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ABSTRACT. We find new “reasons” for a class of models not have a universal model in
a cardinal A. This work, though has consequences in model theory, is really in combina-
torial set theory. We concentrate on a prototypical class which is a simply defined class
of models, of combinatorial character-models of Teq (essentially another representation of
Tteq Which was already considered but the proof with T¢eq is more transparent). Models of
Teeq consist essentially of an equivalence relation on one set and a family of choice func-
tions for it. This class is not simple (in the model theoretic sense) but seems to be very low
among the non-simple (first order complete countable) ones. We give sufficient conditions
for the non-existence of a universal model for it in A. This work may be continued in [ST].
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§ 0. INTRODUCTION

On a recent survey on the universality spectrum see [She21], an earlier survey is [DZa05];
there have been several advances meanwhile (and this is one of the advances after [She21]).
See also [She20], noting the example there works also for g+ < 2# whenever g is a strong
limit singular. The problem for general first order theories is a model theoretic one, but
specific examples are combinatorial set theoretic ones (and serve as proto-types for suit-
able families of theories); so combinatorialists may ignore model theoretic notions like “T’
is simple, has the tree property, is TP,”, and consider only the concrete universal theories
considered; so ignore 1.4 (1),(2) and their proof. Here we concentrate on the theory Teeq,
which we considered as a proto-typical ‘‘minimal” non-simple 7', so are expecting it (un-
der <uuiv) to be low, so is it (like Teq, see below), NSOPy, see [She93b], [DS04b], [SUOS],
[CR16], [KR20], [KR18]). True, there were non-existence results near a strong limit sin-
gular cardinal (see on the Tgq in [She93b], generalizing it the oak property [DS06], [Shel7,
§3]), but there were weak consistency results on existence (see [She93b], [DS04a]). We
had considered Tfq, a prototypical example of such theories, now Tceq is essentially equiva-
lent to it for our aims, see 1.4(3),(4) but Tteq seem more transparent; we intend to deal with
“to what family of T’s versions of our proof apply, in particular, NTP, and non-simple”
elsewhere.

We have hoped/expected that for the A > pt = u<* but A = u* < 2 we shall have consis-
tency results for theories like Trq and the class of triangle free graphs, [PS] and hopefull
[Shec].

We first give a case with stronger set theoretic assumptions, but more transparent proof in
§1. In §2 we give such proof under reasonable set theoretic assumptions, (close to the so
called club guessing) but then have to consider finer points in combinatorial set theory on
guessing clubs. Elsewhere we hope to have relevant complimentary consistency (see [PS])
and families of theories.

A priory we think that Tis,, the theory of triangle free graphs, is “more complicated” then
Tteqs Teeq, but now have doubts.

We thank Mark Poér and an anonymous referee for doing much to improve the paper.

Question 0.1. 1) Does §1 apply to more theories than in §2?
2) Can we characterize the dividing line? Simple/non-simple in our context.
3) Does it help to have:

(%) forsome u, < A < 2* there is no o7 C [A]* which is y — AD of cardinality > A?

This would justify the use of 4 — AD family <7 C [A]* in some consistency results, see
[She90], [PS], see below.

Discussion (0.2. Note that:

Bif2<n<w,0<u<i<201-» [u]g" and we let T, be the theory “{P is
an irreflexive asymmetric k-place relation”: k < n,k > 2} and 7, has a universal
model M, in A then there is a u-disjoint 7 C [A]* of cardinality 2°.

[Why? Without loss of generality the universe of M, is A. Let ¢ : [A]<" — 0 witness
A - [u]g" and for u C 6 let M, = (A,.. .y",...)ke[zﬂ) where P,fw“ = {n €A :n is with
no repetitions and c(Rang(n)) € u}. So there is an embedding f, of M, into M.; now
Ay =A{pr(a, fu(at) : ¢ <A} :u C O) is a family as promised when pr is a pairing function
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on A. Why? If A, NA,, has cardinality > p and u; # up then (letting B = {a < A :
fu, (@) = fu, (@) }) without loss of generality u; ¢ u, and ¢[B omits any member of u; \ uy.
The rest is left to the reader.]

§ 0(A). Preliminaries.

Notation 0.3. 1) T is a theory with vocabulary tr = 7(T') and is a first order, if not said
otherwise.

2) (a) ECyr ={M : M amodel of T},
(b) ECr(A) ={M € ECy : M of cardinality A},
(c) ECr(A!) = {M € ECr : M has universe 1},
(d) for a set A of ordinals and ordinal o let sucs (o) be min{ € A: > o}.

3) Let pr be be an (easily computable) pairing function on ordinals such that for «, 8 we
have pr(a, ) < max{w, o+ e, B +|B]}-

Convention 0.4. 1)

(A) If T is a first order theory not complete (like TC%q,ngq, usually universal), then
embedding are the usual ones, (on EC7) and C7 (on EC7) means C and we assume
ECr has amalgamation and JEP.

(B) If T is complete, then embeddings are elementary (on EC7) and C7 means < on
ECr.

(C) We say f is a T-embedding of M into N or f : M —7 N when M,N are models
of T, f embed M into N and f(M) Cr N.

1A) In any case we always assume T has JEP (for C7 of course).

2) If A C L(r) (usually T has JEP; under A-embedding, see below) then univy A(A) is the
minimal y such that there is a sequence M which is a (A, T,A)-universal sequence which
means:
(@) M= (Mg : a <) is a sequence of models of T,
(b) each My, is of cardinality A,
(c) for every model M of T of cardinality A there is a A-embedding of M into some
M, see below.

3) For given T, A as above and models M, N of T, we say f is a A-embedding of M into N
when:

(a) fisafunction from M into N,
(b) if @(x0,...,x4—1) € A and ay,...,a,—1 € M and M |= @ag,...,a,—1] then N |=
(P[f(ao), s 7f(aﬂ*1)}’
(c) so f is one-to-one when (x # y) € A.
4) For T, A as above in part (2) we may omit A when:

(a) T is complete, A = IL(7r), all first order formulas,
(b) T not complete, A the set of quantifier free formulas in L(77).

5) We may write at,ep for Ay ) = {9 € L(7r) : @ is atomic},Acyr) = {@ € L(1r) : @
existential positive} respectively. We may write 7 instead of 7. We may write ¢ instead
A={¢} and £ instead A = {¢@,—¢}.

Notation 0.5. 1) Let a, 3,7,68,¢€,,&,i, j denote ordinals.

2) Let k,A, 1, %,d,0,Y denote cardinals, infinite if not said otherwise.
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3) Let k, ¢,m,n denote natural numbers.
4) Let ¢, y, ¥ denote first order formulas if not said otherwise.
5) For A > K regular cardinals let S2 = {8 < A4 : c¢f(8) = cf(x)} and S’%K ={6<A:
cf(8) < x}.
Definition 0.6. 1) /5 = {A C 6 : sup(4) < 6}, bd stands for bounding, for 6 a regular
cardinal or just a limit ordinal.
1A) For 0 regular uncountable let:
e Db = {A C 0: there is a club (that is, closed unbounded subset) E of 6 such that
E CA},
o NSy is the non-stationary ideal on 0.

2) For a regular 0 let:
(a) 09 =Min{|F|: .F C 90 is < p-cofinal in "},
6
(b) bg =Min{|.Z|:.# C 96 hasno < jpa-upper bound}.

3) Let 25" be defined similarly using <ns, when 6 is regular uncountable.

