a reqular uncountable cardinal, § < Kk and let T'; €
P(K)] Dy, fori <. Then in the Boolean Algebra P (k)] Dy, the sequence {T; : i <
3} has a lub (least upper bound) T.

Proof. Foreachi < 0 let A; C k besuchthatT'; = A;/P,. If§ < k, then T = A/ P,

is as required where A = |J A;, and if § = &, then I' = A/, is as required where
<8

A = N« A; is the diagonal intersection of the sets A;,i < k. O

The following definition plays an important role in the sequel.

Definition 2.6. Let x be a regular cardinal. If G is a < k-generated abelian group,
a r-filtration of G is a sequence {G, : v < k} of subgroups of G whose union is G

such that for all v < & :

(a) G, is a < k-generated subgroup of G;
(b) if p < v, then G, C G,;

(¢) if v is a limit ordinal, then G, =J,_, G, i.e., the sequence is continuous.

p<v

It is easily seen that if {G, : v < k} and {H, : v < Kk} are two s-filtrations of a
group G, then the set
{v<k:G,=H,}
contains a club subset of k, in particular, modulo the club filter %, the choice of

the r-filtration does not matter. This observation makes the following definition

well-defined.

Definition 2.7. Let A be an uncountable regular cardinals.



Paper Sh:1217, version 2022-06-06. See https://shelah.logic.at/papers/1217/ for possible updates.

8 M. ASGHARZADEH, M. GOLSHANI, AND S. SHELAH

(1) If G is an abelian group of cardinality A and (G, : @ < \) is a filtration of
G, then
['(G,G) = {6 < A: G/Gy is not \-free}.
(2) Let
L(G) =T(G,G)/2x

for some (and hence every) filtration G of G.

We recall that T'(G) is called the T-invariant of the group G, and refer to [2
§IV.1] for more details and properties of this invariant. The following lemma gives

a combinatorial characterization for A-free groups to be free.

Lemma 2.8. (2, Ch IV, Proposition 1.7]) Let A be an uncountable regular cardinals

and let G be a A-free abelian group of cardinality A. The following are equivalent:
(1) G is free,
(2) G has a filtration (Gq : oo < A) such that for all o < X\, Goq1/Gy is free,
(3) T(G) = 0Dy,

These mean that T'(G,G) is non-stationary for some (and hence every) filtration

(Ga :ax < Ay of G.
§ 3. A REALIZATION CRITERIA
Our main result in this section is Theorem Let us start by some lemmas

and definitions.

Lemma 3.1. (See [2, Ex. IV.22]) If G is the union of a continuous chain {G, :
a < B} of abelian groups such that Go and Go41/Ge are Ny-free for alla+1 < 3,
then G is Ny -free.

More generally, the following holds:

Lemma 3.2. (See [3, Pages 112-113]) Let k < A be infinite cardinals.
(i) A-free implies k-free.
(13) Subgroups and direct sums of k-free are k-free

(7i1) Extension of k-free group is k-free.
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(iv) Let 0 = Gg C ... C G; C ... be a smooth chain of groups with union G

such that all G;/G;y1 are k-free. Then G is k-free.

Definition 3.3. Let ¢ be a set or class of abelian groups.

(1) We say L is a construction by ¢ over G when:
(a) L = (L. : € < &(%)) is a C-increasing and continuous sequence of
abelian groups,
(0) Lo =G,
(c) for every e < e(*),L.y1/Le is free or is isomorphic to some member of
9.
(2) Omitting “over G” means for G = {0}.
(3) We say L is constructible by ¢ (over G) when for some L = (L. : & < £(%)),

L is a construction by & (over G) and L = L.

Notation 3.4. Suppose we have the following data of abelian groups and homomor-
phisms:

A

I

B —— C,

We denote the corresponding pushout by A @&p C.

The next result gives sufficient conditions for representing bipartite graphs using

the functor Ext.

Theorem 3.5. Let juy, s < 2% be such that cf(u2) > X and let R C py X po.

Suppose the following assumptions are satisfied:

xl

A (@) G=(Gy:a< ) and G' = (G, : a < 1) for . = 1,2, are sequences

of abelian groups,
(b) for each a, G, is an Ni-free abelian group of cardinality A and G, =

G2 /GL, where GL C G2 are free abelian groups cardinality \,

(e}
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(c) if @ < 1 and L is constructible by {G~ : v € p1 \ a} over G, then

there is no homomorphism g : G2 — L extending idgy -

-
1 — 2
Gy — G

| I

G}l;L

Then there exists a sequence K = (Kg : 8 < ug) equipped with the following three

properties:
Igi,m () Kg is an Ny-free abelian group of cardinality 2* for each 3 < s,

(8) Ext(Go,Kpg) =0 iff aRp,
(7) if every G, is A-free then every K, is A-free as well.

Proof. Let (% : € < 2*) be a partition of 2* such that 2. C [¢,2*) has cardinality
22, We claim that there are sequences K., I:IS)B and B;,,Bv for e < 2* and B < o

with the following properties:

@ (a) Ko = (K. p5: 8 < u2) is a sequence of abelian groups,

(b) for each B8 < pgo the sequence (K¢ g : ¢ < 2*) is C-increasing and
continuous,

(¢) K. has cardinality < 27,

(d) He g = ((apc hpe) + ¢ € %) lists all the pairs (o, h) where a <
w1, aRB and h € Hom(G}, K. 3),

() B2y = (g < C € %),

(f) if e < ( € %, then hj . € Hom(Gig,gvKCH,B) extends hg¢. The

property is conveniently summarized by the subjoined diagram:
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We proceed by a double induction on ¢ and S to construct such a sequence. For

¢ =0 and for all 8 < pus set

Ko,p = @{G}l s < pr,~(aRp)}.

By Fact B2(ii), Ko s is free, and so A-free.
For ¢ a limit ordinal and 8 < us, we set
Kep = U K. .
e<(¢
Now suppose that the groups K., are defined for all e < ( +1 and v < pp. We
define K¢y1,g for 8 < pg as follows.
Let He g = ((a,c, hpc) : ¢ € %) be as in clause (d). We look at the following

diagram
K¢,8
hﬂ,CT
1 < 2
Gaﬂ,c Gaﬂ,c ’
and set

Ket1,8 = Kep Dey, . Giﬂ,c'

In particular, there is a homomorphism f induced from hg ¢ which commutes the

following diagram:

0 —— Kepg —— Keyap o 0
*B,¢
hﬁ,CT fT = T
G2
1 2 *B.¢
0 — G, —— G2, o 0

We set hj . := f. By a diagram chasing, hj . extends hg¢, and recall that
g : Keg = Key1,8 is an embedding. This completes the inductive construction
and hence proves the existence of the sequences claimed to exist above, i.e., the
construction of @, is now complete. Suppose now that every group G, is A-free.
By Fact B.2[iii) it follows that K¢ 5 is A-free as well.

For 8 < po let

Kﬁ = KQA#;.
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In view of Lemma [3] the above short exact sequence and the hypotheses, each
Kz is an Ni-free abelian group of size 2*. Recall that A-freeness of K, follows by
A-freeness of Gq, as desired by &3 , (7).

