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ON THE EXISTENCE OF UNCOUNTABLE HOPFIAN AND
CO-HOPFIAN ABELIAN GROUPS

GIANLUCA PAOLINI AND SAHARON SHELAH

This paper is dedicated to Moshe Jarden, in honor of his many contributions to field arithmetic.

ABSTRACT. We deal with the problem of existence of uncountable co-Hopfian
abelian groups and (absolute) Hopfian abelian groups. Firstly, we prove that
there are no co-Hopfian reduced abelian groups G of size < p with infinite
Torp(G), and that in particular there are no infinite reduced abelian p-groups
of size < p. Secondly, we prove that if 280 < XA < Ao and G is abelian of size
A, then G is not co-Hopfian. Finally, we prove that for every cardinal A there
is a torsion-free abelian group G of size A which is absolutely Hopfian, i.e., G
is Hopfian and G remains Hopfian in every forcing extensions of the universe.

1. INTRODUCTION

A group G is said to be Hopfian (resp. co-Hopfian) if every onto (resp. 1-to-1)
endomorphism of G is 1-to-1 (resp. onto), equivalently G is Hopfian if it has no
proper quotient isomorphic to itself and co-Hopfian if it has no proper subgroup
isomorphic to itself. For example, Z is Hopfian but not co-Hopfian, while the
Priifer p-group Z(p>°) is co-Hopfian but not Hopfian. The notions of Hopfian and
co-Hopfian groups have been studied for a long time, under different names. In the
context of abelian group theory they were first considered by Baer in [I], where
he refers to them as @-groups and S-groups. The modern terminology arose from
the work of the German mathematician H. Hopf, who showed that the defining
property holds of certain two dimensional manifolds. The research on Hopfian
and co-Hopfian abelian groups has recently been revived thanks to its recently
discovered connections with the study of algebraic entropy and its dual (see [0} [12]),
as e.g. groups of zero algebraic entropy are necessarily co-Hopfian (for more on
the connections between these two topics see [13]). In this paper we will focus
exclusively on abelian groups and for us “group” will mean “abelian group”.

We briefly recall the relevant state of the art in this area and then introduce
our motivation and state our theorems. We start by considering the co-Hopfian
property. An easy observation shows that a torsion-free abelian group is co-Hopfian
if and only if it is divisible of finite rank, hence the problem naturally reduces
to the torsion and mixed cases. A major progress in this line of research was
made by Beaumont and Pierce in [2] where the authors proved several general
important results, in particular that if G is co-Hopfian, then Tor(G) is of size at
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most continuum, and further that G' cannot be a p-groups of size Ng. This naturally
left open the problem of existence of co-Hopfian p-groups of uncountable size < 2%0,
which was later solved by Crawley [4] who proved that there exist p-groups of size
2% But the question remained: what about p-groups G of size Ry < |G| < 2%0?
Interestingly enough this question remained open until recently, when it was shown
by Braun and Striingmann [3] that this is independent from ZFC. Finally, at the
best of our knowledge there are no results on the existence of co-Hopfian groups of
size > 2% (and possibly for a “good reason”, see the discussion after Theorem [1.3).
Moving to Hopfian groups, the situation is quite different, most notably (improv-
ing a result of Fuchs [8], who proved this for A < the first beautiful cardinal) the
second author showed in [24] that for every infinite cardinal A there is an endorigid
torsion-free group of cardinality A, i.e., a group G such that for every endomor-
phism f of G there is my € Z such that f(z) = myx (and such that f is onto iff
my € {1,—1}), evidently such groups are Hopfian and so there are Hopfian groups
in every cardinality (recall that finite groups are Hopfian). Hence, the existence of
Hopfian groups seems to be settled, but the construction from [24] uses stationary
sets, so one may wonder about the “effectiveness” of the construction from [24] or
any other known construction of arbitrarily large Hopfian groups. We focus here
on a specific notion of “effectiveness” which was suggested for abelian groups by
Nadel in [T6], i.e., the preservation under any forcing extension of the universe V.
We refer to this as the problem of absolute existence (of a group satisfying a certain
property). These kind of problems were considered by Fuchs, Gobel, Shelah and
others (see e.g. [7, [10, [11]), probably the most important problem in this area is
the problem of existence of absolutely indecomposable groups in every cardinality
which remains open to this day (despite several partial answers are known).

Relying on the picture sketched above in this paper we consider three major
problems on the existence of Hopfian and co-Hopfian groups, namely:

Problem. (1) Despite the known necessary restrictions, can we improve (in ZFC!)
the result from [2] that there are no co-Hopfian p-groups of size g or > 2% ?

(2) Are there co-Hopfian groups in every (resp. arbitrarily large) cardinality?

(8) Are there absolutely Hopfian groups in every cardinality?

We give solutions to the three problems above with the following three theorems.

Notation. We denote by AB the class of abelian groups and by TFAB the class of
torsion-free abelian groups. Also, given a cardinal X, we denote by AB) the class
of G € AB of cardinality X and by TFAB) the class of G € TFAB of cardinality X.

Theorem 1.1. Suppose that G € AB is reduced and Ry < |G| < 2%, If p > |G|
and there is a prime p such that Tor,(G) is infinite, then G is not co-Hopfian. In
particular there are no infinite reduced co-Hopfian p-groups G of size Xy < |G| < p.

Theorem 1.2. If 2% < X < A\ and G € AB,, then G is not co-Hopfian.
Theorem 1.3. For all A € Card there is G € TFAB) which is absolutely Hopfian.

We comment on the theorems above. Theorem [[.3] can be considered conclusive
in some respect (see also Remark [5.6)), while Theorems and leave room for
further investigations. First of all, Theorem gives important new information
also on the countable case, and in fact in our work in preparation on countable
co-Hopfian groups [I7] we crucially base our investigations upon this result. Also
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concerning Theorem [I.I] we might ask: is p the right cardinal invariant of the
continnum? The answer to this question is: yes, but not quite. In a work in
preparation [22] the second author introduces some new p-like cardinal invariants of
the continuum that are tailored exactly to this purpose. Finally, Theorem [I.2|leaves
open the question of existence of arbitrarily large co-Hopfian groups, in another
work in preparation [21I] the second author deals with questions surrounding this
problem. Finally, a last word on the existence of arbitrarily large co-Hopfian groups:
in [23] the second author proves that there are no arbitrarily large absolutely co-
Hopfian groups, in fact he proves that there are no such groups above the first
beautiful cardinal, and so a construction of arbitrarily large co-Hopfian groups has
to necessarily use some “non-effective methods”, such as e.g. Black Boxes [20].

