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KAPLANSKY TEST PROBLEMS FOR R-MODULES IN ZFC

MOHSEN ASGHARZADEH, MOHAMMAD GOLSHANI, AND SAHARON SHELAH

ABSTRACT. We conclude a long-standing research program in progress since
1954 by giving negative answers to test problems a la Kaplansky. Among
these problems, the first was largely open, but the others were known to be
consequences of Jensen’s diamond principle and therefore impossible to answer
affirmatively. Let R be a left non-pure semisimple, and let m > 1 be a natural
number. For example, we construct an R-module M such that M"™ = M if and
only if m divides n — 1, and thus solving the first test problem in the negative.
As an application, we also construct an R-module M of arbitrary size such
that M"™1 = M"2 if and only if m divides (n1 — n2), giving a strongly negative
answer to the cube problem of whether an R-module M which is isomorphic
to M2 must be isomorphic to its square M2? We will treat the other two
problems in a similar way. The crux of our method is to construct a ring S

and an (R, S)-bimodule with few endomorphisms, for which we rely heavily

on techniques from algebra and set theory, in particular the black box.
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1. INTRODUCTION

Throughout this paper R is an associative ring with 1 = 1r, which is neither
necessarily commutative nor Noetherian. An R-module M is a left R-module,
unless stated otherwise. Moreover, for any positive integer n, the notation M"™

stands for @, M. We will prove the following theorem.

Theorem 1.1. (See Theorem Let R be a ring which is not left pure semisimple.
Let m > 1 be an integer, and let X > |R| be a cardinal of the form X\ = (MN°)+,

Then there is an R-module M of cardinality \ such that:
M" 2 M <= m divides n — 1.

Recall that R is called left pure semisimple if every left R-module is a direct
sum of countably generated indecomposable left R-modules, and furthermore such
a representation is unique up to isomorphism. This can be seen as a pure version
of semisimple rings.

We will prove Theorem in ZFC, the Zermelo-Fraenkel set theory with the

axiom of choice. To do so, we will introduce the construction of (R, S)-bimodules,



Paper Sh:421, version 2022-06-07. See https://shelah.logic.at/papers/421/ for possible updates.

KAPLANSKY TEST PROBLEMS 3

i.e. the structures that are both left R-modules and right S-modules with appro-
priate associativity over a commutative ring T. Ultimately, we will choose S to
solve each of the test questions. However, we will first analyze what the smallest
endomorphism ring of an (R, S)-bimodule can be. As an application, we will prove

the following result.

Corollary 1.2. (See Comllary Assume that R is not pure semisimple. Let
A= (pt)t > |R|, and let m > 2 be an integer. Then there is an R-module M of

cardinality A such that:
M™ =M™ <= m|(n; — na).

This result extends several well-known theorems that began with Corner [2]. A
special case of this, namely when R is the ring of integers, was recently recon-
structed by Gobel-Herden-Shelah [21], Corollary 9.1(iii)] and by Eklof-Shelah [I5].

When an algebraic theory is given, one of the main goals is to find some structure
theorems for the objects. In 1954, Kaplansky formulated a list of three test problems
(see [28] page 12]), where, in his opinion, a structure theory can only be satisfactory
if it can solve these problems. He formulated his problems in the context of abelian

groups as follows

Problem 1.3. (1) If G is isomorphic to a direct summand of H and H is
isomorphic to a direct summand of G, are G and H necessarily isomorphic?

(II) If G® G and H® H are isomorphic, are G and H isomorphic?
(III) If F is finitely generated and F & G is isomorphic to F® H, are G and H

isomorphic?

He also noted that the problems can be formulated for very general mathe-
matical systems, and he also mentioned that problem (I) in set theory has a positive
answer, namely the Cantor-Schroder-Bernstein theorem. It is perhaps worth men-

tioning that problems (I) and (IT) were posed earlier, in 1948, independently by
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Sikorski [48] and Tarski [49] in the context of Boolean algebras, where they gave a
positive answer to the problem for countably complete Boolean algebras. Sier-
pinski also posed the cube problem (see below for explanation) in the context of
linear orders, see [47].

There are numerous publications on the Kaplansky test problems for various
algebraic structures. Some of these are summarized below. For Boolean algebras,
the first negative result was proved by Kinoshita [30], who gave a negative answer
to the problem (I) for countable Boolean algebras. [25] gave a negative answer
to the problem (IT) for the same class of structures, and Ketonen [29] solved,
among many other interesting things, the Tarski cube problem by producing a
countable Boolean algebra which is isomorphic to its cube but not to its square.
A solution to the Schroeder-Bernstein problem for Banach spaces is the subject of
[24] by Gowers. Recently, Ervin [I8] proved that every linear order isomorphic to
its cube is also isomorphic to its square, thus solving Sierpinski’s cube problem for
linear orders.

It is known that Kaplansky’s problems have positive answers for many classes of
abelian groups, such as finitely generated groups, free groups, divisible groups, and
so on, see [I7]. Jénsson [26] gave negative answers to problems (I) and (II) for
countable centerless non-commutative groups and then in [27] he gave a negative
answer to problem (IT) for the class of torsion-free abelian groups of rank 2.
In 1961 Sasiada [35] gave a negative answer to the first problem for the class of
torsion-free groups of rank 2%0. Corner, in his groundbreaking work [2], proved
that any countable torsion-free reduced ring can be realized as an endomorphism
ring of a torsion-free abelian group and derived a negative answer to Kaplansky’s
test problems (I) and (II) for countable torsion-free reduced groups. Later, Corner
[3] constructed a countable torsion-free abelian group G which is isomorphic to G3
but not to G2, giving a negative answer to the cube problem which asks, if G is

isomorphic to G3, does it follow that G is isomorphic to G2?
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Let m and n be positive integers. As a further contribution, Corner proved that
for every positive integer r there exists a countable torsion-free abelian group G
such that G™ = G" if and only if m =, n. This property of G is called the
Corner pathology. In particular, the ring of integers has a pathological module.
For countable separable p-groups, Elm’s theorem gives a positive solution to the
Kaplansky problems (I) and (II), and Crawley [6] showed in 1965 that this does not
extend to the uncountable case by giving a negative answer to these problems for
the case of uncountable separable p-groups. For any n > 2, Eklof and Shelah [16]
constructed a locally free abelian group G of cardinality 2%° such that G®Z" = G.
More recently, Richard [34] has presented more friendly examples of abelian groups
endowed with Corner’s pathological property. Corner’s ideas have been used by
many mathematicians to give negative answers to the first two test questions for
some classes of abelian groups. See for example [9], [10], [11] [I5], [34], and [13].

Shelah’s work [46] deals with Kaplansky’s first test problem in the category
of modules over a general ring, but his results were obtained under set-theoretic
assumptions beyond ZFC. In fact, Shelah used Jensen’s diamond principle, a pre-
diction principle whose truth is independent of ZFC, to present rigid-like modules
that give negative answers to Kaplansky’s test problem.

Thomé [50] and Eklof-Shelah [I5] constructed a Ri-separable abelian group M
in ZFC such that the Corner ring is algebraically closed in End(M). Consequently,
M is isomorphic to its cube, but not to its square.

In summary, the Kaplansky test problems for the category of modules over a
general ring have remained largely open.

In this paper we are interested in the category of modules over a general ring
which is neither necessarily commutative nor countable. We work in ZFC and an-
swer the test problems. This continues and even completes the program announced
in [46], but can also be read independently. We would like to emphasize that all our

results are in ZFC (without additional set-theoretic axioms) and that the results
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we obtain are even stronger than those proved in [46]. See for example Theorem
We will do this using a simple case of “Shelah’s black boz”, see Lemma [1.47]
and Theorem [£.48] Black boxes were introduced by Shelah in [43] and [44], where
he shows that they follow from ZFC. We can think of black boxes as a general way
to generate a class of diamond-like principles that are provable in ZFC.

In [36] Shelah proved that every ring R satisfies one of the following two possi-

bilities:

(i) All modules are direct sums of countably generated modules, or
(ii) For every cardinal A > |R/|, there exists an R-module of cardinality X\ that

is not a direct sum of R-modules of cardinality < p for some pu < A.

Shelah’s work in [46] extends (ii) with respect to endomorphism algebras. From this
and from V = L he constructed an R-module M with prescribed endomorphisms
modulo an ideal of small endomorphisms. Consequently, Shelah found a connection
from (ii) to the Kaplansky test problems. Here we remove the additional assumption
of V=L.

Here we lose the A-freeness (this is unavoidable even for abelian groups, see
Magidor and Shelah [31]). In particular, we prove here that for every m > 1 there
exists an R module M such that M = M" if and only if m divides n — 1, and we
also answer the other Kaplansky test problems promised in [46]. Furthermore, we
explicitly prove that the theorems hold for elementary classes of modules that are
not superstable.

In the course of proving Theorem [I.1} we develop general methods that allow us
to prove the following results in ZFC. Note that these results give negative solutions

to the Kaplansky test problems (I) and (II).

Theorem 1.4. Let R be a ring which is not pure semisimple and let A\ = (MN°)+ >
|R| be a regular cardinal. Then there are R-modules M, My, My of cardinality A

such that
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Z’LZ) M1 El:oo,,\ Mz.

Here by Lo x, we mean the infinitary language Lo »(Tr), where mg is the lan-

guage of modules over the ring R.

Theorem 1.5. Let R be a ring which is not pure semisimple and let A > |R| be
a regular cardinal of the form (uNO)Jr. Then there are R-modules My and My of
cardinality A such that:

i) My, My are not isomorphic,

1) M is isomorphic to a direct summand of Ma,

i11) My is isomorphic to a direct summand of M.

In particular, Theorems and improve the main results of [46] by removing
the use of the diamond principle.

Since the Kaplansky test problems and also our results are related to the inde-
composability of modules, we will also look at some background in this direction.
Fuchs [I7] proved the existence of an indecomposable abelian group in many cardi-
nals A (e.g. up to the first strongly inaccessible cardinal), and even a rigid system
of 2% abelian groups of power . At the time, it was conjectured that this might
fail for some “large cardinals” (e.g., supercompact). Corner [4] reduced the number
of primes to five, and later Gébel and May [20] reduced it to four, in the following
sense. Suppose R is an algebra over a commutative ring A, A is an infinite cardi-
nal, and suppose R can be generated as an A-algebra by A or less elements. Let
M = @ R and also assume that there is an embedding R < End4 (M) by scalar
multiplication. Gébel and May introduced four A-submodules My, M7, M, M3 of

M such that

R= {SD € Enda(M) : o(M;) C M; for all 0 <i < 3}.
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Using certain stationary sets, Shelah [39] proved the existence of an indecom-
posable abelian group of cardinality A in every A, and even a rigid system of 2*
such groups. Recently, Gobel and Ziegler [23] generalized this to R-modules for “R
with five ideals”. In response to a question from Pierce, Shelah [40] constructed
essentially decomposabhﬂ abelian p-groups for any cardinal A, which is strong limit
of uncountable cofinality.

Eklof and Mekler [I2] have obtained a A-free indecomposable abelian group of
power A using diamond on some non-reflecting stationary set of ordinals < A of
cofinality No. Shelah [42] continued this and showed that the diamond can be

replaced by the weak diamond on a non-reflecting stationary subset of
SR, = {6 < At cf(6) =Ro}

(Thus,for A = Ry, 2% < 2% g sufficient).

Dugas [8], continuing [12], proved, assuming V = L, the existence of a strongly
k-free abelian group with endomorphism ring Z and then, using p-adic rings, Gobel
[19] realized a larger family of rings.

Dugas and Gobel [9], continuing []], [19], and [42], and working over a Dedekind

domain R which is not a field proved that:

i) there exist arbitrarily large indecomposable R-modules, and
ii) there exist arbitrarily large R-modules that do not satisfy the Krull-Schmidt
cancellation property.
Moreover, they related these to the Kaplansky test problems by showing that R is
not a complete discrete valuation ring if and only if there are R-modules of arbitrary
high rank which do not satisfy Problem In addition, they showed that every
torsion-free ring is the endomorphism ring of a suitable abelian group.
In [10], Dugas and Gébel characterized the rings which can be represented as

End(G) modulo “the small endomorphism” for some abelian p-group, but as it

G is essentially decomposable if G = G1 @ G2 implies that G1 or Gg is bounded.
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follows [40] (which dealt with the case when we want the smallest such ring), the
representation of a ring R by an abelian group G of size a strong limit cardinal
of cofinality > |R|. The situation is similar in Dugas and Gébel [11], where the
results of [9] and more are obtained in such cardinals.

Black box allows us to get the results of [9], [10] in more and smaller cardinals,
e.g A= (|R|N“)+. Corner and Gobel [5] continued this work and, using ideas from
Shelah, presented a detailed treatment of the construction of abelian groups and
modules with given endomorphism rings and satisfying additional constraints. We
also mention the recent work [21].

The organization of the paper and the strategy of the proof of Theorem are
presented in the next section.

For more information, see the books Eklof-Mekler [I4] and Gobel-Trlifaj [22].
The books [32] and [33] by Prest discuss model theory of modules, and also pure

semisimple rings.

2. OUTLINE OF THE PROOF OF THEOREM [L.1]

This section is divided into two subsections. In the first subsection, we present
an introduction to the concept of semi-nice construction, and survey things that
we need from [36]. The interested reader is referred to §4, where some definitions

and details are given there. In subsection 2.2 we give an overview of the proof of

Theorem [L.1]

2.1. Towards a semi-nice construction. In Section [4] and more formally, we
develop the setting needed for our approach. We will do this by introducing the
concept of semi-nice construction and its specialization and generalization. To
explain it, let us first present a simple case. Let R be a ring with unit 1g which is
not left purely semisimple. Then we consider formulas ¢(z) of the form

(Ey()’ ce 7y/€m) |: /\ AmT = Z bm,iyi:|

m<m(x) i<Km
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where {am,,bm i} are elements of the ring R. For any left R-module M we set

(M) = {z : M | o(a)}.

This is not necessarily a submodule, because R is not necessarily commutative, but
©(M) is an additive subgroup of M. Now, our assumption implies that for some
sequence @ = (p,(x) : n < w), each ¢, is as above. For every n and M we have
On+1(M) C @, (M), and for some M, the sequence (@, (M) : m < w) is strictly
increasing. Without loss of generalitywe may assume that ¢, (x) is of the following

form:

pn(z) = (3 y07«~~ykn_11)[ N amz =" bm,z’yi]a

m<n 1<km

and also k, < kp41.
Let N,, be the R—module generated by «™, y? (i < k) freely, except the following

relations

amz"” = E by Ym < n.

n+1

Let g, be the homomorphism from N,, into N,,;; mapping 2" to z and y;' to

Yyt (for i < ky). Let
e=(Np,Zp,gn:n<w)= (N5 z, g5 :n<w).
Next, for any n, we define the following subgroup of M:
on(M) = (M) := {f(z) : f is a homomorphism from N,, to M}.

In Definition [4.36] we will define the notion of “semi-nice construction”, which in

particular gives a sequence M of R-modules, and in Theorem we show that the

existence of a semi-nice construction follows from a suitable version of black boxs.

This gives us an R—-module M = [JM,, such that every endomorphism f of M is
o

in a suitable sense trivial. To be more explicit, on general grounds, f maps ¢, (M)

into itself. Hence it maps

(M) = (] wa(®D)

n<w
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into itself. So it induces an additive endomorphism

£ = £ 1 (0n(M)/ 5, (M)

of the abelian group ¢, (M)/p¢ (M). By the construction, for some n = n(f), the
mapping f,, is of the “unavoidable” kind. Here, unavoidable means multiplication
by some element a from the center of R.