Let us check the item X3, (4). First, suppose that R and let h € Hom(G},, Kg).
Since |GL| < A < cf(u2), for some e < 2* we have Rang(h) C K. g, and hence
we can assume that h € Hom(G.,K.g). By the definition of H. g, for some
¢ € % we have (a,h) = (ag,c,hg,c). Then by clause (f) of the construction,
hs o € Hom(G2,K¢y1,5) extends hg . There is a natural embedding map from
Hom (G2, G¢41,5) into Hom(G2,Kg), so without loss of generality, we may and do

assume that
h ¢ € Hom(G2,Kp).
Now, we look at the exact sequence
(+):=0 — G} — G2 — G, — 0.

Applying Hom(—,Kpg) to (+), it induces the following long exact sequence

Hom(G2,Kz) —— Hom(G), K3) — Ext(Ga,Ks) — Ext(G2,Kg) = 0,

where the last vanishing Ext(G2,Kg) = 0 holds as G2 is free. From this,

Hom (G}, Kp)

Ext(Gq,Kg) = Rang(f)

Thus, Ext(G.,Kg) = 0 if and only if f is surjective. But as we observed above, f
is onto, and hence we conclude that Ext(Gq, Kg) = 0.

Let (o, 8) € (g1 % p2) \ R. We need to show Ext(Gq,Kg) # 0. Suppose on the
contrary that Ext(G,,Kg) = 0, and search for a contradiction. Since G is a direct
summand of Ko 5, we have GL & X =K 3. Let p: G, — GL @ X be the natural

map, and look at

gl =G, — 5 GlaoX — Koy —— Kp
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So by our assumption, there is g2 : G2 — Kz extending g}:

-
1 — 2
Gy — G,

94
Egi

Ks

We now show that there exists u C 2* equipped with:

Jul =

(a)

(b) 0,a, B € u,
)
)

a

(c) e € u= Rang(hge) € > Rang(hj )+ E G,

(Eune

(d) Rang(ga) € 3 Rang(hjs.) + 3 Gi.

geu YEU
Indeed, by induction on i < A we define an increasing and continuous sequence

{u; : i < A\) of subsets of 2* such that for each i < ), the following properties are

valid:
o |ui| <A,
e 0,a, 8 € up,
e If 4 is limit ordinal, then u; = U, _; u;,
e Rang(g2) € Y Rang(hj.)+ > G!,
e€uo vEuo

If ¢ € u; then

Rang(hg,) C Z Rang(hj ;) + Z G!.

CEu;r1Ne YEUi+1

Set u:= |J w;. It is easily seen that u satisfies the required properties. Let (x) =
i<\

otp(u), where otp(u) denotes the order type of the set u and let (. : € < e(x)) be

the increasing enumeration of wu.

Set
G :=(Gy:veu\a).

We now define a construction L := (L. : ¢ < &(%)) by ¢ over Ly = G.. To achieve

this, we set

Let = ZRang(h’g’C) + ZG}Y

(<e YEU
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Let A := coker(hj ). Let put this into the previous diagram and obtain the

following:

T =
. -

0 —— Kcﬂg E— KC-H,B _— Gaﬂ,e — 0

o omd =]

0 Gflla,c Gia,c > Gy, > 0

= — O

This yields that:

0 —— Rang(hj ) —— Keqap A 0
flT f2T = T
0 —— Rang(hlg,g) _— chg A 0,

where f; are the natural inclusions. Now, we use the Ker — coker exact sequence:

0 — Ker(f1) — Ker(fz) = Ker(=) — coker(f1) — coker(f2) — coker(=) — 0

Recall that Ker(=) = coker(=) = 0, coker(f;) = %Zif; and coker(f2) = Gay, . -

So,
Rang(hj -)/Rang(hs¢) = Ga, ., (+)

For each € < ¢(*) we have

]LE ~ * (a3
L—+1 >~ Rang(h67<)/Rang(hﬁ7() = Gaa,e €Y.

In view of Definition 3.3}, L is indeed a construction. Recall from (d) that Rang(g?) C

Le(s). Hence g2 : G2 — L.(,) extends the identity function over G}. This is in

. . . 1
contradiction with Xy  (c). O
§ 4. FROM DIAMOND TO EXT-GRAPH OF QUITE FREE GROUPS

In this section we are going to prove Theorem (B) from the introduction.

Notation 4.1. Let G be a reduced torsion free abelian group, e.g., a free group. The

notation G stands for the Z-adic completion of G.
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Remark 4.2. i) Z-adic topology of a free abelian group is Hausdorff.

ii) For example, each element of Z can be represented as Y, k,, where n!|k,.

Discussion 4.3. Recall that for a stationary set S C A, Jensen’s diamond < (.5)
asserts the existence of a sequence (S, : a € S) such that for every X C X the set

{a€S: XNa=S5,} is stationary.
For simplicity of the reader we cite the following result:

Fact 4.4. If $(5) holds, then there is a decomposition S = [J,_, S such that
&Oa(Sp) holds for all 5 < .

Proof. See [7, Theorem 9.1.17]. O

The following lemma plays a key role in our construction.

Lemma 4.5. Let v € {1,2}. Suppose G, are free abelian groups of the same size
such that for all n < w the following conditions are satisfied:

(1) G, €G3,

(2) G4 C Gy,

(3) Gly /G, is free,

(4) Gii1/(Gpyy + G}) is free,

(5) Gir = (Ghir B3 G2) ® @ Y.

(6) L=(L.:e<e(x))isa co:;;rzction,

(7) L. and Loy1/Le are N;-free.
LetG" = |J G, so that G' C G? are free abelian groups and let f € Hom(G?, L.,)).

nw

Then there are free abelian groups G* C G? such that:
(a) G C G,
(b) G C G2,
(c) G' =G> NG,
(d) G*/G* is free,
(e) G2/(G' + G?) is torsion free,
(f) for all n < w, G*/(G* + G2) is free,

(g9) there are no f and (L. : € < e(%)) equipped with the following properties:
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(g1) (Le : e < e(%)) is a nice construction over G1,
(92) | € Hom(G?,Le)),
(93) f extends f U idg,. This property is conveniently summarized by the

subjoined diagram:

]La(*)

G! ——— G?
-

(94) Lo C L for e < e(x),
(95) La = La+1 ﬁ]La7
(96) Ley1/(Leyr +Le) is free.

Proof. Set G! :=G' & @D 2.7, where P 2,Z is a free abelian group with a base

n<w n<w

given by {z, : n < w}. To define G2, let us first set
GQ’* = Gl @Gl G2.
For any infinite sequence @ = (a, : n < w) € [[, 2 = “2, we look at the following
G*% .= (G*>* U {Z P (Yn + anzn)}),
n<w

i.e., the subgroup of G2 generated by G?* and the distinguished element

Z n(Yn + anzn) € G2+,

n<w
It is routine to see that the properties (a)—(f) are satisfied with G*?. We are going
to show that G2 = G2 satisfies in the remaining property (g) for a suitable choice
of @. Suppose on the way of contradiction that for each @ = (a, : n < w) € ¥2

there is a counterexample fz and (L7 : ¢ < (%)) to clause (g). In particular,

f; e Hom(G*7, ILE(*)), and it extends f Uidg;.

See https://shelah.logic.at/papers/1217/ for possible updates.
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For @ € “2 and m < w set

#) = Yt anz)

n>m

Claim (A): Let @, b and m be such that
o m<uw,
e ay = by for all £ < m,
o f~( yd) = f'l;(yg) for all £ <n.

—

Then @ = b.

