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HIGHER DIMENSIONAL UNIVERSAL FUNCTIONS FROM LOWER
DIMENSIONAL ONES

SAHARON SHELAH AND JURIS STEPRANS

ABSTRACT. It is shown that the existence of a universal function on pairs implies the existence of a
universal function for triples.

1. INTRODUCTION

Following Sierpinski, in [1] a very general definition of higher dimensional universal functionss is given
which, in the case of triples on w; would say that U : w} — A is universal if for every H : w? — X there
are are embedding e; : w; — wy for ¢ € 3 such that

H(Oz(), o1, 042) = U(Go(ao), 61(&1), 62(&2))

for each (v, a1, an) € w}. However, in this brief note the stronger and, perhaps, more natural definition
of universal function will be based on the definition of a universal graph introduced by Rado in [3].

Definition 1.1 (Rado). For k € w define U C [w;]* to be a universal hypergraph if for every hypergraph
H C [w;]* there is a one-to-one function e : w; — w; such that

(Va € [w1]*) a € H if and only if e[a] € U
where e[a| denotes the image of a under e.

Definition 1.2. For k € w define a function U C [w;]* — X to be universal if for every function G : [w;]*
there is a single e : w; — wy such that
(Va € [w]") H(a) = U(e[al).
In Proposition 6.2 of [1] it is shown that if there is a universal function from w? to w; in the sense of

Sierpiriski then there is also a universal function from w? to wy, also in the sense of Sierpiriski. In this
note, the companion result for universality in the sense of Rado will be established.

Theorem 1.1. If there is a universal function from [wi]? to w as in Definition 1.2 then there is a
universal function from [wi]® to w as well.

However, the results in thois note do not answer rhe following question.

Question 1.1. If there is a universal graph U C [w;]?* — in other words, U can be considered as a
universal function from [wi]? to 2 — then is there a subset of [w]® that is a universal hypergraph for
triples?

The interest in universal functions is based largely on the result of [4] that shows that universality
can hold for graphs even in the absence of saturated graphs. While [4] did not address the question
of universal functions from [w;]? to w explicitly, the methods will also yield such universal functions.
However, this does follow explictly from the results of [2] which modified the methods of [4] to apply
to a larger class of structures of cardinality ¥;, including functions from [w]* to w. It should also be
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noted that it is shown in [5] that it is consistent that there is a universal graph on w; in the sense of
Rado, yet no universal function from [w;]? to w. Hence, the hypothesis used in this note is significant
and one cannot expect the results here to directly solve Question 1.1.

2. UNIVERSAL 3-DIMENSIONAL FUNCTIONS FROM 2-DIMENSIONAL ONES

Definition 2.1. Suppose that U : [w;]* — H(Xg) is a universal function. Let U* : [w]*> — w be defined
by letting U*({a, 8,7}) = U{B,7N(U({a,7})) if {a, 8,7} € [w1]® and

e max({a, f}) = v

o [U{a, DI < |U{B,7}
e U({f,~} is a function with U({a,~} in its domain

and letting U*({«, 5,7}) = 0 otherwise.

Lemma 2.1. If U : [w]? — w is a universal function and F : [w]> — w then there is a strictly

increasing function e : wy — wy such that F({«a, 8}) = U({e(a),e(B)}) for each {a, B} € [w1]?.

Proof. Let {Z¢}¢ew, partition wy into uncountable sets and define F* : [wq]* = w by

. B F({&n}) fae Zg & pe ZTI
F({e, B}) = {0 otherwise.

There is then a one-to-one function e : w; — w; such that F*({«a, 5}) = U({e(),e(5)}) for each
{a, B} € [w1]?. Since each Zg is uncountable it is possible to select (¢ € Z¢ such that e() < e((,)
whenever ¢ < p. Now define e*(a) = e((,) and note that e* is strictly increasing and, moreover,

F({o,B}) = F*({Ca, (p}) because (, € Z, and (s € Zg. Then
U({e*(a), e’ (B)}) = U({e(Ca), e(Ca)}) = F*({Ca, 1) = F({e, 5})

as required.