The point is that for undesirable f, we will be able to find z,, and x such that

x — Tpn, € p, (M) but for no y € M we have:
n<w = y—1f(z,) € pn,(M).

In other words, omitting countable types helps. But, we would like to have more,
namely not only to generalize “the abelian group M has no endomorphism except
multiplication by a € Z”, but also we rather want to generalize “the abelian group
(M, +) has a prescribed endomorphism ring S”. For running this propose, we
consider a fixed pair (R,S) of rings and a commutative subring T of the center
of R and the center of S, and work with (R, S)-bimodules, where by an (R, S)-
bimodule, we mean a left R-module M which is a right S-module and satisfies the
following equations:

(1) Vre R, Vs €S, (rz)s =r(xs),

(2) Vt € T, tx = xt.
We would like to build a bimodule M such that all of its R-endomorphisms (i.e.,
endomorphisms as an R—-module) are, in a sense, equal to left multiplication by a

member of S. To be able to construct such an M, we need to have
e = (N}, 27,97 1 n < w),

but now N, is a bimodule, xf, € N, and g5, is a bimodule homomorphism from N,

to Nf | |, mapping xf, to xf,_ ;. As a first approximation, let o5, (M) be

{x : there is an R-homomorphism from N;, to M mapping z;, to :1:}
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Of course, ¢ (M) is an additive subgroup of M. We define ¢ (M) similarly but
using bimodule homomorphism. In fact, we consider a set € of such e’s.

However, Nf is not necessarily finitely generated as an R-module. So let us
restrict ourselves to bimodules such that, locally they look like direct sums of R-
modules from some class K. This property is denoted by 0 <y, M. This can be
represented as being L x,-equivalent to such a sum. More generally, we say M;
is an almost direct K-summand of My with respect to k denoted by My S%{i Mo,
provided player IT has a winning strategy in the following game D%jéM2 of length
w: in the n'® move player I chooses a subset A,, C M of cardinality < &, and then

player II chooses a sub-bimodule K,, C M. Player II wins iff:

(a) An g Ml + Z KZv
<n
(b) K, is in i (K),
() Mi+ Y Ke=M; @ ) Ko
I<w <w
For more details, see Definition [£.16] Now, if 0 <y, M, we let

¢ (M) := {z € M : 3 R-homomorphism Nf, — N mapping ¢, to z},

and

Y8 (M) := {z : 3 bimodule homomorphism Nf, — N mapping ¢, to z}.

Also, our complicated set ¢ enable us to define the set L}, of elements of N, whose
image under bimodule homomorphism is determined by the image of x¢,.

In addition, we would like to include in our framework the class of R-modules
of a fix first order complete theory 7. This is fine for 7 not to be superstable, but
we need to replace the requirement 0 <y, M by “M* <y, M” and choose K and

M* appropriate for 7. For example, M* can be any X;-saturated model of 7 and
K= {N : N'is an R-module such that M* <) M* @ N},

where £(7g) is the language of R-modules (see Definition [3.6). Also, N is not too

large, e.g. it has size at most |R|| + ||S]|.
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2.2. Test equations for Theorem Let M = (M, : a < k) be a semi-nice
construction and let M,; be the module defined by M. For any f : M, — M,,, a < K
and n < w, we consider the following principle: For any bimodule homomorphism

h from N}, into M,;, and for every ¢ < w we have
f(h(z;,)) € Ma + ¢ (M) + Rang(h).

We refer to this property by saying that the statement (Pr)”[f,e¢] holds. In
Lemma [5.2] we prove that every R-endomorphism f of the module M, constructed
in Sectionis “somewhat definable” and specifically satisfies (Pr)g(*) [f, ¢] (for some
o < K, n(x) < w and for all the ¢’s we have taken care of). We regard this as a key
stone of §4. Despite its importance, (Pr)g(*)[f, ¢] is not enough strong to run our
program. However, we show that (Pr)g(*)[f ,¢] implies a stronger version, denoted
by (Pr I)ZS:)[f ,e]. As the notation suggests, the new invariant z is involved. More
explicitly, if A is a bimodule homomorphism from Nf, into M,,, then (Pr 1)25:)[f .

implies that
£(h(27,)) — h(z) € Ma + ¢f, (M).

This is subject of Lemma [5.8] These enable us to connect to subsection 1.1, by
defining the concept of strongly semi-nice construction. For more details, see Defi-
nition

In Section [§] we try to say more. Working with M, every endomorphism is in
some suitable sense equal to one in a ring dF, whose definition is given in Lemma
[6:24(5b). This means, we restrict f to an additive subgroup ¢, (M,;) closed under
f, and divide it by another ¢ (M), then take direct limit; on the top of this we
have an “error term”. To handle this, we have to divide by a “small” submodule
of M, which means of cardinality < A = ||M]|. In order to get a stronger result
than this, we divide the ring of such endomorphisms by the ideal of those with

“small” range and then even “compact ones” which are essentially of cardinality
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< sup{||[M| : M € K}. More explicitly, see Lemma We close Section [6] by

proving the following auxiliary result.

Corollary 2.1. Suppose S is a ring extending Z such that (S,+) is free, and let

R be a ring which is not pure semisimple. Let D be a field such that
p := char(D)| char(R)

and set
7/pZ p>0,
Z otherwise.
Suppose ¥ is the set of equations over S which is not solvable in D ®z,(S/pS).

Finally, let M be strongly nicely constructed. Then ¥ is not solvable in End(M).

In Section [7] we present the proof of theorems and It may be worth to
mention that follows directly from Theorem[I.I} In sum, we drive it by applying
different test equations.

Let us now explain how the above constructions can be applied to prove Theorem
(for more details see Section . We first introduce a ring Sy, it is incredibly
easy compared to S. To this end, let T be the subring of R which 1 generates. Let
So be the ring extending T generated by {Xy, ..., X, W, Z} freely except the
following list of test equations:

()1 X7 = X,
XeXy =0 (L #m),
1=A&+ ...+ X,
XWX, =0 for+1#m mod m(x)+1,
wm)+l — 1
zZ2=1,
XZ(1 - X)) = X2,

(1-X)ZXy = (1— X)Z.
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For an integer m let [—oo,m) := {n : n is an integer and n < m}. To each

n e =™y we assign
n | k:=mn/|[—oco,min{m,k}).

The next object is T'. It consists all functions with domain of the form [—oo,n) and

the range is a subset of {1,...,m(x)}. Now, we look at
W1 =Wy x {0, ‘e ,m(*)},

where
Wy = {17 e :n(m) =1 for every small enough m € Z}.

Let D be a field such that
T is finite =  char(D) divides |T)|.

So, D ® S is the ring extending D by adding D, Xy, ..., Xpn(x), W, Z as non com-
muting variables freely except satisfying the equations in (x)1. Let M* = pM* be
the left D-module freely generated by {z, ¢ :n € Wy, £ < m(x)+1}. We make pM*
to a right (D ® Sp)-module by defining xz for x € pM* and z € Sy, so it is enough

to deal with

z2 € { Xy :m <m(x) +1}U{Z, W}

Let © =) ay ey ¢ where
0,4

(1) (n,€) vary on Wy,

(2) aye € D and {(n,£) : an¢ # 0} is finite.

It is natural to extend things linearly, that is

( Z (T 0) 2 = Z o (Tn,02),
n,¢ 7,4

where
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sr:mng =
0 if £ £ m,
Ty if £ >0,
o2 = n™(£),0
Tyl —con—1)m(n—1) i £ =0, and (—oo,n) = Dom(n).
Also,

Ty W =2y, whenm=4~¢+1 mod m(x)+1.

These assignments allow us to deal with an additional structure of the (D, S)-

bimodule. Indeed, it is enough to look at
pMj = {Zdn,wmé :neWyandd,, € D}.
n

In other words,

m(*)
pM* = EB pM;.
£=0
Now, we are ready to define S, but in addition o = 0 when M{yo = 0 for every D
and every (D, Sy)-bimodule pM* as defined above.
We will prove that S is a free T-module. This allows us to apply Corollary [21]
Then, we look at P := M,,, the bimodule obtained by the semi-nice construction
that equipped with the strong property presented in above. We define Py := PX,. It

follows easily that

3

(%)
rRPr = (RP)™().
1

~
Il

It is enough to show rPE % Py for all 1 < k < m(x). Assume k is a counterezam-
ple. We apply Corollary to find a field D and Y € D ® S satisfying the following
T

equations:

k
(%)2 + Y | pMj is an isomorphism from pMf onto @ pMj,
=1

k k
Y | @ oM is an isomorphism from @ pM; onto pMj,
=1 =1
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m(*)+1
Y1 @ oMy is the identity,
t=k+1
V2=1.

The next task is to introduce the following sets:

Wpe = {(V7 m)|(v,m) = (n,€) orn™{) Qv and m < m(x) + 1},
g = {(n,m)lm = "¢, n € wo},
w:]’fz = Wy N Upy,
w7[71;] = wy N mEL[JLn] Uy, -
For any

uC {(n,0):ne Wy, € <m(x)+1},

we define N, be the D-subspace generated by {xy¢ : (n,{) € u}. For every large

enough finite subset v C wy ¢, we show the following is well defined:

( Nyo ) ( Ny
n, = dim T | —dim [ ——— | .
nghz\v ng)z\vy

These integers are independent from the first factor: Suppose n, v € wgy are given.

We show

ny,e=1yy Yl e [O,m(*)],

so we shall denote these common quantities by ny. These numbers are such that

they satisfy the following equations:

0 if e (1K
ny =

ng+n;+...+ny, flek+1l,m)+1)orl=0

Finally, we use this equation to derive the following contradiction

m(x)
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3. PRELIMINARIES FROM ALGEBRA AND LOGIC

In this section we provide some preliminaries from algebra and logic that are
needed for the rest of the paper. Let us start by fizing some notations that we will
use through the paper. Recall that R is a ring, not necessary commutative, with

1=1R.
Notation 3.1. By Cent(—) we mean the center of a ring (—).

Convention 3.2. The rings S and R are with 1, and we always assume that

T := Cent(R) N Cent(S) is a commutative m’ngﬂ

Definition 3.3. An (R, S)-bimodule M is a left R-module and right S-module such
that for allr € R,z € M and s € S we have (rx)s = r(xs) and that tx = xt for all

t € T. When the pair (R, S) is clear from the context, we refer to M as a bimodule.
Convention 3.4. We use K, M, N and P to denote bimodules (or left R-modules).

Definition 3.5. Let f: M — N be a bimodule homomorphism.
(1) The kernel, Ker(f) := {x € M : f(z) = 0} is a sub-bimodule of M.
(2) The image, Rang(f) := {f(x) : x € M} is a sub-bimodule of N.
(3) IfN is a sub-bimodule of Ml then M/N := {z+N: x € M} is a homomorphic
image of M. The mapping x — x + N is a homomorphism with kernel N.
(4) For a bimodule M, Endgr (M) is the endomorphism ring of M as a left R-

module.

In this paper we also consider modules and bimodules as logical structures, so let
us fix a language for them. We only sketch the basic definitions and results which

are needed here, and refer to [1] and [7] for further information.

2Indeed7 in our applications we have T = RN S (see Section 6, below).
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Definition 3.6. (1) An R-module M is considered as a Tr-structure. In other

words,

TR:{O7+7_}U{7"H:T€R}7

where the universe is the set of elements of M, and 0,4, — are interpreted
naturally and .H is interpreted as a multiplication from left by r, i.e.,
+H(x) :=rx. Let us recall terms and atomic formulas:

(a) Terms of Tr are expressions of the form > rix;, where m < w, r;

<m
is in R and x; is a variable.
(b) Atomic formulas of TR are equations of the form t; = ta, where t1,ts

are terms.

(2) An (R,S)-bimodule is similarly interpreted as a T(R,S)-Structure where
TRr,s) =10, + —JU{,H:r € R}U{H,:s €S}

and .H,Hg for r € R,s € S are unary function symbol, which will be
interpreted as follows: .H may regard as a left multiplication by r. In other
words, H (x) := rx. Similarly, Hs stands for right hand side multiplication
by s, i.e., Hy(x) = xs. Here, we recall terms and atomic formulas:
(a) Terms of Tw,s) are expressions of the form

SO rinmisin

i<d h<hg

where d,hqg < w, r;n € R, s, €S and x; is a variable.

(b) Atomic formulas of Tr.s) are equations of the form t; = ty, where

t1,ts are terms.
The next lemma is trivial.

Lemma 3.7. The class of (R, S)-bimodules is a variety, i.e., there are equations
in the language of Tw,g) such that a T(rs)-structure is an (R, S)-bimodule iff it

satisfies these equations.
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Let us now introduce the infinitary languages for modules and bimodules. They

will play essential roles in the sequel.

Definition 3.8. Suppose k and p are infinite cardinals, which we allow to be oo,
and let T be one of TR or Tr,s). The infinitary language L, () is defined so as
its vocabulary is the same as T, it has the same terms and atomic formulas as in
7, but we also allow conjunction and disjunction of length less than u, i.e., if ¢;,
for j < B < u are formulas, then so are \/j<ﬁ ¢; and /\j<5 ¢;. Also, quantification
over less than k many variables (i.e., if ¢ = ¢((v;)i<a), where a < K, is a formula,

then so are Vicovi¢ and Jj<4v;0).

Note that Ly, ., (T) is just the first order logic with vocabulary 7. Given k, p and

T as above, we are sometimes interested in some special formulas from L,, (7).

Definition 3.9. (1) LiPS(T), the class of conjunctive positive existential for-
mulas, consists of those formulas of L, ..(T) which in their formulation only
A, /\j<5,5|x and J;<ov; are used (where < p and o < k).
(2) Lre.(7), the class of positive existential formulas, is defined similarly where
we also allow V and \/,;_4
(3) L}, .(T), the class of positive formulas, is defined similarly where we allow
V, \/j<B and also the universal quantifiers Vr and ¥;<av;.
(4) By a simple formula of L, .(T), we mean a formula of the form
¢ =Ficarvil \ 45,
J<B

where each ¢; = ¢;((vi)i<a) s an atomic formula.

Lemma 3.10. The following assertions are valid:

(1) Suppose f : M — N is an (R, S)-bimodule homomorphism. Then f preserves
Lr o (Tmr,s))-formulas.
(2) Suppose in addition to 1) that f is surjective. Then f preserves LE . (T(rs))-

00,00

formulas.
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Proof. (1). Suppose ¢((vi)i<a) € LES oo (T(r,s)) and let a; € M, where i < a. We

need to show:
M E ¢((a:)ica) = N | ¢((£(ai))ica)-

This can be proved by induction on the complexity of the formulas, and we leave
its routine check to the reader.

(2). This can be proved in a similar way; let us only consider the case of the
universal formula to show how the surjectivity of the function f is used. To this

end, we assume that

d((vi)i<a) = V2 ((vi)i<a, T) € ‘ng,oo(T(R,S))

and let a; € M, where i < a. We may assume that the lemma holds for . Suppose

M E ¢((a:)i<a). We are going to show that

N ¢((f(ai))i<a)-

To see this, let b € N. As f is surjective, there exists a € M such that f(a) = b. Due

to the assumption, we know that M = ¥ ((a;)i<a,a). By the induction hypothesis,

N ¥((f(a:))i<a, f(a)),

ie, NE=9((f(a;))ica,b). Since b was arbitrary we have N |= ¢((£f(a;))i<a)- O

Remark 3.11. Note that there is no need for f to preserve — formulas. But if f

is an isomorphism, then it preserves all formulas.

The next lemma shows that under suitable conditions, we can replace cpe-formulas

by simple formulas.

