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1. Introduction

An S-space is a regular hereditarily separable space that is not Lindelof. If an S-space exists it can be
assumed to be a topology on w in which initial segments are open [11]. The continuum hypothesis implies
that S-spaces exist [9] and the existence of a Souslin tree implies that S-spaces exist [14]. Therefore it is
consistent with any value of ¢ that S-spaces exist. Todorcevic [16] proved the major result that it is consistent
with ¢ = Ny that there are no S-spaces. He also remarks that this follows from PFA. We prove that it is
consistent with arbitrary large values of ¢ that there are no S-spaces. Our method adapts the approach used
in [16] and incorporates ideas, such as the Cohen real trick in Lemma 2.15, first introduced in [1,2].

The outline of the proof (of Theorem 4.3) is that we choose a regular cardinal x in a model of GCH.
We construct a preparatory mixed support iteration sequence (Png :a < K, B < k) consisting of
iterands that are Cohen posets and cardinal preserving subposets of Jensen’s poset for adding a generic
cub. Following methods first introduced in [12], but more closely those of [16], the poset P, is shown to be
cardinal preserving. We then extend the iteration sequence to one of length x + x with iterands that are
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cce posets of cardinality less than k. These iterands are the same as those used in [16]. For cofinally many
B < K, QH_A'_B is constructed so as to add an uncountable discrete subset to a Pg-name of an S-space. The
bookkeeping is routine to ensure that P, forces there are no S-spaces. The challenging part of the proof
is to prove that these Qg (k < B < K+ k) are ccc in this new setting. In the final section, we use similar
techniques to produce a model in which compact separable spaces of countable tightness have cardinality
at most c.

2. Constructing P,

Throughout the paper we assume that GCH holds and that x > Ny is a regular uncountable cardinal.

Definition 2.1. The Jensen poset J is the set of pairs (a, A) where a is a countable closed subset of w; and
A D a is an uncountable closed subset of wy. The condition (a, A) is an extension of (b, B) € J providing a
is an end-extension of b and A C B.

We use E to denote the set {\ + 2k : A < & a limit, k € w}. We also choose a family J = {I, : v € E} of
subsets of k such that, for each p < v € E

Ny

Say that a set I C & is J-saturated if it satisfies that I, C I for all 4 € I N E. Of course, each I, € J is
J-saturated.

Definition 2.2. A. We define a mixed support iteration sequence (P,, Qg ca <k, B<EK):

(1) Py =0,

(2) p € P, is a function with dom(p), a countable subset of «, such that dom(p) N E is finite,

(3) for all p € P, and 8 € dom(p), p(B) is a Pg-name forced by 1p, to be an element of QB,

(4) the support of a P,-name 7, supp(7), is defined, by recursion on « to be the union of the set {supp(o)U

dom(q) : (0, q) € 7}, _

(5) for a € E, @, is the trivial P,-name for C,, = Fn(w1,2) (i.e. each element of (), has empty support),

(6) for a € E, Qa+1 is the subposet of the standard P,1-name for J consisting of the P, i-names that are
forced to have the form (@, A) where supp(a) C ENI,, supp(A) C a, and 1p,,; forces that (a, A) € J.
Qa+1 is chosen so as to be sufficiently rich in names in the sense that if p € P,y and ¢ is a P,41-name
such that plFp_ ¢ € QQH, then there is a ¢; € QQH such that p IF ¢ = ¢1.

B. For each o € E, we let C'a denote the P, 2-name of the generic subset of w; added by QQH.

Remark 1. Since we defined the family J to have the property that I, = v+ 1 for all v € wa NE, it
follows that 1p,, is isomorphic to that used in [16]. It also follows that for all 8 € we NE, Pgyq IF Qgﬂ
is countably closed. We necessarily lose this property for wo < § for any family J satisfying our properties
(1)-(4). Nevertheless, our development of the properties of P, will closely follow that of [16].

Remark 2. We prove in Lemma 2.13 that, for each a € E, C,, is forced, as hoped, to be a cub. However,
even though, for 8 > wy, P31 does not force that Qg4 is countably closed, we make note of subsets of the
iteration sequence that have special properties, such as in Lemma 2.9.
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For any ordered pair (a,b), let mo((a,b)) = a and m1((a,b)) = b. For convenience, for an element v of V'
and any a < k, we identify the usual trivial P,-name for v with v itself. In particular, if s € C,,, and « € E,
then s € Q. Similarly, if (4, A) is a pair of the form specified in Definition 2.2(6), then again (a, A) can be
regarded as an element of QQH. We will say that a P-name 7 for a subset of an ordinal A and poset P is
canonical if it is a subset of A x P and if {p : (o, p) € 7} is an antichain for all &« € X. Let Dg denote the
set of canonical Pg-names of closed and unbounded subsets of w;.

Definition 2.3. For each a0 < &, let P/, denote the subset of P,, where p € P/, providing for all 8 € dom(p)NE,
p(B) is, literally, an element of C,, .

Lemma 2.4. For all o < k, P, is a dense subset of P,.

Proof. Assume o < k and that, by induction, Pé is a dense subset of Ps for all 8 < a.. Consider any p € P,.
If o is a limit, choose any 8 < a such that dom(p) NE C . Choose any p’ € Pj so that p’ <p [ 3. We then
have that p’ Up | (a\ 8) is a condition in P, that is below p.

Now let a = 8+ 1. If B € E, then choose p’ € P so that there is an s € C,, such that p’ IFp, p(8) = s.
Then the desired extension of p in P/ is p’ U (8, s). Similarly, if 8 ¢ E and p’ € P[; with p’ < p | 8, then
p'U(B,p(B) € r,. O

Proposition 2.5. If p € P, then for every I Ck,p[ 1€ P, andp<p|I.
Definition 2.6. For a subset I C x and « < k, let P, (I) denote the subset {p € P/ : dom(p) C I}.

Recall that for posets (P, <p) and (R, <pg), P is a complete subposet of R, i.e. P C. R, providing

(1) PCR, <p=<gN(P x P),

(2) Lp=1grN(P x P), where L is the incompatibility relation,

(3) for each r € R, the set of projections, projp(r), is not empty, where projp(r) ={p € P: (Vg € P)(¢ <p
p=qLrm)}

If P C. R, then R/P is often used to denote the P-name of the poset satisfying that R ~ P« R/P. In fact,
R/P can be defined so that simply if G C P is a generic filter, then valg(R/P) = {r € R : projp(r)NG # 0}
with the ordering inherited from <. With this view, valg(R/P) = GT where, as is standard, GT = {r €
R: (Yp € G)r L p}. Of course it follows that for 8 < o < k, Pg C. P,.

It is clear that P, (E) is isomorphic to (the usual dense subset of) a finite support iteration of the Cohen
poset Cy, -

Proposition 2.7. For each a < k, the set P,(E) C. P, and is ccc.

Definition 2.8. For each a € E, let Q[ ,; be the subset of Qa1 consisting of those pairs (a,A) as in
Definition 2.2(6).

We may note that, for each (a, A) € Q) ,1, @ is a Pay1(Io NE)-name and A is a P,-name that is forced
by 1p, to be a cub subset of w;. Also, for every p € Pop1, p [ alFpla+1) € Q4.

Lemma 2.9. If a« € E and {(an,A,) : n € w} C Q41 is a sequence that satisfies, for each n € w,

llkp, ., (ans1s Ang1) < (an, A,), then there is a condition (a, A) € Ql,,1 such that

(1) 1lkp, ., forces that a is the closure of [U{an : n € w},
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(2) 1p, forces that A equals N{A, : n € w},
(3) 1lrp,,, forces that (a, A) = N{(an, An) :n € w}.