As briefly mentioned above, in a work in preparation [17] we deal with classifica-
tion and anti-classification results for countable co-Hopfian groups, from the point
of view of descriptive set theory, extending on results of our recent paper [18].

The structure of the paper is simple, in Section 2 we introduce the necessary
notations and preliminaries, in Section 3 we prove Theorem in Section 4 we
prove Theorem [[.2] and finally in Section 5 we prove Theorem [I.3]

2. NOTATIONS AND PRELIMINARIES

For readers of various backgrounds, we collect here a number of definitions,
notations and (well-known) facts which will be used in the proofs of our theorems.

Notation 2.1. We denote by P the set of prime numbers.

Notation 2.2. Let G and H be groups.

(1) H < G means that H is a subgroup of G.
(2) Welet GT = G\ {0g}, where 0 = 0 is the neutral element of G.

Definition 2.3. Let H < G € AB, we say that H is pure in G, denoted by H <, G,
when if k € H, n <w and G |=ng =k, then there is h € H such that H |=nh = g.

Observation 2.4. If H <. G € TFAB, k € H and 0 < n < w, then:
GEng=k=geH.
Observation 2.5. Let G € TFAB and let:
Gap) =1{a € Gy : a is divisible by p™, for every 0 < m < w},
then G (1, is a pure subgroup of Gy.
Proof. This is well-known, see e.g. the discussion in [14], pg. 386-387]. [ ]

Notation 2.6. Given G € AB and p € P, we denote by Tor(G) the torsion subgroup
of G and by Tor,(G) the p-torsion subgroup of G.

Notation 2.7. Given G € AB, g € G and p € P, we write p™| g to mean that g is
p"-divisible (in G) for every 0 < n < w.

Definition 2.8. We say that G has bounded exponent or simply that G is bounded
if there is n < w such that nG = {0}.

Notation 2.9. Given G, H € AB, we denote by Hom(G, H), the set of homomor-
phisms between G and H. We denote by End(G) the set Hom(G, G).
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Items [2.10}2.17] below, which will be used in Section [3] are well-known to group
theorists, we state them here (with references) for completeness of exposition.

Fact 2.10 ([I5, pg. 18, Theorem 7]). Let G € AB and H a pure subgroup of G of
bounded exponent. Then H is a direct summand of G.

Fact 2.11 ([I5, pg. 18, Theorem 8]). Let G € AB and T <, Tor(G). If T is the
direct sum of a divisible group and a group of bounded exponent, then T is a direct
summand of G.

Fact 2.12 ([2]). Let G € AB be a countable p-group. Then G is co-Hopfian if and
only if G is finite.

Fact 2.13 (|9, Theorem 17.2]). If A € AB is a p-group of bounded exponent, then
A is a direct sum of (finitely many, up to isomorphism) finite cyclic groups.

Fact 2.14. Let G € AB and p € P.

(1) If G is an unbounded p-group, then G has a pure cyclic subgroup of arbitrarily
large finite size.

(2) Tory(G) <« Tor(G) <« G (for <, cf. Definition .
Proof. (1) follows by and (2) is well-known. ]

Claim 2.15. Let G € AB. Then:

(1) If G = Gy ® Gy and Gy is not co-Hopfian (resp. Hopfian), then G is not
co-Hopfian (resp. Hopfian);

(2) If G € TFAB, then G is co-Hopfian iff G is divisible of finite rank;

(8) If G = G1 ® Gy and Gy # {0} # Go, then G has a non-trivial automorphism.

Proof. Each item is either easy or well-known, see e.g. [2]. ]

Fact 2.16. Let K € AB be a bounded torsion group and let G <, H € AB. If
g € Hom(G, K), then there is h € Hom(H, K) extending g.

Proof. This is because, by Fact K is algebraically compact (cf. [9, Section 38])
and such groups are exactly the pure-injective groups in AB (see [9, Theorem 38.1]).
[

Observation 2.17. Let G € AB. Then G is non-co-Hopfian if and only if:
(%) there are f and z € G such that:

(a) f € End(G);

(b) f(z)#x for every x € G\ {0};

(c) for every x € G, z # x — f(x).

Proof. For the direction right-to-left, notice that letting g = idg — f € End(G) we
have that by (b) g is 1-to-1 and by (c) g is not onto. The other direction is also
easy as if ¢ is a witness for non-co-Hopfianity of G, then idg — g satisfies (x). m

The following notation will be relevant in Section

Notation 2.18. By tap we denote the vocabulary of abelian groups {+,—,0}.
Given A, k € Card we denote by £ . (TaB) the corresponding infinitary Tap-formulas
(see e.g. [0]). Sometimes we simply write ¢ € £, x instead of ¢ € L., A\ (TaB).

We now introduce the cardinal invariant p (which occurs in Theorem |1.1).
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Definition 2.19. The cardinal invariant of the continuum p is the minimum size
of a family F of infinite subsets of w such that:

(i) every non-empty finite subfamily of F has infinite intersection;

(i1) there is no infinite A C w s.t., for every B € F, {x € A:x ¢ B} is finite.

3. Co-HOPFIAN ABELIAN GROUPS OF SIZE Xy < \ < 20

As mentioned in the introduction, in this section we aim at proving Theorem [T.1}
to this extent we first prove Claim which deals with the countable case and then
detail on how to modify the proof in order to get Claim [3.3| which gives Theorem[I.1}

Remark 3.1. By[2.15, the assumption “G is reduced” is without loss of generality.
This applies e.g. to Claim[3.9 below.

Claim 3.2. Let G € AB be countable and reduced. Let also p € P, and suppose
that Tor,(G) is infinite. Then:
(1) G is not co-Hopfian;
(2) If in addition Tor,(G) is not bounded, then we can find K and K such that:
(a) K= (K,:n<w) and K =@, _, Kn < G;
(b) K, <G is a non-trivial finite p-group;
(c) there is f € End(G) such that ran(f) C K and for every n < w we have
that {0} # f(K) € Ko
(d) fis as in[2.17
(8) If in addition to (2) Tor,(G) has height > w, then in (2)(b) we have that for
some increasing k(n), p*(p* " K,,) # {0} and x € K,, = f(z) = p*™ (x).

