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USUBA’S PRINCIPLE UB, CAN FAIL AT SINGULAR
CARDINALS

MOHAMMAD GOLSHANI AND SAHARON SHELAH

ABSTRACT. We answer a question of Usuba by showing that the combinatorial
principle UB), can fail at a singular cardinal. Furthermore, A can be taken to

be N,.

§ 1. INTRODUCTION

In [5], Usuba introduced a new combinatorial principle, denoted UB E|He showed
that UB) holds for all regular uncountable cardinals and that for singular cardinals,
some very weak assumptions like weak square or even ADSy imply it. It is known
that ADS) can fail for singular cardinals, for example if k is supercompact and
A > k is such that cf(A) < k. Motivated by this results, Usuba asked the following

question:

Question 1.1. ([5, Question 2.11]) Is it consistent that UB) fails for some singular

cardinal \?

In this paper we give a positive answer to the above question by showing that
Chang’s transfer principle (N1, N,) = (N1,Ng) implies the failure of UBy,, if X,

is strong limit, see Theoem [3.1] where a stronger result is proved.
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1See Section [2 for the statement of the principle.
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The paper is organized as follows. In Section [2 we present some preliminaries

and results and then in Section [3] we prove our main result.

§ 2. SOME PRELIMINARIES

In this section we present some definitions and results that are needed for the

later section of this paper. Let us start by introducing Usuba’s principle.

Definition 2.1. Let A be an uncountable cardinal. The principle UB) is the
statement: there exists a function f : [AT]<“ — AT such that if z,y C A" are

closed under f, xNA=yNXand sup(zNA) =\, thenz CyoryCa.

It turned out this principle has many equivalent formulations. To state a few of
it, let S = {z C X : sup(z) = A}, # > X be large enough regular and let < be a

well-ordering of H(6). Then we have the following.

Lemma 2.2. ([5]) The following are equivalent:
(1) UB,,
(2) If M|N < (H(0),€,<,\,S,--+) are such that M N A= NNAXES, then
either MNAT CNNAT or NN AT C MNAT,
(8) If M,N < (H(0),€,<,\,S,---) are such that MN A= NNXeS, and
sup(M NAT) < sup(NNAT), then M N AT is an initial segment of NNAT.

The principle UB) has many nice implications. Here we only consider its relation

with the Chang’s transfer principles which is also related to our work.

Definition 2.3. Suppose A > pu are infinite cardinal. The Chang’s transfer princi-
ple (AT, A) — (u™, ) is the statement: if £ is a countable first order language which
contains a unary predicate U, then for any £ -structure M = (M, UM, -.) with
|M| = A\t and |[UM| = ), there exists an elementary submodel N' = (N,UV,-..)
of M with |[N| = put and |[UV| = p.

Given an infinite cardinal v, The transfer principle (A", \) <, (1T, p) is defined

similarly, where we allow the language £ to have size at most v.

The next lemma shows the relation between UBy, and Chang’s transfer princi-

ples.
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Lemma 2.4. ([5, Corollary 4.2]) Suppose UBy, holds. Then the Chang transfer

principles (Ry41,Ry) = Npp1, Ry) fail for all 1 <n < w.
Remark 2.5. By M), Ry41,R0) = (Np41,Ny,) fails for all n > 3.

Since the consistency of the transfer principle (R, 41,R0) = (Np41,N,,) is open
for n = 1,2, one can not use the above result to get the consistent failure of UBy,,.
In the next section we show that if X, is strong limit, then UBy_ implies the failure
of (Nyt1,Nw) = (Vy,Rg) as well, and hence by the results of [3] (see also [1] and
[2], where the consistency of GCH + (R, 11, R,) = (X, Rg) is proved using weaker

large cardinal assumptions) UBy, can fail. We also need the following notion.

Definition 2.6. An uncountable cardinal x is said to be Jonsson, if for every

function f : [k]<¥ — k there exists a set H C k of order type x such that for each

n, fU[H]" # &

Notation 2.7. Given a model M and a subset A of M, by cl(A, M) we mean the

least substructure of M which includes A as a subset.

Lemma 2.8. Assume \ is a singular strong limit cardinal of cofinality k. Then
there is a model My with vocabulary Ly such that:
(a) |Lo| = K and [Mo| = A7,
(b) if M is an L-structure which expands My, |L| = x and M has Skolem
functions, then for a1, as < A\*, the following statements are equivalent:
(t)an,a for some submodels N1, Ny of M we have:
(o) Ny N A= NyNA is unbounded in X,
(8) a1 € N1\ Ny and as € Ny \ Nj.
BDar,ae FVe=cd{ae}, M)NA, £=1,2, and V =V, U Vs, then

a1 ¢ cd({a} UV, M) & ag ¢ cl({an} UV, M).

