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BOREL SETS WITH LARGE SQUARES
SH522

SAHARON SHELAH

ABSTRACT. This is a slightly corrected version of an old work.
For a cardinal p we give a sufficient condition @, (involving ranks measur-
ing existence of independent sets) for:

®p if a Borel set B C R xR contains a p-square (i.e. a set of the form A x A,
with |A| = p) then it contains a 2%0-square and even a perfect square.

And also for

®L if 9 € L, ,w has a model of cardinality p then it has a model of cardi-
nality continuum generated in a “nice”, “absolute” way.

Assuming MA +2%0 > 4 for transparency, those three conditions (B, ®, and

®'e,) are equivalent, and by this we get e.g. A [280 > Ry = —®xy,_ ], and
a<w]

also min{yx : ®,} has cofinality Ry if it is < 2%0.
We deal also with Borel rectangles and related model theoretic problems.
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Annotated Content

80  Introduction

[We explain results and history and include a list of notation.]

61  The rank and the Borel sets

[We define some version of the rank for a model, and then A\, (k) is the first
A such that there is no model with universe A, vocabulary of cardinality < k
and rank < a. Now we prove that forcing does not change some ranks of
the model, can only decrease others, and c.c.c. forcing changes little. Now:
(1.12) if a Borel or analytic set contains a A, (Rg)-square then it contains a
perfect square; clearly this gives something only if the continuum is large,
that is at least A, (Rg). On the other hand (in 1.13) if p = p®0 < Ay, (Ro)
we have in some c.c.c. forcing extension of V: the continuum is arbitrarily
large, and some Borel set contains a u-square but no uT-square. Lastly
(in 1.15) assuming MA holds we prove exact results (e.g. equivalence of
conditions).]

§2  Some model theoretic problems

[When we restrict ourselves to models of cardinality up to the continuum,
Aw, (Ro) is the Hanf number of L, ., (see 2.1). Also (in 2.4) if ¢ € Ly, o
has a model realizing many types (say in the countable set of formulas,
many means > A, (Xg)) even after c.c.c. forcing, then

{{p : p a complete A-type realized in M} : M = ¢}

has two to the continuum members. We then (2.5) assume ¢ € Ly, .
has a two cardinal model, say for (u,x) and we want to find a (u’,Ng)-
model, we need \,, (k) < p. Next, more generally, we deal with \-cardinal
models (i.e. we demand that Péw have cardinality A;). We define ranks
(2.8), from them we can formulate sufficient conditions for transfer theorem
and compactness. We can prove that the relevant ranks are (essentially)
preserved under c.c.c. forcing as in §1, and the sufficient conditions hold
for X, under GCH.]

83 Finer analysis of square existence

[We (3.1,3.2) define for a sequence T = (T, : n < w) of trees (i.e. closed
sets of the plane) a rank, degsq, whose value is a bound for the size of the
square it may contain. We then (3.3) deal with analytic, or more generally
k-Souslin relations, 7?7 patience incomplete-what has?? and use parallel
degrees. We then prove that statements on the degrees are related to the
existence of squares in k-Souslin relations in a way parallel to what we have
on Borel, using Ao (x). We then (3.7 — 3.11) connect it to the existence of
identities for 2-place colourings. In particular we get results of the form
“there is a Borel set B which contains a p-square iff g < A,(Ro)” when
MA + A\, (Rg) < 2%0 ]

84  Rectangles

[We deal with the problem of the existence of rectangles in Borel and x-
Souslin relations. The equivalence of the rank (for models), the existence
of perfect rectangles and the model theoretic statements is more delicate,
but is done.]
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§ 0. INTRODUCTION

We first review the old results (from §1, §2).
The main one is:

()1 it is consistent, that for every successor ordinal o < wq, there is a Borel
subset of “2 x “2 containing an N,-square but no perfect square.

In fact:
(¥)] the result above follows from MA + 2% >R, .

For this we define (Definition 1.1) for any ordinal a a property Pry(A; &) of the
cardinals A, k. The maximal cardinal with the property of Y., (i.e. for every small
cardinal, c.c.c. forcing adds an example as in (x);) is characterized (as A, (Ro)
where A, (k) = min{X : Pr,();k)}); essentially it is not changed by c.c.c. forcing;
so in (%)1:

(%)} if in addition V = VE, where P is a c.c.c. forcing then A, (Ro) < (Ju,)"°.

We will generally investigate Pr,()\; k), giving equivalent formulations (1.1 — 1.6),
seeing how fast A\, (k) increases, e.g. kt* < Ay(k) < Tuxalk) (in 1.7, 1.8).
For two variants we show: Pr2(\;sxt)(a < k1) is preserved by xt-c.c. forcing,
Prl (A k1) = Pro(\;sT) and = Pry()\; k1) is preserved by any extension of the
universe of set theory. Now Pry, (A;Rg) implies that there is no Borel set as above
(1.12) but if Pry, (A;Rg) fails then some c.c.c. forcing adds a Borel set as above
(1.13). We cannot in (x); omit some set theoretic assumption even for Wy - see
1.12 1.16 (add many Cohen reals or many random reals to a universe satisfying e.g.
2% — N;, then, in the new universe, every Borel set which contains an Np-square,
also contains a perfect square). We can replace Borel by analytic or even k-Souslin
(using Pr+(k)).

In §2 we deal with related model theoretic questions with less satisfactory results.
By 2.1,2.3, giving a kind of answer to a question from [She76],

(%)2 essentially A = A, (No) is the Hanf number for models of sentences in L, .,
when we restrict ourselves to models of cardinality < ACH (What is the
meaning of “essentially”? If A, (o) > 2%0 this fails, but if \,, (Rg) < 2%°
it holds.)

In 2.4 we generalize it (the parallel of replacing Borel or analytic sets by x-Souslin).
We conclude (2.4(2)):

()3 if ¢ € Ly, o(11), 70 C 71 are countable vocabularies,

A - {(p(a:) p e Lwhw(TO)}
is countable and 1 has a model which realizes > A\, (Rg) complete (A, 1)-
types then |{(M [ 70)/=: M = ¢, |[M| = A}| = min{2*, 3} (for any \),
as we have models as in [She78, ChVII,§4] = [She90, ChVII,§4].

If we allow parameters in the formulas of A, and 2% < 2%1 then (x)3 holds too.
However even in the case 2* = 2% we prove some results in this direction, see
[She89] (better [Shear, Ch.VII,§5]. We then turn to three cardinal theorems etc.
trying to continue [She76] (where e.g. (R, Rg) — (2%, Rg) was proved).

We knew those results earlier than, or in 1980/1, but failed in efforts to prove
the consistency of “ZFC +A,, (Rg) > N,,,” (or proving ZFC - “A,, (Ng) = R,,,”).
By the mid seventies we knew how to get consistency of results like those in §2
(forcing with P, adding many Cohen reals i.e. in VF getting ()3 for A = (J,,)V).
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This (older proof, not the one used) is closely related to Silver’s proof of “every
[T} -relation with uncountably many equivalence classes has a 2%° ones” (a deeper
one is the proof of Harrington of the Lauchli-Halpern theorem; see a generalization
of the Lauchli-Halpern theorem, a partition theorem on %~2, k large by [She92,
§4]).

In fact, about 88 I wrote down for W. Hodges proofs of (a) and (b) stated below.

(a) If, for simplicity, V satisfies GCH, and we add > R, Cohen reals then the
Hanf number of L, ., below the continuum is R, .

(b) If ¢ € Ly, (71) and some countable A C {¢(z) : ¢ € Ly, (10)} satisfies:
in every forcing extension of V, ¢ has a model which realizes 2% (or at

least min{2% R, }) complete A-types then the conclusion of (x)3 above
holds.

Hodges had intended to write it up. Later Hrushovski and Velickovic independently
proved the statement (a).

As indicated above, the results had seemed disappointing as the main question
“is Aw, (Ro) = Ry, 77 is not answered. But Hjorth asked me about (essentially) (*);
which was mentioned in [HS82] and urged me to write this down.

In §3 we define degree of Borel sets of the forms (J lim7,, C “2 X “2 measuring
n<w
how close are they to having perfect squares, similarly we define degrees for -

Souslin relations, and get results similar to earlier ones under MA and nail the
connection between the set of cardinalities of models of ¢ € L, ., and having
squares. In §4 we deal with the existence of rectangles.

We can replace R? by R? without any difficulty.

In a subsequent paper [She] which we are writing, we intend to continue the
present work and in 7?7 [She84, §5] and deal with: consistency of the existence
of co-k-Souslin (and even I13-) equivalence relations with many equivalence classes
relationship of )\3}1,)\&,1 etc., and also try to deal with independence (concerning
2.11 and 4.11(1)) and the existence of many disjoint sections.

I thank Andrzej Roslanowski for great improvement of the presentation and
pointing out gaps, and Andres Villaveces for more corrections.

§ 0(A). Notation.

Set theory:

BA = {f: f is a function from B to A}: the set of reals is “2.

Pew(A) = [A]S" ={B C A: B[ <k}

By a Borel set B we mean the set it defines in the current universe. A p-square
(or a square of size p) is a set of the form A x A, where A C “2, |A| = p. A
(11, p2)-rectangle (or rectangle of size (u1,p2)) is a set of the form A; x As, for
some Ay C “2, |Ay| = pe (for £ = 1,2). A perfect square is # x &, & C “2 perfect.
A perfect rectangle is H1 x Ho, Py C “2 perfect. Note: A perfect rectangle is a
(280, 2%0)_rectangle.

Note: A perfect square is a 28°-square.

P, 2 denote perfect sets; £, P, Q denote forcing notions; P, Q, R denote predi-
cates.

A k-Souslin set is {n € “2 : for some v we have (n,v) € lim(T")} for some (2, k)-
tree T' (see below). A k-Souslin relation (say an n-place relation) is defined similarly.
For A = (A¢ : ¢ < ((x)), a A-tree is
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TC U H "(A¢), ordered by n<v & /\ n¢ are right fine now <.
nC<((x) ¢<C(¥)
We usually let 77 [ £ = (n¢ [ £: ¢ < ((x)).

For a A-tree T we define

lim(T):{ﬁG H YA)in<w=1 [nET}
¢<¢()

(where (n¢ : ¢ < {(x)) [n={(nc [ n:¢<((x))) and
nmwm:{ﬁe T “O): (@ €limT,3k < w)

¢<C(*)
A et w) = 1 ke )
¢<¢(%)
We will use mainly (2, 2)-trees and (2, 2, k)-trees; in particular, ¢(*) is finite.
Let 1 ~, v mean that 7, v sequences of ordinals, ¢g(n) = g(v) and

(VE)[n < k < Lg(n) = n(k) = v(k)].

For a tree T as above, u C ((*) and n < w let

TWW:%:GW%EMHNM [T “(\) and
¢<C(%)
ne TI ") and (¥ € w)(nc ~n v [K)] }.
€< (x)
Let Fr,, (X, u, k) mean: if F,, are n-place functions from A to A (for @ < k) then
for some A € [A]* we have for distinct ag,...,a, € A and o < k we have a,, #
Fa(GOa B an—l)'

§ 0(B). Model theory.

Vocabularies are denoted by 7, so languages are denoted by e.g Ly o(7), models
are denoted by M, N. The universe of M is |M]|, its cardinality ||M|. The vo-
cabulary of M is 7(M) and the vocabulary of T (a theory or a sentence) is 7(T).
RM is the interpretation of R in M (for R € 7(M)). For a model M, and a set
B C M we have: a € cl..(B, M) iff for some quantifier free ¢ = (y,x1 ... x,),
and by,...,b, € B we have

M = ¢la,by,...,by] and (3" 2)p(x, by, ..., by).

Let ¢l,,(B,M) = cl o+ (B,M) and ct(B,M) = cl.o(B,M). (Note: if M has
Skolem functions then clen, (B, M) = clo(B, M) for every B C |M].) If £ is an
ordinal we mean || (is needed just for phrasing absoluteness results that is if we
use a cardinal x in a universe V, and then deal with a generic extension V¥ maybe
in VP k is no longer a cardinal but we like to still use it as a parameter). Let T
denote a theory, first order if not said otherwise.
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§ 1. THE RANK AND THE BOREL SETS

Definition 1.1. 1) For £ < 6, and cardinals A > &, 6 and an ordinal «, let
Prf (\; < k,0) mean that for every model M with the universe A and vocabulary
of cardinality < 0, rk’(M; < x) > a (defined below) and let NPr? (\; < k,6) be the
negation. Instead of “< k™7 we may write x (similarly below); if Kk = 07 we may
omit it (so e.g. Pr(\;x) means Prf(\;< wt,k)); if § = Ry and x = R, we may
omit them.

Lastly, let X’ (< k,60) = min{\ : Pr,(\; < k,6)}.
2) For amodel M, rk‘(M; < k) = sup{rk’(w, M; < k)+1 : w C |M]| finite non empty}
where 1k’ is defined below in part (3).
3) For a model M, and w € [M]* := {u : v C |M]| is finite nonempty} we shall
define below the truth value of rkz(w, M; < k) > «a by induction on the ordinal «
(note: if cloy(w, M) = clo(w, M) for every w € [M]* then for £ = 0,1, k can be
omitted).

Then we can note:

(x)o a < B and rk‘(w, M; < k) > B = 1k’ (w, M; < k) > a
()1 tk(w, M; < k) > 6 (6 limit) & A rk’(w,M;< k) > a
a<d
()2 ki (w, M;< k) >0 we [M]* and no a € wis in el (w\ {a}, M).

So we can define rk‘(w, M; < k) = « as the maximal « such that rk’(w, M; < k) >
a, and oo if this holds for every o (and —1 whenever rke(w, M;< k) 20).

Now the inductive definition of rk‘(w, M; < k) > a was already done above for
a =0 (by (*)2) and « limit (by (*)1), so for a = 8+ 1 we let

(¥)3 tk(w, M; < k) > B+ 1 iff (letting n = |w|, w = {ag,...,an_1}) for every
k < n and a quantifier free formula ¢(zo,...,z,—1) (in the vocabulary of
M) for which M [ ¢|ag, ..., an—_1] we have:
Case 1: £ = 1. There are a!, € M for m < n,i < 2 such that:
(a) tk‘({al, i< 2,m <n},M;< k) > 8,
(b) M = ¢lal,...,al_4] (for i = 1,2), so without loss of generality there
is no repetition in ad, ..., al_;
(c) a2 # a}. but for m # k (such that m < n) we have a2, = al,.
Case 2: £ =0. As for £ =1 but in addition

(d) éb\am = ap,

Case 3: ¢ = 3. We give to k an additional role and the definition is like

case 1 but ¢ < x; i.e. there are a}, € M for m < n,% < k such that:

(a) for i < j < r we have rk*({a’,al, :m < n}, M;< k) >

(b) M = ¢laf,...,a%_] (for i < k; so without loss of generality there
are no repetitions in af), ..., al,_q)

(c) for i < j < K,al # al but for m # k (such that m < n) we have

(.
/\ Ay = Ay
1,]<K

Case 4: ¢ = 2. Like case 3 but in addition
(d) am =ad, form <n
Case 5: ¢ = 5. Like case 3 except that we replace clause (a) by
(a)~ for every function F, Dom(F) = &, |[Rang(F)| < & for some i < j < k
we have F(i) = F(j) and tk’({al,,al, : m < n}, M; < k) > 8.
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Case 6: ¢ = 4. Like case 4 (i.e. £ = 2) using clause (a)~ instead of clause
(a).

We will actually use the above definition for ¢ = 0 mainly. As the cardinal
M(< Ry, Rg) = X (for £ < 2) may increase when the universe of set theory is
extended (new models may be added) we will need some upper bounds which are
preserved by suitable forcing. The case £ = 2 provides one (and it is good: it does
not increase when the universe is extended by a c.c.c forcing). The case £ = 4 shows
how much we can strengthen the definition, to show for which forcing notions lower
bounds for the rank for [ = 0 are preserved. Odd cases show that variants of the
definition are immaterial.