Proof. If Tor,(G) is a bounded infinite group, then by Fact we have part (1).
So assume that Tor,(G) is infinite and not bounded, we prove Items (2) and (3)
simultaneously, as Item (2) implies (1) by Observation recalling (1)(d), this
suffices. As Tor,(G) is infinite and not bounded, we can choose (L, Hp41,Yn) 8.t.:
(¥1) (a) Ho = G;
(b) H, = Hn+1 @ Ly;
(¢) Ln = Zy, and y, has order p'"™ so L, Hyi1, Hy <, G;

)

)

—~

d) without loss of generality ¢(n) < £(n + 1);
(e) moreover £(n) < £(n + 1).
[Why we can do this? By induction on n < w, using Facts and 2.14]]
(¥2) We can find fy € End(G) such that:
(a) fo maps Hs into itself;
(b) fo maps Lo @ L, into itself;
(c) for some z € Lo® Ly, z ¢ {x — fo(x) :x € Lo® L1 };
(d) = € Lo @ Ly implies « # fo(z).
[Why? First, G = Ha @ L1 @ Lg. Now, let fo | Hy be 0 and fo | Lo @ Ly be defined
by fo(moyo + miy1) = p! D=y, . Then fy is as wanted letting z = Yo-]
(x3) if A C @ is finite and ng < w, then we can find ny > ng and h such that:
(a) his an hom. from G onto Z(p*"2)=4(o)y, ) (cyclic grp. of order p‘(™0));

)

) h(ynz) = pé(ng)—é(no)yn2
d) nz —ng < (p*))1Al;

)
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[Why? By (*1), for each n < w we can find a projection h,, of G onto Zy,,, mapping
Y0y -+ Yn—1 t0 zero and ¥y, to y,. So, for every ng < n < w, h’(n’no) = ptm—to)p, .
is an homorphism from G onto Z(p*™~—¢("0)y ), which has order p‘(™). More-
over, fixed n < w, for every a € A there is m,(a) € {0,...,p’™) — 1} such that
Wmey (@) = Moy (a)p? =0y (recall that Z(pt(™—4(0)y, ) has order p*©)). Thus,
by the pigeon-hole principle there are nq,ns < w such that:

(1) mo < my < ng < ng+ (pfno))l4l;

(-2) if a € A, then my,, (a) = mp,(a).

Now, let h € End(G) be defined as follows:

h(l‘) = hzngfno)(q") - f(/nz,nl)( znl,no)(q"))7
where f(, . (myn,) = mp?(n2) =)y for m € Z. Then h is as wanted in (*3).]

Now we can finish the proof. Let (a; : ¢ < w) list the elements of G. We choose
(fi, Ki, kiym;,n;) by induction on i < w as follows:
(¥4) (a) For i =0, let fo be as in (x2) and Ko = Lo @ Ly;

(b) for i >0, K; = Ly, n(i) > 2 and n; is strictly increasing with i;

(¢) fi € End(G) has range in K; and:

Filyney) = p*Pyi, with i k(i) = €(n(i)) — m(i) < £(n(D)),

so that f;(y,()) has order p™(®), where m(i) is as in (x3.1);

(d) f; maps Hs into itself and Lo @ L; to zero;

(e) fi maps ag,...,a; to 0.
[Why can we carry the induction? For ¢ = 0 use (x3), for i = j 4+ 1 use (*)3.]
Now, let K = P,_,, K; define f as follow: for x € G, we let f(x) = > {fi(x) :i <
w}. This infinite sum is well-defined because by clause (x4)(e), fi(x) = 0, for every
large enough 4. It is easy to see that (f, K) are as wanted for clauses (2)(a)-(c) and
(3), finally we show that clause (2)(d) holds, i.e., that f satlsﬁes the hypotheses
of 2.17] - First, -(a is obvious. Concerning -(b as ran(f) < K, clearly if
x ¢ K we have that f(z) # x. On the other hand if z € K ube the equation
in (x4)(c), when z ¢ Ky and (*2)(d) when x € Kj. Finally, concerning [2.17|c),
let = € G, we want to show that z # z — f(z), where z is as in (x2)(c). Recall
that G = Hy ® L1 ® Lo = Hy ® Ko = Ko ® Hy, so x = x1 + 22, with 27 € Ky
and xo € Hy. Thus, f(z) = (21 — f(z1)) + (x2 — f(x2)). If 22 — f(x2) # 0, then
clearly z # © — f(x), as z € Ky. On the other hand, if x5 — f(z2) = 0, then
f(x) = x1 — f(x1) and by (x2)(c) we are done. This concludes the proof, as (1) is
clear and (3) is also satisfied as we can let m(i) = ¢ in (x4). |

Claim 3.3. In the context of Claim[3.3

(A) We can omit “reduced” if we strengthen “Tor,(G) is infinite” to “Tor,(G) is
of infinite rank and div(G) N Tor,(G) is of finite rank”.

(B) We can omit “countable” if |G| < 2% and MA holds or at least p > |G]|.

(C) We can apply both (A) and (B) simultaneously.

Proof. Concerning (A), let G = G1 ® Ga, with G divisible and G4 reduced. As
Tor,(G) = Tor,(G1)®Tor,(G2) and Tor,(G1) is of finite rank, necessarily Tor,(Gz2)
is of infinite rank, hence it is in particular infinite and so we can apply Claim [3:2]
to G2 and thus conclude by that G is not co-Hopfian recalling that G =
G1 @ Gs.
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Concerning clause (B), it suffices to run the proof of up to (*4). First of
all, recalling that MA A 2% = p > |G|, we can assume that p > |G|. Now, let
(yn 1 n < w), (€(n) 1 n < w), (A, ) n<m<w)and (f(, ) 7 <m<w) be

as in (+1) and the proof of (x3) from the proof of [3.2] Now, for every finite A C G
and n < w, let X4 ,) be the following set:

{(n27n17n0) ing >mny = ng = n and (h/(ng,no) - f(/nz,nl)hznl,no))(A) = {O}}
Now, we have:
(+1) (a) for (A,n) as above X4 ) is infinite; [Why? By the proof of (*3) in }
(b) if n <m <wand AC B C, G, then X(p ) C X(an)-
As the set {(A,n) : A C,, G,n < w} has cardinality |G| and by p > |G| , recalling
that |G| is finite, by the definition of p and (+1) we have:
(42) there is an infinite X, C {(ng,n1,n0) : no < n1 < n2 < w} such that for
every (A,n) as above we have X, C X(4 ) modulo finitely many elements.
Now, by induction on i < w, choose (n(;2),n(i,1),M@i,1)) € X« such that j < i
implies n(;2) < n(;,0). Finally, let fo € End(G) be as in (x4)(a) of the proof of
Claim [3.2| and, for 0 < i < w, let f; € End(G) be as follows:

I _ f/ h/
(”(i,z)ﬂ(i,o)) (n(i‘2)»n(i,1)) (n(i,l)vn(i‘o))

Now, let K = P, _, K, i.e., as in the proof of and let f be such that for x € G
we have f(x) = Y {fi(x) : i < w}. Notice that f is well-defined (and so clearly
f € End(G))), as for every € G we have that {i < w: f;(x) # 0} is finite, given
that X, C X({q},0) modulo finite, by construction. It is now easy to see that (f, K)
are as wanted, arguing as in the proof of this is as in the proof This concludes
the proof of (B), finally clause (C) is by combining the proofs of (A) and (B). m

We are now in the position to prove our first main theorem.

