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Different cofinalities of tree
ideals

Saharon Shelah'? and Otmar Spinas'?

Abstract

We introduce a general framework of generalized tree forcings, GTF
for short, that includes the classical tree forcings like Sacks, Silver,
Laver or Miller forcing. Using this concept we study the cofinality
of the ideal Z(Q) associated with a GTF Q. We show that if for
two GTF’s Qo and Q1 the consistency of add(Z(Qo)) < add(Z(Q1))
holds, then we can obtain the consistency of cof (Z(Q1)) < cof(Z(Qo)).
We also show that cof(Z(Q)) can consistently be any cardinal of cofi-
nality larger than the continuum.

1 Introduction

The classical tree forcings like Sacks, Silver, Laver or Miller forcing consist
of certain subtrees of 2< or w<* (see [2]). They will be denoted by Sa, Si,
M, La respectively. As usual, for given Q € {Sa, Si, La, Mi} and p € Q,
[p] denotes the set of branches of p, so a subset of R, where R stands for 2
or w* appropriately. Then the tree ideal Z(Q) consists of all X C R such
that for every p € @ there exists ¢ € Q with ¢ C p and [¢]N X = (). By using
standard fusion arguments, it is easily seen that Z(Q) is a o-ideal. Hence
we have 8; < add(Z(Q)) < 2%, where add(Z(Q)) denotes the additivity
of Z(Q), i.e. the minimal cardinality of some & C Z(Q) with X ¢ Z(Q).
By cof(Z(Q)) we denote the minimal cardinality of some X C Z(Q) that is
cofinal in (Z(Q),C). The same definitions make sense for many more tree
forcings that are studied in set theory. This is one reason for us to introduce in
Section 3 the general concept of generalized tree forcing. However, some
knowledge about the antichain structure of the concrete forcing is needed for
this framework to be applicable.

The original motivation for this paper was to gain insight into the cofinali-
ties of classical tree ideals, as very little has been known about them. To our
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knowledge, the only papers dealing with this topic are [8] and [3]. In [8] it has
been shown that 2% < cf(cof(Z(Sa))) holds in ZFC and that consistently
cof(Z(Sa)) can be any cardinal with cofinality > 2%. The same facts are true
for Si with essentially the same proofs. Similar results for La, M7 have been
obtained in [3]. Here we attack the question whether we can consistently
obtain cof(Z(Qo)) # cof(Z(Q,)) for different Qo, Q1 € {Sa,Si, La, Mi}.
The main result of this paper implies that cof(Z(Q1)) < cof(Z(Qy)) is con-
sistent for any pair of Qg, Q1 € {Sa,Si, La, Mi} for which add(Z(Qy)) <
add(Z(Q1)) is consistent.

Unfortunately, distinguishing the additivities of different tree ideals is also a
difficult matter. However there are some cases where this has been achieved,
as much more work has been done about additivities of tree ideals. Let us
mention [19], [8], [4], [10], [5], [6], [13], [14], [18], [15], [17] (chronological
order). In [8] for @ = Sa and in [4] for @ = Si it has been shown that
M A does not imply add(Z(Q)) = 2™, whereas on the other hand, [5] and [6]
show that this is true for () = La or () = M. So we can apply our theorem
for any choice of Qg € {Sa,Si} and Q1 € {La, Mi}. Another such case is
when @y = Si and @ = Sa. Implicitly in [10], an amoeba for Sa with the
Laver property has been constructed. Iterating this with countable supports
N, times one obtains a model for cov(M) = X; and add(Z(Sa)) = Ny. But
by [14], add(Z(S7)) < cov(M) holds in ZFC. (Here cov(M) is the minimal

number of meager sets needed to cover R.)

All the other cases are open. However, by the work of [13] and [15] soft
amoebas for Q € {Mi, La} (with the Laver property) and for Si (with
the pure decision property) exist. We expect that using these for making
add(Z(Q)) = Ny we can produce more models where our main theorem can
be applied.

We expect that the methods and results presented in this paper will prove to
be applicable to other tree ideals or similarly defined ideals as, e.g., Mycielski
ideals. That is why we try to be as general as possible and, e.g., will introduce
two versions of generalized tree forcings, GTF, and GTF; (see Definition 3.1),
and associated amoebas Ay and A; (see Definition 3.2) even though for the
four tree forcings mentioned above one version would be enough.

2 xg-Iterations

In [11], the first author introduced a general framework to iterate forcings
that are (< A)-closed and have the A*-c.c. with supports of size < A, where
A is some regular cardinal with A<* = \. The main goal is to guarantee that
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also the iteration is A*-c.c. For this the x4-property is introduced as follows:
Definition 2.1 Let A be a reqular cardinal with A\~ = \.

(1) A e.c.-parameter is a quintuple d = (\, D,e,0,8) such that

a) D is a normal filter on A\t containing S3° and € < X is a limit
( ) g o)
ordinal,

(b) o is a cardinal with2 < o < X and 8 C [S§+]<(”“) has nonempty
intersection with [S]<*%) for every stationary set S C S§+.

(2) Given a forcing notion @) and a c.c.-parameter d we define the game
G(Q,d) as follows: It lasts for ¢ moves. In his (th move player I
plays ((qf i < AT, fc) and player II plays (pS i < AT, where

(a) Vi < XVC <e (g, pf € QN g5 =1g),
(b) for every 1 < (¢ <e fe: AT — AT is regressive, fo : AT — AT s
constantly 0, and

(c) VE < <eVPi< At ¢ <pfand V¢ < evVPi< At pt < ¢f.

(3) Player I wins a play (((¢¢ : i < AT, fo), (05 =i < A\) : ¢ < ¢)
provided that there exists E € D such that for every u € [E]<0+) NS
with the property Vi,j € uW( < e fe(i) = fc(j) the set

{py:¢<cicu}
has a lower bound in ().

(4) Given a c.c.-parameter d, we say that forcing QQ satisfies property xq if
player I has a winning strategy in the game G(Q,d).

Remark 2.1 (1) Let Q be a forcing notion satisfying xq, where d = (A, D, ¢,
0,8) is a c.c.-parameter with D = CLUBy+ and 8 = [S{']* for some
cardinal Kk with 2 <k <1+ o0.

Note that given (p; : i < A7), a sequence in @, there exists a club E C \*
such that for every stationary S C E NSy there is u € P(S) NS with the
property that the set {p; : 1 € u} has a lower bound.

Indeed, let (((q5 =i < M), fo), (05 : i < XY : ¢ <€) be a play of G(Q,d)
where player I uses his winning strategy and player II plays (p? : 1 < \*) =
(p; + 1 < A1) and afterwards just repeats the moves of player 1. By Definition
2.1(3) there exists a club E as there. Given any stationary set S C EN S))\‘Jr,
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for every i € S we can find o; < i such that the sequence (f:(i) : ¢ < ¢€)
18 bounded by «;. By the Pressing-down-Lemma there exist a stationary set
S, C S and o, such that a; = v, for everyi € S,. By our assumption \<* =
A, there exists U C S, of size AT such that (fc(i) : ¢ <e) = (fe(j) : ¢ <€)
for any i,j € U. By construction and Definition 2.1(3), every u € P(U)NS
is as desired. By the choice of 8, such u exist. In particular, Q is A\*T-c.c.