Proof. In the forcing extension by a P, i-generic filter G, it is clear that (cl (J{valg(an)),N{valg(4,) :
n € w}) is the meet in J of the sequence {(valg(ay), valg(A,)) : n € w}. We just have to be careful about
the supports of the names for these objects. Each a, is a P,y1(I4)-name and so it is clear that there is
a Poy1(Io N E)-name, a, such that 1 Ikp ., a = cl(U{a, : n € w}). This is the only subtle point. Any
P,-name, A, for {A, : n € w} is adequate (although we are using that each A, is a P,-name forced by 1

to be a cub). O

When we have a sequence {(an, A,) : n € w} C Qla+1 as in the hypothesis of Lemma 2.9, we will use
A{(an, A,) : n € w} to denote the element (@, A) in the conclusion of the Lemma.
Let <g denote the relation on P, defined by p; <g po providing

(1) b1 < Po,
(2) pr I E=po | E,
(3) for g € dom(po) \ E, 1p, IF p1(B) < po(f).

For r € P,(E) and compatible p € Py, let p A r denote the condition with domain dom(p) U dom(r)

satisfying (p A r)(B8) = p(B) Ur(B) for § € dom(r) and (p A r)(B) = p(B) for B € dom(p) \ dom(r). For
convenience, let p A r equal p if r € P, is not compatible with p.

Lemma 2.10. Assume that {p, : n € w} C P is a <g-descending sequence. Then there is a p,, € P, such

that dom(p) = J,, dom(p,) and p, <g pn for alln € w.

Proof. Welet J = | J{dom(p,) : n € w}. We define p,, | § by induction on 8 € E so that dom(p,, | 3) = JNS.
For limit «, simply p, | a = Uﬁ<apw [ B.Ifp, | B<gpn | Bforalln € wand f < a, then we have
Po | a<gp, | aforalln € w. Now let @« = 8+ 2 with 8 € E and assume that we have defined p,, | £
as above. If 3 € J, then let p,(8) = po(B). If B+ 1 € J, then 1p,,, forces that {p,(8+1):n € w}isa
descending sequence in Qg4 1. We define p,,(6+1) to equal A{pn(B+1) : n € w}. It follows by the definition
of A{pn(B+1):n€w}, that 1p,,, IFp,(B+1) <py(B+1) foralln cw. O

Lemma 2.11. For every po € P. and dense subset D of P, there is a p <g po satisfying that the set

Dn{pAr:re P,(E)} is predense below p. Moreover, there is a countable subset of DN{pAr :r € P,(E)}
that is predense below p.

Proof. Let ro = py | E. There is nothing to prove if py € D so assume that it is not. By induction on
0 < n < wi, we choose, if possible, conditions p,, , such that, for all { < n:

(1) p¢ <g py and r¢ < 719,
(2) 2 A re € D,
(3) (py Ary) L (pe Are).

Suppose that we have so chosen {p¢,r¢ : ( <n}. Let L, = [J{dom(p¢) : { <n}. If n =B +1, let p, = pg. If
n is a limit, then let p, be a condition as in Lemma 2.10 for some cofinal sequence in n. If {pc Ar¢ : ¢ < n}is
predense below p,, we halt the induction and set p = p,. Otherwise we choose any p, <g p, and an r,, D g
so that p, A r, in D. The induction will halt for some 7 < w; since the family {r¢ : { < n} is evidently an
antichain in P,(E). O
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Corollary 2.12. For each 8 € E, Py is proper and P3/Pg(EN ) does not add any reals.

Proof. Let P3 € M where M is a countable elementary submodel of H (k). Let {D,, : n € w} be an
enumeration of the dense open subsets of Pg that are members of M. By Lemma 2.11, we have that for each
g € PsNM and n € w, there is a § <g ¢ also in P3N M so that D, N {gAr:r € Pg(E)N M} is predense
below ¢. Let M Nw; = 6. Fix any pg € Pg N M. By a simple recursion, we may construct a <pg-descending
sequence {p, : n € w} C M so that, for each n, D, N {pp41 A7 :r € Pg(E)N M} is predense below pp1.
By Lemma 2.10, we have the (Pg, M)-generic condition p,,. It is clear that for each Pg-name 7 € M for
a subset of w, p,, forces that 7 is equal to a Pg(E)-name. This implies that P3/Pg(E N ) does not add
reals. O

We can now prove that Pgio does indeed force that C"g is a cub.
Lemma 2.13. For each B € E, Py forces that C"@ is unbounded in w;.

Proof. Let p € P312 be any condition and let v € w;. By possibly strengthening p we can assume that
p(B+1) € Q.. We find ¢ < p so that g I- Cs \ 7y is not empty. Let p, Ps o be'members of a countable
elementary submodel M < H(k™). Let p < p | B be (Pg, M)-generic and let D = m;(p(8 + 1)) € Dg.
Since p, D are members of M and p forces that D is a cub, it follows that p IF § € D. It also follows that
plFac DNS. Let a be the Pgsyi-name that has support equal to the support of the name @ and satisfies
that 1p, 11 IF @ = a U {6}. Let E be the Pg-name for D U {5} and notice that, given that (a,D) € Qb1

we have that (dl,.E) is also in Qbﬂ. Now let ¢ € Psy2 be defined according to ¢ | 8 = p, ¢(8) = p(55), and

q(B+1) = (a1, F). It is immediate that ¢ | 5+ 1 <p | S+ 1. Also, ¢ [ 8+ 1 forces that a is an initial
segment of aq, that a3 C D, and that E C D. Therefore, ¢ < p and ¢ I § € C’g. O

Lemma 2.14. For each B < K, Pg satisfies the Na-cc.

Proof. We prove the lemma by induction on §. If 3 € E and Pg satisfies the Ng-cc, then it is trivial that
P31 does as well. Similarly Ps o satisfies the No-cc since Pgy; % Qfg 41 clearly does, and this poset is dense
in Pgy2. The argument for limit ordinals 5 with cofinality less than ws is straightforward, so we assume
that f is a limit with cofinality greater than wy. Let {p, : 7 € wa} be a subset of Pé. Choose any elementary
submodel M of H(xk%) such that {py : v € wo} € M, |[M| =Ny, and M* C M. Let M Nwy = X and let
I = dom(px) N M and fix any p € M N 3 so that I C . For each § € E such that S+ 1€ I,let ag € M
so that mo(pa(B + 1)) = ag. That is, pA(8) = (ag, D) for some Dg € Dg. Clearly the countable sequence
{ag : p € INE} is an element of M. Therefore there is a v € M so that dom(p,) N = I and so that
mo(py(8 + 1)) = ag for all 5 € E such that 5+ 1 € I. It follows that p, L px. O

Now we discuss the Cohen real trick, which, though simple and powerful, is burdened with cumbersome
notation.

Lemma 2.15. Let « € E and let pg € Poyo € M be a countable elementary submodel of H(k™) and let
0 = M Nwy. There is a (Pyt2, M)-generic condition py < po satisfying that for all P,-generic filters
satisfying p1 | a € Go and Q4-generic filters p1(a) € Gy, the collection, in V[Go % G,

pIa:{P(O‘+1) :p€EMNPaya, pl(a+1)€Gox*Gr, pr <p}
is valgy s, (Qus1 N M)-generic over V[Go x (G1 | 0)].

Moreover, for any Py-name Q of a ccc poset and Py x Q-generic filter Go * G, pIa is also generic over
the model V[Go * G3][G1 [ d].
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Proof. Let Q be any P,-name of a ccc poset. Choose any 1 < po | (a4 1) that is (M, P,)-generic with
p1(a) = p(a). We will let p; [ @ = p1 | @ and then we simply have to choose a value for p; (a4 1). We may
assume that p; | E = po | E. Let G denote the filter (Go* G1) N Pay1(Ion NE) and let R = (M N Qay1)/G.
For r € R we may regard r in the extension V[G] to have the form (a, AT)7 with a, C wy, because, for each
(a, A) € MﬂQaH, @ has support contained in P, 1(I,NE). We have no such reduction for A. We adopt the
subordering, <, on R where (a, A) <g (b, B) in R will mean that 1p,,, IF A C B. The fact that (a, A) € R
already means that 1p, , IFa C A.If p € MNPy and (a, A;) € R is such that p I (a, A1) < (b, B), then
there is an (a, A) € R such that pI- A = A; and (a, A) <r (b, B).