Theorem 1.1. Suppose that G € AB is reduced and Ry < |G| < 2%, Ifp > |G|
and there is a prime p such that Tor,(G) is infinite, then G is not co-Hopfian. In
particular there are no infinite reduced co-Hopfian p-groups G of size Xg < |G| < p.

Proof. Immediate by Claims [3.2] and [

Remark 3.4. In the context of Claim (B) we ask ourselves: is p the right
cardinal invariant? The answer is: yes, but not quite. On this see [22].

The following claim is essentially known, in particular (1), see e.g. [2, pg. 213]
on this, but we mention it as it follows from the proofs of the claims above.
Claim 3.5. Let G € AB be reduced.

(1) If Tor,(G) is of cardinality > 2%, then G is not co-Hopfian;
(2) If |Tory(G)| = A, cof(A) =Ry and o < X = |a|° < A, then |[End(G)| > 2*.

This claim will be relevant in what follows and it is of independent interest.

Claim 3.6. Let G € AB and p € P. If Tor,(G) is bounded and G/Tor,(G) is not
p-divisible, then G is not co-Hopfian.

Proof. Let K = Tor,(G), then, recalling that by assumption K is bounded, by
Fact K is a direct summand of G, say G = H ® K. Now, H € AB and
Tor,(H) = {0}, hence z — px is a 1-to-1 endomorphism of H which is not onto (as
otherwise G/ Tor,(G) would be p-divisible). By Claim 1) we are done. |
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4. NON-EXISTENCE OF CO-HOPFIAN ABELIAN GROUPS

As mentioned in the introduction, in this section we aim at proving Theorem
to this extent we prove two theorems: and from which Theorem [I.1] follows.
Theorem has stronger assumptions and a simpler proof, while Theorem has
weaker assumptions but a more complicated proof, but it is needed for Theorem[I.2]

Theorem 4.1. Suppose that X = 3 _ A, > 280 and, for everyn < w, A\, =
)\20 < Ant1- If G € ABy, then G is not co-Hopfian.

Proof. The proof splits into cases.
Case 1. Tor,(G) = {0} and pG # G.
In this case x — pzx is a 1-to-1 endomorphism of G which is not onto.
Case 2. |Tor(G)| > 2%o.
In this case G is not co-Hopfian, see e.g. [2].
Case 3. (G has an infinite rank divisible subgroup which is torsion-free or a p-group.
This case is easy.
Case 4. For some p € P, Tor,(G) is finite and G/Tor,(G) is not p-divisible.
Also in this case G is not co-Hopfian, cf. Claim
Case 5. For some p € P, Tor,(G) is infinite and bounded.
Also in this case G is not co-Hopfian, cf. Claim
Hence, recalling w.l.o.g. for the rest of the proof we can assume:
(+) G is reduced and G does not fall under Cases 1, 2, 3, 4, 5.
So we have:
(x9) For each p € P we have (a) or (b), where:
(a), Tor,(G) is infinite of cardinality < 2%°;
(b)p Tory,(G) is finite and G/Tor,(G) is p-divisible.
(¥1) (a) Let A ={p € P: Tor,(G) is infinite};
(b) For every p € A there is K, = @{K ) : n < w} <, Tory(G) such that
for every n < w, K n) = Z prem) Z(pn)s With 1< k(p,n) < w and k(p,n)
increasing with n, as p € A and not Case 5 = Tor,(G) is not bounded.
[Why we can get K, = @{K(,n) : n <w} <, Tor,(G)? By Fact [2.14{2) ]
In (#7) below we will prove that A # (). Now we move to:
(*2) Choose (G, : n < w) such that:
( ) Un<w Gn = G’
) for every n < w, G, < Gp41 < G and |G| < A
(¢) Gn <24, 0w, G
) forevery n < w, if (ap: ¢ <w) € G¥, (xp: b <w) e G, (kL <w) €L
and, for every ¢ < w, xy = kexo41 + ag, then for some (yp : £ < w) € GY
we have that, for every ¢ < w, yp = keyot1 + ag;
() Gn <s G;
(f) Tor(G) < Go;
[Why (*2) holds? We can fulfill (a)-(b) because we assume that A = > _ Ay,
and we can fulfill (c) because we assume A, = AN (see e.g. [5, Corollary 3.1.2]).
Items (d) and (e) follow from (c). Finally, we can fulfill (f) easily recalling that
|Tor,,(G)] < 2% and that by assumption Ao = Ay°, which implies that Ao > 2%0.]
(¥3) Choose (Hj, : n < w) such that:
(a) Gn < Hn < Gn+1;
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(b) H, is a pure subgroup of G;

(¢) H,/G, is torsion-free of rank 1.
[Why possible? Let a, € Gny1 \ G and let H,, be the pure closure of G,, + Za,,
then recalling (*2)(a) and (x2)(f) we are done.]
From here till (xg) excluded, fix n < w.
(*4) Let h,, € Hom(H,, Q) be such that h, # 0 and ker(h,,) = G,.

[Why possible? By (x3).]
(*5) There is an homomorphism g,, : ran(h,) — H,, be such that h,0g,, = idyan(n,)-
We prove (x5). Let q(, ) € ran(hy,) be such that:
(‘1) Zq(n,e) € Zq(n,e41) S ran(hy,);
(-2) Urcw Za(n,e) = ran(hy).
Let q(n,0) = K(n,0)q(n,e+1), With 1 < K, o) < w. Let x(,, ¢) be such that h,(z,e) =
q(n,r)- Thus, for each £ < w we have:
(*5.1) P (E(n,0)(n,041) = T(n,0)) = k(n,0)Ane+1) — d(n,e) =0,
which means that ag, ¢ = k(n,0)T(n,e+1) = T(ne) € Gn. By (¥2)(c), there are
Y(n,e) € Gy such that for £ < w we have a, ) = k(n,0)Y(n,e+1) = Y(n,e)- Now, define
gn : tan(h,) — H,, as follows, for ¢ < w and m € Z, we let:

gn (mQ(n,Z)) = m(x(n,é) - y(n,é))a

clearly gy, is well-defined and it is 1-to-1 homomorphism from ran(h,) into H,.
(x¢) (a) H, =G, & L, where L, =ran(g,);

(b) L, is torsion-free of rank 1.
[Why? As gy, is 1-to-1 and G, N L,, = {0}.]
(x7) (a) L, is not divisible;

(b) there is a prime p,, such that p, L, # Ly;

