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THE KEISLER-SHELAH ISOMORPHISM THEOREM AND THE
CONTINUUM HYPOTHESIS 1II

MOHAMMAD GOLSHANI AND SAHARON SHELAH

ABSTRACT. We continue the investigation started in [2] about the relation between the
Keilser—Shelah isomorphism theorem and the continuum hypothesis. In particular, we
show it is consistent that the continuum hypothesis fails and for any given sequence

m = ((M}

L M2) : n < w) of models of size at most ®; in a countable language, if

the sequence satisfies a mild extra property, then for every non-principal ultrafilter D
on w, if the ultraproducts [[M! and [[ M2 are elementarily equivalent, then they are
D D

isomorphic.

1. INTRODUCTION

Ultraproducts arise naturally in model theory and many other areas of mathematics,
see [0, Chapter VI|. An ultraproduct is a way to connect the notions of elementary
equivalence and isomorphism. By a result of Keisler [4], the continuum hypothesis, CH,
implies that in a countable language £, two £-models M, N of size < 2%, are elementarily
equivalent if and only if they have isomorphic ultrapowers with respect to an ultrafilter
on w. Recently the authors of this paper [2] have shown that Keisler’s theorem is indeed
equivalent to the CH, by showing that there are two elementary equivalent dense linear

orders M and N of size < Ny which do not have isomorphic ultrapowers with respect
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to any ultrafilter on w. Much earlier but after Keisler, Shelah [5] removed the CH from
Keisler’s theorem by weakening the conclusion and showed that if £ is a countable
language and M, N are countable £-models, then M = N if and only if they have
isomorphic ultrapowers with respect to an ultrafilter on 2¥. Shelah [7] has shown that
the CH is an essential assumption for Keisler’s theorem, even for countable models, by
constructing a model of ZFC in which 2% = X, and there are countable graphs A =T’
such that for no ultrafilter & on w, A“/U ~ I'’/U. See also [3|, where some further
connections between several variants of Keilser’s theorem and cardinal invariants are
found.

In this paper, we continue the investigations started in [2]. In Section , we consider
some further extensions of Keisler’s isomorphism theorem. To this end, we define the
notion of an ultraproduct problem m = (M2 M™? 7, ) : n < w) and show the con-
sistency of the failure of the CH with the assertion that for any non-principal ultrafilter
D on w, if the ultraproducts [ M™! and [] M™? are elementarily equivalent, then they
are indeed isomorphic. In Se?tion we sh%w that the above conclusion fails if b > Ry,

where b denotes the bounding number.

2. EXTENDING THE KEISLER ISOMORPHISM THEOREM

Recall from [2] that there exists a dense linear order N of size Ry which is elementary
equivalent to M = (Q, <), but for no ultrafilter & on w,“M /U ~“N/U. We also proved
several consistent extensions of the Keisler’s theorem for models of size at most N; in the
absence of the continuum hypothesis. In this section, we continue the work started in
[2] and give a further extension of Keisler’s isomorphism theorem. To this end, we start

by making some definitions.
Definition 2.1. A pseudo ultraproduct problem is a sequence
m = (M2 M2 1) 10 < w)

where



Paper Sh:1223, version 2022-08-30_2. See https://shelah.logic.at/papers/1223/ for possible updates.

THE KEISLER-SHELAH ISOMORPHISM THEOREM AND THE CONTINUUM HYPOTHESIS II 3

(1) (Tmn : n < w) is a C-increasing sequence of finite vocabularies, with 7,0 = 0.
Set Tm = U Tmn

(2) each Mr’f"énis a Tm-model,

(3) k(m) < Ny, where x(m) = sup{||[M™|| : £ = 1,2, and n < w} and ||M™¢||

denotes the size of the universe of the model M™*.

Definition 2.2. Suppose m is a pseudo ultraproduct problem and k£ < n < w.

(1) The Ehrenfeucht-Fraissé game Of (m) = O, »(M™!, M™?) is defined as a game
between two players protagonist and antagonist where

(a) it has 2(k + 1) moves,

(b) protagonist plays at even stages and antagonist plays at odd stages,

(c) in the (21 + 1)-th move, the antagonist chooses A; C M™! B, C M™? such
that |A;| + |Bi| < k,

(d) in the (2l + 2)-th move, the protagonist chooses f;, a partial one-to-one
function from M™! | 7, into M™?2 which preserves ¢ and —¢, for ¢ a
strictly atomic formula (i.e., ¢ is of the form = = y or P(xg,--+ ,x;_1) or
F(xzo, -+ ,xm_1) = y, where P is a predicate symbol and F' is a function
symbol or an individual constant) from 7y, x,

(e) the protagonist has to satisfy A; C dom(f;), B; C range(f;) and f; O fi_1,

(2) We say that the protagonist looses the game O} (m), when there is no legal move

for him to do.
The following easy lemma will be useful later.