Proof. Let (\; : i < k) be an increasing sequence cofinal in A such that for all

i < k,2N < A\iyq. For each 0 < n < w, let

(Fpo:a €[N, 2M))
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enumerate all functions from \; into A;. Let M, be defined as follows:

the universe of My is AT,

<Mo={(a,8) :a < B <A},

Mo
=

iy

o PMo =1q:a < \},

FMo is an (n + 1)-ary function such that:

—ifi <k, € [\;,2%) and By, -+, Bn_1 < \i, then

Fr]LMO(B()a"' a/Bn—laa) = Fn,a(ﬂOv'" 75”—1)7

— in all other cases, FMo(Bo, -+, Bn_1,Bn) = Bn.

We show that the model Mj is as required. Clause (a) clearly holds. To show that
clause (b) is satisfied, let M be an L-structure which expands My, |£| = x and
suppose M has Skolem functions. Let also oy, s < AT.

First suppose that (f)a, a, holds, and suppose that the models Ny, Ny witness
it. Let also V; = cl({aw}, M) N A, £ =1,2. Clearly each V; is an unbounded subset
of \. Let V =cl(V1 UVa, M) N A and set N; = cl({ae} UV, M).

Claim 2.9. N;j C Ny, for{=1,2.
Proof. Fix £. Sine ay € Ny,

Ve =cl({ae}, M)NAC NeN A
On the other hand, Ny N A = Ny N A, hence

Vag=cl({az—¢}, M)NAC N3_yNA= NN\

It follows that V3 UV, € Ny N A, and hence

V=cdWVuUVa, M)NXC Ny.
Thus, as {ae} UV C Ny, we have

Ny =c({ae} UV, M) C Ny.

The result follows. O
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Claim 2.10. oy € N{\ NJ and az € N\ Ny.

Proof. Fix £ € {1,2}. Clearly oy € N;. On the other hand, by our assumption,
ap ¢ N3_g, and by Claim Nj_, C N3_;. Thus ay ¢ Ni_,. O

Thus (§)ay,a, is satisfied.
Conversely suppose that (1)a, a, holds, and for £ = 1,2, set Ny = cl({a,}UV, M).

By our assumption, clause (8) of (1)a;,a, holds.
Claim 2.11. For{ e {1,2}, NonA=V.

Proof. Fix £ € {1,2}. Clearly N, N A D V. Now suppose towards a contradiction
that NN A # V, and let v € NyN A\ V. As M has Skolem functions, there are

n,Bo, -, Bn—1 € V and (n + 1)-ary function symbol F' in £ such that

v=FM(Bo, - Burs ).

As By, ,Bp_1 € VC Xand v < A, there is i < k such that By, -, Bn_1,7 < A

Define an n-ary function G : \; = A; as follows:

FM(&(M T 7571*170%) if F]Vf(&]’ T 75717170%) < >\’L7

0 otherwise.

G(f(), e 7£n—1) =

Note that G € {F,, ¢ : ¢ € [\;,2")}. Let

C* - mln{( : (V£07 e 757171 < ci)G(f(h e 767’1,71) = Fryo(é-O, e 7€n717<)}'

¢y is well-defined and is definable in M (even in M) from «y, so clearly (. €

cl({ae}, M).
As ¢ ecd({ae}, M)NA =V, CV and By, - ,Bn-1 €V, so

v=FM By, Bn1,00) = FM (B, Bu_1) € V.

This contradicts our initial assumption that v € N;NA\ V. The claim follows. O
Claim 2.12. NyNA=NaNA.

Proof. By Claim we have NyNA =V = NyNA\, which concludes the result. 0O
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By Claim N1 N A= NoN A, which implies clause (a) of (1)a;,a,. Thus Ny

and N are as required in clause ()a;,as-

This completes the proof of the lemma. O

¢ 3. UB), CAN FAIL AT SINGULAR CARDINALS

In this section we prove the following theorem which answers Usuba’s question

T

Theorem 3.1. Assume X\ is a singular strong limit cardinal. UB) fails if at least

one of the following hold:

(a) A =X, and the Chang’s transfer principle (AT, \) — (X1, Rq) holds,

(b) X > p > cf(X) are such that (AT, X) —<crn) (uF, 1) holds,

(¢c) X > pu > cf(N) and for every model M with universe \™ and vocabulary of

cardinality cf(\), we can find an increasing sequence & = {ay = i < u*) of

ordinals less than AT such that

SM ={i<um:cd({a;}, M)NACc({aj:j<i}, M)}

is stationary in ut,

(d) there exists x with A > x = cf(x) > cf(X\) such that for every model M with

unsverse \T and vocabulary of cardinality cf(X), we can find an increasing

sequence @ = {a; 11 < x) of ordinals less than AT such that

SM=tli<x:d({a}, M)NACel({a;:j<i}, M)}

18 stationary in X,

(e) there is no sequence X = (U; : i < A\*) such that each U; N X is a cofinal

subset of X\, U; N\ has size cf(N\), and for every i < AT there is a sequence

Xi = (i, Bij) : j < i) such that:

) )_('z has no repetition,

° a;; €U,
° ﬂ@j ceU;nNA.