(c) we can choose y,, € L, not divisible by p,, (in L, and even in G);

(d) pn €A
[Why? Ttem (a) is because of (+) (see the beginning of the proof), which implies in
particular that G is not reduced, recalling that {0} # L, < G. Item (b) is by (a).
Item (c) is because by (b) we can choose y,, € Ly, as required (as L,, <. H, <. G, by
(x6)(a) and (*3)(b), respectively). Lastly, (d) is because by (b) we have G/Tor,, (G)
is not p,-divisible, recalling the definition of A. This proves (x7).]
(¥g) For n < w, recalling (x1), let:

(a) if n =0, then K,, = K(pn,O) S¥) K(pn,l);

(b) if n > 0, then K,, = K(pn,n-i-l);

(¢c) K ={K, :n <w}.
(*8.1) Kn g* Torpn (G) g* G.
[Why? The first is by (+1)(b) and the second is by Fact [2.14]]
(%9) Let n < w, then:

(a) (i) for n =0, we let:

(1) hY € End(Kj) be such that:

+ pk(POJ)*k(PoyO)Z(pO’l

ho(Z(p0,0) = Z(po.0) )

ho(2(w0.1)) = Z(po.1);
(-2) z = Z(py,0), 80 « € Ko = & — h{(x) # 2, as in the proof of
(-3) let fQ € Hom(Go, Ko) extend hJ;
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(ii) for n > 0, we let f € Hom(G,,) be zero;

(b) there is onto f} € Hom(Ly, K;,) mapping y, to z(p, n);

(c) there is f2 € Hom(H,, K,,) extending f;} and fC;

(d) there is f2 = f,, € Hom(G, K,,) extending f2.
[Why? (a)(-1)-(-2) is clear and (a)(-3) is by recalling (xg.1). Concerning (b),
for every ¢ < w, there are y(, ¢y € L such that (Zy,) : £ < w) is increasing with
union L and y(,,0) = Yn, S0 let Y 0y = M(n0)Y(n,e41) With 1 < m, ) < w and
(M(n,e),Pn) = 1, by the choice of y,,. Now, let b, ) € K, such that:

b(n,O) = Z(p,,n) andl=k+1= b(n,k) = m(n,k)b(n,ﬁ)v

where for £ = k 41 we use that K, is divisible by m, ¢) as (mn,e),pn) = 1. This
proves (b). Clause (c) is because H,, = G,,® L,,. Finally, clause (d) is by Fact [2.16}]
Now we can continue as in the proof of Claim [3.2] specifically, we define f as follows:

f@) = {fale) in <w).

This infinite sum is well-defined because by (x9)(c), n > 0, z € G,, implies f,(z) =
f?(x) = 0 and by (x2), € G implies for almost all n < w, x € G,,. Now we claim
that f as in as[2.17] Preliminarily, notice that for every n < w we have that:

(¥10) f maps G into K and K < Gj.

Now, returning to showing that f as in as Item a) is obvious, concerning
2.17(b), as ran(f) < K, clearly if 2 ¢ K, we have that f(z) # x. On the other
hand, if € K \ Ko, then, recalling f [ @,,., Ky is zero, as f(z) € Ko, f(x) # .
Finally if € Ko, then we use the choice in (#9). Finally, concerning 2.17|c), set
Z = Yo+ Z2(py,0), We want to show that for every x € G, z # x— f(x). We distinguish
cases:

Case 1. z € K.

In this case we use the choice of h) from (xg).

Case 2. ¢ € K \ K.

In this case f(z) € Ko < K soxz— f(z) € K\ Ky but z € Ky, so z — f(z) # z.
Case 3. x € G\ K.

By (*10), f(z) € K, hence x — f(z) € G\ K, but z € K, so z — f(z) # 2. |

To follow there is a strengthening or [4.1| with a more complicated proof.

Theorem 4.2. Let \X0 > )\ > 280 then:

(1) no G € ABy is co-Hopfian;

(2) if G € AB, is reduced, |G/Tor(G)[Y = AX0 and there is A C P such that:
(a) ifpe A, then IK, =B, ., Kp.n) <« G, Kipny # {0} a finite p-group;
(b) if pe P\ A, then G/Tor,(G) is p-divisible;

then we have that \¥ < |{h € End(G, K}|, where K = D,cn Kp-

Proof. We first prove (2).
(x0) W.lo.g. K is as in the proof of ie., Koy = Zywpo) © Zyep,1), with
Yp,e) of order K, oy with 1 < kg, 0) < Kp1)-
(*¥1) Let g =min{p < A: p™0 > A}, then:
(a) p> 2%
() 0 < pu= 6% < pu;
(c) po = A%,
(d) cf(n) = No;
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(€) Wlhog pt=13", 0 A, 280 < Ay = AN < Apy1;

(f) |G/ Tor(G)| = p.
Why (a)? As A > 2% Why (b)? If 0 < pu < 6%, then X\ < po < (6%0)No = gRoNo —
6% a contradiction. Why (c)? As AN < (uNO)NO = ,uonO = pNo < AN, Why (d)?
If not then p™ = [{n:n € p*} = [Uye dn i€ e} <X,y laff Spxp=
p <A< AY. Why (e)? Because of (a)-(d). Why (f)? As |G/Tor(G)[Yo = A\No.

(*1.5) Let (2% 4+ Tor(G) : o < A = |G/Tor(G)|) be a basis of G/Tor(G);
(x2) Let Sp = [[,c, Ae-

(x3) We can find (G, Hy, Tpn, P : 0 < w) such that:
(a) Tor(G) < Go and Gy, gy, G (50 G < G);
(b) G <o Gup;
(€) |Gnl = An;
d) G, <. H, =G, ® 697765" L(n,n) <« Gpy1, where L(n’n) = <l‘(n’n)>*;
(e) pn € A and () is not divisible by p,.