Lemma 2.3. Suppose m is a pseudo ultraproduct problem and k < n < w. Let f be the
last move of protagonist in the game OF(m). If ¢(vo, -+ ,v—1) 1S @ Tmx-formula and

xo, -+ ,x—1 € dom(f), then

MY = Gaom(p) (o, -+ 5 Ti—1) € M = Grange(r) (f (o), -+ 5 f(@1-1)),

IThus we allow that 7, to be finite.
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where for any set D, ¢p is obtained from ¢ by replacing all quantifiers 3z and Vx by the

restricted quantifiers 3x € D and Vx € D respectively.

Proof. By induction on the complexity of the formula ¢. This is true for strictly atomic
formulas by the assumption and it is easy to see that if it holds for ¢, ¢g and ¢, then it
also holds for —¢ and ¢¢ A ¢1. Now suppose that ¢(vo, -+ ,v-1) = (v, vo, -+ , V1)
and let z, - -+ , 2,1 € dom(f). If z € dom(f) is such that M = Ygom(p) (T, 2o, -+, 2i-1),
then by the induction hypothesis M™? = Yyange(r) (f(2), f(20), - -+, f(2121)) and hence
M2 = Jv e range(f)range(s) (v, f(x0), -+, f(x21)). It then follows that MI™ |=
Grange() ([ (T0), -, f(z1-1)). Conversely suppose that for some y € range(f), M™? |=
Urange(f) (Y5 [(x0), -+, f(@i—1)). Let € dom(f) be such that y = f(z). Then by
the induction hypothesis M™!' = gom(s) (2, 2o, -+ ,25-1) and hence MI! = Jv €

dom(f)Ydom(s) (Vs Zo, - -+, xi—1). Thus MM = Ggom(p) (To, - -+, 2i—1). d

Definition 2.4. Suppose m is a pseudo ultraproduct problem and n < w. Then ky,
is the maximal £ < n such that the protagonist has a winning strategy in the Ehren-

feucht-Fraissé game Of(m) = O, (M, M™?). Set also ki = (Kmyn 1 12 < w).
We now define the notion of an ultraproduct problem.

Definition 2.5. An ultraproduct problem is a pseudo ultraproduct problem m such that

lim sup ky, , = 00.
n<w

To each pseudo ultraproduct problem we assign a natural countably generated filter
on w and a cardinal invariant, which play an important role for the rest of the paper. We

start by defining such notions in a more general context. Let us first fix some notation.

Notation 2.6. (1) For a filter D on w, let Vpxo(x) mean “FA € D Vn € A ¢(n)”.
(2) The notation V*x¢(x) means “for all but finitely many x, p(x) holds”.

Definition 2.7. (1) Given a sequence k = (k,, : n < w) € “w, let Dy be the filter on

w generated by co-bounded subsets of w and the sets

{n<w:k, >k},
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where k < w.

(2) Suppose k = (k,, : n < w) € “w is such that limsupk,, = oo, then set

n<w

0 = min{\.ﬂ : F C II [w]* and (Vn € “w) (3f € F) (Vpn (n(n) € f(n)))}

n<w

Remark 2.8. Suppose k = (k,, : n < w) € “w. If limsupk,, = oo, then Dy is a countably

nw
generated non-principal proper filter on w. Otherwise, Dy = P(w).

Definition 2.9. If m is a pseudo ultraproduct problem, then set Dy, = Dy, . Further-

more, if it is an ultraproduct problem, then set 0., = 0y, .
The next simple lemma will be very useful.

Lemma 2.10. Suppose m in an ultraproduct problem.