(2) Suppose that Q) is strongly \-closed, i.e., every decreasing sequence of
length < X has a largest lower bound (llb for short) and, moreover, strongly
A-centered which means that () = Uu</\ Q, where every @, is \-strongly
centered, i.c., every subset of (), of size < X has a llb. Then Q) satisfies *q
for every c.c.-parameter d = (\, D, ¢e,0,8).

Indeed, if such Q is given, in his Cth move player I plays ((qf D1 < AT, fo)
such that ¢¢ is a lower bound of player II's moves (pS : € < ¢) and fe(t) =p
such that qf € Qu. We claim that this is a winning strategy for player 1. We
apply normality of D to the (almost everywhere) regressive function

i (fe(i) C<e) €A =
to find E € D and f = (f(¢) : ¢ < &) such that
Vie EYC <e f3i) = f(Q).
Given any u C E of size < X and any ¢ < € we have
0= {q'(0) i € u} € [Qro]

and hence ¢>* has a b, say r¢. Clearly (r* : { < €) is decreasing, hence has
a llb, say r. But then r is a lower bound of

{pf:(’<6,i€u}.
In [11], the first author has proved the following preservation theorem:

Theorem 2.1 Suppose that X is a cardinal with ANA=)\d=(\D,e 0,8)
is a c.c.-parameter and (P, Qp @ o < 1, 8 < p) is a (< A)-support iteration
such that for every B < u, I-p, "Qp satisfies xq”. Then P, satisfies *q.

3 Amoebas for generalized tree forcings

Definition 3.1 Let A = 2™. (1) A GTFy (here GTF stands for general-
ized tree forcing) is a quintupel Q = (Q, (,set, Q*, L) such that

4
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(a) Q = (Q,<q) is a forcing notion, Q C H(\) and ¢ is a Q-name such
that IFo ¢ € R;

(b) Q* is a dense subset of Q;

(c) set is a function from Q* to Borel subsets of R such that

() if p < q then set(p) C set(q),

(8) plrq C € set(p),

(v) ko {C} = N{set(p) : p € Q* NG}, (where Gy is the canonical
Q-name of the generic filter);

(d) for every A € [R]<* the set {p € Q* : set(p) N A = 0} is dense in Q;
(e) L is a binary, symmetric relation on Q* such that

(o) if p L q, then p and q are incompatible in @,

(B) if p L q, then set(p) Nset(q) =0,

(v) if B <X and (p, : o < B) is a sequence in Q*, then there is ¢ € Q*
such that Vo < B p, L q,

(0) if B <\, (pa : @ < B) is a sequence in Q* and p € Q) is incom-

patible with every p,, then there is ¢ € Q* such that ¢ < p and
Va < 8 ps Lq.

(2) If Q = (Q,C,set,Q*, L) is as in (1) except that in (e), (v) and (5)
are replaced by the weaker (v); and (0); which ask the same thing as those,
but only for orthogonal sequences (p, : o < [3), i.e. p, L po for any
a <o <, then we call Q a GTF;.

(3) If Q = (Q,é,set,@*,J_) is a GTF, we define
Z(Q)={X CR:VpeQ JgeQ(g<pAset(q) N X =0)}.

Clearly Z(Q) is an ideal on R and hence we can define add(Z) and cof(Z) as
in the introduction.

Remark 3.1 (1) Clearly we have GTFy, C GTF,. By Theorem 6.1 below,
Sa and Si can be considered as GTFy’s provided d = 2%, and if b = 2%, La,
Mi can be considered as GTF}'’s.

(2) Clearly in the definition of Z(Q) we could replace Q* by Q, and by Defi-
nition 8.1(d) we have [R]<* C Z(Q).
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(8) Given I C Q* let

= R\U{set(p) :pel}.

Then clearly the following sets are bases of T(Q):

{X(I): I C Q" is predense},

{X(I): I C Q" is a maximal antichain }.

Note that by applying (d) and (e) of Definition 3.1(1) we can obtain the
following;:

Claim 1 Let 2% = A = A<, Given a GTF, Q = (Q,C,set,Q*,J_) and a
dense open subset D C @, there exists a mazimal antichain (with respect to
(Q,<q)) (g- : € < A) in Q"N D such that

(a) Ve <& <X q L g

(b) Vr € Q*(set(r) € U{set(q.) : € < A} VIB € [N\|“*set(r) C J{set(q.) :
e € B}).

For classical tree forcings this has been proved and applied first in [JMSh]
and later was applied frequently.

Definition 3.2 Let \ = 2%,

(1) Given a GTFy Q = (Q, ¢, set, Q*, L) we define an amoeba forcing for Q,
denoted by Ay(Q), as follows:

Elements of Ao(Q) are pairs p = (p, A) = (D, Ap) such that D is a sequence
of length < X\ of members of Q* and A C Z(Q) is a set of size < X. Sometimes
we write P, = (ppe e <lg (]_OP)>.

The order on Ao(Q) is defined by letting p < q iff b, is an initial segment
of Dp, Aq € Ap and for every B € Aq and ¢ € [1g(p,),1g(p,)) we have
set(ppe) N B = 0.

(2) Letting G denote the canonical Ao(Q)-name for the generic filter, we let
P = D¢ be a name for U{p, : p € G}, which we also denote by (p. : € < f1),
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where [t = fi5 =1g (]_9), and for e < ju we let B. be a name for R\ |J{set(p¢) :

CE€le,pu)}. Finallyy B=(B.:e < [1).

(8) Given a GTF; Q, we define A1(Q) as Ag(Q) except that for its members
p = (p, A) we require that p is an antichain (in Q*) with respect to 1. IfG
denotes the canonical A,(Q)-name for the generic filter and p = pg = (p. :
e < 1) is defined for it as in (2), we define By as R\ U{set(p.) : ¢ < j1)}
and B, = By for every e < fu.

Remark 3.2 In definition 3.2 the notion “amoeba forcing” is somewhat
abused. In the context of some classical tree forcing P like Sa, St, La or
Mi, an amoeba for P is a forcing A(P) adding some tree in P such that
all its branches are P-generic. If A(P) is reasonably nice, its countable sup-
port iteration will increase add(Z(P)) to Wy, where Z(P) is the tree ideal
associated to P.

The amoebas Ay(Q) or A1(Q) from Definition 3.2 will be applied in a model
where add(Z(Q)) = 2% = X = X<*. Then they will will have the effect that, if
iterated with < \ supports, they increase cof(Z(Q)) and preserve add(Z(Q)),
i.e., won't let it drop to some smaller cardinal.

Lemma 3.1 Suppose that A = 2% = \<*,

(A) Let Q be a GTFy and add(Z(Q)) = A.

(1) Ao(Q) is strongly A-closed, i.e., every decreasing sequence of length < A
has a llb; moreover, Ag(Q) is strongly A-centered. Hence it satisfies *q
for every c.c.-parameter d = (\, D,e,0,8) (see Remark 2.1(2)).

(2) Fag@) “fo = ANVe < (< A(B. € Z(Q) A B. € B”, and for every
BeI(Q) NV, Iy I <\ BCB..

(3) VB €Z(Q)NV Iy q) Bo € B.

(B) Let Q be a GTF, and add(Z(Q)) = X. Then (A)(1), the first part of
(A)(2) and (A)(3) also hold for A1 (Q), and, as for the second part of (A)(2),
for every A € V such that A C Z(Q) and |A| < X\ we have (0, A) IFa, (@)

UAC By.

