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TORSION-FREE ABELIAN GROUPS ARE BOREL COMPLETE

GIANLUCA PAOLINI AND SAHARON SHELAH

ABSTRACT. We prove that the Borel space of torsion-free Abelian groups with
domain w is Borel complete, i.e., the isomorphism relation on this Borel space
is as complicated as possible, as an isomorphism relation. This solves a long-
standing open problem in descriptive set theory, which dates back to the sem-
inal paper on Borel reducibility of Friedman and Stanley from 1989.

1. INTRODUCTION

Since the seminal paper of Friedman and Stanley on Borel complexity [4], descrip-
tive set theory has proved itself to be a decisive tool in the analysis of complexity
problems for classes of countable structures. A canonical example of this phenom-
enon is the famous result of Thomas from [I8] which shows that the complexity of
the isomorphism relation for torsion-free abelian groups of rank 1 < n < w (denoted
as &) is strictly increasing with n, thus, on one hand, finally providing a satisfac-
tory reason for the difficulties found by many eminent mathematicians in finding
systems of invariants for torsion-free abelian groups of rank 2 < n < w which were
as simple as the one provided by Baer for n =1 (see [2]), and, on the other hand,
showing that for no 1 < n < w the relation 22, is universal among countable Borel
equivalence relations. As a matter of facts, abelian group theory has been one of the
most important fields of mathematics from which taking inspiration for forging the
general theory of Borel complexity as well as for finding some of the most striking
applications thereof. The present paper continues this tradition solving one of the
most important problems in the area, a problem open since the above mentioned
paper of Friedman and Stanley from 1989. In technical terms, we prove that the
space of countable torsion-free abelian groups with domain w is Borel complete.

As we will see in detail below, saying that a class of countable structures is Borel
complete means that the isomorphism relation on this class is as complicated as
possible, as an isomorphism relation. The Borel completeness of countable abelian
group theory is particularly interesting from the perspective of model theory, as this
class is model theoretically “low”, i.e., stable (in the terminology of [15]). In fact,
as already observed in [4], Borel reducibility can be thought of as a weak version of
L., w-interpretability, and for other classes of countable structures such as groups
or fields much stronger results than Borel completeness exist, as in such cases we can
first-order interpret graph theory, but such classes are unstable, while abelian group
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theory is stable. Reference [§] starts a systematic study of the relations between
Borel reducibility and classification theory in the context of Xg-stable theories.

Coming back to us, we now introduce the notions from descriptive set theory
which are necessary to understand our results, and we try to make a complete
historical account of the problems which we tackle in this paper. The starting
point of the descriptive set theory of countable structures is the following fact:

Fact 1.1. The set KL of structures with domain w in a given countable language
L is endowed with a standard Borel space structure (KZ, B). Every Borel subset of
this space (KL, B) is naturally endowed with the Borel structure induced by (KL, B).

For example, if take L = {e,-, ()7}, and we let K’ to be one of the following:

(a) the set of elements of KL which are groups;

(b) the set of elements of K which are abelian groups;

(c) the set of elements of KL which are torsion-free abelian groups;

(d) the set of elements of KL which are n-nilpotent groups, for some n < w;

then we have that K’ is a Borel subset of (KZ, B), and so Fact applies.

Thus, given a class K’ as in Fact we can consider K’ as a standard Borel
space, and so we can analyze the complexity of certain subsets of this space or of
certain relations on it (i.e., subsets of K’ x K’ with the product Borel space struc-
ture). Further, this technology allows us to compare pairs of classes of structures
or, in another direction, pairs of relations defined on pairs of classes of structures.

Definition 1.2. Let X1 and X5 be two standard Borel spaces, and let also Y1 C Xy
and Yo C Xo. We say that Y7 is reducible to Y, denoted as Y1 <g Y2, when there
is a Borel map B : X1 — X5 such that for every x € X1 we have:

rey @B((E) €Ys.

Notice that Definition [1.2| covers in particular the case X; = K’ x K’ for K’ as
in Fact and so for example Y7 could be the isomorphism relation on K’. Also,
given a Borel space X, we can ask if there are subsets of X which are <gz-maxima
with respect to a fixed family of subsets of an arbitrary Borel space (e.g., Borel
sets, analytic sets, co-analytic sets, etc). In particular we can define:

Definition 1.3. Let Xy be a Borel space and Y1 C X;. We say that Y7 is complete
analytic (resp. complete co-analytic) if for every Borel space Xo and analytic subset
(resp. co-analytic subset) Yo of Xo we have that Yo <p Y7.

We now introduce the notion of Borel reducibility among equivalence relations.

Definition 1.4. Let X, and Xo be two standard Borel spaces, and let also Ep be
an equivalence relation defined on X, and Es be an equivalence relation defined on
Xo. We say that Ey is Borel reducible to Fs, denoted as E1 <p Fs, when there is
a Borel map B : X7 — Xo such that for every x,y € X1 we have:

xE1y < B(x)ExB(y).
Remark 1.5. Notice that in the context of Definitions and E, <g B
and Fy <p E5 have two different meaning, as in the first case the witnessing Borel

function has domain X x X, while in the second case it has domain X. Furthermore,
notice that E1 <p Eo implies E1 <r Ea (but the converse need not hold, see ,

We now define Borel completeness, the notion at the heart of our paper.
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Definition 1.6. Let Ky be a Borel class of structures with domain w and let =, be
the isomorphism relation on Ky. We say that Ky is Borel complete (or, in more
modern terminology, =1 is Seo-complete) if for every Borel class Ko of structures
with domain w there is a Borel map B : Ko — Ky such that for every A, B € Ky:

A~ B & B(A) 2, B(B),

that is, the isomorphism relation on the space Ko is Borel reducible (in the sense
of Deﬁmtion to the the isomorphism relation on the space K.

The following fact will be relevant for our subsequent historical account.

Fact 1.7 ([]). Let K be a Borel class of structures with domain w. If K is Borel
complete, then its isomorphism relation is a complete analytic subset of K x K, but
the converse need not hold, as for example abelian p-groups with domain w have
complete analytic isomorphism relation but they are not a Borel complete space.

We now have all the ingredients necessary to be able to understand the problems
that we solve in this paper and to introduce the state of the art concerning them.
But first a useful piece of notation which we will use throughout the paper.

Notation 1.8. (1) We denote by Graph the class of graphs.

(2) We denote by Gp the class of groups.

(8) We denote by AB the class of abelian groups.

(4) We denote by TFAB the class of torsion-free abelian groups.

(5) Given a class K we denote by K,, the set of structures in K with domain w.

Convention 1.9. To simplify statements, we use the following convention: when
we say that a class K of countable structures is Borel complete we mean that K,
is Borel complete. Similarly, when we say that a class K of countable groups is
complete co-analytic we mean that K, is a complete co-analytic subset of Gp,,.
Finally, when we say that the isomorphism relation on a class of countable groups
is analytic, we mean that restriction of the isomorphism relation on K to K, x K,
is an analytic subset of the Borel space Gp,, x Gp,, (as a product space).

In [4], together with the general notions just defined, the authors studied some
Borel complexity problems for specific classes of countable structures of interest.
Among other things they showed (we mention only the results relevant to us):

(i) countable graphs, linear orders and trees are Borel complete;

(ii) torsion abelian groups have complete analytic 2 but are not Borel complete;
(iii) nilpotent groups of class 2 and exponent p (p a prime) are Borel completeﬂ;
(iv) the isomorphism relation on finite rank torsion-free abelian groups is Borel.

In [4] Friedman and Stanley state explicitly:

There is, alas, a missing piece to the puzzle, namely our conjecture
that torsion-free abelian groups are complete. [...] We have not
even been able to show that the isomorphism relation on torsion-
free abelian groups is complete analytic, nor, in another direction,
that the class of all abelian groups is Borel complete. We consider
these problems to be among the most important in the subject.

Ias already mentioned in [4], this result is actually a straightforward adaptation of a model
theoretic construction due to Mekler [11].
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The challenge was taken by several mathematicians. The first to work on this
problem was Hjorth, which in [6] proved that any Borel isomorphism relation is
Borel reducible (in the sense of Deﬁnition to the isomorphism relation on count-
able torsion-free abelian groups, and that in particular the isomorphism relation on
TFAB,, is not Borel (as there is no such Borel equivalence relation), leaving though
open the question whether TFAB,, is a Borel complete class, or even whether the
isomorphism relation on TFAB,, is complete analytic (cf. Def. and Fact .

The problem resisted further attempts of the time and the interest moved to
another very interesting problem on torsion-free abelian groups: for 1 <n < m < w,
is the isomorphism relation 2, on torsion-free abelian groups of rank n strictly less
complex (in the sense of Definition than the isomorphism relation on torsion-
free abelian groups of rank m? As mentioned above, the isomorphism relation
on torsion-free abelian groups of finite rank is Borel while, as just mentioned, the
isomorphim relation on countable torsion-free abelian groups is not, and so the two
problems are quite different, but obviously related. Also this problem proved to be
very challenging, until Thomas finally gave a positive solution to the problem, in
a series of two fundamental papers [I7] [I§], proving in particular that, for every
n < w, &, is not universal among countable Borel equivalence relations.

The fundamental work of Thomas thus resolved completely the case of torsion-
free abelian groups of finite rank, leaving open the problem for countable torsion-free
abelian groups of arbitrary rank, i.e. the problem referred to as “among the most
important in the subject” in []. The problem remained “dormant” for various
years (at the best of our knowledge), until Downey and Montalbén [3] made some
important progress showing that the isomorphism relation on countable torsion-
free abelian groups is complete analytic, a necessary but not sufficient condition for
Borel completeness, as recalled in Fact This was of course possible evidence
that the isomorphism relation was indeed Borel complete, as conjectured in [4].
Despite this advancement, the problem of Borel completeness of countable torsion-
free abelian groups resisted for other 12 years, until this day, when we prove:

Main Theorem. The space TFAB,, is Borel complete, in fact there exists a con-
tinous map B : Graph,, — TFAB,, s.t. for every Hy, Hy, € Graph,, we have:

H, = H, if and only if B(Hy) =2 B(Ha).

The techniques employed in the proof of our Main Theorem lead us to (and at
the same time were inspired by) classification questions of “rigid” countable abelian
groups. One of the most important notions of rigidity in abelian group theory is
the notion of endorigidity, where we say that G € AB is endorigid if the only
endomorphisms of G are multiplication by an integer. The analysis of endorigid
abelian groups is an old topic in abelian group theory, famous in this respect is the
result of the second author [16] that for every infinite cardinal A there is an endorigid
torsion-free abelian group of cardinality A. We prove in Thereom below that
the classification of the countable endorigid TFAB is an highly untractable problem.

Theorem 1.10. The set of endorigid torsion-free abelian groups is a complete co-
analytic subset of the Borel space space TFAB,,. In fact, more strongly, there is a
Borel function F from the set of tree with domain w into TFAB,, such that:
(i) if T is well-founded, then ¥ (T) is endorigid;
(i) if T is not well-founded, then F(T) has a 1-to-1 f € End(G) which is not
multiplication by an integer and such that G/ f[G] is not torsion.
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In [I3] we extend the ideas behind Theorem [1.10]to a systematic investigation of
several classification problems for various rigidity conditions on abelian and nilpo-
tent groups from the perspective of descriptive set theory of countable structures.
In another direction, in [I4] we study the question of existence of uncountable
(co-)Hopfian abelian groups, this work was later continued by the second author et
al. in the preprint [I], which settles some questions left open in [14].

We conclude with a few words on the history of this article. At the end of the
refereeing process, the referee indicated some points which needed correction in
the original version of this paper. Around the same time, Laskowski and Ulrich
indicated another point which needed correction in our original submission. The
referee also asked to change the presentation of our Main Theorem and to simply its
proof, in particular separating the algebra from the combinatorics (division which is
reflected by the current division in Sectionsand. Here all the points raised there
are addressed. We thank the anonymous referee, Laskowski and Ulrich. Meanwhile,
Laskowski and Ulrich have found another proof of our Main Theorem, see [9] [10].

2. NOTATIONS AND PRELIMINARIES

For the readers of various backgrounds we try to make the paper self-contained.

2.1. General notations

Definition 2.1. (1) Given a set X wewriteY Cy, X for0 #Y C X and |Y] < No.

(2) Given a set X and T,5 € X<¥ we write § 1T to mean that 1g(y) < 1g(Z) and
Z | 1g(g) = g, where T is naturally considered as a function lg(Z) — X.

(3) Given a partial function f : M — M, we denote by dom(f) and ran(f) the
domain and the range of f, respectively.

(4) For a € B™ we write @ C B to mean that ran(a) C B, where, as usual, @ is
considered as a function {0,....,n — 1} — B.

(5) Given a sequence f = (f; : i € I) we write f € f to mean that there exists
j €1 such that f = f;.

2.2. Groups
Notation 2.2. Let G and H be groups.

(1) H < G means that H is a subgroup of G.
(2) Welet Gt = G\ {eg}, where e is the neutral element of G.
(3) If G is abelian we might denote the neutral element ec simply as 0g = 0.

Definition 2.3. Let H < G be groups, we say that H is pure in G, denoted by H <,
G, when if he H, 0 <n <w, g € G and (in additive notation) G |=ng = h, then
there is ' € H s.t. H =nh’ = h. Given S C G we denote by (S)§ the pure sub-
group generated by S (the intersection of all the pure subgroups of G containing S ).

Observation 2.4. H <, Ge€TFAB, he H,0<n<w,GEng=h=g€ H.
Observation 2.5. Let G € TFAB, p a prime and let:
Gp ={a € G : a is divisible by p™, for every 0 < m < w},
then G, is a pure subgroup of G.
Proof. This is well-known, see e.g. the discussion in [5, pg. 386-387]. ]
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Definition 2.6. Let p be a prime. We let:

m .
Qp = {*1 :my € Z,mg € ZT,p and my are coprime}.
ma

2.3. Trees

Definition 2.7. Given an L-structure M by a partial automorphism of M we mean
a partial function f: M — M such that f: (dom(f))rr = (ran(f))as.

In Section [5] we shall use the following notions.

Definition 2.8. Let (T, <r) be a strict partial order.