The quotient poset (R/G,<pg) is isomorphic to C,,. Let ¢ € V[G] be an isomorphism from C(s 5., to
(R/ G, < r). We regard C(s 544, as the canonical subposet of Q. and let Gg denote a generic filter for this
subposet of Q. Now we have, in the extension V[G][GS], a <g-filter R}, C R given by {i(c) : 0 € G®}.
Let a, = {0} UU{a, : 7 € R%}. Note that p; forces that § € C for all C' € M N D,. By the construction,
it follows that we may fix a P,yi-name, a,, for a,, that has support contained in I, N E. Let A,, be the
P, +1-name satisfying that p; forces that A,, equals the intersection of all C' € D, N M such that a, C C. It
follows that for r € R and p [ a+1 < py, p(a) € G¢, and p(a+1) = r, we have that A7 I- A, C A, (and
this takes place in V[G]) We may choose A, so that pI- A, = w; for all p L p; in P,11. It then follows
that (aw,Aw) is an element of Qa+1. We now define p; so that p; | a+ 1 =p; and pi(a+ 1) = (a,, Aw).
The fact that py is (M, Py42)-generic follows from the stronger claim below.

Claim 3. Let Gy be a P,-generic with p1 | o € Gy and let G1 be a Qa-generz’c filter with p1(a)) € M N G;.
Also let Gy * Go be P, * Q—generic. Let 0 € C5,51w) be arbitrary. Let D be a Py * Q-name of a dense
subset of valGo*Gl(Qa+1 N M). Then there is a T D o such that T IF p{a N Valgo*(glxgz)(D) £ 10.

Proof of Claim. Fix the generic filter G C Gy * G as used in the construction of (a,, Ay) and let 1 :
CS — (R/G,<g) denote the above mentioned isomorphism. Let (b, B) = ¢)(0) and, using the density of
valgo*(glng)(D), choose (a, A) < (b, VaIGO*Gl(B)), so that (a, A) € ValGO*(Glxg2)(D). By elementarity,
choose (@, A) € M N Qa1 such that valg,.q, ((a, A)) = (a, A). Again by elementarity and using that p; is
(M, P..41)-generic, there is a p € M N (G * G1) such that p - A ¢ B. Now choose 7 D ¢ so that ¥(r) =
(a,A;) satisfies that (a, A1) <g (b,B) and p I A; = A. It follows that 7 I (a, A1) € valg,s(c,xGs) (D).
Since p; A 7 also forces that py(a+ 1) < (a, A;) we have that py A7 IF (a, A1) € plo. O

This completes the proof of the Lemma. O

Lemma 2.16. Let A\ < k with A € E and let Q be a Py-name of a ccc poset. Then P, forces that Q is ccc.

Proof. Let G be a Py-generic filter and let @ = valg(Q). Since P, satisfies the No-cc, we can assume that
Q is of the form (w;, <g). We work in the extension V[G] and we view, for each A < a < x, P, = P,/G
as a subset of P,. We prove, by induction on A < a € E, that for any countable elementary submodel
{Q,\,P,} € M and any p € P, N M, there is a pps <g p such that (1g,par) is (M,Q x P,)-generic. Note
that this inductive hypothesis, i.e. the fact that it is (1o, pa) that is the generic condition rather than
(g, par) for some other g € Q, is equivalent to the statement that P, preserves that @ is ccc.

The proof at limit steps follows the standard proof (as in [15]) that the countable support iteration of
proper posets is proper. We feel that this can be skipped. So let « = g + 2 for some 5 € E. Let M be a
suitable countable elementary submodel and let p € P, N M (such that p | A € G). Let M Nw; = 4. By the
inductive hypothesis, we can assume that we have p; € Pg so that, p1 [ A € G, p1 <g p | B and so that
(1g,p1) is an (M, Q x Pg)-generic condition. Of course it is also clear that (1g,p1) is an (M, Q X Pgi1)-
generic condition. Now let p; € Pgi2 be chosen as in Lemma 2.15. That is, p; is chosen so that for any
Pg-generic filter Gg D G with p; | § € Gg, any C,,-generic Gy with p1(8) € G, and, since @ is ccc in
V[Ggs], any Q-generic filter G, we have that pl 5 is generic over V[Gg * (G1 x Gg)]. Let Ggy1 = Gg % Gy.
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Let D € M be any dense open subset of Pgio * Q. Let R denote Qgy1/(Gg * G1). Tt follows that
D/(Gs % Gy) or

E={(r,q): (3de€ D) (dIf+1 € Gz xG1 & d=d[f+1%(r,q))}

is a dense open subset of R x Q and E € M[Gs41]. By standard product forcing theory, we have that for
eachre R, E, ={q€Q:(3s€ R)(s<r & (s,q) € E}) is a dense subset of Q. For each r € RN M[Gg+1],
E, € M[Gp41] and so, E, N M[Gp+1] is a predense subset of Q. This implies that, for each g € @, the set
E(qQ) ={s€ RNM[Ga41] : (3(s,q) € ENM[Gp+1])(@ £ q)} is a dense subset of R N M[Gg11]. Although
E(q) need not be an element of M[Ga41], it is an element of V[Gg * (G1 | §)]. Therefore, by Lemma 2.15,
E(q) OpIg is not empty for all § € G¢. By elementarity, it then follows that p; is an (M, Pg49 * Q)-generic
condition. 0O

3. S-space tasks

Following [1] and [16] we define a poset of finite subsets of wy separated by a cub.

Definition 3.1. For a family U = {Ug : € € w1} and a cub C' C wy, define the poset Q(U, C) C [w1]<M°, to be
the set of finite sets H C wy such that for £ < n both in H

(1) £¢ Uy and n ¢ U,
(2) there is a v € C such that £ <y <.

Q(U,C) is ordered by D.
Definition 3.2. A family U = {U; : £ < w1} is an S-space task if it satisfies:

(1) e Ug S [w1]<N1,
(2) every uncountable A C w; has a countable subset that is not contained in any finite union from the
family U.

Remark 4. If T is a regular locally countable topology on w; that contains no uncountable free sequence (see
Definition 5.1), then each neighborhood assignment {Ue : { € wq} consisting of open sets with countable
closures, is an S-space task. An uncountable A C w; failing property (2) would contain an uncountable
free sequence. Suppose that there is a cub C' C wy such that Q(U, C) is ccc. Then, as usual, there is a
q € Q(U, C) such that any generic filter including ¢ is uncountable. If G C Q(U, C) is a filter (even pairwise
compatible), then | J G is a discrete subspace of (w1, 7). Of course this cub C' can be assumed to satisfy that
if £ < n are separated by C, then n ¢ U,. This means that requirement (1) in the definition of Q(U, C') can
be weakened to only require that £ ¢ U,,.

The following result is a restatement of Lemma 1 from [16]. It also uses the Cohen real trick. We present
a proof that is more adaptable to the modifications needed for the consistency with ¢ > N,.

Proposition 3.3. Let R be a ccc poset and let U = {Ug : & € wi} be a sequence of R-names such that
U is forced to be an S-space task. Then R x Py forces that for every n € w, every uncountable pairwise
disjoint subfamily H of QU,C1) N [w1]™, has a countable subset Hy satisfying that, for some § € wy and
all F € [wy \ 0]", there is an H € Hg such that H N\J{U; : £ € F} = 0. In particular, R x Py forces that
QU,Cy) is cce.
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Proof. Of course P is isomorphic to Cy,, +J. Fix any n € w and let {HE : & € w1} be RX Py-names of pairwise
disjoint elements of [wi]™ N Q(U, Cy). Since we can pass to an uncountable subcollection of {Hy : € € w;}
we may assume that for all £ € wy, it is forced that there is a 6 € C; such that £ < § < min(Hg).