Proof: (A)(1) Given (p, : @ < 7) a descending chain in Ay(Q) with v < A,
clearly we have that (J P,., U Ap,) is its largest lower bound in Ay(Q).

a<ly a<ly
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Moreover, given A C Ag(Q) of size < A\ with p, = p, =: p for every p, q € A,
clearly (p, Upea Ap) is the lIb of A. By A< = X we conclude that Ay(Q) is
strongly A-centered. By Remark 2.1(2) we conclude that Ay(Q) satisfies 4.

(2) Given p € Ap(Q), v < \,p € QoNV and B € Z(Q) NV, by assumption
we have that X = (JA, € Z(Q). By Definition 3.1(1)(b) we can find
(pe : € < 7y) in Q* such that py <g p and Ve < v X Nset(p.) = 0, and
hence, letting q := (p," (p: : € <), Ap U{B}), we have ¢ € Ay(Q), g < p
and g IF “i1 > v AVe <lg(P,)3g € Q* (¢ < pAB.Nset(q) = 0) AVe >
lg(pg) B C B.".

Hence by genericity and as Ay(Q) does not add new elements to H(\), we
conclude that (2) holds.

(3) Given p € Ay(Q) and B € Z(Q) NV, by Definition 3.1(1)(e) there is
q € Q* such that Ve <1g(p,) pp. L ¢. By Definition 3.1 there exists some
singleton X C set (¢) such that X N B = (), and hence q := (p,, A, U{X}) €
Ao(Q),q < pand qlF By ¢ B (note that by Definition 3.1(1)(e)(8) we have
Ve <lg(p,) set(pp:) NX =0) .

(B) The proof is almost the same as for Ag(Q) in (A). O

Theorem 3.1 Suppose that Q is a GTF,, 2% = X = \X** < u = cf(p) <
X = XX and add (Z(Q)) = A\. There exists a forcing P such that

(a) |P| = x, P is A-closed and A\ -c.c.
(b) VI E 2} = x Acof(Z(Q)) = p.

Proof: Let us first assume that @ is even GTF (recall GTFy, C GTF;). Let
P be the limit of a (< A)-support iteration <Pa,Qg s < p, B < p) where
Qo = Fn(x,2,A) (which is the standard forcing for adding xy Cohen subsets
of A with conditions of size < \) and Q145 denotes A¢(Q) in V' 1+5.

It is easy to check that F'n(x,2,\) satisfies #4 for every c.c.-parameter d =
(A, D,e,0,8). Actually, a simplified version of the proof of Lemma 4.2 below
can be used. Hence by Lemma 3.1(A)(1) and Theorem 2.1, P satisfies x4 and
hence, letting & = [S}']* for & = 2, by Remark 2.1(1) P is A*-c.c. Clearly,
by Lemma 3.1(A)(1) and as we have (< \)-supports, P is also A-closed.

Let G be a P-generic filter over V. For 1 < 8 < plet (Bf : e < )\)
be the generic sequence in Z(Q)V[¢+1 determined by G(8). Note that
by A-closedness P does not add new elements to H(\) and hence we have
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Z(Q)VIG = T(Q)VIE NV [Gyg] for every B < A. By the AT-c.c. of P and
the regularity of p, every X € VG| of size < p with X C V belongs
to V|G| for some B < p. Hence by Lemma 3.1(A)(2) we conclude that
{B?:1< B < pe< A} is cofinal in Z(Q) VI, thus cof (Z(Q)) < p in V[G].

For the same reason, given X € V[G] such that V[G] E X CZ(Q)N\|X| < p,
there is § < p such that X C V[Gg] (and actually X € V[Gg]). By Lemma
3.1(A)(3) we conclude that no member of X contains Bj. Hence V[G] k=

cof (Z(Q)) = p-

If Q is only GTF; we define the iteration P as above except that iterand
Q145 denotes A;(Q) in V+4. The proof is almost the same as in the first
case, except that now we argue that {Bg : 1 < B < pl}is cofinal in Z(Q)V1¢],
where BY denotes “B, defined by G(3)” (see Definition 3.2(3)). In fact,
given X € Z(Q)V19), as X € V[Gy] for some 8 < p, by genericity we have
(0,{X}) € G(v) for some <~ < p, and hence X C B by Lemma 3.1(B).
OJ

Lemma 3.2 Suppose 2% = X\ = A\<* Q is a GTF, and P is a \-closed
forcing. If add(Z(Q)) = u, then VT = add(Z(Q)) = p.

Proof: We assume p = A. The case u < A is similar. Let Q = (@, é, set, %,

1). Suppose p € P, < X and (X, : o < 3) are P-names such that

plFp Vo < X, € Z(Q).

By Claim 1, wlog we may assume that there are I, = (@@ e <) fora<p
such that the following hold:

(1) plFp Yo < B (I, is a maximal antichain in Q* A X, = X (1.));
(2) for every a < B, plFVre Q*(Jz €set(r) x ¢ |Jset(¢?) v IB €

I set(r) € U set(ae): -

(3) plk Ve <€< A ¢ L g

Note that as P does not add new reals nor elements of H(\), by absoluteness
we have set(r)Y = set(r)VP for every r € Q*. Moreover, for every r € Q*,
by strengthening p in (2) we can decide which alternative holds and also the
witness for this (so some x € set(r) or B € [\]<).

9
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Let (r. : ¢ < A) list Q*. By the A-closedness of P and the remark just
made we can easily construct a decreasing sequence (p. : € < \) in P and a
sequence ((. : € < A) of ordinals in A such that

(4) Po =D, CE 2 g
(5) foralla < Band e < A, p.y1 decides (¢ : € < (), say as (q*% : € < (s

(6) for all @ < B and € < A there is & < (. such that r. and ¢*¢ are
compatible (in Q);

(7) for all @ < g and € < A, p.41 decides which alternative of (2) for r = r.
holds and also in either case the witness for this (so either x®¢ € set(r.)
or B¢ € [\]<Y).

For a < 3 we let A, = {¢®* : £ < \). Then by construction every A, is
a maximal antichain (with respect to (@, <g)) in Q* and hence X(A4,) €
Z(Q). By hypothesis, |J X(A,) € Z(Q). Choose r € Q* such that set(r) N

a<p
U X(A4,) =0, thus )

a<f
(8) set(r) C U{set(¢™*) : £ < A} for every a < 3. Let r = r..
Note that by (7), we must have

(9) for every o < 3, pesq IF set(r) C gega ] set(q’?).

Indeed, otherwise we had o <  and x®° € set(r.) such that

pesr 2% ¢ | set(gg).

E<A

By (8) there is & < X such that 2% € set(¢®%). Letting pu > max{e, &}
we have p, < p.y1 and p, IF ¢g = g%, thus p, IF z¢ € set(qg, ), which is a
contradiction.

As (9) holds for a dense set of r € Q*, we conclude that plI- |J X, € Z(Q).
a<f
0

10
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4 Small additivity and large cofinality - the
antiamoeba

In this section we shall show that the assumption add(Z(Q)) < x < 2% =
kT < x for some GTF; @ enables us to define some forcing AA(Q), which
we call the antiamoeba for @, that introduces some family (X, : a < x) in
Z(Q) that is hard to cover, i.e., for many increasing sequences (f3, : ¢ < k) in
X we have

UXs £2(Q).