We prove (x3). Let Go <gy, , G be of cardinality Ao (cf. [5] Corollary 3.1.2]).
Suppose that G,, was chosen, we shall choose (G ), T(n,a) : @ < A7) as follows:

(1) Gnya) Seng ., G
(‘2) T(n,a) € G \ G(n,a) and such that T(n,a) T G(n,a) ¢ TOI‘(G/G(.,LO!));
(3) Gn UULG (), T(n.p) : B < 0} € G-

As in since Tor(G) < Go, w.lo.g. Gna) @ (T(n,a))e <« G and let Ly, o) =
(T(n,0)) ¢+ Let P,y € A be such that L, q) is not p(, o)-divisible (recalling G
is reduced). W.Lo.g. pn,a) = Pn, as A has uncountable cofinality. Lastly, let
Hy, = @ocrt Lin,a) ® Gn,a). We can prove by induction on a < A} that G, &
@nesn Ly <« G, soindeed H, <. Gny1. As A, = [S,| renaming we are done.
Choose now Gy41 <gy, x, G such that |Gri1]l = g1 and Uyert Gnya) < G-

(*4) For n < w, let AP, be the set of (H, f) such that:
(a) Hn < H <. G
(b) f=A{fom 1€ Su}s
f(n n) € HOIII(H K(pn n))
f(nn)(x(nu ) =0 1ff777'57/
f(n n) ( ) is 0;
f) if z € H, then [{n € Sy : fn.n(2) # 0} < 2% and even < N;
(g) if n = 0, so necessarily 1 = (), then f(o ) is as (x9)(a) of the proof of

(x45) Let (H, f) < AP, (H', f') be the natural order between objects as in (x4),
that is H < H' and n € S, implies f(, ,,) C f(’n "

(x5) For n <w, AP,, # 0.

We prove (x5). Let H = H,, and let f, ) € Hom(H) be such that:

(i) fen,n) is zero on Gu;

(ii) f(n,y) is zero on L, ,, for v € S, \ {n};
(iii) ran(f(n,n)) < K(pn,m);
(iV) f(n,n) (x(n,n)) 7£ 0.

Why we can do this? Cf. (xg) of the proof of [4.1]

See https://shelah.logic.at/papers/1214/ for possible updates.
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(*¢) If (Hi, f1) € APy, then we can find Hy <. Ha <. G such that Hy/H, € TFAB
is of rank 1 and there is (Ha, f2) € AP,, such that:

(H17f1) <AP,, (Hg,fg) and H; \7( Ho.
We prove (xg). Now, for every ¢ < w, we can find ky < w and yy, € Hs such that:

(%) ag := keypr1 — ye € Hy and Hy = U (Zye ® Hy).
I<w

Now, for every { < w and n € S, we can find f(, ¢ € Hom(Zzy © Hy, K, n))
extending f(lnm) such that fo, ¢ (ye) = 0. As K, ) is finite, for some infinite
U,y © w we have that, for £ < ly € Upn ), finme)(Ye,) is constant (why?
by the Ramsey Theorem applied on the coloring fi, ;.¢,)(¥e,) € Ky, my). Now,
(foume : £ € Up,yy) converges, i.e., if (k; :_i < w) lists Uy ), then f(/n,n,k?i) =
Toumkisn) | (Zyr, © H;) is increasing. Let fo = (ffn,n) :n € Sp), where we let
f(an = U{flnme : € € Unnpt So (Ho, fo) is well-defined and easily it is as
required, where the main point is checking (x4)(f) which is easy as we have:
(x6.5) if n € S, and A, f(ln,n)(ag) =0, then:

(a) if £ <m, then fr, » my(ye) = 0;

(B) [y (ym) =0, for m < w;

(c) asin (b) for ky, + b (k € Z and b € H>).
Why? Clauses (b) and (c) are easy and clause (a) can be proved by downward
induction on ¢, where for ¢ = 1, the conclusion is true by choice and for ¢ — 1 we
use (x). Hence, we are done proving (xg).
(¥7) For each n < w we can choose f,, such that (G, f,) € AP,,.
Why? By (*5) and (%) (and their proof). We elaborate. By induction on a < A
we choose pairs (H?, fI) such that:
(¥75) (a) (HZ, [Y) € APn; .

(b) if B < «, then (HE, f3) <ap (Hp, fa);

(c) if =B+ 1, then zj; € HJ.
Why we can carry the induction? For av = 0, use (x5). For a = 3 + 1, if x5 € H,
let (Hg,fg) = (H~, f), while if zj ¢ HE, use (xg). For av limit, let:

H = | ) Hy and £, = | £l for n € Sy.
B<a B<a

Having carried the induction, by the definition of AP,, and the choice of (z} : a <
A«) necessarily HY = G and so we are done proving (x7).
(xs) If z € G, then A, = {v € [[,., A : I°n(f(n,p1n(2) # 0)} has size < 280,
Why? For each n < w, {1 € [[,c, Ae & fnm)(2) # 0} < No.
Let A = |J{A; : z € G}, so clearly A C [],., A¢ and |[A] < 2% + |G| < AY =
[Trcw Ae (cf. (x1)(c) = (e)). So for each v € [, ., A¢ \ A we have:
(x9) fu:G — K defined by f,(2) = > {fuon(z) : n < w} is well-defined.
Why? As for each z € G all but finitely many terms in the sum are zero. Hence:
(x10) if n # v €[], A\ A, then:

(a) f, € Hom(G, K);

(b) then f, # fy.
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As necessarily [],.,, A¢ \ A has cardinality [T, A¢ \ A = A¥ we are done proving
Part (2) of the theorem. Concerning Part (1), note that for each v € [[,_, Ae \ A
we have that (f,1¢ : £ < w) is as in the proof of where the only missing part
is to justify that f, as in (xg) is well-defined, which we do there. Hence, for each
v € [l Ae \ A we have that f, is as in and so G is not co-Hopfian. ]

Remark 4.3. Similarly to we can prove (A) implies (B), where:

(A) G € TFAB, is reduced, \X >\ > 2% ()£ A CP, pc A= G is p-divisible,
and K = ¢ Kp, with K, as in (2),

(B) [Hom(G, K)| > \M.

Theorem 1.2. If 2% < X < A\Y_ and G € AB,, then G is not co-Hopfian.

Proof. Immediate by Theorem [

5. ABSOLUTELY HOPFIAN ABELIAN GROUPS
In reading Convention and subsequent items recall Notation [2.18

Convention 5.1. By a positive conjunctive existential ¢(Z,) € Loox,(TaB) we
mean a formula of £ x,(TaB) which does not uses =, V and V.

Fact 5.2. Let p(Z,,) € £ x,(TaB) be positive conjunctive existential and G € AB.
(A) o(G)={a e G": G E yla]} is a subgroup of G;
(B) if f € End(G) and G |= ¢la], then G = ¢[f(a)].
Proof. Clause (A) is by e.g. [25] Claim 2.3]. Clause (B) is easy. |

Fact 5.3. (1) If A is beautiful > |R| and M is an R-module of cardinality > A,
then M is not absolutely co-Hopfian.

(2) If X is < the first beautiful cardinal, then there is G € TFAB of cardinality A
which is absolutely endo-rigid (and thus Hopfian).

Proof. (1) is by the proof of [7, Theorem 4]. (2) is by [11]. |
The use of the forcing Levy(Rg, |G|) in the proof of Theorem is justified by:

Fact 5.4. For given G € TFAB,, the following are equivalent:
(a) Levy(Rg, \) forces “G is not Hopfian”;

(b) some forcing P forces “G is not Hopfian”;

(c) every forcing P collapsing \ to Xg forces “G is not Hopfian”.