For each (r,p) € R x P, and H € [w]", let T'¢(H, (r,p)) be the set {s € R : (g € P)((s,q) <
(r,p) & (s,q) IF H = Hg)} In other words, I'¢(H, (r,p)) is not empty if and only if (r,p) ¥ H # Hg. We
say that T'¢(H, (r,p)) is wy-full simply if it is not empty.

Now we define what it means for I'¢(H, (r,p)) to be wi-full for H € [wy]"~!. We require that there is a
set {f)¢ : ¢ € w1} of canonical R-names such that r - 7¢ € wy \ ¢ and for (n,s) € 7¢, s < r and satisfies that
T'e(H U {n}, (s,p)) is wi-full. It is worth noting that (r,p) has been changed to (s, p) rather than to some
(s,q) with ¢ < p. This definition generalizes to H € [w1]". We say that T'¢(H, (r,p)) is wq-full if there is a
set of canonical R-names {n : { € w1} such that, for each ¢ € wy, 7 IF 1 € (w1 \ ¢), and for (n,s) € 7,
s <rand I'¢(H U{n}, (s,p)) is w;-full.

Claim 5. Suppose that T'¢(0, (r,p)) is wi-full and that M < H(k") is countable and {¢,U, R, (r,p)} € M.
Then for any ¥ < r € R and finite F C wy \ M, there are (s,q), H € M such that

(1) (s,q) < (r,p) € Rx Py,
(2) Hn U{Ug ¢ € F} is empty,
(3) (5 q) - He = H,
(4) s L
Proof of Claim. Let Wr = (J{U; : ¢ € F}. Since R € M < H(x") is ccc and forces that U is an S-space
task, it follows that for each R-name A € M for an uncountable subset of wq, the set A N M is forced to
not be contained in Wp. By induction on 1 < i < n, we choose (ni,8i) € (w1 X R)N' M and 7; < s; so that
ik m & We, si <s; <rand 7 <7 for j <i,and T¢({n; : 1 < j < i}, (s;,p)) is wy-full.

Let 7o =7, (s0,q0) = (r,p), 0 = {n; : 1 < j < 1} and we assume by induction that, at stage 7, ['({n; : 1 <
J < i},(si,p)) is wi-full. Fix any sequence {7 : w < ¢ € w1} € M witnessing that T'¢({n; : j < i}, (s:,p))
is wq-full. We have that {; : w < ¢ € w1} € M is an R-name for an uncountable subset of w;. It follows
that 7;_; forces that there is a ¢ € M such that 7 ¢ Wg. We find an extension 741 of 7; so that we may
choose ¢ € M and (7, s) € 7¢ such that 7 ¢ We, Fiy1 < s < s;. Therefore we set (&, Sit1,Gi+1) = (0, 8,q)
and this completes the construction.

Setting H = {§ : 1 < i <n} and (s,q) = (Sn,qn) completes the proof of the Claim. O

Claim 6. If T'¢(H, (r,p)) is not wy-full, there is an s <1 in R and a { < wy such that Te(H U{n}, (s,p)) is
not wiy-full for all { < n € wy.

Proof of Claim. Since I'¢(H, (r,p)) is not wq-full, there is some ¢ € w; so that the suitable nice name )¢
does not exist. It follows immediately that 7, does not exist for all ( <y € w;. In addition, since 7 fails to
exist, it is because I'¢(H U {n}, (s, 7)) is not w;y-full for all s’ £'s. O

Claim 7. For every (r,p) € R X Py, there is a 6 so that Ts(D, (r,p)) is wi-full.

Proof of Claim. Let M be a countable elementary submodel of H (k") so that {U, (r,p), R} € My. Choose

any p1 <g p (i.e. p1(0) = p(0) and p1(0) I+ p1(1) < p(1)) that is (Mg, P2)-generic. Notice that (r,p1) is

therefore (M, R x P3)-generic since R is ccc. Let 69 = My Nwy. Choose any continuous €-chain {M, : 0 <

a < w1} of countable elementary submodels of H (k™) such that p; € M;. For each o € wy, let §, = M, Nwy.

We did not actually have to choose p; before choosing M of course. Let C' be the cub {4, : @ € w1} and

let po € P, be a common extension of p; and (0, (0,50 U (C'\ &))) (or equivalently p2(0) < p1(0) and
p2(0) IF pa(1) < (mo(p1(1)), w1 (p1(1)) N C)). Tt follows that py IF C; \ o C C.
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Assume T, (0, (r,p)) is not wy-full. Choose sy < r and (y € w; as in Claim 5. By elementarity we may
assume that sg, (o are in Mj.

Now choose any Sy < so so that there is a ¢g < p; and an H € [w; \ dp]” such that (Sp,qo) IF Hgo =H.
Of course this implies that I's,(H, (r,p)) is not empty and therefore, it is wi-full. Let H be enumerated in
increasing order {n; : 1 <i <n}.

Since (50,q) IF Hs, € QU,C)), we can assume that ¢ has already determined the members of C} that
separate the elements of {do} U H. In other words, there is a set {a; : 1 <4 < n} Cw; so that {Jy, : 1 <
i <n} C m(q(1l)) C C such that, for each 1 < i < n, 6y < 0o, , < n;. Therefore, {n; : 1 < j < i} € M,, for
all i < nand T'sy({n; : 1 < j < n},(r,p)) is wi-full. Clearly, for all s’ < 59, I's,({n; : 1 < j < n},(s',p)) is
also wq-full.

By the choice of s and (p, we have that I's,({n1}, (s0,p)) € My, is not wi-full. We note that sy is
(M,,, R)-generic condition. There is therefore, by Claim 5, a (; € M,, and a pair 51 < s; so that s; € M,,,
51 < 8o and T's,({n1,n}, (s1,p)) is not wy-full for all n > ¢;. Following this procedure we can recursively
choose a pair of descending sequences {s; : 1 <i<n} C Rand {3;: 1 <i<n} C R so that

(1) Si—1 € Mai and 5; < Si,
(2) F50({7717 e 77775}7 (si,p)) is not wy-full.

We now have a contradiction that completes the proof. We noted above that since s,, < 59, I's, ({n1,...,1:},
(Sn,p)) is wi-full. However since §,, < s, this contradicts that I's,({n1,. .., 7}, (Sn,p)) is not wi-full. O

Now we complete the proof of the Proposition. Consider any countable elementary submodel M as in
Claim 5 and let § = M Nw;. Let p; be a condition as in Lemma 2.15 applied to the case a = 0. Let Gg be
any R-generic filter and let G; C C,,, be any generic filter, which is generic over the model V[Gg]. Pass to
the extension V[Gg].

Fix any F € [wy \ 0]". It follows from Claim 5 and Claim 6, that the set Wy of those (¢, (b,B)) €
M N (Cy, *§) for which

(3 €d)(3s€Gr) (sIFHNWr =0 & (s,(t,(b,B))) - H = H)

is a dense subset of M N (C,, * H) The proof is that Claim 6 provides a potential £ € M to strive for, and
Claim 5 provides an (s, q) to yield an element of Wg.
Tt then follows easily that, in the extension V[Gg x Gi], the set

valg, 16(Wr) = {vale, (b, B)) : (3t € G1) ((t, (b, B))) € Wr}

is a dense subset of valg, (M N §) which is an element of V|G x (G | )]. Since p; forces that the generic
filter meets valg,5(Wr), this completes the proof. O

For any « <  and subset I C a, we will say that a P,-name E is a P, (I)-name if it is a P, (I)-name in
the usual recursive sense. This definition makes technical sense even if P,(I) is not a complete subposet of
P,.