<K

This will imply cof(Z(Q)) > x.

Definition 4.1 Let 2% = A = A<* = x* and Q = (Q,(,set, Q*, L) be a
GTF,. We say that Q has a strong witness W for add(Z(Q)) < k if
W= (7", (T . : t < k,e < X)) such that the following hold: " = (¢} : € < \)
is an orthogonal maximal antichain (w.r.t. (Q, <)) in Q* and for every . < k
ande <X G =(q'.c: ¢ <A) is some family in Q* below ¢ such that g,
is predense (w.r.t. (Q,<)) below ¢*, hence

X,.o o= set(q) \ | {set(q;..0) : ¢ < A}

belongs to Z(Q), but Y- .= U X, ¢ Z(Q).

<K

Definition 4.2 (1) Let x > 2% = X = A\ = 5t and Q = (Q, ¢, set, Q*,
1) a GTF, with a strong witness W for add(Z(Q)) < k, and let W =
(T (T;. - t < K,e < ) be as in Definition 4.1. We define a forcing notion
AA(Q, W, x) as follows (“AA” stands for “anti-amoeba”):

(A) (a) Conditions p € AA(Q, W, x) have the form p = (u,(,7,S, f) =
(upﬂgpafpaspafp) Wh6T€
(b) u € [x|SF and ¢ < A,

(c) F=(ra.:a€u,e<() and 7 = (r,. e < ¢) (for a € u) are
such that every ro. is a member of Q below some g; (from the
strong witness)

(d) S C{a:a € "u is increasing } and |S| < K,
(e) f:S — X issuch that for every &y, as € S

11
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(o) if f(ay) = (62) then (aq,@s) is a A-system pair, i.e.
Vi, j < k(@1(i) =aa(j) =i =j) and

(B) if f(aq) # f(@s), then |ran(a;) Nran(ay)| < 1.

(B) The order on AA(Q, W, x) is defined as follows: Forpy,ps € AA(Q, W, X)
we declare py < p1 iff

(a) Upy, S Upyy Cpr < Cpys Tpy = Ty | Upy X Cpyy Spy C Spyy Jpy € o
and

() i (,€) € (ttpy X Cpp) \ (ttpn X ), E(po, @, €) i the unique € such
that T2 < ¢ and B € Sy, t < k are such that f,, (8) = &(p2, i, €)

and B, == B(1) = « (note that this implies o € up, by (A)(d), and
by (A)(e)(a) v does mot depend on 3), then rh2 < q B for
some ¢ < .

(2) Letting Gaa (Qw,x) the canonical name for the AA(Q, W, x)-generic filter,
for a < x we let p, = (Fae : € < A) be the AA(Q, W, x)-name | J{T;; ol . p €

Gan@wa N € 1wyt and X, =R\ U{set(f ) 1 € < A}

Lemma 4.1 With the notation of Definition 4.2 the following statements
are true:

(1) Every descending sequence in AA(Q, W, x) of length < X\ has a largest
lower bound.

(2) AA(Q, W, ) is not empty and for every r. € Q,a, < X and p; €
AA(Q, W, x) there exists po € AA(Q, x) such that
((I) D2 < D1,

(b) Cpy < Gy and cu € up,,

(¢c) for some e < (,, we have that r??

b2 . and 1, are compatible.

(d) Voo < x  Fan@wo D, lists a predense subset of Q.

(3) Suppose that p € AA(Q,W,x), € < A\, B € ®x \ S, are such that
¢ {v<A:Iae) €u,x(, 15 <q}Uran(f,) and, letting

q = (upa gpa?pa Sp U {B}? fp U {(37 5)})a
we have ¢ € AA(Q, W, x) and hence ¢ < p. Then

12
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¢ Fan@wy [ JGset(g) \ [ {set(is,c) 12 < A}) € Z(Q)

<K

and hence qFga@wx) U X,BL ¢1(Q).

<K

Remark 4.1 Note that in (3), for ¢ € AA(Q, W, X)) to hold we only need
that (3 is increasing and for every & € S, we have |ran(a) Nran(f)| < 1.

Proof: (1) Given a descending chain (p, : o < u < A) in AA(Q, W, x)) we
define ¢ € AA(Q, W, X)) by letting u, = J{up, : o < p}, { =sup{(, :a<
pi}, 7y is such that for every 8 € u, 0 =Pt < p A B € un}, Sy =
U{Sp. : @ < pu} and f, = U{fp. : @ < p}. By our assumptions it is easily
checked that ¢ € AA(Q, W, X)), Va < u q < p, and ¢ is the largest lower
bound.

(2) AA(Q, W, X)) is not empty as (0,0,0,0,0) is an element. Let us check
density. We do it in two steps. First we find p, < p; with ¢,, < (,,. We can
choose & € A\ ran(f,,). We let upy, = u,,, p = Gy + 1, 772 [ Uy, X (p =T
and TZ?CPI = qpeo for every a € wy,, Sp, = S, and f,, = fp,. Then clearly

P2 € AA(Q7 W7 X)) and D2 < P1-

Next we construct p, < p; with o € u,,. We may assume o, ¢ u,,. Let
— — D2 — 7P P2 — 4%
Up, = Up, U}, Gy = Gpyy TP [ Up, X G, = TP and 782 _ = g5 for every

£ < (p,- As a, ¢ ran(B) for every 8 € S,,, (B)(b) of Definition 4.2 vacuously
holds, thus py < py.

Finally we construct p, € AA(Q, W, x)),p2 < p1 such that (c¢) holds. By
what we have just shown, we may assume o, € u,,. We also assume that
rbt . and r, are incompatible for every & < (;,, as otherwise we let py = p;.
We fix £ < A such that ¢; and 7. are compatible (recall that g* is a maximal
antichain), and fix 7 < ¢f, 7.

Case 1 There exist 3 € S,, and 1 < k such that f, (8) =& and B, = a..

Note that by Definition 4.2 (A)(e) ¢ is uniquely determined. As g is a
maximal antichain below ¢, there exists ¢ < A such that ¢/, and r are
compatible. We define p, such that u,, = u,,, ¢, = Gy + 1, Tpy [ Up, X (=
Fpl,rﬁ’% < Geer 7, and TZi:Cpl is a member of Q*. We can easily define
TZQ?Cpl for a € uy, \ {ow} such that, letting S,, = S,, and f,, = fp,, p2 is as
desired.

13
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Case 2 There is no pair (8,t) € S,, x K such that f,,(8) =& and B, = .

We construct ps as in Case 1 except that ¢ < k can be chosen randomly.

(3) Given ¢ < ¢ and (o, e) € uy X (y such that a = S, for some ¢ < K
and r{, < q¢, then, by Definition 4.2(1)(B)(b), for some ¢ < A we have

rd . < 4 ¢ ¢ By (2)(c) we conclude

q Fanwy Ve < A ((Fpe < gf — 3¢ < A 7pe < @ee) ANVC < A
36 < )\ 7;'5“5 g q:i§7c).