Claim 1.2. 1) The truth of each of the statements of Pr’(\; < k,0), rk*(M; <
K) > a, rke(wM;< K) > « is preserved if we replace £ = 0,2,3,2,2,2,3,5,4 by
£=1,3,1,0,1,4,5, 1,5 respectively (i.e. 24,3 —-5—-1,0—1,2—3,4—5,
3—>1,2—=0,2— 1) and also if we decrease a, k,0 or increase \ (the last two
only when M is not a parameter). So the corresponding inequality on \.,(< k,0)
holds.

2) Also k" (wy, M; < k) > 1k’ (wo, M; < k) for wy C wsy from [M]*.

3) Also if we expand M, the ranks (of w € [M]*, of M) can only decrease.

4) If A C M is defined by a quantifier free formula with parameters from a finite
subset w* of M, M7T is M expanded by the relations defined by quantifier free
formulas with parameters from w*, M* = M* | A (for simplicity M* has relations
only) then for w € [A]* such that w ¢ w* we have

vk (w, M*; < k) > vk (w Uw*, M; < k).

Hence if w* = @, tk"(M*; < k) > rk*(M; < k).

5) In 1.1(8)(x)a, if in the definition of cl., we allow any first order formula, this
means just expanding M by relations for any first order formula ().

6) For ¢ odd, vk‘(w, M; < k) > (|7(M)| + Ro)* implies rk*(u, M; < k) = .

7) (< K, 0) increases (<) with a, 6 and decreases with k.

8) There is no difference between ¢ =4 and { = 5.

Proof. Check, [e.g. for part (8), we can use function F such that (Vo < k)(F(0) #
F(1+ ). U2

Claim 1.3. 1) For £ =0, if o = tk’(M; < k) (< o0) then for some expansion M+
of M by < Rg + |a| relations, for every w € [M]* we have:

rk (w, M < k) < 1kf(w, M; < k).

2) Similarly for € =24 .
3) If Vg is a transitive class of V1 (both models of ZFC) and M € Vy is a model
then:

(a) for ¢ <4
(@) [tk (w, M; < k)]Ve < [tk (w, M; < &)]VY for w € [M]*
(8) K (M; < m)]Vo < [k (M; < )]V
(7) if £ =0,1 equality holds in (a), (B)
(@) PamIYe < Pa(w)]Y if £=0,1.
(b) Assume:

(i) for every f : &k — Ord from V7 there is A € [K]" such that f | A € Vy,
or at least
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(i) every graph H on X\ from Vo which in V1 has a complete subgraph of
size Kk, has such a subgraph in V, which holds if
(i) Vi = VE where P is a forcing notion satisfying the k-Knaster Con-
dition. Then for £ = 2,3, in (a), (B) (of (a)) above equalities hold and
the inequality in (0) holds.
(c) Assume Vi = V§ where P is k — 2-linked. Then for ¢ = 4,5 in clauses
(), (B) (of (a)) above we have equality and the inequality in (§) holds.

Proof. 1) For 8 < a, n < w, a quantifier free formula ¢ = ¢(xg,...,x,—1) and
k< nlet

Rg:{<a0,...7an,1>: am € M for m < n and
6 = rkz({a()w . ;an—l}vM;< H)}a

RZ:Z ={{ao,...,an-1) € R : M [= ¢lag,...,a,—1] for no
a}, € IM|\ {ag,...,an—1} we have
() M ':(p[aoa~‘~7ak71»a]1€aak+17-~7an71]
(B) tk“({am :m < n}U{al}, M;< k) > B},

k
MT = (M, Ce g, RZ:LP .. .)[3<a,n<w,k<n,cp

Check (or see more details in the proof of 1.10 below).
2) Similarly.

3) The proof should be clear (for (b), looking at Definition 1.1 case 3 the graph
is {(i,7): clause (a) there holds}). Ois

Remark 1.4. 1) In 1.3(1) we can omit “a = rk’(M;< &)’ but then weaken the
conclusion to rk“**(w, M+; < k) < rk“(w, M; < ) or both are > a.
2) Similarly in 1.3(2).

Conclusion 1.5. 1) P1) (\) < Prl (\) < Pr}, (\) & Pr) () < Pl (\) &
Prd (\).

2) If a < kT then Prl(\; k) & Prl(\ k) < Pri(\ k) & Prl(\ k) < Pri(\ k) &
P13 (\; k).

3) For a < k%, X(k) = NP (k) for £ =0,2,4, and \0(k) < A2 (k) < M2 (k).

4) For a > k" and £ = 0,2,4 we have N5 (k) = X3 (k).

Proof. 1) By 2).

2) For a = kT it follows from its holding for every a < xk*. For a < k*; for

£ =0,2,4 we know that NPr%,(\; k) = NPri ™ (\; k) by 1.3(1),(2), and Prf,(\; k) =
Prit(X; k) by 1.2(1); together Pré (X; k) < Pri (X; k). Now Prd (X k) = Prd (A k) =
Prl(X\; k) by 1.2(1), together we finish. (By 2.1 we know more.)

3) Follows from part (2) and the definition.

Convention 1.6. Writing Pr,(\;k) for @ < st (omitting ¢) we mean ¢ = 0.
Similarly A\, (< k,0) and so Ay (k) etc.

Claim 1.7. Let ¢ € {0,2,4}.

1) NPrt (57 ).

2) If o is a limit ordinal < k™ (in fact, Ry < cfla) < &7 suffice), and NPrg(Ag; k)
for B < a, then NPri+1(ZB<a Ag; K).

3) If NPr’,(\; k) then NPré+1(A+; K).

4) If NPt (u; ) for every p < X then NPrl_ 1 (\; k).
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Proof. 1) Prove by induction on o < k™, for « = 0 use a model in which every
element is definable (e.g. an individual constant) so rk(w; M) = —1 for w € [M]*
and hence rk’(M) = 0 and consequently NPr{ (k; x); for a limit use part (2) and
for o successor use part (3).

2) Let Mg witness NPrg(\g; k) for 8 < a, i.e. 1k’(Mg; ) < B and Mg has universe
Mg and |7(Mpg)| < k. Without loss of generality (7(Mg) : 8 < «) are pairwise
disjoint and disjoint to {Ps : 5 < a}. Let M have universe A := > Ag, P§’ = Ag,

B<a
and M | Ag expand Mg and |7(M)| < |af + Y |7(Mpg)| < k. By 1.2(3),(4),
Bla

for w € [Ag]*, rke(w,M; k) < rkz(w,Mg;/@) < B<a Butwc [|M|]* implies
V w € [Ag]*. Clearly rk(M; x) < o and hence NPrf;_H()\; K).
B<a
3) We define M+ such that each v € [A\,AT) codes on {¢ : ¢ < v} an example
for NPr,(|v]; ). More elaborately, let M be a model with the universe A such
that tk“(M; k) < a. Let 7(M) be {R; : i < i* < k}, R; an n(i)-place predicate
(as we replace function symbols and individual constants by predicates), Ry is a
O-nary predicate representing “the truth”. For v € [A\,AT) let f, be a one-to-one
function from v onto A. Define 77 = {R;,Q; : i < i* < k}, R; is n(i)-place, Q;
is (n(i) + 1)-place. So |77| < k. We define a 77-model MT: the universe is AT,
sz’\/[+ = R'fwa wa+ = {<a07~'~7an(i)> HCORS [)‘7>‘+) and /\ Qp < Qp(4) and
£<n (%)
<f04n<¢)(a0)7 ) fo‘n(’i) (O‘n(i)—l» € Riw} (so Qg)\p— =\ A1),
Now note that:
(a) for w e [N*, rk(w, M*; k) < 1k’ (w, M; k)
(b) if w €~ € [\AT), w# @ then vk (w U {7}, M+; k) < rkz(f(y’[w],M; K).

(Easy to check). So if v < AT then

()1 v < A=k ({7}, Mt k) < tk“({y}, M; k) < 1k*(M; k)

()2 v € NAT) & B> 1k (M;k) = rk“({v},M*;k) < B.
[Why (x)2? Assume not and let k0 = 2, k2 = k* = k+. If (y; : i < k') strictly
increasing witnesses rk’({y}, M) > B+ 1 for the formula Qu(z) then for some
i < j < k! we have rkz({%,'yj},M*) > (8 and applying (b) with {v;}, v, here
standing for w, v there we get rkz({fw (7))}, M) > f3 hence 5+ 1 < rk‘(M),

contradiction.
Hence

(¥)s tK*(M*; k) < 1k*(M; k) + 1.

As rk“(M*; k) < o clearly M witnesses NPrq 41 (AT; k).
4) Like (3). U7
Conclusion 1.8. Remembering that A, (k) = min{\ : Pro(\; k)} we have:

(A) for a a limit ordinal Mo, (k) < 3o (k) and even \2(k) < Ju(k)

(B) for £ even (\,(K) : 0 < a < 00) is strictly increasing, and for a limit ordinal

0, As(K) = sup A (k)
a<d

(C) Mo(k) = Mi(k) = Kk, Ma(k) = KT, T <\ (K) < 619 and A\, (k) = K1Y,

Remark 1.9. [[Saharon A2 (k) < Juxa(K)]] A2xa(k) < Juxa(k) is proved below

essentially like the Morley omitting types theorem (see [Mor65] or see [CK73] or
[She78, Ch.VIL§5] = [She90, Ch.VIL§5)).
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Proof. 1) We prove by induction on «, that for every ordinal 5 < «, model M,
|7(M)| < k, and A C |M|, |A| > Juxa(k), and m, n < w there isw C A, |w| =n
such that rk?(w, M; k) > w x 8+ m.

For o = 0, o limit this is immediate. For a = v+1 (and M, A, 8, n, m as above),
applying Erdés-Rado theorem we can find distinct a; € A for i < 3y« (k)T such

that:
(a) for all ig < ... < ipmyn the quantifier free type (as,...,a;,,,,) in M is the
same
(b) for each k < m 4+ n, for every iy < ... < iptym—k < Juxy(k), the ordinal
min{w x o, tk*({ais, ..., a;, ., .}, M;k)} is the same.

By the induction hypothesis, in clause (b) the value is > w x . Hence we can prove,
by induction on k < m+n, that tk*({ai,, ..., ai,,,. .}, M; &) > wxy+k whenever
io < ... < lmin—k < Jwxy(k). For k = 0 this holds by the previous sentence, for
k + 1 use the definition and the induction hypothesis, for rk? note that by clause
(b) without loss of generality i; + k1 < ipyq1 and a;,4¢ for ( < ™ are well defined.
For k = m we are done.

2) Tt is increasing by 1.2(1), strict by 1.7(4), continuous because, for limit ¢, as
on the one hand X(k) > sup M (k) as As(k) > Xi(k) for @ < 6, and on the

other hand if M is a model Wlth universe A := sup A\4(k) and |7(M)| < k then
a<

o < 6 = 1k (M; k) > tk"(M | Aa; k) > o hence rk(M; k) > 6. So Pra(); ) hence
A > (k) so sup AL (k) = XA > AL, together we are done.

3) By [SheT76] (for the last two clauses, the first two clauses are trivial), will not be
really used here. Chg

Claim 1.10. 1) Assume P is a forcing notion satisfying the K+ —c.c.. If Pr2(\; k)
and o < kT, then this holds in VF too.

2) If P is a k't — 2-linked forcing notion (or just: if p; € P for i < k™ then for
some F : it — Kk, F(i) = F(j) = pi, p; compatible), and o < k% and Pr5(\; k)
then this holds in V¥ too.

Remark 1.11. 1) NPr,(A; k) is of course preserved by any extension as the ranks
rk’(M; k), rk*(w, M; k) are absolute for £ = 0,1 (see 1.3(3)). But the forcing can
add new models.

2) So for a < kt, Ao(k) < AL(k) < A2(k) and a kT -c.c. forcing notion can only
increase the first (by 1.3(3)(a)(d)) and decrease the third by 1.10(1); a k™ — 2-linked
one fixes the second and third (as it can only decrease it by 1.10(1) and can only

increase it by 1.3(3)(c)(a)(d) + (b)(7))-
3) [[Of course]] We can deal similarly with Pr’,(\; < &,8), here and in 1.3 — 1.8,

Proof. We can concentrate on 1), anyhow let £ = {3,5} (for part (1) we use £ = 3,
for part (2) we shall use ¢ = 5, we shall return to it later). Assume P13 ()\; x) fails
in VP. So for some p* € P and ag < a we have:

p*lFp  “M is a model with universe A, vocabulary 7
of cardinality <  and rk*(M; k) = ag.”

Without loss of generality, every quantifier free formula ¢(zo, ..., z,—1) is equiva-
lent to one of the form R(zo,...,2,—1) and without loss of generality 7 = {R, ¢ :
n < w,( < k} with R, ¢ an n-place predicate. Note that necessarily ag < £ hence
|| < k.
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As we can replace P by P | {¢ € P : p* < ¢}, without loss of generality p* is
the minimal member of P. Now for non zero n < w, k < n, ( < k and 8 < g (or

B = —1) we define an n-place relation R, ¢ g5 on A:
Rucpr =1 (ao,...,an—1): am € XA with no repetitions and for some
pepP,

plrp “[M | Ry clao, .- ., an—1] and rtk‘({ag, ..., an_1}, M;x) = B,
where “not tk*({ag,...,an_1}, M;k) > B+ 1"
is witnessed by ¢ = R,, ¢ and k]”}.

Let MT = (A,...,Rn ¢ Bks--- Jn<wc<nB<aok<ns SO MT is a model in V with the
universe A and the vocabulary of cardinality < k. It suffices to prove that for

ﬁ<0[02

®p if w={ag,...,an—1} € [MT]*, M+ = Ry, ¢ klao, .-, an1]
then rk‘({ag,...,an_1}, M*;k) < 8.

(Note that by the choice of M and R, ¢ gk, if w € [MT]* then for some n,(, 3,k
we have M+ = Rn,g,ﬁ,k[ao, ...y an—1]). This we prove by induction on 3, so assume
the conclusion fails; so

rke({ao, cey 1 ), M) > B+ 1

(and eventually we shall get a contradiction). By the definition of rk® applied
to ¢ = Rycpk 3 and k we know that there are al, (for m < n,i < kT) as
in Definition 1.1(3) case £ = 3. In particular M+ = R, ¢ gxrlab,...,a,_1]. So
for each i < k% by the definition of R, ¢ g necessarily there is p; € P such
that p; Ikp “M = Ruclab,...,a%_y] and vk ({ad,...,a%_,}, M;k) = B and [not
vk’ ({ad, ..., al_}, M;k) > B +1] is witnessed by ¢ = R,, - and k”.

For part (1), as P satisfies the k™ — cc, for some ¢ € P,q IF “Y = {i: p; € Gp}
has cardinality x*” (in fact, p; forces it for every large enough ). Looking at
the definition of the rank in VF we see that ((a},...,a,_;) 14 € Y) cannot be a
witness for “the demand for tk*({a,...,a’ |}, M;r) > B for R, ¢ x hold” for any
(or some) iy € Y, so for part (1)

(*) qlFp “for some i # j in Y we have rk*({a}, ..., a’ _,, ai},M; K)<p”
(as the demand on equalities holds trivially).

As we can increase ¢, without loss of generality g forces a value to those 4, j, hence
without loss of generality for some n(*) = n+ 1 < w,({(x) < k and B(x) < 8 and
for k(x) <mn+ 1 we have

qlFp “ I‘ks({aa7 .. ,a%il,ai},M;/@) = B(*
rkB({a67 e 70'21717 a‘;c}’ M; "i) /)_‘ 6(
¢ = Ry(a),¢(x) (2o, - -, 2n) and k(x

and
+ 1 is witnessed by

)a
*)
)n

Hence by the definition of R, (4) ¢(x),5(x),k(x) We have

M+ ): Rn(*),((*),ﬁ(*),k(*) [aé, N ,a;_l, ai]

As () < B by the induction hypothesis ®g(,) holds hence

rks({af), ... 7afkl, ai}y Mt k) < B(x),
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but this contradicts the choice of ai,(m < n, i < kT) above (i.e. clause (a) of
Definition 1.1(3) case ¢ = 3). This contradiction finishes the induction step in the
proof of ®g hence the proof of 1.10(1).