Corollary 3.4. Let A\ € E and let Ry be a Py(I))-name that is forced by Py to be ccc poset. Let R be a
Py-name of a ccc poset such 1p, forces that Ro C. R. Assume that U = {Ug : & € w1} is a sequence of
Py(Iy) = Ro-names of subsets of wy such that Py * R forces that U is an S-space task. Then the Pyyo-name
Q(U,Cy) satisfies that Py,o forces that R x Q(U,C\) is ccc.
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Proof. Let G be a Py-generic filter and pass to the extension V[G,]. Let R = valg, (R) and observe that
we may now regard U as a family of R-names of subsets of w; that is forced to be an S-space task. We
would like to simply apply Lemma 3.3 but unfortunately, P2 is not isomorphic to Py * P,. Naturally the
difference is that Q A+1 is a proper subset of J. It will suffice to identify the three key places in the proof of
Lemma 3.3 that depended on consequences of the properties of J and to verify that the consequences also
hold for Q1. The first was in the proof of Claim 7 where we selected a condition ps(1) € J that satisfied
that 1 (p2(1)) was forced to be a subset of C' U4 for the cub C. Since, in this proof, C' will be an cub set in
the model V[G,], it follows from condition (6) of Definition 2.2, this can be done. The next property of P,
that we used was that Lemma 2.15 holds, but of course this also holds for Pyys. The third is in the proof
and statement of Claim 5. When choosing the pair (s,q) in R x P» we require that it satisfies condition (2)
in Claim 5. In the current situation, each U< is not simply an R-name but rather it is a Py(I)) * Ro-name.
Therefore, there is a Py (Iy)-name for a suitable ¢ so that (s, q) IF HN|J{U; : ¢ € F} is empty. This causes
no difficulty since Py (I))-names for elements of Q a+1 are, in fact, elements of Q a+1- That is, a choice for
(5,q) in R x (Qx * Qxy1) can be made in V[Gy] as required in Claim 5. 0

4. Building the final model

In this section we present the construction of the iteration sequence of length x + x extending that of
Definition 2.2 that will be used to prove the main theorem.
We introduce more terminology.

Definition 4.1. Fix any p < A < k and define Q(\, ) to be the set of all iterations q of the form (P3, Qg :
a<A+pu, B <X+ p) € H(km) satisfying that

(1) (P2 Qﬁ a <\, B < A) is our sequence (P, Qs :a <\, B <)) from Section 2,
(2) forall A < 8 < A+ y, Qq € H(k) is a Pg-name of a ccc poset,

(3) forall @« < pand p € P"l p I A€ PY and dom(p) \ A is finite,

(4) if X < k, then q € H(k).

For q € Q(A, ), let q(x) denote the element of Q(k, i) where Q:S:”B = >\+ﬁ for all 8 < p.
Lemma 4.2. Let u < k and let q € Q(k, ) and let U = {Ug & € wr} be a sequence of P, ﬂb—names Assume
that P&_M forces that U is an S-space task. Let M be an elementary submodel of H (k™) of cardinality N,
that is closed under w-sequences and contains {U,q}. Choose any X € ENk so that M Nk C Iy. Then P2

: v
forces that Q(U, Cy) is ccc.

Proof. Since € M, it follows that p < A. Furthermore, by the assumptions on q € Q and q € M, it follows
that there is a v € M Nk such that Qg is a Py-name for all kK < § < x+ p. In addition, for each 3 € Mnpu,
Qg is a Py (M N ~y)-name. Since v < A, there is a Py-name, R, of a finite support iteration of length p such
that P, * R is isomorphic to P,?_HL. More precisely, the S-th iterand for R is the name Q,ﬁﬁ. Similarly, let
Ry be the set of conditions in R with support contained in M N p and values taken in M N Q.4 for each
B in the support. Then we have that 1p, IF Ry C. R. By minor re-naming, we may treat I as a sequence
of Py(I)) * Ry-names. Since P, o, forces that U is an S-space task, it follows that Py x R also forces that U
is an S-space task. By Corollary 3.4, Py, forces that R x QU, C’A) is ccc. By Lemma 2.16, P, forces that

R x Q(U,Cy) is ccc. Since P2

-+ 18 isomorphic to P x R, this completes the proof. O

Theorem 4.3. Let k > Wy be a reqular cardinal in a model of GCH. There is an iteration sequence (P, QB :
a < k+k, B < K-+ K) such that Py, forces that there are no S-spaces and, for all p < k, (Pa,ng :
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a < k+4+p, f<k+up)isin Q(k,p). It therefore follows that Py, is cardinal preserving and forces that
E<F =k =c.
The iteration can be chosen so that, in addition, Martin’s Aziom holds in the extension.

Proof. Fix a sequence J = {I, : v € k} as described in the construction of the sequence (Pa,Qg ta <
k, B < k). Also let Q(A, u) for p < XA < & be defined as in Definition 4.1.

We introduce still more notation. For all a < A < &, let P simply denote P, and Qé = Q.. Also for
any 1 < A < k and sequence q' = ( '[3 B <p) € H(k ) let Q/\+[3( ") denote Q'ﬁ By recursion on a < u, let
P, ,(q') denote the limit of the iteration sequence (P M), Q ( ") :( < a, 8 < a)solong as this sequence

= <Qﬂ B < A\) € H(k) is suitable if for all « € ENA+1,
(Pg‘ (a'), Qg (d):¢<a, B<a)isin Q(\ a). We state for reference two properties of suitable sequences.

(and its limit) is in Q(A, «). Say that a sequence q’

Fact 1. If X is a limit ordinal, then <Q,B : B € A) € H(k) is suitable so long as <Q’B : B < p) is suitable for
all p < A.

Fact 2. If ' = (Q% : B € \) € H(k) is suitable, then (Qb : B € A+ 1) is suitable for any P}, ,(q')-name Q'
of a ccc poset of cardinality at most Ny.

Now that we have this cumbersome, but necessary, notation out of the way, the proof of the theorem is a
routine consequence of the prior results. Let C be a well ordering of H(k) in type k. We recursively define
a sequence (Q’B : B < k) and a 1-to-1 sequence (Ug : B < k). One inductive assumption is that every initial
segment of (@ : B < k) is a suitable sequence. The list {Us : B < r} will contain the list the potential
S-space tasks as we deal with them.

Let A < k and assume that (QI'@,Z/IQ B8 < A) € H(Iﬁ:) has been chosen. If A ¢ E, then Q) is the
trivial poset and Uy = . Now let A € E and let q' = (Q; : 8 < A). Consider the set of all P§‘+/\(q’)—names
U = {U¢ : £ € w1} that are forced to be S-space tasks. Consider only those ¢/ for which there is an elementary
submodel M of H(x") as in Lemma 4.2. More specifically, such that M N XA C I, {U, P}, ,(d')} € M,
|M| = Ry, and M* C M. The final requirement of such U/ is that they are not in the set (Us : 3 < \).
If any such U exist, then let Uy be the C-minimal one. Loosely, Uy is the C-minimal S-space task that
has not yet been handled and can be handled at this stage. Otherwise, let Uy = A (so as to preserve the
1-to-1 property). Now we choose Q')\ If Uy = A, then @, is the trivial poset. Otherwise, of course, Q) is the
P/(\If( ")-name for Q(Uy,Cy). By Lemma 4.2 and Fact 2, (Qs : 8 < \) is suitable.

This completes the recursive construction of the suitable sequence q' = (Q; : 8 < k) and the listing
(Us : B < k). It remains only to prove that if i = {Ue : £ € w1} is a P, . (q')-name of an S-space task,
then there is an o < & such that & = U,. Fix any such U and elementary submodel M < H(x") such that
{U,Pr,,.(d")} € M, |M| =Ry, and M“ C M. Let A be the set of A €  such that M N« C I,. Let 7y be the
order type of the set of predecessors of U in the well ordering C. Choose any A € A such that the order type
of AN\ is greater than v. Note that A C E. For every u € AN X, U would have been an appropriate choice
for U,, and if not chosen, then p # U, C U. Since the sequence is 1-to-1, there is therefore a ;1 € AN A such
that U = U,,.