To prove the claim, we proceed by induction on ¢ < w and show that:

(i) a¢ = by,

(i) £(u7) = £5(v)).
The case ¢ < m follows from the assumption, so we may assume that ¢ > m. Now
suppose that ¢ = k+1 and the result is true for all natural numbers less or equal to
k. Let us evaluate f; at yZ from (+), and recall that f; extends f U idg,. It turns
out that:

E(w2) = 3 () + anka()) = 3 2 g+ ).

n>m n>m

It immediately follows that for all i < w
(%) fa(yi) = (i + Dia(yly) — (ui + aiz).

We apply (%) at level ¢ = k and combine it with inductive hypothesis to observe
that

0 = fa(yf) — E0)
= tf2(y7) — (ye—1 + ar—120-1) — 2 (yd) + (ye—1 + ar—120-1)
= U(fa(yf) — fg(yz))-

Since LE(*) is torsion-free, it follows that fz(y7) — fg(yg) = 0, so (ii) is valid. In

order to show (i) we apply (x) at level ¢ = ¢:

0= fa(vf) — E00) = (0 + D (Ea(viar) — E(0e)) — (a0 — bo)ze,
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ie.
(ar = be)ze = (¢+ D)(Ea(wf) — 5.

It follows that (¢ +1)|(as — be). Since a;,b; € {0, 1}, we must have ag — b, = 0. This

completes the proof of the desired claim. Let @ and b be distinct in “2 such that

ap = by and f5(yd) = f'l;(yg). This contradicts Claim(A), so we are done. O

Remark 4.6. Adopt the notation of Lemmal[4H] and only replace “free” by “Nj-free”.
Then the same claim, as Lemma 4.5 indicates, is valid. We leave its straightforward

modification to the reader.

Recall that S8 = {a < A : cf(a) = No}. The main point in the development of
Theorem B) is to introduce &%\) ., from Theorem Here, we present a variation

of it:

Theorem 4.7. Let S C Sg}o be stationary non-reflecting and suppose {>s holds.
Suppose one of the followings:

(1) p=A=cf(A\) >Ny, or

(2) p=2X=cf(\) > .
Let © = 1,2. Then there are sequences G* = (GY, : a < p) of abelian groups such
that the following assertions are valid:

(i) GL, C G? are free abelian groups cardinality ),

(ii) for each o, G, := G2 /Gl is a strongly \-free abelian group of cardinality

A,
(iii) if @ < p and L is constructible by {G, : v € p\ a} over G, then there is

no homomorphism g : G2 — L extending idg1 .

Proof. (1): Since S is non-reflecting, given any limit ordinal § < A, there exists a
club Cs C § such that S N Cs = (). Furthermore as {g holds, and in the light of
Fact 4] we can find a sequence (S : € < A) of subsets of S such that the following
two properties are satisfied:

e the sets S. are pairwise almost disjoint, i.e., for all e < { < A, 5. NS¢ is a

bounded subset of A,
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o g, holds for e < A
For e < X let
(fo Hg® H3® La) : a € S)
be such that:

e f5:a — ais a function,

e H.* C H2¢ are abelian groups,

e the universe of H2¢ is

e L, = (L% :e < a) is a construction such that L, has universe «,

e cach L. and L.y /L. is N;-free,

e for any tuple (f,H', H? L), where f : A\ — X\ is a function, H' C H? are
abelian groups where the universe of H? is A and L = (L. : ¢ < \) is a

construction such that the universe of Ly is A and L. and L.y;/L. are

N;-free, then the following set
{aeS.:(fla,H [o,H [o,L | )= (f5,H,", H2", La)}

is stationary.

Given e < A by induction on a < ), we choose the sequences G' = (Ghe:a< ),

for ¢« = 1,2 such that:

® (a) G- is an increasing and continuous sequence of abelian groups Goe =

(G4 oy +,0).

(b) Gf. = {0} and for a < A, the universe of G2 _, namely G2 _ is an
ordinal ¥4, < A.

(¢) The following holds:
(cl): GL. C G2, are free.
(c2): If e < B then GZ . NGj, =G, ..
(¢3): Ifa < B and a ¢ S., then G3/(Gj + G,) is free.

(d) fa < B and a ¢ Se, then Gy /G, . and G /G, . are free.

(e) if & € S., then there are no f and (L : ¢ < §) equipped with the

following properties:

(el) (LL¢ : ¢ < 6) is a construction over G};H’g,
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(e2) f € Hom(G2,, ., Ls),

(e3) f extends f§ U idgy,, - This means that G3. < H>*, and also:

Ls
c
Eil

1 2
GJ+1,5 G5+1,s -
f5

c c

1 2
G&,a c Gé,a

(e4) L2 C L¢ for ¢ <6,

(e5) L& =12, NL,

(e6) L<+1/(Lg+1 + L¢) is free.
For a = 0, set Gj . = G§ . = {0}. For limit ordinal §, set G5 = |J G/, .. Let us
show that items (c) and (d) continue to hold. By the induction hy0£)<06thesis and for
all @« < B < & with a ¢ S, Gy /G, . and G3/(Gj + G7) are free, and since we
have a club Cj of § which is disjoint to .5, it immediately follows that the groups
Gj., G5./Gl, . and G _/(Gj . + G2 ) are free for all @ < § with o ¢ S.

Let + = 1,2. Now suppose that 6 < A and we have defined the groups G, . and

ordinals a < §. We would like to define the groups Gzli+1,a and G<25+1,a so that the
(a)-(e) continue to hold.

In the case § ¢ S., we set
1 1
GJJrl,s = Gé,s
and

Gg—i—l,a = (thi—i-l,a Det Gg,a) @ @ yé,nZ-

5+1,e
n<w

It is not difficult to show that items (a)-(d) continue to hold and there is nothing
to prove for case (e).
Now suppose that § € S.. We define the groups G, , . and G3,, , such that

items (a)-(e) above continue to hold, and further we have:
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(f) GLLE/(G}&E + Gﬁys) is not free,
(g) if v € 6\Se, then G§+17€/(G}5,8 + G2 ) is free.

As § € S., we have cf(d) = Rg, so let (5, : n < w) be an increasing sequence of

successor ordinals < § with limit §.

2
Y5,n €

For any n < w,vs.n ¢ Se, it is easily seen that the abelian groups G,lm eCG
satisfy the hypotheses of Lemma [£5] hence by the lemma, we can find the groups
Gfl5+1,s C G§+Ls such that there for all constructions L. D Gc15+1.,s as described in
(e), there is no f € Hom(G3, , _, L) such that f 2 f§ U idgy,, -

This finishes our inductive construction. For « = 1,2 and € < A, we define:

G.= | Gi..
a<

Set also

(hl): Go. = G2 _/G}

a, o,

(h2): G. = U Gqe,
a<A
(h3): G = (G :e < \).

Let us show that the properties.

(¢): This is clear.

(i4): We apply the properties taken from items (c) and (d) of the construction,
along with freeness G! C G2 to deduce G. is strongly M\-free as witnessed by the

sequence

Se ={Gare:a€ X\ St

for more details, see [2, IV.1.11].
(#ii): Suppose by contradiction that there are ¢ < ), a construction L = (L. :
£ < \) by {G, : @ € X\ €} over G} and there is a homomorphism g from G2 into

L) which extends idg::
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Without loss of generality we can assume that Ly has size A and that its universe

is A\. The set
E={0<X:gld:6—dandL[§=Ls[6éandLy | isasubgroup of L}

is a club, thus we can find some 6 € E N S. such that:

(i1): g 16 =f;,
(i2): Ly [ 6 = H}<,
(i3): Hy® =G},
(4): G2N5=G3,

Now note that f =g | G5, . : G5, . — Ly is such that f5 U idgy,, € f, which
is in contradiction with clause (e) of the construction.