Lemma 3.12. Let 7 be either TR or T(r,s), and suppose p1 > p,k is regular. If

©(7) € LPL(7), then we can find as equivalent simple formula in L, ,., (7).

We are also interested in definable subsets of (bi)modules.
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Definition 3.13. Let 7 be one of TR or Tr,s). Given a T-structure M and a

formula ¢(xo,- -+ ,Tpn_1) N Loo,co(T), let
o(M) = {{ao, -+ ,an—1) € "M: M [= ¢(ag, -+ ,an-1)}.
Here, by lg(—) we mean the length function.

Lemma 3.14. Let 7 be either TR or T(r,s), and let p(z) € L} (7). Suppose
Zp € 8@My, for £ =1,2 and 2, = (z¢ i <1g(z)), M =M, &My, and zZ = (2; : i <
lg(Z)) where M |= z; = 2} + 22. Then
2
MEg(E) < AMEe@).
=1
Furthermore, if for £ = 1,2 and i < lg(%), 2! = Opr,, then My |= ¢(Z) and z =

Olg(2)-

Proof. The desired claim follows by an easy induction on the complexity of the

formula ¢(T). O

The above lemma implies if ¢(x) € L{PL(T), where T is TR or Tr,s) and if

M = M1 D Mg, then QO(M) = @(Ml) D QO(MQ)

Lemma 3.15. For each bimodule M, the following assertions hold:

(1) If o(x) € LE (Tr.8))s then (M) is a subgroup of M.
(2) If v(x) € LE(TR), then (M) is a right S-submodule, but not neces-

sarily an R-submodule. Furthermore, if R is commutative, then it is an

R-submodule as well.

Proof. This follows by induction on the complexity of ¢(x). The straightforward

details are leave to the reader. O

Another notion from model theory which is of importance for us is the notion of

omitting types:
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Discussion 3.16. Suppose T is a countable languages and suppose M is a T-

structure.
(1) Given A C M, by an n-type over A we mean a set p(vy,--- ,vy,) of for-
mulas, whose free variables are vy,--- v, such that every finite py C p is

realized, i.e., there are 1, - , Ty, in M such that for all ¢ € py, M =
o(x1, -, Tn).

(2) A type is complete if it is mazimal under inclusion. By the axiom of choice
each type can be extended into a complete type.

(8) The type p is isolated by some formula (vy,--- ,v,) € p if for every ¢ € p,
MEVzy - Ve, ((z1, - xn) = o(x1, -+, 2n)).

It is clear that if p is isolated by some formula (vy, -+ ,v,) € p, then it is

realized. The omitting types theorem says that the converse is also true.

Lemma 3.17. Let 7 be a first order countable vocabulary and let T' be a complete
T-theory. If p is a complete type which is not isolated, then there is a countable

T-structure M = T which omits (i.e., does not realize) p.

Definition 3.18. Suppose that My, M and My are (bi)modules and g; : My — M

are (bi)module homomorphisms for i = 1,2. The amalgamation of M; and My

along My is M := (gl(m)7Wé$%§:meMo). There are natural maps f; : Ml; — M such

that the following diagram is commutative:

M

M,
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It may be nice to note that the common notation for this is My 4+, Ma.

Definition 3.19. Let M be an R-module and S be any subring of Endg(M). We
say that S is algebraically closed in Endg (M) if every finite system of equations in

several variables over S which has a solution in Endg (M), also has a solution in S

Let us recall the definition of pure semisimple rings.

Definition 3.20. A ring R is left pure semisimple if every left R-module is pure-

injective.

The next theorem gives several equivalent formulations for the above motion.

Theorem 3.21. (See [33], Theorem 4.5.7]) The following conditions on a ring R

are equivalent:

(a) R is left pure semisimple;

(b) every left R-module is a direct sum of indecomposable modules;

(c) there is a cardinal number k such that every left R-module is a direct sum
of modules, each of which is of cardinality less than k;

(d) there is a cardinal number k such that every left R-module is a pure sub-

module of a direct sum of modules each of cardinality less than k.

The following result of Shelah gives us a model theoretic criteria for rings which

are not pure semisimple, and plays an important role in this paper.

Theorem 3.22. (Shelah, [36, 8.7]) Let R be a ring which is not left pure semisim-
ple. Then there is a bimodule M and there is a sequence @ = (¢ () : n < w) such

that:

(a) each p, is a conjunctive positive existential formula, and

(b) the sequence (p,(M) :n < w) is strictly decreasing.
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4. DEVELOPING THE FRAMEWORK OF THE CONSTRUCTION

In this section we develop some part of the theory that we need for our con-
struction. The main result of this section is Theorem [[.48, which gives, in ZFC, a

semi-nice construction, that plays an essential role in the next sections.

Definition 4.1. Let (R,S) be as Convention [3.3

(1) Let €r,s) = €(R,S) be the class of all

e = <Nnaxn7.gn n< w>

where:

(a) N, is an (R, S)-bimodule,

(b) z, €N,

(¢) gn is a bimodule homomorphism from Ny, to N, 11 mapping x,, t0 Zpy1.
Given ¢ € €r,g) we denote it by ¢ = (N5, x5, g5 :n < w).

(2) We call ¢ € €,y non-trivial if for every n there is no homomorphism
from N} | to N} as R-modules mapping x;, _, to x;,.

(3) Let e = (Npy, 2, gn i 1 < w) € Erg). For each n < m, we define:

In,m = Gn © Gn4+10 -+ O Gm—1-

We set gnn := idy,, and note that ng < n1 < ng implies gn, na © Gngna =

Gnony- We denote gn m by g5, m-
(4) Fore € €mr,s) and an infinite U C w, let ¢’ =: ¢ [ U, the restriction of ¢ to
U, be defined by
(a) Nj := N o)
(b) xp =7,

(¢) 95 = Gty m(e+1);

where m({) is the £~th member of U. Clearly ¢’ is in €gr.s)-

Let us define a special sub-class of R s).
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Definition 4.2. Let €, be the class of ¢ € Er,s) such that for each n < w, Nj,
as a bimodule, is generated by < K elements freely except satisfying < p equations.
This means, there are (z;)i<a<x and atomic formulas t; =0, for j < f <, such

that Ny, = (D, ., Rx;S) /K, where K is the bimodule generated by (t; : j < [5).

We now define what it means for a sequence of formulas to be adequate with

respect to an element of € g):

Definition 4.3. Let ¢ := (N,,, 2, 9n : n < w) and @ := (¢, 1 n < w).

(1) The sequence @ is called (p, k)-adequate with respect to e if the following
conditions satisfied:
(@) ¢n = @n() is a formula from LiPL(TR),
(8) @ni1(x) F @n(x) (for the class of R—modulesﬂ
() Nn E on(zn) & ~@nii1(zn).
Also, we say ¢ is (p, k)-adequate with respect to e.

(2) We say ¢ is explicitly (i, k )-adequate with respect to ¢ if ¢ is (u, k)-adequate
with respect to e and ¢ € €, ;.

(8) For simplicity, k-adequate means (00, k)-adequate with respect to e. Also,
adequate is referred to No-adequate with respect to e.

(4) We say that @ is (u, k)-adequate if @ is (u, k)-adequate with respect to some
¢ € €R,yg)-

(5) We say ¢ is adequate with respect to € C &g gy if it is adequate with respect

to some ¢ € €.

It follows from Lemma that any (p, k)-adequate ¢ € €r ) is non-trivial.

Definition 4.4. Let e € €, n < w and k be given. We define

(1) @5 = N{p() : o € L2 (tr) and N, |= o(5) )]

Swe can restrict ourselves to those we actually use, i.e. the ones from cl(K).

4This is not a formula being a conjunction on a class, not a set, but when we deal with an

R-module M it is enough to restrict ourselves to £P? for A = (||M]|<*)T.

See https://shelah.logic.at/papers/421/ for possible updates.
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(2) 5" = No(2) : ¢ € LES(Tr.s)) and N, | ¢(a5,) |,
(3) @5 = (pi" 1 n <w),
(4) P°F = (YR~ i < w),
(5) @5t (@) == n/<\w e (@),
(6) bg=(x) = n/<\w ¥y ().

Remark 4.5. In Definition we omit the index K, when it is k(e) for ¥ or

kr(e) for ¢, where k(e) and kr(e) are defined in Definition[].7, see below.
The next lemma shows the relation between different @& ’s and " ’s.

Lemma 4.6. For each n > m the following holds:

(1) o™ (x) F (),
(2) 5" (x) = g (),
(3) Y™ () F oy ().

Proof. The lemma follows easily by applying Lemma t0 gy - O

Definition 4.7. (1) Forec €grg) we define:
(a) k(e) be the first infinite cardinal k such that for each n < w, the
bimodule N, is generated by a set of < Kk elements.
(b) kr(e) be the first infinite cardinal k such that for each n < w, the
bimodule N}, as an R-module is generated by a set of < k elements.
(2) For each € C &R g), we let
(a) K(€) :=sup{k(e) : e € ¢} and

(b) K(€)r :=sup{kr(e): e € E}.
We frequently use the following lemma.

Lemma 4.8. (1) Assume N is a bimodule (resp. an R-module) generated by
< Kk members freely except satisfying < p equations and x € N. Then

there is a simple formula ¢ € Ly, «(Twr,s)) (resp. ¢ € L, x(TR)) such that
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for any bimodule (resp. an R-module) M and y € M, the following are
equivalent:
(a) M= o(y),
(b) for some homomorphism £ from N into M, f(z) =y (if N is an R-
module this means £ is an R-homomorphism).
(c) for some N’ extending N and a homomorphism £ from N into M we
have f(z) = y.
(2) Clause (1) applies if N =N¢, © =z, and ¢ = 5", when N¢ is generated
by < k members freely except satisfying < p equations (as a bimodule).

Similarly for ¢ = 5" for R-modules.

Proof. (1). We prove the lemma for the case of bimodules, exactly the same proof
works for R-modules. Suppose N is a bimodule generated by < x members freely
except satisfying < p equations and 2 € N. So it has the form N = ), __, Rz;S/K,
where K is the bimodule generated by (t; : j < ), where each t; = 0 is an atomic

formula, o < k and 8 < p. Then

e =73, Zh<hd 75 hT;iSih, Where d,hg < w, r;, € R and s;, € S. We
should remark that for all but finitely many of them we have r; px;s; , = 0.
ol =>4 Zh<hd T{hxis{h, where rfh € R and sgh € S. Again, for all

but finitely many of them we have rf hxis;h =0.

Now consider the formula

p(v) = 3i<avi[ /\ Z Z rfyhviszyh =0Av= Z Z ri,hvisi,h].

j<pBi<a h<hg <o h<hg

It is clearly a simple formula in £, .(7(Rr,s))-
(a) = (b): Now suppose M = ¢(y). Thus we can find y;, for i < «, such that in

M

)

i
D> sl =0,

i<a h<hg
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and

Y= Z Z Ti,hYiSi,h-

1<a h<hg

Define f : N — M so that for each ¢ < «, f(x;) = y;. Then f is as required.
(b) = (c): This is easy.
(¢) = (a): This is easy.

(2). This follows from the fact that ¥%" F ¢, because N, |= ¢(xf). O

The next lemma shows that each non-trivial ¢ € €, . has a canonical adequate

sequence.

Lemma 4.9. Ife € €, . is non-trivial and p > £ > Xq then %% is (u, k)-adequate

with respect to e.

Proof. 1t is easily seen, by the structure of each Nf that 5" is equivalent to a
formula of £P¢ (Tr). According to Lemma [4.6| o) F ", By the definition of
@8, we have N, |= @8 (xf). It remains to show that Nf = —pp, (f). Suppose
not. It follows from Lemma [4.§(3) that there is a bimodule homomorphism h :

Ny 1 — N§, with h(z; ;) = zj,, contradicting the non-triviality of e. O
Definition 4.10. A A-context is a tuple
m = (K,M,, €, R,S,T) = (K™, M™, ¢ R™ S™ T™)

where

(1) R,S and T are as usual, see Convention[3.3

(2) K is a set of (R, S)-bimodules.

(3) € is a subset of € closed under restrictions (i.e., ife € € and U C w is
infinite then ¢ [U € €).

(4) If e € &, then Nt € K for each n < w.

(5) M, is a bimodule. If M, is omitted we mean the zero bimodule.
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Notation 4.11. Let x(K) be the minimal cardinal x > Rg such that every N € K

is generated, as a bimodule, by a set of < x members. Also, we set
[Imll == > {IIN]| : N € K} + | €[] + [[ML[|[R]| + [IS]| + Ro.

Remark 4.12. We omit A from the A-context, if it is clear from the context and

then we mean for the minimal such A.
Convention 4.13. From now on suppose that m = (IC, M., €, R, S, T) is a context.

Definition 4.14. (1) Given a context m = (KC,M,, & R,S,T), we set:
i) clis(KC) be the class of bimodules isomorphic to some K € K.

ii) clf(K) be the class of bimodules of the form M = @ M, where j < K
and M; € clis(K) for all i < j. -

ili) cl(K) = clas(K) be the class of bimodules isomorphic to a direct sums
of bimodules from clis(K). E|

iv) k(m) = x(E™).

v) kr(m) = rr(E™).

(2) Following Definition let us say that ¢ is adequate for a context m if it

s adequate with respect to E™,

Definition 4.15. By a K-bimodule we mean a bimodule from clis(KC). Also, we

say My is a K-direct summand of My if My = My @ K for some K € clgs(K).

Definition 4.16. We say M is an almost direct K-summand of My with respect to

K denoted by My Sa,cd; My, provided player II has a winning strategy in the following

1,M2

K

game E)I,\éﬂ of length w: in the n*™ move player I chooses a subset A, C My of
cardinality < k, and then player II chooses a sub-bimodule K,, C M. Player I

wins iff:

(a) An CM:+ > Ky,

<n

5 In particular, clis(ct(K)) = cf(K).



Paper Sh:421, version 2022-06-07. See https://shelah.logic.at/papers/421/ for possible updates.

KAPLANSKY TEST PROBLEMS 31
(b) K, is in clf(K),

(C) My + ZK(:M1@ EK@.
L<w I<w

We usually write <,, or <235 instead of <29 if K is clear. We also may write <y
Y K K,k Y »

or <345 “yphen K = K™.

We now define another order between bimodules and then connect it to the above

defined notion.

Definition 4.17. Let M; and My be two bimodules.

1) M; <P My, means that M; C My and if ¢ = () is a sub-formula of ¢
©

and z € '8@M; then

My = (2) <= M = 9(2).

2) By My <T Ms we mean that M; C Ms and if ¥ = ¥(Z) is a sub-formula
%)

of ¢ and z € "8)M, then

M; = o(2) = My F 9(2).

(3) Assume F is a set of formulas. The notation My <% My (resp. My <F
My ) means My <P’ My (resp. M, <& My ) for all ¢ € F. In the special
case @ := {p, : n < w), the property M Sg My holds iff My <P’ My for

each n.

For instance, let ¢ be the following simple formula
¢ =¢(@)=Fyo;---,¥i--)ica /\ lajz = ij,iyi]
i<p <o
where aj,bj; € R. Then My <PF My means that if for some v € M and y; € My

we have

a;T — ij,iyi =0 Vj<p,

<o
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then there are y; € My such that
a;T — ijﬂy; =0 VJ < ﬁ
i<a
Remark 4.18. Note that if ¢ is existential (e.g. a simple formula), then <& s

equal to <BF.

Definition 4.19. We say My is m-nice (or K-nice), when some My witnesses it
which means the following items are satisfied:

(1) My is a bimodule,

(2) Mo <x My,

(3) if ((Ae,Ky) : £ < m) is a winning position of player II in the game D%?,;Ml,
A, =0 and K € K, then for some K,, € Ky we have
(a) Kp =K,

(b) ((Ae,Ky) : € < n) is a winning position of player II in the game.
The next lemma connects the above defined relations to each other.