4) For amodel M and a set u C M let M [u is defined naturally, allowing a function symbol
to be interpreted as a partial function (and so an individual constant to be not defined) but
Mu C M means u = cly(u), see below.

5) For a model M and A C M let clp(A) = cl(A, M) be the minimal subset B of M including

A and closed under the functions of M; so M[cly(A) C M and if M has Skolem functions
then M [cly(A) < M.

Recall,
Definition 0.7. 1) For a regular uncountable cardinal A let /[A] = {S C A: some pair (E,a)
witnesses S € I(1), see below}.
2) We say that (E,u) is a witness for S € I[A] if:
(a) E is aclub of the regular cardinal A,
(b) u=(ug: ¢ <i),uq Caand B €ug = ug=PNug,
(c) for every 0 € ENS,ug is an unbounded subset of & of order-type < 8 (and § is a
limit ordinal, necessarily J is not a regular cardinal).

3) For k = cf(k) < A =cf(A) let I<[A] be the ideal {S C A : S C §*, S € [[A]}.

By ([She79], [She85] and better) [She93a] and [Shea] we have:

Claim 0.8. Let A be regular uncountable.
1) If S € I[A] then we can find a wimess (E,a) for S € I[A] such that (clauses (a), (b), (c)
from 0.7(2) and):

(d) 0 € SNE = otp(ag) = cf(9),
(e) if oo ¢ S then otp(aq) < cf(8) for some 6 € SNE.
2) S € I[A] iff there is a pair (E, P) such that:

(a) E is a club of the regular uncountable A,
(b) P =(Py:a<A) where Py C{u:uC o} has cardinality < A,
(c) ifa<PB<Aandacuc Pgthenuna € Pq,
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(d) if 6 € ENS then some u € Pg is an unbounded subset of § of order type < 8 (and
8 is a limit ordinal).

3) We say a stationary subset S has club guessing when some (Cg : § € S) witnesses it,
which means: Cj is a club of S and for every club E of A for some § € S we have C5 C A.
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§ 1. ON Tieq FOR MAHLO CARDINALS

As here we consider T.q the simplest, non-simple theory, we may consider how much
does it behave like the class of graphs (equivalently random graph)? We prove that not by
a non-existence result, but with quite specific set theoretic assumptions.

Teeq is very close to (and equivalent for our purposes to) the older Tt.q which is a prime
example for a theory with the tree order property, equivalently non-simple (even TP, but
having neither the strict order property nor even just the SOP;). For it we get here parallel
and better results than [She93b] where it is proved that there are limitations on the uni-
versality spectrum for Trq and in [DS06], which generalize the results for any 7' with the
so called oak property, see somewhat more in [Shel7, §3]. The results in those papers are
meaningful when SCH fails, that is, consider a cardinal A such that: for some strong limit
singular u, ut < A < 2" if A is regular then “usually” Ty, has no universal in A.

But what about A € (u,2") when for transparency we assume g = u<*? Here (in §1) we
get further such non-existence results for (weakly inaccessible) Mahlo cardinals. In §2, we
do better but the Mahlo case may cover more classes, comes first and the proofs are more
transparent. The proof here (in §1) can be axiomatized as in §2 using:

B PGC(A,S) where S is a stationary set of regular cardinals < A means that some U
witness PGC(A,S) where U= {(w(1+¢€):e€<0):0 €S} (soU=0).
Recall that “U witness PGC(A,0)” means PGC(A, 8) = min{|U|: U C Uy, g and U
does P-guess clubs}. See 2.1(5), Definition 2.1(3c) and 2.1(4).

First, recall (the reader can concentrate on the universal versions, ngq, TC%q, on Treq see
[She93b, 2.1=Lb3,3.1=Lc3]):

Definition 1.1. Tiq = Tféq is the model completion of the following (universal first order)
theory, ngq which is defined by:

(A) 7= ’C(ngq) consists of:

(a) predicates P, Q (unary),

(b) E (three place predicate written as xE_y instead E(x,y,z)),
(B) a t-model M is a model of ngq iff

(a) the universe of M is the disjoint union of P¥ and Q¥,
(b) xE;y — P(z) ANQY (x) AOQM (),
(c) for any fixed z € P¥ ,Eé” is an equivalence relation on QY.

Observation 1.2. 0) Tyq is well defined and univ(A, Treq) = univ(A, T W)
1) So if M |= Tieq then :

(¥) (a) in(B)(c) of Def. 1.1, for each x € PM EM is with infinitely many equivalence

classes,
(b) ifn < ®,x1,...,x, € PM with no repetition and yy,...,y, € QM then for some
n
ye QM,/\IyE)’C‘Zyz,
(c) ifn< wandy;,...,y, € O™ and e is an equivalence relation on {1,...,n}

then for some x € PM we have ygE,ZCVI}’k & lek, n
(d) PM,OM are infinite.

2) Hence Treq has elimination of quantifiers and univr,, (1) = univao (A).
eq



Paper Sh:1164, version 2022-07-19_2. See https://shelah.logic.at/papers/1164/ for possible updates.

8 SAHARON SHELAH

We present a close relative, the main one we consider here (and, as proved below, equiva-
lent to Teq for our purpose).

Definition 1.3. Teeq = Tféq is the model completion of the following (universal first order)
theory, TC%q which is defined by:

(A) = ’L'(Tc%q) = 7(Teeq) consists of: P,Q unary predicates, E a binary predicate and
F a binary function symbol,
(B) a t-model M is a model of the universal theory. TC%q iff:
(a) PM,QM is a partition of M,
(b) EM is an equivalence relation on QM
(c) FM is a function from Q™ x P¥ into QM such that for every ¢ € PM a —
FM(a,c) is choosing a representative for the a/EM -equivalence class, that is,
we have:
() ac QM = FM(a,c) € a/EM,
(B) if a,b € QM are EM-equivalent then F™(a,c) = FM (b, ¢).
(y) if c ¢ PMva¢ QM then FM(a,c) is not defined (or, if you prefer, is
equal to ¢).

Concerning A in the neighborhood of a strong limit singular we shall not give details as we
can just quote.

Claim 1.4. 0) Concerning T2

ceq

(a) For a model M of TC%q and A C M with n elements, the closure of A inside M has
at most n-+n? elements, (even at most n+ (n/2)?* elements),
(b) Tc%q has amalgamation and JEP,

(c) TC%q has a model completion, that is Teeq is well defined,
(d) univ(A,Teeq) = univ(A, Treq) = uniVTcoeq ().

1) Teeq is not simple, is NSOP, and even NSOPy and has the oak property, in fact, by qf
(quantifier free) and even atomic formulas.

2) We have (A) = (B) where :

(A) (a) O<pu<A<y,
(b) cf(A)=2A,0 =cf(6) =cf(u),u* <A,
(c) X :=ppr(g)(H) > A +[i"
(d) there is a set {(a;,b;) i <i*} witha; € [A]“F,b; € [A]® and |{b;:i < i*}| < A
such that: for every f : A — A for some i, f(b;) C a;,
(B) (a) Teeq equivalently TC%q has no universal model in A,

(b) Moreover, univ(A,Teeq) > X = PPr(g)(H)-

’

3) Tieq can be interpreted in Teeq hence univy, (A) < univy,, (A).
4) Also the inverse of part (3) holds.

Proof. 0) Easy as clause (d) follows by parts (3), (4).

1) By part (3), (4) quoting [DS06] where the oak property was introduced.
2) Follows from parts (3), (4) and [She93b, Claim 2.2].