Lemma 2.2. Suppose that for every D : [w]> — w is there are {Cy}aepn)2 such that:
(1) C, € H(Xg) is a function for each a € [w;]?
(2) D({c, B,7}) = Cis43(Claqyy) for each {c, 8,7} € [wi]® provided that v > max({a,8}) and
Clam| £ 1CEAI-
If U : [wi]?* = H(Rg) is a unwversal function then U* : [wi]®* — w is also a universal function.

Proof. Given D : [w]*> = w let {Cy}aeuy)z satisfy Requirements (1) and (2). Using that U is uni-
versal and Lemma 2.1 it is possible to find a strictly increasing function e : w; — w; such that
U({e(a),e(B8)}) = Ciap for all {o, B} € [wi]?. Tt suffices to show that

U™ ({e(a),e(B), e(7)}) = D{e, 5,7})

for all {a, 8,7} € [w1]?.
To see that this is so let {o, 8,7} € [wi]® and suppose that v > max({«, 5}) and |Cia3| < |Cip1l-
It follows that

[U({e(@), e D] = |Cramy| < [Crampyl = [U{e(B), e(v)})]

and, hence, that

U™({e(a), e(B),e(7)}) = U{e(B), e (U{e(), e()}) = Caa3(Cramy) = D({a, 8,7}).

Lemma 2.3. Gwen D : [w]* — w there are {Cy ez such that:
(1) C, € H(Xg) is a function for each a € [w;]?
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(2) D({cr, B,7}) = Cis13(Claqyy) for each {a, 3,7} € [w1]?® provided that v > max({«a, 3}) and
ICram| < 1Csml-

Proof. Let Be : w — £ be a bijection if £ is infinite and let By, be the identity if £ € w. It will be shown
that for each infinite § € w; there are Cy¢ (1)) € H(Rg) for k € w such that:

(1) each Cye p.(x)y is a function
(2) domain(Ce, () = 1C1e Be(j) tiek
(3) Cleetoy (Crepeiy) = DU Be(4), Be(k), £})
and for each k € w there are Cy; j3 € H(XNy) for j € k such that:

(4) each Cy j; is a function

(5) domain(Cy ;1) = {Clre}ee;

(6) Cikjy (Cray) = DL, kD).
To see that this suffices note that Conclusion (1) is immediate. To see that Conclusion (2) holds
suppose that {a, 8,7} € [wi]® and v > max({«, 5}) and |Ciay| < |Cysy]- If 7 is infinite then let
J = |Clayy| £1Cs4| = k. It follows from Condition (2) that B,(j) = a and B, (k) = . It is therefore
possible to use Condition (3) to conclude that

Ctr8)(Clray) = Cy3,03) (Ca.m,60y) = DUBY (1), By(K), 7}) = D(ev, 8,7).
On the other hand, if 7 = k € w then then let £ = |Cio 13| < |Cipy| = 7. It follows from Condition (5)
that ¢ = « and j = (5. It is therefore possible to use Condition (6) to conclude that

Cty8)(Ciray) = Crijy (Ciiey) = D({L, 5, k}) = D(a, B,7)

as required.

For each £ € w; define the functions C'¢ (1)) by induction on k € wNg. Start by letting C¢ 5, (0)y = 9.
Given Cy¢ g, (j)y for j € k satisfying Condition (2) or Condition (5) note that the C'¢ p,(j)y are all distinct
since they have different cardinalities. It is therefore easy to define a function Cy¢ p,r)y € H(No)
satisfying that Cye p,(x)) (Cie,B:(j)y) = D Be(j), Be(k),§}) for all j € k as required.

O

Theorem 1.1 now follows immediately from Lemma 2.2 and Lemma 2.3.
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