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ADDING HIGHLY UNDEFINABLE SETS OVER L
MOHAMMAD GOLSHANI AND SAHARON SHELAH

ABSTRACT. We sow that there exists a generic extension of the
Godel’s constructible universe in which diamond holds and there
exists a subset Y C w; such that for stationary many § < ws,
the set Y N0 is not definable in the structure (Lp(s), €), where
F(6) > ¢ is the least ordinal such that Lp(s) =“0 is countable”.

§ 1. INTRODUCTION

In this short note we introduce a Y33 sentence ¢ which is false in L, the
Godel’s constructible universe. Furthermore, we force a proper generic
extension of L in which both ¢ and diamond hold. More precisely, let
¢ be the following sentence.

Definition 1.1. Let ¢ be the sentence

3
(3R, 51,5, F,Y) \ @i,
=1
where

(1) 1 :=¢1(R, F) is the conjunction of the following statements:
(a) (w1, R) is isomorphic to (L, €),
(b) Let Lim(w;) be the set of countable limit ordinals. Then
(Lim(wy), R) is isomorphic to (Lim(wy), €),
(c) F is a function defined on Lim(w;), such that for every
limit ordinal 9,
(w1, R) ETF(9) is the minimal limit ordinal such that
Lp@) E0] =R
(2) @9 := (51, S2) is the statement: S; and S, form a partition
of Lim(w;) into disjoint stationary sets.

1991 Mathematics Subject Classification. Primary: 03E35, 03E45, 03E55.
Key words and phrases. proper forcing, undefinability.

The first author’s research has been supported by a grant from IPM (No.
1401030417). The second author thanks an individual who wishes to remain anony-
mous for generously funding typing services. The second author would like to thank
the Israel Science Foundation (ISF) for partially supporting this research by grant
No 1838/19. This is publication number 1227 in Saharon Shelah’s list.

1



Paper Sh:1227, version 2023-11-04. See https://shelah.logic.at/papers/1227/ for possible updates.

2 M. GOLSHANI AND S. SHELAH

(3) @3 := p3(R, S, F,Y) is the statement:
(V0 € S2)(Y N4 is not definable in (L)) «“1™).

It is clear that ¢ is a 33 statement. We prove the following theorem.

Theorem 1.2. (a) The statement ¢ fails in L,
(b) There exists a proper forcing notion P € L which forces ¢ + ¢.

We assume familiarity with proper forcing notions. Given a forcing
notion P and conditions p,q € P, by p < ¢ we mean ¢ is stronger than

p.

§ 2. SOME PRELIMINARIES

In this paper, we are interested in forcing notions which preserve
diamond at w;. Let us recall the definition of a diamond sequence.

Definition 2.1. ([I]) Assume S C w; is stationary. Then ¢g asserts
the existence of a sequence (s, : @ € S) such that s, C a, for a € S,
and for every X C wy, the set {a € S : X N« = s,} is stationary in
wi. By O we mean Q.

By the work of Jensen [1], {5 holds in the Gddel’s constructible uni-
verse, for all stationary subsets S of w;. We now introduce a property
of forcing notions which is sufficient to guarantee that ¢ is preserved,
see Lemma [2.]

Definition 2.2. ([3, Ch. V, Definition 1.1]) Suppose S C w; is sta-
tionary, IP is a forcing notion and N is a countable model with P € .

(1) The sequence (p, : n < w) is a generic sequence for (N, P) if it
is an increasing sequence from PN N and for every dense open
subset D of Pin N, DN {p, :n <w} #0.

(2) The pair (N, P) is complete if every generic sequence (p, : n <
w) for (N,P) has an upper bound in P.

(3) Wesay P is {S}-complete if for every large enough regular x and
countable model N < (€ (x), €), if S,P € N and NNw; € S,
then the pair (N, P) is complete.

Lemma 2.3. ([3, Chapter V, Claim 1.9]) Suppose S C w; is station-
ary. Assume P is {S}-complete. If Og holds in V', then it holds in V¥
as well.

§ 3. PROOF OF THE MAIN THEOREM

In this section we prove Theorem
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§ 3(A). ¢ fails in L. In this subsection we show that the statement ¢
is false in the constructible universe L. This follows from the following
lemma.

Lemma 3.1. AssumeV = L. Let S C wy be stationary. Then for every
X C wy, there exists 0 € S such that X N is definable in (L), €).

Proof. Let us recall the construction of a {g-sequence. By induction
on ¢ we define a sequence ((ss,¢s5) : 9 € S) as follows. Suppose § € S
and we have defined (s, ¢,), for v € SN such that for each v, s, C
and ¢, C v is a club. If there exists a pair (s, c) such that:

(1) s €9,

(2) ¢ C ¢ is a club,

(3) for all y € cN S, s Ny # s,
then let (ss,cs) be the <y -least such pair. Otherwise set s; = () and
Cs = d.

Claim 3.2. There exists a club C of wy such that
CNS C{éeS:(ss505) is definable in (Lpw), €)}.

Proof. To see this, suppose by the way of contradiction there is no such
club C. It then follows that the set

S, ={0 € S: (ss,¢s) is not definable in (Lp(s), €)}

is stationary. Let M be a countable elementary submodel of (L,,, €),
such that M contains all relevant information and M Nw; = p € S,.
Let also m : M ~ Ls be the transitive collapse map. Then

o m(wi) = p

o m(S)=SNpu, and 7(Ss) = S, N u,

o T(((s5,¢5): 0 €85)) =((5y,¢y) 1y €SN ).
As p € S, it follows from the definition of S, that (s,,c,) is not
definable in (Lp(,), €).