(1) If D 2 Dy, is a non-principal ultrafiler on w. Then the ultraproducts [ M™! and
D
[IM™2 are elementary equivalent.
D

(2) If D is a non-principal ultrafiler on w and [[M™! = [[M™?2, then D D Dyy,.
D D

Proof. (1) Suppose m is an ultraproduct problem and D 2 Dy, is a non-principal ultra-
filer on w. Let ¢ be a 7y,-statement. Then, for some k < w, it is a Ty g-statement. We

prove by induction on the complexity of ¢ that
(e:  J[MM E¢ <= [[M o
D D

If ¢ is a strictly atomic formula, then £ = {n < w : km, > k} € Dy, C D, and for
each n € E we have M™! |= ¢ if and only if M™? k= ¢, from which the result follows.
It is also clear that if (x)4 holds then (x)-.4 holds and that if (x)4, and ()4, hold, then
(%) gons, holds. Now suppose that ¢ = Jzep(x) and (*), is true. Suppose [[ M = ¢.
Then for some Z = (z, : n <w) €[], M™! ];[M:"l E ¥([Z]p), and henie

A={n<w:M™ E=¢x,)} €D.

We may further suppose that for any n € A, ky,,, > k. For n € A let g, be the last move

of the protagonist in the game O (m), in which antagonist always chooses A, = {z,}
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and B, = (). Thus for any such n, by the induction hypothesis and Lemma we have

M2 = ¥(gn(an))). Let § = (gn(zn) : n < w). Then JIM™ k= ¢([g]p) and hence
D

[IM™2 = ¢. Conversely, suppose that [ M™? |= ¢. Then for some § = (y,, : n < w) €

D D

[T« Mm™2 T M™2 = 4 ([g]p), and hence
D
B={n<w:M™ =(y,)} € D.

We again assume that ky, , > k for every n € B. For n € B, let h, be the last move of
the protagonist in the game Dﬁm,n(m), in which antagonist always chooses A, = () and
By = {y,}. Thus for any such n, y,, € range(h,,) and hence for some z,,y,, = h,(z,). By
the induction hypothesis and Lemma [2.3| we have M™! |= ) (z,,). Let 7 = (z, : n < w).
Then [[M™! = ¢([Z]p) and hence [[ M™! |= ¢. We are done.

(2) guppose by the way of contr;)diction that D 2 Dy,. Let k < w be such that
{n <w:kmn >k} € Dy, \ D. It then follows that

A={n<w:kmn <k}eD.

Thus for any n € A with n > k, as kym, < k + 1, the protagonist loses the game
Or41(m), and hence antagonist has a winning strategy. In particular, by enlarging k if
necessary, we can find some formula ¢, (v, ,v;,_1), which is a boolean combination
of strict atomic formulas of Ty, 41, and some ag, -+ ,a;, -1 € M™! such that M™! =
bn(ag, -+ ,a;,—1), but for no by, -+ , b, 1 € M™? we have M™? = ¢,,(bo, - -+ , by, —1). It
thus follows that M™! |= Jxg- -2y, 10, but M™? = —FJzg -2, _10p. AS Tmpy1 1S
finite and D is an ultrafiler, for some set B C A in D we have ¢,, = ¢ for some fixed
formula ¢. But then [[M™! | Jzq-- -z, _1¢ while [[M™! & =3z¢--- 25, 19, which

D D

contradicts our assumption [ M™! = [T M™2. O
D D

We would like to construct a model of ZFC in which the continuum is large and for
every pseudo ultraproduct problem m, if D is a non-principal ultrafilter on w and if the

structures [[M™! and J[]M™? are elementarily equivalent, then J]M™! = JTM™?2,
D D D D
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We may assume that m is an ultraproduct problem, as otherwise Dy, = P(w), and
everything becomes trivial.

The next lemma reduces the construction of such a model to controlling the size of

Om’S.

Proposition 2.11. Suppose m is an ultraproduct problem, 0, = Ny and D is a non-
principal ultrafilter on w such that [T MM and []M™?2 are elementarily equivalent. Then
D D

these ultraproducts are isomorphic, i.e., [ MM = TTM™2,
D D

Remark 2.12. By [7], it is consistent that @ = W; < ?,,, where ? is the dominating
number. It also follows from [7] that in Lemma [2.11] we can not replace 9, = N by
0= Nl.

The following definition plays a key role in the proof of Lemma [2.11}

Definition 2.13. Suppose m is an ultraproduct problem.
(1) We say that s € APy, iff
(a) s = (8sn : 1 < w),
(b) gsn is an initial segment of a play of Dﬁmm(m) of length Is,, with the last
function fs,, where the protagonist plays with a winning strategy,
(c) limp,, (kmn — lsn 1 1 < W) = 00.

(2) Define the partial order <ap, on APy, by s <ap,, t iff
{n : gs, is an initial segment of g ,} € Dy,.

We are now ready to complete the proof of Lemma [2.11]

Proof of Lemma [2.11 Assume the hypotheses in the lemma hold. The proof of the next

claim is evident.