3) For a model M of T, we define a model N = N[M] of ngq as follows:

ceq

(*)vu (@) Q¥ =PY PNV =0M/EV,
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() EN ={(a,b,C):Cc PN = Q" /EM and a,b € Q" and (Vc € C)[FM(c,a) =
FM(c,b)] equivalently, (3c € C)[FM(c,a) = FM(c,b)]}.

Now check that N |= ngq and M |=Teoy < N |= Tieq.
4) For a model N of ngq we define a model M = M[N] of Tc?:q as follows:

()un (@ PY=0Q" and QM = {(c,A) :c€ PN and A € Q" /EN}
(b) EM ={((c1,A1),(c2,A2)) s c1 =2 € P' and Ay, Ay € OV /EX
(c) FM: oM x PM — OM is defined by: If d € QM b € PM hence for some
ce PN A e QV/EN we have d = (c,A) then we let FM(d,b) = (c,b/EM).

Now check that N |= ngq and M |= Toeq < N | Tieq. O 4

We now point out a new reason involving “large 0¢’s” for not having a universal model in
A, even for many non-simple 7’s. In this section we deal with a case where the proof is
simpler using T.eq and A a Mahlo cardinal.

Claim 1.5. 1) Assume A is a (weakly inaccessible) Mahlo cardinal and S = {0 < A :
regular (weakly inaccessible) and 09 > A} is stationary in A and S has club guessing.

Then

(a) univ(A,Teeq) is > A,
(b) even, > sup{x™": the set {0 € S: 09 > x} is stationary and has club guessing}.

2) We have y < univ(A,Teeq) when:

(a) A is a Mahlo weakly inaccessible cardinal,

(b) A<y,

(c) S C {0 < A: 0 isweakly inaccessible cardinal} is stationary.

(d) P =(Py:0c58),

(e) if 0 € Sthen Py is a set of < A clubs of 0,

(f) P guess clubs of A, that is, for every club E of A for some C € Py,0 € S we have
CCE,

(g) 09 > x forevery 6 € S.

Proof. 1) Clearly

(*)o it suffices to:
(a) fix x > A suchthat S, = {6 € 5:09 > x} is stationary and has club guessing,
(b) prove univy(A) > x.

Let T = Tieq, without less of generality assume S = S, and let:

(¥)1 (Cs: 0 € S) witness “S has club-guessing”;
(*)2 if (A) below holds, then we define some objects in (B) where:
(A) (a) M €ECr(A)),
(b) [PM|=2,n
(c) Oisregularand 6 € S,
(d) E aclub of 6.
(B) we define:
(a) fora € PM hence a < A let 8a = 8Mm.E.a be the following function from
0to 0:
o for a < 0,g,(t) is the minimal 8 € E such that: € E\(a+ 1)
and (B1 € QM N B) A (FM (B1,a) < 0) = FM(By,a) < B,
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(b) %A(}E ={gMEq:a€ PM} note that E determine 6,
(c) for 0 € Slet¥;; o = {gmcoa:ac PM}.

Now easily

(x)3 for a,M,0,E as above, gy £, is a well defined non-decreasing function from 6
into 0, in fact, into E C 0,

(x)4 if M,N € ECy(A!) and f embeds M into N then for some club E* of A: if 6 €
S,0 =sup(E*NO),ECE*NOisaclubof and a € PV then 8M.Ea < 8N, f(a)
(so, the only way E* influences is the demand “E C E*”).

Recall that, 6 € S = 0g > ¥ > A and we shall prove that univ(A,T) > x; this suffices. So
assume (Mg, : o0 < ) is a sequence of members of ECr(A4!).

So for each 6 € S the set %p = U{¥y; o:a < x satisfies |QM* N @] = 0} has cardinality
< x recalling A < y.

For 6 € S, as |4y| < g, necessarily there is an increasing gg € 99 such that! gE€EY =
go £ g mod J5 and without loss of generality, gg € ?(Cy). Now we define a model N €
ECTc%q (A1) with Ty = T(Teeq) = T(T2,) as follows:

ceq

(A) universe is A,
(B) (a) OV is the set of odd ordinals < A,
(b) EV is an equivalence relation on Q" such that for every ot < B < A satisfying
B is divisible by |a|, ¢ € OV we have |o/EN N | = |B
(c) if @ =4B +1 < A then a/EV is disjoint to «,
(d) if6cSand o < Othen 8 > FN(4or+1,0) > go(dor+1).

)

This is easy? to do.

To show that M does not witness univ(A,T) < y is suffice to show that N cannot be embed-
ded in My, for any o < ). Toward contradiction assume that & < ) and f is an embedding
of N into My. Let E = {0 < A : § a limit ordinal such that ((My[8,N|8, f]0,< [0) <
(Ma,N, f,< [A))}. Clearly E is a club of A hence for some 6 € S, we have Cy C E. Let
he?0 be 8Mq.Co.(6)> SO is well defined and belongs to gﬁ(/)la,ce hence to g;,}me hence to

%y hence gg £ h mod J'é’d. Now,
e; choose a < 6 such that h(a) < gg (o),
o lety=4a+1,
o3 FN(y,0) € (go(),0) by the choice of N i.e. (B)(d) above,
e, go() € Cy by the choice of gg,
o5 Cg C E by the choice of 0,
(T3 gg(Ot) cE by o4 and o5,
e, every member of E is closed under f and f~!,

[Why? By the choice of E it is closed under £, as f is one-to-one similarly for f~!.]
o3 f(FN(7,0)) € [g0(ax),0),

[Why? By e3,e¢ and e7.]
o f(FN(7,0))=F"a(f(7),f(8)),

[Why? As f embed N into My,.]

Lit suffice to have gg £g.
Zin (B)(b), it suffice to demand B divisible by | B[, then the proof is more transparent.
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o10 FMe(f(1),£(0)) € [g0(cx),0),
[Why? by eg and eg.]

o)1 h(o)is a member of Cy, hence a limit ordinal and in E,
[Why? By the choice of /i as gy, ¢, 7(0)-]

o a<h(a),y<h(a)and f(y) < h(a),
[Why? First, & < k(o) by the choice of . Second, ¥ < h(a): as h(a) is limit > & by ey;
and y=40a + 1 by e;. Third f(y) < h(ax): as y < h(ex) and h(ex) € E by 1 and so h(ct)
is closed under f by e7.]

o13 FMa(f(7),/(8)) < h(a),
[Why? By the choice of  as gy, c,.7(6) and e12].
Now by the inequalities o, e5, 89 and 13 we get h() < go () < f(FN(y,0)) = FMa(f(y),£(8)) <
h(a), contradiction.
2) Similarly. Ui s
Remark 1.6. Under the assumption of 1.5(2), we can similarly prove that: for every

sequence ((Eg, % g) : & < x,0 € S) satisfying clause (A) below, there is a sequence
(80,0:0 €S, a0 <A)withgg o € 99 satisfying clause (B) below, where:

(A) Egisaclubof A for & < y and % g C 90 has cardinality < A for £ < 1,0 € S.
(B) for every & < x and club E of A there are 8 € acc(Eg) NENS and & < A such
that 6 = sup(E: NENO) and g € Yz g = go.a £ ¢ mod Jgngme-



Paper Sh:1164, version 2022-07-19_2. See https://shelah.logic.at/papers/1164/ for possible updates.

12 SAHARON SHELAH

§ 2. ON SUCCESSOR CARDINALS AND CLUB GUESSING

We first introduce the relevant notions (in 2.1); (we could add clause 2.1(2)(b) into the
definition of U, g in 2.1(1), but so far it does not matter®). We then investigate it and use it
for sufficient conditions for “no universal”.