(1) (T,<r) is a tree when, for allt € T, {s € T : s <p t} is well-ordered by the
relation <rp. Notice that according to our definition a tree (T, <r) might have
more than one root, i.e. more than one <p-minimal element. We say that the
tree (T, <) is rooted when it has only one <p-minimal element (its root).

(2) A branch of the tree (T, <) is a mazimal chain of the partial order (T, <r).

(3) A tree (T, <r) is said to be well-founded if it has only finite branches.

(4) Given a tree (T,<r) and t € T we let the level of t in (T, <r), denoted as
lev(t), to be the order type of {s € T : s < t} (recall item (1)).

Remark 2.9. Concerning Def. (4), we will only consider trees (T, <r) such
that, for everyt € T, {s € T : s <p t} is finite, so for us lev(t) € w.

3. THE COMBINATORIAL FRAME

The isomorphism problem for countable models of the theory of two equiva-
lence relations is known to be at least as complex as the isomorphism problem
for any other Borel class of countable structures (cf. e.g. [12} pg. 295]). In
what follows we will reduce this problem to the isomorphism problem for count-
able TFAB’s. Our reduction will consist of an elaborated coding of finite par-
tial automorphisms ¢’s of models with two equivalence relations into partial au-
tomorphisms f,’s of TFAB’s. For technical reasons we will actually work with
finite sequences g of finite partial automorphisms, and to avoid the troublesome
case ¢ = g ! we will actually work with objects of the form (g,¢) with ¢+ €
{0,1}. Finally, also for technical reasons, we will consider models of the theory
of three equivalence relation, with one of them being equality.

The definition of m € K5°(M) which we will introduce in Deﬁnitionis phrased
just to construct a certain Gy; € TFAB (see Definition , for any relevant M,
and in fact, as we will seee, it will suffice (and it will be very useful to do so) to
construct such a G just for M the countable homogeneous universal model of the
theory of two equivalence relations, cf. [3.2J[2). In this regard, below X will serve
as set of generators for G; (in the appropriate sense) and a € M will be coded as
X %a} C X (in a certain sense). As the f3’s are finite partial automorphisms related
to the partial automorphisms in g, it is natural to ask that if g = (go, ..., gn), then
f5 maps elements in dom(f;) N X%a} into elements in X%gn(a)}. Almost all clauses
in Definition [3:4] right below are combinatorial, but, not surprisingly, one is more
algebraic, namely clause (8). As it will be clear from reading Section 4 below, this
clause is crucial in reconstructing an isomorphism between models of the theory of
two equivalence relations from an isomorphism between TFAB,,’s.

Notation 3.1. For Z a set and 0 < n < w, we letseq,,(Z) = {Z € Z" : T injective}.
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Hypothesis 3.2. (1) K® is the class of models M in a vocabulary {€y, €1, Ea}
such that each €M is an equivalence relation and €3 is the equality relation.
We use the symbol €; to avoid confusions, as the symbol E; appears in|3.4).
(2) M is the countable homogeneous universal model in K.
(3) G is essentially the set of finite non-empty partial automorphisms g of M but
for technical reasonﬂ it is the set of objects g = (hg,14) where:
(A) (a) hy is a finite non-empty partial automorphism of M;
(b) Lg € {07 1};
(B) for g € G we let:
(a) g7t = (hy ', 1 —1y);
(b) forae M, g(a) =hgy(a);
(c) fortd C M, gld] = {hy(a): a €U};
(d) g1 C g2 means hy, CThy, and 1y, = tg,;
(¢) g1 € g2 means g1 C g2 and g1 # go;
(f) dom(g) = dom(hy) and ran(g) = ran(hg);
(9) ford CM, gTU=(hy [U,¢g).
(4) Form <w, G" ={(90; s Gm-1) €G" 90 -+ S gm-1}-
(5) G. =U{G* : m < w} (notice that the empty sequence belongs to G. ).

Notation 3.3. (1) We use s,t,... to denote finite non-empty subsets of M and

U,V, ... to denote arbitrary subsets of M. Recall from[2.1) that C., means finite
subset.

(2) For A a set, we let s C1 A mean s C A and |s| = 1.
(3) For g = (go,--, Gig(g)—1) € GiED and s,t C,, M, we let:
(a) for a,b € M, g(a) = b mean that giz(5—1(a) = b;
(b) gls] =t mean that gig5)—1[s] = t;
(¢) dom(g) = dom(gig(z)—1), and 0 if 1g(g) = 0;
(d) ran(g) = ran(giyg)—1), and 0 if 1g(g) = 0;
(e) g7 = (9" i <lg(9));
(f) g((ze: € <n)) = (g(ae) : £ < n).

Definition 3.4. In the context of ijp. let KSO(Z\@ ‘be the class of objects
(called systems) m(M) =m = (X™, X™, f™ E™) = (X, X, f, E) such that:
(1) X is an infinite countable set and X C w;
(2) (a) (X.:sCqy M) is a partition of X into infinite sets;
(b) for s Cu M, let Xo = U;c, o Xis
(c) X =(Xs:5Cy M) and so s Ct C,, M implies X, C Xy;
(8) fortd € M let Xy =\ U{Xs:5 C1 U} and so X = Xy = | {Xs: 5 C1 M}
(4) f=(fs:9¢€ Gs) (recall the definition of G, from (@) and:
(a) f3 is a finite partial bijection of X and f5 is the empty function iff 1g(g) = 0;
(b) dom(f3) € Xaom(g) andran(fg) € Xran(g) (cf- @@), so dom(f(y) =
(c) for s,t 1 M and g[s] =t we have:
f3(x) =y implies (x € X, iff y € X]).

(d) fors,t C1 M, (f3(z) =y,x € X[,y € Xj) implies (g[s] =t);
(¢) fo—1 = f; " (recall that g~* # g, when dom(g) # 0);
(5) gagl c g*) gqgl = f§ ,C,_ fg’;

0;

2The reason is that we want to force that g#g L
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(6) we define the graph (seq,,(X), R%) as (Z,y) € RY = R,, when T # § and:
for some g € G, we have f5(z) =y,

notice that fg_1 = fz-1 € f, as g € G, implies g~ € G;

(7) E"=E=(E,:0<n<w)=(E™:0<n<w), and, for 0 <n < w, E, is
the equivalence relation corresponding to the partition of seq,,(X) given by the
connected components of the graph (seq,,(X), Ry);

(8) if p is a prime, k > 2, T € seqy(X), y = (§' 1 i <iy) € (Z/EM)™, with the §'’s
pairwise distinct, ¥ € QY, g, € Qp, for £ <k, and:

(V) = agyirg) = > Argqe: L <k, g =71 <i.y=y},
fory € set(y) = J{ran(7*) : i < i}, then we have the following:

Hy € set(y) : aiy,m(y) € Qp}| #1,

where we recall that Q, was defined in Definition [2.6;
(9) if for every n < w, gn € G and g, S gny1, U = U, ., dom(g,) € M and
V = U, ran(gn) € M, then we have the following:

U dom(f(ge:€<n)) = Xy and U I"an(f(gzzé<n)) = Xy.
n<w n<w
The definition of m € K5°(M) from isolates exactly what is needed for the
group theoretic construction from Section 4 to take place. The rest of this section
has as its sole purpose to show that an object as in Definition [3.4] exists. To
this extent, we introduce an auxiliary class of objects, K?°(M), cf. Definition
This definition is devised with a twofold aim in mind: on one hand to put more
detailed information on the objects at play in Definition and on the other
hand to be able to construct the desired m € K5°(M) as a limit of a sequence of
approximations my, € KY°(M), for £ < w, of such an m € K5°(M). In this process
the crucial algebraic condition (8) from Definition gets translated in the more
technical algebraic condition (11) from Definition howing that this condition is
preserved in the limit construction will be the most elaborated part of this section.

Definition 3.5. In the context of Hyp. let I_('fO(M)i be the class of objects
m(M)=m= (X" X™ " " f" E"™" Yu) =(X,X,I,I,f,E|Y) s.t.
(1) X is an infinite countable set and X C w;
(2) (a) (X.:sCq M) is a partition of X into infinite sets;
(b) fors Cu M, let Xs = U;c,, Xi5
(c) X =(X,:5C, M) and so s Ct C,, M implies X, C X;;
(8) ford C M let Xyy = U{Xs:5C1 U} and so X = Xy = | U{Xs:s Sy M},
(4) (a) I=(I,:n<w)=(I":n<w) are pairwise disjoint;
(b) g € I, implies g € G for some m < n;
(c) I, is finite;
(5) if g g € In, then §' € Iy := U, Ie;
(6) I_: I = Un<w In’.
(1) F=(fs:9€ 1) and:
(a) f3 is a finite partial bijection of X and f5 is the empty function iff 1g(g) = 0;
(b) dom(f3) € Xaom(g) and ran(fg) C Xyan) (cf. Notation @)@)),
(c) for s,t C1 M and g[s] =t we have:

f5(x) =y implies (v € X_, iff y € X]).
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(d) fors,t ©1 M, (fz(x) =y, x € X{,y € Xj) implies (g[s] =t);
(e) if g€ I, then g~' € I,, and fz-1 = f;l,'
(8) g9 = f3 S fa:
(9) we define the graph (seq,,(X), R™) as (Z,7) € R® = R,, when T # § and:

for some g € I we have f3(Z) =7y,

notice that fgl = fz-1 € f,as g €I implies g~ €I;

(10) (a) E™ = E = (E, :n < w) = (E™ : n < w), and, forn < w, E, is the
equivalence relation corresponding to the partition of seq,,(X) given by the
connected components of the graph (seq,,(X), Ry);

(b) Y =Y, is a non-empty subset of X which includes the following set:

{r e X: for somege I, x € dom(fz)},

notice that this inclusion may very well be proper;
(c) seqy(m) ={Z € seqy,(X) : for some g € I, & C dom(f5)}, notice seq,(m)
seqy, (Ym) but the converse need not hold;
(11) if p is a prime, k > 2, & € seq(X), ¢ € (Q,)*, s = (p, k,Z,q) and a € As, then
supp,,(a) is not a singleton, where we define As, An and supp,(a) as follows:
(a) As CAnw={(ay:y€2):ZC, X and ay € Q};
(b) if a € Am, then we let:

supp,,(a) = {y € dom(a) : a, ¢ Q,};

(c) if y = (§ i <i.) € (Z/EPM) (but abusing notation we may treat’y as a
set), with the §'’s pairwise distinct and ¥ € QY, then a € As, where:

N

a =l = (ay : y €set(y)),

and where a, and set(y) are defined as follows:
ay = a(y,r)(Y) = Ay gy = D ATyt L <k, g =7 <iwy =y},

set(y) = U{ran(gji) D<)
(d) if a € As and supp,(a) C Z C dom(a), then a [ Z € As;
(¢) if a,be As, then ¢=a+b € As, where dom(¢) = dom(a) U dom(b) and:
(i) ¢y = ay + by, if y € dom(a) N dom(b);
(ii) cy = ay, if y € dom(a) \ dom(b);
(i11) ¢y = by, if y € dom(b) \ dom(a);
(f) if ge I™, Z1 C,, dom(fy), Zo = f5[Z1] and a = (ay : y € Z3) € As, then
C_L[fg] = (afg(y) Ty € Zl) S .Ag;
(9) As is the minimal subset of Aw satisfying clauses (c)-(f).
As mentioned above, members in m € K>°(M) are to be thought of as approxi-
mations to objects in K5°(M), but technically an m € KY°(M) and an m € K5°(M)

are made of different components, so we give a name to the objects in m € K}° (M)
which which are essentially members of K5°(M), we call them full, see

Definition 3.6. For m € K®°(M), we say that m is full when in addition to —

condition[3.){9) is satisfied and is strengthen to (that is we ask
I =G.), explicitly to (1)-(11) from we add:
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(12) if for everyn < w, gn € G and g, S gny1, U = U, ., dom(g,) € M and
V =U,<,ran(gn) € M, then we have the following:

U dom(f(g, . <)) = Xty and | ) ran(f(g,: 1<n)) = Xv;

n<w n<w

We shall concentrate on the m € Kb°(M) which are, in some sense, with “finite
information”, i.e., the ones in which both Y, and I™ are finite. Furthermore, we
will define a notion of “n is a successor of m”. These notions are tailor made for
our inductive construction of a full m € KY°(M) to take place.

Definition 3.7. (1) Kb°(M) is the class of m € KP°(M) such that Yy is finite
and for some n < w we have that for every m = n, I, =0 and Iy = {()}. In
this case we let n = n(m) to be the minimal such n < w (so n(m) > 0).

(2) We say that n € suc(m) when:

(a) n,m € KEo(M), X™ = X"

(b) for s Gy M, (X" = (X)";

(c) fort C, M, (X)™ = (X¢)" (follows);

(d) n(n) =n+ 1, where n(m) = n;

(e) if £ < n(m), then I}* = I} and /\gelén =1

g7
(f) for some g € G., I" = {3,571}, lg(g) < n and £ < 1g(g) implies:
gheeJ I,
I<n

notice that g ¢ J,,, IJ' (by Definition (@)} and the symmetric condi-
tiong L /l¢€ Ueen 1" follows from Definition ;
(9) (o) if TE}Y and —(TE}Y), then T ¢ seqy(m) or § ¢ seq,(m);
(B) Ej I seqy(m) = E? [ seqy(m).
(3) <sue on KE°(M) is the transitive closure of the relation n € suc(m).

The heart of this section is the following claim.
Claim 3.8. For M as in Hyp. there exists m € KP°(M) which is full.

Proof. Our strategy is to construct a full m € K}°(M) as a limit of members
my € Kb°(M), for £ < w. Naturally, mg is not hard to choose, see (x); below.
Concerning the choice of the m,’s, in (*)3 below we list our tasks: for every g € G*
we have a g-task which is ensuring that f; is well-defined. Thus, we list G* as
(ge : ¢ < w) appropriately and in choosing my41, a successor of my, we take care
of the gy-task. This lead us to the main part of the proof, namely (x)2. Here we
are given m and appropriate g7 (g) € G* such that g € I, i.e., f; is already well-
defined for m. Our aim is to define a suitable successor n of m and, in particular,
to define fj~(4) for n. Moreover to take care of the fullness of the limit we want
both dom(f;~(4)) and Yy, to be large enough, this explains the statement of ().