(2): The proof is similar to the proof of (1), this time, we find the following
family

(S.:e <2V

of almost disjoint subsets of A such that ¢g_ holds for all e. By [I], such a sequence

exists. g
Now, we are ready to prove Theorem (B):

Theorem 4.8. Let S C SQO be stationary non-reflecting and suppose g holds.

Suppose one of the followings:

(1) p=X=cf(X) > Ry, or
(2) p=2X=cf(\) > .

Then there are sequences (G : a < p) and (K, : a < p) of A-free abelian groups
such that for all a < 1, |Go| = A, [Ko| = 2* and for all o, B < p,

Ext(Gqa,Kg) = 0 < aRB.

Proof. This follows from Theorem and Theorem (.7 O
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§ 5. REPRESENTING A BIPARTITE GRAPH BY EXT IN ZFC

In this section we show that it is possible to remove the diamond principle from
the construction of Section 4 and get ZFC result. The main result is Theorem
This answers Herden’s question for the case of bipartite graphs. We will do this by
using a simple version of Shelah’s black box. In this case, the groups G, that we

construct are not A-free, but just Ni-free.

Notation 5.1. Let x be be infinite cardinal. By 5#(x) we mean the collection of

sets of hereditary cardinality less than x.
Let us start by stating the version of the black box we are using in this paper.

Theorem 5.2. Let x, A and u be infinite cardinals such that A = p*, p*o = p, and
Eo, ..., Em_1 are pairwise disjoint stationary subsets of A consisting of ordinals
of cofinality w, and x > A. Let N be an expansion in a countable language of
(A (x),€,<,\) where < is a well ordering of #(x). Then there is a family of
countable sets {(M;, X;) : i € I} such that the following properties hold:

(a) M; < N and X; C A

(b) Let 6(3i) := sup(M; N A). If 6(i) = 0(j), then (M;, X;) = (M;,X;) and

M; " M; N A is an initial segment of M; N .
(c¢) For all X C A, all £ < m, the following set

{d € Ey : Ji such that 6(i) = § and (M, X;) =m,nn (N, X)}
is stationary in A.

Proof. See [2, Page 444]. O

Notation 5.3. Given a torsion-free group G and a subgroup H C G. By H. we

mean the pure-closure, i.e., the smallest pure subgroup of G containing H. In fact,

H, = {g € G : ng € H for some nonzero n € Z}.
The next task is to construct &%\1 ., from Theorem [3.5] in ZFC:

Theorem 5.4. Adopt one of the following assumptions:
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(1) I A=A, =,
(2) If A\ = XNy = 2>,

Then &}\# from Lemma 33 holds.

Proof. (1): By a result of Solovay (see |2, Corollary 11.4.9]) we can find a partition
(Sc 1 e < A) of X into A many disjoint stationary sets. Let

C. := @ (ya,u,nZ @ Za,u,nZ)

v<A,n<w

and recall that its Z-adic completion is denoted by ((/:; Clearly, (E:- has cardinality

A, so we identify it with A. Let also
Yo ={yerm:v<An<wlU{zepn:v<An<w}

Set y = AT3. The initial structure for the Black box, corresponding to the station-
ary set S; is as follows:
N. = (#(x), €, 9\, Co, Vo),

where 6’; denotes the 3-ary relation on A which is the graph of the addition operation
on the group (E; We take the first bijection g, : A X A — X\ with respect to <1, and
use it to identify each X C X with a subset of C. x C.. Let {(Mf,X5):i€l.} be
as in the statement of Theorem when m = 1 and Ey = S, and note that for
eachic I, and e < A, g. € M.

Let ¢+ = 1,2. We proceed as in the previous section and for a given ¢ < A, by
induction on o < A, we choose the sequences G% = (Gba)a :a < \) equipped with

the following five items:

(a) Gt is an increasing and continuous sequence of abelian groups Gy, . =

(Gfx,av =+, O)'
(b) G§. = {0} and for a < A, the universe of GZ, ., namely G2 _ is an ordinal
Ya,e < A

(¢) The following three properties hold:
(cl): G}, . C G2, are N;-free,

a,e

(2): if @ < B then G, . NG} . =G, .,
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(¢3): if « < Band a ¢ Se, then G3/(Gj + G2,) is Wy-free.
(d) If a <fBand ¢ S, then G /G, . and G /G2 . are R;-free.
(¢) If § € S., then there are no f and (L¢ : ¢ < ) equipped with the following
properties:
(e1) (L : ¢ < 6) is a construction over Gjy1er
(e2) fe Hom(G%H)E,}Lg),

(e3) f extends f5, Uidgy, , - where i € I. and

(f50L5; = (Lsic:¢<0)

is coded by X?

77

under the identification given by g.. Also, f§, is in

Hom(Ggﬁs,Lf;yi’(;) and H:f;’i is a construction:
Ls
C 15,

1
G5+1,a

G<25+1,a Gg,a
e4 L5§L for ¢ <9,
¢ ¢
(e5) LI =12, NL,
(€6) Ley1/(LE4y + L) is free.

For a = 0, set G . = G . = {0}. For the limit ordinal 4, we set G5 _ := |J G, ..
Let us show that items (c) and (d) continue to hold. By the induction h;;gthesis
and for all & < 8 < § with e ¢ S, G4 /G, . and G3/(G} + G2) are R;-free, and
since we have a club Cjs of § which is disjoint to 5, it immediately follows from
Lemma [B.1] that the groups G}, G5 _/Gl, . and G _/(Gj_ + G2 .) are R;-free for
all @ < § with @ ¢ Se.

Now suppose that § < A and we have defined the groups Gy, . for « = 1,2 and
ordinals v < §. We would like to define the groups Gj_, . and G3,, , so that the

(a)-(e) continue to hold.
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If 6 ¢ Se, then we set

1 _mrl
GJ+1,5 T Gé,s

and

S+1,e g,a) ® @ ya,zi,nZ-

2 .
G6+1,a : (Gé-i-l e Dgt
nw

We leave to the reader to check that the items presented from (a) to (d) all are
valid, and recall that there is nothing to prove for case (e).
Now suppose that § € S.. We define the groups G, , . and G3,, , such that

items (a)-(e) above continue to hold, and further we have:
(f) G<2S+1 8/(@};75 + G§7€) is not free,
(g9) if v € 0\S., then G3,, /(G5 + G2 ) is Ny-free.
As ¢ € 5., we have cf(d) = R, so let (75, : 7 < w) be an increasing sequence of
successor ordinals < ¢ with limit d.
Let n < w be such that s, ¢ Se. It turns out that the abelian groups G% e C

G2, , - are suited well in the hypotheses of Lemma

The notation X5 . stands for the following set:
{iel.:6(i) =0 and X codes (f5;,L5; = (L;c:¢ <0)) asin (e3)}.