It should be clear that we can ensure that Martin’s Axiom holds in the extension by making minor
adjustments to the choice of Q’ﬁ for 8 ¢ E in the sequence (Q’ﬁ : B < k) together with some additional
bookkeeping, 0O

5. Moore-Mrowka tasks

The Moore-Mrowka problem asks if every compact space of countable tightness is sequential. A space has
countable tightness if the closure of a set is equal to the union of the closures of all its countable subsets. A
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space is sequential providing that each subset is closed so long as it contains the limits of all its converging
(countable) subsequences. To illustrate that a sequential space has countable tightness, note that a space
has countable tightness if a set is closed so long as it contains the closures of all of its countable subsets.
Say that a compact non-sequential space of countable tightness is a Moore-Mrowka space.

Results on the Moore-Mrowka problem have closely resembled those of the S-space problem. In particular,
there are proofs that PFA implies there are no Moore-Mrowka spaces that have many similarities to the
proof that PFA implies there are no S-spaces. While it is independent with CH as to whether Moore-
Mrowka spaces exist [5], it is known that < implies there are (Cohen indestructible) Moore-Mrowka spaces
of cardinality 8 [13]. In addition, ¢ implies there is a separable compact space of countable tightness with
cardinality 2%t (greater than c) [8]. It is also known that the addition of Xy Cohen reals over a model of
O 4 Ny < 281 results in a model in which there is a compact separable space of countable tightness that
has cardinality greater than ¢ [6]. Of course these spaces are Moore-Mrowka spaces since every separable
sequential space has cardinality at most c.

Here are two open problems and a third that we solve in the affirmative in this section.

Question 5.1. Is it consistent with ¢ > Ny that every compact space of countable tightness is sequential?
Question 5.2. Is it consistent with p > Ny that there is a Moore-Mrowka space?

Question 5.3. Is it consistent with ¢ > Ny that every separable Moore-Mrowka space has cardinality at most
c?

The solution to Question 5.3 will follow the same pattern as that used for the S-space problem in the
previous section. A Moore-Mrowka task mentioned in the title of the section is similar to an S-space task.
The difference will be that rather than using the poset Q(U, C) to force an uncountable discrete subset,
we will hope to force an uncountable (algebraic) free sequence. We define these notions and indicate their
relevance.

Definition 5.1. A sequence {z, : @ € w1} is a free sequence in a space X if, for every § < wj, the initial
segment {z, : o € ¢} and the final segment {xg : § € wy \ §} have disjoint closures.
A sequence {24, Uy, W, : @ € w1} is an algebraic free sequence in a space X providing

(1) 2o € U, and W, are open sets with U, C Wi,
(2) for every o < 6 € w1, x5 ¢ W, and there is a finite H C 6+1 such that {z,, :n <} C U{Us : € H}.

Free sequences were introduced by Arhangelskii. Algebraic free sequences were introduced by Todorcevic
in a slightly different formulation. The advantage of an algebraic free sequence is that the only reference to
the (second order) closure property is with the pairs Uy, Wo,. If {24, Us, Wy, : & € w1} is an algebraic free
sequence, then the set {z411 : @ < w1} is a free sequence. This follows from the fact that for all § € wy,
there is a finite H C § + 1 satisfying that {z, : @ <6} C Uy = J{Us : @« € H} and {23 :J < 8 € w1}
is disjoint from Wy = |J{W, : @ € H}. The free sequence property now follows from the fact that Uy
and X \ Wy have disjoint closures. This was crucial in Balogh’s proof [4] that PFA implies there are no
Moore-Mrowka spaces.

Proposition 5.2 ([3/). A compact space has countable tightness if and only if it contains no uncountable free
sequence.

Definition 5.3. A sequence A = {A, : @ € w1} is a Moore-Mrowka task if, for all « € wy, « € 4, C a+ 1,
and
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(1) for all B < a there is a 7 such that A, N {5, a} = {a}, and
(2) for all uncountable A C wy, there is a § € wy such that for all 8 € w1\ §, (ANJ) N[, cx Ay is not
empty for all finite H C {y: 8 € A,}.

The idea behind a Moore-Mrowka task is that we identify w; with a set of points in space X and so
that there is a collection {U,, W, : @ € wy} that is a neighborhood assignment for those points. For each
a, U, C W, and W, Nw; is also contained in « + 1. Then we set A, = U, Nw;. Condition (1) is trivial
to arrange but condition (2) is a {-like condition. A distinction with S-space task is that the non-existence
of a Moore-Mrowka task extracted from a compact space of countable tightness does not imply that the
space is sequential. The similarity with S-space task is that we will use a Moore-Mrowka task to generically
introduce an algebraic free sequence.

Definition 5.4. Let A = {A, : @ € w1} be a Moore-Mrowka task and let C C w; be a cub. The poset
M(A, C) is the set of finite subsets of wy \ min(C) that are separated by C. For each H € M(A, C) and
each 8 € H, let A(H, ) be the intersection of the family {A, : v € H, 8 € A,}. We define H < K from
M(A, C) providing H D K and for each a € H Nmax(K), a € A(K, min(K \ a)).

Lemma 5.5. Let A € E and let Ry be a Py(I))-name that is forced by Py to be ccc poset. Let R be a
Py-name of a ccc poset such 1p, forces that Ry C. R. Assume that A = {AE : & € w1} is a sequence
of Px(Iy) * Ro-names of subsets of wi such that Py « R forces that A is a Moore-Mrowka task. Then the
Pyj2-name M(U, C’A) satisfies that Pyyo forces that R x MU, CA) is ccc.

Proof. The proof proceeds much as it did in Lemma 3.3 and Corollary 3.4 for S-space tasks. To show that
a poset of the form M(A, C) is cec, it again suffices to prove that, for each n € w, there is no uncountable
antichain consisting of pairwise disjoint sets of cardinality n. So we consider an arbitrary family of pairwise
disjoint sets of cardinality n. Fix Py o * R-names {Hg : £ € wy} for a set of pairwise disjoint elements of
M(A, Cx) N wi]™. Following Lemma 3.3, we may assume that, for each & € wy, it is forced that & < min(H)
and that {&} U HE is also separated by C. We prove that no condition forces this to be an antichain.

Let M be a countable elementary submodel containing all the above and let p; € Px;2 be chosen as
in Lemma 2.15 so that p; is (M, Pyy2)-generic and so that p1(\) € M. Let p; | A € G be a Pj-generic
filter and pass to the extension V[G,]. Let R = VaIGA(R) and let G; C C,, sothat p1 [ A+1 € Gy x Gy
is Pyt1-generic. Let 6 = M Nw;. We will prove that p; forces that H5 is compatible with some element of
{H, :n€d}. ' .

For each ¢ € wy, let, in V[G,], J; denote the R-name for the set {v: { € A,} and, for each finite F' C wy,
also let Ap denote the R-name for ﬂve P A'v- We leave the reader to check that it suffices to prove that p;
forces that for each finite F' C Jmin(Hg)’ there i§ ann <90 such that H, C Ap. For each ( € w; and finite
F C wy, we will let J: and Ap denote valg,(J¢) and valg, (Ar) respectively. Also, for the remainder of
the proof we will treat each H, ¢ as the canonical R x (Q * Qx1)-name obtained from the evaluation of the
original Py (o * R-name by Gy. For each £ € w; and H € [w]", let T¢(H) be the (possibly empty) set of
conditions in R x (@ * QAH) that force H to equal Hg.