Convention 5.5. In the proof below by “absolutely if f € End(G), then...” we
mean that the forcing Levy(Ro, |G|) forces the statement “if f € End(G), then ...”.

Theorem 1.3. For all A € Card there is G € TFAB) which is absolutely Hopfian.

Proof. Let A be an infinite cardinal. We want to construct G € TFAB, which is

absolutely Hopfian. To this extent, let:

(a) for n < w, decr,(A) = {n: n is a decreasing n-sequence of ordinals < A};

(b) decrza(A) = U2<n<w decr,, (\);

(c) decr(A) = U, -, decr,(A).

(*1) let p1,p2, pany (0 = 1), pan) (n = 1), qan (0 = 1), qon (n = 1) be
pairwise distinct primes (notice that we can replace Z by a ring R with such
primes, certainly if R is an integral domain);
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(*2) Let (o : a < A) list decr2(\) with no repetitions.
(*3) Now, we define:
(1) Ho ={Qup0) : a < A\ L€ {1,2}};
(-2) Hy = {Zl‘(gya) ra< N\ e {1,2}}
(¥4) For n € decr(X) \ {()} and £ € {1,2} let 2, ) be:
(-1) T(e,(a)) = Z(L,0)> for a < A;
(r2) T = T(3-4,8), when 3 < X and 7 = ng (recall (*2)).
(%5) Let G = Hy < Hs be generated by X; U Xo U X35 U X4 U X5 U Xg, where:

X1 ={p1"r0,0) a <A m<w};
Xo ={p;"x(2,0) 1 @ < \,m < W}

X5 = {p(_lt?l)(x(lm) —Zau)) i n = 1,n € decry(A), v € decrp1(N),n<v,m < wl;

2
>

1,n € decr,,(A), v € decrp11(N),n v, m < w};

Xa=A{pahm (@en —T@w) n

X5 = {q(_l?;)x(lm :np € decrsp,(N),m <w,2<n<wh;

(
(
)
X = {q(_zt';)x(g’n) :n edecrzp,(A),m <w,2<n<w}h.
(x¢) For £ € {1,2} and a < A, let:
(a) G? = <X@>G, Gy = <Xg>2;, where X, = {:v(g’ﬁ) B < )\};
(b) G?€7a) = G?Z,a,l) = <{x(4’5) ca < B < Ab)e and G(g,a) = G(é,a,l) =
{z@p ra<B<ANG = {z@p) 1 18(ns) =1 and a < min(ran(ng)) }) &
(c) for n =2, Gan = {2iE-rp) :18(ns) =n and a < min(ran(ns))}) -
Notice that:
(¥7) (a) G = (G1® Ga)¢;
(b) G,am) <x G;
or ¥ € {1,2} and n > 1, the sequence tan) 0 < is C-decreasing,
for ¢ d h Gam) : A) i d i
continuous and with intersection {0}.
(xg) For £ € {1,2} let (x) = A\, P} | =
(x9) For £ € {1,2} we have:

(a) 1/14( ) is a formula in £x, x,(TaB);

(b) e(x) is positive conjunctive existential;

(c) ¥e(G) = Gy;

(d) if f € End(Gy), then f maps Gy into Gy.

[Why? Clauses (a), (b) are clear, clause (d) follows by clause (c) and Fact [5.2(B),
and clause (c) is clear by Fact[5.2{ A) and the definitions, recalling that if L € TFAB,
and p is a prime, then the p™-divisible elements of L form a pure subgroup of L.]

(*10) For 1 <n <w and ¢ € {1,2}, by induction on a < A we define 4 o n) () as:
(a) ¥f a=0and n =1, then @y o n)(r) = Ye(v);
(b) f a=0andn > 1, then oa,n) (@) = s—e(@) A N,>1 (G )Y = 2);
¢) if @ > 0, then @y o) () is the formula:
(p( ? ? )

I\ 30(s,m410) W) ADE ) (@ = 1) A5 () A G niay | 9);
B<a
(d) (00,0 (@) =@om(x) and a>0=¢f, , (x) = V51 P@a,n) (Mm).
(*10.5) #{p,0,n)(G) is the pure closure of ¢ (g,q,,)(G) (we shall use this freely).

(*¥11) (@) ©(,an)(T) € Lxx,(TaB) is positive conjunctive existential;
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(b) @?@70,1)(G) = G(&O,l) = G(Z,O) — Ge’
(C) cp?[,a,l)(G) = G(f,a,l) = G(Z,a);
(d) 90?@,0(,70 (G) = G(é,a,n)~

We prove (x11) by induction on o < A.

Case 1. a = 0. Easy.

Case 2. « limit. Easy.

Case 3. a=p+1.

Case (a) of (11). Just read the definition of ¢ 4 1)

Case (b) of (#11). Just read the definition of ¢(¢,q,1) and ¢, , ;-

Case (c), (d) of (x11). The proofs of (c¢) and (d) are similar, so we write only the
proof of (¢). Note that proving (¢) we use clauses (¢) and (d) for all 8 < «.
Thus, we want to prove:

(i) if v € [a, A), then z(p 1) € Pr,0,1)(G);
(ii) if z € Ho (cf. (¥3)) and & € p(4,q,1)(G), then x € Gy 4,1y

We prove (i). We have to show that letting x = x(, ) for every 51 < 3 we have:

(x1) G 1= 3y(ee.p,2) (W) APE | (@ —y) Apes, 1) (@) Agl o Y)-

Hence, we have to find a witness for (x1), to this extent we let y = z(y,(y,5,))
(cf. (%4)(-2)) and show that this choice of y is as wanted. Now, the first conjunct
©(0,8,,2)(y) holds by the inductive hypothesis noticing that y = z(y,(a,8,)) € G,5,,2)
(and recalling that we are doing an induction on « for all 1 < n < w for clauses (c)
and (d) simultaneously). The second conjunct p(7 )| (z — y) holds by the choice of
G (cf. X3 and Xy of (*5)). The third conjunct ¢ g, 1)(x) holds by the inductive
hypothesis (as © = x(y) € G¢). Finally, the fourth conjunct a2 |y holds by the
choice of G (cf. X5 and Xg) of (*5). This concludes the proof of (i).