Given any i € X5, and according to Lemma [4.5] we can find the R;-free groups

1,2

Gshie © Gé—i—l such that there for all constructions (L¢ : ¢ < d) over G5+1 .

as in item (e), if we set L = Ls, then there is no f € Hom((G}é_1 ., L) such that

£f2f5; UidG§,i . For « = 1,2 we look at
’ +1,e

Ghp1e = (G5 U G4, i€ Soeh)s,

Le., the pure closure of (Gj_ U U{Ggil .11 € Xse}) in C.. Let us show that the

hypothesis (a)-(e) hold. We first show that the group ‘”1 < is Ny-free, provided

that « is a successor ordinal. Let K be any countable subgroup of G? 41,e- We are

going to show that % is free. There is an w-sequence {i,, : m € w} together

a,e

with a countable subgroup I C Gg,s such that K is the subgroup generated by I

together with some countable subset {w,,;,, : n,m € w} of |J G4 We can

) o+1,e"
1625,5

assume that for all n,m, ycq,, € I. Choose an increasing sequence of ordinals
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{ag : k < w} with limit 6 such that oy = « and for all m € w and all but finitely

many of n, an;,, € {ar:k <w}. Notice that for any successor ordinal v < &
NG, = (1+G2,)/G2,

which is free by the induction hypothesis. So for such -, HﬁG?Y’E is a direct summand

of I. Inductively choose subgroups I so that:

INGZ, 110 =1ING,

QAk+1,€

for all k. Hence

I= @]Ik S @Zys,ak,n-
k

In view of Theorem [B.2[b), we are able to choose {n(m) : m < w} so that:
e the collections {a, s, : n(m) < n} are pairwise disjoint.

o {an, :n(m)<n}C{ag:k<w}.

K+Gj .

We observe that =
S,e

is isomorphic to the direct sum of @, I together with the

group freely generated by
{wn,i,, :n(m) <n and m € w}

and
{Ye,ap,n : Ym < w and n(m) < n, o # o, }-

1
From this, the claim follows. By a similar argument, the group Géfl’i is Ny-free,

provided that « is a successor ordinal.

In the same vein, we also observe that the group G}Hl,s is Ny-free and the
hypotheses (a)-(e) continue to hold.

The rest of the argument is similar to Theorem 71 Let us elaborate the main
idea of the proof. For « = 1,2 and € < A, we define:

G.= G,

a<A
Set also
(h1): Ga,e = Gi,s/G(lx,av
(h2): G = U Gae,

B a<A

(h3): G = (G :e < A).
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Let us show that @iym is satisfied. By items (c¢) and (d) of the construction,
Gl C G? are Ny-free and G. is Ni-free as well. Let us now show that @}\m (c) is
satisfied as well. Suppose by contradiction that there are e < A, a construction IL by
{Gq4 :a € X\ €} over G, witnessed by (L. : € <)), and there is a homomorphism

g from G2 into L which extends idg::

Without loss of generality we can assume that L has size A and that its universe is

A. Let X C A be codes (g, (L. : € < A)). The set

E={6<X:gld:0—0,XNécodes (g]d,(Lc:¢(<6))and L [ Cyroup L}

is a club, thus we can find some 6 € E NS, and some ¢ with §(i) = ¢ such that
(Mg, X§) =penn (Ne, X). Tt then follows that Mf N G2 = M N G52, and since
(Mg, X5) =menn (Ne, X), we can easily observe that X codes

(g | M{NGFL (Le N M7 : ¢ < N)).

Now by elementarily and the choice of g,

(Mg, X{) E“X¢ codes a homomorphism fg; from G3”.

It follows that ¢ € s, and hence by our construction, thereisno f € Hom(Ggil . L)
such that f extends f§, Uidsi: . This property is conveniently summarized by
’ 5+1,e

the subjoined diagram:
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L
c
Hf
1,4 2,1
G5+1,a c G5+1,a -
< I5
c c
1,4 2,1
_
Gé,s c Gé,s

This is not possible, as g is such an extension. This shows that there is no homo-
morphism g as above and the result follows.
(2): This is similar to the proof of (1). Take a sequence (S. : ¢ < 2*) of almost

disjoint subsets of A such that each S is stationary and proceed as before. O

Now, we are ready to prove Theorem (C) from §1:

Theorem 5.5. Let A = \¥0, y = 2* and let R C pu x p be a relation. Then there
are families (G4 : a < py, and (K : o < p) of Ry-free abelian groups such that:
(1) for all @ < u, G, has size A\ and K, has size 27,

(2) for all o, B < p,
Ext(Gq,Kg) =0 < aRp.
Proof. This follows using Theorem and Theorem [(.41 O

Let us close this section by showing the relation between Theorem and the
result of Gobel, Shelah and Wallutis [5] stated in the introduction.

Lemma 5.6. Let p1 be an infinite cardinal. Then (1) implies (2), where:

ere are aoelian groups (Gx, : C w) such that for a Y Cop,
1) Th beli Gx,HX : X h that for all X,Y
Ext(Gy,H*) =0 <= Y C X.

(2) If (1, R) is a bipartite graph, then there are families (Go @ @ < p), and

(Ko : o < ) of abelian groups such that for all o, B < p,

Ext(Gqo,Kg) =0 < aRp.
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Proof. Suppose (1) holds as witnessed by the sequence (Gx,H¥ : X C u) and let
(4, R) be a bipartite graph. Given any «, 8 < pset Y, = {a} and Xg = {a < p:
aRB}. Now define

i) Gq := Gy, and

i) Kq 1= HXe.

This is now straightforward to see
Ext(Gq,,Kg) =0 < Y, C X3 < aRp.
Thus, the family (G,, K, : a < p) is as required. O

The converse of the above lemma also holds in the following sense:

Lemma 5.7. Let u be an infinite cardinal and set A = 2. Then (1) implies (2),

where:
(1) If (\,R) is a bipartite graph, then there are families (G, : a < \), and

(Ko : o < A) of abelian groups such that for all o, B < A,
Ext(Gqo,Kg) =0 < aRp.
(2) There are abelian groups (Gx,HX : X C u) such that for all X,Y C u,
Ext(Gy,H¥) =0 <= Y C X.

Proof. Suppose (1) holds. Let (X, : o < A) and (Y : § < A) be two enumerations
of P(u). Let us define the bipartite graph (A, R) as

aRf = Y, C Xg.
By (1), there exists a family (G,,K, : @ < A), of abelian groups such that for all
aaﬁ < )\7
Ext(Gqo,Kg) =0 < aRp.
For X,Y C pu, let o, B < A be such that X3 = X and Y, =Y and set

o Gy =Gy
o HX .= Kg.
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Then
Ext(Gy,H¥) =0 <= Ext(G,,Kg) =0 <= aRfB <= Y C X.

The lemma follows. O

§ 6. REPRESENTING A GENERAL GRAPH BY EXT

In this section we consider general graphs and discuss if they can be represented
by Ext as before. We do not know the result in ZFC, but we show the following
consistency result which shows that there are no restrictions on such graphs in ZFC,

as promised by Theorem (D) from the introduction:

Theorem 6.1. Suppose GCH holds and the pair (S, R) is a graph where R C Sx S,
and let A > |S| be an uncountable reqular cardinal. Then there exists a cardinal
preserving generic extension of the universe, and there is a family {Gs}ses of A-free

abelian groups such that
Ext(Gs,Gy) =0 < sRt.

The rest of this section is devoted to the proof of the above theorem. Before we

go into the details, let us sketch the idea of the proof:

Discussion 6.2. We first define a forcing notion P, which adds a sequence (G; :
s € S) of A-free abelian groups of size A such that for each s,¢t € S if (s,t) ¢ R,

then for some abelian group Hj ; of size A there exists an exact sequence
0 — Gy —H;,; — G, —0

which does not split. We apply this along with FactZTlto deduce that Ext(Gs, G) #
0. Then working in the generic extension by P,, we define a cardinal preserving A-
support iteration forcing notion of length A™, which makes Ext(G;, G;) = 0 for all

s,t € S with sRt. This is done by adding a splitter for any exact sequence

0—Gs —H— G — 0,



Paper Sh:1217, version 2022-06-06. See https://shelah.logic.at/papers/1217/ for possible updates.