We need an updated version of wi-full. Say that a countable set B, in V[G,][Gg], is A-large if there is a
v € wy such that BN Ap # 0 for all 8 € wy \ v and finite F € Jg. We may interpret this as that B contains
w1 \ -

For ¢ € wy and (r,p) € Rx (Qx*Qxy1), let Te(H, (r,p)) be the set of conditions in T¢(H) that are below
(r,p). In other words, I'¢(H, (r,p)) is not empty if and only if (r,p) ¥ H # HE' Similarly, for each 0 < i <n
and H € [w], let Te(H, (r,p)) = U{Te(H U {n},(r,p)) : 1 € wi}. For H € [w]", say that T¢(H, (r,p))
is full if T¢(H, (7,p)) is not empty for all 7 < 7. For 0 < i < n and H € [w;1]"*, say that [¢(H, (r,p)) is
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full if there is a R-name B that is forced to be an A-large set of € w; and, for each n and s I n € B,
Te(H U {n}, (5,p)) is full

Claim 8. Suppose that &,r,p € M[G,] and that T¢(0, (r,p)) is full. Suppose also that 7 € R forces that F is
a finite subset of jg for some 6 < ( € wy. Then there are (s,q), H € M[G)] and § < T such that

(1) (s,q) < (r,p) in R x (Qx* Qxt1),
(2) §<s,

(3) 51 H C Ap,

(4) (s,q) - He = H

Proof of Claim. There is an R X (Jy-name By € M|[G,] that is forced to be a A-large subset of § and
witnesses that T¢(f), (r,p)) is full. Therefore there are < § and ' < 7 such that 7; IF 7 € By N Ap. There
is no loss to assuming, by elementarity, that 7 extends some r; € M[Gy] such that r, |- 7 € By. Since
r1 IF 1 € By, we have that T¢({n}, (r1,p)) is full. Following a recursion of length n, there is an 7, < 7 in
R,an H = {m,...,n,} € M[G,], and an 7, < r, € M[G,] such that 7, IF H C A and I'¢(H, (ry,p)) is
full. Since 7,, < 7, D¢(H, (s, p)) is not empty. Therefore there is a pair (5,q) < (7, p) forcing that H = H.
By elementarity, since &, H,p € M[G,], the set of {s € RN M : (3¢)((s,q) < (rn,p) &(s,q) IF H = Hg)} is
predense below r,,. Therefore there is an (s,q) < (rn,p) € M[G)] with s [ 7, such that (s,q) IF H = He.
Let s be any extension of s,7,. O

Claim 9. For every (r,p) € R x (Qx * Qxy1), there is a 6 so and a ro < r such that Ts5(0, (ro, p)) is full.

Proof of Claim. Let (r,p) € My be a countable elementary submodel of H(k")[G,] so that {A, R, Px12} €
M. Choose any (7, p) < (r,p) that is an (Mg, R x (Qx * Qx+1))-generic condition. Let 6y = Mo Nw;. Choose
any continuous €-chain {M, : 0 < a < w;} of countable elementary submodels of H(xT)[G,] such that
{]\407 (77,]5)} € M.

For each a € wy, let 6, = M, Nwy. Let C* be the cub {4, : @ € w1}. Choose any extension (7, p,) of
(7,p) such that 71 (p2(A+ 1)) C C* U dy, and so that there is an H = {&1,...,&,} € [wi]™ with (rn,pn) |
H = Hj,. Of course this implies that T's,(H, (rn,p)) D s, (H, (7, pn)) is actually full. Okay, then H,_; =
{€1,...,6 1} isin M, . Let’s take the R-name F,,_; to the set of (1,7) such that T's,({n} U H,_1, (7,p)) is
full. The condition r,, forces that E,_; is uncountable. Since A is a Moore-Mrowka task in VI[Gx * GR], mn

-

forces that F,_1 € M, contains an A-large set. By elementarity and the fact that r,, is (M, , R)-generic,

there is an r,,_q in M, that forces E, _; contains an A-large set. Therefore, for such an r,_1 € M, , we

n?

have that I's,(Hp—1, (rn—1,p)) is full. This recursion continues as above and for each i < n, there is an
ri € My, such that T's, ({&; : j <}, (r4,p)) is full. Setting 0 = o, this completes the proof of the Claim. 0O

Following the proof of Corollary 3.4 we can complete the proof using that p; satisfied the conclusion of
Lemma 2.15. Using Claim 9, it follows from Claim 8 that in V[G\][GR], for each § < ( € wy and finite
F C Je, the set W consisting of those p € M[G5] N (Qx * Qx4 1) for which there is a § € G and £ € § such
that (5,p) IF He C Ap, is a dense subset of M[GA] N (Qx * Qxy1). By the genericity of ((G1) | 8) * (plx)
over the model V[G, * R] as in Lemma 2.15, it meets Wg. It follows that p; forces that there is a £ € §
such that Hy C Ap. Applying this fact to ¢ = min(Hjs) completes the proof. 0

Now we show that Moore-Mrowka tasks will arise that will allow us to prove there is a minor additional
condition that we can place on the construction of P, (assuming an extra {-principle) that will force
there are no separable Moore-Mrowka spaces of cardinality greater than c¢. Let St denote the set of A € K
that have cofinality w;. We will assume there is a {$(S¥)-sequence.

We begin with this Lemma.
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Lemma 5.6 (¢<° =¢). Let X be a separable Moore-Mrowka space of cardinality greater than ¢. Let X € M
be an elementary submodel of H(0) for some sufficiently large 6 such that |M| = ¢ and M* C M for all
p < c. For any point z € X \ M there is a sequence {B, : 1 < ¢} of countable subsets of M N X satisfying,
foralln < ¢ <c,

(1) B, contains B; U{z}
(2) for all AC M N X with z € A, there is an a < ¢ such that A contains B,.

Proof. Since X is separable, we can let By € M be any countable dense subset. Fix an enumeration
{S¢ : &€ < ¢} of all the countable subsets of M N X that have z in their closure. Let W € M be a base for
the topology. Assume we have chosen {Be : £ < n} for some 1 < ¢. Assume, by induction, that Be is also a
subset of S¢. The set S, U {B¢ : £ < n} is an element of M and every member contains z. Let K, denote
the intersection of this family. Choose any neighborhood U € W of z. Since z € W N K, it follows from
elementarity that M NW N K, is non-empty. Therefore, z is in the closure of some countable B, C M N K,,.
This completes the inductive construction of the family. We simply have to verify that property (2) holds.
Let 2 € A for some A C M N X. By countable tightness, there is an n such that S, C A. Therefore
ADB, O

Remark 10. A compact separable space of cardinality at most ¢ will have a Gs-dense set of points of character
less than ¢. Therefore, in a model with p = ¢, any such space has the property that the sequential closure
of any subset is countably compact. In particular, in such a model a Moore-Mrowka space necessarily has
weight at least ¢ and will have a countably compact subset that is not closed. A space is said to be C-closed
if it has no such subspace, see [7,10].

Definition 5.7. Say that a sequence (Yo, Un, Wy : @ < k) is a k-MM sequence of a space X if

(1) Uy, W, are open in X and y, € U, C Uy C W,

(2) yy ¢ Uy for all a < v € &,

(3) for all B < a <k, UyN{ys,Ya} = {ya} for some a < v € &,

(4) for every A C k, there is a countable B C A and a 7 < & such that the closure of {y, : v < a < Kk} is
either contained in the closure of {yg : § € B} or is disjoint from the closure of {y, : o € A}.

Theorem 5.8. Let (P, Qg ca< k4K, f<k+EK) be an iteration sequence in the sense of Theorem 4.3. In
particular, assume that for all p < k there is a q, € Q(u, 1) satisfying that Py is equal to ngiﬁ).

Let X be a P, ,.-name of a compact separable space of countable tightness. Assume also that (Yo, U, Wy
a < K) is forced to be a k-MM sequence of X. Then there is a cub Cx C Kk such that for each A € C'x N ST,
there is an injection fy : wy — X such that A = (A, : < wy), where A, = {£: Yra(e) € fo(n)}’ is forced

by Pfj_)\ to be a Moore-Mrowka task.

Proof. We may assume, since it is forced to be compact and separable, that X is a P, ,-name of a closed
subspace of [0,1]*. Let G be a Py4x-generic filter so that we may make some observations about X and
the k-MM sequence (Yo, Un, Wy : a < k). There is a point z € valg(X) that is a s-accumulation point
of {ya : @ € K}. We check that z is the unique such point. If U, W are open neighborhoods of z with
U C W, then A= {a € k: y, € U} is cofinal in . By condition (4) of the xk-MM property, there is a
countable B C A so that the closure of {yg : § € B} contains {y, : sup(B) < a < k}. It thus follows
that {ya : sup(B) < a < k} is contained in W and shows that X \ W contains no k-accumulation points
of {yo : @ € k}. Now assume that z is in the closure of {ys : B € A} for some A C k. Since the second

clause of condition (4) of the k-MM property fails, it follows that there is a countable B C A such that
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the closure of {yg : 8 € B} contains a final segment of {y, : @ € k}. We will be interested in the subspace
Xy ={z [ A:x € X} of [0,1]*. Since this space is a continuous image of X, it also has countable tightness.
Let Z be a canonical P, ,-name for z.