Definition 2.1. Assume A > 6 are regular and D C Z?(0) is upward closed non-empty
satisfying D C [0]®, omitting D means D = {6}; and B is a model with universe A and
countable vocabulary but B is locally finite when 6 = R. Saying “for D-most € < 6” will
mean “for some X € D for every € € X”. The main case’is 0 > Xy, this is necessary for
the “full” cases (see parts (2)), but not for the others; we may forget to assume 6 > Xy,

1) Let Uy g = {i: = (u; : i < 0) is C-increasing continuous, and i < 0 =i C u; € [1]<®

(hence 8 CU{u;:i< 0} c[A]%)and A u;N6 € 6}.

i<
1A) We shall say that U C U, 4 obeys B when every & € U does, which means that for
every € < 0 we have B | ug C ‘B, (if *B has Skolem functions this is equivalent to B |
ue < B which implies 8 > Xj).

2) We say U C Uy ¢ fully D-guesses clubs when 6 > X and for every model M with
universe A and countable vocabulary there is i € U which fully D-guesses M meaning’

(a) (a) if® & < 6 then cl(ug,M) C sup(ue ), moreover (actually follows using an ex-
pansion of M) M| sup(us) < M,
(B) 3Z €D)(Ve)[e e Z = cly(ug) =us C M), i.e. for D-most € < 6 the set
ug is closed under the functions of M, (in an equivalent definition M, [us < M
as we can expand M by Skolem functions).
(b) the sequence ord(i1) = (sup(ug) : € < ) is strictly increasing. ¢/

3) We say U C Uy, ¢ almost D-guesses clubs when :

(a) for every model M with universe A and countable vocabulary and A € [A]* for
some i € U we have:
(a) if € < O then cl(ug, M) C sup(ue); as in (a)(a) of part (2) without the more-
over,
(B) for D-most € < 6 we have A Nug1 € sup(ug),
()cZ(Uus, M) = ng,thatlsM(ng)CM

(b) ifaeU then ord(ir) = (sup(ug) €< 6) 1s strlctly increasing.

3A) We say U medium D-guesses clubs when as in part (3) omitting clause (a)(7y).
3B) We say U C U, g semi-D-guesses clubs when :

(2) as (a) in part (3) but replacing () by:
(B)" for D-most & < @ for some ¢ € [¢,0) and o € A we’ have & € (ugir\ug)N

(sup(ue1)\ sup(ue)),
(b) asin part (3).

3Note that it is relevant to “fully D-guess clubs” implies “almost guess clubs”, see 2.2

4 We may omit clause (b) from the definition 2.1(3) of “fully D-guess clubs”, the only problem this cause is
for it implying the other versions, (see 2.2).

5 We may omit in 2.1(2) the clauses (a)(@), (D) but then we have problems with “FGC = AGC and the gain
is doubtful.

OThis implies a case of club guessing.
7 The “ot ¢ ug” follows, and “D -most” can be replaced by “all”.
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3C) We say U C Uy, ¢ pseudo-D-guess clubs when :

()" if M is as above and A € [A]* then for some i € U we have:
(a) asis part (3) clause (a)(o),
(B) for D-most € < 0 for some { € [€,0) and & € A we have o € (ug;\ug)N
(sup(ue1)\ sup(ue)),
(b) as above.
3D) We say U is (A, 0)-reasonable (or just reasonable when (A,0) are clear from the
context) when U C U, ¢ satisfies clause (3)(b).

4) We say U does X — D-guess clubs when :

U does fully D-guess clubs and X = F,

U does almost D-guess clubs and X = A,
U does semi-guess clubs and X = S,

U does medium D-guess clubs and X = M,
U does pseudo guess clubs and X = P.

5) Let XGCp(A, 6) = min{|U| : U C Uy, g and U does X — D-guess clubs}.
5A) Similarly XGCp (A, 6,9) when we restrict ourselves to U obeying B.
6) We say U C U, g is bounded when there is a function F' witnessing it which means: F'is
a function from {@[({+ 1) : 2 € U,{ < 0} into A such that F(i; [(§1 +1)) = F (a2 [ (& +
D))= [(Gi+1) =2[(&+1) and F(il (£ +1)) < sup(ug.1).
7) We say “strongly bounded” when in addition F (&[({ + 1)) € ug, forevery { < 6.
8) We say U C U, 4 is weakly bounded, when there is a function F* witnessing it which
means:
(a) Dom(F) = {ord(@#[({+1)):a € Uand { < 6} recalling ord(it) = (sup(ue) : € <
0),
(b) R.ng(F) C A and F(ord(@)[(£ +1)) < sup(ugy) foria € Uand £ <6,
(c) if &1, & < O are successor of successor ordinals and i, iZ, € U and F(ord(it;)[ &) =
F(ord(it2) [ &) then ord(ity) [§1 = ord(it2) [ .

9) Let

(a) if 7 € Up g and f:  — 6 is <-increasing continuous with limit @ then @/l =
alf] = (upe) € < 6)],

(b) if UC U, g and f: 6 — 0 is <-increasing continuous with limit 6 then ull =
U[f) = {alf] :q € U},

(c) if UC Uy ¢ and .7 is a set of <-increasing continuous function from 6 into 6
with limit 6 then U[Z]| = {i|f] : i € F#,f € F},

(d) if w € [6]? then f,, = f[w] is the g :  — 6 such that (g(&) : &€ < 6 but the closure
of w in order. so is <-increasing continuous with limit 6.

10) In (a),(b) of part (9) above we may write i[w], U[w] for w € [8]® meaning a[f], U[f]
where f = f,,, writing UW],W C [0]® mean U{U[w] : w € W}.
11) Now for X € {F,A,S,M,P} we let (naturally and we can add B as in part (5A)):
(a) AXGCp(A,0) = Min{|U| : U C Uy g does X — D-guess clubs and is strongly
bounded},

(b) CXGCp(A,0) is defined as in (a) but U is just bounded,
(c) WXGCp(A,0) is defined as in clause (a) but U is weakly bounded.



Paper Sh:1164, version 2022-07-19_2. See https://shelah.logic.at/papers/1164/ for possible updates.

14 SAHARON SHELAH

Some of the obvious implications are:

Observation 2.2. 1) If U fully D-guesses clubs, then U almost D-guesses clubs,
2) If U almost D-guesses clubs then U semi-guess-club and medium D-guesses clubs.

3) If U semi-D-guesses-clubs or medium D-guesses clubs then U does pseudo D-guesses
clubs.

4) If Dy C D, C [0]° then “U does X — D-guess clubs” implies “U does X — Dy-guess
clubs” for X € {F,A,M,S, P}, we may write {full,almost, medium, semi, pseudo}.

5) Assume U C Uy g and B is as in 2.2. Then there is U’ such that:

(a) U CUyg

(b) U< U

(c) if U does X — D-guess clubs, for X € {F,A,M,S,P} as in part (4) then so does U,
(d) U obeys B, (see 2.1(1)).

6)In 2.1(11) the number is > A.
7) We may replace “countable vocabulary” by “vocabulary of cardinality < 0”.

Proof. E.g.