As « < k was arbitrary, by Definition 4.1 we conclude that (3) is true. 0

Lemma 4.2 Suppose y > 2% = X\ = A<} = g+, Q, strong witness W for

add(Z(Q)) < k and AA(Q, W, x) are as in Definition 4.2. If (po : v < AT)
is a family of conditions in AA(Q, W, x) there exist a club E C A\t and a
regressive function h : E N S))\‘+ — A\t such that for every w C E N S§+ of
cardinality at most K, if h | w is constant then (p, : a € w) has a largest
lower bound in AA(Q, W, x).

Proof: Let (p, : @ < AT) be given. We write po, = (U, (o, Tas Sas fa), Ta =

(ré. © 7 € Ug, e < Co), TR = (2. 1 & < (). For every o < AT let

Ja : 0tp(us) — u, be the unique increasing surjection. We define a binary
relation R, on A\* by letting aR, /3 iff

(a) otp(ua) = otp(ug), otp(a Nua) = otp(B Nug), (u = (g, and
o g~ 1s an isomorphism from p, onto p,, 1.e.,
b) g3 ga1 i 1 hi f t i

(a> lf gﬁ o g;1<71) - ’}/2, then ?[071] = fgm] and

(B) if 7 = (y : ¢ <K €"(A), then 7 € S, iff ggog;'(7) =
(98095 (%) 1t < k) € Sgand fo(7) = fa(gs 092" (7))

It is easy to check that R, is an equivalence relation and that (by our as-

sumption A = A<*) E, has A many equivalence classes.

For every o < AT we let Ucp = {ug : B < a},va = {t < otp(ua) : ga(t) €
Uco}

We define the function hy : AT — AT by letting

hi(a) =min{f € Ord : f > a A Yy < AT (ran(g,, | vy,) C Uy = Iy <
B (VIR*'W N Gra rv’m = 9m rv’h))}‘

14
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Note that as R, has A equivalence classes and |U_,|<* < A<*, the function
hi maps indeed into A\™.

Let F ={y < A" :~is alimit ordinal and Voo < v hy(a) < v}. Thus E is
a club on \*T.

Finally we define our desired function h: EN S §‘+ — AT by letting
h(7y) = min{0 < AT g5 [ vs =gy [ Uy A YR.6}.

Then h(y) < « holds trivially. By construction even h(7y) < +, hence h is
regressive. Indeed, by definition ran(g, [ vy) € U.,. As |ran(g, [ vy)| < A
and cf(y) = A we can find §; < v such that ran(g, | v,) € Ucs,. Since
hi(d1) < 7 there exists d, < 7 such that gs5, [ vs, = g, [ v, and doR,7v, and
hence h(y) < 09 < 7.

Suppose now that w C EN S§‘+, |lw| < k and h | w is constant. By definition
of h, go | va = gg | vg =: ¢* for any o, € w. By definition of v, we

conclude that (u, : @ € w) is a A-system with root ran(g*) and gg o g, ' is
the identity on ran(g*) for any «, f € w.

Moreover, by definition of R, we have (, = (g =: (y, and if v € u, N ug,

hence v € ran(g*) and gz o g, () = 7 then 7 = Fg]‘

Now we define ¢ = ¢, € AA(Q, W, x) as follows:

(a) uy = U{ua : @ € w}.

Note that |u,| < & as required, as |w| < k.

(b) Cg = Cu-

(¢) Tg=(rf. r @ € w,y € Ug, € < ().

Note that by the remark above this is well defined (i.e. 79, = 7"3,5 it v €
Ug Nug).

(d) Sy =U{S :acw}.
Again |S,| < k as required, by |w| < k.

(€) fo=U{fa:aecw}

15
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Note that f, is a function. Indeed, if ¥ € S, NSz for «, B € w then ran(7) C
u, Nug = ran(g*). Since gg o g;' | ran(g*) is the identity, by (b)(8) in the
definition of R, we have f,(7) = f3(7).

Let us check (A)(e) from Definition 4.2(1). Let a,B € w,a # B, and ' €

Sa,7° € Sp. Let 7° = ggo g (7)), thus 7° € S5, fu(7') = f3(7°), and
7,73 is a A—System pair (see Definition 4.2(1)(e)(c)). If 72 = 73, hence
.3 = f,(7%), we are done. Now suppose 72 # 7°. Note that

{(t,v) e’ 7 =72} S{(tv) e K® 7} =72}

If fo(7') = f3(7*), hence f3(7°) = f5(7°) and thus (7%,7 ) is a A-system
pair, we are done. Otherwise fo(¥') # fs(7?), hence f3(7*) # f, 5( 3) and
thus |ran(3?) Nran(7%)| < 1. But this implies [ran(7') N (?)| < 1

Finally, it is straightforward to verify ¢ < p, for every a € w. That ¢ actually
is the largest lower bound is also clear. 0

5 Different cofinalities if amoeba and anti-
amoeba interact

Lemma 5.1 Suppose x > 2% = X\ = \<* = %, Q, x a cardinal, strong
witness W for add(Z(Q)) < & and AA(Q, W, x) are as in Definition 4.2.
Moreover let d = (A, CLUBy+,¢,k,[S} %) where ¢ < X (so d is a c.c.-
parameter). IfPis an AA(Q, W, x)-name for a forcing such that I-aaqw )
“P satisfies #4”, then

”_AA(Q,W,X)*P cof (Z(Q)) > x.

Proof: Towards a contradiction we assume that there are p. € AA(Q, W, x)*
P, cardinal o, < x and a family (B, : a < o) of AA(Q, W, x) * P-names
such that

P IFpn@wx)e “(By : o < @) is a cofinal sequence in Z(Q).”

We must have o, > A. For a < y we can find p, € AA(Q, W, x) * P below
ps and y(«) < a, such that

(a) Pa li—AA(Q,W,x)*P Xa g B’y(a)a

where X, is the AA(Q, W, x)-name as in Definition 4.2(2). We can find some
unbounded U C «f and v, < «, such that v(a) = 7, for every a € U. By
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renumbering we may assume U = «;. In the sequel we only make use of (p, :
o < A7) to get a contradiction. Let po = (pg,pZ) where p, € AA(Q, W, x)
and ”_AA(QJ/V,X) pi e P.

In VAA@WX) we consider the game G (P, d) (see Definition 2.1), for which,
by assumption, player I has a winning strategy. Let

(i< )\+>,f.<), (¢ i< A ¢ <e)

be the play described in Remark 2.1(1) with (Y : 4 < AT) = (p? : i < AT).
As player I wins this play, there exists a AA(Q, W, x)-name E, for a club of
AT as in the winning rule for G(P,d). As by Lemma 4.2 AA(Q, W, x) has
the A\*-c.c., wlog we may assume Ey = By € V.

By A-closedness of AA(Q, W, x), for every a < AT we can find p2 € AA(Q, W, x)
below pl and g, : € — AT in V such that

(b) P2 Fan@wy (fe(@): ¢ <e) = ga.

By Lemma 4.1(2)(b), we may assume that a € u,3 (see Definition 4.2(1)(A)(a)).
Applying Lemma 4.2 to (p2 : « € AT) we can find a club F; C AT and a re-
gressive function f; : E3 N Sf — AT as there. Note that by the construction
of f1 (denoted h in the proof of Lemma 4.2), for given 6 < At there is u*
such that whenever fi(a) = f1(8) = § for some «, 5 € E1 N S§+, then aR,[3
and u, Nug = u*.