Let M < H(x™) so that sup(MNk) = X € S§ and M“ C M. We note that it follows from Corollary 2.12,
and the fact that P, /Py is ccc, that every countable subset of M Nk in V[G] has a name in M. Assume also
that 2, X, P+, and the k-MM sequence are elements of M. Choose any continuous €-increasing sequence
{M,, : n € w1} of countable elementary submodels of M such that Yy = J{M, N A :n € w;} is cofinal in
A. Define fy so that f\(n) = sup(M, N A). It should be clear that to show that A, as in the statement of
the Theorem, is forced by P, to be a Moore-Mrowka task it is sufficient to check that condition (2) of
Definition 5.3 is forced to hold. Let A be any Pf}r y-hame of an uncountable subset of w;. We may regard
P/{l}r , as a complete subposet of Py, and so consider Valg(A) in V[G]. In the space X}, it is clear that
z [ Ais in the closure of the set {yy, ;) : 7 € A}. Therefore, there is a countable B C A such that z [ A is in
the closure of the set 7(f\(B)) = {ys, () : 7 € B}. Now B is a countable subset of M N A, and so there is a
P/‘\ﬁ/\—name B in M such that valg(B) is B. Now we can apply elementarity (using that f\ [ B € M) and
observe that 2 is forced to be in the closure of {9y, (3 : # € B}. Moreover, by elementarity and the x-MM
property, there is a v € £ N M such that the closure of 7(f\(B)) is forced to contain {g, : v < o < k}. For
each v < a < r, J(fr(B)) is forced to meet Neer U for all finite H C {¢ : a € Uc}. Of course there is
an ¢ € wp such that v < fx(4). This completes the proof that, for all § € wy \ §, AN J is forced to meet
Neer A for all finite H C {¢C: B € A¢}. O

Theorem 5.9. [t is consistent with Martin’s Aziom and ¢ > Ny that there are no S-spaces and that compact
separable spaces of countable tightness have cardinality at most c.

Proof. Let x > Ny be a regular cardinal in a model of GCH. Using an iteration sequence as in Theorem 4.3,
it follows from Theorem 5.8 and Lemma 5.6 that it suffices to ensure that for each X and x-MM-sequence
as in Theorem 5.8, there is a A € C'y N ST so that I is chosen suitably and so that Q,H)\ is chosen to be
M(A, Cy) for a sequence A as identified in Theorem 5.8. This is a somewhat routine application of {»(St).

Since S¥ is stationary, we may assume that (S%) holds in V. There are many equivalent formulations
of $(SF) and we choose this one: There is a sequence (h,, : « € S¥) satisfying

(1) for each o € S¥, hy : @ X @ — « is a function,
(2) for all functions h : k X kK — K, the set {a € S¥ : h, C h} is stationary.

We will also have to recursively define our sequence J = {I, : v € E} since special choices will have to
be made for indices in S§ and which, due to conditions (3) and (4) impact all the subsequent choices. To
assist with the condition (4) of the requirements on J, we choose an enumeration {Jg : £ € r} of [k]1 as
follows. Let D C & be a cub consisting of A such that p + ™ < X for all < A. For each p € D, the list
{Je:p <& < p+ pM}is an enumeration of [u]™.

Say that a sequence Jy = {I, : v € ENA} C [\]=™ is an acceptable sequence if it satisfies the properties
(1), (2), and (3) that we assume for the sequence J in section 2, and, it also satisfies that, for each & < p € A
such that pu+p™t < A, there is a ¢ € ENp+ p™t such that Je C I, If {J) : A € D} is an increasing sequence
of acceptable sequences, then the union, J, satisfies the requirements of section 2. Similarly, once we have
chosen an acceptable sequence Jy, we will assume that the sequence (P,, QB ca < A\ B < A) is defined as in
Definition 2.2 using the sequence Jj.

In a similar fashion, we relativize the definition of Q(\, ) from Definition 4.1. Given an acceptable
sequence Jy, say that a sequence q’' = {Q,'B : B < A} € H(k) is Jy-suitable providing (as in Theorem 4.3),
by induction on 8 < A, Qg(q) =(Qjis a P/{‘Jrﬁ(q)—name of a ccc poset, Whgre PXq) = P, for a < X and,
for >0, P}, 5(q) is the usual poset from the iteration sequence (P3(q),@Q}(q) : a < 3,( < ).
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Let f be any function from x onto H(k). We recursively choose our sequences {Jy : A € D} and
{le : v € k}. The critical inductive assumptions are, for A € D,

(1) Jx extends J, for all p € DN A,
(2) T, is acceptable,
(3) {Qir 1y < A} is Jy-suitable.

Now let A € D and assume we have constructed, for each y € DN A, J, and {Q/w cy<wphIEDNAis
cofinal in A, then we simply let Iy = (J{J, : © € D N A} and there is nothing more to do. Otherwise, let p
be the maximum element of D N A.

Case 1: pp ¢ S§. First choose any acceptable Jy D J,,. Choose {Q% : < B < A} by induction as follows.
For u < B ¢ E, let q denote {Q’, : 7 < B}. Let ¢ < r be minimal so that Q5 = f(() is a Pi+ﬁ(q)—name of
a ccc poset that is not in the list {Q’, : v < 8}. For u < 8 € E, choose, if possible minimal ¢ <  so that
f(¢) is equal to Q(U,Cp) for some S-space task that is not yet handled and let Q/B = f(¢). Otherwise, let

Q) = Co.
The verification of the inductive hypotheses in Case 1 is routine. We also note that if the induction

continues to k, then P,er,{({Q% : 8 < k}) will force that there are no S-spaces and that Martin’s Axiom
holds.

Case 2: u € SY. Let q denote {Q;g : B < p}. Now we decode the element h, from the {-sequence. If
there is any (o, &) € p x p such that f(h,(a,&)) is not a P,
each a € p, if f(h,(®,0)) is not a name of a finite subset of x1, then proceed as in Case 1, otherwise let
E, = f(h,(,0)). Similarly, if there is an o € p such that f(h,(a,1)) is not a name of a positive rational

number, then proceed as in Case 1, otherwise let ¢, = f(h,(c,1)). If there is an o € p and a § > 1 such

(q)-name, then proceed as in Case 1. For

that f(h,(a,§)) is not a name of a element of [0, 1], then proceed as in Case 1, otherwise let

flhu(la,6+2)) if E<w

for (o, &) € p x jo(&) = .
(,§) epxp Jal§) {f(hu(a,f)) fw<e<n
It now follows that g, is a name of an element of [0, 1]* and let the name {z € [0,1]* : (V8 € Fy,)|z(8) —
Ua(B)| < €4} be denoted by U,. Now we ask if there is a function fu t wi — p as in Theorem 5.8. In
particular, if there is an I € [1]* and such a function f,, : wy — p such that the sequence A = {4, : 1 € w;}
as defined in the statement of Theorem 5.8 satisfies that Pl‘f +,(a) forces that A is a Moore-Mrowka task and
each A, is a Pl‘j S (q)(]) * Ro-name in the sense of Lemma 5.5. If all these holds, then choose an appropriate
I, so that I C I, and define @], to be M(A, C},). For the remaining choices proceed as in Case 1.

The construction of P, = P, (q) where q = {Q} : f < x} is complete. As explained at the beginning
of the proof, it follows from Lemma 5.6 and Theorem 5.8, and that the fact that D is a cub, that separable

Moore-Mrowka spaces in this model have cardinality at most ¢. O
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