Lemma 4.20. Let My and My be two bimodules. The following assertions are

true:

(1) My <, My iff My <}’

0o,k (T(R,S)) M.
(2) If My <, My and ¢(x) € LES, (Tr,s)), then p(My1) = My N p(My).

Proof. Clause (2) follows from (1) and the definition of <P*, so let us prove (1).
Suppose M; <, M. We prove, by induction on the complexity of the formula
¢ € Look(T(r,s)), that My <PF M.

The only non-trivial case where the assumption M; <, M is used is the case of

existential quantiﬁerﬂ so let us suppose ¢(v;)i<q is of the form

Fj<pw; [((ws)j<p; (vi)i<a)],

6The case of universal quantifier then follows easily as V = —-3—.
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the claim holds for ¥ = ¥((w;),;<g8, (vi)i<a) and suppose (z;)i<a € My. We want

to show that
Mi E ¢((7i)ica) <= M2 | o((2i)ica)-

As M; is a submodule of My, by the induction hypothesis, if M1 E o((2;)i<a),

then My = ¢((2i)ica). Conversely suppose that My = ¢((2;)i<a). Then we can

find (y;)j<p € My such that My |= 9((y;);<p, (Ti)i<a)-
Now consider the game D%ﬂj’;Mz, in which player I plays A, = {y,; : j < 8} at

each step n. At the end, we have bimodules {K,, : n < w} such that:

.AngM1+ZK27

<n

o K, is in ¢l (K),

o M + ZK@ZM1@ ZK[.
I<w I<w

Set K= > K. It then follows that M; @K = ¢((2;)i<q). In view of Lemma(3.14
L<w

My | o((7i)i<a)-

pr
Conversely, suppose that M; §£00YN(T(RYS))

Ms. Let us first state a few simple

facts:

(i) Suppose a < k and b €*My. Then there exists @ €*M] such that

(Ml,@) = (Mg,b)

_EOC,N(T(R,S))

To see this, let o < x and b €*M,. Suppose by contradiction that there is

no a € “Mj such that (M, @) =¢_ , (rn.s)) (Mz2,0). Thus for each a € “M;

we can find ¢g(7) € Lo x(T(r,s)) such that
M | —¢a(a) & M; |= ¢a(b).

Let
p(v) = /\{¢a(’7) 1a € "My} € Lo k(T(R,8))-

Then M = Vo—¢(7), while My = ¢(b), a contradiction to our assumption.
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(ii) Suppose a; € '#(@)M; and @y € '8(@)M; are so that a; < a,. Let by €

18(a1) M, be such that

(M1,a@1) =¢., ,(rns) (Ma, by).

There is some by € '2(@2)M, such that by < by and (My,a2) =,

OO,K(T(R,S))

(M, by).

(iii) Suppose a < k,a € My, b € “My and (M1, @) =Lon(rms) (M, b). Let
¢ = (b —a; :i < «) and let K be the submodule of My generated by ¢.
Then b € M; + K and My + K =M; & K.

(iv) Suppose (Kp : ¢ < w) is an increasing sequence of submodules of My such
that for each £ < w,M; + K, = M; ® K,. Then

M1+ZK£:M1€BZKZ-

I<w L<w
We are now ready to define a winning strategy for the game D?C/JI},;MQ. Fix a well-
ordering <* of M. To start set A_; = () and b_; = (). At stage n, suppose player

I has chosen A,, C M5 of size < k. We may assume that A, 2 A, _1. Let
an = {an(i) 11 <lg(an))

enumerate A, in the <*-order in such a way that A,,_; is an initial segment of the

enumeration. By parts (i) and (ii), we choose

bp = (by (i) : i < lg(a@n)) € My

such that b, &> b,_1 and

(Mhan) = (Mz,bn)

Loo,x(T(R,S))

Let K,, be the submodule of My generated by {b, (i) — an (i) : i < lg(a,)}. Now
(iii) and (iv) guarantee that items (a) and (c) of Definition are satisfied. This

completes the proof. O

Claim 4.21. Let ¢ be in LE (Twr,s))- The following holds:

oo
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(1) Assuming ¢ = (%) we can find a simple formula ¢.(Z) € Looco(T(r,S))
satisfying:
(a) if My <PX My and T € My then (z; + M : i <1g(7)) € p(Mz/My) iff

z € p(Ma) + M;.

(b) if p(7) € LiP(T(r,s)) and p is regular, then v.(z) € L, u(T(R,s))-

(2) Assume My € clqs(K) and My is K-nice. If My @ My = M3, then My <PF
M.

(3) If (M =i < 6) is increasing, M; <PF M for alli < 6 and ¢ € Lo c1(5)(T(R.S));
then iL<J§ M; <P M and M; <P iL<J§ M for all j < 6.

(4) Assume ¢ is a simple formula of Ly x(T(r,s)). Then My <BF My iff for

every < k-generated submodule N C My we have My <P M + N.

(5) If M = G}IMt and p(x) € ‘Cgo,oo(T(R,S))? then (M) = Q%@(Mt).
te te

Proof. (1). For simplicity, suppose that ¢ = ¢(z). By Lemma we can assume
the formula ¢ is simple, so let it be of the form
v =3Jicali /\ ©;(¥, )
Ji<B
where each ¢;(7,z) is an atomic formula. But the only atomic relation is equality,

so by moving to one side, without loss of generality ¢; (¥, z) is of the form
o;(y,x) =0

for some term o;. Let z = (z; : j < ) and
0e(2) = Gz, ) [ \ 05, 2) = 2]
Ji<B
We show that ¢,(z) is as required. Clause (b) clearly holds. In order to prove
clause (a), take M <P’ My and x € M. First, assume that x + M, € (M /My).

Then

MQ/Ml ): “E'g /\ O'j(y,ir-l-Ml) = 0”.
Jj<B
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We can find b = (b;)i<a € My such that My /M = o;(b+ M,z + M;) = 0 for all
j<p. |Z| By definition, oj(B + M,z + M) = ¢; + My for some ¢; € M;. We set

¢:=(c¢j:j < p). Then My = ¢.(¢). Hence,
M2 ): O’j(E,iL’) =Cj

for all j < 8. We apply our assumption to see M = ¢.(¢), e.g., there are b’ =

(b})i<q and 2’ in M such that
M, E oy (0,2) = ¢
for all 7 < 8. Then M, satisfies the same formulas. In particular,
My |= “oj((bi = b})ica,x —2') = 0",

which implies My = p(z — 2'). Thus z € p(My) + M;.
Conversely, suppose that © € o(My) + M;. Let y € M; be such that z —y €
©(Mz). Then My |= ¢(z — ), and consequently there is b = ((b;)i<a) € My such

that

My Eoj(b,x—y)=0

for all j < 8. Set z := 0. Then My [ ¢.(Z), and hence by our assumption

M [= ¢.(2). It follows that for some b’ = (b});<o and 2’ in M and
M, Eo;(t,2')=0
for all 7 < 8. Thus, My satisfies the same formulas. Therefore,
Ms |= “oj((bi — b})ica,z —y —a') = 0"
for all j < B3. Since b,y + ' are in M, we have
Mo /M; | “oj(b+ M,z + M) =0
for all j < 8. This implies My/M; = ¢(x + M;). Hence, z + M; € o(My/M;).

7By b+ M; we mean (bi + M @i < a).
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(2). This is in Lemma

(3). Let us first show that [J; s M; <Pf M. To see this, let 1)(Z) be a subformula

of ¢ and Z € | J, .4 M. There is 4, < d such that Z € M;,. Then for all i, <i <0,

M; = ¢(z) iff M | ¢(z). Tt follows that
UM E4(2) <= ME4(2).
<8
Let j < §, ¥(Z) a subformula of ¢ and Z € M,;. We conclude from the above
argument that
M; E¢(2) <= ME¢(z) < (M E4¢(2).
<0
Thus M]‘ Sgr Ui<5 Mi~
(4). Tt is easily seen that if M <P’ My then M; <P' M + N for each < k-
generated submodule N of M.
Conversely, suppose that the above condition holds. Let ¥ (Z) be a subformula
of . Then it is a simple formula as well, thus it is of the form
3i<o¢’Ui /\ [Uj (jv T}) = O]a
Jj<B
for some terms o;. Let & € M. It is obvious that if My = ¥(Z), then My = ¢(Z).
Now let My = 9(Z). Thus we can find b € M, such that
Mz | /\ [o;(@,0) = 0].
Ji<pB

Let N be the submodule generated by b. Then M; + N = N;<ploj(z,b) = 0]. We
combine this along with our assumption to conclude that M; | ¢ ().
(5). We proceed by induction on the complexity of the formula ¢ (see also

Lemma [3.14)). We leave the routine check to the reader. d

Let k be an infinite cardinal and let m = (IC,M,, €, R, S, T) be a context. Set

Mody 5 := {M : ML, <§% M}

Lemma 4.22. Let m be a context as above and let k be an infinite cardinal.
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(1) If M; <,, My, then M is a submodule of Ma.
(2) <. is a partial order on Modpy, .
(3) If K <6 and M <y N then M <, N.
(4) If (M; : i < §) is a <g-increasing and continuous in Modpy ., then
(a) UM,; € Modm, s,
i<6
(b) For each j < 6,M; <, U M.
(5) If My, My, M3 € Mody, ar:a<36uch that My, My <, M3 and M; C M, then
M; <. M.
(6) If M <, My and A C My has cardinality < k then for some N € clf,(K),
we have A CM; + N=M; &N <, M.
(7) The pair (Modw ., <x) has the amalgamation property.
(8) There is a cardinal x such that if Mi C N are in Mody, x, then there is

M, € Mody, . such that M; C My <, N and [Ms| < [My]|+ x.
Proof. The lemma follows easily from Lemmas and O

Definition 4.23. We say the bimodule N is free as an S—module provided the

following two items hold:

(a) as an R-module, it can be written as @ N; where each N; is an R-submodule
i<a
of N.
(b) If M is a bimodule, i < a and g : N; — M is an R-homomorphism, then

there is a unique bimodule homomorphism h : N — M extending g:

N
T\\aih
Cc
;>
g

N M

<

The next lemma can be proved as in Lemma[].8

Lemma 4.24. Lete € €.
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(1) There ezists a formula ¢; € LE (Tr) such that for an R-module M,
M = ¢ (x) iff for some M with Ml <y, M/, M’ = % (x); equivalently
there is an R-module homomorphism from N¢, into M mapping ¢, to x.

(2) There exists 1V, € Loo.oo(Tr) such that for a bimodule M, M |= ¢ (x) iff
for some M with Ml <y, M, M/ = ¢5°° ().

The above lemma suggests the following:

Definition 4.25. By ¢f,(z) we mean A ¢f(z) and B¢ := (f, : n < w). Similarly,
n<w
we define 8 (z) == N\ ¥ (x) and let P° = (S : n < w).

n<w

Definition 4.26. (1) A bimodule M is called €-closed if for everye € €, n < w

and every x € M we have

M= ¢y, (z) <= M 9% (2).

(2) We say that ¢ is non-trivial for m if for every n < w there exists Ml € K™

such that MT @M = (3x)[¢f (x) A ~¢f,(z)].

Fact 4.27. It is easily seen that if ¢ € E™ is adequate and each N}, is finitely

generated as an R-module, then ¢ is non-trivial for m.

Convention 4.28. From now on we fix a context m = (K,M,, € R, S, T) which

is non-trivial which means:

(a) K #0,
(b) € #0,

(c) every e € € . is non-trivial for m.

Definition 4.29. Let ¢ € € and ¢ is adequate with respect to e.

1) Suppose M is a bimodule and hi,hy : N¢ — M are bimodule homomor-
(1) Supp ; .

phisms. We define

L&@hubz (V) .= {2 € ¢, (N%) : hy(2) = ha(z) mod ¢, (M)}.



Paper Sh:421, version 2022-06-07. See https://shelah.logic.at/papers/421/ for possible updates.

40 M. ASGHARZADEH, M. GOLSHANI, AND S. SHELAH

For simplicity, and if there is no danger of confusion, we set
¢e,p,hi,hy . 71 ¢,5,h1,h
]Ln#’ 1,02 . an 1 Z(M)

If @ = @%" we may write L"Peb2 and if k = N we may omit it.
(2) Let ¥ be the family of all pairs (hi,hga) such that hi,hy : N, — M that
are bimodule homomorphisms, M € KU {M,} and hy(zf) = ha(af). We

define

L= () Lt
(hl,hz)EE

We may write Lf, := L& [m], when m is clear from the context.

(3) Lg K], is defined similarly but we only require M € K.

Lemma 4.30. Let ¢ € €. Then, there are bimodules P, P}, and K,,, embeddings
h{ : N, — P¢, an element v = x., an embedding £ : N — P* and z,, := x,, €
P¢ furnished with the following four properties:

(a) Rang(hj) N>, , Rang(hf,) = {0},

(b) For each K,, we have:

¢ ¢ _ [4
P = (; Rang(hj)) + K, = (P, Rang(hj) ® Ky,
and K,, is a direct sum of copies of N}, ’s.
(c) > ,<, Rang(hy) is not a direct summand of P¢; moreover, for some em-

beddings £F : Ni — P satisfying:
2 &=y € o (P9),
4 f° (mé) =z,

5 & ¢ D, Rang(hy) + ¢f, (PF).

(d) P¢ is the direct sum of the copies Rang(ff) of N§,.

(%)
(%)
(+)s £° =15,
(%)
(%)
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Proof. Set P¢ := @ N and denote the natural embedding from N¢ into P¢ by ff.

n<w

In particular,

P* = €P Rang(f;),

n<w

i.e., (d) holds. We define hj, : Nj, — M for all n < w, as follows, where g5, ,.; is

defined as in Definition 3):

by (y) = £.(y) = £141(9n,nr1 () for every y € N7,

As P¢ = Rang(f?) & @ Rang(ff), we observe that hf is a bimodule embedding.
0#n
Set also

P; = Z Rang(hj).
£<n

The next claim can be proved easily.
Claim 4.31. Adopt the above notation. Then, for each n,
Rang(£}) ® Rang(£: ,,) = Rang(h,) ® Rang(£:, ).

In particular, P* = @ Rang(hf) & @ Rang(ff) for all n.

I<n L>n

We set K,, := @ Rang(ff). In view of Claim [4.31] the items (a), (b) and (d) of

L>n

Lemma [4.30[ are hold. Next we shall show that z := £§((z{)) and z,, := ) hj(z})
£<n

are as required in Lemma c¢). This implies the first statement of (x); in item

(c). Trivially (%)3 and ()4 are true. Now,

4

= hg () + 17 (96,1 (5))

= hg(xg) + £7(27)

= h§(xg) + hi(2]) + £5(25).
By induction on n we have

w =Y hi(zf) + f5(z}) = 2o + £ (25,).
<n
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Clearly, z,, € €@ Rang(hj) C @ Rang(h) and by the choice of f¢ the second
e<n+1 <w

term is in ¢ (P°), so (%)1 + (*)2 of clause (c) holds. We shall now show that

x ¢ ZZ Rang(hj) + ¢, (P¢), i.e., ()5 holds.
<w

Suppose by contradiction that there is an n > 1 such that z € y+ ) Rang(hj),
<n

where y € ¢f, (P°).