32 M. ASGHARZADEH, M. GOLSHANI, AND S. SHELAH

where H is an abelian group of size A. By using a suitable book-keeping argument,
we make sure that at the end all such exact sequences are considered for all pairs

(s,t) € R. We also show that the exact sequence
0 —G; —H;y — G, —0
still fails to split after the iteration, which will complete the proof.

Let us now go into the details of the proof. Recall from Notation 5.1l that J# ()

is the collection of sets of hereditary cardinality less than Y.

Notation 6.3. Let ® : AT — 2 (\T) be such that ®~![z] C AT is unbounded for
all x € (A1),

The existence of ¢ follows by the GCH assumption. We will use ¢ as our book-

keeping function. Here, we define the forcing notion P,.

Definition 6.4. Let A = cf(\) > Xy be an uncountable regular cardinal, and let
S be a set of cardinality < A. Finally, let R C S x S.

(a) The forcing notion P, consists of conditions

p= <<st),5 15 €5,8< ap), By, <x§,t,5 (s,t) & R, B < o)),

where

(1) ap < Ais an ordinal,

2) for each s € S, (G? , : B < «,) is an increasing and continuous se-

5,8 p
quence of free Abelian groups from 52 ()\),

(3) Ep C (o +1)N S}, does not reflect,

(4) G 3/G? ., is free when v < B < o,y ¢ Ep,
(5) if (s,t) ¢ R, then
f:,t,ﬂ gg,t,ﬂ

HP

s,t,8 GS

s,

Xe 5 =0 Gt s
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is an exact sequence, all increasing with 8 < a, from JZ(\):

P —0 Gp .f,t,ap Hp gg,t,ap Gr 0
Xs,t,ap T t,ayp s,t,ap s,Qp
c - -
c - -

P

P
s,t,1 9s,t1
x0,;1=0 — Gy, —— Hy,, —— G, —— 0

- - -

p
Js,t,0

XL, =0 —— G, HP,, —% GP, — 0.
(b) Given p,q € Py, let p < ¢q (q is stronger than p) when

(1) ap < ag,

(2) for all s € S and B < ay, Gf 5 = GY 4,

(3) BN (ap + 1) = EP,

(4) If (s,t) ¢ R and B < a, then xg’t_ﬂ = xg_’tﬁ.

For simplicity of the reader we recall:

Definition 6.5. Let P be a forcing notion and k be a regular cardinal.

(a) P is called k-distributive if the intersection of less than x-many dense open
subsets of P is dense, or equivalently, forcing with P does not add any new
sequences of ordinals of length less than k.

(b) P is called x-strategically closed if for every o < k, player II has a winning
strategy in the following game:

Op(a) : the game has length « in which the players I and II take turns to
play conditions from P for c-many moves, with player I playing at odd
stages and player IT at even stages (including all limit stages). IT must
play 1p at move zero. Let pg b the condition played at move §; the
player who played pg loses immediately unless pg > p, for all v < 8.
If neither player loses at any stage 8 < «, then player II wins.

(c) P is called k-c.c. if any antichain A C P has size less than x.

It is evident that if IP is k-strategically closed, then it is s-distributive.
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Lemma 6.6. Adopt the above notation. Then P, is \-distributive and \*-c.c. In
particular, forcing with P, does not add any new sequences of ordinals of size less

than A and it preserves all cardinals.

Proof. Let us first show that P, is A-distributive. Thus suppose that u < X and let
f =V be a function in the generic extension by P,. We will show that f is in

V. Let f be a P,-name for f and let p € P, be such that
pl- “f = V.

By induction on £ < p we define a sequence (Ce : £ < ) of closed subsets of A and

an increasing sequence (pe : £ < p) of conditions in P, such that:

(1) C¢ is a closed subset of ay, 4+ 1 with ay, € C, C¢ Ny, is unbounded in

ap, and Ce N E,, = 0,

13

3) if £ < p is a limit ordinal, then C¢ Nay,, = J Cyp,,
¢<g

upper bound of the sequence (p¢ : ¢ < &) defined as follows:
(a’) O‘pg = Sup aCa
(<€
(b) Ep, = (ng Ep U{op }) NS,
(c) fors € Sand 8 < aZD{?G.ZS)iB = st)f,@ for some, and hence all, { < £ with
B < ap,
(d) if (s,t) ¢ R and 3 < ay,, then ngtﬁ = xift_ﬂ for some, and hence all,
¢ <& with 8 < ay,,
Pe — P¢
(e) for s € S, Gs,apg = U GS,%(,

(<€
(f) if (s,t) ¢ R, then x"¢ = U ngm%( , which is defined in the natural
<€

s,t,ap
way.
Given & < p, let us show that pg as defined above is a condition, as then it is clear

that pe extends all p¢’s , for ¢ < €. Items (1) and (5) from Definition [6.4 are clearly

satisfied.
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In order to see clause (2), it suffices to show that for each s € S, G:gfap& is free.

We have C¢ N ay, is a club of a;, and
st)faps = U GZS)%-
vECeNay,

Furthermore, the sequence (G%%, : v € C¢) is an increasing and continuous sequence
of free groups, such that if v < 3 are successive points in Cg¢, then szﬁ / GZS)% is
free. It follows that G?faps is free as required.

The set Ej,, does not reflect as witnessed by C¢, hence clause (3) is satisfied.

To show that clause (4) holds, let v < 8 < ay, with v ¢ E, . Let ¢ < § be such

that 8 < a, . This implies v ¢ E,,, and consequently
Gi,&ﬁ/ Gy = st),{ﬁ/ Gy

is free.

Let ¢ = p,, and let h = (ag : § < p). Then h € V and ¢ IF“f = h”. As p was
arbitrary, we are done.

Now as A<* = X and P, C #(\), we have |P.| = X and hence it clearly satisfies

the A\T-c.c. O

Remark 6.7. The above proof shows that the forcing notion PP, is indeed A-strategically
closed.
Lemma 6.8. Suppose G, C P, is generic over V. Then E := |J E, is a non-

pEG.
reflecting stationary subset of \.

Proof. This is standard, so we just sketch the proof. Let p € P, and suppose that
plF “C C Xis a club of \."

Let x > AT be large enough regular, < be a well-ordering of 5#(x) and let M <
(#(x), €, <) be an elementary submodel of #(x) such that:
(1) [M] <A,
(2) p,C,P.,--- € M,
)

(3) M N A= for some § € 53, .
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By induction on n < w we define an increasing sequence (p, : n < w) of condi-

tions, together with a sequence (C,, : n < w) satisfying the following:

4

5) pn+1 decides cn oy, to be Cp,

Pnao IF ‘0N (ap,,0p, i) # 07,

7) sup oy, = 0.
n<w

4) p
(5)
(6)
(7)

We are now ready to define

= (Gl g:5€8,8<0),Ey (x5, 5:(s,1) & R, B <95)),

as follows:
(8) for s € S and 8 < 6,G{ 5 = GY7y, where n is such that oy, > 3,
(9) fors€ S,Gj = U Gh,
(10) B, = U B, UT0),
(11) if (s, tr)KgR and B < 6, x7, 5 = xU7; 5, for some n with a, > f,
(12) xI, s is the exact sequence that is the direct limit of the sequence x%7 , .