As in Remark 2.1(1) we have a regressive function f, : 3 — A* such that
ran(g,) is bounded by f(a) for every o € 53"

We shall use notation and proof of Lemma 4.2 below. As E1 N E;N S /’\\I is a
stationary subset of A*, there are ordinals ~y!, 42 such that the set

S:i={a<A:a€BENENSY Afila) =7 A fala) =17}

is stationary. By A = A<* we can find some unbounded set V' C S and g,
such that g, = g, for every a € V.

By the above remark about the construction of f; in the proof of Lemma 4.2
we have that
(c) all @ € S are R,-equivalent,
(d) (ups : v € S) is a A-system (hence o € s \ U{up% B e SNAB#a}
for all a € 5).
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We choose w C V such that otp(w) = k and let a* list w in increasing order.
By the proof of Lemma 4.2 we know that {p3 : @ € w} has a largest lower
bound, say p*. We define p* < p® in AA(Q, W, x) as follows:

Let 'U/pl = Upw, Cpl = pr, fpl = fpw, Spl = Spw U {d*}, and fpl = fpw U
{(a*,§)}, where £ < A is chosen such that no member of 7w is below ¢f, and
hence Vf3 € uywVe < (pu Set(rgi)ﬂ set(q¢) = 0, and moreover { ¢ ran(fyu).

By construction (see (c)) we have |ran(a*) Nran(8)| < 1 for every 8 € Spw
and hence p' is as desired (see Remark 4.1).

Let a* = (o, : ¢ < k). By Lemma 4.1(3) we conclude

P! IFan@wy U X., ¢ I(Q).

<K

By construction (especially the definition of p} and g, in (b)), there exists
some AA(Q, W, x)-name p® such that IFyagw,) P> € P and

p' lFan@w,  P*is alower bound of {pZ : o € w}.

But now we have a contradiction, as (p',p?) < p. and by (a)

(p",p%) H_AA(Q,W,X)*P U Xa, € By,

<K

O

As a conclusion of what we proved so far we obtain the following main the-
orem of this paper:

Theorem 5.1 Suppose that 2% = X = \* = gt < p = cf(u) < x = xX.
Moreover we assume the following:

(1) Qo = (Qo, Co, seto, Qs Lo) is a GTF, such that Qo has a strong witness
W for add(Z(Qo)) < &,

(2) Q1= (Ql,él,seh,Q’{,J_l) is a GTF, such that add(Z(Q1)) = A,

(3) Let P be the AA(Qo, W, x)-name of the limit of a (< \)-support itera-
tion (Pn, Qg : o < 1, B < ) in VAMQOWX) “yphere Qg denotes Ay (Qr)
/L’n/ VAA(Q()?WvX)*Pﬁ B

Then the following hold:

(4) AA(Qo, W, X) * P is A-closed and AT -c.c.
(5) VAMQOWX)P = 9% — \ A cof (Z(Qo)) = 2* = x A cof(Z(Q1)) = p.
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6 Application to classical tree forcings

Here we study the well-known classical tree forcings Sacks, Silver, Laver and
Miller. We abreviate them by Sa, Si, La and M1, respectively. We shall show
that under certain assumptions they are GTF; in the sense of Definition 3.1.
Then we shall explain for which pairs (@, Q1) of these the assumptions of
Theorem 5.1 are known to be consistent, hence we can get the consistency

of cof (Z(Qo)) > cof (Z(Q1)).

Theorem 6.1 (1) Suppose 0 = 2%, Then both, Sacks and Silver forcing,
can be considered as GTF}’s.

(2) Suppose b = 2% . Then both, Laver and Miller forcing, can be considered
as GTFy's.

Proof: It is well-known that for every @ € {Sa, Si, La, Mi}, every p € @
has continuum many extensions such that any two of them have no common
infinite branch.

(1) Let Q € {Sa,Si}. Let Gg be the canonical @-name for the generic
filter, let éQ = ﬂGQ, ie. éQ denotes the Sacks, Silver real, respectively. Let
seto(p) = [p], let @* be the set of all p € @ such that [p] is nowhere dense,
and let p Lo ¢ mean [p] N [g] = 0. We claim that (Q,éQ,SetQ,Q*,J_Q) is
GTF;. In fact, (1)(a), (b), (c) and (e)(a), () are obvious, for (c)(vy) we use
the well-known fact that a Sacks or Silver real determines its generic filter.
(1)(d) follows from the remark at the beginning of this proof. Nontrivial are
(e)(7)1 and (6);. For these we apply the results in [7] (for Sa) and [18] (for
Si) that every maximal antichain in Sa or Si that consists of nowhere dense
trees must have size at least 9. Then (e)(y); and (6); follow easily from our
assumption, the remark at the beginning of this proof and the fact that if
p,q are incompatible Sacks or Silver trees, then [p] N [g] is countable.

(2) For Q € {La, Mi} we apply the base matrix tree from [1]. This is a
family (A, : @ < b) such that every A, is a mad family in [w]* of size
continuum, Ag refines A, (i.e. Vb € Agda € A, b C* a) for every a < 5 < b,
and J, ., Aq is dense in ([w]*, C). Actually, by an easy modification of its
construction we can achieve the following:

(%) for every sequence (a, : n < w) in [w]* there is a < h and a sequence
(bp : m < w) in A, such that Vnb, C a,.

Note that here we ask for proper inclusion not just almost inclusion. Other-
wise (x) would follow from Wy < b.
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Now we let La* consist of all p € La with the property that there exists
a < b such that for every o € p extending stem(p) we have succ,(0) € A,,
where succ,(0) = {n < w:0™n € p}. If 0 & p we define succ,(0) = 0. As
for (1) we let (1, denote the Laver real, set,(p) = [p], and p L, ¢ mean
[p] N [g] = 0. We claim that (La, Cpq, setrq, La*, L,) is GTF,. Let us check
Definition 3.1(1): (b) follows easily from property (x) of the base tree matrix.
(c) is well-known. (d) holds by the remark at the beginning of this proof.
Nontrivial are (e)(y) and (§). Let B < 2% and (p, : @ < ) a sequence in
La*. The set

S = {succ,, (0) : stem,, Co €p, N < [}

has cardinality < 2% and is contained in the base matrix tree. As Ay has
size 2% and the base matrix is a tree with respect to D*, there exists a € A,
such that a N b is finite for every b € S. Let p € La* be the tree with empty
stem and succ,(o) = a for every o € p. Then clearly p is incompatible with
every p,. We need the following claim which is folklore wisdom:

Claim 2 Let (p, : @ < f < b) be a sequence in La. If p € La is such that
p is incompatible (w.r.t. (La, <)) with p, for every o < f3, then there exists
q < p, q € La, such that stem(p) = stem(q) and [p.] N [q] = O for every
a < .

Proof: Fix a < . We define a rank function rk, on p~ = {¢ € p :
stem(p) C o} as follows:

rk, (o) = 0 iff succ, (o) Nsuce,, (o) is finite, and

tk,(0) = v iff v € Ord is minimal such that for all except finitely many
n € succ,(o) Nsuce,, (o) rka(07n) < v.

If o gets no ordinal rank we define rk,(c) = oo.