Furthermore, the statement (e) is equivalent to ~UB), provided that cf(\) is not a

Jonsson cardinal.
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Remark 3.2. The assumption “) is a strong limit cardinal” is only used in the proof

of (e) implies ~UBi.
Proof. We prove the theorem by a sequence of claims. First note that:

Claim 3.3. Clause (a) is a special case of clause (b), and clause (c¢) implies clause

(d).
Claim 3.4. (b) implies (c).

Proof. Let M be a model with universe A™ and vocabulary of cardinality at most
cf(N). By (b), there exists an elementary submodel N < M such that ||[N|| = p*
and [NNA| = p. Let @ = («; : 4 < p't) list in increasing order the first u+ elements

of N. So for i < pu* we have
cd({a;}, M)NAC NN,
and since N N\ has size p, we can find some i(*) < u* such that
Vi< ut, el({oi}, M)N A C U cd({a;}, M).
3<i(*)

Hence the set S includes [i(*), u*) and so is stationary in u*, as requested. [
Claim 3.5. (d) implies (e).

Proof. Suppose towards a contradiction that (d) holds but (e) fails. As (e) fails,
we can find sequences X = (U; : i < A\*) and X; = ((vi 5, Bi,j) : § < 1) as in clause
(e). Let M be a model in a vocabulary £ such that:
(1) |£] = ct(N),
(2) M has universe AT,
(3) M = (AT, (M i < cf(\)), HM), where
(a) 7" =14,

(b) HM is a 2-place function such that for all i, U; "X = {HM (i,a) : a <

cf(A)}.
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Now by (d) applied to the model M, we can find a sequence ¢ = (¢; : i < x) of
ordinals less than A" such that the set Sé\/[ is stationary in x. Let { = sup(;.

<X
Consider the sequence X¢ = ((ace, fee) 1 € < C).

For i < x, let

W; = Cl({C7 1y < i},M)ﬂ)\.

So (W; : i < x) is a C-increasing continuous sequence of sets each of cardinality

< x. Note that for each i € Sé”,
Begi €U, NAC A({GHM)NAC W,

(The former inclusion C holds because cf(A\)U{¢} C cl({¢;}, M) and cl({¢;}, M) is
closed under HM . The latter inclusion C holds because i € Sé‘ff ). Then since Sé?w

is stationary in Y, there is 8, such that
U={ieSZ: B¢ =P}

is stationary. Moreover, since |U¢| = cf()\) < x, we get some i; < 45 in U such that

Qc¢.¢;, = ¢, This contradicts that )ZC has no repetition. O
Claim 3.6. (e) implies ~“UB,.

Proof. Suppose not. Thus we can assume that both (e) and UBj hold. Let f :
[AT]<¥ — AT witness UB,. Choose a vocabulary £ of size c¢f(\) and an £-model

M such that:

(1) M has universe AT,

(2) M expands the model My of Lemma by expanding £, (the vocabulary
of Mp) using the constant symbols (dM : i < cf()\)) and the function
symbols ((FM :n < w),p™ GM,G3T), where:

(a) dM =i for i < cf()),

(b) EM is an n-ary function such that

F,le(ao,--- 704n71) = f({a0,~-~ ;anfl});

M

(c) pM is a pairing function on AT, mapping A x A onto A



Paper Sh:1216, version 2021-07-20. See https://shelah.logic.at/papers/1216/ for possible updates.

USUBA’S PRINCIPLE UB, CAN FAIL AT SINGULAR CARDINALS 9

d) GM and GY are 2-place functions such that for every a € [\, A1),
1 2

(G1(B, @) : B < a) enumerates A and

(B<a&y=Gi(B,a)) = =Gy, ).

By expanding M further, let us suppose that
(3) M contains Skolem functions.
For o < A1, set N, = cl({a}, M).

(¥)1 N, belongs to [A*](V) and it contains an unbounded subset of .