On the other hand, (s, ¢,) is uniformly definable using the sequence
((sy,¢y) v € SN p), hence (s,,c,) is definable in Ls. Now note that
(Ls,€) E“p is uncountable”, hence F(u) > 6, and thus (s,,c,) is
definable in (Lp(,), €), a contradiction. 0

Now suppose that X C w; is given. It follows that the set
T={0€S:XNJ=ss}

is stationary in wy. Let 6 € C'NT. It then follows that X Nd = s5 and
ss is definable in  (Lp(s), €). Thus X N6 is definable in  (Lpg), €), as
requested. U
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§ 3(B). Consistency of ¢ + ¢. We now show that in some forcing
extension of L, { + ¢ holds.

Lemma 3.3. Assume V = L, and let Sy, Sy be a partition of Lim(w)
into disjoint stationary sets. Suppose 1(R, F') holds. Then there ezists
a {S1}-complete proper forcing notion P, which adds a set Y witnessing
v3(R, Sa, F\Y) holds. In particular, & + ¢ holds in L|Gp).

Proof. Let P be the set of all conditions p where:

(%)1 pis a countable subset of wy,
(%)2 max(p) exists,
(*)3 for all § € SaN(max(p)+1), pNd is not definable in (Lpgs) )« ).

Given two conditions p, ¢ let us say that p < ¢ (g is stronger than p),
iff p = ¢ N (max(p) + 1).

Claim 3.4. P is proper.

Proof. Suppose x is large enough regular and N < (7 (x), €) is count-
able such that:
o N =, Nn, where (N, : n < w) is a <-increasing sequence
of elementary submodels of N with {N,, : n <w} C N,
o R,F, Si,5,Pe Nyl
Let also p € PN N. We have to find ¢ > p which is an (N, P)-generic
condition. We may assume that p € Nj.

Let 6 = N Nw; and for each n < w set d,, = N, Nw;. Choose an
increasing w-sequence 75 = (n;(n) : n < w), definable in (Lg(s) @),
coding a cofinal sequence in ¢ with 75(0) > max(p). Such a sequence
exists by the choice of F(§). Let also ¢5 = {¢s(n) : n < w) be a real,
not definable in (L)@

Now let (D,, : n < w) be an enumeration of dense open subsets of
P in N. Following ideas from [2], we define an increasing sequence
(Pm : m < w) of conditions such that:

(1) po = p
(2) For all n < w, there exists m < w such that p,, € D,,
(3) For all n < w,

i) € | pm <= an)=1.

m<w

To start set pg = p. Note that pN{ns(n) : n < w} = 0. Let us define p;.
Let k1 < w be such that {ns(n) : n <w} NNy ={ns(n) : n < ki }, and

!Note that the class of all countable models N € [7#(x)]¥° as above forms a club
of [ (x)|°, thus it suffices to check properness with respect to such models.
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let py > &g be such that sup{ns(n) : n < k1} < py < 0y with gy ¢ Ss.
Set,

¢1=poU{ns(n) :n < ky and cs5(n) = 1} U {pu1}.
Note that ¢; € PN N;. Now let p; be such that:

(4) 4 € Nl:

(5) 4! Z qi1,

(6) p1 €({{D,:n<1and D, € N1}. If Dy ¢ Ny, set p1 = q1.
Now suppose that 1 < m < w and we have defined p,,. We define
Pma1- Let kyy1 > ky, be such that {ns(n) : n < w} N (Npa1 \ V) =
{ns(n) : km <n < kpi1}, and let py,41 > 6, be such that sup{ns(n) :
n < k‘erl} < P41 < 5m+1 with Mm—+1 §é SQ. Set

41 = Pm U{ns(n) : kpy <1 < kppyr and cs(n) = 1} U { i1 }-
Note that ¢,,+1 € PN Nyi1. Now let p,,.1 be such that:

(7) Pm+1 € Ny,

(8) Pmt1 = Gm1,

9) pms1 € ({Dn : n < m+1 and D, € Np,41}. If there are no

such D,,’s, set Pmi1 = Qmat-

Set p = U, e Pm U {0}. We claim that p € P. To show p is a con-
dition, it suffices to show that p N d = J,,.,, Pm is not definable in
(L F((;))(‘”hp‘). Suppose by the way of contradiction that p N is defin-
able in (L F((;))(“’l’R). As the sequence 7; is definable in (L F((;))(“’l’R), it
follows from clause (3) that {cs(n) : n < w) is definable in (Lp()) 1™,
which is a contradiction. It is clear from our construction that p is an
(N, P)-generic condition. O

The above proof implies the following.

Claim 3.5. Assume p € P and v > max(p). Then there exists a
condition q¢ > p such that max(q) > .

The next claim guarantees that (g, is preserved by P.
Claim 3.6. P is {S;}-complete.

Proof. Suppose y is large enough regular and N < ((x), €) is count-
able such that R,S7,9,F,P € N and 6 = NNw; € 5;. We show
that the pair (N,PP) is complete. Thus let (p, : n < w) be a generic
sequence for (N,P). Set p = U, pn U {6}. Note that, by Claim [3.5]
sup U<, Pn = 6, and since 6 ¢ S, p € P. Then p is an upper bound
in P for the sequence (p, : n < w). O

Now let G be P-generic over V and let Y = [J{p: p € G}.
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Claim 3.7. The set Y witnesses that p3(R, S, F,Y') holds in V[G].
Proof. This is clear. O

It follows from Lemma and Claim that ¢g, holds in L[G].
Finally note that ¢ holds in V[G]:

e (R, F) holds by the choice of R and F.

e By Claim S1 and Sy remain stationary in L[G]. It then
follows that ¢o(S1,S2) holds in L|G] as well.

e ©3(R, S5, F,Y) holds, by Claim [3.7]

The lemma follows. ]

Proof of Theorem[1.9 Tt follows from Lemmas and [3.3] O
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