5) Let U = {i’ € U: for some i € U for every € < 6 we have clog (ue) = u, C sup(ug)},
it suffice to prove that U’ is as required. The main point is to verify the appropriate version
of clause (a) in Def 2.1. So let M be a model with universe A and countable vocabulary, we
have to find a suitable meber of U’. By renaming, without loss of generality the vocabulary
of M is disjoint to the one of 9B and let M’ be a common expansion of M and B with
(M) =1(M)UT(B). Let E= {6 : M6 < M}. So (M',E,< [A) is as required in clause
(a) for U hence there is a suitable iz € U. We can check that in all cases &’ = (clog (1) :
€ < 0) € U is as required here, so we are done.

7) Recall 2.1(1), the statement “us N6 € 6. e

Definition 2.3. 1) For the model theory: for a model M € ECr(A!),A C L(7r) and u C
AACMIletM Al [ Au be the model M [u expanded by all the restriction to u of all relations
definable by a A-formula with parameters from A.
1A) If A = Lg¢(7p) then we may omit A; writing @ instead A means Rang(a).
2) For M € ECr(A!),i € Uy g and a@ € ®~ M let ga ;. be the function from 6 to 6 such
that for § < 6,g4,4:({) is the minimal € € (¢, 6) such that M1 fug < M} (J ug.

£<6

Claim 2.4. We assume that B is a model with universe A and countable vocabulary, (for
the case of full club guessing, we add locally finite when 6 = Xy.)

1) We have

(A) CSGC(A,0) = A, moreover L = CSGC(A, 0,B) provided that:
e L=cf(1) =671 and 8 =cf(0)

(B) ASGC(A,0) = A provided® that
e A=07106=cf(0),
e there is a stationary set S C Sg+ from Iy [67],

(C) AFGC(A,0) = A even with a reasonable witness. provided that:

8 We can weaken the demand: if we weaken the demand in Definition 2.1(5) to “for stationary many € < 6”
and 6 > X,.
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o A =2%and 6 =cf(8) > X,
n
(D) MGCp(A,0) = A when:
(*) 0 =cf(0) <A and there is .7 such that:
(a) & C{w:wCA,otp(w) =6},
(b) . has cardinality A,
(c) ifA € [A])* then for some w € .7 the set wN A has cardinality 6,
(d) D=6]°.
(E) AGC(A,0) = A when
(*) we have:
(a),(b),(c),(d) asin (D) above,
(e) the cofinality of ([A]?,C) is equal to A.

2) For regular A > 0 = cf(0) we have:
(A) if SGCp(A,0) = A and bg < A then AGCp(A,0) = A when D = [6]°,

A0
(B) if SGC(A,0)) = A and vg < A then AGC(A,0) = A recalling that the default
value of D is {0}.

3) For A > 0 = cf(8) such that’ A > 0% we have SGC(A,0) = A provided that (e.g.
A = 01" for some n > 0):
EEI;Q cf([2]%,C) = 7.

4) If Uy C Uy, ¢ medium guesses clubs, then there is U C U, g which medium guesses
clubs of cardinality < |U| and for ii € U we have:

(a) if u=U{u; :i < 0} then u C 6 = sup(u) for some 6 < A of cofinality 0; (this
actually follows by 2.1(3)(b)),

(b) ifbg <A thenu=U{u;:i< 0} and it € Uy g then otp(u'\ 6) = 6,
5)IfA> 6" and 8 =cf(6) > Ro and S C {8 < A : cf(8) = 6} is stationary and some
C = (Cs : 6 € S) guesses clubs, then PGC(A,0) = A.
6) If cf([A]?. ©) = 1,0 > R and 09 < A then FGC(A,0) = A, moreover BFEGC(A,0) =
A, (in fact, looking at [She93a] we get strongly bounding).
Discussion 2.5. 1) In 2.4 we have ZFC results, we may get stronger results (on the full
and almost versions) in some forcing extensions see 2.14. and [ST].

2) We can look at the cases of Definition 2.1 for singular A, replacing (u¢\sup(ue)) by
u;\ue, but we have not arrive to it.

3) When we have clause (a)(7y) of the Definition 2.1(3) there is less need of clause (a)(a).
E.g. in 2.4(1)(C) we do not need “A regular”.

4) In clauses (D), (E) of 2.1(1) we may add bounded/weakly bounded under natural as-
sumption.

Proof. Without loss of generality B has a pairing function pr” and its inverses as well as
o+1,0+f and aff.

1) Clause (A): First, choose S,S",C such that (partial square guessing clubs):
(x)1 (@) SC{8<A:cf(6)=6andd > 6"} is stationary,

9see footnote to part (2)
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(b) SC ST C{6<A:cf(8) <0 and § > 0T}, moreover if § € S then § =
sup(StN3J),

(c) C={(Cq:aeST),

(d) Cq is a closed subset of o of order type < 6, and otp(Cy) is a limit ordinal
iff o =sup(Cq),

(e) for o € ST we have @ € § < otp(Cy) = 0,

® ifOtECﬁ then o € ST and Cy, :Cﬁﬁa,

(g) C ]S guess clubs, i.e.: if E is a club of A then for stationarily many & € S we
have Cs C E,

(h) if @ € ST then o > 6T and « is closed under B, that is B[« C B,

(i) if & € ST then 6 divides §.

Why do they exist (provably in ZFC)? see [Shea, 1.3=L1.3(b)], but we elaborate (for the
case 8 > Xg); by [She91, 4.4(1), pg.47] (with 8T, A here standing for A, A there):

(%)1.1 there are W,S,C; (i < 6T) such that:
(A) W={8<(0F)":cf(8) < 6} henceisin I[(61)].
(B) W is the union of A sets which have the square property, i.e., there are se-
quences S = (S;:i < A)and C; = (Cy : 6 € §;) fori < A such that:
(@ W C Ui Sis.
(b) For § € S;, C§ is a subset of 6 NS; of cardinality < A closed in §, and
if 6 is a limit ordinal then Cj is unbounded in &,
(¢) For all 61,6, if 6, € S; and &; € ng then 8; € §; and Cgl = C%z No.
(Notice that 6; may also be a successor ordinal.)
Easily (and as in [Shear, a. III] making 67 tries):

(x)12 there are { < 67, i < A and a club E, of A such that: for every club E C E, of A
for some 6 we have 6 € S;, cf(5) = 8, § = sup(C5NE.), C¢NE =CsNE, and
otp(C5NE,) =¢.

(¥)13 without loss of generality & € E. = (clos () = &) A (61)? |ane > 07,

(*)1.4 let:

(a) e C ¢ is unbounded in § and otp(e) = 6
(b) S={6€S;:cf(8) =0, otp(C§NE,) =},
(¢) ST ={a: €S orforsome § € S we have o € Ci and otp(a N C§) € e}.
(d) Cs ={a cC§:otp(anCs) € e} for 6 €.
Now §,07,(Cs : 8 € ST) satisfies all the demands, proving ();.
(%)2 For 6 € Slet (y5 , : € < 0) list Cs in increasing order.
Second, fix f,g such that:

(x)3 (@ f=(fa:a€[067,1)),

(b) fq is a one-to-one function from 8" onto o,
(©) §=(gc:£€[0,07)),
(d) g¢ is a one-to-one function from 6 onto &.

Third,

(x)s (a) for 6 € Sletes ={& < 0*: if a € Cs then Rang(fy[§) = aNRang(f5[&)
and this set includes Cs N o and has cardinality 6}
(b) esisaclubof 6T,
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[Why clause (b) holds? As otp(Cs) = 0 and o € Cs U {8} = |ot| = 67, this should be
clear.]