Proof. As L has size cf(\), so [Ny| < cf(A). On the other hand, by clause (2)(a),
c¢f(\) € N, and hence N, belongs to [AT]FN) . Also as {c}° : i < c¢f(\)} C N, (see
the proof of Lemma and (cM° : i < cf(\)) is an unbounded sequence in \, we

have N, contains an unbounded subset of . [l

Let
E={0e M\ :6=cl(s,M)}.

E is clearly a club of AT and EN A = (. By Lemma we have

(%)2 Suppose € < ¢ are in E. Then

fECl({(}U(N&ﬂ)\)U(NQﬂ/\),M).

Proof. Suppose by the way of contradiction that £ ¢ cl ({¢}U(NeNA)U(NeNA), M).
Let Vi = Ne N A, Vo = NN Aand V =V, UVs. By our assumption,

§ & d({tuV, M),

also, it is clear that
CE{&FuV,M).
Thus by Lemma we can find submodels Ny, N5 of M such that
(1) Nf N A= NjynNA\isunbounded in A,
(2) €€ N\ N and ¢ € N \ Ny
The models N and N3 are clearly f-closed, and by clause (1) above and UB), we

have Nf C Ny or Ny C Ny, which contradicts clause (2) above. O
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Let (0i(wo, -, Tneiy—1) : @ < cf(A)) list all terms of L. By (%), for each £ < ¢
from E, we can choose some (&, () < cf(\) together with sequences d¢ ¢ € (N¢ N
A)<¢ and EE,C € (N¢ N A)<¥ such that

()1 € = 04(6,0)(C, e, bec).

For £ € E set Us = N¢ = cl({{}, M). It follows that Us = cl(Ug, M). For £ < ¢
use the pairing function p to find a¢ ¢ and B¢ ¢ such that a¢ ¢ codes (i(€,¢)) e ¢
and (¢ ¢ codes 557@
Now the sequences
X =(Uc: €€ E)
and

(((ace,Bee) € €CNE): (€ E)

witness the failure of (e). We get a contradiction and the claim follows. O
Thus so far we have shown that
(a) = (b) = (¢) = (d) = (¢) = -UB,.
Claim 3.7. Suppose that cf()\) is not a Jonsson cardinal. Then =UB) implies (e).

Proof. Suppose towards a contradiction that (e) fails and let X = (U; : i < A1)
and (X; : i < AT), where X; = (a5, 0i5) + j < i) as in clause (e) witness this
failure. Let (\; : ¢ < cf(X\)) be an increasing sequence cofinal in A and define the

function ¢ : A — cf()\) as
c(a) =min{i < cf(N) 1 a0 < A}

For £ < AT let (e, : i < cf(\)) enumerate Ug such that each element of U appears
cofinally many often. Let f : [AT]<“ — AT be such that:
(1) if € < ¢ < AT, then
flace, Bee, Q) = &,

(2) if ¢ < AT and a < A, then for arbitrary large j < cf(\), we have

sup A < a < Aj = f(a,{) =¢,;-
i<y
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(3) if A € [cf(N)]FWN, ¢(ay) =i for i € A and j < cf()), then for some n and

some sequence £ = (€o, -+ ,&n—1) € A™, we have

Jj= C(f(afm e ’afn—l))'

Since cf(\) is not a Jonsson cardinal, we can define such a function jﬂ Let us show
that the pair (f,c) witnesses UBj holdsﬂ which contradicts our assumption. To
see this, suppose x,y C AT are closed under f, N X =y N\ and sup(z N ) = .
Assume towards a contradiction that z ¢ y and y € z. Let £ = min(z \ y) and
¢ =min(y \ ), and let us suppose that £ < C.

By clause (3), cf(A\) C y, and then by clause (2), and since y N A is cofinal in A,
we have U C y. Similarly Us Cz. AszNA=yNAand Us C A, we conclude that
Ue C y as well. Thus by item (1), and since a¢ ¢, ¢ ¢, ¢ € y we have £ € y, which

contradicts the choice of £ € x \ y. This completes the proof of the claim. O

The theorem follows. (I

Remark 3.8. The above proof shows that the following are equivalent:

(1) clause (e) of Theorem [3.1

(2) for each model M with universe AT and vocabulary of cardinality cf()),
there are substructures Ny, N1 of M such that Ng N A = Ny N A, Ny Q Ny
and Ny € No.

As we noticed earlier, it is consistent relative to the existence of large cardinals
that Chang’s transfer principle (Ny41,N,) = (81, 8g) holds with R,, being strong

limit. Hence by our main theorem, we have the following corollary.

Corollary 3.9. It is consistent, relative to the existence of large cardinals, that

UBy, fails.

2this assumption is used to guarantee clause (3) in definition of f holds.
3We can define a function f : [AT]<* — AT which codes (f,c) so that a set is closed under f

if and only if it is closed under both of f and c.
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