For part (2), we have (p; : i < k) as above. In VP if Y = {i : p; € Gp} has car-
dinality 7, then ((a},...,a’,_,) : i € Y) cannot witness rk®({ao, ..., an_1}, M; k) >
B+1 so there is a function F° : Y — k witnessing it; i.e. Ip “if |Y| = kT theni,j €
Y,i#jand FO(i) = FO(j) = B > rk°({ad,...,a’,_,}U{ad,...,al _}, M;K)".

If Y| < K, let F:Y — & be one to one. Let p; < ¢; € P,q; IF FO(i) = ;.
As P is kT-2-linked, for some function F! : k™ — k we have (Vi,j < kT)(F'(i) =
F'(j) = qi,q; are compatible in P). We now define a function F from Y to by
F(i) = pr(v;, F1(i)) (you can use any pairing function pr on x). Soifi < j < k*
and F'(i) = F(j) then there is ¢; ; such that P |= “g; < ¢; ; and ¢; < ¢, ;”, hence
¢.; Fp “rks({aé, .. .,aﬁl_l,ai},M; k) < B”, so possibly increasing g; ;, for some
Bij < B and (;; < k and k; ; < n we have ¢, ; IF “rk5({a8,...,aflfl,ai},M;/@) =
Bi,; and tk®({ab, ... ,a},_,al}) # Bi; +1is witnessed by ¢ = Ryp1.¢,, (o, -- -, n)
and k‘iJ”.

Hence by the definition of Ry, y1.¢, ; 5, .k, We have

+ % % J
M ': Rn+17C11,j7[3i,jvki,j [a’Ov"'?an—l’ak ’

but 3; ; < 8 hence by the induction hypothesis

rk®({al,...,al,_,,al}, M*; k) < Bij.
So F contradicts the choice of ((af,...,a% ;) :i < xT)ie. clause (a)~ of Definition
1.1 Case 5. Ui.10

Claim 1.12. Let B C“2 x “2 be a Borel or even analytic set and Pr,,, (\).

1) If B contains a A-square then B contains a perfect square.

2) If B contains a (X, X)-rectangle then B contains a perfect rectangle.

3) We can replace analytic by r-Souslin if Pr.+(X\;x). (This applies to X3 sets
which are Ny -Souslin).

Proof. You can apply the results of section 2 to prove 1.12; specifically 2.1 (1) = (2)
proves parts (1),(2) and 2.4(1) proves part 3. of 1.12; those results of §2 say more
hence their proof should be clearer.

However, we give a proof of part (1) here for the reader who is going to read this
section only. Suppose that B C “2 x “2 is a Borel or even analytic set containing
a A-square. Let T be a (2,2, w)-tree such that

B = {(770,7]1) EY2x¥2: (Ipe“w) [(770,171,p) € lim(T)] },

and let {1y : & < A} € “2 be such that the square determined by it is contained
in Band < f < A = 1, # ng. For o, < X let F(a,B) € “w be such
that (1a,n8, F(a, 8)) € Im(T). Define a model M with the universe A and the
vocabulary 7 = {Ry, 1y 05 Qv : V0,1 € “”2 and v € “”w}, each Ry, ., a binary
predicate, @,, . & unary predicate and

M
Vo,V

={a<A:vg<dn, and v< F(a,a)},

M
Vo,V1,V

={(a,8) € A\ x A:1p<an, and v1 <ng and v < F(a, 5)}.

By Pr,,, (\) we know that rk®(M) > w;.
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A pair (u,h) is called an n-approzimation if w C "2, h : u X u — "w and for
every v < wy there is w € [A]* such that:

(1) u={na In:a€w}and n, [ n#mns | n for distinct o, 8 € w
(®2) 1k (w, M) >~
(®3) F(o,B8) [ n=h(na [ n,ns | n) for a, € w; hence

M= R, In,ngIn,h(na In,ngln) [, B]

for a, B € w.
Nol‘i;eI that ({( )}, {(({(),()),())}) is a O-approximation.

(*)o if (u,h) is an n-approximation and v* € u then there are m > n and an
m-approximation (u*,h™) such that:
(i) veu\{r'} = @AwhHvart eu'),
(ii) (3?vH)(v* <vt € ut) (where 322 means “there are exactly 2 2’s)
(i) veut = v|n€wuand
)

ifvy,vo € u™ then [h(vy | n,va | n)<hT (v, v2)or (11 [N =1 | n=v*

and v1 # 1a)].

(iv

[Why? For each v < wy choose w., satisfying (®1), (®2) and (@3) for v + 1, now
apply the definition of rk” (if w, = {a] : £ < |w,|}, v* < Ny, k < |wy| we apply
it to k) to get wl = w, U {a,} satisfying (©1), (®2) and (@3) for , then choose
m. € (n,w) such that (1, [ m, : @ € wl) is with no repetitions.

Lastly, as there are only countably many possibilities for

<m'yv{770¢ [my:a€ wj{r}, {(Na [ 'my, ns fmmF(Oé,ﬂ) rm'y) ra, B € w»Jyr}>

for v < wq, so one value is obtained for uncountably many . Let v* be one of
them. Choose m = m«, u™ = {ny | m: a € wl} and define h* to satisfy (©3).]

Repeating |u|-times the procedure of (x)y we get:

(%)1 if w = {vg : £ < k} C ™2 (no repetition), (u,h) is an n-approximation,
then there are m,u™ = {v : £ < 2k} and h* such that (u*,h") is an
m~approximation for some m > n and

(1) v vy, v <11/;;ZJr17 vy, # l/;:e+1,
(i) if £ <k, i <2 then h(vg,vg) <hT (v, ; vy, ;) and
(iil) if € # lo, €1,02 < k and 4,7 < 2 then h(vy,,ve,) < th(I/;rzl_H,l/;rb_H).

Consequently we have:

(%)2 there are sequences (n; : i < w) C w and ((u;,h;) : i € w) such that
n; < niy1, (ug, hy) is an n;-approximation and (u;, h;), (i1, hit1) are like
(u7 h)a (u+a h+) of (*)1

Now, let (n; : i <w) and ((u;, h;) : 4 € w) be as in (*)3. Define

P2 ={ne“2: (Vicw)nn €ul}

By ()1 for (wit1, hi+1) we know that &2 is a perfect set. We claim that Zx & C B.
Suppose that 7, n” € & and o' # n"". Then 0’ [ n;.) # 0" | ni(.) for some i(x) < w
and the sequence (h;(n' | n;,n" [ n;) :i(x) <i < w) is <increasing and (as (u;, h;)
are approximations) (0’ | ng;n"” | ni,hi(n' | ni,n” | ny)) € T is increasing for
i € [i(%),w). The case n’ =n" € & is easier. The claim is proved. 010
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Theorem 1.13. Assume NPr,, (\) and A < = pX°. Then for some c.c.c. forcing
notion P, |P| = p and IFp “2% = u” and in V¥ we have:
(x) there is a Borel set B C “2 X “2 such that:

(a) It contains a A-square: i.e. there are pairwise distinct n, € “2 for
a < A such that (na,ng) € B for a, f < A.

(b) Let V |= A% = X\;. B contains no A\ -square, i.e. there are no
Na € “2 (for @ < AT) such that [ # B = 1o # 1] and (n4,mp) € B
for a, B < AT

(¢) B contains no perfect square.
Actually B is a countable union of closed sets.

Proof. Stage A: Clearly for some a(x) < wy we have NPr}I(*) (A). Let M be a model

with universe A and a countable vocabulary such that rk'(M) < a(x) say with <#
the usual order. Let functions o™, k™ with domains

A" ={u:u C A\ wuis finite and u # &}

be such that: if u = {ag,...,a,_1} € [\]* increasing for definiteness, 5 = rk°(u, M)
(< a(x)) then oM (u) is a quantifier free formula in the vocabulary of M in the

variables xy,...,z,_1 for simplicity saying x9 < 71 < ... < @1, kM (u) is a
natural number < n = |u| such that ™ (u), kM (u) witness “not rk' (u, M) > B+17
(the same definition makes sense even if § = —1). In particular

M ’: QDM(’LL)[...7G,...](1€U,

We define the forcing notion P. We can put the diagonal {(n,7) : n € “2} into B

so we can ignore it. We want to produce (in VF) a Borel set B = |J B,, each
w

n<

B, (C “2 x “2) closed (in fact perfect), so it is lim(7},) for some (2,2)-tree T,
By is the diagonal, and 7 = (1, : a < p) as witnesses to 28 > y and such that
{Na : @ < A} gives the desired square. So for some 2-place function g from A to
w, a # B = (Na,np) € im(Ty(4,p)), all this after we force. But we know that we
shall have to use M (by 1.12). In the forcing our problem will be to prove the c.c.c.
which will be resolved by using M (and rank) in the definition of the forcing. We
shall have a function f which puts the information on the rank into the trees to
help in not having a perfect square. Specifically the domain of f is a subset of

{(u,h) : (3 € w)(u e [*2]*) and h:u x u — w}

(the functions h above are thought of as indexing the B,,’s). The function f will
be such that for any distinct ag,...,an—1 < A, if (N, [ € :t < n) are pairwise
distinet, w = {no, [ €: ¢ < n}, h(Nay [ €, Na. | £) = gla, ) and (u, h) € Dom(f)
then rk' ({ay : £ < n}, M) = fo(u,h) and fi(u,h) is 1a, | I, where k = kM ({a; :
t < n}), fo(u,h) = oM ({ay : £ < n}) writing the variable as z,, v € u and
fu,h) = (fo(u, h), fi(u, h), f2(u,h)). (Note: f is a way to say |Jlim(T;,) contains

n
no perfect square; essentially it is equivalent to fixing appropriate rank.) All this
was to motivate the definition of the forcing notion P.
A condition p (of P) is an approximation to all this; it consists of:

(1) uP = u[p], a finite subset of u
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(2) n? = n[p] < w and 2 = n,[p] € "P12 for o € up] such that a # g = Nk #
ng. To clarify let tf = {na [ £: a € u?,£ < np} is a full subtree of nlplzg,

i.e. maximal nodes in ""!2 only (not really necessary)*

(3) mP = (mf : £ < nP) is a strictly increasing sequence of natural numbers

with last element m?” p = m’ = m[p]. For m < mlp|, we have t? = t,,[p] C

U (*2 x *2) which is downward closed (i.e., if (vg,v1) € £, N (‘2 x £2)
£<n[p]

then (vo,v1) 1 k= (vo [ kyvn [ k) €tB, for all k < £). Also, ((),()) € t&,,

and defining < naturally we have: if (19,m1) € t£, N (‘2 x ¥2) and £ < mP
then

(EV(), Vl) [(7’]0,771) < (V()7 1/1) S t;;)n N (£+12 X é+12)].

(4) a function fP = f[p] satisfying:
(a) its domain is a subset of

{(u,h):ﬂ(ﬁn[p], uCth Ch2 |ul > 1, h:uxu—>m[p]}

such that for all n,v € u:
o h(nv 77) =0
o n# v =0<h(n,v) <m} [the upper bound is necessary]|
o3 (n,v) € tft(n#)
(b) fP is such that

FP(u h) = (f5 (u, h), fY (us h), f5 (u b)) € [=1, a(%)) X w x Ly w(7(M)).

(5) a function g = g” with domain {(«, 5) : a, 8 from wP N A} such that:
(a) g(a,a) =0
(b) a# B =0<g(a,B) <mP

(c) (7757772) € tg(a,g) N ("(p)Q X "(p)g)

(6) t = {(n,n) :m€"">2}
(7) If w C 2, Ju| > 1, fP(u,h) = (B*, p*,¢*), and £ < L(x) < nP, e; are
functions with domain u (for ¢ = 0, 1) such that
(a) For all p € u, p<aei(p) € ‘2 and eo(p) = e1(p) & p # p*.
(b) v = Rang(eg [ u) URang(ey | u)
(©) h(n,v) = W (es(n), ex(v)) for 0 # v in wand fP(u/, 1) = (8, ', ") (s0
is well defined)
then §' < 8~
(8) If £ <nP, w C uP N A is nonempty, the sequence (nf [ £: « € w) is with no
repetitions and h is defined by h(n% [ £,15 | £) = g*(, B) for a # § from w
(and h(nE [ 4,2 [ £) =0) and u = {nE | £ : o € w}, then fP(u,h) is well-
defined hence [a # 8 € u = g(a,8) <mb], fF(u,h) = oM (w), fF(u,h) =
nP | ¢ where « is the &M (w)-th member of w and f&(u, h) = k' (w, M);
of course in fJ(u,h) = M (w) the variable z,, in fJ(u,h) corresponds to
T)anw| if e [ 1 = v (see last clause of @, below)
(9) if (u, h) € Dom(fP) then for some w and ¢, fP(u,h) is obtained as in clause
(8)
(10) if ny # 1o are in 2, £ < nP and (n1,72) € t2,, 0 < m < mP then for some
a1 # ap from u? N A we have g (a1, a2) =m and ny Ik, m2 <0k, .

LAdded for transparency; it is definable from (n% : « € uP); the intention was p < q = t£ =
t! N P12 not stated we may wonder about (u,h) € Dom(fP),u C 2¢ Au ¢ t2. We now exclude
them but the relation R excludes them (well when we have two members but recall |u| > 1000.
Alternatively demand "P12 = {Na | n? : a € uP} which requires a little more in some places.
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The order is the natural one (including the following requirements: p < ¢ iff

(p,g € Pand) n? <n? mP <mi, mP =m | (n? +1), u? Cu?, nl [ nP =nk for

acul, 2 =ttnmPZ2 =13 0 |J (‘2 x £2) for m < mP, gP = g9 | uP and
£<n[p]

P = 91 {(u,h) € Dom(f?) : u C ™22}, so if (u,h) ¢ Dom(f?), u C =2 then

(u, h) ¢ Dom(f7)). U3

Explanation: The function f? of a condition p € P carries no additional infor-
mation. It is determined by the function ¢g” and functions ¢, k™ and the rank.
Conditions 8, 9 are to say that:

®p L wo,wy CANuP, < nPu={nE [L:acw}={nl:acuw}
(no repetitions) are non empty and h : u X u — mP is such that if either
0,8 € wo or a, B € wy then h(nE, | £, | £) = g”(a, B) then rk’ (o, M) =
k! (wy, M), oM (wo) = M (w1), kM (wo) = kM (wy), and if o, B; € w; for
i=0,1and Moy [£=1nNa, 14, m8, [ L =mnp, | £then ap < a1 & [y < Bi.

Moreover, condition 7 gives no additional restriction unless f§(u, h) = —1. Indeed,
suppose that u C €2, |u| > 1, £ < £(x) < nP, e; :u — ‘92, h, p* € u, v’ and b/ are
as there and f{(u,h) > 0. As fP(u’,h’) is defined we find w C AN wu?, ap, a1 € w
(ap # u) such that u' = {0 [ 1(x) : a € w}, K'(nh [ £(x), 0 [ £(x)) = g"(a, B) <
my and e;(p*) =n% | () (for i = 0,1). Looking at w\ {ag}, w\ {1} and (u, h)
we see that

ao = kM (w\ {a1}), ¢M(w\{ao}) = ¢ (w\ {a1})

and

I‘kl(w \ {a1}7M) = f(l))(u’h) 2 0.

By the definition of the rank and the choice of o™, kM we get rk' (w, M) = f&(u, h)
and hence f'(u/,1') < fl(u,h). If f§(u,h) = —1 then clause (7) says that there
are no respective eg, e; introducing a ramification.
Stage B: P satisfies the c.c.c. Let p' € P for i < wy; let ulpi] = {a} : £ < |u[p’]|}
increasing, so with no repetition. Without loss of generality, |u[p?]| does not depend
on i, and also n[p?], nZZ, mr', (th, :m <mP'), g? (a} ,aj), f[p'], and for a nonempty
l
v C |up']| such that A a} < X, vk'({ai : 1 € v}, M), oM ({a} : £ € v}),
lev
kM ({a} : ¢ € v}) and the truth value of a} > X does not depend on i. Note that by

writing p[w] we always assume that ¢ carries information on the order of w.
Also by the A-system argument without loss of generality

.2 . .