(x)s for 6 € Sand & € e let:
(a) us ¢ = Rang(fs&), it belongs to [6]% and it includes Cg,
(b) wechooseils s = (usge:€<0)byusee=cls({fy (8:(0):v<w(l+
g)and { <o(1+€)}U{y;, v <o(l+eg)}),

M _

(c) for w € [0]° let L_tgv}é be (ugﬂg;s < 0) where ug . = us, where: 1 € w is the

minimal 1 that satisfies otp(wN 1) = &, this fits 2.1(9)(d).
Note that (recalling (x);):

()¢ For 6 € S,& € es we have:
(a) #g ¢ is a C-increasing continuous sequence of subsets of ug ¢,
(b) eachus ¢ . include C,,g‘w(w) and is an unbounded subset of }/(;’ o(1+e) and it is

of cardinality < 6,
(©) U{usee:€<0}isequaltouse,
(d) us¢ ¢ is computable from pr%(yg‘g, &) recalling that pr’ is a pairing func-
tion, using as parameters f,g which were fixed in ().
[Why? should be clear.]
Lastly,
(x)7 let:
(a) U= {125’,: :6€8,&EeCs}
) U, = {ﬁgv]é :§€Sand & € ez} forw e [6]°.
We shall prove that (why the w? for the use in the proof of part (4) of the claim):
(¥)g if w € [0]% then U,, witnesses WSGC(A,6) < 4.
Fix w now and we shall deal with all the demands:
(¥)s.1 U, has cardinality < A; in fact is equal to A.

[Why? As |U,,| < [{(8,8):8 €85,E €es COT} <A+6" =A. The other inequality is
also easy as U{ug ¢ : 6 € S,§ € e} = A and each u; ¢ has cardinality 6 < A.]

(¥)g2 U, C Uy g is reasonable.
[Why? By the choices above.]
(x)s.3 U, semi-guess clubs.

[Why? Let M and A be as in Definition 2.1(3B)(a)’; without loss of generality M expand
B and let M be the expansion of M by the relation <M the order of the ordinals < A
and PM" = A, andlet E := {8 < A : M*|8 < M}, clearly E is a club of A. By the choice
of C there is 8 € S such that C5 C E (hence § € E). Note that if & € Cs then AN« is
unbounded in «.

Now recall that M[§ < M, (us5 ¢ : § € eg) is C-increasing continuous with union &, each
us ¢ is of cardinality < 6 and e; is a club of 6 hence e = {§ € e5 : M T [usz <M"}isa
clubof 0. Soif £ € e then A Nug ¢ is unbounded in us ¢. Now choose Eeeson= s
is as required.]
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(x)s.4 U is weakly bounded.

[Why? Just think, recalling (x); and Definition 2.1(8), that is, note that (Cs N : § € ST)
has cardinality < 6% for each o < A because B € C5, NCs, = Cs5, N = Cs5,N B and
0 > a = sup(CsNa) € Cs, anyhow below we shall get more.]

(*)9 U is bounded hence CSGC(A, ) holds, in fact:
(@) ifuy =ug, g e U2 =t ¢, ¢, and Pr(j €)= pr(ygzvez,’g'z) then:
() (3, c:e<e)=(1;, . €<&)
(B) w1 =u
©) PR e 81) < B

[Why? Clause (a) holds by (*)g(d) and clause (b) by (x);(h).]

We have finished proving A = CSGC(A,0), and even CSGC(A, 0,B), that is clause (A)
of part (1).

Clause (B): Fix a stationary S C Sg+ which belongs to fg [Gﬂ, see Def 0.7. By 0.8 we can
choose (g ¢ : € < 0) for & € S such that for any such § € S, (s ¢ : € < ) is increasing
continuous with limit & and ({g, g1 = 8¢, e11) A (U < €) = &g, = ¢, 5, (and more).
Without loss of generality this is C = (Cy : & < A such that if £ € S, € < 0 then for some
a < §g ¢ we have {{¢ ;1 i < €} = Cq and for % € U such that § = sup(U, ue) we require
that & € g1 (and C definable in B).

Now in the proof of clause (A) of part (1) we choose f,g as in (*)3 but in addition § =
(8ot € [6,07)) satisfies that: if & = (¢ ., € a limit ordinal then g4 is computable from
(8p: B €{Ce,:1<¢€})eg. asfollows: for1 < 0 let Wy ={y<o: forsomeff € {¢,:
e < £} we have gg(¥) < t} and then define g, by induction on t < 6 such that:

(%) (a) gL is a function from W} onto some ordinal < 6.
(b) gk, is increasing with 1.
(c) gL TWL\U{W{ : j < 1}) is order preserving.

Also we can restrict ourselves to & € § such that ugs ¢ is closed under pr. Then we can
restrict ourselves to (w,8,&) such that &y < & € w = Pr(75 e, Ceg) Ells e,

Clause (C): Easy but we elaborate.

We are assuming A = 19,0 = cf(0); so U=1U, g is trivially a subset of U g of cardinality
A and let F be a one-to-one function from {@le : @ € U and &€ < 6}, clearly exist. Let M
be a model with universe A and we have to find i as promised. Toward this we choose u,
by induction on € as follow:

(a) ue is a subset of A of cardinality < 0,

(b) ug = cl(ug, M) and has no last member,

(c) if € = £+ 1 then some o € A\ sup(uy) belongs to ue,
(d) if & is a limit ordinal then us = U{ug : § < €}

(e) If e = { +1 then F(ul€) € ue.

There is no problem to carry the induction and (u, : € < 6) is as required.

Clause (D) Recall that . C {w C A : otp(w) = 8} and more by our assumption. For each
we .S let i, be (uy,e:€<0)wereu,e ={aeW:otp(wNa) < w(l+¢e)}Ue. Now let
U = {a, : w e .}, it suffice to prove that U witness MGC(A,6) = 1.
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Clearly most demands hold: U is a subset of Uy g of cardinality A, and for each & € U the
sequence (sup(ug) : € < 0) is increasing. The main point is, to be given M, A as in clause
(a) of Def 2.1(3) and to prove that sub-clauses (), () there hold.
Let M* be an expansion of M by the order <M " of the ordinals < A, RM" = A,pr and let
E={6<A:M"8 <M"}, clearly it is a club of A. Now there is no harm in replacing
A by a smaller sub-set so let A’ = {a@ € A: @ = min(4\ B) for some f§ € E}. Clearly
A’ € [A]* so by the choice of .7 there is w € . such that wN A has cardinality 6.
Now i, € U is as required.
Clause E:
By [She93a] there is a stationary o7 C [7L]9 of cardinality A, see details in the proof of part
(3). Now for each w € . let @, = {v € & : w C v}, so it is non-empty. Now for each
we .S let (o6 : € < 0) list the members of w in increasing order. Also for each such pair
(w,v) let i@y, = (Uyye : € < 0) be such that:

(a) uy,e is a subset of v of cardinality < 0,

(b) uy,,¢ 1s increasing continuous with €,

(C) Uy includes {a,, . : & < o(1+¢)}if 6 > Rgandis {e,¢: { < 1+¢},

(d) tyye is included in U{e,r: & < (1 +€)}

(€) U{upwye:0<0}=vNnU{aue: <8}
Lastly we define U as the set {i,,, : w € .,v € o4, }; so it suffice to prove that U witnesses
MGCp(A,0) = A; this is as in previous cases.
2) As in [She94, Ch.III], and anyhow not used .

3) By [She96] there is .# such that:

(¥)1 (a) .7 C[A]% has cardinality A
(b) .7 is stationary, i.e. for every model M, with universe A and vocabulary < 60
there is w € . such that M, [w < M,.