We now define a bimodule endomorphism f,, € End(P¢). As P* = @ Rang(f),
I<w
it is clearly enough to define each f,, | Rang(f§), for n > 1, separately. Recall that

f; is one-to-one. Let z € Nj. We define

£5(95,(2)) if £ <,

£.(f7(2)) =
0 otherwise
Now, we bring the following claim:
Claim 4.32. 1) If £ # n, then £, | Rang(h$) is identically zero.

2) If £ = n, then £, (z) = £f (z5).

Proof. 1): For £ > n this is trivial, so suppose that £ < n. Let z € N§. Then

hj(z) = £;(z) — f;+1(9§,2+1(2))- So,

£.05(2) = £ (£(2) = €541 (95,011(2))
= £a(£7(2)) = £a(£711 (97,011 (2)))
= f,i(gzn(z)) - fri(gze+1(9§+1,n(z)))
=1:(90..(2)) — £3(9;,,,(2))
=0.
The third equation holds because of clause (e) of Lemma [4.30}

2): It is enough to recall £, (x) = £, (f§(xf)) = £ (g6, (f5 (z5)) = £5 (z5,)- O

Since zf, ¢ ¢, (NY), we have f,(z) = £ () # 0. Indeed, we have

;, & ¢, (Rang(f;)) = ¢, (P°) N Rang(fy,).
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But z —y € Y Rang(hj) and f,[Rang(hf,) is zero, so f,(z —y) = 0. Hence
£<n

f,(z) = £,(y). However f,(x) ¢ & (P%). Thus, f,(y) ¢ ©5(P). Recall that

y € @& (P*). Therefore, f,(y) € ¢ (P°). This contradiction completes the proof of

Lemma [4.30) O

Lemma 4.33. (1) Let + € My, e € € and p € {@g,u?g o <wh IfMp <y,
M, then
M, |= p(z) <= M | p(2).
(2) IfM, <, M and € C €, then there is an My with the following properties:
(a) My <y, Ma,
(b) IMa|| < [[Mql + [[m]| + [€],

(c) ift € My, n <w ande € & then

M E ¢ () <= M E gy [7],

(d) My is the free sum of {My; : i < ¢*} U{M;i} where each My ; isomor-
phic to some member of IC,
(e) For each N € K, there are ||Mz|| many bimodules from {Ms; : i < i*}

each of them being isomorphic to N.

Proof. Clause (1) can be proved easily. To prove (2), let x := [My|| + ||m| + |&’|

and set
=11, & @ P,
NEK i<k
where each MY is isomorphic to N. It is easily seen that M is as required. O

Notation 4.34. S = {a <k :cf(a) =Ro}.

We now introduce the notion of (semi) nice construction. This concept plays an

important role for the proof of our main results.

Definition 4.35. Let us first fiz the following quadric (A, m,S,5*):
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(1) Let m = (K, M,, & R,S, T) be a context.
(2) Let A > k = cf(k) > K(€). Also, A = \* and for all a < A, |a|® < \.
(8) Let ¥* = (v% : a < K) be increasing and continuous.

(4) Let S C S§, be stationary so that S§ \ S is stationary as well.

Let also (eq : oo < |€|) be a fized enumeration of € and

rep(K) := (N : B < |K/ = )

be an enumeration of K up to isomorphism.
By a weakly semi-nice construction A with respect to (A,m,S,5*) we mean a
sequence Ml := (M, : a < k) together with the other objects mentioned below

satisfying the following conditions

(A) M, is a bimodule whose universe is the ordinal v% for o < k.
(B) a<fp = M, C Mg.

(C) if § <k is a limit ordinal, then My = |J M,.

a<d
(D) My = M,.
(E) for every a € K\ 'S, My41 = M, ® @ N where
@ 1l < teda
(b) Jan (U Js) =0,

N¢ is isomorphic to some member of IC,
(e) for every B < |K/ = | there are | M, ||-many t € J,, such that N§ = NP,
By the assumption (b), for each t € |J Js there is a unique § < « such
<a
that t € Jg; so we may replace Nt’g iy_ N;. Also given t € J,, there is a
unique Ni° € rep(K) such that Ni° = N¥. Also, we use the notations hy

and he 0 N3° = N¢ for the mentioned isomorphism.



Paper Sh:421, version 2022-06-07. See https://shelah.logic.at/papers/421/ for possible updates.

KAPLANSKY TEST PROBLEMS 45

(F) for 6 € S, either the demand in clauseﬁ (E) holds or else there are vi* < ¢

and
<(€5,]P)S,O_zs,t_s,§s,hs7qs) HERS J5> = <€§,Pg,dg,{g,§g,hg,qg) HERS J5>

such that Js 0 (Uycs Jo) =0 and

(a) es € € and in fact es € {eg : B < ~5* and B < |€|},

(b) as = {as,:n<w),

(c) t=(tsn:n<w),

(d) {(asn 1 n < w) is an increasing sequence of ordinals bigger than ~;*
such that ag,, ¢ S,

(e) 6 =sup{as,:n <w},

() tom € Ja, o,

(9) N7, =N,

(h) if s1 # so are in Js then the sets
{tsl,n n < (U}, {t527n n << w}

are tree-like, i.e.,
o {ts,n:n<wtnN{ts,n:n <w} is finite,
o ifts ny =tsyn, thenng =ng and A ts n =ts,n,
n<ni
(1) Gs = (gs,n : 1 < w), where each gs, is a (bimodule) homomorphism
from Nisinto My«
() for s € Js, hs is a bimodule homomorphism from ]P’QSH onto P%, where
P is a sub-bimodule of M1,

(k) the following diagram commutes for n < w, s € Js and ¢ = ey (where

P¢, he are from Lemma and the hy, , are from clause (E)):

8 we can ignore this first possibility as we can just shrink S if the result is stationary.

9where P*s is as in Lemma M
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id
) 1
M; NP’ P
) 5
(hts,n + gs,n) hs
Ne¢ -, Pe
¢
hn

(1) for s € Js we have
(a) Pg C Ms+1,
(b) M1 is generated by Ms U |J P2,
seds

(c) PO, (MsU U P%)wm,,, are amalgamated freely over
s'#s

> Rang(h o hfy),

n<w

(m) for s € Js the type qs with the free variable y has the form

{@;(y - ZS,n) n < w}»

where ¢ € € and 2z, € Mj,

(n) qs is omitted by My, for a € [4,K], i.e. there is no y € M, such that

foralln < w, My = ¢}, (Y — 2s.n)-

In abuse of notation we sometimes use (M, : @ < k) as being A, we of course
may write MA, JA ete. and even k = k™4, v, = v\ = M. We now define various

oo

refinements of weakly semi-nice construction:

Definition 4.36. We adopt the notation of Definition [{.55

(1) (a) By a weakly semi-nice construction with respect to (A, m, S, k) we mean
a weakly semi-nice construction with respect to (A, m,S,5*), where one

of the following occurs:
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o k=cf(N), Va<r)(yE <A) and if o < B < K then
Yokl = Yo < V51— Vs

o r # cf(N\) and (Vo < X) we have v5 + X <k, < (AR0)T.
(b) if we omit K, i.e., write (A\,m,S) we mean k = cf(A).
(2) We omit “semi” from “weakly semi-nice construction” if whenever § € S
and sy, so € Js then g;jl = 9;52 and eg, = eg,.
(3) We omit “weakly” from “weakly semi-nice construction” if we add the fol-
lowing two properties (G)1 and (G)2:
(G)1 if £ is an endomorphism of My as an R-module, ¢ € €™ v < Kk and
gn : N}, — M, is a bimodule homomorphism for each n = 1,2,...,
then there are y € My, z € P® and {zp0 : N, 0 < w,i < 2} with

Zn,i0 € Dom(gy) = N§ such that for each n we have
Znil = 0 V£>0.

Also, for all large enough n, we have:

(a) z€ 3 hi(znae = 2n04) + 5, (P9), and
I<w
(b) ZZ f(ge(z))) €y +ZE ge(zn,1,0) + 5 (M),
<n <w
(G)2 ife € € and forn < w and o € K\ S, hy, is an embedding of N,

into M,. such that
Ma + Rang(ha,n) = Ma 2] Rang(ha,n) SN(} Mna

then there are an embedding h of P¢ into My, and ordinals o, € K~ S

form=1,2,... such thath, , =hoh:

NE

hj,
haopyn

PQHMK
h

for each such n.
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(4) We say Ml = (M, : o < k) is strongly semi-nice construction with respect
to (A, m, S, k) if £ is an R-endomorphism of M, and ¢ € €™, then there are
n(x) <w,a< X andz € NZ(*) such that for every bimodule homomorphism

h: N¢

n(

o = M,,
f(h(xy,)) — h(z) € Ma + ¢, (My).

(5) We say M is weakly semi-nice (resp. semi-nice) with respect to (A, S, m, k)
if for some weakly semi-nice (resp. semi-nice) construction M = (M, : a <
k) with respect to (A, S, m, k) we have Ml = M. If we omit S we mean for

some S C Sg , similarly for X and k.

Lemma 4.37. Let (M, : a < k) be a semi-nice construction with respect to
(A, m, S, 7*) and k(E™) = Ny. The following assertions are valid:
(1) Ifa ¢ S and a < 8 < k, then M, <x, Mg, i.e., My is an almost direct
K-summand of M with respect to N.
(2) Ifa < B <k and n < w then ¢, (My) =M, N @t (Mpg).
(3) Assume ¢ € €™, § € S and clause (F) of Definition holds for §.
Suppose 8o, - .., Sg(x)—1 are distinct members of Js. Then

(a) for each n, the set of (MsUU{PS, : k < k(*)i})m,,,) is equal to

MU [P, k< kGO )y, N eh (ML),
(b) Suppose zy € P* for £ < n,z € Ms, and z + > {h3, (zk) : k < k(x)} €

©n(Mjsy1). Then, there is

2y, € Z{Rang(hj) A< w}

equipped with the following two properties:

(b.1) : 2z — 2, € ©p(P*) and

(6:2) : 2+ {hd, (2) b < k(x)} € on(Mss1).
(¢) (M5 U{BS, : & < k(x)Pagsy <0 Missa.
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(d) o7, (Msy1) = ¢, (Ms) + 3 {r (P5) : s € Js}.

Proof. (1). We proceed by induction on 8 > «. The straightforward details leave
to reader.

(2). If @ ¢ S, then the conclusion follows from (1) and Lemma Now
suppose that o € S. By Definition F), the result holds if 5 = o + 1. But then

for any 8 > « (and since a+ 1 ¢ S), we have
Mo Ny, (M) = Mo N (5, (M) M May1) = @5, (Mat1) N Mo = @7, (Ma).

(3). Items (a), (c) and (d) can be proved easily by Definition F). Let us prove

(b). To this end, take z € P for ¢ < k(x),z € M, and
Z+ Z{hfk(zk) vk <k(x)} € on(Msy1).
In the light of (¢) we observe that
24 (L (z) sk < k(x)} € o (M5 U{PE, -k < k(%) Dnay,).

Let k < k(x). We now apply the items (a), (¢) and (d) to find y € ¢f (Ms) and

yr € oy, (Pg, ) such that

2+ Y AR () k< k(0)}=y+ ) {y k< k(x)}.

Since ¢ (P%, ) is the image of ¢f(P°) under hJ, , we have y, = hJ, (xy) for some

xy € o8 (P¢). Then
D ARz — i) sk < k(x)} =y — 2 € o, (Ms).
As 50, , Sk(x)—1 are chosen distinct, we deduce that
he, (2 — xx) € Rang(hg, ) N @5, (Ms) = 5, (Rang(hy, ),

where k < k(). Hence, 2z, — x € ¢, (P%).
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Let h < w be such that for each k < k(x),

Tk € (EB (Rang(fﬁ))>

(<h

= @D 5, (Rang(f;))
0<h

= €E<Bh ¢y, (Rang(hy)) & ¢, (Rang(f})).

Thus, for some z;, € @ 5, (Rang(hj)), we have
£<h

zp — 2 € ¢y (Rang(ff)) € 7, (P).
It then follows that
2 = 23, = (2k — 2x) + (2 — 21) € 9, (P%) + ¢, (PF) = o5, (P).
We now show that w :=z + > {hJ, (2},) : k < k(*)} € ¢n(Ms11). Indeed,

w =z+Y{hd (2, —z) : b < k(x)}+ 2 {hS, (zk) : k < k(x)}
= (z+ 2{nS, (zr) + b < k(x)}) + 2{R2, (2, — zi) + kb < k(x)}
€ on (M) + {05 (P2,) : k < k(x)}
= @n(Mst1).

This completes the proof of (b) and hence of the lemma. O

The main result of this section is that under suitable assumptions on (A, m, S, 5*),
there is, in ZFC, a semi-nice construction for it. Before, we state and prove our
result, let us show that under extra set theoretic assumptions we can get a stronger

result.

Definition 4.38. Suppose A = cf()\) > [R| + |S[ +Ro, S C Sy, is stationary such
that S’{}O \ S is stationary as well. Then M = (M, : a < \) is called very nicely
constructed with respect to (A\,m,S) if the following properties are satisfied:

(1) Clauses (A)-(E) of Definition [4.35 holds.
(2) Each J, is singleton.
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(8) For each N € K, for stationary many o € A\ S, N appears as one of the
summands of Mgy1.
(4) Replace clause (F) of Deﬁnition by the following modification:
For § € S, Ms41 is defined either as in (E), or else there are an infinite
U C w and the sequences (o, : n < w) and (Bm(ow) :m € U) and (ha, n :
n € U) such that the following items (a),...,(g) are hold:
(a) an € A\ S.
(b) (o, :m < w) is increasing and cofinal in 4.
(c) es =ce.
(d) for eachn <w and m € U, ap < Bm(ay) < apgr is i A\ S.

(e) forn €U, ha, n: N;, — Mg, (q,) is a bimodule homomorphism and
Ma,, + Rang(ha, n) = Ma, ® Rang(ha, n) <z, Mg, (a,)-

(f) Set Py := D, o, Rang(fs) and Py, := > Rang(hj). Recall from

LeuUnn
Lemma that there are bimodule homomorphisms h¢, : N, — P*

and £¢ : N§j — P¢. We define N} := > ha, n(Ny). Then P¢ is iso-
nel

morphic to Py by an isomorphism hs such that the following diagram

commutes:

hO(n \n
Nn hocn N (Nn)
h?, id
Py ~— P
hs

where the notation n = i(m) stands for the m-th member of U.
(9) Pt = hi(Py.). So, taking intersection inside M1 gives us P*NM;s =

N;.
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Discussion 4.39. Recall that for a stationary set S C X, Jensen’s diamond {»(S)

asserts the eristence of a sequence (Sq : a € S) such that for every X C X\ the set
{aeS: XNa=5,}

is stationary. It is easily seen that {x(S) implies 2<* = \. One the one hand, due
to a well-known theorem of Jensen, $a(S) holds in Gddel’s constructible universe
L for all uncountable regular cardinals A\ and all stationary sets S C X. On the
other hand, if 2<* is forced to be above \, then <{»(S) fails for all stationary sets

S CA

The next result of Shelah shows that under diamond principle, we can get very

nicely (Mg, : o < A).

Lemma 4.40. Suppose m is a non-trivial context, A = cf(A) > |R| +|S| + k(m) +
Im||, S C SR, is a stationary non-reﬂectinﬂ subset of A and $a(S) holds. Then

there is a very nicely construction with respect to (A\,m,S) such that

(1) (A, m,S) is strongly very nice.

(2) Ifcf(a) € kNS and a < B < A, then M, is a K- directed summand of Mg.

Proof. See [46l, Section 2]. O

We would like to prove a similar result in ZFC, thus we have to avoid the use
of diamond in the above lemma. To this end, we use Shelah’s Black Box. This
leads us to get a weaker conclusion than Lemma[{.40, but as we will see later, it is

sufficient to prove Theorem[1.]]