1 -1 -2 . : _ [ |

= ay, and i* # 7~ implies /1 = f» and /\ae1 = ay,.
%,J

-1
K3
ael

We shall show that p°, p' are compatible by defining a common upper bound g¢:

(i) n?=nlp]+1
(i) w? = {a} : £ < |up’]], i <2}
(iii) nai is: 170 “(0) if 1 =0, nagA(l):nZiA<1> ifi=1, ag#a%
1 2 1
)

(iv) mlg) = m[p°] +2 x A nulp’] \ ulp)|”, me = w7 (mlg])



Paper Sh:522, version 2023-05-01. See https://shelah.logic.at/papers/522/ for possible updates.

BOREL SETS WITH LARGE SQUARES SH522 17

(v) g% 2 gPo UgP is such that g? assigns new (i.e. in [m?,m?)) distinct values
to “new” pairs (a, §) with a # 3, i.e. pairs from (A x X) N (u? x u?) \u”0 X
w?’ \uP x up’
(vi) the trees tZ, (for m < mlg]) are defined as follows:
if m = 0 see clause 6,
if m < m[p°], m > 0 then ¢, = tf,(; U{(’?ZZ , T’ZZ) ;e € {0,1} and distinct

1,0y < |u[p°]| satisfying gpo(agl,a%) = m} and if m € [m[p°],mlq]),
m = g%(«, 8) and « # § then

(0, = {1 Ll 10) € <0}

(vii) if m € [m[p®],m[q]) then for one and only one pair (o, ) we have m =
g%(v, B) and for this pair (a, 3) we have a # 8, {a, 8} € u[p°] and {«a, 3} C
ulp']

(viii) The function f? is determined by the function g and clauses 8, 9 of stage

A.

Of course, we have to check that no contradiction appears when we define f? (i.e.
we have to check @, of the Explanation inside stage A for ¢). So suppose that
wo, w1 € ANulgl, £ < nlgl, u,h are as in &,. If wy C ulp'] (for some i < 2) then
g(a, B) < m[p°] for o, B € wpy and hence g9[w; x wy] € m[p®]. Consequently either
wy C u[p®] or wy C up']. If £ = n? then necessarily wy = w; so we have nothing
to prove. If ¢ < n? then (u,h) € Dom(fpo) (and £ = fpl) and clause 8 of stage
A applies.

If wy is contained neither in wu[p®] nor in w[p'] then the function g7 satisfies
g%(c, B) € [m[p°], m|q]) for some o, B € wy hence £ = n? and so as {n | £: «a €
wot ={nL [ £:a € w} clearly wy = wy, so we are done.

Next we have to check condition 7. As we remarked (in the Explanation inside
Stage A) we have to consider cases of (u,h) such that f?(u,h) = —1 only. Suppose
that u, £ < £(x) < n e;, h,p* € u,u’ and b’ are as in 7 (and f9(u,h) = —1). Let
w C ulg] N\, a0, 1 € w be such that u' = {nd | () : a € w}, e;(p*) = nd, [ 1(*)
(for i = 0,1). If w C wufp’] for some i < 2 then we can apply clause 7 for p’
and get a contradiction (if ¢(x) = n? then note that {n% | n? : « € w} are
already distinct). Since a € w \ {ag, @1} implies g%(a, ag) = g%(a, 1) (by the
relation between h and h') we are left with the case w \ {ag, a1} C u[p®] N ulp'],
ap € ulp’] \ u[p'], an € ulp'] \ u[p®] (or conversely). Then necessarily g = ag ,
o = a,lcl for some ko, k1 € [0, |u[p®]]). Now ky = kM (w\{ao}) = kM (w\{a1}) = ko
by the requirements in condition 7.

Now we see that for each i < w;

M [= oM (w\ {ao})[w\ {a0, 1} U {aj, }]

and this contradicts the fact that ™ (w\ {ap}), a1 witness rk' (w\ {ao}, M) = —1.

‘]

Stage C: |P| = u hence IFp “2%0 < ;7. We shall get the equality by clause (7)
at stage E below.

Stage D: The following subsets of P are dense (for m,n < w, o < p):
I} ={peP:mp] >m}

m

IZ={peP:n”>n}
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I, ={p €P:aculp]}

Let p € P, ap € p\ u[p] be given, we shall find ¢, p < g € Irln[p]+1

this clearly suffices. We may assume that u[p] # @ and agp < A.
Let

2 3 .
NZ2,,, N3,

(a) n?=nP +1, m? =mP +2-|[(ANulp])|, m? = mP"(m9), u? = uP U{ao},
(b) for a € wP we let nZ = nL"(0), n
equal to 1,

. € (n"+1)2 is the sequence constantly

(c) g% is any two-place function from u? N A to m? extending ¢g? such that
94(a, ) =0, g¥(a, B8) # 0 for a #  and
(o, B) # (!, 8) = (o, B) € uP x uP(d, ) € uP x uP
(d) t2, is defined as follows:
(o) if m < mP, m # 0 then
td, = th, U {(n0™(0),m1°(0)) : (0, m) € th, N ("P12 x "Fl2)}
(8) if m € [m?,m?), m = g%, B), a # B then
9, = {16t 1 8) 0 < 07
(e) f7extends fP and satisfies 7,8 and 9 of stage A (note that f? is determined
by g?).
Now check [similarly as at stage BJ.

Stage E: We define some P-names

EIOICHO
=3
3
I
C
—~—
~
3'@
%
m
1
U
—
g
=
3
AN
S

Clearly it is forced (IFp) such that:
(@) g is a function from {(«, 8) : @, 8 < A} to w.

[Why? Because Z3 are dense subsets of P and by clause 5 of stage A.]
(B) Na €“2.
[Why? Because both Z2 and Z3 are dense subsets of P.]

(7) Mo # ng for a # B (< p).
[Why? By clause 2 of the definition of p € P.]

(8) T € U (2 x £2) is an (2, 2)-tree.
I<w

[Why? By clause 3 of the definition of p € P and density of Z},,Z2 ]

() (ga,z)g) € lim(Ig(aﬁ)) = {(1/0,1/1) €W2x¥2: (V< w)(v [ L1y [ L) €
Ig(a,ﬁ)]} (for a, B < A).

[Why? By clause 5 of the definition of p € P and (8) + (4) above.]
(Q) if a, B are < A then (14,75) ¢ lim(7},,) when m # g(a, B) (and m < w).
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[Why? By clauses 2 + 10 of the definition of P if m # 0 and clause 5 if m = 0.]
(n) T« is a subtree of “2 with no maximal nodes and {7}, : o < A} C lim(Z\,).

Note that by clause (g) above the Borel set B = |J lm(7T,,) C “2 x “2 satisfies

m<w
requirement (x)(a) of the Conclusion of 1.13. Moreover, by clause (y) above we

have IFp “2% > 17 completing stage C (i.e. IFp “2%0 = p”).
Stage F: We want to show (x)(c) of the Conclusion of 1.13. Let Py = {p € P :

u[p] € A}. Clearly Py<P. Moreover g,T',, B, T« are Py-names. Since “B contains
a perfect square” is a Yi-formula, so absolute, it is enough to prove that in VFx
the set B contains no perfect square.

Suppose that a Py-name T for a perfect tree and a condition p € P are such

that:

(#)F plkp, “(limT) x (imT) C B".
We have then (a name for) a function m : im(7) x (lim7') — w such that:

(¥)5 plrp, “if no,m € im T then (n0,71) € Ton(ne.y) hence mo,m € T
By shrinking the tree T' we may assume that p forces (IFp, ) the following:

()5 i no, 1,10, my € W T, o [ €=ng [ £# m [ £=mn; | £ then m(no,m) =

m (19, 11)”
Consequently we may think of m as a function from 7' X T to w (with a convention
that if vy, v € T are <-comparable then m(vg,v1) = 0 and
n (€) qve € T'=m(n"(6),n" (1= L)) = m(ve,v1-¢)

and if £g(v1) = £g(ve) then (v1,10) € Trn(uy 0))-
Choose an increasing sequence (n; : i € w) of natural numbers and sequences
(pi i €w) CPy, {(t;,m;) : i € w) such that:

A p<po<p1 <...<pi<pit1 <...
(B) t; C ™22 is a full sub-tree, (i.e. [n<v €t;N"Z2=nct;], () € to,
[n€m>2nt; = \/ n° {€) €t;]) and m; : (£;N"2)? — w and |t;N™2]| > 1000
<2

(C) t; C tiyq is an end extension (i.e. t; = ("Z2) Nt;41) such that each node
from ¢; N ™2 ramifies in ¢;11 (i.e. has <-incomparable extensions)

(D) pilkp, “T'N™=22¢; and m | (t; N"2)? =m;”

(E) n[pi] > n;, m[p;] > max(Rang(m;)).

How do we carry the induction? For i = 0, note that p I “T" is perfect then for some
n,|T N™2| > 1000” let py 2 p force ng is as above and force a value ¢y to T'N (n0)9
and force m | (to N™02) is equal to mg. If p;,t;,... are well defined clearly p; I+
“for some n > n;, (Vp € t;)[lg(p) = ni = (3220)(p<0)]”. let p, > p; force ni >n
as above; without loss of generality p/ forces a value to t}, tr(T) N ("+D22 and m,
to m | )N itD2, Let piy1 > pl, nit1 > n; be such that mP+1 = max Rang(m}).
By (%)Y + the paragraph below this is fine.

Since p; IFp, “(v0,1) € T, (vo,r)” for 1o, v1 € £; N ™2 we easily get (by clause
8 of the definition of P, stage A) that v C ¢; N ™2, |u| > 1000 = (u,m; | u) €
Dom(fP#). Let af = min{fPi(u,m; [ u) : u C¢; N ™2, 1000 < |u| < 1000 +i}. By
clause 7 (of the definition of P) (and 1.2(2)+ clause 8 of the definition of P) we
deduce that o > ;41 for each ¢ < w and this gives a contradiction (to the ordinals
being well ordered).
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NOTE: that the Na-s do not appear in this stage. We only use the demand on the
J?’s. Note that the domain of f” does not depend on the 7,’s, in fact, only 74 [ n”
is well defining knowing p only.

Stage G: To prove (*)(b) of Theorem 1.13 we may assume that V | “A¥o = \; <
w. Let Py, = {p € P :ulp] C \} <P. Note that the rest of the forcing (i.e.
P/P,,) is the forcing notion for adding p Cohen reals so for v C p\ A the forcing
notion P, is naturally defined as well as Py,u,. By stages C, E we know that
VP = “2% = )\;” and by stage F we have VP21 = “the Borel set B does not
contain a perfect square”. Suppose that after adding p Cohen reals (over VFx1)
we have a A\ -square contained in B. We have \]-branches p, (o< M), each is
a P,_-name for some countable v, C 1\ A\;. By the A-system lemma without loss
of generality we assume that a # § = v, Nvg = v*. Working in VPyur we see
that P, \,~ is really the Cohen forcing notion and p, is a P, \,--name. Without
loss of generality v* = [A, A1 + w), vo = v* U {A\; + w + a} and all names e,
are the same (under the natural isomorphism). So we have found a Cohen forcing
name 7 € VPXi+e such that: if ¢, c; are (mutually) Cohen reals over VP 1+« then
VP [co,e1] = (190, 7°) € B and 7% # 7.

But the Cohen forcing adds a perfect set of (mutually) Cohen reals. By ab-
soluteness this produces a perfect set (in VF>1) whose square is contained in B.
Once again by absoluteness we conclude that B contains a perfect square in VFx
already, a contradiction.

Remark 1.14. Note that if B is a subset of the plane (“w,“w) which is G5 (i.e.

() U., U, open, without loss of generality decreasing with n) and it contains an
n<w
uncountable square X x X (so X C “w is uncountable) then it contains a perfect

square. Why?
Let

X' ={neX:(Vn)(Fv)ve X andv [ n=n|n]}.
Let

K ={(u,n): for some £ = {(u,n), u C ‘w, n,v € u,
n<an €¥wand vav €¥w= (y,v) e U,
and n € wand n<an’ € Yw= (v',n) € Up}

K'={(u,n) € K : for some v = (v, : p € u) we have v, € X', p<av,}.
So

(a) K' # @, in fact if 91,...,n, € X' are pairwise distinct, n < w, then for
any ¢ large enough ({n; [ ¢:i=1,...,m},n) € K,

(b) if (u,n) € K’ as exemplified by 7 = (v, : p € u) and p* € u, ' € X'\ {v,-},
V' | £ = v, | L then for any ¢’ € ({,w) and n’ > n large enough, we have
{vp 10 :pentu{y [0}, 0)) e K.

The following depends on §3:

Theorem 1.15. Assume MA and 2%° > X\, (Rg) or 2% > u. Then: there is a
Borel subset of the plane with a pu-square but with no perfect square iff 1 < A, (No).

Proof. The first clause implies the second clause by 1.12. If the second clause
holds, let 1 < Ao (No) and o < wy, by 3.2(6) letting n; € “2 for i < p be pairwise
distinct we can find an w-sequence of (2,2)-trees T such that (n;,n;) € J(limT5,)
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for i,j < pu and degsq(T) = a (just use A = {(n;,m;) : 4,7 < p} there). By 3.2(3)
the set | J(lim 7},) contains no A,+1(Ng)-square. O .15

Fact 1.16. Assume P is adding p > x Cohen reals or random reals and x > 2%0.
Then in VF we have:

(%), there is no Borel set (or analytic) B C “2 x “2 such that:

(a) there are n, € “2 for @ < & such that [a # 8 implies 1, # 1], and
(Nasmp) € B for o, f < K
(b) B contains no perfect square.

Proof. Straight as in the (last) stage G of the proof of theorem 1.13 (except that
no relevance of (7) of Stage A there).

Let P be adding (r, : a < p), assume p € P forces that: B a Borel set, (1, :
o < k) are as in clause (a), (b) above. Let 7, be names in P,,, =P | {rs: 5 € va},
and B be a name in P, =P [ {rg: 08 € ~v} where v, vg are countable subsets of
k. Without loss of generality, (v, : a < (2%0)T) is a A-system with heart v and
otp(ve \ v) = otp(vg \ v). In VF» we have B and 2% = (2%)V so without loss of
generality v = @ and otp(v,) does not depend on a.

Without loss of generality the order preserving function f, g from v, onto vg
maps 74 to ng. So for Q=Cohen in the Cohen case we have a name 7 such that
”_Coher: “T(f).' €“2is HGW”7 H_Cohen><Cohen “(I(l’l);f(ﬁ)) € B”7 and we can finish
eagsily. The random case is similar. Uy.16

Conclusion 1.17. 1) For k € (Ry,R,,,) the statement (), of 1.16 is not decided
by ZFC + 2% > R, (i.e. it and its negation are consistent with ZFC).
2) 1.16 applies to the forcing notion of 1.13 (with u instead of 2%0).

Proof. 1) Starting with universe V satisfying CH, Fact 1.16 shows the consistency
of “yes”. As by 1.7(1) we know that A,, (Rg) > R, and R, > & (by assump-
tion), Theorem 1.15 (with the classical consistency of MA + 2% > R, ) gives the
consistency of “no” (in fact in both cases it works for all x simultaneously).

2) Left to the reader. Oqa7
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§ 2. SOME MODEL THEORETIC RELATED PROBLEMS

We turn to the model theoretic aspect: getting Hanf numbers below the contin-
uum i.e. if ¢ € L, ., has a model of cardinality > A, (R¢) then it has a model
of cardinality continuum. We get that Pr,, (A) is equivalent to a statement of the
form “if ¢ € L, «, has a model of cardinality A then it has a model generated by an
“indiscernible” set indexed by “2” (the indiscernibility is with respect to the tree
(“Z2,4,N, <1x, <¢ g), where < is being initial segment, Ny = maximal p, p < i and
p < v, <ix is lexicographic order, n <) v iff £g(n) < Lg(v)). This gives sufficient
conditions for having many non-isomorphic models and also gives an alternative
proof of 1.12.

We also deal with the generalization to A-models i.e. fixing the cardinalities of
several unary predicates (and point to A-like models).

Claim 2.1. The following are equivalent for a cardinal .

1) Pry, (N).