(+)1 Kgo(M) #0.
[Why? Let m be such that:
) | X] =Np, and X C w;
) (X! :sCy M) is a partition of X into infinite sets;
(c) f?r sCw M, Xy = UtglsXé;
)
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(e) I& = {0}, fo is the empty function, f = (f()) and 14, = 0, for every n < w;
(f) Yy is any finite non-empty subset of X.

Notice that () denotes the empty sequence and under this choice of m, n(m) = 1,
where we recall that the notation n(m) was introduced in Definition [3.7|[1)). Notice
also that [3.5(|11]) is easy to verify for m as above, as Z/E}} is always a singleton.]

()2 fme KE(M), n=mn(m)>0,3=(go,-,gm—1) € I™ (s0 n > m) and:
(i) g €9
(ii) for every £ <m, g; S g;
(iii) g~ (9) ¢ I™;
then there is n € K5°(M) such that:
(a) n € suc(m);
(b) 57 (g) € I};
¢) if s C; st = dom(g) Uran(g), then Y;, contains min(X/ \ Yy );
(d) dOIIl(ff )) Y deom(g);
(e) so n(n) n(m) + 1.
The proof of (*)3 is clearly the heart of the proof. The choice of n in (x)2.3 below
is natural: we choose f, @) = = [« “freely”, i.e., it extends f7', it has large enough

domain and no acmdental equality” holds. Lastly, Y, has to include Yy, ran(f)
and witnesses toward the proof of fullness (cf. (x)2(c)), which will be dealt with in
the next successor step, so we are making sure that the induction goes on.

We thus move to the proof of (x)q, where we let I3 =15
(¥)2.1 Let s, = dom(g) C,, M, hence dom(g) C s, and let u, = Yy, N X, .
(¥)2.2 Let fi be a finite permutation of X batisfying the following:

(a) f. obeys[.5|(7a)-(7d) for g~ (g) and dom(f.) = u.;

(b) f« extends fg,

(c) dom(f,) Nran(f.) = ran(f,);

(d) if z € dom(f,) \ dom(f5) then f.(x) ¢ Y (so fi(z) ¢ dom(fy)).
We now define n, as required in (%)s.
(¥)2.3 (A) ( ) X“ X™and X" = X™;
={97(9),(g7) " (¢™"}k

(d) I} = I}, for £ # n;
B=fy, for heI™.
nn) =n+1;
_ 1.
B3t = oo Sty = 075
= Z U Z™", where (noticing f.[Ym]| = ran(f,)):
( ) Z = K’nuf*[ym];
(-2) Zt ={min(X.\ Yn):sCy sT}H\ Z, recalling (x)2(c).
The reason for Z* in (B)(c) above it to satisfy condition (x)2(c).
(¥)2.31 Ry and E} are defined from the information in (x)2.3, as in [3.5(9)).

Comparing (seq,(X), R}) and (seq,(X), RY) the set of new edges is:

{(‘f’g) : (j’g) € Zf U Zﬁl}v

where we let:
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(*)2.4
7Y ={(z,9) : @ € seqi(dom(f.)), f(z) = §, & ¢ seq;(dom(fy))},
Zﬁl - {(jag) : (gaj) € Zf}a
Notice that possibly z C dom(f.) A Z ¢ seq;(m), and possibly z C dom(f.) A
T Z dom(f§') AT € seqy(m) (as witnessed by some g’ € IZ,), anyhow the union
ZF U Zk, is disjoint, as dom(f.) = us, by (¥)2.2(a), us C Y, by (¥)2.1, and
x € dom(f,) \ dom(f5) implies f.(x) ¢ Y, by (¥)2.2(d). Notice now that:
(%)2.4.1 if T € seqy(us) and § = f.(Z), then:
z Cdom(f7) © g Cran(f;) = (T € seqi(m) A g € seq;(m)).
Now, we have:
(¥)25 (a) if (%,9) € ZF, then:
(o) 7 € seqy(us) and T € dom(f7);
(6) y < f*(u*), Y g Y, ¥ Z ran(fg) and g N Yy, C ran(fg);
(b) the dual of item (a) for (z,7) € Z*,;
(c) if Z € seqy(n) \ seqy(m), then Z occurs in exactly one edge of Rj.
[Why? Ttem (a)(8) is by (x)2.2(d). Item (c) is by (*)2.2(c).]
Notice now that:
(%)2.6 in the graph (seq,(X), R}) we have (where Z € seq;,(X) below):
(i) all the new edges have at least one node in seqy(us) \ seqy(dom(fz))

and one in seq (fu[u.]) \ seq(ran(f;)) = seqs (. [ue]) \ seq (Vo)
(ii) every node in seq(n) \ seqy(Ym) has valency 1;
(i) if Z € Yy and T & ran(f,), then Z/E} = {z};
(iv) if 2 C Yy and € dom(fs), then Z/E} = Z/Ef,
(v) if Z C dom(f.) (hence Z C Yy, ), then:
T/Ep=2/E] U{f(y):y € 2/EF,Y C us,§ £ dom(fy)};
(vi) if z C dom(f5) and &/E} Nseqy(us) C seqy(dom(f5)), then:
T/Ey = T/ By = f.(2)/EY;
(vii) if Z Z Yin but Z C f.(us), then Z/E} = f,71(2)/E;
(vil) if Z € seqy(Ym), then:
(z/Eg) Nseqy(Ym) = (2/E}) Nseqy,(Ym)-
Notice also that:
(¥)2.61 (a) if Zo,..., T, is a path in (seqy(n), R}) with no repetitions and 0 < ¢ <
m, then Z,; € seq;(m);
(b) E} | seq(m) = EJ | seq,(m) and E} | seq,(Yan) = E | seq;,(Ya);
Now, we claim:
(¥)2.7 n € K§°(M) and n € suc(m).
The only non-trivial thing is to verify that n satisfies[3.5((11)). In principle, verifying
that this holds should be straightforward. As n is explicitly defined in an essen-
tially free manner, we should be able to check the algebraic condition |3.5([L1]). In
actuality, though, verifying [3.5(|11]) would require an explicit description of AY. We
circumvent this by defining explicitly an A’ such that A2 C A’ (cf. (%)2.7.5) and such
that A’ satisfies the crucial condition that each a € A’ has non singleton p-support
(cf. (%)2.7.6). Notice that in order to show that A? C A’ it suffices to show that A’
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satisfies the minimal set of condition defining A2, as defined in [3.5(|11)), and so it
is not hard to achieve, although the proof requires careful checking. Also the proof
(*)2.7.6 is in principle not hard but it involves a careful checking of many cases.

We thus move to the proof of [3.5|(11]). To this extent:

(%)2.7.0 let s = (p, k, Z,q) be as in .

Now, if Z ¢ seq,(Yw) and = ¢ seq,(ran(f.)), then Z/E} is a singleton and so the
proof is as in (*);. Thus, from now on we assume:

(%)2.7.1 W.lo.g. T € seq;,(Ym) or T € seqy(ran(fy)).

(¥)2.7.2 (a) W.lo.g. T € seqy(Ym);
(b) let s be is as in [3.5((11)) for m and Z;

(c) so AT is well-defined.
[Why (a)? If € Y, then, by (x)2.7.1, necessarily Z C ran(f.), so f, *(zZ) € z/E}
and f1(Z) C Y and, by (¥)a.6(vii), we can replace z by f,1(Z). (b), (c) are clear.]

()27 (a) A C A, let Jlélé = A, recalling q ; .
(b) let A2 = {blF ] : b € Al and dom(b) C dom(f.)}, where for b = (b, :
y € Z1) with Z; C dom(f.) and Zs = f.[Z1], where we let:

—1
OVl = (b, 1y € Zo);

(c) A2 C {be A2 :dom(b) Cran(f.)} B
(d) recalling [3.5(11)(f), notice that for any function h such that b s
well-defined we have that if b") = &, then the following happens:

dom(b) C ran(h) and dom(¢) C dom(h);

(¥)2.7.4 Let A’ be the set of @ such that for some a; € Al and ay € A2 and u such
that supp,,(@;+a2) € u C dom(a; )Udom(az) we have that (a;+az) [ u = a.
In this case we call (a1, a2, u) a witness for a.

Now we crucially claim:

(¥)2.75 A C A"

Why (x)2.7.57 Obviously A’ satisfies [3.5|[11]))(a) and B5|(II)(b) is a definition. By

BE|[I1)(g) it suffices to prove that A’ satisfies (c)-(f) from [3.5|(LT).

(%)2.7.5.1 A’ satisfies Clause (c)

Lety = (§' : i < i.) € (z/E})™, 7 € Q¥ and @ = a(y 7 be as there. Recall that
abusing notation we treat y as a set. Let:
y1 = {?l AN i*agi CVYn}
Y2 ={J" i <ix,§" € Yu (s0 " Cran(f))}.
Easily we have that y is the disjoint union of y; and y2 and we have:
A(y,r) = Q(yy,rly1) T Q(ys,rly2)

provided that we show that Gy = Gy, rjy,) € A2 (as a1 = d(y, r1y,) € Az is obvious
by (%)2.6(viii)). We do this. Let y5 = {f-'(%) : ¥ € y2}. Now, if ¥ € ys, then
M) = 1) @) € #/E} Nseqy,(Ya) C /EF. Why? First of all f71() =
f;j(g)(g), by the choice of g7 (g). Secondly, fg‘j(g)(y) € Z/E} as § C filusl,
y ¢ Yo and §/Ef = f71(y)/ER, by (¥)2.6(vii). Thirdly, f! /() € Y, by the

~(9)
choice of f5~(4). Thus, fg_j(g)(zj) € T/E} N Yy, and, by (*)2.6(viil) we have that
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I/Eg N Yn CZ/ER. Let now 7 = (r(y ;) 1 § € y3), where r(, o) = 72, 1,(5))- Also,
let a5 = (afy, ) Y E set(y})), where for y € set(y}), we let:

a/(Q,y) = Z{TEQ,Q)QZ HETS y/z and y; = y}.
As yy C z/EP and m satisfies B.5|(L1) (c), easily ap € AT = A}. Also, easily y €
. . _ —1

set(ys) implies a’/(27y) = a(2,1.(y)) (recall that 7“22’?;) = 7(2,f.(y))) and so (aé)[f* 1 =
az. Thus, az € A2 Now, yh, 7, witness that a, € Al and so by the definition of
Aﬁ we are done. This concludes the proof of (x)a.7.5.1.

(x)2.7.5.2 A’ satisfies Clause [3.5|[11))(d).

This is obvious by the definition of A’.

(%)2.7.5.3 A’ satisfies Clause [3.5][LT)(e).

Let a,b € A’ and let (@, as, ) be a witness for @ and (b1, by, v) be a witness for b,
now (a1 + @y, by + by, u U ) is a witness for @ + b. Hence, c=a+bec A'.

(x)2.7.5.4 A’ satisfies Clause ( ).

Let h € I, Z; C dom(f3), Z2 = f3[Z1] and dom(a) C Z5. We shall prove that
alfal € A’ where @ € A’ and (ay,do, u) is a witness of this.

Case 1. uw € Yy, and u & ran(fy).

In this case there is no such h.

Case 2. u Z Y and u C ran(fy).

Notice that u Z Y, so there is y € u \ Yin. Now, y € u C dom(f,). But we have:

helI™ = dom(f;) CYa = y ¢ dom(fy),

h=g"(9) = dom(f;) = u. = y ¢ dom(fy),
so necessarily h = (g71) (¢~ !) and f; = f'. Now:
(-) W.lo.g. dom(ai) C ran(f3).
[Why? If z € dom(ai) \ ran(fy), then 2 ¢ u so z ¢ supp,(a) and z ¢ dom(az),
hence a. = a(1,,) € Qp. Thus, af = a; | (dom(ay) Nran(f;)) € Al and (a, +az) |
u = (aj + az) [ u, so we can replace a; by aj, as m satisfies clause (f).]
Let @} = a[lf"] = a[lf*] this is well-defined, it belongs to A! and has domain C

dom(f.). Also, dom(a2) C ran(f*) and dp € A2, hence @) = a[zf*] € Al and has
domain C dom(f,). By ) and the above we have that @’ = @} + a) € AL.
Also, supp,,(a’) C f, ! [u] Q dom(a1 +ah), hence @’ | f'[u] € AL. Hence:

alfnl

|

l
=
X

I
—~
—~
l
—_
_|_
|
~—

e
Sle e S
7
!
<

e

Case 3. u C Yy, and h = fgﬁ(g)

In this case we have:

(1) W.lLo.g. dom(az) C ran(f3).
[Why? If y € dom(az) \ ran(f;), then (recalling dom(as) \ ran(fz) C filus] \

ran(fz) C fi[us] \ u) we have that y gé u 50 y ¢ supp,(a) and y ¢ dom(ay), hence
ay = acy) € Qp. Thus, by ), @5 = az | (dom(az) Nran(f;)) € A2 and
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(@1 +az) [ u=(a; +a3) | u, so we can replace as by a3, as m satisfies clause (f).]
Let a, = _[f 7= d[f +] , this is well-defined, it belongs to Al (by the definition of
A2, recalhng as € A ) Also, @) has domain C dom(f,). Now, as m € K§°(M),
fz € I™ and @) € Al = A™, recalling (e), we have @y = (@/2)[,‘51] € Al so
as m € K§°(M) we have a; + as € AL. Thus, as Al C A, we are done.

Case 4. u C Yy and h € Iy,.

Similar to Case 3.