Claim 2.14. (1) APy, # 0.
(2) If (s, : £ < w) is a <ap,, -increasing sequence from AP,,, then it has a <,p_-upper

bound.
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(3) Suppose s € APy, ¢ € {1,2}, and @ = (w, : n < w) € [[[M™¢]kmn_ Then for

n
some t € AP,,, we have

(a) s <ap,, t,
(b) if ls, < kmn, then
(i) =1 = w, Cdom(f;n),

(i) £ =2 = w, Crange(fin)-

Proof. Clause (1) is clear. Clause (2) follows by an easy diagonalization argument, but

let us elaborate a proof. For each ¢ < w set

w

Ne = <km,n_ls£,n3n<w> cw.
Then limp,_, 7,(n) = oo, and for all i < w,
(W, <)*/Dp k= id;/Dm < M¢/Drn,

where id; is the constant sequence i on w. As the structure (w, <)“/Dy, is Nj-saturated,

we can find some 7 € w* such that for all /,i < w,
(W, <)*/Dm E 1d;/Dm < 1/Dm < 12/ Dn.

For n < w let ¢,, be the maximal natural number ¢ such that:

(a)
(b)
(c)

¢ < n(n),
(Gs;m 1@ < £+ 1) is <J-increasing,
Km,

n — ls;n > n(n) for every i < /.

Note that each ¢, is well-defined as on the one hand, ¢, < n(n), and on the other hand,
¢ = 0 satisfies the above requirements.

Let ¢, < w. Then

Dy, ={n<w:ly >l kmn—lsyn > 1(n)} € Dy
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To see this, note that the set
{n<w:Vj<U, (n(n) > Ly, 8s;n A 8sjim and by — s, n > n(n))}

belongs to Dy, and is included in Dy, , so D, € Dy, as well.
Now set s = (gsn : 7 < w), where gg,, = g, » for each n < w. We show that s is as
required.

In order to show that s € AP,,, it only suffices to show that

limky, ,, — s, = 00.

m

This follows easily from the following inequalities
km,n - ls,n - km,n - ls[n,n Z Ne,, (n) Z T](TL),

and the fact that limp_ n(n) = co.

Now fix ¢, < w. Then for all n with ¢,, > ¢, we have

sy, .n | 8ss,,n — Bs,ns

hence

DE* g {TL <w: gSZ,n Sl gs,n}7

where Dy, is as defined above. As Dy, € Dy,, we have {n < w : gs,,, I 8sn} € Dm, and
hence s; <ap s.
Finally (3) follows from the way we defined the game O} (m), noting that protagonist

plays with a winning strategy. U

Definition 2.15. For each s € AP,,, we define Hg as the set

H, = {(hl, h) i hy € [ M, by € [[MP? and {n < w : fan(ha(n)) = ha(n)} € Dm}.
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The proof of the next claim follows from the way that we defined the game O} (m)
and the fact that by Lemma we have D D Dy, (see also the proof of lemmas and
2.10)).

Claim 2.16. Let s € AP, . Then
h']_)7s = {(hl/D, hg/D) . (]’Ll, hg) € Hs}
defines a partial elementary mapping from [ M™! into ][] M™?2.
D D

Let F C [][w]*=" witness 0y = N;.
For each ¢ € {1,2} let <M7Tf 1 < wp) be a <-increasing and continuous chain of
countable elementary submodels of M™*¢ whose union is M™¢. For each i < w; and

0 e {1,2}, as ||Mglf|| < Ny, there is some F} C H[M,Tf]km*” of cardinality Ny such that

(Vn € HMH‘“,;Z) (3f € F/)Ypun(n(n) € f(n)).

Let (ff : j < wi) enumerate |J F;. By induction on i < w;, and using Claim [2.14, we

1<wi

choose s; such that:
(1) S; € APm,
(2) i<j = 8 <APwm S))
(3) if i =25 + 1, then

n<wand ls,, <kmy = fj(n) C dom(fs, ),
(4) if i = 2j + 2, then

n < w and [ <Kmn = [f7(n) C range(fs,n)-

52541

Now let D be a non-principal ultrafilter on w which extends Dy,. Let

h = U{hpvsi 1 < wl}.
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Claim 2.17. h is an isomorphism from [[M™! onto []M™2.
D D

Proof. By Claim [2.16, each hpg, is a partial elementary embedding from [[M2! into
D

[IM™2, and furthermore, for i < j < w; we have hps, C hps,. By the construction of

D

the sequence (s; : i < w), we clearly have dom(h) = [ M™! and range(h) = [ M™2.
D D

So we are done. O
Lemma [2.11] follows. U

The following is an immediate corollary of Lemma [2.11]

Corollary 2.18. Suppose m is an ultraproduct problem, 0, = Xy and for each n < w,

M™ = M™2, If D is a non-principal ultrafilter on w, then [ M™! = TTM™2.
D D

We now turn to the problem of controlling the size of 0,,’s. We again prove a slightly

stronger result. We first start with the following simple lemma.