2) If ¥ € Ly, o has a model M with |RM| > X\ (R is a unary predicate) then v
has a model of the cardinality continuum, moreover for some countable first order
theory Ty with Skolem functions such that 7(¢¥)) C 7(T1) and a model My of T
and a, € RM: for n € “2 we have:

(x)o My =9
(¥)1 My, ay (n € “2) are as in [She78, Ch.IL,§4] = [She90, Ch.VIL§4], i.e.:
(a) My is the Skolem hull of {a, : n € “2} and n # v implies a,) # a,
(b) for everyn < w and a first order formula ¢ = ¢(xq,...,2n-1) € L(T1)

there is n* < w such that: for every k € (n*,w), Mo, ..., Mn-1 € “2 and
Voy. .. Un—1 € Y2 satisfying N\ Mm [k=vm [k and N nm [k #
m<n m<é<n

ne | k we have My |= “@lay,,...,ayn, ] = @lay,,...,au, ,|”. Note
that necessarily a, ¢ Skolem Hullys, {a, : v € “2\ {n}}

(c) a, € RM.

Remark 2.2. We can prove similarly with replacing A by “for arbitrarily large A’ <
A7 here and elsewhere; i.e. in 2) we replace the assumption by “If ¢ € L, ., has,
for every M < A, a model M with |[RM| > )\’ then ...” (and still the new version of
2) is equivalent to 1)).

Proof. 1 =2

Just as in [She75]+ [She76]: without loss of generality ||M|| = A and moreover
|M| = A. Let M; be an expansion of M by names for subformulas of ¢, a pairing
function, and then by Skolem functions. Let T; be the first order theory of Mj.
There is (see [Kei71]) a set I' of countably many types p(z) such that: M; omits
every p(z) € T and if M] is a model of T; omitting every p(z) € T then M] is a

model of ¢ (just for each subformula A %, (Z) of ¥, we have to omit a type; we
n<w
can use 1-types as we have a pairing function).

Let us define Y = {v C “>2: v is finite nonempty and its members are pairwise <-
incomparable and for some n, v C "2U" 12}, Z = {(v, O Ty Jnew) TVEY, @
a formula in T with the set of free variables included in {z, : n € v} and for every
o < wi there are aj € RM for n € v such that [n # v € v = ay # ay] and
rko({ag inevh,M)>aand M = ¢|...,a%,.. Jyeo}-

We say for (vg, p¢) € Z (¢ = 1,2) that j(ve, ¢2) € suc(vy, 1) if for some n € vy
(called n(v1,v2)) we have va = (v1\{n}) U{n"(0),n" (1)} and letting for ¢ < 2 the
function h; : v1 — ve be hi(v) is v if v # 5 and it is o (i) if v =7, we demand for
1 =0,1:
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P2 01(c - Ty w)s - - - Jvew:-

Choose inductively ((ve, pe) : £ < w) such that (ves1,per1) € suc(vg, @) is generic
enough, i.e.:

®1 if ¢ = o(xo,...,2k—1) € L(Ty) then for some ¢ < w for every m €
[¢,w) and no,...,Nk—1 € U, we have: ©n F @(Tyg, ..., Ty, ) OF @ F
_‘Qp(xnov s ’xnk—l)

®q for every p(z) € T and for every function symbol f = f(zo,...,z,—1) (note:
in T4 definable function is equivalent to some function symbol), for some
¢ < w for every m € [{,w), for every 1o, ..., M, € Uy for some ¥(z) € p(x)
we have ¢, = =Y (f(zy,), ..., f(zn, 1))

It is straightforward to carry the induction (to simplify you may demand in (®)4,
(®)2 just “for arbitrarily large m € [¢,w)”, this does not matter and the stronger
version of (®)1, (®)2 can be gotten (replacing the “~2 by a perfect subtree T' and
then renaming a, for n € lim(T) as a, for n € “2)). Then define the model by the
compactness.

2=1:

If not, then NPr,, (\) hence for some model M with vocabulary 7, |7| < Ry,
cardinality A we have a(x) = 1k”(M) < wi. Let ¥y() € Luyw(7) be as in 2.3
below, so necessarily M = 14(.). Apply to it clause (2) which holds by our present
assumption (with RM = )), so 1) has a model M as there, (so My [= g (x)).
But {a, : n € “2} easily witnesses rk®(M;) = oo, moreover, for every nonempty
finite w C {a, : 7 € “2} and an ordinal & we have rk’(w, M) > a. This can be
easily proved by induction on « (using (x)2(b) of (2) (and n # v € “2 = a, # a,
of (x)2(a))). O

Fact 2.3. 1) For every a < ' and vocabulary 7, |7| < &, there is a sentence
Yo € L+ o[7] (of quantifier depth «) such that for any 7-model M:

M = g iff 1kO(M; < Rg) = a.

2) For every a < 6%, £ € {0,1} and vocabulary 7, |7| < @ there is a sentence
Y € Ly+ ,(32%)[7] (32~ is the quantifier “there are > x many z-s”) such that for

any 7-model M, M = ¢ iff rk*(M; < k,0) = a.
Proof. Easy to check. Uas
Hence (just as in [She78, Ch.VIIL,1.8(2)]):

Conclusion 2.4. Assume 7 is a countable vocabulary. If ¢ € L, (1), R is a
unary predicate, 79 C 7, A C {¢(x) : ¢ € Ly, w(70)} is countable and for some
transitive model V1 of ZFC (may be a generic extension of V or an inner model
as long as Y, A € Vi and V1 = “¢ € Ly, (1), A C{p(z) 1 ¢ € Ly, w(10)}) we
have V1 [= “Pry, (A) and ¢ has a model M with A < |{{¢(z) : M = ¢[a], ¢(z) €
A}:a e RM}

Then we can find a model N of v with Skolem functions and a, € RN for
a < 2% such that for each o < 2%° the type p, = {£p(z) : N |E +¢las] and
o(x) € A} is not realized in the Skolem hull of

”

{ag: B < 2% and B # a}.
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Hence [{M/~: M =, ||M|| = A} > min{2*, 22} (really here we should say
(M | 70)/~). Moreover we can find such a family of models no one of them we
have embeddable into another by an embedding preserving p(z) for p € A.

A natural generalization of 2.1 is

Claim 2.5. 1) For cardinals A\ > & > Xg the following are equivalent:

(a) Pro+ (X k)
(b) If M is a model, T(M) countable, R, Ry € 7(M) unary predicates, |R}| <
Kk, A < |RM| then we can find My, M1, a,(n € “2) such that:
(i) My is a model of the (first order) universal theory of M (and is a
7(M)-model)
(ii) a, € RM for n € “2 are pairwise distinct
(i11) My is the closure of {a, : n € Y2} U My under the functions of My (so

(@) J\gl also includes the individual constants of M ; in general || M, || =
2 0
(B) if (M) has predicates only then |Mi| = {a, : n € “2} U |My|)
(iv) My is countable, My C M, My C My, My = clp (Mo 0 RY), RY" =
Ré”“(g RM). In fact, we can have:
(%) (M, ¢)cenm, s a model of the universal theory of (M, ¢)cem,
(v) for everyn < w and a quantifier free first order formula = @(xg,...,Tpn_1) €
L(1(M)) there isn* < w such that: for every k € (n*,w) andno,...,Nn-1 €

Y210,y Un1 € “2 satisfying N\ nm [ k=vm [k and AN nm |
m<n m<l<n

k # ne | k we have My |= “plang, ..., 0, ] = @lavy, .-, 0, ,]", we
can even allow parameters from My in ¢ (but k depends on them).

2) For cardinals A > k > Vg the following are equivalent:

(¢) Pro, (X k)
(b) like (b) above, but we omit “My C M”.

Remark 2.6. 1) See 4.6, 4.7 how to use claim 2.5.
2) In (b), if M has Skolem functions then we automatically get also:

(i)™ M; a model of the first order theory of M
(iii)* M is the Skolem hull of {a, : n € “2} U M,
(iv)t My < M, My < M;, My countable (and R)" = R} C R))
(v)T clause (v) above holds even for ¢ any (first order) formula of L, ,(7(M)).

Proof. 1) (a) = (b)

Like the proof of 2.1, (1) = (2), applied to (M, c).cgy but the set Mo N RY
is chosen by finite approximation i.e. (letting Y be as there and 7 = 7(M)) we
let Z = {(uap(. cy Xy Jnevs A) v €Y, ¢ a quantifier free formula in L, (7)
with set of free variables included in {z, : n € v} and parameters from A. A
is a finite subset of Rj’, and for every ordinal a < k% there are ay € R for
n € v such that [n # v from v = aj # ay] and rk({ay : 7 € v}, M) > a and
M of....a2,.. Jyeo}

We need here the “for every a < k77 because we want to fix elements of R},
and there are possibly & choices.

~(a) = ~(b):
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Like the proof of 2.3; assume NPr,(\;x), o < &%, let M witness it, choose
Ry = o+ 1, R = A, without loss of generality 7(M) = {R, ¢ : n < w, ¢ < K},
R, ¢ is n-place, in M every quantifier free formula is equivalent to some R, .
Let Ry, = {(io,...,z’n,l,ﬁ,g) M = Ryc(io- . yino1), {io,.-. in_1} is with
no repetition, increasing for simplicity, and rk({ig,...,in—1}, M;k) = (3, with
rk({i0,...,tn—1},M;k) 2 B + 1 being witnessed by ¢({io,...,in—1}) = Rnc,
E({ioy ... in_1}) = k} where the functions ¢, k are as in the proof of 1.13. Let M

be (A, <, R, Ro, R, . )ne(0,w),k<n €xpanded by Skolem functions. So assume toward
contradiction that (b) holds, hence for this model M there are models My, M; and
a, € M, for n € “2 as required in clauses (i) — (v) of (b) of claim 2.5. Choose a
non-empty finite subset w of “2 and 8 and ¢ such that letting w = {no,...,9m-1}
with a,, <** a,,,,, we have:

() My E R;‘n’k(ano, ces 15 6,0)
(B) B e R (Ca)

(v) B minimal under those constraints.

Note that there are m, ng, ..., Nm—1, 3, ¢ such that («) holds: for every non-empty
w C “2, as M; is elementarily equivalent to M there are 8, ¢ as required in («).
Now («) implies ¢ € Réwl, but Révh = Réwo, so clause (8) holds too, and so we
can satisfy () too as the ordinals are well ordered. Let ¢’ = ¢(xq, ..., Tm—1,5,¢),
note the parameters are from Ré\/[ ! (as M, is elementarily equivalent to M) hence
from RéVIO C M, and clause (v) (of (b) of 2.5) applies to ', (N0, Mm—1) giv-
ing n* < w. We can find 0, € “2, n, # nk, 0, | n* = nx | n*, and eas-
ily for w" = {n, ..., 9m-1,m,} we can find /' < B, ¢ < k and k such that
My E Rk (angy -5 gy g, B ¢’) and then if 8 > 0 we get contradiction to
clause (y) above. If 8 = 0 we use clause (i) to copy the situation to M and get a
contradiction.

2) Similar proof. Uas

Notation 2.7. Let \ denote a finite (or countable) sequence of pairs of inﬁnite
cardinals ((A¢; k¢) : ¢ < (()) such that r¢ increases with ¢, so e.g. A% = (( )
¢ < ¢®(x)). We shall identify a strictly increasing & = (k¢ : ¢ < ((x )> w1th
((Fet1sk¢) 1 ¢ < C(¥)). B

Let R, Ro, Qo - - -, R¢(x)—1, Q¢(+)—1 be fixed unary predicates and R = ((R¢, Q¢) :
¢ < ).

A A-model M is amodel M such that: R, R¢, Q¢ € 7(M) are all unary predicates,
|Ré\4| = A, |QéVI| = k¢ for ¢ < {(%), Qé” - RM and <RM ¢ < (%)) are pairwise
disjoint, and RM = {J R}

€<C()
For a € RM let ((a) be the ¢ such that a € Ré‘/[ (e.g. Réw = A\ U A,
§<¢

Kcr1 = A¢). For a A-model M we say that a € ¢l (A, M) if AU {a} C M and
for some n < w, and quantifier free formula ¢(z1,y1,...,y,) and b1,...,b, € A we
have

M = p(a,bi,...,b,) and (35%z)p(z, by, ..., by).

Definition 2.8. 1) For £ < 6, X as in Notation 2.7, and an ordinal « let Pr (X; )
mean that for every A-model M, with |7(M)| < 6 we have rk(M,)\) > « (and
NP1 (X, 0) is the negation, if @ is omitted it means g, remember A = (A, k¢) :
¢ < ((x))) where the rank is defined in part (2) below.
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2) For a A-model M, rk‘(M, ) = sup{rk’(w, M,X) +1: w € [RM]*} where the
rank is defined in part (3) below and:

(o) if ¢(x) is finite, [RM]* = {w : w a finite subset of RM not disjoint to any
R}M}
(B) if ¢() is infinite, [RM]* = {w : w a finite non-empty subset of RM}.

3) For a A-model M, and w € [R™]* we define the truth value of “rk‘(w, M;X) > o
by induction on a.

Case A: =0
rk(w, M; ) > a iff no a € wN RM belongs to iy (W\{a}, M).

Case B: a is a limit ordinal B
rkz(w, M;A) > aiff rkg(w, , M;\) > 3 for every ordinal 8 < a.

Case C: a=p0+1
We demand two conditions:

() exactly as in Definition 1.1(3)(x)3 except that when ¢ = 2,3,4,5 we use

_ .t
K= Felay)

(B) if ¢ < {(*) and wﬂRéM = @ then for some a € Ré\/[,rkz(wu{a},M;H) > B.

Claim 2.9. The parallel of the following holds: 1.2 (+ statements in 1.1) also 1.3
(use a < k3 ), 1.5(2) (for a < k), 1.10 (satisfying kg -c.c.) and we adapt 1.6.

Claim 2.10. If « is a limit ordinal and \¢ > 3, (ke) for every & < &(x), then

Pro(N).
Proof. Use indiscernibility and Erdds-Rado as in the proof of 1.8(1).

In more details. The induction hypothesis on « is, assuming ((*) < w: if A C
RM <</C\(*) |A0Ré\4\ > J.xa then for every 8 < a, k < w and every m = (m¢ : ( <
¢(x)), m¢ € (0,w) for some w C A we have /C\|w N Ré\4| = m¢ and rtk(w; M, \) >

w X f+k. Then for @ = v+ 1, choose distinct af € AN Rg/[ (i < Dwxy+mem) and
use polarized partition (see Erdés, Hajnal, Mate, Rado [EHMR&4]) on <<a§ i<

Juxa) : ¢ < ((%)). For ¢(*) infinite use A € RM such that wy = {( : AﬂRéw # o}
is finite non-empty, ¢ € wy = |AN Ré\/"| > 2. x« and proceed as above. O 10

Claim 2.11. Let {(¥) < w, k§ < -+ < ey AT = ((Key1rkE) + € < C(x)) (for
e<w)

1) If Pr,(A\") for n < w, and for some 6 < k¥ there is a tree 7 € 9> (k) of
cardinality < kg with > n‘g’(*) 0-branches then:

® every first order sentence which has a A\"-model for each n, also has a \*-
model

®" moreover, if T is a first order theory of cardinality < kg and every finite
T’ C T has a A"-model for each n then T has a \*-model.

2) So if X = ) for e < w are as above then we have K& -compactness for the class
of \-models. Where

@ a class R of models is k-compact when for every set T of < k first order
sentences, if every finite subset of T has a model in K then T has a model
n R.
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3) In part (1) we can use \™ with domain wy, if w, C wpi1 and C(x) = UY{w, :
n<w}.
Proof. Straight if you have read [She71], [She72], [She75] or read the proof of 2.12

below (only that now the theory is not necessary countable, no types omitted, and
by compactness it is enough to deal with the case ((x) is finite). 0211

Claim 2.12. Let ((¥) < wy, \° = ((kgq1:K8) + € < ((x)) for each e < w1 (and
kg strictly increasing with §). If Pr.(\%) for every e < wy and n‘gl < 2% and
Y € Ly, « and for each € < wy there is a Xe-model satisfying 1 then there is a
X9t -model satisfying 1.