Case 5. u C Yy and h = f(g (9-1) = = f1

As u C Yy and u C dom(f}) = dom(f* 1Y = ran(f.), necessarily we have:

u C Yy Nran(f,) =ran(f;) (cf. (¥)2.2(c)).
As in earlier cases:
(1) W.lLo.g. dom(az) C ran(f3).
So we can finish as in Case 4.
Thus, indeed AL C A’ by (g) of the definition of A? in and (x)2.7.5.1-
(*)2.7.5.4. Hence, we finished proving (x)2.7.5.
(¥)2.7.6 If a € A’, then supp,(a) is not a singleton.
We prove (x)276. Let a € A" and let (a1,as,u) be a witness of this. For £ = 1,2,
let a; = a, | supp,(ar), then, by (d), we have that aj € Al = A™. Also,
a; = &[Qf*] € AL, by the definition of A2, and so, as m € K§°(M), a3 | {y € X :
f«(y) € dom(ah)} € Al. Clearly we have the following:

domp(a3) = {y € dom(a}): (2,4 ¢ Qp}
= {y€dom(a3) : ap,p.) = ey ¢ Qp}
= {fi(y) : y € domy(az) = {y € dom(a3) : G(a,y) ¢ Qp}}-
Thus, @3 | dom,(a3) = (ay)fl. As a} = d[zf*] € AL, recalling that Al = A™, by
(d), we have that (aé)[f*] = ab | domp(a3) € AT. Hence, by the definition
of A2 (as a = b+l iff b= al/~ 1), @) € A2. So we have:
(a) if y € dom(a;) N dom(az), then:
(*) y & supp,(a1) implies y € supp, (@, + az

)
(
() y¢supp§
)

) ) iff y € supp,(a2);
2) implies y € supp,, (a1 + az) iff y € supp,(a1);
\ dom(ay), then y € supp,(a1) iff y € supp,(a; + az);
\ dom(ay ), then y € supp,(az) iff y € supp,(a; + az).

(b) if y € dom(a
(c) if y € dom(ay
Hence:

(*)2.7.61 W.lo.g. a=a; +az and a; = ay [ supp,(ar), for £ =1,2.
[Why? Letting v’ = dom(a}) U dom(a}), we have:

(a) v Cu

(b) dom(a}), dom(a}) C u;

(c) @) + a3 fsuppp(dﬁ +ay)=a;+az | suppp(@l + o).

So (#)2.7.6.1 holds indeed.]

With (*)2.7.6.1 in mind, we now get back to the proof of (¥)2.7.6.

Case A. supp,(a1) £ ran(f3) and supp,(az) & ran(fz).
As supp,(a1) Z ran(fz) we can choose y; € supp,(a1) \ ran(fy), and similarly we
can choose yo € supp,(az) \ ran(f;). Now dom(ai) C Yin and dom(ag) C fu[Ym],
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hence dom(a;) Ndom(as) C Yin N fi[Vim] = ran(f;) (recall (*)2.2(c)), so necessarily
y1 ¢ dom(as) and yo ¢ dom(ay) (by the choice of y; and y). Hence, letting
@ = (ay : y € u) and recalling the definition of @ = a; + a2 from [3.5(|11e)) we have:
() y1 € dom(ay) \ dom(az), s0 ay, = a(1,y,);

() y2 € dom(dg) \ dom(a1), S0 ay, = a(2,y,)-

But a(1,y,), a2,y,) ¢ Qp (asyr € suppp(a(g) for £ =1,2) and so ay,,ay, ¢ Qp, and,
as obviously yl 2 1o, we are done. This concludes the proof of Case A.

Case B. Suppp(dg) C ran(f3), equivalently, by (*)2.7.6.1, dom(az) C ran(f3).
Define y4 = {f-1(9) : § € y2}, where, recalling 7 is from s (cf. (¥)2.7.0), we let:

y2 ={y € 2/E} :§ £ Yu (so y Cran(f.))}.

Let now:
@ = (g, y € set(yh)),
where:
y € set(ys) = alo,) = a@,1.(y)-

Now, we have:
(1) y5 CT/E
(2) a5 € A
(-3) (ap)V] = ay;
(1) dom(ay) € dom(fg);
(‘5) a2 € AL
[Why? Concerning (-1), if ' € y}, then by the choice of y}, there is § € y»
such that f7!(y) = ¥. Furthermore, by the choice of y> we have § € Z/E} and
§ € Y (soy C ran(f,)). By the definition of E} we have §' € Z/E}. Thus, by
(%)2.6(viil), we have §' € Z/E}, so (1) holds indeed. Also, (-2) is by (-1) and (-3)
is because we defined @y = (af, ) : y € set(y3)). Moving to the remaining clauses,
we have that (-4) holds as supp(az) C ran(fz). Finally, concerning (-5), recalling
that f; C f., by (-3)+(-4) we have that (a})/s) = @y, and as @) € Al = A™, by
.i ) we have a2 €Al =A™]
Let now a, = a1 +as, as each summand is in Aé (notice that the second summand is
in Al by (-¢)), then also a, € AL, recalling that Al = A™ and m satisfies condition
(e). Also, clearly @ = @, but the latter belonging to A we have that supp,,(a)
is not a singleton, recalling that Al = A™ and m satisfies .
Case C. supp,(a1) C ran(f3), equivalently, by ()2.7.6.1, dom(a1) C ran(fg).
This case is similar to Case B. Recalling Z is from s (cf. (%)2.7.0), let:

yo={9 € 2/E :§ L Yn (so g Cran(f.))}.
yo ={f'(y) : € ya}.

ay = (afy,y) : Y € set(ys)),
where:

y € set(ys) = aEQ,y) =ag,f.(y)-
Let now Y; = suppp(dl) Cran(fz) and Y{ = fg_l(Yl) C dom(f3), then we let:
(-a) d’l =(a ’(1 y) - Y €Y(), where:
1 ) = A fq(y))7

(b) a
(c) Y2 dom(a2) f* [ ] fg [ }
(ra) ah = (aj Ao y) y€Y2) where:
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(re) alay) = %o 1. m)-

Then:

ah € AL;
1

aj € AL

)

3) (@)U T =ay;
)
)

6) (ah)U-] = a,.

1) y5 C z/E} (recall that s = (p, k, Z,q) and [3.5|(11))(e));

dom(a}) C dom(f3);

Let now @, = ay + ay and let @, = @) + @), so that (@)~ = a,. As @) € AL by
(-5) and a5 € A} by (-2), then by [3.5((8) (e), also a, = a} +aj € Aj, hence supp, (@)
is not a singleton (as m € KY°(M)) and so also supp,,(a.) is not a singleton.

So we finished proving (*2.7.6), i.e., @ € A’ implies that supp,(a) is not a singleton.
Thus, we also finished proving ()2, as by (%2.7.5) we have @ € A} = a € A, and
so by (*2.7.6) we are done, i.e., we have verified that n satisfies|3.5)(L1)).

(¥)3 We can choose an <g,-increasing sequence (my : £ < w) in Kb°(M) whose
limit m is as wanted, i.e. m € K5°(M).

We show this. We can find a list (g* : £ < w) of |J,,,.,, G such that:
()a1 (1) 18(3) < &

g

if g* < g*, then £ < k;
lg(g) = 0 iff £ = 0;

(i)
ii)
iv) note that for £ < 1g(g), gf # (g5)~*
(v) 32 = () 1

)

g

(vi) if lg(g*1) > 1, then there is a unique i < ¢ such that:
(1)

(-2)

=21+1 —20+42.
agtt
=242

—20+1.
Qg

(3) 1g(7*1) =1g(7%*?) =1g(7*"") + 1 =1g(g>"*?) + 1.
Why do we ask what we ask in (x)3517 Clause (i) is just for clarity. Clause (ii) is
needed because defining my_; we would like to ensure g € I™++1  in the interesting
case g ¢ I™ but g’ < g implies f; C f5,, so it makes sense to take care of g
only after all the §’ < g, have been taken care of, but this means g’ < g, implies
g € I™. Concerning clause (vi), the point is that in ()2 we only took care
of having dom(f;~(4)) to be large enough, but not of ran(f;~(4)). But, by our
bookkeeping, if gy is not empty sequence, ge < g and lg(ge) + 1 = 1g(gx), then k
is odd if and only if ¢ is even. Hence if k is odd, then choosing g; will increase
the domain of f5;**' to include Y, N Xqom(g,) (cf. (*2)(d)), and if ¢ is odd,
then choosing g, will increase the domain of f;“l to include Y, N Xqom(g,), but

Y, € Y, so always Y, N Xqom(g,) C dom(fg:““).

Mutatis mutandi we have

that Y, N Xyan(z,) C ran(f,"""). Clearly this suffices.

Now, by induction on ¢ < w, we choose m; € K§° such that n(my) < £+ 1 and
myy1 € suc(my) or myy; = my. We proceed as follows:

(¥)3.2 (£=0) use (*)1;
(0 =k+1) () if g"*t! € I™* then m, = my, (if this occurs, then k is odd);

(o) if gFtt ¢ I™, let my = lg(g**!) — 1, so gF*t | my € I™*,
and use (*)o with the pair n(mg), g2**! here standing for
n,g" (g) there.



Paper Sh:1205, version 2023-10-13_2. See https://shelah.logic.at/papers/1205/ for possible updates.

18 GIANLUCA PAOLINI AND SAHARON SHELAH

Clearly m = limy,(m,) € K}°(M). Notice that by ()3, we have:

(¥)3.3 if gF < g’ < g™, then:

(1) fax C fze € fam;

(11) Ymk n Xdom(fgk) - dom(fgm);

(iil) Y, N Xran(f,0) € ran(fzm);

(iv) if s C; dom(fyr), then min(X]\ Y, ) € dom(fzm) (see (¥)2.3(B)(c)(-1));
(v) if s €y ran(fzx), then min(X7 \ Yo, ) € ran(fzm) (see (*)2.3(B)(c)(-2))-

Thus we are only left to show that m € Kp°(M) is full, that this, that m satisfies

conditions (12), (13) from [3.6] For this notice:

(i) Def. 12) holds by the definition of mgy;1 € sucy, , recalling (x)s3.3(iv)(v);
(ii) Def. 13) holds as the g*’s list G..

Corollary 3.9. K°(M) # 0.
Proof. This is obvious by [3.8] simply comparing Def. and Def. m
4. BOREL COMPLETENESS OF TORSION-FREE ABELIAN (GROUPS

4.1. The Definition of the Groups G (1 1

Definition 4.1. Let K§°(M) be the class of m € K5°(M) expanded with a sequence
p=p"™ of prime numbers without repetitions such that we have the following:

(1) p= (P(e,g) : € € seq,,(X)/EN for some 0 <n <w and G € (Z1)");

(2) for every £ <mn, p ) qe.

Fact 4.2. Clearly every element of m € K§°(M) can be expanded to an element of
m € K}°(M), and, as we showed in that K5° (M) # ) we have K§°(M) # ().

We try to give some intuition on the group G; = G;[m] which we are about
to introduce in This group will be some sort of universal domain for our
construction, and in fact all the TFAB,’s which will be in the range of our Borel
reduction from K5 (cf. to TFAB,, will be pure subgroups of this group Gj.
The group G; naturally interpolates between Gy = @P{Zzx : x € X} and Gy =
P{Qx : x € X}, which have respectively the minimal and the maximal amount of
divisibility possible. Clearly, the groups Gy and G2 do not code anything of the
universal countable model M € K5 (cf. . Thus, we want to find a subgroup
Gy < G1 < G2 which does encode M. We do this adding divisibility conditions to
G which depend on the relation E from So the first step is that for every
a € Gar we choose a prime p, and require the following condition:

Go |:a:quajg7éO = G Epla.
o<k
However, we want the partial permutations f; of X from [3.4] to induce partial
automorphisms fg of our desired group G, and so we naturally demand:
ve{1,2}, a, =Y qup, \ fo(z}) =27 = Pay = Pas-
o<k o<k
Formally, this translates into a choice of p(. ) as in where condition [4.1)[2)) is

simply a useful technical requirement. We finally define our “universal” group Gj.

Definition 4.3. Let m € K}°(M).
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(1) Let Gy = Go[m] be P{Qz:z € X}.
(2) Let Gy = Go[m] be the subgroup of Ga generated by X, i.e. P{Zx:x € X}.
(3) Let Gy = G1[m] be the subgroup of Ga generated by:
(a) Go,'
(b) P~ (D p<p qeTe), where:
(1)) 0 <m < w;
(i) &= (xp: € <n)€seq,(X), e=Z/EF, n>0;
(iii) q is as in[f.1]
() p = D(e,q) (50 a prime, recalling Definition ;
(c) [follows] for every a € Gy there are i, < w and, for i < i., ki, T; €
seqy, (X), @ € (ZT)k@) | ey = T/ B, pi = Pe,,q) (hence G; is as in ,
m(i) = 0 and r* € Z* such that the following condition holds:

a= Z{p;m(i)riq“)@x(i)@ 20 <y, b < k).

(4) For aprimep, let Gy p) = {a € G1 : a is divisible by p™, for every 0 <m < w}
(notice that, by Observation G(1p) is always a pure subgroup of G1).

(5) ForU C M, we let:

Guuwlm] =GawmM)] =Gau =y :y € Xu,u S Ug, = (Xu)6, -
The notation m(M) is from the second line of Def. and Xy is from @

(6) For f; € f™ (cf. Definition ), let fg2 be the unique partial automorphism
of G which is induced by f; (see @), explicitly: if k < w and for every
¢ < k we have that y} € dom(f3), yi = f3(y}), ¢ € QY then:

a=> qui €Gy = f2a)= qui.
e<k <k

(7) For £ € {0,1} we let f; I Gy = fg and fz = fgl (see@)).

(8) For i € {0,1,2}, a = Y, qexe € Gy, with (x¢ : £ < k) € seqy(X) and
q € QF, let supp(a) = {zy : £ < m}, i.e., when a € G}, supp(a) C,, X is the
smallest subset of X such that a € (supp(a))g, -

(9) For p a prime and a € G we define the p-support of a, denoted as supp,(a),
as: if a =" {qure: £ < k} with (z¢: £ < k) € seqy(X) and ¢ € QT, then:

supp,(a) = {x¢: £ <k and qo ¢ Qp},
where we recall that Q, was defined in @

Lemma 4.4. Let m € K§° and ¢ € {0,1,2}.
(1) Gy[m] € TFAB and |Gy[m]| = R.
(2) (a) f; is a partial automorphisms of Ga[m] mapping Go[m] into itself;
(b) fg = fgl = fg I G(1,dom(g)) (cf- Def. (@)@), the map fg s a well-
defined partial automorphism of G1, and dom(fg) is a pure subgroup of
G1[m], in fact dom(fy) is the pure closure in Gy of dom(fg);
(c) fgﬂ:f;li R
(d) g1 C !22 = Jfgl c Lf§2;
(e) fa S 13 S I3 €7
(3) If p=p(e,g), e €seq,(X)/ET, §= (q¢: £ <n) is as in and n > 1, then:
(@) Qpen P Mqeye:m <w, Y €e)g, <Gy
() Gt <{p™™ > yepqeye - m <w,y€e} UQ,Go)a,;



Paper Sh:1205, version 2023-10-13_2. See https://shelah.logic.at/papers/1205/ for possible updates.