Now as we can increase ., without loss of generality :

(¥)2 #N[a]? is a stationary subset of [a]® for every a@ < A.
We continue as in the proof of part (1), maybe details will be given in [S*] and anyhow
this will not be used here.
4) Let U C U, ¢ medium guess clubs,
Now clause (a) follows by 2.1(3)(b).
For clause (b), for € Uy, let (Qy ¢ : € < 0) list | J, ue and for each @ and increasing g € )
we define w$ . by induction on & < 6 as follows. For &€ =0 let w5 . = cls3(0), for €
limit let wze = U{wz ¢ : € <€}, s0let € =+ 1. Let t < 6 be minimal > g({), €, such
that sup(wég) < sup{ 0,1y : 1(1) < i} and let wh . = clos ({0, (1) : i(1) < 1}). Lastly let
F C{gc 90 :gisincreasing} be < s —unbounded of cardinality by and let U = {(w . :
£€<0):ge€.% andu € U;}. Now check.
5), 6) Combine things above. Clh 4

Discussion 2.6. Assume A > 6 > ¢ =cf(0),(2° > A in the interesting case). Let Uy g 5 =
{it: i = (ue : € < o) is C-increasing and ue € [A]%} and repeat the definition. Of doubtful
help, otherwise (677,67, 0) would have helped.
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Theorem 2.7. 1) Assume A =cf(1) >0 =cf(0), D=1[0]%, AGCp(A,0) =A and by > A.
Then A ¢ Univ(Teeq); moreover, univr,,, (1) > bg.

1A) In part (1) we can replace AGCp(A,0) by MGC(A, 0).

2)IfA =cf(A) > 6 =cf(0) and'® FGC(2,0) = A and x =dg > A or just cf(?0,<p)) >
X > A, then univy,, (A) > %.

3) If D is a uniform filter on 0,(°0,<p) is (< x)-directed and y > A,FGCp(1,0) = A
then univr,, (1) > x.

Remark 2.8. 1) The Claim 2.11 below shows that we cannot weaken the assumption on 7
too much.

2) Note that the above works also for 0 = X.

3) See more in [ST].

Proof. 1) Solet (T = Tieq and):

(*)o B is as in Definition 2.1, such that:
(a) B has universe A,
(b) T3, the vocabulary of B, is countable,
(¢) B has a pairing function pr: A x A — A i.e., a one-to-one 2-place function
from A into A and pr, and pr, its inverses.
(¥)1 assume o, < bg and My, € ECr(A!) for o < e it suffices to find N € ECy,,,, (A!)
not embeddable into My, for every o < o,
*)y let U C witness DA, 0, = A or just DA, 0, =A.
let UC U, o wi AGCp(A,0,%8) = A or just MGCp(A,0,8) =1
[Why? Is there such U? by the assumption of the theorem and apply 2.2(5).]
x)3 forii € U, < a, and d € PMa we define the set E; 4 o; clearly is a club of 6, as
f U ddepPM define th Ej 4 a; clearly lub of 6
follows:

e Figo= {€ < 6 : € is a limit ordinal such that u, is closed inside U{uc :
¢ < 0} under the functions of M}, and the function FMa(— d), or just if
acug,be U ugand My = “FMa(a,d) = b” then b € sup(ue)}.

<6

So & ={Ejga icUa<o, andde PMa} is a set of clubs of 6 of cardinality <
|U| + |a| + |PMe| < bg. Hence,

(%)3.1 there is an increasing function g : @ — 6 such that (VE € &)(V7e < 0)(g(e) >
sucg (€)).

Now we can construct N = N, € ECr(A!) such that:

(x)4 (@ PV={3B:B<A}hence Q" ={3B+1,38+2:B <A}
(b) if @ =3B +1< A (hence o € Q") then & = min(ct/EN)
(c) if i € U then for some (it) = iz, € PV we have: if B € (ugi1\ue) NQY
and (B/EN)Nue =0 but v < 8 = (B/EN) Nsup( U ug) Z sup(uy) then
<6

FN(B,a(a)) € Sup(ggeug)\sup(ugﬂn)

Now toward contradiction assume that:

(%)s f embeds N, into M}, and o < .

10 Recall that this means that D = {6}
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Let N = (Ng,<N8+) where <" = {(a,B): & < B < A} and let M, be a model with
universe A expanding M}, and (a renaming of) N;"; (that is T(M,) contains also a disjoint

0 o

copy 7’ of T(N,) such that the restriction of M, to 7’ is the suitable copy of N;").

Also we have f = GM: for some unary function symbol G € 7(M,) and M, has Skolem
functions and 7(M,) is countable and expand B.

(%) (a) Let E={0 <A :M.]8 <M,},soaclubof A,
(b) LetH: A — A be H(a) = sucg(),
(c) Let M, = (Ma,H).
(*)7 LetA={pr® (3 +1,f(3B+1)): B <A}.
As f is a one-to-one function from A to A necessarily A € [A]*. By the choice of U and of
D as [0]9 there is @ such that:

(+)s (@) aeU,
(b) if € < 0 then ug = cl(ug,B),
(¢) cl(ug,M,) C sup(ue), and (essentially follows) M, [ sup(ug) < M,
(d) the setv={e < 0 :ANug; \sup(ug) # 0} has cardinality 6,
(e) M, U ue < M,, (not used when we assume only MGC(4,6) = 1),

£<0
Now let d = f(ta ), so it is a member of PMa_ and
()9 if € € v then for some a = ag € ug; \ sup(ug) we have ag € A,
(¥)10 (a) fore € vletas =pr® (Be, f(Be)), s0 Be € {3y+1:7y< A},

(b) Letv; = {e € v:g(€) >sucgaaq)(€)},
(c) For & < 6 let {e = sucg(g 4,a)(€),

()i vi € v°,
[Why? Because v € [8]° and the choice of f (here the use of bg matters.)]
Now,
H Assume € € vy,
o g € et \Ue,
[Why? by the choice of ag.]
e if { < 6 then sup(ug) is closed under x+ 1 so a limit ordinal and f~'; that is,
VB < A[B <sup(ue) <= f(B) <sup(ee)],
[Why? As cl(sup(uge),M,) C sup(ue) by (x)g(c).]
3 Pe € uei1 \sup(ug) and f(Be) € g1 \ sup(ue),

[Why? As Be = pr (ae), f(Be) = pry (ag) and ag € ugi by 1 (and ues1 = clg (tet1)
by (x)s(b)) we have B¢ € uet1, f(Be) € tet1. Now, Be < sup(ue) <= f(Be) < sup(ug)

by e and (Be, f(Be) < sup(ue)) = ae = pr® (Be, f(Be)) C sup(ue+1). But, ae & sup(ue),
together B¢, f(Be) ¢ sup(ug) and we are done proving e3.]

4 FMZ(f(ﬁ£)7d) ¢ [C&‘vsup(UE M&‘))ﬂ
[Why? by the definition of Ey 4 4 in ()3 and (*)19(c).]

®5 FMa (f(ﬁé‘),d) = f(FNg(ﬁS’aﬁ«,g))a
[Why? As f embed N, into M}, and the choice of d as f(0,.)]
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6 FNe (ﬁ&'a aﬁ,g) € [Sup(ug(s))a Sup(UC MC)) ’
[Why? By the choice of N, 0 ; and e3.]

o7 f(FNs(Be,0ag)) € [sup(ug(e)),sup(Ug ug)) ,
[Why‘) By ®) and .6']

o5 f(FN¢(Be,0g)) € [sup(ug(e)),sup(Ug ug)) recalling § (&) = e = sucgz4,q)(€),
[Why? By e7, the definition of £ 4 o and the assumption on € € V;.]

o FMa(f(B.),d) € (L, (sup(Ug ug))
[Why? By eg and es.]
But e4 and eg are contradictory, so we are done proving part (1).
1A), 2), 3) Similarly to the proof of part (1) with some changes will be done in [ST].
(a7

Conjecture 2.9. 1) Assume T is (countable complete first order) with the TP,. If A > 6 >
X are regular, 99 > A and 9, > FGC(A, 6) (maybe 0 inaccessible), then univy (1) > 0.