Proof. For simplicity, again like [She71], [She72], [She75]. Let M. be a A* model of
1 for ¢ < wy. By expanding the M.’s, by a pairing function and giving names of
subformulas of ¢ we have a countable first order theory T with Skolem functions,
a countable set T' of 1-types and M7 such that:

(a) MZT is a A*-model of T omitting each p € T’
(b) if M is a model of T omitting every p € I" then M is a model of .

Now as in the proof of 2.1 we can find a model M and a§, for ¢ < ((x), n € “2
such that

() M™* a model of T

(B8) a%ERéw and n # v = a§, # af

(v) for every first order formula ¢(zg,...,2n-1) € Ly (7(T)) and ¢(0),...,
¢(n — 1) < ((*) ordinals, there is k < w such that: if ng,...,n,—1 € “2,
Vos--yVn—1 € “2and (n; [ k: ¢ < n) is with no repetitions and n, | k =
ve [k then M* = o(ag”, .. ai"7 V) = o(asl”, . ai" )

(6) if o(xo,...,2n_1) is aterm of 7(T) and ¢(0),...,{(n—1) < ((x),andp € T
then for some k < w for any po, ..., p(n — 1) € ¥2 pairwise distinct there is
o(x) € p(x) such that:

(+) prame € “2= M* | —p(as”,... a5
(i.e. this is our way to omit the types in I')

(e) if €(0),...,¢(n—1) < {(x), o(x0,...,Tn_1) is a term of 7(T), and m < n,

then for some k& < w, we have

(*) if N0y-+3Mn—1 € w2’ and VoyevesVpn—1 € “2 and Ne r k = Vg r k and
(e | k : £ < w) is without repetitions and ((¢) < ¢(m) = n¢ = vy then
M Qe (0@, - an" V) and Qegmy (o (s -, aiy" ) =
U(aC(O) <(n—1)) _ U(aC(O) C(n—l)).

no sy npy vg s WUn_a

Now choose Y¢ C “2 of cardinality A’* and let M* be the 7(M)-reduct of the Skolem
hull in M+ of {a$ : ¢ < ((x) and n € Y¢}. This is a model as required. Oz.12

Conclusion 2.13. If Vg |= GCH,V = V¥ for some c.c.c. forcing notion P then
e.g.

(%) if Nuyxg < 280 (R, Ry, Ry r) = (R, Ny, N rwrw) (see [SheTl]) d.e., let-
tlng )\0 = <(N07Nw)7 (vaNerw» and )\1 = <(Nw7Nw+w)a (Nwtwan+w+w)>7
for any countable first order T, if every finite T C T has a \°-model then
T has a A\ -model

(+4) (e £ € < €00 > (e € < 600) o \WE™ S s and wp S < oo <

K'E(x) < 2% (and versions like 2.11(1)).

See https://shelah.logic.at/papers/522/ for possible updates.
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Proof. Why? By 2.10 if A = (A, ke) : € < C(%)), A¢ > T (ke) then Pr,()) (really
Ae > Jj(ke) for k depending on n only suffices, see [EHMR84]). Now ccc forcing
preserves this and now apply 2.11. Similarly we can use 7 -cc forcing P and deal
with cardinals in the interval (6,2%) in VF. Os 13

Remark 2.14. We can say parallel things for the compactness of (32*), for A singular
< 2% (or 4+ |7] < A < number of §-branches of .7), e.g. we get the parallel of
2.13.

In more details, if Vo = VP, P satisfies the §1-c.c. then

(¥) in VF, for any singular A € (0,2) such that Vi = “) is strong limit” we
have

@ the class {(A\,<,R¢...)c<o : R¢ an ne-relation, (A, <) is A-like} of
models is -compact, and we can axiomatize it.

There are also consistent counterexamples, see [She].
The point of proving (x) is:

® for a vocabulary 7 of cardinality < 6, letting TS¥ be a first order theory
with Skolem functions 7(75¥) (but the Skolem functions are new), then
TFAE for a first order T C Ly, .,(7)

(a) T has a A-like model

(b) the following is consistent: T U T U {o(... ,xf,é(g),yn(g), o<k =
J(' o 7xIT/Lz(€)7yn(Z)a . ')l<k \ U(' e 71'22(@3:%1(@) o ) > Yn : n(f) <w, €
«2, and for some j < w, (ne | j: £ < k) is with no repetition, ny | j =

ve I, n(l) <n == vy U{ol,mn yne, ) < ya:n(0) <n
and n, € Y2}



Paper Sh:522, version 2023-05-01. See https://shelah.logic.at/papers/522/ for possible updates.

BOREL SETS WITH LARGE SQUARES SH522 29

§ 3. FINER ANALYSIS OF SQUARE EXISTENCE

Definition 3.1. 1) For an w-sequence T' = (T, : n < w) of (2,2)-trees, we define a
function degsq (square degree).

Its domain is pfap = pfaps = {(uv,9) : (In)(u € [*2]*, g is a 2-place function
from u to w)} and its values are ordinals (or co or —1). For this we define the truth
value of “degsqs(u,g) > «” by induction on the ordinal «.

Case 1: = —1
degsqz(u, g) > —1iff (u,g) € pfapz and n,v € u = (,v) € Ty(,.)-

Case 2: « is limit
degsqg(u, g) > o iff degsqp(u, g) > B for every § < a.

Case 3: a=0+1
degsqz(u, g) > « iff for every p* € u, for some m, u* C ™2, g* and functions
ho, h1, we have:
(A) h;:u—u*
(Vn & wn < hi(n)
(Vﬂ € u)[ho(n) = ha(n) & n # p’]
u* = Rang(hg) U Rang(h1)
g* is a 2-place function from u* to w
g*(hi(n), hl( ) =g(n,v) fori<2and n,veu
(G) degsag(u*,g*) > B (so (u*,g*)a € pfap).
2) We define degsqs(u, g) = « iff for every ordinal S, degsq(u,g) > < 8 < « (so
a = —1, o= o0 are legal values).
3) We deﬁne degsq(T) = U{degsaz(u,g) + 1: (u,g) € pfapz}.

Claim 3.2. Assume T is an w-sequence of (2,2)-trees.
1) For every (u,g) € pfaps,degsqs(u, g) is an ordinal, co or —1. Any automor-
phism F of (“2,<) preserves this (it acts on T too, i.e.

(B)
(©)
(D)
(E)
(F)

degsqg(u, 9) = degsqpr, ymew) (F (1), g0 F1).

2) degsq(T) = oo iff degsq(T) > wy iff there is a perfect square contained in
U Lm(T3,) iff for some ccc forcing notion P,IFp “ |J Hm(T},) contains a A, (No)-

n<w n<w
square” (so those properties are absolute).

3) If degsq(T) = a(x) < wi then |J Lm(T,) contains no A (+1(No)-square.

n<w
4) For each a(x) < wy there is an w-sequence of (2,2)-trees T = (T,, : n < w) with
degsq(T) = a(x).
5)IfT = (T, : n < w) is a sequence of (2,2)-trees then the existence of an Ry -square
in |J lim( n) is absolute.
n<w
6) Moreover for a(x) < wi we have: if p < Ay)(Ro), A, B disjoint subsets of
w2 x 92 of cardinality < p, then some c.c.c. forcing notion P adds T as in (4) (i.e.
an w-sequence of (2,2)-trees T = (T,, : n < w) with degsqz(T) = a(x)) such that:
AC U Wm[f(T,)], Bn U Um[f(T,)] = 2.
n<w n<w
Proof. Easy to prove. E.g.
3) Let A = Aq()+1(No) and assume {n; : © < A} € “2, [i < j = n; # ;] and
(ni,m;) € Ulm(Ty,) and let (n;,7;) € lim(Tg(m,m)). For (u, f) € pfaps, u =

{vo,...,vk—1} (with no repetition, <,-increasing) let R, sy = {(ao,..., 1) :
ap < A and vy <n,, for £ < k and f(ve,vm) = 9(Nays Mo, ) for €,m < k}. Let
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M = (A, Riu,f)) (u,f)epfapy- Clearly if we have ap,...,ax—1 < A and n such that

Ny | M+ € < k) is with no repetition, INeovgrys Marggay) = f(nam) 7y Moy | n)
then R, r)(a0,a1,...,ax—1) and we can then prove

I‘k({Oéo, ceey ak—l}aM) < degsqf(u, f)

(by induction on the left ordinal). But M is a model with countable vocabulary and

cardinality A = Aq(4)+1(Ro). Hence by the definition of A\, ()41 we have rk(M) >

a(¥) + 1, so alx) + 1 < k(M) < degsq(T) < a(x) (by previous sentence, earlier

sentence and a hypothesis respectively). Contradiction.

4) Let W = {n : n is a (strictly) decreasing sequence of ordinals, possibly empty}.
We choose by induction on i < w, n; and an indexed set ((ul, fi,al) : x € X;)

such that:

(a) ni <w, ng=0,n; <Nt
(b) X; finite including UJ X;
<t
) for x € X;, uf, C ™2, fi a two place function from v} to w and o € w;
) for some x € X;, ut, = {0,,}
) h; is a function from X; into W and h; C h;yq
) |Xo| =1, and hg is constantly ()
) if # € X; then: il = i and the function v + v | n; is one to one from
ult onto vl and v € ultt = v | [ng,ni41) = O, nyyy) and n,v € ultt =
fattmv) = faln I nayv T ng)
(h) for some v =x; € X;, B =0; € wip1 Nal and p* =pf € vl and T, € W
such that h;(x;) <Y; we can find y = y; such that:
(@) Xiy1 =X U{yi}, yi ¢ X,
(B) oyt =8

(7) the function v — v | n; is a function from u}*' onto u

Mi41

i
€T

almost one
to one: p* has exactly two predecessors say p¥, pj, and any other
p € ul, \ {p*} has exactly one predecessor in u*
(0) forv,n € uy,tif (v,n) # (pf, p3) and (v,n) # (3, pY) then fyF(n,v) =
fe(n I nisv [ ng)
(€) his1=hi U{(y:; i)}
(i) if 21, x2 € X; and ul,, Nul, # & then ul, Nul, ={0,,}
(j) ifz € Xy, Bew;Nal, p* € ul and h(x)<Y € W, then for some j € (i,w)
we have z; =z, ; =0, p* dp; and T; =71

(k) the mumbers f’:”l(p‘?{l,pgl)7 fij‘l(pgrz,pgf) are distinct and do not belong
to U{Rang(fi) : z € X;}.

There is no problem to carry the definition.
We then let

T, = {(n,v): for some i <w and z € X; and 7,1/ € ul,
we have fi(n’,v’) = n and for some ¢ < n; we have
()= 16V 10}

and T = (T, : n < w). Now it is straight to compute the rank.
5) By the completeness theorem for L, .,(Q) (see Keisler [Kei71])
6) By the proof of 1.13. O35
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Now we turn to k-Souslin sets.

Definition 3.3. Let T be a (2,2, k)-tree. Let set(T") be the set of all pairs (u, f)
such that
(Bn=n(u, ))[uC™, f:uxu—"k and n,v € u= (n,v, f(n,v)) € T].

We want to define degsqp(z) for x € set(T'). For this we define by induction on
the ordinal o when degsqp(z) > «a.

Case 1: a=—1
degsar(u, f) > a iff (u, f) € set(T).

Case 2: « limit
degsqr(u, f) > « iff degsqp(u, f) > S for every 8 < a.

Case 3: a=6+1
degsqrp(u, f) > a iff for every n* € u, for some m > n(u, f) there are (u*, f*) €
set(T') and functions hg, by such that degsqp(u*, f*) > (8 and:

() n(u, %) = m
(ii) h; is a function from u to ™2
(iii) n<hs(n) for i < 2
) for n € u we have ho(n) # h1(n) © n=n*
(v) for m # m2 € u,i <2 we have f(n1,n2) < f*(hi(m), hi(n2))
)

(vi) for n € u* we have f(n [ n, n [ n)<f*(n,n)

(iv

Lastly, degsqr(u, f) = a iff for every ordinal 8 we have [8 < a < degsqr(u, f) > 3.
Also let degsq(T) = degqu({< >}, {<< ) ( >>})

Claim 3.4. 1) For a (2,2, k)-tree T, for (u, f) € set(T'), degsqr(u, f) is an ordinal
or infinity or = —1. And similarly degsq(T). All are absolute. Also degsq(T) > k™
implies degsq(T") = oo and similarly for degsqp(u, f).

2) degsq(T) = oo iff IFp “prjlimT (= {(n,v) € ¥2 x ¥2: for some p € “k, A\ (0]

n<w
n,v [ n,p | n) €T}) contains a perfect square” for every forcing notion P including
a trivial one i.e. VE =V iff Ep “prjlim(T) contains a 28 -square” for the forcing
notion P which is adding X Cohen reals for A = Aw, (k) some X\ iff for some P,lFp
“prjim(T) contains 22 \q+(Ng)-square”. o
8) If a(x) = degsq(T) < &%, then prjlim(T) does not contain a Ao(i)41(kK)-square.

Proof. 1) Easy.
2) Assume degsq(T') = oo, and note that o* = {degsqr(u, f) : (u, f) € set(T) and
degsqp(u, f) < oo} \ {00} is an ordinal so (u, f) € set(T') and degqu(u fl>a* =

degsqy(u, f) = oo (in fact any ordinal a > sup{degsqr(u, f) +1: (u, f) € set(T)}
will do). Let setoo( ) = {(u, f) € set(T) : degsqr(u, f) = oo}
Now

(x)1 there is (u, f) € set>(T)
(x)2 for every ( ,f) € set™(T) and p € u we can find (ut, fT) € set™(T)
and for e = 1,2,h, : u — u™ such that (Vn € u)(n < he(n)), (Vn,v €

w)(f(n,v) 9 f* (he(n), he(v)), (V0 € w)[ha(n) = ha(n) & n = p].
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[Why? As degsqr(u, f) = oo it is > a* + 1 so by the definition we can find
(u™, f*), h1, ha as above but only with degsqr(u™t, fT) > a*, but this implies
degsqp(u™, f7) = oo.]

()3 for every (u, f) € set™(T') with u = {n, : p € "2} C (")2 (no repetition)
we can find ny > ny and (u™, f) € set®(T) with ut = {n, : p € "*12} C
(72)2 (no repetitions) such that

(i) p€™2= npman,
(i) for pi, p2 € "F12, pr I n# p2 1= f(NpytnsNpatn) QLT (M1 70p,)
(iii) for p € "*12, T MptnsMpin) < f(1p,mp)-

[Why? Repeat (x)2 2™ times.]

So we can find (1, : n € "2), f,, by induction on n such that (1, : p € "2) is with
no repetition, degsqr({n, : p € "2}, fn) = 0o, and for each n clauses (i), (i), (iii) of
()3 hold, i.e. p1, p2 € n+12u prin#pyln= fn(npl tns Mpa fn) <]fn+1(npl7ll7pz) and
for p € "2 we have f,(Npins Mpin) < frt1(np. M) and of course {n, : p € ™2} C
(k”)Z, kn < kpy1 < w.

So we have proved that the first clause implies the second (about the forcing: the
degsq(T) = oo is absolute so holds also in V¥ for any forcing notion P). Trivially
the second clause implies the third and fourth.

So assume the third clause and we shall prove the first. By 1.8 )\iJr(/i) is well
defined (e.g. < J.+), but A2, (k) = A2, (k) by 1.5(3), let P be the forcing notion
adding A2, (k) Cohen reals. By 1.1(2) in VF, A+ (k) < A2, (k) < 2%, and so there
are pairwise disjoint 7, € “2 for i < A+ (k) such that (n;,n;) € prjlim(T) for i,
Jj< An*(ﬂy

Lastly, we prove forcing implies first in VF. By part (3) of the claim proved
below we get for every o < 1, as Ao(k) < Ao+ (k) that —[a = degsq(T)]. Hence
degsq(T) > k™, but by part (1) this implies degsq(T") = .