20 GIANLUCA PAOLINI AND SAHARON SHELAH

(c) if a € Gy, then there are k <w, and, fori <k, g ce, 5, €QF s.t.:
(i) a = Zi<k 5i(25<n %yé) _mOd(QpGO NG1); _
(i) foralli <k, s; an qeyy & QpGo, and ¢ < n implies s;quy; & QpGo;

(iii) s; Y {qbyl : 0 < n} € Gi.
(4) Inl4.4 m(@) we may add: (§' : 1 < i) is with no repetitions.

Proof. Item (1) is clear. Concerning item (2), clause (a) holds as f; is a partial
1-to-1 function from X to X; while for clause (b) it suffices to prove that given
> eer @eyi and >, qey7 as in Definition [4.3)(6) we have that:

quy} cG = Zng,? c (.

1<k 1<k

In order to verify this it suffices to consider the case in which a :=3",_, que is one
of the generators of Gy from [4.3] - . Thus, to conclude it suffices to notice that f;
maps §' = (y} : £ < k) to §* = : £ < k), hence §* € g*/E® and recall ..
This shows (2 )(b) Flnally, 1tems (2)(0) (e) are easy and so we omit details.

Concerning item (3), if ¥ € e and 0 < m < w, then p™™ >, _, qey¢ is one of the
generators of Gy, as this holds for every 0 < m < w, it follows that ) ,_, p™™qeye €
G(1,p), by the definition of G(; ). As G(1 ) is a subgroup of Gy, for every 3 € e
we have that ), . qye € G1p) < G1. Let Zie gy = {> e, @eye - U € e} € G py,
then (Z(¢q))&, < G(1,p), because by Definition we have that G(1 ) is a pure
subgroup of G (cf. Obs. [2.5). This proves (3)(a
Concerning (3)(b)(c), assume:
(*1) a € GT.
By [£:3{3)(c), we have:
(¥2) As a € G we can find:
(a) ix < w;
(b) for i <i., e; =;/Ey,, ¥; € seqy, (X), 7= (qb: < ki) € (ZT)r
(c) " €ZT, 7" €ei, by =3y, qpyy € Go;
(d) pi = Des.q0):
€)
)
)

f

Di
a= ZZ<z p; —mie) sz, where m( ) < w;
( Z < i4) is with no repetitions;

P Jrib; € Gy.

(
(
(g

Let now:
(k3) V = {i <is:pi=p=preq and p; "rib; ¢ Q,Go},
where we recall that the object p(. q) is from the statement of lemma and in par-

K3

ticular it is fixed. Notice also that if i € V, then (e,q) = (e;,q). Hence, we
have:
(x4) (a) ifi € i, \ V, then p; "Vrib; € Q,Go;

(b) i € V implies §° € e and ¢ = §;

(c) if i € V and £(1),£(2) < k, then:

o ()quz a € Q, & pi—m(l)

rigie € Qp & p; " Vrib; € QuGo;
(d) if i € V, then p; "Drib; ¢ Q,Go;

(e) ifi € V and £ < k, then p;m(i)riq}yé ¢ Q,Go.
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[Notice that in the first equivalence of (x4)(c) we use: £ <k = q. € Z",p [ qu.]
By (*4) we have:
(xs) (2) a={p; "' : i € V} mod(Q,Go N G1);
(b) i € V implies p;m(i)ribi ¢ Q,Go.
So, defining s; as p~"™()7?, we are done proving (3)(b)(c). Finally, (4) is easy. m

Fact 4.5. Assume that m € K5°(M), U,V C M and [U| = |V| = Ry. Suppose
further that there is h: M U = M [ V. Then there is § = (g : k < w) such that:

(a) for every k <w, gr € G (cf. [3.3[3)):
(b) for every k < w, gk C gr+1;
(¢) Upcw 9 - M TU=M[V.

Proof. Let h: M U = M | V. We can choose an increasing sequence (ny : k < w)
such that g = h N (ng x ng) (pedantically g = (h N (nk x ng), 1) recalling [3.2([3)
is strictly increasing and | J,,,, gr = h. [

As mentioned, GG; will be some sort of universal domain for our construction.
This is reflected by the fact that instead of varying M € K in Definition we
fix M to be the countable universal homogeneous model of K°, and, for Y C M,
we consider the substructure M [ U and the group G(144). We intend to show:

MIUZMTV & Gaulm] =G y)m].
The easy direction is course the left-to-right one, which we now establish:
Claim 4.6. Assume that m € K§°(M), U,V C M and [U| = |V| = Ry. Then:
MIUZMTV = Gaulm] =G y)m].
Proof. Let (gi : k < w) be as in Fact sp = dom(gx) and t = ran(gx). Then:

(i) for k <w, gr = (ge: £ < k), s0 gp € GFHL (cf. and (]EI)),

(i) Upew e M 1U = MV (ct. B5R): )
(iii) for every k < w we have that gx € G, and so, by Definition [3.4(4)), f;. € /™.
Notice also that by [3.4{(9) we have:
(*1) (d) Uk<w dom(f.(?k) = Uk:<w XSk = Xu;

(e) Uk<w ran(fgk) = Uk<w Xh[sk] = Xy.

Hence, we have:
(*2) Upecw fgk is an isomorphism from G134y onto Gy yy (cf. Def. @)
[Why? By [4.3{[) (@) (@), and [3.4/(9).] .

4.2. Analyzing Isomorphism
Our aim in this subsection is to prove the converse of Claim

Hypothesis 4.7. Throughout this subsection the following hypothesis holds:
(1) m € K§°(M);

(2) U,V C M;

(3) U] =R = [VI;

(4) © is an isomorphism from G yy[m] onto G (1 yy[m].
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Our aim in 4.8 and [L.9 below is to show that 7 essentially comes from a bijection
from X7, onto Xy, which are respectively the bases of G 1 4)[m] and G (1 y)[m] (in
the appropriate sense). At the bottom of this is the crucial algebraic condition
, which puts restrictions on the possible p-supports of certain members of G.

Lemma 4.8. Let a € G(1y[m] and let b= 7(a).

(1) For a prime p, a € G1p) < b€ G py;

(2) if a = qx, for some q € QT and x € Xy, then for some y € Xy:
(a) (2)ET(y);

(b) b€ Qy, i.e. there exist mi,mo € Z" such that mib = mayy.

Proof. Ttem (1) is obvious by Hypothesis . Notice now that:

(x0) It suffices to prove (2)(b).

Why (#0)? Suppose that b = 2y and let ¢’ = (2)/E" and p' = p(er (1)), then
r € G(1p), but @ = gz and a € Gy, hence a € G(y ). Now, applying (1) with
(a,b,p’) here standing for (a,b,p) there, we get that b € G(1 ). As b= 2y € G,
we have that y € G(1,) and thus:

() G1E (P)*|z and Gy = (p')>]y.
Now, letting H, o) = (x/ET")q, and H,y 1) = <x/E{“>’E;1 we have that:
(x0.1) (1) Go/H(y o) is canonically = to the direct sum of (Zy :y € X \ z/E}");
(ll) H(p',l) N G() == H(p/,o);
(iii) G1/Hy 1) naturally extends Go/Hy oy;
(iv) no non-zero element of G1/H, 1) is divisible by (p)>.
Why (%0.1)? Straightforward or see a detailed proof of a more complicated case in
5.15|[2)). This concludes the proof of (kq).
Coming back to the proof:
(x1) Let n < w, y € seq,(Xy) and g € (QT)™ be such that b = > {qeye : £ < n}.
Trivially, n > 0, we shall show that n = 1, i.e., that (2)(b) holds. To this extent:
(*1.1) Let ¢« € w\ {0} be such that:
(‘1) b1 = qib € Go[m];
(-2) g«q € Z, and q.qp € Z, for all £ < n;
(-3) for every prime p’ we have p’| (q.q) implies p’ | (¢«qe), for all £ < n.
Let e = §/En, ¢y = q«qr and ¢ = (q) : £ < n), so that ¢.quyr = qjye and q, € Z+.
Let p = p(e,g) and let by = q.b = > _{qyye : £ < n}. Notice that we have:
(*2) N¢cr P fq, and, for every £ <k, q; € Z+ C Q,,.
[Why? Because p = p(c,5) has been chosen in exactly in this manner.]
Then we have:
(x3) (1) b€ Grp);
(ii) a < G(l,p)?
(iii) if m < w, then p™™a € G(1 ) < G1.
[Why (i)? By the choice of p we have that by € Gy, (cf. Def. 1' and so, as
G(1,p) is pure in Gy (cf. Observation [2.5)), b1 = ¢.b and ¢. € Z, we have b € G (1 p)
(cf. Observation 2.4). Why (ii)? By (1) and (i), recalling Hyp. [£.7[). Lastly, (iii)
is immediate: by the definition of Gy and of G(; ;) (Definition [4.3((3) )}
(¥4) Wlo.g. a =gz ¢ Q,Gy and pa € Gy.
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We prove (#4). Let @’ = p~lq.a, ¥ = p~lq.b and ¢ = p~tq.. So by (x3) we
have that o’,b’ € G and of course 7(a’) = V/. Now, by the choice of ¥’ and g.
(cf. in particular (x1.1)(-3)) we have that pb’ € G (o), hence pa’ = 71 (pb) €
G o). Notice that o’ & Gy, as a’ ¢ Q,Go because b’ ¢ Q,Go, since from (x2)
above, A\,..p / q;- Noticing that (a’,V’,q,,b1,p,q) satisfies all the demands of
(a,b,q«,b1,p,q) (including (x3)), it follows that:
(*4.1) (a) replacing (a,¢,b) with (a/,¢',b") we can assume that a = qz ¢ Q,Go;
(b) if &’ belongs to Qy for some y € Xy, the the conclusion of (2) is satisfied.
This concludes the proof of (x4).
Now, by (3), there are k < w, and, for i < k, §* € y/E, and r; € QT such that:
(xs) (a) gz =a="722 4 7i(Qren @) = 2icr(Xrcn Tideyr) mod(QpGo N G1);
(b) 78> pen qyy € G1 and riqy & Q.
By (x4), a = gz ¢ Q,Go, and so clearly k > 0. It suffices to prove that k = 1,
which by (x5) implies that n = 1, i.e., there is y € Xy such that b € Qy. Why does
it follow that n = 17 As otherwise the LHS of (x5)(a) has p-support a singleton
but the RHS of (x5)(a) has p-support of size at least two, a contradiction.

So toward contradiction assume that & > 2. Recalling (*4) notice that:
(t6) gz =a =32, (Xicx i) m0d(QyGo N Gr);
Now, let Z = {y} : i < ix,l < k} and, for y € Z, let:

ay = Z{riqé Di < i, < kyyp =yl
So, by (xg) we have:
(*7) gz =Y {ayy 1y € Z} mod(Q,Go N Gy).
Now, as for the sake of contradiction we are assuming that k > 2, recalling that by
(*2) we have that ¢; € ZT C Q,, by [3.4((8)), we have the following:
(*s) supp,(>_, ey ayy) ={y €Y 1 ay ¢ Qp} is not a singleton.
Now recall that, by (x4), gz = a ¢ Q,Go, hence supp,,(qz) = {x}, so it is a singleton.
By (*g), the RHS of (%7) has a non-singleton p-support whereas the LHS of (x7)
has p-support a singleton, a contradiction. Hence, we are done proving (2). ]

Conclusion 4.9. (1) There is a sequence (¢t : x € Xy) of non-zero rationals and
a function w1 @ Xyy — Xy such that for every x € Xy we have that:
n(z) = ¢:(mi(z)) and m(x) € x/EM.
(2) There is a sequence (¢2 : x € Xy) of non-zero rationals and a function mo :
Xy — Xy such that:
7 (z) = g3 (m2(2)).

(3) (i) meom : Xy = Xy = idy;
(i) m omg : Xy = Xy =idy;
(iii) 71 : Xy — Xy is a bijection.
Proof. (1) is by we elaborate. To this extent, let R = {(z,y) : x,y €
X and 7(z) € QTy}. Now, we have:
(1) For all x € Xy there is y € Xy such that R(x,y).
[Why? By there is y € Xy such that 7(z) € Qy, as 7 is an automorphism,
necessarily 7(z) # 0 and so 7(z) € Qty.]
(x2) If x € Xy and (x,y1), (z,y2) € R, then y; = ys.
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[Why? By the definition of R, there are q1,q2 € QT such that q1y; = 7(x) = gay2.

As q1,q2 # 0, necessarily ¢1 = g2 and y; = yo.]
Together, R is the graph of a function which we call 7;. Lastly, m1(z) € «/E} by

[4.8|(2a). Thus we proved (1).
(2) is by part (1) applied to 7=! (and V, U).
(3) is by (1) and (2). Why? E.g., for (i) we have that:

ntom(z) =17 (gp(m1(2))) = 07, (2)8a (T2 0 T1(2)) = =,

which implies that 79 o 71 () = . (ii) is similar and (iii) follows from (i)+(ii). =

Our aim in the subsequent claims is to lift the 1-to-1 mapping from X, onto
Xy defined in [1.9] to an isomorphism from M | U onto M | V. We recall that the
equivalence relations M (for i € {0,1,2}) were defined in We intend to show
that our mapping m and 7 L' — 7, preserve them (and so also their negations).

This is done introducing some auxiliary equivalence relations &; (for i € {0, 1,2})
on X which reflect (to some extent) the equivalence relations M on M.

Definition 4.10. Fori < 3, let:
& ={(x,y) : for some (a,b) € €,z € X7,y and y € X},
where we recall that €M was introduced in .
Claim 4.11. (1) If (yo,v1) € (z0,21)/EY, zo,21,%0,y1 € X and i < 3, then:
zo&ir1 < YoliYa-
(2) The mapping m from preserves & and its negation, for all i < 3.