It is ecasily seen that ¢ € P, is well-defined and it forces § € C' N E, which

completes the proof. O

Recall the following easy fact:
Fact 6.9. (See [3]) Any subgroup of a free abelian group is free.

For each s € S and 8 < A, we set G, 5 = G, 5 for some (and hence any) p € G.

with ap > 8. Also, we set
= J G.s

Let us first show that G, is not free.

Lemma 6.10. Suppose s € S. Then G, is a non-free strongly \-free abelian group
of size A.

Proof. Tt is clear from Definition[6:4(a)(2) that G is a strongly A-free abelian group

of size A. Let us show that it is not free. Recall that we are in V, and let A be a
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A-free abelian group of size A which is not free. We may assume that the universe

of A is A. Let also (4, : a < A) be a filtration of A. It follows that the set

Ey:={a < X:A/A, in not A-free}

is stationary. We apply an argument similar to the proof of Lemmal[6.8] and we are
able to show E\ remains stationary in V[G,]. In particular, A remains non-free in
the generic extension V[G,].

For each v < Alet D, be the set of all p € P, such that there exists 3 such that:

o ap=p+1>7,

e G?

s.5+1 includes Ag as a subgroup.

It is easily seen that each set D, is dense in P,.. Now for each v < A pick some
py € D, NGy and set ap, = B, +1> 1.

Now we look at the following commutative diagram:

Taking direct limits of these directed systems, lead us to a natural inclusion map

_ p _
Gom U2 b h
Y<A y<A

As A is non-free, it follows from Fact that G is also non-free. This completes
the proof. (I
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For each (s,t) € (S x S) \ R, we look at the following commutative diagram of

short exact sequences:

- - C
fs,t,B 9s,t,8
Xst,p =0 Gt,s Hs,t,8 Gs,p 0
- - C
- - C
fs,t,l gs,t,1
Xst,1:=0 G H ¢4 Gsn 0
- - -
fs,t,0 Js,t,0
X0 :=0 (e Hs 0 Gs,0 0,

where for each 8 < A, X,,3 = X, 5, for some and hence any p € G. with o, > .

By taking the corresponding inductive limit, we lead to the following short exact

sequence
fs,t Is,t
Xs,t = 0 Gt Hs,t GS 0.
In other words, x5 = limg_ x’;t 5 The next lemma shows that x,; does not
split.

Lemma 6.11. Suppose s.,t. € S and (s«,t.) ¢ R. Then in V[G,] the exact

sequence X, 1. does not split. In particular, Ext(Gs,, Gy, ) # 0.

Proof. Suppose towards contradiction that the exact sequence x, ¢, splits and let

p € P, and h be such that

pl-“h : Gy, — Hs, ¢+, is such that hogs, ¢, =idg, 7.

~ Sx

As in the proof of Lemma [6.8] we can find an extension ¢ < p such that
(1) age E4N SQO,
(2) g decides h | G? say

S,

q |F ccb [Gg*,aq — h*”_
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We will need the following claim.

Claim 6.12. Let

rq

Sktx,0g s tx,aq
Xs t. o =0 —— GY ey HY ey G4 — 0
xyUx,Olg te,0q (e

Suytx,0g S

be given and suppose hs is an splitting of gs,t,.a,- Then there exists an ezact

sequence Xs, ¢+, that fits in the following commutative diagram

o ’
Xs, ts =0 — GQ* j—> H t. g—> G/S* — 0

Sk,

I I I

rq

EY Gsy ts,a
Xow by im0 s G, e e Setea g g

ta,q Sasta, g Sx,Qlg

such that there exists no splitting h' of ¢’ extending h.. Furthermore, there is an

‘A

extension r of q such that o = ag +1 and x5_4

= Xsy by

Proof. Without loss of generality, either a;, is a cardinal, or |a,| < o and o = .
Since cf(ap) = w, there is an increasing sequence (v, : m < m) which is cofinal
in ap with v, ¢ E,. To simplicity, let (s1,s2) = (t«, s«) and for £ = 1,2 we set
Gs, :=G? . We have

S(,Ocq
G, = U 61,
n<w
where for each n, both GY, | and G{, ., . /G, _ —arefree, so we can find a free basis
Ty = (zf, 1 o < ag) of Gy, such that Zy|, is a free basis of GZ, ., . Without loss of
generality, we may and do assume that f;{t)aq is the natural inclusion morphism:

q
st

G, C MY

52,581,047

and h.(22) = 22 for any 22 € G,,.

We define the abelian group G, to be generated by
X, ::GSeU{zf;:n<w}

freely except the equations below which G, satisfy:

(¥)1 @ nlzt | =25+ xgn.
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Recall that (z},22 : o < ay) is a free basis of H, s,. We let H , be the abelian

a 51,8

group generated by

Hs, .5, U{zn 1 n < w},
freely except the equations below which H, o, should satisfy:

®1 : nlzp_1 = 2n + } —i—:bgn.

n

First, we show that these new abelian groups {G ,H.

8§17 7781,827

G.,} are free, by
presenting their bases:

(b)1 : The group G|, is free. Indeed, in view of (¥); we observe that z} =

1

nlz, | — xin. An easy inductive argument on ¢ yields that z} € (;vfyn,zé%

and so the set
By = {2} :a <o JU{z}}

generates G . Since there is no relation involved in B; we deduce that it
is a free base of G, . Thus, G/ is free, as claimed.

(b)2 : The group G, is free. Indeed, in (b); replace By with
By = {zl :a < a,yU{zl}

and conclude that G, is free.

(b)s : The group H _ is free. Indeed, in view of ®; the set

81,52

By :={2l,22 1 a < o } U {20}

[e3%

!

4,55+ Since there is no relation involved in elements of B3 we

generates H

deduce that it is a free base of H

“1.s,- Thus, HY _ is free, as claimed.

$1,82
Now, we are going to define a map f’ (resp. ¢') extending idg,, (resp. g =

s1,52,a,) Such that the following data becomes an exact sequence

0 G, - m, , — G, 0.

Since we need f’ extends f, we define f'(x) := x.. In order to complete the

definition of f’, we proceed by induction on n to define f/(z}). When n = 0, we set

fz) =z—z0—22 (1)
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Now suppose f'(z)_;) is defined. We use the equation n!z} ; = z/, +x} and define

F(an) = nlf () — a7, (4)

/

; 2 .1 2 2 ’.
Also, the assignments z,, — z;, 2, + 0 and xg, — @7, define amap g’ : HY

Ui
— G,

which extends g. This is well-defined. Namely, it sends the relation

| . 1 2
NzZp_1 = 2n + Z, +x .
: : 2,2 .2
from ©1 into the relation nlz;_; = 2z + 27 from (x);.

Let us show that Rang(f’) C ker(g’). To see this, first note that ¢’(f’(z3)) = 0.

Now suppose by induction that ¢'(f’(zL_;)) = 0. Then

n—1

g (F ) oty (F (2 )nt — g2}, ) = =g () = 0.

We proved that
Rang(f') C ker(g') (%)

To see the reverse inclusion, we revisit ®; and note that ker(g’) is generated by
Gs, U{kn :=nlzpn_1 — 25 — :v?yn}

As ¢’ extends g, we have

Gs, = Rang(f) C Rang(f") € ker(g))

By induction on n, we show that k, € Rang(f’). Following (+) it is enough to deal

with n = 0, and in this case ko = f’(2). In sum, we proved that

f/ H/ 9/

81,52

0 G, G, 0

is an exact sequence of free abelian groups.