It is clear that as p and p, are incompatible, every ¢ € p~ has an ordinal
rank. We define f, : p~ — w as follows: If rk,(0) = 0 let n = sup(succ,(o) N
succ,, (o)) and n = sup{m € succ,(o) N succ,, (o) : tko(c™m) > rky(o)}
otherwise. Now let f,(0) = n+ 1. It can easily be checked that if g(o) >
fa(o) for almost all o € p~, then, if we prune p using g, i.e. for every o € p~
deleting everything above ¢”m for m < g(o), we obtain a Laver tree ¢ < p
with [p,] N [g] = 0. But by 5 < b we can get g like this for every a < . 0O

Continuing with the proof of (e)(), by the claim and as La* is dense we can
find ¢ € La* with ¢ < p and [p,] N[g] = 0 for every o < 3, as desired. These
arguments also prove (e)(9).
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For M7, analogous arguments work. U

Theorem 6.2 (1) Suppose Q € {Sa, Si}. Then add(Z(Q)) < b holds.

(2) Suppose 2% = b and Q € {La, Mi}. Then add(Z(Q)) < b.

Proof: Let x(Q) the least cardinal s such that forcing with @) changes the
cofinality of (2%) to k.

(1) Simon [12] has proved x(Sa) < b. In [8], add(Z(Sa)) < k(Sa) is proved
under the assumption that 2% is regular. In [7] it is proved that this as-
sumption is not needed.

In [18], add(Z(S%)) < b is proved directly. A stronger result has been proved
in [16] where it is shown that the nowhere Ramsey ideal is Tukey reducible
to the Silver ideal, and hence even add(Z(S7)) < b is true.

(2) In [6], kK(Q) < b has been shown for @ € {La, Mi}. Similarly as in [§]
for Sa, one can prove add(Z(Q)) < (Q) for @ € {La, Mi}, provided that
2% = p holds. Actually, for Q = Mi, 0 = 2% suffices (see [9], Corollary 13).

O

Corollary 6.1 Suppose Qo € {Sa, Si, La, Mi} is such that add(Z(Qy)) =
2% Then the following are true:

(1) Every Q € {Sa, Si, La, Mi} is GTF, (La and Mi are even GTFy).
(2) If Q, € {Sa, Si, La, Mi} is such that add(Z(Q,)) < k < 280, then there

exists a strong witness for this (see Definition 4.1).

Proof: (1) follows from Theorems 6.1 and 6.2. (2) follows from (1) and the
homogeneity of the classical tree forcings. 0

The following theorem collects all the cases for which the consistency of

add(Z(Qo)) < add(Z(Q1)) is known, where Qy, Q1 € {Sa, St, La, Mi}.

Theorem 6.3 If ZF is consistent, then the following statements are consis-
tent with ZFC + 2% = Ry = R

(1) add(Z(Si)) < add(Z(Sa)),
(2)YQ € {La, Mi} add(Z(Sa)) < add(Z(Q)),
(3)YQ € {La, Mi} add(Z(Si)) < add(Z(Q)).
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Proof: (1) Implicitly in [10], an amoeba forcing for Sa with the Laver prop-
erty has been constructed. See also [17] for detailed analysis and proofs.
If this forcing is iterated W, times with countable supports, a model for
cov(M) < add(Z(Sa)) is obtained (where M is the meager ideal). In [14],
add(Z(S7)) < cov(M) has been proved in ZFC.

(2) In [6], it has been shown that MA implies add(Z(Q)) = 2% for both
Q € {La, Mi}. In [8], and independently in [19], it has been shown that MA
does not imply add(Z(Sa)) = 2%, i.e. a model for MA + add(Z(Sa)) = ¥, <
2% = N, is constructed.

(3) In [4] it has been shown that MA does not imply add(Z(S7)) = 2™, i.e.
a model for MA + add(Z(S7)) = N; < 2% =N, is constructed.

Alternatively one can use the models in [13], where amoebas for La and Mi
with the Laver property have been constructed. In these, add(Z(S7)) = N;
holds by [14] as in (1). O

As an immediate consequence of Theorems 5.1, 6.1, 6.2 and 6.3 we obtain
the following:

Theorem 6.4 If ZF is consistent, then the following statements are consis-
tent with ZFC:

(1) cof(Z(Sa)) < cof(Z(S7)),

(2) cof(Z(Q1)) < cof(Z(Qo)), where Qo € {Sa,Si} and Q1 € {La, Mi}.

7 Singular cofinality

In this section we shall show that consistently we can have cof (Z(Q)) singular,
where @ is a GTF;. For this we apply the amoeba from Section 3, but we
have to use a more elaborate iteration. For Sacks forcing, this result has been
obtained in [8].

Theorem 7.1 Suppose that Q = (Q,(,set,Q*, L) is a GTF,, 2% = )\ =
A A< =cf(u) < p<x=xXand add (Z(Q)) = \. Moreover we assume
Va < u || < p. There exists a forcing P such that

(a) P is A-closed and AT -c.c.
(b)) VP E 2% =y A cof(Z(Q)) = p.
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Proof: We fix an increasing sequence (), : ¢ < ) of regular cardinals A, < p
with A < A\g and sup{\, : ¢ < 0} = \. Let

F={fe[[N:He<0:f@)£0} <A}

1<

For f € F let supp(f) = {¢+ < 0 : f(r) # 0}. Let <z denote the natu-
ral partial order on F defined by f <z ¢ iff supp(f) Csupp(g) and Vi €
supp(f) f(¢) < g(¢). By our assumptions, clearly |F| = p and F is (< AT)-
directed. Let (f3 : 8 < p) list F such that f; is the constantly 0 function.

Definition 7.1 Let the assumptions of Theorem 7.1 hold.

(1) We call a’famlly q = q(Q) = <Pa7Qﬂuu,3777ﬁ7fﬂ o < O‘quﬁ < aq> a
(< A)-support iteration of Q with memory if

(a) X < g is a limit ordinal, and (P, Qs : @ < g, f < ag) is a (< \)-
support iteration such that for every B < aq,

I p, “Qﬂ hasa subset of P(H(N)) as its set of elements and 1z C
QB 1s the generic filter”.

(b) ug C B such that Vy € ug uy, C ug (transitivity of the memory
(ug : B < ag)).

(c) VB <x (usg=0A Ikp, “Qs=(X,2D)").

(d) VB € [x,aq) IFp, “Qp = A (Q)VINusll” where nlu] denotes (1, : v €
u) foru C S.

(e) (o) fg€F and if B < p then fz= f;.
(B) If B € u, then fz <r f,.
(v) If B € uy and f < p then sup{\, : v < 1} < B < A, implies
B < f5(0).

(2) Let q be as in (1) and u = (ug : f < agq). A subset U C ay is called
u-closed if Ve U ug CU.

Claim 3 Let g = q(Q) be as in Definition 7.1 and U C [x, aq) such that

(1) Vu € [ag]S* B €U u C ug.
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Let P’ :'(pf 1 & < A) denote the generic mazximal antichain in QQ added by
Qs and Xz = X (p?) the associated set in T(Q)YMOAN.

Then VTea |= “(X4: 3 € U) is cofinal in T(Q), hence cof (Z(Q)) < |U|”.
Proof: Note that (1) implies cf(cg) > A and hence
(1) Vu € [ag|s* B e U u C ug.

Now suppose p IFp, T € 7(Q). Wlog we may assume that there exists a
familiy of P, -names (¢. : € < A) such that

plFp,, (G- 1 € < A)is a maximal antichain of Q and 7= X({g: : € < A)).