Notation 4.41. For the rest of this section we use the following:

1) A > & be infinite cardinals.

105 is non-reflecting if for all limit ordinals £ < A of uncountable cofinality, S N & is non-

stationary.
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2) Heg(X) be the least set Y such that Y O X and if y CY and |y| < 6,then
yeY.
3) (1 : n < w) be an increasing sequence of vocabularies, each of size < K

such that for each n < w, there exists some unary predicate Py, in Ty41\ .-
Definition 4.42. Forn < w let F,, be the family of sets of the form

{(Ne, fe) - £ < n}

satisfying the following conditions:

(a) fo:r=F— NS is a tree embedding, i.e.,
(1) for each n € K=, 1 and fo(n) have the same length,
(2) forn<av in &=, fo(n) < fe(v),
(3) fo is one-to-one,
(b) for £+ 1 <n, foy1 extends fo,
(¢c) for some 1, C 7o, Ny is a 7)-structure of size < k and the universe of N,
denoted by Ny, is a subset of H+(N),
(d) 7)1 N1e =7, and Ny [ 7; extends Ny,
(¢) if Py € 7! 41, then PNe = Ny,
(f) if x,y € Ny, then {z,y} € Ny and O € Ny,

(9) Rang(fe) € Ne.

Definition 4.43. Let (F, : n < w) be as in Definition[{.42 Then F,, is the family
consisting of all pairs (N, f) such that for some sequence (N, f¢) : £ < w), we
have

(a) for each n < w, {(Ng, fe) : £ < n} belongs to Fy,

) f= U fiand N = U A

<w

We may note that if for each m < w,P,, € 1), ,,, then for each (N, f) € Fu,

there is a unique sequence ((Ny, fe¢) : £ < w) witnessing this.
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Definition 4.44. Let (N, f) € F,,. A branch of f is anyn € \¥ such that for each

n <w, n | n € Rang(f). We use im(f) for the set of all branches of f.
Given W C F,,, we define two games Ow and 0%, as follows.

Definition 4.45. Suppose W C F,,.
(1) The game Ow of length w is defined as follows. In the n'® move, player I
chooses Ny, such that {(Ng, fe¢) : £ <n} € F, (noting that fy is determined),
and player II chooses a tree embedding f, : K<™ — A" extending |J fo

<n
such that Rang(f) \ (U Rang(fr)) is disjoint to |J Ng¢. Player II wins if
I<n

{<n
(UNe, U fr) eW.
I<w I<w
(2) The game Oy, of length w is defined as follows. In the zero move, player
I chooses k < w, {(Ng, fo) : £ < k} € Fi, and Xo C A=Y of size less
than X. For n > 0, in the n*® move, player I chooses Nyi,, and X, such
that {(Ne, fe) : € < k+n} € Frin and X,, C A<Y is of size less than .

Then player II chooses a tree embedding fi i, : KSFT™ — ASFF extending

U fe¢ such that Rang(frin) \ ( U Rang(fe)) is disjoint to |J N¢ U

{<k+n L<k+n L<n
U Xy. Player IT wins if (U Ne, U fo) € W
£<n l<w I<w

Definition 4.46. Suppose W C F,. Recall that

(1) W is called a barrier if player I does not win Ow or even Oy, .

(2) W is called a strong barrier if player IT wins Ow and even Oy .

(3) W is called disjoint if for distinct (N'Y, 1), (N2, f2) in W, f! and f? have

no common branch.

We are now ready to state the version of Shelah’s black box theorem that is needed
in this paper.
Lemma 4.47 (The Black Box Theorem). Suppose A > k are infinite cardinals,

cf(N) > Vo, AR = \* and S C SQO is stationary. Then there is a sequence

W={N*f")a<a}CFy
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and a non-decreasing function
C:ay— S
such that the following properties are satisfied:
(1) W is a disjoint strong barrier,
(2) every branch of f* is an increasing sequence converging to ((«) € S,
(3) each N* is transitive,
(4) if C(B) = ¢(a), B+ kY < a < a, and 1 is a branch of f<, then for some
k<wnlk¢N,
(5) if X =\, we can also demand that if  is a branch of f* andn | k € NP

for all k < w, then N* C N®, and even for all n < w,N® € NP.

Proof. This is in [44], 2.8]. O

We now state and prove the main result of this section.

Theorem 4.48. Assume m is a non-trivial context. Suppose X > ||m|| is such that
cf(A) = Ry + k(m), for p < X, pR0 <A, k= cf(X) > k(m) and S C Sf, is such that
S and S§ \ S are stationary in k. Then
(i) There is a semi-nice construction with respect to (A\,m, S, k).
(i) If in addition X is regular, then there is a nice construction with respect to
(A\m, S, k).
(i1i) In part (i) if we omit the assumption cf(A) = K, and let ¥* = (v : a < k)
be such that v = ||[M.|| and for all & < k ~{,, = V5 +X- . Then there is
a semi-nice construction with respect to (A, m,S,7*).
(iv) In part (iii) if K = A, then there is a nice construction with respect to

(A7 m’ S’ "7/*)'

Proof. (1) We start by fixing some notation and facts:

(i1) Without loss of generality for ¢ € € and n < w, the universe of N is a

cardinal.



Paper Sh:421, version 2022-06-07. See https://shelah.logic.at/papers/421/ for possible updates.

56 M. ASGHARZADEH, M. GOLSHANI, AND S. SHELAH

(i2) Ascf(N) =k, let 57 = (72 : @ < k) be an increasing and continuous sequence
cofinal in A.

(i3) Let ¥* = (v* : @ < k) be an increasing and continuous sequence of ordinals
with limit X such that 4§ > [|m|| and for each o < k,7}; — 7% is > 0 and
divisible by ||m||®0 4+~ . We further assume that for each o < k5,77 > 4.

(i4) Let (N* : a < |K[) be an enumeration of elements of K.
Set
S:={y::a€S}.
Then S is a stationary subset of A\. For each n < w, let 7,, be the following countable

vocabulary

Tn = {€7F7GaP07"' 7Pn,1,C(),Cl,"' 7Cia"'}7

where F, G are unary function symbols, Py, --- , P,_1 are unary predicate symbols

and ¢;’s, for i < w are constant symbols. We now apply the black box theorem (see

Lemma [4.47)) to get a sequence
W={(N*f:a<a.}CF,

and a non-decreasing function
C:ia,—S.

By induction on ¢ < k we will construct A, which is going to be a semi-nice

construction up to € in the following sense:

(a) A consists of
a-1) (Mg : € <e),

a-2) (Ny,hy:teJe, & €e\Se),
a-3) S. € SNk,

a-5 <(QS7PS;@saEs;gs;hs,qs) :SGJ(S and(SESQ,

(a-1)
(a-2)
(a-3)
(a-4) Te,
(a-5)
(a-6)

a-6) (v :£<e).
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(b) A satisfies all the relevant parts of Definition [4.35
(¢) we have

(c-1) if £ <€, then S = S N&,

(c-2) for 0 € SNk,

Jég{ﬁ<a*:C(5):’Y§}a

(c-3) if e ¢ S, then € ¢ Sc;1 and

Je = {B : 377 S 7;7 77/\<ﬂ> € 7;+1}'

(d) Let (7. : € < k) be an increasing and continuous sequence of ordinals cofinal
in A with 7 = |[M®™|. The sequence is such that
(d-1) {(ny,ey, fy) 1 v <7L) is a collection of triples (n, ¢, f) wheren < w,e €
¢ and f is a bimodule homomorphism from N}, into M,
(d-2) every triple (n,e, f) as above appears as some (n., ¢, f), for some
v < 7L, for some € < k large enough.
(e) we have
(e-1) (7¢: € < k) is increasing and continuous,
(e2) To = (<>},
(e-3) if Teqx1 \ Te # 0, then

Tey1=1{n"(B):neTcand B € [’Y;”Yé+1)}~

We now start defining A, for € < k.

We distinguish five possibilities for e:

€1) € =

)

€2) € is a limit ordinal,

e3) e=&+1land ¢S,

€1) e=0+1,6 €S and 7§ #17,
)

€5) e=0+1,8€ S and 7} =19
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In the case €1), we set My := M., and let 7§ be the universe of M. In the case €2),

we set M, := |J Mg, and for everything else, just take the union of the previous
£<e

ones. Suppose we are in the situation of e3). In the same vein as of Definition

4.35(E), we define M, so

M. :=M¢ & PN,
tGJg

where J¢ and Ny, for ¢ € J¢ are defined similar to Definition ). Everything
else in the definition of A, is clear how to define.

In the case of e¢4) we define M, as in the previous case (i.e., as in Definition
[435(E)). Note that in all of the above cases, if § < € is in S, s € Js and in
stage  the type ¢s = qf is defined, then in view of Lemma (and its natural
generalization to arbitrary direct sums), g5 continues to be omitted at e.

Finally, we deal with e5) which is the most important part of the induction which

corresponds to the case (F) of Definition Set
aj =sup{a+1:((a) <95}

By induction on o < o we define
o Msq,
® W§ s
e 13 for f € ws q,
o 13 = (es,Pg,ap,t3, 78, hg,qz) and ng for B € wsq,
such that:
(@) wso C{B<a:¢(B) =8} and for B < a, ws,o N B = w5 3.
(B) np € lim(f?) for B € ws -

() clause (F) of Definition is satisfied when we consider

(Ms,0, Ws,ay (X3 1 B € Ws,a))

instead of

(M6+17J6, <<eS7PS7@S7ES7gS7hS7qS) HERS J5>)
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We distinguish four possibilities for a:

=

1) o=

)

@) « is a limit ordinal;

az) o= B+ 1 and ((B) # 5;
ay) a=p+1and ((B) =15.

In the case aq ), we set M5 o = M and ws o = 0. Recall that there is nothing else
to define. In the case o), we set Ms o := |J Ms¢ and ws o = |J wse. Also, for
B € ws,o pick some £ < « such that 5 € wjzaand then define ngtr?d 1g as defined
at step & of the induction.

In the case a3), we set a = B+ 1 and ((B) # 73, here we set Ms , = Ms g and
Ws, 0 = Ws,3-

Finally, we deal with the forth possibility: In this case we decide if we add § to
our final Js or not, where Js is going to be Ws,a - So, we consider two possibilities:

case ay.1) and case ay.2), see below:

Case ay.1): There are i < 2 and 7 € lim(f?) such that

(M5, ws 641, (b : v € wspy1))  (+)

satisfies the conclusion of clause (F) of Definition where (+) is defined as
follows:
((5) Ws,a = Ws,5 U {5}7

6) ng =1,

—

(¢) 1 := (e5,Pg, 3,183,398, ha, qp), where this sequence is defined as follows:
(e-1) tg := (tn : n < w), where for each n < w,t, = N’ (n(n)),
(e-2) for some oy, < d,t, € J,, (note that such an «;, is unique if it exists),
(e-3) ag := (a, : n < w) is an increasing sequence of ordinals in ¢\ S cofinal
in d,
(e-4) for each n,m < w,e;, = ey . Set e := ¢y,

( ) {mnahtn,tn,an} 6 n+1’
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Ga = gt .— (g0 . — oM. Ne .
(e-6) gs :== g5 = (95, : n < w) where g, = g3, + Nj — M-+, for some

75", is defined by gn, =1+ f x5,

(&) =5 1= PV ( 2 (9 + hu)(ah).
(e-8) qp = q} == {%(y — 2},) 1 n <w},
(€-9) hg =y : P* — Py is onto,

(e-10) Mg; is generated by M 3 UPg.

In this case we set

o Mjgi1 =MD,
® w51 =wspU{B},
° 15 =1,

o for v € ws g1 we let r, be as above.

Case «4.2): The above situation does not hold. Then we set Msg11 := Mjsz
and Ws,p4+1 = Ws,5-

Having considered the above cases, we set

® Mst1:=Msa;,
o J5 = Wsaz,

o for s € Js, {(es, Ps, @s, ts, Js, hs, gs) = s € Js) is defined to be .

This completes our inductive construction of A.’s for € < k. Finally, we set A := A,
and M := M,;. We are going to show that A4 is as required.

Clearly, we have gotten a weakly semi-nice construction. We now show that it is
indeed a semi-nice construction. Let us prove the property presented in Definition
4.36(3)(G)1. Thus suppose that ¢ € €, f is an endomorphism of M as an R-module,
v < k and for each n < w suppose g, : Nj, = M, is a bimodule homomorphism.
Suppose by contradiction that the property presented in Definition 3)(G)1

fails. Let

g:T.—Tx,
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where T, = A<“  be a one-to-one order preserving (i.e, n < v iff g(n) < g(v))

embedding such that for each n € Ty \ 7o, eg(,) = ¢. Let

B = <37 667 FBa GBv (CB)n<w7 (PB)n<w>

n n

be a 7= |J 7,-structure satisfying the following properties:
n<w

1) : (B,€B) expands (Hy, (M), €),

)« FE M =1,

) 1 GP =g,

74) @ for n < w, B =1,, where v, is such that (n,¢,g,) = (N4, , ¢, , f1.)-

Pick v** € £\ S such that v** > ~ and for each n < w, f(gn(xf,)) € M. Recall

that Rang(g,) € M, C M,--. Note that the set

{0€8:v5 =1s}

is a stationary set. We are going to use the black box theorem. In the light of

Lemma [4.47] we observe that there are § € S and 8 € Js such that

(1) <(B) =,
(2) 7% =1,
(3) N# < B, in particular,
(a) 7 = £ 1 NP,
(b) for all n < mcﬁfﬁ =cB,
(c) forn < w,gn = fc{)fﬁ'
Let € = 0 + 1. Note that as 6 € .S and yj = 5, at step € of the construction we are
at one of the cases (1) or (2). The nontrivial part is to check the property presented
in Definition n). If case (1) occurs we are immediately done. So suppose that

we are in case (2), and hence, by the construction, we are in one of the following

situations:

(%)1 for all n € lim(f#) and all i < 2 the type q?}’g is realized in Mg’é
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()2 there is some &’ € S5 and some ' € Js such that for some 7 € lim(f#") and
some i < 2, qg,’fﬁ, is well-defined and is omitted in Mn,’fﬂ,, but it is realized
in M’g”é.

()3 there is some 3’ € ws g, some 1 € lim(f?") and some i < 2 such that

B < 2% 4+ 3 and qg’é, is well-defined and is omitted in M?%,, but it is

8,8"
. . 7,1
realized in Mé,ﬁ.

We only consider the case (x); and leave the other cases to the reader, as they are

easier to prove. Pick some 7 € lim(f?). For i < 2 the following type
955 = {enly —25,) 1 n <w}

is realized in Mg’é. By our construction, Mg’é is generated by Mjs s U Pg and
hgé : P* — Py is onto, thus we can find y; € Ms g and z; € P° such that qg’y’é is

realized by y; + hg:é (2;). Hence for all n < w,
MP5 b o5 (yi + hg(2) — 257,)-
Recall from (e-6) that:

n,%
98.n

s

=1- cﬁfﬁzi'gn (%)

Hence

2 = FNT (D (e, +iog0) (@) = Y B (e, () - Y E(ge(af).