Lemma 2.19. Assume MA,, and let k = (k, : n < w) € “w be such that limp, k, = cc.

Let A C “w be of size < k. Then there exists f € [] [w]=* such that for each n € A,
n<w

we have VYp, n (n(n) € f(n)).

Proof. Let P be the following covering forcing notion. The conditions are pairs p =

(kp, fp), where
(O[) k:p < w)

(B) fp € I1 [w]=* and {|f,(n)] : n < w} is bounded.

n<w

Given conditions p,q € P, let p < ¢ (g is stronger than p) if

(fy) kq Z kpv
(6) fq rkp - fp rk;m
(€) V1, fo(n) 2 fp(n).

It is easily seen that the forcing notion P is c.c.c. Indeed let A C P be of size N;. By

shrinking A if necessary, we can assume that &, = k, for some fixed k., < w and allp € A.
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Furthermore, we can assume that f,(n) = f,(n) for all p,q € A and all n < k.. We show

that any two conditions in A are compatible. Thus let p,q € A. Let [ < w be such that

¥ < w(|fp(n)l, 1 fo(n)] <1).

Let B = {n <w:k, >2l}. Then E € Dy. Define r € P as r = (k,, f,), where:

0k =k,
2) for all n < ki, fr(n) = fo(n) = f,(n),
3) for all n € E\ k., fr(n) = fp(n) U fy(n).

(
(
(
(4) forall n € w\ (EUK.), fr(n) = fo(n).

)
)
)
)
The condition r is easily seen to be an extension of both of p and q.

For each n € A, the set

D, ={p e P:Vpn,n(n) € f,(n)}

is clearly dense in P. Thus by MA, we can find a filter G such that G N D, # ( for all

n € A. Then the function f, defined as f(n) = |J f,(n), has the required properties. [
peG

Proposition 2.20. Suppose the GCH holds and A > cf(\) = Ny. Then there exists a
c.c.c. forcing notion P of size X such that in V¥, we have:

(1) 2=,

(2) if k € “w is such that limsupk,, = oo, then 0 = N;.

n<w
Proof. Let ()\; : 1 < wy) be an increasing sequence of regular cardinals cofinal in A. Let
P = ((P;:i<uw),(Q:i<w)) be a finite support iteration of c.c.c. forcing notions
such that:

e for each i < wy, |P;| =\,

o for each i < wy, V[Gp,] F*Martin’s axiom”,

° (2N0)V[G“”J =\
It is easily seen, using Lemma [2.19] that P =P, is as required. Indeed, suppose that k

is as in clause (2). Pick i, < w; such that k € V[Gp, ]. For each i, <1i < wy, pick, using
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Lemma [2.19, some f; € [] [w]* N V[Gp,,,] such that:

n<w

(Vn € “w N V[Ge,]) (Vpn) (n(n) € fi(n)).

Then the family F = {f; : i. < i < w;} witnesses 0 = N;. O
Remark 2.21. By [§], the conclusion of Lemma also holds in the Sacks model.

Putting the above results together we get the following theorem, which extends [2]

Theorem 1.2].

Theorem 2.22. Assume the GCH holds and A > cf(\) = Xy. Then there exists a c.c.c.
forcing notion P of size \ such that in V¥ :

(1) 2% = A,

(2) for every ultraproduct problem m, if D is a non-principal ultrafilter on w and if

[TM™L = TTM™2) then [T MM = TTM™2,
D D D D

Proof. By Lemmas [2.10], 2.18 and [2.20] O

The models appearing in a pseudo ultraproduct problem that we have considered so
far were of size Ny or ;. We now consider the same situation where the models can be

finite as well.

Definition 2.23. (see [I] and [8, Chapter V|) Suppose f,g € “(w+1\{0,1}) and g < f.
Then
0y = min {|f| tF C T If(n)]<*9™ and (vn € T] f(n))(3a € F)(Yn,n(n) € a(n))}-

n<w n<w
Given f € “(w+1\{0,1}), we define the notion of a (pseudo) f-ultraproduct problem

as follows.