!
M, 5,) such

Assume toward the contradiction that there exists h’ € Hom(G/

827
that b’ D h.. Let 2z} := h'(22) € H! As

S§1,82°
' 2 .2 2
G, Fnlz, g =2, + 23,
we have

o s H, ,, Enlzy ) =2+ ha(22).

Subtract ®1-G2 we get



Paper Sh:1217, version 2022-06-06. See https://shelah.logic.at/papers/1217/ for possible updates.

42 M. ASGHARZADEH, M. GOLSHANI, AND S. SHELAH

Hy, oy B nl(zn-1 = 25_1) = (20 — 25) + 25, .
Noting that ¢/(z, — 2) = 22 — 22 = 0. From this, z, — 2} = f'(y,) for some

yn € G, . Recall that f’ is injective. Apply this along with ®3 and deduce that
GL, Enlyn1 =yn+ 2} .
Due to the uniqueness of solutions of (x); we conclude that
F'(zn) = f'(yn) = 2n = 25 = 20 = W (27).
In other words, we determined h’, that is:
W (23) = 2 = f'(2)-

We substitute this from (f) and evaluate ¢’ on the both sides of that equation, then

we observe that

"(z0— (21 — 20 — I?YO))

Thus

But recalling from ()1,

2
Yo’

zg = zf +x
which imply ,’E?Yo = 0, a contradiction. This contradiction shows that a such i’ does
not exist.

Finally let r be the extension of ¢ such that:
1) o =g+ 1,

1 GL,, = Ggq if s ¢ {s4, s},

<

2

<

3) x:*)t*ﬂr = X, t., Where X4, ;. is the exact sequence defined above,

T4) XLy a, = Xy, forall (s,t) ¢ R such that s # s. and t # t.,
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'
Sx b,y

r5) @ if s = s, and t # t., then the desired sequence x is defined as follows

r

skt ap L.
0 —— G, —=00 HY N ¢ —

Sxt,0p Sx,0p

where

(7«5'2') - H" _ Hg*,t,aq®®n<w 2nZ

Suyt,0up <n!zn,1—zn—;ﬂ,2m) )
s\ . fT — f4q
(T5'“) . fs*,t,ar - fs*,t,aqa

sos) . q — o4 _ 2
(T5.ZZ’L) . gg*,t,aT rHs*,t,aq - gs*,t,aq and g;‘*1t7a7‘(2n) = Zns

T

r¢) : In the case s # s, and t = t., the proposed sequence x . is defined as

Syt
follows
r r
r Js tu,an - s tu,ar r
0 Gt [e7 Hst [} Gsa ? 07
oy Ol RN 0y
where
( ) - H" _ Hg,t*,aq®®n<w Znl
Te-1) - Sytw,0p T <n!zn,1—zn—;ﬂ,1m) )

(TGM) : f:,t*,ar rGg*,aq = fg*,t,aq and f:,t*,ar(zrll) = 07
(re-ii1) : 95 1., T HE, 1, = 95, t.a, a0d G5, ¢q,(2n) = 0.

It is easily seen that r as defined above is a condition extending q. (I

Let us continue the proof of Lemmal6.11l By the way we defined r, see the above

itemized properties 71),...,76), we have
7 I-“there is no splitting map for g;, ¢, extending h.”.
In order to see this, let ¥ < r be such that ' decides h | Gg;)%. Then
r’ I “h [GZ;QT =g7.

This contradicts the choice of ¢’. The argument of LemmalG.1Tlis now completed.
O

Let us now work in the generic extension V[G.]. We define a A-support iteration
P=((Py:a<AH), (Qs: 8 <Ah))

of forcing notions which forces Ext(Gs, G;) = 0 for all s,t € S with sRt. We first

define the building blocks of this iteration.
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Suppose W D V[G,] is a forcing extension of V[G.], s,t € S are such that sRt

and suppose that

x:=0 G, L sm—*2G, 0

is an exact sequence in W.

Definition 6.13. The forcing notion Qg‘_’/tyx consists of partial functions ¢ : G4 --»

H with domain dom(g) such that:
(1) dom(q) = G, where v ¢ E,
(2) goq= iddom(q)'

ng/t)x is ordered by inclusion.

w

s,t,x

Thus, the forcing notion Q aims to add a splitter for the exact sequence x.

The next lemma shows that this is indeed possible.

w
s,t,x

adds a function h : Gy — H such that g o h = idg, .

Lemma 6.14. The forcing notion Q is A-closed, AT -c.c., and forcing with it

Proof. The fact that Qg‘;’x is A-closed follows from a combination of Definition
[6.13|(1) along with Definition [6.4(4). This allows us to take unions (or direct limits)
at limit stages and still have a condition. According to A-system lemma, the forcing

is AT-c.c., and claimed. O

We are finally ready to define our iteration. Let 8 < AT and suppose that P is
defined. If ®(3) is a P, * Pg—name for a triple (s,t,x), where s,t € S, sRt and X is

a name for an exact sequence

x:=0 G, L ,m_—4,¢, 0,
in (A1), then
e, Qs = QL
Otherwise, let Qg be forced to be the trivial forcing notion.

The next lemma follows from [16].
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Lemma 6.15. Work in V[G.]. The forcing notion P = Py+ is A\-complete and

At-c.c.

It follows from the above lemma that forcing with P preserves all cardinals and

adds no new sequences of ordinals of length less than A. Suppose
G=({Gy:a<AT),(Hsg:B< )

is P-generic over V[G.].

Lemma 6.16. Work in V|G, x G|. If s,t € S and sRt, then Ext(Gs, G;) = 0.

Proof. Tt suffices to show that any exact sequence

x:=0 G, f H g Gy 0

with H of size A splits. Let x be a P, * P-name for x which we may assume that
x € A (A\T). Furthermore, we can find some a < A" such that x is a P, * P,-name,
and then by the choice of ®, we may also assume that ®(«) = x. By definition of

forcing notion, we know

IHP’**IF’Q+1 “x SphtS ”,

and consequently

IFp,«p “x splits 7.
This completes the proof. ([

Let (s,t) € (S x S)\ R. We now show that the iteration does not add splitters

for x4 4,

Lemma 6.17. Suppose (s,t) € (S x S)\ R. Then the exact sequence

Xg¢ =0 G

does not split in V|G, * G].
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Proof. Since the argument is similar to the proof of Lemma [6.11] we just present
the sketch of proof. Here, we work in V. Let us first combine Lemma along

with Lemma [6.15] and note that the set of conditions of the form
(p7 (GQa < )\+>) eP, xPy+

such that p,q, € V, is dense in P, x Py+. Suppose towards contradiction that the

exact sequence X ; splits. This gives us
(P, (pa s x < A1) €P, x Py
and h satisfying:
(p, (pa : @ < A1) IF“h : Gs — Hy ¢ is such that h o gs,t = 1dg,”.
As before, we can find an extension

(P (Pa 1 0 <AT)) < (g, (g0 1 0 < AT))

equipped with the following two properties:
(1) ag € BEgNSY,,
(2) (¢,(ga : @ < AT)) decides b | G2, , say

(@ (e s 0 <XTY BTG, = ha”.

In view of Claim [6.12 we can find an extension r of ¢ such that (r, (g, : & < AT))

extends (¢, (¢ : @ < A1)) and also, it forces
“there is no splitting map for gs; extending h.."
We get a contradiction and the lemma follows. (I

This completes the proof of Theorem [G.1}
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