Proof. (1) Suppose that (yo,y1) € (zo,z1)/ES. Then it is enough to prove:
(1) T g € Gu, folwe) = ye, for £ = 0,1, then 2o&ia1 < yoEyi.
For ¢ = 0,1, let =, € X{,, for s, C; M and y, € X{, for t;, C; M. Now, as

f3(xe) = ye, by B.4(4)(d) we have that g[s¢] = ts. So g(so,s1) = (to,t1), and so, as
g c G. we have that so&;s1 < to@f—wtl. This implies ro&ir1 & yOgiyl-

Concerning (2). Using also o, V,U it suffices to prove that for x,y € Xy we have:
x&y = T ((E)gi’ﬂ'l (y)

To this extent, suppose that =&y and let s C; U be such that z,y € X, eu (as

s/€M C M, we are using 1) to give meaning to the expression X, en). If

x =y, then the conclusion is trivial, so we assume that = # y.

(*141) Let e = (Qj,y)/Eén, q= (17 1) and P = D(e,q)-

Now, we claim:

(x1.2) There is 0 < m < w be such that p~™¢,m (x) + p~"q,m1(y) ¢ Q,Go N Gj.

[Why? First of all, as ¢, g, € Q" and z # y = m1(2) # m1(y) and n(z+y) € G1, we
have that 0 # a = g, m1(x) +¢,m1(y) € G1 and so we are done, recalling that by the
definition of Q, we have that for every b € Gf there is m < w s.t. p~b ¢ Q,Go.]
So fix an m < w as in (x1.2). Now, by the choice of p, we have that p™™(z + y) €
G(Lp) < G7 and so we have that the following is satisfied:

p "qemi(z) +p  "qymi(y) = p "w(x) +p " w(y) = 7w (x +y) € Gy

So, by [4.4({3) applied with ((x,y)/ES, (1,1),p,p~"qzm1(z) +p~"gqymi(y)) standing
for (e,q,p(e,q), @) there, there are (z;,y;) € (x,y)/E and r; € QT for j < j,, s.t.:
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(x2) (a) ((xj,y;):j < j«) is with no repetitions;

(b) p™"gemi(2) +p"qymi(y) = 32, mi(@; +y;) mod(QyGoNGh).
Now, by (1), recalling z&;y, for j < j, there are s; C; M such that z;,y; € X, jem-
Next, by (*1.2), the LHS of (x2)(b) is not in Q,G¢ N G1, so the same happens for
the RHS of (x2)(b), hence, necessarily, {s;/€M : j < j.} # 0 (i.e., j. > 1), let
(to/EM 1 0 < ¢,) list it without repetitions, with ¢, € {s; : j < j.} for each ¢ < ..
Let then:

wp ={J < ju: Sj/éiw = tg/@ZM}.

So we have:
(x3) p e () + P~ gy (y) = Zé<l* szug Tj (xj =+ yj) mOd(QpGO NGy).
Now, for £ < £, let ¢, = Zjeue ri(x; +y;), then:

(k1) P qzm1() +p " ym(Y) = Dy, o mod(QpGo N Gh).

(*5) (supp,(ce) : £ < £.) is a sequence of pairwise disjoint sets.

[Why? As supp(ce) € X, jem, recalling the te/€M’s are with no repetitions.]

x¢) 1f ¢, & QpGo, then [supp,(c/)| > 2.

[Why? Recall that ¢, = >, 7j(z; +y;) and let Yy = U{{z;,y;} : j € ue} and,

for z €Yy, leta, =) {rj:j€u,az; =2+ {r;:j€u,y; =2} Now we can
apply with (p, 2, (z,y), (j,y;) : § € we), (1,1),(rj 1 j € we), (az : 2 € Yy))
here standing for (p,k,Z,y,7,a(y,)) there and get {z € Y, : a. ¢ Qp}| # 1.
But this means that [supp,(c¢)| # 1, but [supp,(ce)| # 0 as ¢, ¢ Q,Go, hence
|supp, (c¢)| = 2, as promised. This concludes the proof of (xg).]

(x7) V={l <, :co ¢ QyGo} has exactly one member.

[Why? If V = (), then the RHS of (4) is in Q,Go but not the LHS, recalling (x5)
and the choice of m < w in (*1.2), a contradiction. On the other hand, if |[V| > 2,
then the RHS of (x3) has p-support of size »_,_, [supp,(ce)| = 2[V] > 2, but the
p-support of the LHS of (x3) has cardinality 2, a contradiction.]

Let k be the unique member of V', then we have the following:

{m(z),m(y)} = supp,(p "gm(z) +p "qym(y))
= Suppp(24<g* C@)
= supp,(cx) C Xy, jen.
Somi(z), m(y) € Xy, jem and as X, jem is an E;-equivalence class (by the definition
of &), then m(z)&;m1(y), as desired. This concludes the proof of the claim. |

Claim 4.12. There is a bijection h : U — V preserving GZM and ﬁézM, for all i < 3.

Proof. By , we have:

(%1) If 2,y € Xy and @ < 3, then &y < m (z)Em1(y).

Now apply (*1) for i = 2 and recall that by ¢ is equality on M. Then:
(%2) 3s CLU(z,y € X.) & 3t 1 V(m(x), m1(y) € X7).

Now, as Xy = U,y X and Xy = U ¢,y X, there is a function hy from U into
V such that (not distinguishing a € U with {a} C; U):

(x3) If 2 € X{, s C1 U, then mi(z) € X5 (.

As my = 717 " and 7y is a function from Xy onto Xy (cf. 4.9) we have that:

(*4) hy : U — V is 1-to-1 and onto.
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Finally, applying [4.11}|2)) to ¢ and recalling the definition of & we get:
(x5) For i =0,1, a # b € U implies a€Mb < 1 (a)EM (D).

Conclusion 4.13. M [U and M [V are isomorphic members of K.

In a work in preparation (among other things) we intend to give a characteriza-
tion of the automorphism groups of the groups G(1 ) that we construct above.

4.3. The Proof of the Main Theorem
Notice that in this subsection Hypothesis is no longer assumed.
Conclusion 4.14. Let m[M] € KX°, U,V C M and [U| = |V| = Ry. Then:
(%) MIUZMIV e Gaum = Gay)m].
Proof. If the LHS of () holds, then b also the RHS of (%) holds. If the RHS

of (x) holds, then the assumptions in are fulfilled and thus holds, and so
the LHS of (%) holds. ]

Convention 4.15. In Fact and Notation (@) instead of considering struc-
tures with domain w we could have considered structures with domain an infinite
subset of w. We take the liberty of not distinguishing between these two variants.
This happens most notably in the Proof of Main Theorem right below.

Recall:

Fact 4.16. The class K is Borel complete. In fact, there is a continuous map
from Graph,, into K which preserves isomorphism and its negation.

Proof. See e.g. [12], pg. 295]. ]

Proof of Main Theorem. Let M be as in Hypothesis Fix m € K:°o(M) (cf.
Fact and assume without loss of generality that G1[m] has set of elements w.
For every H € K we define F[H| : H — M by defining F[H](n) by induction
on n < w as the minimal k¥ < w such that {(¢, F[H|(¢)) : £ < n} U{(n,k)} is an
isomorphism from H [ (n+ 1) onto M | ({F[H](¥) : £ < n} U{k}). The map
Hw— M [ {F[H|(n) : n < w} is clearly continuous. We will show that the map
F': M U — Gayym], for Y € M infinite, is also continuous (cf. 4.15), thus
concluding that the map B := F' o F': H = G(1 {p[H]|(n): n<w})[M] i8 a continuous
map from K¢ into TFAB,, (cf. [.15)), so, by and [4.16] we are done.

In order to show that F’ is continuous, first recall that m € K° is fixed (cf. |4.1)),
and so in particular p is fixed. Now, given a € G1[m], we have to compute from U
whether a € G(14)[m] or not. To this extent, let a = > {gfz§ : £ < n} with the
x¢’s pairwise distinct and g, € Qt. Now, as by , Xy =U{Xs:sC, U} =
U{X] : s C; U} and the latter is a partition of X, for every £ < n, there is a unique
finite s € M such that the following conditions holds:

a € G(Lu)[m] =4 /\ sg CU.
<n
This suffices to show continuity of F’, thus concluding the proof of the theorem. m
Remark 4.17. We observe that in the context of the Proof of Main Theorem we

can choose both M and m to be computable stuctures, in the sense of computable
model theory, i.e., all the relations and functions of the structure are computable.
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5. COMPLETENESS OF ENDORIGID TORSION-FREE ABELIAN GROUPS

The aim of this section is to show that deciding whether a group G € TFAB,, is
endorigid is a complete co-analytic problem. We do this by reducing a well-known
problem to the endorigidity problem, namely the problem of deciding whether a
tree with domain w has an infinite branch, which is well-known to be complete co-
analytic. So the idea here is to code a tree T into a TFAB,, G[T]. The way we code
the tree T is reminiscent of the coding used for the proof of the Main Theorem.
Also in this case X will be a basis of the group G[T], and we will code an element
t € T via a partial permutation f; of X. As in Section [4| the group G[T] that
we wish to construct will interpolate between between Gy = @{Zz : x € X} and
G2 = P{Qz : z € X}, via a set of tailored divisibility conditions which code the
behaviour of the partial maps f;’s, which in turn code the elements of the tree T'.

In we deal with the combinatorial part, then we will define the groups.

Hypothesis 5.1. Throughout this section the following hypothesis stands:

(1) T = (T, <r) is a rooted tree with w levels and we denote by lev(t) the level of t;

(2) T=U,co, Tn, Tn € Thy1, and t € T, implies that lev(t) < n;

(3) To =0, T, is finite, and we let T<p = Jyp, Tt (50 T (1) = Tn);

(4) if s <p t € Thy1, then s € Ty,;

(5) T is countable.

Definition 5.2. Let K}{(T') be the class of objects:

m(T)=m= (X, X, fl:n<w) =(X,X,, f:n<w)

satisfying the following requirements:

(a) Xo # 0 and, forn <w, X, is finite and X, C Xnt1, and X<n = Uy, Xo;

(c) ifn>0 andt € T,\T<n, then f; is a one-to-one function from X,,_1 into X, ;

(d) for everyt € T, XoNran(f;) = 0;

(8) ZfS <rte Tn; then f@ g ft;

(f) ift € Tp1 \Tn, fi(z) =y and y € X,,, then for some s <p t, x € dom(fs);

(9) if s,t € T,, and y € ran(fs) Nran(f;), then for some r € T,, such that r <r s,t
we have that y € ran(f,), equivalently, ran(fs)Nran(f;) = ran(f,), forr = sAt,

where A is the natural semi-lattice operation taken in the tree (T, <r);

(h) Xnq1 2 Ufran(fy) 1 t € Tpa \ T} U Xy
(i) welet X = X™ =, .., Xn;
(G) if fs(z) = fi(x) and v € X, \ X<pn, then we have the following:
fs | Xn = fi | Xy and X, € dom(fs) N dom(f;).
Notation 5.3. Forxz € X, we let n(z) be the unique n < w such that x € X,,\ X<p,
(so e.g. © € X implies n(x) =0).
Convention 5.4. m = (X, X,,, f : n < w) € K(T) (cf. and below).
Observation 5.5. In the context of Definition[5.4, we have:
(1) If m<n<w,teT,\T, and for every s <p t we have s € T,,,, then:

(Xp—1\ X;n) Nran(f;) = 0.

(2) Ift € T, then for every x € dom(f;) we have that x # fi(x), moreover there is
a unique 0 < n < w such that v € X,,_1 and fi(z) € X, \ Xn—1, and for some
s €Ty \ T<pn, we have s <7 t and fs(z) = fi(x).
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Proof. We prove (1), by Definition we know that f; is one-to-one from X,,_;
into X,,. If n = 1, then m = 0 and so X,,_1 = X9 = X,,, thus the conclusion
is trivial. Suppose then that n > 1 and let y € (X,,—1 \ X;n) Nran(f:), and let
x € dom(f;) be such that f;(z) = y. Then, by Definition there exists s <p t
such that @ € dom(fs). But then, using the assumption in (1), we have that
s € T, (so m = 0 is impossible by Definition [5.1)(3))). Hence, by Definition [5.2)(d),
ran(fs) C X, so y = f(z) € X,,,, contradicting the fact that y € (X,,—1 \ Xin).

We prove (2). Assume that z, ¢, and thus also f;, are fixed and = € dom(f;). Let
s <7 t be <p-minimal such that fs(x) is well-defined, and let n < w be such that
s € T, \ T<,, (notice that n > 1 since Ty = 0). Clearly, there is unique m < w
such that € X, \ X<y, As x € dom(f;) and s € T}, \ T, necessarily m < n, so
x € X~p,. But by the choice of s we have that r <p s implies « ¢ dom(f,). By the
last two sentences and Def. [5.2|ff) we have f,(z) € X, \ X<y, but fi(z) = fo(z). =

Claim 5.6. For T as in Hypothesz's Ki(T) # 0 (cf. Definition .
Proof. Straightforward. [

Definition 5.7. On X (cf. C’onventz’on we define:

(1) for x € X, suc(z) = {fi(z) : t € T,x € dom(f1)};

(2) forxz,y € X, weletx <x y if and only if for some 0 < n < w and xg, ..., T, € X
we have that \,_,, Tey1 € suc(xy), x = 29 and y = Tp;

(3) seq,(X) = {7 € seq,(X) : T is injective};

(4) we say that T € seqy,(X) is reasonable when the following happens:

n(1) <n(2), zi1) € Xna) \ Xan1)s Ti2) € Xn) \ Xane) = i(1) < i(2);

(5) <% is the partial order on seq,(X) defined as T+ <% %2 if and only if z*,72 €
seq,(X) and there are 0 < n < w, ¥°,...,y" € seq(X) and to,....tn_1 € T
such that for every £ < n we have that fi,(3°) = g*Tt, and (z%,22) = (¥°,9");

(6) notice that for k = 1 we have that <5%=<x, where <x is as in @) (ignoring
the difference between x and (), for x € X);

(7) for k =1, let Ey, be the closure of {(z,7) : @ <% 4} to an equivalence relation.

Observation 5.8. If #' <k 72 (cf. (@)), then there is a unique t such that:
(a) t € T™ for some n < w;

(b) fi(z') =22, where fy = (fi,_, o+ 0 fi,) and to,....,t,_1 are as as in (@);
(c) for every £ < n, there is no s < t; such that fs(ge) is well-defined, where

(J0s s Yn—1) are as in[5.7(3);

(d) if ' € T™ is as in clauses (a)-(b) above and £ < n, then ty <r t).