We now prove (ii). So let x € Hy and = € @.q,1)(G), we want to show that
r € Gga,1)- Clearly x € 9 4,1)(G) implies that = € Gy, in fact as x € @ q,1)(G)
in particular G |= ¢(g,5,1)(2) (as this is the third conjunct of ¢ 4.1y, see (x1) above
with 51 = ), so by the inductive hypothesis we have that x € G, and in fact
as z € Hp we have that € GY (cf. (x6)(b)). Now, toward contradiction assume
v ¢ Guany,sor#0. Asx € GY = ({zw,y) 7 <A@ and & # 0 there are k < w
and ag < --- < ag < A such that we have the following equation:

(*2) = NiTa,,

i<k

with n; € Z \ {0}. Now, if oy > a we get the desired conclusion, so we assume
that ap < . Now, if ag < 3, clearly = ¢ G 5,1y, as {x () : v € [B,A)} is a basis
of G(y,,1), but this contradicts the inductive hypothesis. Hence, w.l.o.g. we can
assume that ag = 8. Now, as x € ¢(.4,1)(G) and 8 < « there is yo € G such that:

(x3) G E ¢e.8.2)%0) A%l (@ = y0) Ape.sn) (@) A a2y | vo-
Also, for some m < w we have that y = myy € Hy and easily we have:

(%4) G E .2 (y) APE | (mx —y) Aowsny(ma) AqEay |y
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Now, by the fact that G Q5o |y and y € Hy there are pairwise distinct
£,2)
Mo, ..., Mi—1 € decra(A) and m; € Q such that we have the following:

(x5) Y= miten,)-

j<i
By (x41), G E pE’?l)Kmx —y). Now, {z € G: p?Zl)|z} is a pure subgroup of G' and
its intersection with Hy is generated by (recalling that x(s (e)) = (¢, cf. (*4)(-1)):

(x6) (T, ) — T ey €< C <AL
Why (%6)? By X3 and X4 in (%5). So for some €; < (; < A, with j < j., we have:

(*7) mae—y =Y nj(Tc) ~ T

J<J«

for n; € Z\ {0}. Also, by (x2) and (%5) we have that:

(*s) mr—y = mme(&ai) — Z MGT(0,,)-

i<k j<i
Recall also (crucially) that we are under the following assumption:

(*9) ag = f.

W.lo.g. (¢ :J < j«) is non decreasing and j1 < jo A (1 = (2 implies €;, < €;,. We
now compare the supports in (x7) and (xg). There are three cases:
Case A. {y < .
In this case x(y,¢,) appears in (x7) but not in (xg) (recall ap = 3), a contradiction.
Case B. (o > .
In this case x(; ) appears in (xg) but not in (x7) (recall ag = ), a contradiction.
Case C. ¢y = 8 = ag.
In this case we compare for v € decra(A) when z(,,y is in the support of (x7) and
when it is in the support of (xg). We restrict ourselves to the case v = ({p,€p) =
(B, €0). As T(¢y,eo) aPPears in (x7) it has to appear also in (xg), so for some j < i
we have that n; = (f,€0), S0 x(s,,) appears in the support of y, but, by (x4),
G ¢u.p,2) (y) and so we get a contradiction to clause (d) for 3, as g < 8 = (o
(recalling that v € decra(\)). This concludes the proof of (x11).
From here on we may work in VLe"-‘V(RO’/\)7 toward proving that G is absolutely
Hopfian, alternatively all the claims below about f € End(G) can be considered as
absolute statements in the sense of Convention 5.5
(x12) if f € End(G), £ € {1,2} and a < A, then:

() f maps G(g,q) into Gg,q);

(ﬂ) f maps G(Z,a,n) into G(Z,a,n);

[Why? By Fact (B), (*11) and: ¢, , 1 (G) is the pure closure of (¢ o.n)(G).]

(*12.5) if f € End(G), then there is a unique f € End(Hy) extending f.

Why? This is because Hs is the divisible hull of G (so H2/G is torsion) and by
the following fact: if Ly < L € TFAB, Lo/L; is torsion, Ly is divisible and
f € End(L1), then f has exactly one extension to a map in End(Ls).

(#13) if f € End(G) is onto, then f maps G, onto Gy.
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[Why? Let £ € {1,2} and « € Gy, so for some y € G we have f(y) = z. As
y € G, for some ¢1,q2 € Q and y1 € Gy, y2 € G2 we have that y = q1y1 + 212
(recall that G = (G1 + Ga)§ < Hs so that gey, make sense). Thus, f(y) = f(y) =

flayi+ @) = af)+aefe) = af() +af(y2) = af(y) +af(y), but, as
x = f(y) € Gy and Gy N G3_y = {0}, necessarily g3_, = 0 so that y = qeys € Gy.]

(*14) if f € End(G) is onto and o < A, then f maps G(y,0) \ G(¢,a41) into itself.

[Why? We prove this by induction on a@ < A. By the inductive hypothesis and
(x7)(c) f maps Gy \ G(g,q) into itself, so by (*13) we have that:

(*14.5) f maps G(g,q) onto Gy q)-

By (*14.5), T(t,0) € 1an(f [ G(g,a)), let then z € Gy ) be such that f(2) = z(yq)-
Now, Z(r,a) & G(r,a+1) Dy (*6)(b) and (x3), so f(2) = 2(a) &€ Grat1). As z €
G0y and Gy = (Gr,a+1) U{Z(1,a)}) &, necessarily for some rational ¢ # 0 and
b € G(g,a+1) We have that 2 = qx(so) + b. This implies the following:

YE€Guay\Guarty = gy € QY€ g0+ Grat)
= fy) € aqyr@,0) + Ge,a+1)
= f(¥) €Gua)\Graty)

So f maps G(&a) \G(g)aﬁ_l) into G(g)a) \G(g,a_,_l), as wanted in (#14).

(¥15) if f € End(G) is onto and o < A, then f maps G(y,a) \ G(¢,a+1) Onto itself.
Why? As f maps Gg,) onto Gga) (by (*14.5)) and G a41) into Gg.a) (by (*15))-
(*16) If f € End(GQ) is onto, then f is 1-to-1.

[Why? By (x13) and G = (G1 @ Ga)§, it suffices to show that, fixed ¢ € {1,2},
0 # 2 € G, implies that f(z) # 0. Let @ < A be minimal such that € G q) \
G (¢,a+1), which is justified as (), ., Gr,a = {0} and (G(gq) : @ < A) is C-decreasing
continuous, then by (*14) we are done, as f(z) € G(1,a) \G(1,a+1), and so f(x) # 0.]

As, from (*12) on we have been assuming to work in V(o) we conclude that
G is indeed not only Hopfian but absolutely Hopfian, and so we are done. [

Remark 5.6. Using ideas on the line of [10] (cf. the use of four primes), the proof
of Theorem can be simplified using only a small (finite) number of primes, and
thus in particular it works for R-modules with R having at least that amount of
primes, but we choose not to follow this route in order to simplify the proof.
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