<n <n <n

It follows for each i < 2 that

vi+hIG(z) — 28 =i+ his(z) — EE £(he, (27)) — i~ ZE f(ge(}))
<n <n

€ w5 (M%)
By applying Lemma (3) to zg € P¢ and yg — ZZSL € Ms g we can find some

zy.0 € > Rang(hj) equipped with the following two properties:
I<w

(4) 20 — zp0 € @5 (P°),
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(5) y0_25n+h ( TLO)ewn(Méﬁ)

In the same vein, there is z;, ; € > Rang(hj) such that
I<w

(6) 21—z € @, (P°),
() w1 — 2 + (1) € 05 (Ms ).
Given n < w, pick k, < w such that
z;lyo,z;’l € Z Rang(hj).
L<ky,
So we can find {z], 5, : £ < ky,} and {2}, ; , : £ < ky} such that for i <2, 2 ,, €

Rang(hj) and Z;M- = > Z;,i,é' For ¢ < k,, pick some z, ;¢ € Nf, with hf(z,;¢) =
<k,

/
Zn,i,@'

Set z = z1 — 2p. In view of clauses (4) and (6) above, we have

2€(2hy—20) + R (P) = > hi(zn10) — > hi(zn00) + ¢4 (P°)
L<kn L<kn

for all n. Thus part (a) of Definition 3)(G); is satisfied.
For part (b) of Definition 4.36|3)(G)1, by items (5) and (7) we have

> #(eel@)) € (v — o) + (AP (ah) — WEE(Gh0)) + @i (Msp) (§)

l<n

Now let K be such that Mz = M~ ® K and let 7 : M5 g — K be the natural
projection. We apply (%) for ¢« = 1 along with the property presented in Definition

4.35(F) (k) to see:

1 1 1
(8) higzna) = 2 his(zna0) = 2 hig(hi(znae) = 3 (he, +80)(2n1.0)-
L<knp L<knp L<kn
Also, we apply (%) for ¢ = 0 along with the property presented in Definition

4.35(F) (k) to see:

(9) h3g(zho) = 3 hs(zho.) = Z hy (05 (z00,0)) = 3 he,(2n0,0).
L<kn L<kn L<kn
By the choice of v**, f(g(xf)) € My-+ and Rang(ge) C M, C M-+ and hence the
following assertions are valid as well:

(10) for all £ < n,m(f(ge(x}))) =0,

(11) for all £ < ky, and @ < 2, w(g¢(2n,ie)) = 0.
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We may assume without loss of the generality that oy > v** for all ¢ < w, where
oy is such that ty € J,,. It then follows from Definition [4.35(E) that for each ¢ < w,
Rang(h:,) € K and hence:

(12) for all £ < ky,, 7(he, (Z;,u)) = hte(z;,l,é)'

(13) By setting ¢ := y1 —yo and y := ¢/ — 7(y’) in the previous formulas we

observe the following equalities and the resulting containment:

T tei(a) = 2 fleelep)) — w3 fleala)
(w0 + (W)~ BES(h0)) + 05 (M)

—m(ys = yo) — = (APA(G01) = hES (20 0) ) + 05 (Ms))
(13) , , ; ;
2yt (h(en) = hE5n0) ) = (A5 (00) = BB (eh o)) + 05 (M)

8+9
) b S (48 nre) = 5 iy (no)
0<ky <kn,

= > (he, +80)(2n10) + 7 Y hiy(2n0.0) + 05 (Ms g)
L<knp L<kn

11412
ML b S (b +8)(nne) = X huy(200)
<k <k

= 2 (he)(zn1e) + 22 hey(2n00) + 5, (Ms g)
1<k, 1<k,

=y+ > 8e(zn1,e) + @5 (Msg).
L<kyp,

This completes the proof of Definition 3)(G)1(b).
We now sketch the proof of property (G)2 of Definition 3), as its details are
similar to the above. Let ¢ € €™ and for n < w and @ € K . §. By h, , we mean

an embedding of N7, into M, such that
M, + Rang(h, ,,) = M, @ Rang(h, ) <x, M.
We look at the following set
C:={0 <k:VYa<dVn<w,Rang(h,,,) C Ms},
which C is a club subset of x[] Let

g: T, — T

HClub means closed and unbounded.
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be such that for all 7, 4 € lim(g) and all n < w,g(n(n)) = g(u(n)). Let
B= <Bv €B> FBa GBa (Cg)n<w7 (Pylf)n<w>

be a7 = |J 7,-structure satisfying the following properties:
n<w

7;) : (B, €B) expands (Hey, (M), €),
) GP =g,
) : forn < w, 8 =, where v, is such that (n, ¢, hq, n—he,) = (1, e s frn )

where t, = g(n(n)) and «,, is such that ¢, € J,,,.

In the same vein, we can find § € SNC, B € Js such that:

(t1) <(B) =s-
(t2) 75 =
(ts) NP < B, in particular,
(a) fP=f1N7,
(b) for all n < w,c)” =&,

(c) for n <w,hq, n — hi, = f e, where t,, and a,, are defined as above.

(t4) The properties presented in Clause (F) of Definition are hold.

According to Definition F)(k), we have

h%oh, =hy, + (ha,n — he,) = ha,

n

as claimed by (G)3 from Definition ). The proof of clause (i) is now complete.

(ii): In order to prove the desired claim, suppose further that A is a regular
cardinal. We show that by shrinking S, if necessary, we can assume that the above
constructed structure is indeed a nice construction, i.e., we can omit “semi” from
it. The map 0 — 5™ is a regressive function on S. We are going to use the Fodor’s
lemma. This says that § — ~;* is constant on some stationary subset S; of S, thus
for some v** and for all § € S1,v;" = +**. Now note that for each § € S; and each

s € Js,¢2 is of the form eg for some 3 < v**, so again by Fodor’s lemma and for

)

each s € Js,g° is an w-sequence (g2, : n < w) where for each n, g%, : N&& — M«
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is a bimodule homomorphism. But, the set
{g:9:Nj* = My« is a bimodule homomorphism}

has size less than A. Now, let § € S; be as such that the property presented in

clause (F) of Definition holds. The sets
{QS:SEJ(;}&{Q;S:SEJ(;}

have size less than . Again, we revisit Fodor’s lemma, to find a stationary subset
Sy of Sy such that the sets {es : s € Js} and {g : s € Js} are the same for all
6 € Ss. This concludes the required result.

(iii) and (iv): These are similar to the previous parts, and we leave the modifi-

cation to the reader. O

5. ANY ENDOMORPHISM IS SOMEWHAT DEFINABLE

In this section we shall investigate what “M = (M, : a < k) is a semi-nice con-
struction” gives us and look somewhat at various implications. The main results
of this section are to verify the following property (see Lemma and its modi-
fications, see e.g. Lemma @) These enable us to define the concept of strongly

semi-nice construction. For more details, see Definition [5.10

Definition 5.1. Let o < k and n < w be given. Suppose f : M, — M, is a

bimodule homomorphism. We say the property (Pr)[f, ¢] is satisfied provided
f(h(z;,)) € Mo + ¢;(My) + Rang(h),
for all ¢ < w, where h : N;, — M, is a bimodule homomorphism.

As an application of the results of Section 4, we present the following statement.
This plays an essential role in proving some stronger versions of (Pr)7[f,¢], see

Lemma 5.8 blow.



Paper Sh:421, version 2022-06-07. See https://shelah.logic.at/papers/421/ for possible updates.

KAPLANSKY TEST PROBLEMS 67

Lemma 5.2. Let A be a semi-nice construction with respect to (A, m,S, k) and
suppose £ : M, — My, is an endomorphism of R-modules. Also, suppose k > k(€).
Then for every ¢ € € there are o € £\ S and n(x) < w such that the property

(Pr)2 £, ¢] holds.

Proof. Assume not. Then for every € € K\ S and n < w we can find a bimodule

homomorphism h ,, : N§, — M, such that for some £(¢,n) < w,
f(hen(zy,)) ¢ Me + @ ) (M) + Rang(he ).
Without loss of generality, we may assume that n < £(e,n). The following set
E :={¢ <k :Rang(f | M) C M and V¢ < { Vn < w,Rang(h¢,,) € M}
is a club subset of k. Since S is stationary, we have
SNnlim (EN(S§, \S)) #0,

where lim denote the set of limit points. Let ¢ be in this intersection. Then
cf(¢) = Ny and there exists an increasing sequence (¢, : 0 < n < w) of elements of
EN(S§, \S) cofinal in .
For each 0 < £ < w, as (¢, ¢ S, we can find a bimodule K; such that M¢,,, =
M, ®K,. Set also Ko = M. Thus, M = éU M, = e@ Ky. Let gj : M¢,,, — K,
<w <w

be the natural projection, this is well-defined, because Ky is a direct summand of

M, ,. Pick also an infinite subset I/ C w such that
VYn,meld(n<m = £((,,n) <m).

For each n < w, we set t, := h¢, n(zf) € M¢. By Definition 3) (G,
we can find y € My, z € P® and a sequence {zn’g,z;ﬂ :n € Ul < w} with
zn,e € Dom(he, ¢) such that for each n € U, 2, = 0 for all large enough ¢, say for

all £ > k, and for all large enough n € U we have

(@) ze > hi(z, )+ ¢ ().
LeUnky,
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(b) > flhge(zp) €y+ >0 e e(zne) + o (M),
LeUNn LeUNk,,

As ¢ ¢ S we know M¢ <y, M,. Hence, for some K we have y € M¢ @ K and
M @ K <y, M. So, in clause (b) all elements are in M, & K. This allows us to

replace ¢, (M,;) with ¢f, (M, @ K), and leads us to get the following new clause:

(O)n = > fhe (@) ey+ > hee(zne) + @8 (M, ® K).
LeUUnn LeUnk,

Let m : M @ K — M, be the natural projection and let ¥’ := m(y). Recall
that w(¢f, (M, ® K)) = ¢f, (M, ). By applying 7 along with (b'),, we lead to the

following equation:

O")n 2 > flhee(zp) €y + >0 hee(zne) + 95 (M, ).
cernn LeUNky,

Pick n(x) < w such that y’ € M, and choose successive elements n < m in U

bigger than n(x) which are large enough. Also, pick w € ¢f,(Mc,,) such that

(1) > flhe (@) =y + > hee(zme) +w.
LelUnm LeUnk,,

Then we have:

(2) As 3> f(he,o(27)),y" € M,, by (1) we have
leUnn

g1 (b, (a)) =g;;( 5 f(hcz,mz)))

letUnm

= > g (hee(zme)) + g (w).
LeUnk,,

In particular, we drive the following:

B) > g (hge(zme)) € Rang(gy, o he, n) + @7, (M, ).
LEUNk,

Due to the definition of g} we know:

(4) f(he, n(zy)) —gp (E(h, n(27,))) € M,

Putting all things together, we have

f(he, n(zy)) € g (f(he, n(27,))) + M,

C > g (hee(zme) + M, + @5, (M, )
LeUnk,,

C Mg, + Rang(gy, o he, ») + 5, (M, )

= Mg, + Rang(h¢, ») + ¢5, (M, ).
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This is a contradiction and the lemma follows. O

Definition 5.3. By hdsﬁi(h,N) we mean the following data:

(1) My,May, N are bimodules,

(2) My C My,

(8) h is a bimodule homomorphism from N into My,
(4) N € cl;s(K),

(5) M 4+ Rang(h) = M; & Rang(h),

(6) M; + Rang(h) <y, Ma.
The next lemma summarizes the main properties of hds.

Lemma 5.4. (1) Suppose hdsﬁf(hl,N) holds and let hy be a bimodule homo-
morphism from N into My. If h := hg + hy, then hds%f(h,N) holds as
well.

(2) Suppose My C My C My are bimodules, My <x, My and suppose hds%f (h,N)
holds. Then so does hds%i(h,N).

(3) Let M = (M, : a < k) be a weakly semi-nice construction with respect
to (A, m,S,k) and assume that hdsﬁi(hﬁ\l) holds where o« < k. Then
hdsﬁi(h,N) holds for a club of B € (o, k).

(4) If hdsy? (h,N) holds, then so does hdsy """ (n,N).

Proof. (1) We only need to show that My + Rang(h) = M; @ Rang(h) <y, M.
But, this is clear as M; + Rang(h) = M; + Rang(hy) and the property
hdsy? (h1,N) holds.

(2) We have
Mo + Rang(h) = Mo ® Rang(h) <y, M1 ® Rang(h) <x, Mo,

from which the result follows.
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(3) By our assumption, h : N — M, is a bimodule homomorphism and
M, + Rang(h) = M, @ Rang(h) <y, M.
But, then for a club C C (a, k) and for all 5 € C we have
M, @ Rang(h) <y, Mpg.

Following definition, hdsﬁi(h, N) holds for all 8 € C C (¢, k).
(4) Clear from the definition.

]

Definition 5.5. Let @ < k and n < w be given. Suppose f : M, — M, is an

R-module homomorphism. We say the property (Pr™)2[f, e] is valid, provided:

(1) there is some o < B € K\ S and some suitable bimodule homomorphism
h:N - My so that hdsy” (h,NS,) holds,

(2) for all £ < w, we have
f(h(x;,)) € Mo + Rang(h) + ¢ (My).

Lemma 5.6. Let f : M, — M, be an R-module homomorphism.
(1) Assume @ < 8 < Kk, « ¢ S and B ¢ S. Then (Pr_)g(*)[f7 e] implies
(Pro)5 g, o).

(2) If (Pr)g(*)[f, e] holds, then (Prf)g(*)[f, e] holds too.

Proof. (1). This is a combination of Lemma 1) and Lemma (2).

(2). This is clear by definition. O

We need the following membership property:

Definition 5.7. Let f : M,, — M, be a bimodule homomorphism, a < k, n < w

and let z € N;,. We say the property (Pr1)y, [f, ] is valid if
f(h(zy,)) — h(z) € Ma + ¢, (M),

where h is a bimodule homomorphism from Nf, into M.
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Lemma 5.8. Let (M, : a < k) be a weakly semi-nice construction with respect to
(A,m, S k) and £ : M, — M, be an R-endomorphism and let o ¢ S be such that
the property (Pr_)g(*)[ﬂ ¢| holds. Then there is some z € Ly ) [K™] such that the

property (Pr 1)25:)[f, e] is satisfied.

Proof. Let x := x;(*). We shall prove the lemma in a sequence of claims, see Claims

0. 9HH. 12)

Claim 5.9. Let 5 € (a,\) \ S be such that hdsﬁi (h, N}, (,y) holds. Then

f(h(x)) € My + Rang(h) + ¢, (M,).
Proof. Let N := Rang(h). We know that M, + N =M, & N <y, Mg and Mg <y,

M,;. Combining these yields that M, ® N <y, M. In view of Definition and

Lemma 6), there is K C M, such that
M, ®N)+K=M, ® N K <y, M.

Then, we may assume that f(h(z)) € M, ® N® K. Since M, ® N® K <y, M,,

and in the light of Lemma we observe that M, @ N& K SI;% M, holds for all

n < w. According to the property (Prf)g(*)[f, ¢], we know

f(h(z)) € Ma + N+ ¢;, (M),
for all n < w. We use these to find elements x; , € M, and x3, € N such that
f(h(z)) — w10 — 22m € 05, (M)
It follows from M, ® N K SZE M,, that

f(h(z)) =z1p+z2m + E(h(2)) — 21,0 — T2n)
€M, + N+ ¢ (M, ® N K).
Let g be the projection from M, ®N@K onto K. Recall that its kernel is M, ®N.

Let 2L € M, 22 € Nand 23 € ¢, (M, ®N®K) be such that f(h(z)) = 2z} +22 +23.
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Let us evaluate g on both sides of this formula to obtain:
g(f(h(2))) = g(z,) + 9(27) + 9(23) = 2, € ¢}, (Ma ® NS K) C o7, (M)
As this holds for each n, we have

g(E(h(@))) € [ @ (M)

So,
f(h(z)) = (E(h(z)) — g(£(h(x)))) + (9(E(h(z)))
€ Mo ©N) + <, 0 (My)
= M, + Rang(h) + ¢, (M,).
The claim follows. O

Claim 5.10. For i = 1,2, let N; and B; be such that M, ® N <y, Mg, and
a < fB; < k where B; is not in S. Let h; : N;(*) — NY be an isomorphism and

z; € N;(*) be such that
£(hi(x)) — hi(zi) € Ma + ¢, (My).