Observation 5.9. (1) (X,<x) is a tree with w levels;

(2) every z € Xg is a root of the tree (X,<x), further, for every n < w, some
2 € Xpt1 \ Xy is a root of the tree (X, <x), and so z/E1 N X, = 0;

(3) if y € Xny1 \ Xn, then for at most one x € X,, we have y € suc(z);

(4) if y € suc(z), then {t € T : fi(x) =y} is a cone of T';

(5) if T € seq,(X), then some permutation of T is reasonable (cf. Definition[5.4{4));

(6) if f1(T) =7 and T is reasonable, then so is §;

(7) for every 1 < k < w, (seqy(X),<%) is a tree with w levels;

(8) if z <% § and T is reasonable, then i is also reasonable;

(9) if & € seq,,(X) is reasonable, T <% 7t = (y$, - yp_1), T <K U2 = (¥3, ..., ¥7_,)
and yi_, = yi_,, then §* = y%;
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(10) for every t € T, dom(f;) is X, for some n < w, and we have:

z,y € dom(fy) An(z) =n(y) = n(fi(z)) =n(fi(y));
(11) like (10) with t € T™, n > 1, where we let:

Ji= (ftnfl o "'ofto);

(12) recalling the notation from (11), if f;, () = fg,(x), then 1g(t1) = lg(t2) = k;
moreover, letting ty = (t(1,0) : £ < k) and to = (ta,0) : £ < k), if t1 is as in
then we have that ¢ <1g(t1) implies that t1 ¢ <7 t(2,0)-

Proof. Ttems (1)-(2) are clear, where (2) is by |[5.2(h)). Item (3) is by Definition|5.2|(f)-
(g). Items (4) and (5) are also easy (and (4) is not used (except in[5.1T|(I)) but we
retain it to give the picture). Item (6) can be proved for t € T,, \ T<,, by induction

on n < w. Finally, (7) and (8) are easy, and (9) is easy to see using [5.8 and [5.2](j).
Also clauses (10), (11) are easy, and clause (12) holds by [5.§ ]

Definition 5.10. Let m € K}(T') (i.e. as in Convention .
(1) Let Gy = Ga[m] be P{Qz : x € X}.
(2) Let Gy = Go[m] be the subgroup of Ga generated by X, i.e., P{Zx : x € X}.
(3) ForteT, let:
(a) Heoyy = P{Qx : x € dom(f)};
(b) I = D{Qx : x € ran(fy)};
(¢) f2 is the (unique) isomorphism from H a4y onto I3 4y such that x € dom(f;)
implies that f2(x) = fi(x) (¢f. Definition @)
(4) Fort e T, we define Hg ) := H(z4) N Go and Iy = I2,1) N Go;
(5) For ftQ as above, we have that ff[H(O,t)] = Io,)- We define fto as ff I Ho,t)-
(6) We define the partial order <. on G by letting a <. b if and only ifa # b € G
and, for some 0 < n < w, ag,...,an € Go,a9 = a,a, = b and:

(<n=3teT(far) = ap).

(7) Fora=73,_,, qe, with z; € X and g, € Q*, let supp(a) = {x¢ : £ < m}.
(8) Fora € GF, let n(a) be the minimal n < w such that a € (X,),, .

While the aim of Definition [5.10] should be clear from the explanations given at
the beginning of this section, the reader may wonder what is the aim of Lemma/5.11
and Claim [5.12} In the crucial proof of this section we will show that given an
endomorphism 7 of G; and # € X we have that m(x) has the form gy for some
y € Y and q € Q, this requires a detailed analysis of supports, hence and

Lemma 5.11. (1) If {t € T : f2(a) = b} # 0, then it is a cone of T

(2) <.] X =<x (where <x is as in Definition[5.7(2)).

(3) (GF,<.) is a countable tree with w levels (recall Hypothesis )

(4) If s <z t, then f£ C ft, for £ € {0,2}. ‘

(5) Ift € T, f2(a) =b and a € G, then n(a) < n(b) (c¢f. Definition|5.1 (@)

(6) If a <. b (s0 a,b € G7 ), then the sequence (ay : £ < n) fmm‘ is unique.

(7) If a1 <s az, and, for £ € {1,2}, ag =Y, ¢fat, ¢t € QF, 28 = (af i < k) €
seq,(X), then maybe after replacing T+ with a permutation of it we have:

1

0 <Kzt and ¢f = ¢F (fori <k).
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Proof. Unraveling definitions, we elaborate only on item (5). As a # 0, let a =
Zi<7L qizi, v; € X with no repetitions, ¢; € Qt. Let z; € Xy \ Xcp() and
w.lo.g. k(i) < k(i +1), for i <n (cf. Observation 5.9([5)). Clearly a € (Xim))g,
but a ¢ (Xcpm))g,  As f2(a) is well-defined, clearly {z; : i < n} C dom(Jf;)
and b = f2(a) = > icn @ift(xi) and, as f; is 1-to-1, the sequence (fi(z;) : i < n)
is with no repetitions. By Observation applied with n there as k(n) here,
fe(wn) & (X)) &, hence we have that n(b) > n(fi(z,)) > k(n) = n(a). |

Claim 5.12. If (A), then (B), where:
(A) (a) a,b; € GF, for £ < L;
(b) a <. by and the by’s are with no repetitions;
(c) a=3Aqiv; 10 <j}, i € QT
(d) T=(x;:i<j)€ seqj (X) and it is reasonable;
(B) there are, forﬁ <l ¥ = (y(g i) 24 < j) such that:
(a) Y = cyf € X and T <JX g° (cf. Deﬁmtzon E@),
(b) be = Ay, 11 <j}, (so the §* are pairwise distinct, as the by’s are);
(c) (Yeei) 11 < j) €seq;(X) and it is reasonable;
(d) if j > 1 and £, > 1, then there are {1 # Uy < £, and i1,i2 < j such that:
(1) if £ <Ly, 1 < j and Yy = Yy ,iy), then (6,i) = (€1,101);
(i) if £ < Lla, i < and Yi) = Y(ts.ip), then (£,3) = (L2, 12).
Pmof By the definition of <, there are (y( ;) :4 < j, £ <{,) and by by .@ and
7) they satisfying clauses (a)-(c) of (B). Recall that ({7 : z <) g}, <%) is a
tree (as (seq; (X)), <) is a tree). We now show (B)(d). There are two cases.
Case 1. {g*: £ < £,} is not linearly ordered by <§(
Then there are £(1) # £(2) < £, such that 7*®), 5@ are locally <’-maximal. So
we can choose 41,15 < j such that we have the following:

4 4
;1 € Xne,) \ X<n(by,) and 22 € Xn,,) \ X<n(by,)

notice that using the assumption that the sequences are reasonable we can choose
11 = —1=1o, see and . Hence, {1, {s,11,19 are as required for (d).
Case 2. Not Case 1.

So w.l.o.g. we have that, for every £ < £, — 1, 3* <§( g'tt. Now, for £ < ¢, and
i < j,let n(¢,i) = n(yf). Let then:

(-1) (1) < j be such that ¢ < j implies n(0,7) > n(0,i(1));

(-2) i(2) < j be such that ¢ < j implies n(f. — 1,i) < n(l, — 1,4(2)).

Then (0,i(1)), (¢, — 1,i(2)) are as required. As, for £ < £,, 3 is reasonable we can
actually choose i(1),4(2) such that i(1) = 0 and i(2) = j. — 1. |

Now we turn to the groups which we shall actually use, i.e., the groups G; =
G1[T] defined in below. Our aim is to include among the partial automor-
phisms of G all the maps of the form ft, i.e., the maps induced by the f;’s, but
we want in addition that G; is minimal modulo this. So to each a € G§ we assign
a prime number p, and add p~™a to Gy, for all m < w. But in order to respect
the ft s, when a € dom(ft) we have to add also p mft( ) to Gl, for all m < w.
Of course all the fs s have to respect this, so we add also p mft( ) to Gq, for all
m < w, where £ = (tg, ..., t,) and f; = f,, o---o fy, (and fi(a) is well-defined). This
is done in[5.13] In[5.14}[5.15| we analyze the groups G(1 ) = {a € G1 : G1 = p™°| a}.
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Definition 5.13. Let (p, : a € G(J{) be a sequence of pairwise distinct primes s.t.:
a= qu:cg, q €LY, (zg: L < k) €seq,(X) = pa faq.
L<k
(1) Fora € Gf, let:
PS = {py: b€ G§,b <, al.
(2) Let G1 = Gi[m] = G1[m(T")] = G1[T] be the subgroup of G generated by:
{m™a:a€GF, mew\ {0} apower of a prime from PS*}.
(3) For aprimep, let Gy p) = {a € Gi : a is divisible by p™, for every 0 <m < w}
(notice that, by Observation G(1,p) 15 always a pure subgroup of G1).
(4) Forbe G{, let Py = {pa:a € G§,G1 = A\, P2| b}
(5) Fort €T and ¢ € {0,1,2}, let:
Hypy=(x:ze dom(f;))g, and Iy =(v:7w€ ran(ft)%e

Remark 5.14. (1) Ifa,b € Gf and Qa = Qb C Gy, then P, = P,
(2) If a <. b, then P, C Py

Proof. Essentially as in Observation [2.5 ]

Here we look more deeply at G;. The crucial point is that any endomorphism of
G1 maps G ) = {a € Gy : for all m < w, p™|a} into itself, and so the following
characterization of G(; ) will allow us to reconstruct information on the action of
the f;’s on X, and thus eventually to reconstruct the tree T, to some extent.

Lemma 5.15. (1) For b € G§ we have that Pbg* =DP,.
(2) If p=pa, a € GY, then:
G(Lp) = <b S Gar a <4 b>*Gl'
(3) Fort €T, Hpu = Hoy NGy oand Iy = I24) NGy are pure in Gy.
(4) For j? as in Definition , ff[H(Lt)] C In,y. We define:
fl=f? I H1,0),
and for t a finite sequence of members of T we let:
le — ("'Oftlgo'“)'
(5) ftl [ Hiyp = ff I H1,py is into Iy < Gy but it is not onto Iy ).
(6) Assume a = 3, quxe € Go, k>0, 20 € X, qq € QF, T = (z: L < k) €
squ(X) and p = pq. If b € G(1,p), then there are j >0, m > 0, and, fori < j,
7', b; and ¢ € Qt such that the following conditions are verified:
(a) fori<j, z<k o
(0) (bi = i qeyl i < j) is linearly independent;

(c) b="2{gibi :i <j};

(d) fori < j, ma <, mb;.
Proof. Ttem (1) is easy. We prove item (2). The RTL inclusion is clear by 2).
We prove the other implication. To this extent:
(*1) a € G§, p=p, and we let W, := {b € G§ : a <, b}.
We claim:

(¥2) W, is a linearly independent subset of G2, as a Q-vector space.
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[Why (x2)? Let k > 1, 7 € seq,,(X), ¢ € (Z*)* and a = > {qx, : £ < k} (recall
that a € Gar ). W.lo.g. T is reasonable. Now, toward contradiction, assume that
n>1,b; € W,, fori<n, (b :i<n)is without repetitions and there are ¢ € QT,
for ¢ < n, such that:
(x2.1) S {q'b; :i <n}=0.
For each i < n, let b; = Y {qur( ) : £ < k}, where Z <k 7= (w0 1 £ < k). As
a € G, clearly n > 1, and by there is i, < mn such that z;, is <’§(—maximal
in {Z; : i <n}. As T is reasonable, so is Z;, and so x(;, ,—1) appears exactly once
in (*2.1), so recalling ¢"~1 € QF we get a contradiction, and so (x2) holds indeed.]
(¥3) Let U C X be such that:

(a) ify eU, then y ¢ (Wp)gz;

(b) U UW, is linearly independent;

(¢) under conditions (a), (b), U is maximal.
Clearly U is well-defined, and we have:

(*4) (a) the disjoint union U U W), is a basis of G3, as a Q-vector space;
(b) let h € End(G2) be s.t. h | U is the identity and h(a) = 0, for all a € W,.

Now we define:

(xs) (a) G1 = {Qu:yelU})+ Gy

(b) G7 =2 {Qpy:y €U} + G
Also, we have:
(x¢) (a) h [ GY € End(GY);

(b) if d € GY and GY = p> | d, then d = 0;

(¢) G =G3.
[Why (x6))? Concerning clause (a), we just have to prove that if b € G¢, p’ € Py,
so p' = paq, for some d <, b, then, for every m < w, h(p;™b) = p;"h(b) € GY.
Now, if d = a, then p; = p and a € W), hence h(b) = 0, so fine. If on the other
hand d # a, then pg # p. Notice that the support of h(b) is a subset of U. Now,
{/ € GY : supp(t') C U} = P{Qpx : € U}, which is py-divisible, so clause (a)
holds indeed. Finally clauses (b) and (c) hold by the definitions of Q, and G}.]
Now, let ¢ be any member of Gy ). As h [ G} € End(GY) clearly h(c) € GY and
as m < w implies p~"c € Gy p clearly G = p*>°|h(c). By (x¢)(b), it follows that
h(c) = 0, but this implies that ¢ belongs to the kernel of A [ Gy, which is (W), .
As ¢ was any member of G ) we are done. This concludes the proof of item (2).

Concerning item (3), notice:

Huyp = (Zx - x € dom(f;))g,,

Iy = (Zx - x € ran(fy)) G, -
Item (4) is by item (2) and the following observation, if f;(z) = y, then we have

z <, y (recall 5.7[2)), and so P, C Py, (cf. [.14f[2)). Concerning item (5), assume
that 0 <n < w, t € Ty \Ten, € Xp_1 \ Xcn_1 and let y = fi(z) € X,, \ X<
(cf. Observation , notice that in particular z <, y. So p, is well-defined, since
Y€ GEJ" , and we have the following:

(a) G1 Epy [z, and so Hpyyy = py [ (as Hiy is pure in Gy, cf. item (3));

(b) G1 = N Py |-
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[Why (b)? By the definition of G;. Why (b)? Recalling that x <, y.]