3) Just like the proof of 3.2(3). Oz.4

We shall prove in [She]

Claim 3.5. Assume a(x) < kT and A < () (K).
1) For some c.c.c. forcing notion P, in V¥ there is a w-Souslin subset A =
prjlim(7T) (where T is a (2,2, k)-tree) such that:

(x) A contains a A-square but degsq(T) < a(x).
2) For given B C (“2 x “2)V of cardinality < \ we can replace (%) by

()" AN (“2x“2)V = B but degsq(T) < a(x).

Remark 3.6. The following says in fact that “colouring of pairs is enough”: say for
the Hanf number of L, ., below the continuum, for clarification see 3.8.

Claim 3.7. [MA] Assume A < 2% and a(*) < wy is a limit ordinal, X < p =
Aa(x)(Ro). Then for some symmetric 2-place function F from X to w we have:

(#)a,u,p for no two place (symmetric) function F' from p to w do we have:

(%) for every n < w, and pairwise distinct Bo,...,Pn—1 < p there are
pairwise distinct ag, ..., 0,1 < X\ such that

N\ F'(Br.Be) = Flag, a).

k<t<n
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Remark 3.8. 1) This is close to Gilchrist Shelah [GS96].

2) The proof of 3.7 says that letting R, = {(o,8) : F(a,8) = n}, and N =
(A, Rp)n<w, we have tk(N) < a(x).

3) So 3.7 improves §2 by saying that the examples for the Hanf number of Ly, .,
below the continuum being large can be very simple, speaking only on “finite pat-
terns” of colouring pairs by countably many colours.

Proof. Let M be a model of cardinality A with a countable vocabulary and rk* (M) <
a(x). Without loss of generality, it has the universe A, has the relation < and in-
dividual constants ¢, for o < w. Let kM| cpM be as in the proof of 1.13.

Let P be the set of triples (u, f,w) such that:

(a) w is a finite subset of A
(b) f is a symmetric two place function from u to w

(¢) w is a family of nonempty subsets of u

such that

(d) if @ € u then {a} e w

(e) if w = {ag,...,an_1} € W (the increasing enumeration), k = kM (w),
acu\wand (VO)[f <nand £ #k= flas,a)= f(ag, )], then wU {a}
belongs to w, (Vm # k)(a < o & ag < o) and k = kM (wU {a} \ {ax})
and M = oM (w)[ag, .., h_1,0, Qi1 .-y Q1]

(f) if w® = {af),...,a%,_1} C u (increasing enumeration, so with no repeti-
tion), i = 0,1, and (V¢ < k < n)[f(a?,a?) = f(a},a})] then w® € w &
w! € w and if w® € w then M (w°) = M (w!), kM (w®) = kM (w') and
k! (w®, M) = rk* (w', M).
The order is the natural one.
It is easy to check that:

@1 P satisfies the c.c.c.
@y for every o < A\, %, = {(u, f,w) € P: a € u} is dense.

Hence there is a directed G C P not disjoint from %, for every a < A. Let
F = U{f : for some u, w we have (u, f,w) € G}. We shall show that it is as
required. Clearly F' is a symmetric two place function from A\ to w; so the only
thing that can fail is if there is a symmetric two place function F’ from p to w such
that (xx) of 3.7 holds. By the compactness theorem for propositional logic, there
is a linear order <* of y such that

()" for every n < w and By <* -+ <* f,—1 from p there are ap < -+ < ap—1 <
A such that A, _,_,, F'(Bk, Be) = F(ou, ap).

Let
W = U{W : for some u, f we have (u, f,w) € G}.

Let N = (\, Ry)n<w where R, = {(a,8) : F(a,8) = n}, so tk' (w, N) for w €
[A]* is well defined; in fact we can restrict ourselves to formulas of the form
oo, xn-1) = N F(ze,xr) = ey Let N = (i, R},)n<w, where R], =
L<k<n
{(a, B) : F'(cv, ) = n}.
Now first note that

@1 If w € W then rk'(w, N) < rkl(w,M).



Paper Sh:522, version 2023-05-01. See https://shelah.logic.at/papers/522/ for possible updates.

34 SAHARON SHELAH

(This is the role of clause (e) in the definition of P; we prove it by induction on
rk! (w, M) using the same “witness” kM)
Secondly,

®2 For ao < A we have {a} € W.

(This is the role of clause (d) in the definition of P.) Hence we conclude (by 1.1(2),
®17 ®2):

®3 k' (N) < af*).
Lastly
@4 Hoag <* o0 <" et <y Bo < ovo < Bm1 <A, A Flog,ap) =
F(Be, B) and {Bo, .. Brn_1} € W, then et
rk' ({ao, .., am-1}, N') <tk ({Bo, - -, Bm—1}, N)

(again it can be proved by induction on rk'({f,...,Bm—1}, N), the choice of N’
and our assumption toward contradiction that (#x) from the claim holds). Now by
®3, @4 and 1.1(2) (and ®3) we have rk'(N’) < k' (N) < a(x) but this contradicts
[N = 1 = Aae) (Ro)- Os.7

Claim 3.9. [MA] If X\, i, F' are as in 3.7 (i.e. (x)x,,,r holds) then some Borel set
B C¥2 x“2 (actually of the form |J lim(Ty,)) has a A\-square but no p-square.

n<w
Remark 3.10. 1) The converse holds too, of course.
2) Instead of A we can use “all A < p”.

Proof. Without loss of generality, cf(\) > Xy (otherwise combine w examples). Let
F be a symmetric two place function from X to w such that (), , r. For simplicity
let f*:w — w be such that Yn3*°mf*(m) = n. We define a forcing notion P as in
1.13 except that we require in addition for p € P:

@1 f (9P (e, 8)) = Fe, B)

®q ifa’ # ' 0" # " are from wP k <w,nt, [ k=n", | k# ng, [ k= ng,, [k
both not constantly 1 then F(o/,8") = F(a”,5")

®3 if n,v € "P12 then for at most one m < m[p] we have (n,v) € 12,

®q iff n <w,n>1, o <z -+ <tz Mn—1 are pairwise distinct members of n(p)9

and k < €= (g, ne) € tg(k Z),then for some pairwise distinct ag, ..., q,_1
from u[p™], we have A f*(h(k,0)) = F(ag, ap).
k<ti<n
We have

@1 if a < B < A, there is a unique n < w such that (9a,75) € imT',.

Thus |J T, contains a A-square. In proving that it does not contain a p-square
new
we apply (¥)a,,,7. For this the crucial fact is:

©2 if n < w, no,..., M1 € “2 are distinet, (nx,n¢) € Hm(Ty,e ), then for
some pairwise distinct aq,...,a,_1 < A
N\ 7k, 0) = F(ak, a).
k<ti<n

Instead of “Z3 is dense” it is enough to show
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@3 for some p € P, p IF “the number of a < A such that for some ¢ € Gp
o€ udis N,
Us.9
Similarly we can show
Claim 3.11 (MA). Assume Rg < A < 2% . Then the following are equivalent:

(a) For some symmetric 2-place functions F), from p to w (for p < A\) we have

(*)<Fw#<>\> for mo two place function F' from A to w do we have:

(xx) for everyn < w and pairwise distinct Bo, . . ., Bn—1 < A there are p < A
and pairwise distinct ag, ..., Qp—1 < @ such that

/\ F/(ﬁkaﬁf) = FM(Oék7az).

k<t<n

(b) Some Borel subset of “2 x “2 contains a p-square iff p < X (in fact B is
an F, set).
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§ 4. RECTANGLES

Simpler than squares are rectangles: subsets of “2 x “2 of the form Xy x X7, so
a pair of cardinals characterize them: (Ao, A1) where Ay = | X¢|. So we would like to
define ranks and cardinals which characterize their existence just as rke(w, M; k),
M (k),degsqz(—), degsqy(—) have done for squares. Though the demands are
weaker, the formulation is more cumbersome: we have to have two “kinds” of
variables one corresponding to Ay one to A;. So the models have two distinguished
predicates, Ry, R; (corresponding to Xy, X; respectively) and in the definition
of rank we connect only elements from distinct sides (in fact in §33944 we already
concentrate on two place relations explaining not much is lost). This is very natural
as except for inequality nothing connects two members of Xy or two members of
X;.

Definition 4.1. We shall define
Prki()\h )‘27 < K, 007 91)7 rkke((wh U)Q), M7 )\17 )‘27 R, 907 91)

asin 1.1 (but w, € [RM]* and |[RM| = \;), replacing rk by rkk etc. Let A = (A1, A2),
w = (wy,ws). - _

1) For ¢ < 6, and cardinals A\ = ()\1,/\2)7 )\1,)\2 >k and 0 = (90,01), 00 <6 <
A1, A2 and an ordinal o let Prkf;(j\; < K,0) mean that: for every model M with

2
vocabulary of cardinality < g, such that A |RM| = \;, RYNRY = o, FM is
i=1

a two place function with range included in 6; = Q™ we have rkke(M; <K) >«
(defined below).

Let NPrkﬁ(S\;< k,0) be the negation. Instead of < st we may write x; if
K= 98“ we may omit fy; if 6y = Ny, kK = Ny, we may omit them. We may write 6,
0, instead 6 = (6, 01) and similarly for \.

Lastly, we let Arc’,(x,6) = min{\ : Prkﬁ(x\, A< k,0)}.

2) For a model M, rkrc!(M; < k) = sup{rkrc’ (w, M; < k)41 : @ = (wy, ws) where
w; € RM are finite non empty, (3¢ € QM)(V(a,b) € wy x wa)[F(a,b) = c|} where
rkk is as defined in part (3) below.

3) For a model M, and

w € [M]® := {(u1,u2) : u; € RM finite nonempty, (3c)(Va € uy,b € ua)[F(a,b) = |}

we shall define the truth value of rkk* (w, M; < k) > a by induction on the ordinal
a (for £ = 0,1, x can be omitted). If we write w instead of w;,ws we mean
wy =wNRM wy =wn RY (here RM N RY = & helps).

Then we can note:

(%)o o < B and rkk’(w, M; < k) > 8 = rkk’(w, M; < k) > a

()1 tkk" (@, M; < k) > 6 (6 limit) iff A rkk‘(@, M; < k) > «
a<d

()2 tkk®(w, M; < k) > 0 iff @ € [M]®.

So we can define rkké(w,M; < k) = « for the maximal « such that rkke(ﬂ)7 M; <
k) > «, and oo if this holds for every a (and —1 if rkk’(w, M; < k) # 0). Now the
inductive definition of rkk(@, M; < k) > « was already done above for @ = 0 and
« limit, so for a = 8+ 1 we let

()3 tkk®(w, M; < k) > B+1iff (letting w = wyUws, n = |w|, w = {ag, ..., an_1}),
we have: for every k < n and quantifier free formula ¢(xq,...,z,-1) =
/\ ZT; 7& Zj and /\{Rl(xl) AN RQ((EJ') A gai,j(xi,xj) . Rl(ai) and Rz(aj)}.

i<j
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(In the vocabulary of M) for which M = ¢lag, ..., an—1] we have:

Casel: /(=1
There are a’, € M for m < n, i < 2 such that:

(a) rkk‘({al :i<2,m<n},M;<k)>p,

(b) M = plad,...,a%,_;] (for i = 1,2), so there is no repetition in aj, ..., al
and [a!, € R;VI & ay € RjM] for j =1,2

(c) a? # at but if m < n and (a,, € RM¥ & a, ¢ RM) then af, = al,

(d) ifam, € RY, am, € R then for any i, j (€ {1,2}) we have FM (af, ,a )=
FM(am,, am, ).

Case 2: £ =0
As for | = 1 but in addition

(e) L\am =al,.

Case 3: £ =3
The definition is like case 1 but i < k; i.e. there are al, € M for m < n, i < k
such that:

(a) for i < j < k we have rkk({al, ,al, :m < n},M;< k) > f3

(b) M = plad,...,a%,_;] (for i < k; so there are no repetitions in aj, ..., a,_;)

(c) for i < j <&, ai # al, but if m < n and (a, € RM & a, ¢ RM) then

ay, = al,
(d) if am, € R, am, € RY! then for any i,5, FM(al, ,al, ) = FM(am,,am,).
Case 4: { =2

Like case 3 but in addition:

(e) am = ad, for m < n.

Case 5: £ =5
Like case 3 except that we replace clause (a) by:

(a)~ for every function H, Dom(H) = k, |[Rang(H)| < & for some i < j < K we
have H(i) = H(j) and rkk‘({al,,al, : m < n}, M; < k) > B.

Case 6: { =4
Like case 4 using clause (a)~ instead (a).
4) For M as above and ¢ € QM we define rkk’(M, ¢; < k) as

sup {rkke(w,M; <k)+1:we[M]®, (Vaew,Vbews)[F(a,b)=d}.

5) Let Prrd’ (), x,0) mean rkk’(M,¢; < k,6) > « for every M for some ¢ € M
when M is such that |[RM| = A, |RY| = Aa, |T(M)] < 0y, FM : RM x RYM — QM
|QM| = 6. Let NPrrd’ (), k,6) mean its negation and Ard’,(k,6) be the minimal
A such that Prrd’, (X, \, &, 6).
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Remark 4.2. The reader may wonder why in addition to Prk we use the variant
Prrd. The point is that for the existence of the rectangle X; x Xs with F' | (X1 x X5)
constantly ¢*, this constant plays a special role. So in our main claim 4.6, to get a
model as there, we need to choose it, one out of 61, but the other choices are out
of k. So though the difference between the two variants is small (see 4.5 below) we
actually prefer the Prrd version.

Claim 4.3. The parallels of 1.2 (+statements in 1.1), also 1.3, 1.5(2), 1.6, 1.10
hold.

Claim 4.4. 1) If w; € [RM]* fori=1,2 then w x rkk' ((wy, wa), M; k) > k! (w; U
wa, M; K).

2) If RM = RM (abuse of the notation) then rkk(M; < k) > rk*(M; k).

3) If A1 = Ay = X then Pry (A, k) = Prko (A1, Ao K, K).

Claim 4.5. Ard’ (k,0) = Arct, (k, 0) iff o is a successor ordinal or cfla) > 6.

Claim 4.6. Assume k < 60 < A1, Aa. Then the following are equivalent:

1) Prrdls (A1, A\g; &, 6).

2) Assume M is a model with a countable vocabulary, |R}| = Xg for ¢ =1,2, PM =
K, QM = 0, and F™M a two-place function (really just F | (RY x R)) interests

us) and the range of F | (RM x R}) is included in QM and G is a function

from [RM]* x [RY]* to PM. Then we can find 7(M)-models My, N and elements,

c*,ap, by (forn € “2) such that:

(i) N is a model with the vocabulary of M (but functions may be interpreted
as partial ones, i.e. as relations)
(ii) a, € RY, b, € RY are pairwise distinct and FN(a,, b,) = c*(€ N)
(iii) My countable, Mo C M, c* € QM, My is the closure of (MoNPM)u{c*}
in M, in fact for some M} < M we have My = closure of PMo  {c*},
c* e M,
(iv) My C N, PMo = PN
(v) IN| = {o(ay,b,,d): o is aT(M)-term, n € “2,v €“2 and d C My}
(vi) for {ng : £ < L(x)},{vm : m < m(x)} C “2 (both without repetitions non-
empty) there is d* € PMo such that if d C PMo and quantifier free formulas

©1.m are such that N |= A ©eml@n,, by, ,d], then for some {ay :
L<l(*),m<m(x)
0 < i)} € RM {by : m < m(x)} € R (both with no repetition) we
have M A 0omlae,bm,d] and G({a; : £ < L)}, {bym : m <
L<L(*),m<m(x)

m()}) = d

(vii) for every quantifier free first order ¢ = (x,y,20,...) € L(T7(M)) and
do,... € My there is k < w such that: for every m, na, v1, vy € “2
such thatm [ k=m2 [ k, v1 [ kK =vs | k we have

N = @lan, by, di,...] = @lan,, by,,d1,...].

Moreover

(vii)* for every n < w, first order ¢ = o(xg,...,xn_1) € L(T(M)) quantifier
free and da,ds, ... € My there is n* < w such that: for every k € (n*,w),
No, M € “2,vp,v1 € Y2 satisfyingno [ k=m [k and vy [ k=v1 [ k we
have N = @lan,, by, da, . ..| = @lay,, by, da, ... ,]

(viti) if ¢ is an existential sentence in T(M) satisfied by N then ¢ is satisfied by
M.
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3) Like 2 omitting (vii)™, (viii).