Each ¢. can be viewed as a pair (A., h.) where A, is a maximal antichain in
P,, and h. : A. — Q. As P, has the A"-c.c., |[A.| < A. Note that by the
definition of the Qﬁ, if Fp, ‘o € Qg” then ¢ can be coded in essentially
the same way as 7, i.e. by A may maximal antichains of P3. As g is a (< A)-
support iteration, doing this for every p(f) where p € A, and 8 € dom(p)
and then proceeding similarly, we obtain a wellfounded tree T' on (ag, >)
such that every node has at most A many immediate successors, T" has no
infinite branch, and 7 can be evaluated from (1, : v € T'). As |T'| < A, by (1)’
there are A many «, € U such that T' C u,,. By Lemma 3.1(B) we conclude
plrp,, Jt<A 7C XaL. Note that for this argument no memory is needed.

O

Definition 7.2 Let ¢ = q(Q) and u be as in Definition 7.1. By induction
on a < ag, for all u-closed U C «, we define P}, C P, and prove

(a) P, consists of all p € P, such that dom(p) C U and for every f €
dom(p), p(B) is a P, ,-name for a subset of H(X) (so either for an

element of <*X\ or of Ay (Q)YVusll).

(b) If oy < a then P, € P (clearly U N ay is u-closed).

(c) Pl is dense in P,.

(d) Py is a dense subset of the limit of the (< \)-support iteration of the
form (PE,QE : B € U) such that for every B € U N x, ||-p§ ‘Qy =
(<*\, D)7, and for every B € U N [x,aq), “‘pg “QE = A (Q)VIilusll,

(Here 1z and n[ug] are defined as in Definition 7.1. Note again that
ug C U as U is u-closed.) Hence, letting U = o, we have (c).
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(e) Pl is a complete suborder of P,.
(f) For everyq € P.,, q U € P, and q <p, q [ U.

(9) For every q € P, and p € P}, if p <p, q | U, then p and q are
compatible in P! ; in fact, pUq [ (dom(q) \ U) is a lower bound of p
and q.

(h) p € P} iff p € P, and dom(p) C U.

Proof: We won’t use (d), hence we omit its proof. The main point is (c), as
(f), (g), and (h) are clear, and hence (e) follows from (c). So let us prove (c)
by induction on «. The case a = 0 is trivial.

Let « = 4+ 1 and p € P,. Wlog we may assume that § € dom(p), as
otherwise we can apply the induction hypothesis. For the same reason we
know that P, is a complete subforcing of Ps and Pj is dense in Ps. Clearly
we have P/ . - P/;. Hence by definition we have

ey “p(8) € V(i : 7 € ug)]".

As (1)y : 7 € ug) is (forced to be) P, -generic, there exist a P -name 7 and
p1 <p, p | B in Pj such that p; H_pé p(B) = 7. Let ¢ = (p1,7). Then q € P,
and g < p.

Now suppose that « is a limit ordinal and p € P,. As |dom(p)| < A we may
assume that cf(a) < A. Let (af : ¢ < cf(a)) be increasing and cofinal in
a. We choose (g, : ¢ < cf(a)) such that ¢, € P,., ¢, <p, p | o] and if
L < v < cf(a) then ¢, < P, Q- For the successor step we apley the inductive

hypothesis. Suppose that v < cf(«) is a limit ordinal and (g, : ¢+ < v)
have been chosen as desired. Let v € |J,_, dom(g,). Choose ¢(y) such that
Y € Q- Then in V', (q.(7) : ¢ € [(7),v)) is a sequence of P, -names for
members of Q7 such that this sequence is forced to be decreasing. But this
forcing is forced to be < A-complete and can be evaluated in V'« . Hence
we can choose ¢,(7) as a P, -name that is forced to be a lower bound of it.
Hence we have get(q) € P, and gega) < p- O

In order to get Ve |= cof (Z(Q)) > p we must make g more concrete as
follows: We let

(2) ag=x+p- A",
(3) if B < x, then ug = 0 and fz = f;,
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(4) f B=x+p-t+vfore <At and v < p, then fz = fr and ug = {a <
pesup{A, v <t} <a< A =a<ft)fU{ae [ pf): fo <r fs}.

Note that (ug : f < ag) is transitive: Let 5 € u, and a € ug. We must have
X < B < v and hence fz < f,. If @ < p, hence sup{\, : v <1} < a <, for
some ¢ < 0, we have o < fg(¢) < f,(¢). If p < a we have f, < fs < f, and
we are done.

Also note that (1)" holds for U = [x, aq): Let u C a4 have size \. As F is
(< A1)-directed, we can easily find f € F such that

(5) uwn[sup{\, : v <}, A,) is bounded by f(¢) for every ¢ < 6, and

(6) fs <z f holds for every 5 € uN[u, aq).

It follows that for every v € [sup(u) + 1,a4) such that f, = f, we have
u C u,. As by construction there are at least A™ such ~, we are done.

Now let us prove Ve = cof (Z(Q)) > u, where q is the iteration just
defined. By Definition 7.2(e) we have Ve« = V' By contradiction
suppose we had ((x) <6, p € P, and a family (Yo:a< Au(x)) of P, -names
such that

plkp, (Yo i a < ) iscofinal in Z(Q).

Wlog we may assume that every Y, is forced to be of the form X ((Gove
e < A)) (see Remark 3.1(3)), where (4, : € < A) is forced to be a maximal
antichain of @. Since ) € R and F,, does not add reals, wlog we may
assume that every ¢, . is a nice Po’[q—name, i.e. has the form (A,., fa:) Where
A, is a maximal antichain of Po’{q and fo.: Aae = Q. Let v, = (J{dom :
(p) : p € Anc}, thus v, € [ag]s* and hence, by (1)’ for our memory 4, we
find 7, < aq such that v, C u,,.

Let B* = sup{fy,(¢t(x) + 1) +1: a < ¢(x)} and v* = (J{u,, : o < o(¥)}.
Then clearly £* < A)41, u* is tG-closed and u* N [N, A1) = [Muw), BY).
By Definition 7.2(e) we have that P). is a complete subforcing of P, , and
hence every 73 for 8 € [8*, \,(+1) is A-Cohen , i.e. generic for (<*X, D), over
VP As (Y, :a< A(+)) 1s forced to belong to Ve the following claim
will complete the proof of Theorem 7.1:

Claim 4 If Q is GTFy, 2% = X and n : A\ — X is A-Cohen, i.e. generic for
(<*\, D), over V, then in V[n] there exists X € Z(Q) that is not contained
in any member of Z(Q)Y .
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Proof: Let (r. : e < A), (p- : € < A) list R, @ respectively. In V'[n] we define
families (s. : € < A) in R and (¢. : € < ) in @ as follows: Let s = r,(0) and
let go be the n(1)th p. that satisfies p. < py and s & [pc]. If (s : € < v) and
(ge : € < v) have been determined for some v < A, let s, be the n(v - 2)th
e such that r. & |J._,[¢c]. To define g, we distinguish two cases. If p, is
compatible with some ¢. for ¢ < v we let ¢, = ¢qp. Otherwise, let ¢, the
n(v-24 1)th p. such that p. < p, and [p:]N{se : { <v} =0. As Q is GTFy,
this construction is possible. Now X = {s¢ : £ < A} is as desired. O

|:ITheorern 7.1
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