Definition 2.24. Suppose f € “(w+1\{0,1}). Then a (pseudo) f-ultraproduct problem
m = ((M™! M™2 7,,.,) : n < w) is defined as in the notion of a (pseudo) ultraproduct
problem (see definitions and , but we require for each n < w and ¢ = 1,2,
M) < f(n).
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Given an f-ultraproduct problem m, the sequence k,, and the filter D, are defined

as before. The proof of the next lemma is essentially the same as in the proof of Lemma

21T

Lemma 2.25. Suppose f € “(w+ 1\{0,1}), m is an f-ultraproduct problem, f > Ky,
¥k = N1 and D D Dy, is a non-principal ultrafilter on w. Then [T MM = [T M™2,
D D

The following is analogous to Theorem for f-ultraproduct problems.

Theorem 2.26. Assume the GCH holds. Then there exists a cardinal and cofinality
preserving forcing notion P such that in V:
(1) 2% > Ny,
(2) for every f € “(w+1\{0,1}) and every f-ultraproduct problem m with ky, < f,
if D is a non-principal ultrafilter on w and if [[ M= = [ M™?2 then ] M2 =
[vme. D D D

D

Proof. By [1]], there exists a cardinal and cofinality preserving forcing notion P which
forces the failure of the continuum and such that in V¥, for each f € “(w + 1\ {0,1})
and each f-ultraproduct problem m with ky, < f, we have 07y = ®;. Now the result
follows from Lemmas 2.10 and 2.25] O

3. AN IMPOSSIBILITY RESULT

In this section, we show that we cannot extend Theorem to get a model of MA +
2% > N, in which for every ultraproduct problem m and every non-principal ultrafilter
D on w if [[M™! = [TM™2 then [JM™! = [TM™2. Indeed we prove the following

D D D D

stronger result. Recall that the bounding number is defined as
b =min{|F|: F C“wand Vf € “wdg € F,g £* [},
where <* is the eventual domination order.

Theorem 3.1. Assume b > Ny. Then there exists an ultraproduct problem m such that:



Paper Sh:1223, version 2022-08-30_2. See https://shelah.logic.at/papers/1223/ for possible updates.

THE KEISLER-SHELAH ISOMORPHISM THEOREM AND THE CONTINUUM HYPOTHESIS IT 15
(1) ML = M™2 for every n < w,
(2) For every non-principal ultrafilter D on w, [ MM 22 [T M™2,

D D

Proof. We follow [2]. For every n < w, let M™! = (Q, <) be the dense linear order of
rational numbers and M™? = (N, <y) be a dense linear order of size 8; which has a
point a with cf(N,, <y) =Ry, where N, = {d € N : d <y a}.

Suppose by the way of contradiction that HMm’l = HI\\/JI‘“’Q, for some non-principal
ultrafilter D on w and let 7 : H M1 o H Mm 2 witness such an isomorphism.

For notational simplicity set M, = H Mm 1 =(Q,<)¥/D and N, = H M™2 = N*/D.
Let a, = [(a : n < w)]p € N,. By [2, Clalm 2.2], cf((Ny)a,) = Ry, and hence cf(M.)a,) =
N; where a; € M, is such that 7(a;) = a.. By [2, Claim 2.4], ¢f((M.)s,) = Xy for every
by € M,, in particular cf((M.)o,) = Ny where 0y = [(0: n < w)]p € M,.

Claim 3.2. cf((M.)o,) > b.

Proof. Suppose k < b and let ([f;]p : i < k) be an increasing sequence in M, where for
each i < K, [filp <a 0;. We may assume that —1 < f;(n) < 0 for every n < w. For each

1 < K set
1
gi(n) =min{k < w: fi(n) < _E}
Then G = {g; : i < k} C“w and |G| < k. Thus we can find some ¢ : w — w such that

for all i < Kk, g; <* g. Define [ : w — Q by

For any i < x we can find some ¢; < w such that g(n) > ¢;(n) for all n > ¢; and hence

for any such n,

1 1
Fm) = =20 7 “atn)

It follows that the sequence ([f;]p : @ < k) is bounded from above by [f]p < 0;. Thus

cf((M,)o,) > k. As Kk < b was arbitrary, cf((M.)o,) > b and we are done. O
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But this implies that cf((M.)o,) > b > ®; which contradicts cf((M.)o,) = R;. The

theorem follows. 0

Remark 3.3. Martin’s axiom implies b = 2% and hence the conclusion of Theorem
holds under MA + 2% > N;.
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