Proof. (B)™ = (A):

Toward contradiction assume NPrrd, + (A1, A2; k) hence there is a model M’ wit-
nessing it, so [7(M’')| < k. So ¢ € QM = rkk* (M, ¢; k) < kT (note that Prrd was
defined by cases of rkk(M, ¢, k)).

Let {pi(z,y) : i < k} list the quantifier free formulas in L, ,(7(M')) with
free variables x,y. Let {u; : i < k} list the finite subsets of k. For ¢ € QM and
g - -+ agny—1 € R boy oo bgey—1 € RY (@ = (ao, .. apey—1), 0= (bos- -+, by 1)
and for notation let a,414¢ = be) let

oo ap =rkk' (({ao, .., asey—1}, {bo, - - bmo—1}), M’ ¢ K),

and k. ; 5, ¢cap e witnesses for rkk! ((a,b), M', c; k,0) % o a5+ 1. Leti(c,a,b) <
k be such that ¢, ;5 is a conjunction of formulas of the form ¢;(xs,ym,) for j €
Wi(c,a,b)

We define M:

the universe is | M|,
the function FM', relations RM /,Réw QM PM' the pairing function on ordinals,

Rn:{(i7a7b) : (IER{VI,()ERS/[ and if |ul| > n then
M = ¢jla,b] where j is the n-th member of u;}

and let H. be one to one from w xrkk(M’, ¢; k,0) X £ into k; we define the function
G : G(a, 6) = H(Gc,o (a, B)? Gc’l(dv 6), GC’Q(aﬁ l;)) = H(kc,a,l;v Qe ab ic,djz)'

Now we can apply statement (B)-of 4.6 which we are assuming and get My, N, c*,
ay, by, (for n € “2) satisfying clauses (i)—(vii) there. So ¢* € My € M’ N N, so
B* = rkk(M’, ¢; k) satisfies B* < 00, even < T. Clearly rkk' (N, ¢*; k) < B*.

Consider all sequences ((ny : £ < £(¥)), (Vm : m < m(*)),d1,d, (pe.m : £ <
0(x),m < m(x)), (ag : £ < (x)), (by, : m < m(*))) which are as in clause (vi) of (B).

Among those tuples choose one with a* = rkk*({a; : £ < £(x)},{bm : m <
m(*)}, N, c*; k) minimal. Let this rank not being > a* + 1 be exemplified by ¢ and
k < £(x) + m(x), so by symmetry without loss of generality k < £(x).

Choose k* < w large enough for clause (vi) of (B) for all formulas ¢(z,y) ap-
pearing in {p;(2,y) : j € w;_. ,,} where i.. ;5 = Gee2(a,b) and (g, | k* : £ <
£(%)), (Vm [ k* : m < m(x)) and with no repetition. Choose 17,y € 2“ \ {nx} such
that 7. [ & = np | k*. Now apply clause (vi) of (B)-to 7 = (ne : £ < £(%)),
v = <Vm m < m(*)>7 /\‘pﬁ(*),m(xé(*)vxm)vd/la d'.

By the choice of ¢, these clearly satisfy rkk'({a, : ¢ < £(x)},{b,, : m <
m(x)}, N, c*;k,0) < rkk*({ag : € < ()}, {bm : m < m(x)},N,c*; K, 0) = a*,
but by this we easily contradict the choice of a* as minimal.

(4) = (B)

As in the proof of 2.5, 2.1 (choosing a fixed ¢).

(B) = (B)~

Trivial. as

Discussion 4.7. 1) When applying 4.6 (1) = (2), or 2.5 we can use M which is an
expansion of (J#(x), €,<*) by Skolem functions, PM = k, x large enough, so for
n,v €2 Ny, =cly(MoyU{ay,a,}) is a model of ZFC, not well founded but with
standard w and more: its {i : i < K} is a part of the true . In [She] we will have as
in21 My CN, My <M, My < N,,, and if N, , = “p(n,v),v,n are (essentially)
in “2, ¢ € My a k-Souslin relation”, then V = ¢(n, v).

2) We can give a rank to subsets of A\; x Ag and have parallel theorems.
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Claim 4.8. If ¢ C“2 x “2 is \/ ¢;, each p; is k-Souslin, ¢ contains a (A1, A2)-
<6
rectangle, and Prrd,lﬁﬂ()\l, A2;0), then ¢ contains a perfect rectangle.
Proof. Let ¢;(n,v) = (3p)[(n,v,p) € lim(T;)] where T; is a (2,2, k)-tree. Let M
be (H(x), €, <5, (T; = i < 0),h, T, A1, A2, Ry, R, Q,n)n<,, expanded by Skolem
functions, where Q™ = 6 and choosing 7; € “2 for i < \; pairwise distinct, v; €“2
for j < Xy are pairwise distinct, R = {m; : i < M}, RY = {v; : j < Ao}
and let T, h be functions such that (n;,v;, Y(n;,v;)) € im(Ty(y, ;). So let N,
My, ¢*, a, (for n € ¥2), b, (for n € “2) be as in clause (B) of 4.6. Now M has
elimination of quantifiers, so there are quantifier free formulas ¢! (z) saying (in
M) that z € Ry & z(n) = 1, and H,(z,y) be such that z € RY & y € R} =
(Y(2,y))(n) = Hn(z,y) € K = PM.

So for 1) € “2 we can define o) € “2 by 0} (n) =14 N = ¢, (a,) and o) € “2
by o2(n) =1 & N = ¢2(b,) and we define, for 7, v € “2, a sequence gy, €
w>(PMo) C “> i by 0y ,(n) = Hn(ay, by).

Now A =: {0} : 1 € “2}, B =: {0} : 1 € “2} are perfect and for n, v € “2,
(04, 02,00,,) € lim(T) hence A x B is a perfect rectangle inside prjlim(7). Oy

Fact 4.9. 1) Assume that ¢ C “2 x “2 is 6;-Souslin, k < 01, 6 = cf(S<.(01), Q).
Then ¢ can be represented as \/ ¢;, each ¢; is k-Souslin.
<6
2) If ¢ is co-k-Souslin, then it can be represented as \/ ;, each ¢; is k-Borel (i.e.
i<wrt

can be obtained from clopen sets by unions and intersections of size < k).
Proof. 1) Easy.
2) Let —p be represented as prjlim(T), T a (2,2, k)-tree.

Now o(n,v) iff T, ) = {p: for some n,(n [ n,v [ n,p) € T} is well founded
which is equivalent to the existence of o < k¥, f : T(y,) — a such that p1 < pa €
T = f(p1) > f(p2). For each o < kT, this property is x-Borel. U4

Conclusion 4.10. If ¢ is an X, -Souslin subset of “2x“2 containing a (Ard,,, (R,,), Arde, (Ry,))-
rectangle, then it contains a perfect rectangle. (Note: N, can replaced by k if
cf(S<x,(k), Q) = K, e.g. Ry, by [Shed4, Ch.IX 84].)

Conclusion 4.11. 1) For £ < 6,Prk’_(x*, (257 )+ k).
2) IfV=VE Pk ccc and Vo | GCH, then Prk,, (N1, N3).

Proof. 1) For a model M, letting (A, A2) = (k+, (257)T) choose (for m = 1,2) a™
a nonempty sequence from RM for i < A, {a™ : i < A\, } pairwise disjoint. For

(i,7) € M X Ag let B ; = rkk(af, a3, M) with witnesses kM (aj,a?), ™ (aj},a?) for
ﬂrkkl(d%,di,M) > Bij. As Ay = (2M)F, |[7(M)| < &, for some By C Ay, |Ba| = As

and for every ¢ < A1 the following does not depend on j € Bs:

kM (a},a3), oM (al,al).

Similarly, there is By C A1, |B1| = Ai(= 1) such that for j = min(Bs) the values

kM(al,a?), oM (af,a3)

are the same for all ¢ € Bj; but they do not depend on j € Bs either. So for

(i,§) € B1 x By we have kM (a},a3) = k*, oM (aj,a3) = ¢*. Let k* “speak” on
a}, for definiteness only. Choose distinct i¢ in By (for ¢ < x*). Without loss of
generality, rkk’ (6}07(};7 M) < rkkl(dzlc,&}, M).

Now (l% give contradiction to rkk'(a} ,a?, M) #> Bi, ;-

i0? g0
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2) This can be proved directly (or see [She] through preservation by c.c.c. forcing
notion of rank which are relations of rkrc similarly to 1.10. g1

Remark 4.12. 1) If T is an (w,w)-tree and A x B C lim(T), with A,B C “w
uncountable (or just not scattered) then lim(7") contains a perfect rectangle. Instead
lim(T") (i.e. a closed set) we can use countable intersection of open sets. The proof
is just like 1.17.

2) We can define a rank for (2,2, k)-trees measuring whether prjlim(7) C “2 x “2
contains a perfect rectangle, and similarly for (w,w)-tree T measuring whether
lim(T") contains a perfect rectangle. We then have theorems parallel to those of §1.
See below and in [She].

* * *

The use of “w below is just notational change.

Definition 4.13. For T a (w,w)-tree we define a function degre, (rectangle degree).
Its domain is repr(T) := {(u1,us2) : for some £ < w,uy,us are finite nonempty
subsets of ‘w and g a function from u; x us to w such that (g, 1) € T for n; € u;}.
Its value is an ordinal degrep(ug,us) (or —1 or co). For this we define the truth
value of degrcp(ug,us) > a by induction on the ordinal .

Case 1: a=—1
degreq (uy, uz) > —1 iff (u1,ug) is in repr(T).

Case 2: « limit
degrep(ug,us) > a iff degrep(ug, ug) > B for every 8 < a.

Case 3: a=0+1
degreq(uy,uz) > « iff for £ € {1,2}, n* € wup we can find £(*) < w, and
functions hg, h1, such that: Dom(h;) = u3 Uug, [ € up Uus = n<ahi(n) € 4(*)(,)}
such that ho(n*) # h1(n*), n € ui_r = ho(n) = hi(n) and letting u} = Rang(ho |
u;) URang(hy | u;) we have degre,(ud,ul) > 3.
Lastly define: degrep(ug,u1) = a iff Aldegrer(ug,u1) > 8 < a > 8] (o an
B

ordinal or co).
Also degre(T) = degrer ({0}, {()}):

Claim 4.14. Assume T is in an (w,w)-tree.

1) For every (ugp,u1) € rcpr(T), degrep(ug,u1) s an ordinal or oo or —1; ifff is
an automorphism of (¥~ w,<), then degrep(ug, ur) = degre sy (f(uo), f(u1))-

2) dre(T) = oo iff there is a perfect rectangle in Um(T) iff degrep(ug, ur) > wy for
some (ug,u1) (so those statements are absolute).

8) If dre(T) = o) < wi, then im(T) contains no (Arcq(s)+1(Ro), Arcq(x)4+1(Ro))-
rectangle.

4) If T = (T, : n < w) is a sequence of (w,w)-trees and degre(T},) < a(x), and
A= |J im(T,) then A contains no (Arcqs)4+1(Ro), Arcq x)+1(RNo)-rectangle.

n<w
5) In part 4. we can replace w by any infinite cardinal 6.

Proof. 1), 2), 3) Left to the reader.

4) Follows from part 5).

5) Let A = Arca(41(0), and let T = (T; : i < 0), degre(T;) < a(x) and A =
U Um(T;). Let {nqe : o < A} x{vg: 8 < A} C A where a < 8 = 1, # ng and
i<

Vq # vg, and for simplicity {n, : o <A} N{vg: B < A} =@.
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We define a model M, with universe #((2%0)*) and relation: all those definable
in (A((2%)F), €, <*, R, R, 9,T,i)i<p where RM = {n, : a« < A}, R} = {vz :
B <A}, g(Ma,vg) = min{i < 0: (na,vg) € im(T;)}.

Next we prove

(*) if we € [R}M] for £ = 1,2, then

rkk((wy,wz), M) <min{ degrer, ({na [k:acur}, {vg [ k: B €u}):
uy Cwy, ug Cwe, uy # 9, ug # I,k <w and
(o | k= a0 € uy) is with no repetitions, and
(vg I k: B € ug) is with no repetitions}.

We prove (x) by induction on the left side of the inequality. Now by the definitions
we are done. Ua14

Claim 4.15. 1) For each a(x) < wy, there is an w-sequence T = (T, : n < w) of
(w, w)-trees such that:

(a) for every p < Arca(x)(Ro), some c.c.c. forcing notion adds a (i, jt)-rectangle
to |J Um(T,),

n<w

(8) degre(T,) = ax).

2) If NPrke(4) (A1, A2; No) then for some (w,w)-tree T': some c.c.c. forcing notion
adds a (M1, \2)-rectangle to lim(T) such that a(x) = degrc(T) (consequently, if
Prkq ) (A}, A5 Ro) then there is no (A}, X)-rectangle in lim(T")).

8) Moreover, we can have for the tree T' of (4): if pu < Arca()(No), A, B disjoint
subsets of “2 x “2 of cardinality < u, then some c.c.c. forcing notion P, adds an
automorphism [ of (“7w,<) such that: A C lim*[f(T)], BNUm*[f(T)] = @ (the
lim* means closure under finite changes).

Proof. 1) We define the forcing for part 2. and delay the others to [She].

2) Tt is enough to do it for successor a(x), say S(x) + 1. It is like 1.13; we will
give the basic definition and the new points. Let M be a model as in Definition
4.1, |RM| = N,tkk' (M) < a(x) so tkk' (M) < B(x). We assume that RM R
are disjoint sets of ordinals. For non empty a; C RlM (I < 2; no repetition inside
ar), let oM (ay,az), kM (ay,az) € Rang(a;) U Rang(az) be witnesses to the value of
rkk' (a@y,az, M) which is < a(x).

We define the forcing notion P: a condition p consists of:

A) @? = (ub,u?) and u? = u.[p] is a finite subset of RM for ¢ < 2,
0> %1 € €
(B) n? = n[p] < w and 18 = n4[p] € "Plw for a € uP such that a # B € u? =
ek # 1M
(C) 0 <mP < wand 2, C |J{*w x w : £ < nP} closed under initial segments
and such that the <-maximal elements have the length n? and () € t?,
(D) the domain of fP is {& = (u1,usg) : for some ¢ = l(uy,uz) < nP and m =

m(uy,uz) < mP we have u. C t? Nfw and if a1 € u, g € us, nk, Il € uy,

Mh, | 1 € up then gP(ay,a2) = m} and fP(u) = (f5(n), [{(w), f7(u)) €
a(*) X (u1 Uug) X Ly, o(T7(M)),
(E) a function ¢? : uf x ub — {0,...,mP — 1}, mP < w,

(F) t2. n (") = {(nh,n5) s a € ug, B € uy and m = gP(a, B)}
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(G) ﬁ 1% 7& ue C te méw7 fp(’l,t]_,UQ) = (6*7[)*7@*), (< f(*) < npa for i = 0,1
a function e; . has the domain u., [(V])(p € u. = p<e;(p) € t2 N W),

[p

* ¢ ue and p € u. = ege(p) = 61,5(p)],[p* € Us = 60,6(p*> # 61,5(,0*)]

and fP(eg1(u1)Uer,1(u1),e0,2(uz)Uer 2(u2)) = (8, p',¢") (so well defined),
then g < g%,

(H) if £ < nP, for ¢ = 1,2 we have u. C w? are non empty, the sequence
(P | £: a € ue) is with no repetition, and u. = {n2 | £ : a € u.} and
fP(uf,ub) is well defined, then

a)

b)

(c) where o is kM (uy, us) and
)

(

fg(ullvué) ZQOM(UMUQ)v
T (uy,up) =k T

(d) f¥(u},ub, h) = rkk(uq, ug, M),

(uf,u5) € Dom(fP) then there are [,uz, us as above,

if
(J) if (m,m2) € t2, N ("2 x "2) then for some oy € ul, as € ub we have
gp

(a1,az) =m and 0y Ak, ne ANk, .
Oa.15

Remark 4.16. We can generalize 4.13, 4.14, 4.15 to Souslin relations.
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