But then, since by item (4), ft [ H(1, is an embedding of H(; 4 into I(; ;) we have
that ft[H(Lt)] = py [f(x) A f(z) =y. On the other hand, since I(; 4 is pure in
Gy (cf. (3) of this lemma) we have that for every m < w, p,™y € I 1) (cf. .
Finally, item (6) is by clause (2) and unraveling definitions. ]

We now prove the main theorem of this section, namely [5.16] Notice that in
2) below we prove more than needed in order to show that the set of endo-
rigid groups in TFAB,, is complete co-analytic, as, in combination with (1) and
[5.16(3), it would suffice to show that if T" is well-founded then there is an endomor-
phism of G which is not multiplication by an integer, we show that in addition
such an endomorphism can be taken to be 1-to-1 and s.t. G1/f[G1] is not torsion.

Theorem 5.16. Let m(T) € K{(T).

(1) We can modify the construction so that G1[m(T)] = G1[T] has domain w and
the function T — G1[T] is Borel (for T a tree with domain w).

(2) If T is not well-founded, then G1[T] = Gy has a 1-to-1 f € End(G;) which is
not multiplication by an integer and such that G1/f|G1] is not torsion.

(3) If T is well-founded, then G1[T] is endorigid.

Proof. Ttem (1) is easy. We prove item (2). Let (¢, : n < w) be a strictly increasing
j 1),

infinite branch of 7. By Lemma ( fth : n < w) is increasing, by Defini-

tion 1.’ ft embeds H 1nt0 Loy, thus fQ Un<w ft is an embedding

of G2 mto new Hez,t0)- NOW Hegoyyin < w) is a chain of pure subgroups of G
with limit G, because recalhng (Ef) we have that:

Hy 4,y = dom(f;,) € dom(f; i1

and by.( ) we have that J,, ., H(2,,) = G2. Thus fli=f1G, = Un<w ftln =
Un<w ftn Hy 4, is an embedding of G1 into G (cf. Lemma 3), (5)), in fact
we have that dom(f} ) = H,) (cf. Lemma 3), (6)) and G1 = U, <, H(1,1,)
where (H( 4,y : n < w) is chain of pure subgroups of 1 with limit G;. Clearly f1
is not of the form g — mg for some m € Z \ {0}, since for every = € dom(f;) we
have x # fi(x) (cf. Obs. (2)) We claim that G1/f![G1] is not torsion. To this
extent, first of all notice that Xo # @ (by Definition [5.2|fa))) and Xo Nran(f;,) =0
(by Definition ) Thus, we have the following:

ran(f!) € G\ x, = Y {Qz: 2z € X\ Xo} = (X \ Xo)&,.

Now, let € X, then 2 € Gy \ ran(f!), moreover, for ¢ € Q \ {0}:

C Heiy

n+1)

qx ¢ G%{\Xo and so gz ¢ ran(f'),

and so in particular, for every 0 < n < w we have that nz ¢ ran(f!), hence
n(x/(ran(f1)) # 0. This concludes the proof of item (2).

We now prove item (3). To this extent, suppose that (T, <r) is well-founded and,
letting G4 = G1[T], suppose that 7 € End(G1). We shall show that there is m € Z
such that, for every a € G1, m(a) = ma, i.e., Gy is endorigid. We recall that the
equivalence relation E; (used below) was defined in [5.7)(7)).

Case 1. The set Y = {x/E : for some y € x/FEy,7(y) ¢ Qu} is infinite.

(*1) Choose z;, n;, for i < w, such that:
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) n; is increasing with 4
) T; € an‘,+1 \Xnu
(c) m(xi) & Quy, supp(m(zs)) C X5
) X, Na; /By =0;

(e) (z;/F7 :i < w) are pairwise distinct (this actually follows).
Note that, for ¢ < w, we have:
(x2) supp(m(z;)) € x;/E1, hence supp(m(z;)) € Xn,,, \ Xn,-
[Why? We apply [5.15|(6) with (z;,7(x;),1, (1)) here standing for (a b k (ge: €<
k)) there, so in particular p = p,,. In order to be able to apply |5.15|6) we need
that b = m(a) € G(1,), but this is clear in our case as 7 € End(Gl) and D = Dg,-
But then applying and writing b = m(x;) as there we get what we need.]
For r < w, (supp(z¢) : £ < r) is a sequence of non-empty sets and supp(z¢) € Xy, \
X,,, so it is a sequence of pairwise disjoint non-empty sets. Now, for r < w, let:

= St =y 03, <)
L<r

As 7 € End(G)), clearly m(x;) € G(1,p,), hence by [5.15(6) applied to x;f, m(z;})

here standing for a,b there we can find j.,m, > 0, and, for j < j,., 5", bl
q} € Q" such that the following holds:
(x3) (a) for j <, xr <)
(b) (bF =0 ¥ ’J) : j < jr) is linearly independent;
() ( 5= Z{qrb’“ J<irks
(d) for j < jp, mex} <s m,by (and myby € Gg).
(*3.1) We define f() as the identity on X, hence, for j < j,., TFAE:
( ) y(rd) = Tp;
(-2) f(l)(fr) = g(m);
(-3) forall 0 <n <wand €T, fi(z,)#y".
As T, §T+1 ("7 we can apply and find a finite sequence f; € T<%s.t
(*4) if Z, <! g9 then:
( ) fﬂ(xr) = y(T,J);
(b) ftr($+) =bj;
(c) for ¢ < randj < j. we have ft—lj_(a:g) # ¢ and lg(t}) > 0;
(d) £ = ({0 : £ <18(}));
(e) fj < jr and £ < lg(t}), then:
t<r tij@) = \/ ff; M(mm) ¢ dom(ft);
m<r
(f) in (e) this is equivalent to the following condition:
t <oty = fir re(@r) & dom(f);
(g) (1} : j < jr) is without repetitions;
(h) ( fp(x,ﬂ) : j < jr) is without repetitions.

Why (%4)? Concerning (e), recall Concerning (f)-(h), recalling [5.9(10), note
that if 1g(¢%) > 0, then dom(ft7) is X, for some n < w; so x, € dom(fg;-) and:
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(#41) L <7 = x4 € dom(fg;;).
This concludes the proof of (x4).
(#5) For r < w and ¢ < r we have 7(zy) = E{y[’j) 2j<grt
[Why? Because {ygr’j) 2 < jr} C a¢/Ey and (x¢/E7 : £ < 1) is a sequence of
pairwise disjoint sets.]
Now, by induction on r < w, we choose %,, and y, such that:
(x¢) (a) ir < Jr, Yr = fg:r (z) # o, hence lg(] ) > 0;
(b) if » > 0, then fgr (.’137» 1) = Yr_1-
Why (%) is possible? For r = 0, recall that w(x,) ¢ Qx,. For r > 1, by (x5):

Z{ft” (Tr—1) 1 <jr} =m(Tr-1) Z{f{flxr 1)1 < Jjro1}-

Now, by (*4)(h) the sum in the RHS is without repetitions and of course fp 1 ()

tp—1
appears in it, hence it belongs to the support on the LHS, so for some i, < j,:

ft_;,, (xrfl) = f{:*jl (xrfl) = Yr-1-
As fr (vy-1) # -1, clearly 1g(#] ) > 0 and so x, # y,. This proves (*6).
Now, ft“r—l (xr—1) = fer (xr—1) and 27'_11 satisfies (x4)(e), hence by D we have
lg(t; ') =1g(# ) and ¢ < lg(# ) implies t( Lo ST g So (Igt; ) :r <w)is
constaunt7 say constantly k, and if ¢ < k, then (t ’E‘irwé) 1 < w) is a <p-sequence.
But z, ¢ Xy, and so t{; , ¢ Ty, hence (tf; , :r <w)is <r-increasing, and so we
reach a contradiction. This concludes the proof of Case 1.
Case 2. The set Y = {x/FE; : for some y € x/F1,n(y) ¢ Qy} is finite and # ().
Choose 29 € X such that 7(zg) ¢ Qzg. Let n < w be such that xy € X,, and
choose 1 such that:
(@1) (a) 21 € X\ UH{y/Er:y € Xnhs

(b) m(z1) € Q1.

[Why possible? By the assumption in Case 2.]
Notice now that:
(®2) For ¢ € {1,2}, supp(x¢) C x¢/E1.

(®3) By-. there are (tj,q; : j < js) such that:
(a) tj (j < j«) are with no repetitions and ¢; € Q*;

(b) (zo+ 1) = 243 fi; (o + 1) 1§ <}
(®4) We have:
(a) m(zo) = > {q;ft, (w0) = J < ju};
(b) m(z1) = > 2{a;fi;(x1) 1 § < ji}-
[(Why? m(zo) — > {5 fi; (wo) : j < ju} = —m(1) + > {q; fi; (1) : j < js}. Now the
LHS has support C zo/F; and RHS has support C x1/E;. As zo/Fy Nz /Ey = 0,
both the LHS and the RHS are 0, and so we are done.]
However m(x1) € Q1 by choice, and so:
(®5) (a) for some j < ji, t; = (), w.lo.g. for j =0;
(b) for 0 <j < ju, 1g( ) >0 (by (©3)(a)).
(®g) For i =0,1, let & be the following equivalence relation on j,:

{01, d2) « fi, (@) = fi,, (@)}
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(®7) 0/& =40} and if 0 < j < j., then:
(a) 2 {qe:tej/&} =0
(b) 2 Haefs (w1) s L€ j/Er} =0.
[Why? Note that:

S Haefi, (@) s L€ j/ey = {an: L€ j/E}fr, (@)

So if Y {qr : £ € j/&1} # 0, then f7 (x1) belongs to the support of the RHS of
(©4)(b) but the support of this object is {z1} (by (©1)(b)) and 1 # fg, (1), as
t; # (), together we reach a contradiction, and so we have (©7)(a)(b).]
(®s) Ei refines Ey.

[Why? Assume that jq, jo < j.« and 5112, this means that Ii;, (z1) = i, (z1). By
@), as x1 ¢ X,, we have that X,, C dorn(ft-j1 n dom(fg]é) and fr, [ Xy =fr, |
Xn. As zg € X, we get that fz, (o) = i, (z0), which means j;Eyjz, as desired.]
(®9) 0/Ey = {0} and if 0 < j < j, then:
(a) YAare:tej/E}=0;
(b) > {aqefi,(xe) : L€ j/E} = 0.
[Why? By (&7)+(®s), recalling [5.2((j).]
(®10) 7(xo) = qoxo (follows by (Bg)(b)).
But (®19) contradicts our choice of xg, as m(zg) ¢ Q.
Case 3. The set Y = {x/E; : for some y € x/E1,7(y) ¢ Qy} is empty.
For z € X, let 7(x) = gyx. Now, first of all we claim:
(x0.1) If a € G, 7(a) = 0 and x/FE; Nsupp(a) = B, then 7(x) = 0.

[Why? Let p = pyyq. Firstly, notice that 7(z + a) = w(x) + 7(a) = gzz. Secondly,
recalling that z/F; Nsupp(a) = (), notice that by we have that z ¢ G (1 ),
but this contradicts that z +a € G(1 ), as 7(z + a) = ¢, .

(%0.2) If 7 is not 1-to-1, then 7 of the form a +— 0, for all « € Gy.

[Why? Let a € G be such that w(a) = 0. If y € X \ supp(a), then we get that
7(y) = 0, by applying (x0.1) to (a,y). If y € supp(a), choose z € X \ supp(a) and
apply (x0.1) to (z,y).]

(%0.3) W.lo.g. mis 1-to-1.

[Why? Otherwise, by (%g.2), 7 is multiplication by an integer and so we are done.]
(*1) (gs : x € X) is constant.

Why (x1)? Choose zg,z1 € X such that ¢,, # ¢., and, if possible, they are both
# 0. Let n < w be such that x¢, z1 € X,, and choose a < x-minimal x5 € X, 11\ Xp,

possible by [5.9((2). Let a = 29 + 21 + @2, p = p, (cf. [5.13) and & = (2, 21, 22). As
a € G p) and m € End(Gy), clearly m(a) = b € Gy p) and so by [5.15(6) there are
j <w and, for i < j, ¥* € seqs(X) and ¢ € Q*F such that z <% ¥ and:

(*Ll) b= Zi<j qi(22<3 yé)

Notice that by (x¢.2) we have 7 > 0 and w.l.o.g. we can assume that for ¢ < j — 1

we have §7~1 €3 7* and also that Z is reasonable (so the §'’s are also reasonable).
Also:

(*1.2) b=m(a) = Gzy o + Gz, T1 + ¢z, T2.
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Asi < j—1, implies 77~ &% 7', clearly y3 ™" ¢ {yi:i < j—1,6 <2YU{y ", vJ 7"}
(by and 5771 € seqs(X)), and so 33! appears exactly once in the RHS of
equation (x1.1), and so it appears in LHS of (x1.1), so y§'71 € supp(b) C {zg, z1, 22}
But a2 ¢ x9/E1Ux1/En, as 29,21 € X, and 22 € X, 11\ X, is < x-minimal. On the
other hand, clearly y} € z,/F; for £ < 2 and i < j. Hence, necessarily, yg_l = 9.
Finally, as x5 is <x-minimal and for some ¢ € T<%, f;(Z) = 7'~ !, necessarily,
fixa) = 337", so clearly = (). Hence, 37~ = & and of course Z <% 7 implies
fr(®) <% . Thus, by the statement after (x11), j = 1 and §° = Z. So we have:

(*1.3) QeoT0 + Guy 21+ quy 2 = ¢° (Y0 + 49 +43) = ¢%(20 + 21 + 22).

Thus, ¢z, = ¢° = ¢, contradicting our assumption that ¢, # gz,

(%2) Let gz = g« for z € X (recalling (*1)).

(%3) ¢« is an integer.

Why (x3)? Let ¢. = ™, with m,n € Z*, m and n coprimes. Suppose that there is
a prime p such that p|n. Then we easily reach a contradiction noticing that:

(1) if x € X is <y-minimal and r is a prime different from p,, then r | x;
(-) there are <j-minimal z,y € X such that z # y.

It follows that n = 1 and so (x3) holds.

Hence, our proof is complete, as Cases 1 and 2 are contradictory, while in Case 3 we
showed that the arbitrary = € End(G) is indeed multiplication by an integer. m

Remark 5.17. Notice that, in the proof of [5.16, Cases 2 and 3 do not use the
assumption that T is well-founded and so for an arbitrary tree T (as in and
7w € End(G1[T]) we have:

(a) Case 1 happens if only if T is not well-founded;
(b) Case 2 never happens;
(c¢) if Case 3 happens, then 7 is multiplication by an integer.
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