2) Assume T is (countable complete first order) non-simple. If A > 6 > X are regular,
09 > A and 9 > CFGC(A, 0), then univy(A) > 0.

Remark 2.10. See hopefully [Shec], [ST].

Claim 2.11. Assume = pu<* <0 =cf(8) <A =cf(1) < x = x*, A is strongly inacces-
sible Mahlo and for transparency GCH holds in the interval [lL,)). For some P:

(a) Pis a (< u)-complete forcing of cardinality } neither collapsing any cardinal,
nor changing cofinalities

(b) (2#)VFl=x

(c) in VF we have 0y = y for every inaccessible d € [, 1),

(d) in V¥ there is 2 as in 1.5(2),

(e) Teeq has no universal member in A moreover univ(A,Teeq) > X

(f) the results of [She90] holds, i.e. there is a universal random graph in A, and see
[She21]

Remark 2.12. Note that here the case “Ug g ue Nsup(u¢ ) has cardinality 87 does not arrise.

Proof. Our proof is based on the proof [She90], but the quoted [Bau76] has to be changed,
see full proof in a work by Mark Po6r and the author in preparation.

That is, we choose:

(*) P =P3, where (Py,Qy : k <3,¢ < 3) is an iteration and:
(A) Qo is adding xl—Cohen, so it satisfies:
o) Qpis a (< A)-complete forcing notion of cardinality ¥,
o, Qo neither collapse some cardinal nor change any cofinality (in fact is
AT-cc),
o3 in V& there is a family <% of x-many subsets of A each of cardinality
A, the intersection of any two having cardinality < A,
(B) in V& = VP1 the forcing notion Q; satisfies:
o; Qisa(< p)-complete A-cc forcing notion of cardinality ¥, (yes, A-cc
not A "-cc),
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e, Q does neither collapses some cardinal nor changes any cofinality,
3 in V2 there is a family .7; of x-many subsets of A, each of cardinality
A, the intersection of any two having cardinality < u,
o4 in VP2 we have 0, = x for every weakly inaccessible d € (i, 1),
(C) in VP2 we have Q, which is (< u)-complete p-cc forcing notion, forcing
that there is a universal graph of cardinality A.
Now, why are there such Q;-s? For clause (A) use the forcing of adding y A-Cohens.
For clause (B) we use Q; such that
(x) Q=Q) x Q) starting with (i, A, x,.2%) as above:
(a) Q)] is the product with Easton support of (Q; ¢ : 6 € S) where S={6:6 ¢
(1, 4) is an inaccessible non-Mahlo} and for 6 € S, Q) g is the forcing adding
x many 6-Cohens,
(b) QY forces a refinement .« of <% to a family as required as in [Bau76] but

with Easton support; so each condition has cardinality < A and has Easton
support.

Now why clause (B)e;,e;, 3 holds? As said above noting that [Bau76, 6.1] use full sup-
port while use Easton support
Lastly for clause (C) we apply [She90].

Having constructed P = IP; we have to check that is is as required.

Now being (< u)-complete, of cardinality y, pedantically of density y, is obvious by the
properties of the (Qy-s. Similarly concerning “no cardinal is collapsed and no cofinality
changed”, so clause (a) of Claim 2.11 holds. Also forcing the existence of a universal
graph of cardinality 4 holds by the choice of Q», so clause (f) of 2.11 holds.

Next, clause (c) there saying 95 = ¥ holds because it obviously holds in V2 by the choice
of @’] and the later forcing preserve it because it satisfies the yt™-cc. Now, lastly, why
clause (d) of 2.11 holds? First, in VF1 we have GCH in the interval [, 1) so there is such
2, and P3 /Py satisfies the A-cc so the old clubs of A are dense. and this continue to holds
in VP, Hence the non-existence of a universal model of Teeqin A, (holds by 1.5(2)). a1y

Question 2.13. 1) Can we for theories T satisfying NSOP; 4 TP, get similar results?

2) Is Teq in some sense minimal non-simple in a suitable family of theories?

Claim 2.14. Assume A > 0 = cf(0) > X and A = 1% and P is a 8-cc forcing notion.

1) In V¥ there is a reasonable strongly bounding U C U, ¢ of cardinality A witnessing
A =FGC(1,6,%)

2) Assume U C Uy_g fully guess clubs then in V¥, U still fully guess clubs.

3) In part (2), if U is reasonable/bounding/strongly bounding/weakly bounding in V, then
so itis in V.

Remark 2.15. 1) This showed help in consistency results.

2) Similarly for the other versions of guessing clubs from 2.1, but take care of what is D.

3) In 2.14(2) we can replace “fully guess clubs” by a slightly stronger version of “almost
guess clubs” specifically, instead of one set A we have o < 0 sets A.

4) Also In 2.14(2) we can use versions with D-s.
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Proof. Part (1) follows by parts (2),(3) because in V there is such U by 2.4(1)(C). The
point is:

(x) (A) = (B) where:

(A) if x >A and {B,P,A}U{e: e <O} CN < (H(x),€)and ||[N|| <A and P
satisfies the 8 -cc where IFp “B a model with universe A and vocabulary of
cardinality < 6”

(B) IFp “NNA =cl(|N|,B) and B[|N| is an elementary submodel of B”.

(o.14

Definition 2.16. Assuming 6 = cf(0) < A we let DL ,, be the cofinality of the partial order

(9;” S;l) where:

¥

(*)1 ye

()2 let g:ggvl is the following partial order on .7 ¢ 3
FI<RKRif(Vfie F)3fkeRm)fi <1

,, 1s the family of subsets of 96 of cardinality < A

The following was part of 2.7, maybe we shall return to it.

Claim 2.17. 1)If A > 0 > R are regular, FGC(A,0) = A and 09 > A then univ(A, Teeq) >
0p.

2) Above we can replace dg by D, ,

Proof. 1) Like the proof of part (1) of 2.7 so we mainly note the changes.

() as above.

(x)2 UC U, g witness FGC(A,0) = A.

()3 we let:
(a) M} is an expansion of M, by a pairing function and Skolem functions,
(b) Z ={(a,i,d): o < a,Uggug is closed under the function FM& and each

ug is closed under the functions of M;; 1,

(c) for (a,ii,d) € Z let Eq zq = {€ < 0 : ug is closed under FMa(—, d)},
(d) above let g474 € °0 be such that go 7 4(€) =min(Eq 74\ (€ +1)), g€ %6

Next choose g € ®0 not bounded by any well defined g 74 Now we choose N = N, as
follows:

()4 we let
(a),(b) as above,
(c) for every ii € U for some (i) = 04z, € PV for every € < 0 we have:
o FN(—,d) maps Uggu into itself
e for &€ < O we have: € € v iff there is a € ug 1 \ ue such that FN(a,d) ¢
Ugy1.

The rest is as in the proof of part (1) of 2.7. 017
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