Then z1 =z mod ¢, (N} ).

Proof. Let 5 € £\ S be large enough such that 5 > 1 and S > 3. Let Nj be

isomorphic to N;(*) and such that for any large enough v < k,
Mg —|—N§ = Mg EBN; <no M.

Let h3 be an isomorphism from N}, ) onto Nj. In the light of Claim 5.9 we deduce

*

that
f(h3(x)) — hs(zs) € Mo + ¢, (M),
where z3 € N;(*). By the transitivity of the equivalence relation, it is enough to

show that z3 = z; and 23 = 2o mod @;(NZ(*)) in N;(*); and by the symmetry it

is enough to prove z3 =z mod ¢, (N} ).
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Pick v > 3 large enough. Then M, & N7 © N3 <y, M,. Let
Nj = {ha(2) - ha(2) : 2 € Nig ),
and define hy : N;(*) — Mgy by
ha(z) = h1(z) — hs(2).

Due to its definition, we know N} is a sub-bimodule of M, ®N]®Nj; and hence of M.
Also, hy is an isomorphism from N} ) onto N, and M @ N7 ® N3 = M, @ N7 ©Nj.

Thus, we have
(*)1 My ®Nj <y, M, N ® N5 <y, M,.
Now modulo My, + ¢, (M,,), we have
(#)2  f(ha(z)) = £(h1(2) — hs(z)) = £(h1(2)) — £(h3(x)) = hi(z1) — ha(z3).
Next, by Claim and (x)1, we have
(x)3  f(ha(x)) € Rang(hs) + (Mq + @f, (M,.)).
So
(¥)a hi(z1) — hs(z3) € Rang(ha) + (Mo + ¢, (My)).

We combine ()4 along with the definition of hy to deduce that
(h1(21) — ha(zs) — ha(z) € Ma + @, (M),
for some z € N}, ). Recall that hy(z) = hi(2) — h3(2). It yields that
(h1(21) — ha(23)) — (h1(z) — hs(z)) € Ma + ¢, (M)

In other words,
hi(z1 — 2z) — ha(z3 — 2) € My + ¢f, (My,).
Therefor, there is y € M, such that hi(z1 — 2) — hg(zs — 2) —y € 5 (M,). As

M, ® Nj & N3 <y, M, we deduce that

hi(z1 — 2) — h3(z3 — 2) —y € ¢, (M & N] & N3).
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Recall that hi(z; — z) € Ny, hs(z3 — 2z) € N} and y € M,. We conclude from

Claim 5) that
P (Ma) © @5, (N]) @ ¢}, (N3) = o (Mo & Ny & N).
Hence
hi(zi — z) € hY (gofu( ;(*))) fori=1,3,
Le., z; — z € pi,(N] ). It then follows that
z1— 23 = (21— 2) — (23 — 2) € 9, (N}, ()

So z1 — 23 € ¢, (N;(*)), which finishes the proof of the claim. O

Claim 5.11. There is z € N}y such that if h : N}, — My is a bimodule

homomorphism, then £(h(z)) — h(z) € My + ¢, (ME).

Proof. Let Nj, B and h : Nj, ; — N be as Claim In the light of Claim

n(*

there is z € N;(*) which satisfies the above requirement for this h. We show that z

is as required. Suppose not and let hg be a counterexample, i.e.,
f(ho(2)) = ho(z) & Mo + @[, (M)

Choose § such that 8y < 8 € k\ S and Rang(hg) € Mg. Such a § exists as
k= cf(k) = K(€). Let hy be an isomorphism from Nj ) onto some Nj such that

Mg @ N} <y, M, for some v € (5,) \ S. So
£(h1(2)) — ha(2) € Ma + @[, (My).
Let hg : N}, ) — M, be defined by
ha(z) = hi(2) — ho(2).

Easily ho is a bimodule homomorphism. Set N5 =: Rang(hs). By the assumptions

on Ni and h;, we deduce that

Mg @ N7 = Mg o N; <ny M.
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In the light of Claim we see that
f(ha(2)) — ha(2) € Mo + @, (M)

We apply this to conclude that

f(ho(z)) =1(h1(z) — ha(2))
= f(h1(2)) — f(h2(2))
€ hi(z) — ha(2) + My, + ¢ (M)
= ho(z) + M, + ¢, (M),

f(ho(2)) — ho(z) € Ma + ¢, (M),

which contradicts our initial assumption on hg. The claim follows. ([l
Claim 5.12. Let z be as Claim W Then z € Ly, [K].

Proof. Let hy, ho : N;(*

and f(h;(27,,))) = hi(z) mod My + ¢, (M,). By the definition of L; [K], it is

y = N € K be such that hy(z},,)) — ha(z],,)) € ¢, (N)

sufficient to show hj(z) —ha(z) € ¢, (N). To this end, choose v € k\ S large enough
and an embedding h of N into M, such that M, +Rang(h) = M, ®Rang(h) <y, M.
Let i = 1,2 and note that h o h; is a bimodule homomorphism from N;(*) into M.

Thanks to Claim B.11] we observe that
£(h(hi(25s)))) — £(R(Ri(2))) € Mo + ¢, (M)
So, by subtracting the above relations for ¢ = 1,2, we have
£(h(hy = ho(a,s)))) — £(h(hy — ha(2))) € Mo + ¢, (My).

Also, hl(a:;(*)) = hg(ﬂ?;(*)) mod ¢ (N). Tt follows that h(h; — ha(2)) € M, +

0%, (M,;). We conclude from M, + Rang(h) = M, ® Rang(h) that

h(hy = ha(2)) € @, (Rang(h)).
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Since h is an embedding, (b1 — h2)(2) € ¢, (N). Consequently,

hi(z) = ha(2) = (h1 = h2)(2) € @5,(N).

By definition, z € L;(*)[IC] as required. O
In sum, Lemma [5.8] follows. O

Lemma 5.13. Let M be a semi-nice construction with respect to (A\,m, S, k) and £
be an R-endomorphism of Ml,,. Then for some o < k, n(*) < w and z € L;(*) the

statement (Pr I)Z(Z) [f,e] holds.

Proof. In the light of Lemma we can find a € x\ S and n(x) < w such that

(Pr)Z(*)[f, e] holds. According to Lemma there exists z € L], ) such that the

*)
desired property (Pr 1)25:)[f ,¢] holds, as claimed. O

Remark 5.14. The property (Pr I)ZS)[f, e] is almost what is required, only the
“error term” My, is too large. However, before we do this, we note that for the
solution of Kaplansky test problems, as done later in Section[8 this improvement
is immaterial as we just divide by a stronger ideal, i.e., we allow to divide by a

submodule of bigger cardinality.

Definition 5.15. Assume M = (M, : a < k) is a weakly semi-nice construction
with respect to (A, m, S, k), £ is an R-endomorphism of M, ¢ € €™ and n(*) < w.
Let also G := (G,, : n > n(%)) be a sequence of additive subgroups of ap;(*)(Mﬁ).
(1) We say G is @-appropriate for M if G,, C ¢f (M) for all n > n(*).
(2) We say G is compact with respect to (¢, n(x)) in My, if it is ¢-appropriate

and for any z; € Gy with £ > n(x), there is 2* € Gy,(,) such that

RS zze%l(w
t=n()

1296 in appropriate sense, », zy exists; of course we can increase n(x).
L>n(*)
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(3) We say G,, is (K, @)-finitary with respect to M, if G,, C Y. Ky + (M)
for some finite n < w and Ky € cl;s(K) such that > ngngxo M, for a
large enough in K\ S. o

(4) We say G is (K, @)-finitary with respect to M if G, is (K, @)-finitary with

respect to M for some m > n(x).

(5) We say G is non-trivial if G,, € ¢5,(M,) for all m > n(x).
Let us recall “strongly semi-nice construction”:

Definition 5.16. Assume M = (M, : a < k) is a weakly semi-nice construction
with respect to (\,m, S, k). Then M is strongly semi-nice, if for any f € Endg (M,)
and e € ™ the following properties are valid:
(G)*: (a) there is some a < Kk such that |M,| < A;

(b) there is some n(x) < w and z € N}, such that for every bimodule

homomorphism h : N;(*) — M, we have

Definition 5.17. In the previous definition, we replace “strongly” by strong™ if

M, is replaced by

M* @K SNO Mn

for some K € cl;5(K).

Lemma 5.18. Assume k = X\ and M = (M, : a < k) is a semi-nice construction
with respect to (A, m, S, k) such that ||M,|| < X for a < k. Suppose for given ¢ € €
and f € Endr (M,;) there are

o n(*) <w,

o a(x) ek \ S and

e zeLj (K]
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such that the property (Pr l)n(*) [f, ¢] holds. Then there exists a decreasing sequence

a(*),z

G* = (G}, : n > n(x)) of additive subgroups of @2(*)(1\/[[5) satisfying G, C ¢ (M)
and equipped with the following properties:

(1) for every n > n(x) and every bimodule-homomorphism h : N, — M,
(a) £(h(x},)) — h(zn) € Gy, where z, :== g5, (),
(b) Gn C Mags) + 05 (My).

(2) G* is compact with respect to @*.
Proof. For every n > n(x) we define G, by
Gy = {f(h(z})) — h(2y) : h : Ni, — M is a bimodule homomorphism} (+)

Clearly, G is an additive subgroup of ¢f,(M,) and the sequence G is decreasing.
(1). The desired claim f(h(z%)) — h(z,) € G is in (4). It is easily seen that

G;, € My(y) + @, (My). Indeed, let h : Nj, — M be a bimodule homomorphism.

Then A/ = ho 92(*),n : N;(*) — M, is a bimodule homomorphism. In view of
(Pr 1)28 _[f, ¢] we observe that

£(h(2y,)) = h(zn) = £(1' (7)) — B (2) € Mago + @5, (M)

Also as zf, z € ¢°(N§), we have f(h(x)) — h(z,) € 08 (M,).
(2). Suppose z; € G} for n(x) < £ < w, so for some bimodule homomorphism
he : Nj — M, we have
z; = F(he(x},)) = he(ze).
Let «(0) with a(*) < a(0) < & be such that «(0) ¢ S, and for n(x) < ¢, Rang(hy) C
M0y and f(hg(z§)) € My (). Note that such «(0) necessarily exists as x = cf(x) >

k(&) + Rg. We need the following claim:

Claim 5.19. For eachn > n(x) and f > (1) with § € k\ S, there are vy satisfying
B <vy€r\S, some embedding hg n : N, — M, and some Kz, € cl50(K) such

that the following two items hold:
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(1) M ® Rang(hg,n) ® Kg <y, M,
(2) f(hﬁ,n(xfz)) € Rang(h/g,n) ® Kg,n-

In particular, f(hgn(z8)) — hgn(zn) € @& (My).

Proof. Fix n and f as in the claim. For every v satisfying f < v € '\ 5, let

hy i Nj, — M, 41 and K9 € ¢/;5(K) be such that h, is a bimodule embedding and
f(hy(z;,)) € My @ Rang(h,) ® Kg <, M.
Let €, > v be in £\ S such that f maps M. into M and

M, @ Rang(h,) @ K <y, M

E»Y'

Let f(hy(f)) = 23 + 22 + 23, where 2! € M, 22 € Rang(h,) and 23 € KI. By

Fodor’s lemma for some z and for a stationary set T C x \ .S we have
e min(T) > 5,
. z}yzz,forallveT.
Let v(1), v(2) € T be such that e, (1) < ¥(2). Now, the following
(1) 7= €y2),
(ii) hp,n = hy(2) = hayqa) and
(ili) Kg,, = Kg(l) ® Kg(z) @ Rang(hy (1))
are as required.

The particular case follows by the choose of «(x). g

Let us complete the proof of Lemma To this end, we look at the following
club of x:
A:={B<k:8>a(0)and f'(Mg) C Mg}.
Let n > n(x) and 8 € AN(k\S). According to Claim[5.19] we can find some 73 >
a bimodule embedding hg ,, : N}, — M, and Kg ,, € ¢l (K) such that
o My @ Rang(hgn) © Kgn <x, M,

o f(hg,(zf)) € Rang(hp,) & Kgp.
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Set U =: {{ :n(x) <l <w}and e =¢ [ U, so¢* € E™ as well. For ¢ € U and
BeAn(k\S), set

h%’z = hg’g + hy.

We are going to use the property presented in part (G)s2 of Definition 3). In
this regard, we can find an embedding h : P* — M. and an increasing sequence

(en : n < w) of elements of AN (x\ S) such that e = supe, € AN (x\S) and for

n<w

each n € U,h. , =hoh . Then

e, n

£(he, (D)) = he, o(20) = £(he, 0(27)) = heye(2e) — 27 € 2 + [, (M.

Let x :=f°¢

n(*)(xi*) and 2’ := ffl(*)(z) where £ ) is in Lemma It then follows
that
l=n—1
o x— > hi(x}) € ¢ (P°), and
t=n(x)
{=n—1

o 2 — 3 hi(z) € g5 (P°).
l=n(x)

We deduce from these memberships that

l=n—1

h(z) - Y h(hi(})) € @5, (M)
L=n(x)

and
l=n—1

h(z') = Y h(hj(ze) € (M.

L=n(x)
As f is an endomorphism, we have

l=n—1

f(h(z)) — Y f(h(hi(xf))) € ¢}, (M)
l=n(x)

We plug this in the previous formula and deduce that

l=n—1

f(h(z)) —h(z') = Y (E(h(h(zf)) — h(hi(z0)) € o}, (M)

L=n(x)
Note that for some K € c/(K), M = My ) @ P* © K. Let 7 : M — Mg (o) be the

projection map and set

(x): 2" :=x(f(h(x))) — 7(h(z")).



Paper Sh:421, version 2022-06-07. See https://shelah.logic.at/papers/421/ for possible updates.

KAPLANSKY TEST PROBLEMS 81

We apply h{, , =ho hf" along with the previous observation to see:

f(h(hj(z}))) —h(hi(ze)) = f£(hg, (7)) — A, o(20)
= £(he,,0(7)) — ey e(20) — 27
This yields that

(k%) o w(f(h(h(2)))) — m((hj(z)) = m(E(he, 0(27))) = T(he,e(20)) — 7(27)

=z
Therefore,
2= S g D) - rh() - T o
l=n(x) E:e'r;(:) )
= n(tb(@) ~ wb() = 2 wEhi(e)) - wlhlhi(z0)
S ‘P;(Mw)-
So, z* is as required. O

Recall that e € €™. For simplicity, we bring the following notation:

Notation 5.20. For each ¢ = 1,2, we take finite subsets Jy of I, and let y, €
> Ky. Suppose y1 — y2 € 08 (K) where n < w. We say the property (x) is valid,

tedy
provided for some ys € > {K; : t € Jy N J2} we have
?

(1) y1 —ys € ¢ (K) and

(2) y3 —y2 € ¢}, (K).

Let z € N}, (). Following the above lemma, let us define, Gp.M] as (G :n >

n(x)) where
G = {f(h(2})) = P(Gy(),n(2)) = b € Hom(N,, M) }.
We now show that under some extra assumptions we can get a better (G,):

Lemma 5.21. Let M = (M, : a < k) be a weakly semi-nice construction with

respect to (A, m, S, k), f be an R-endomorphism, ¢ € €™ and n(x) < w.



Paper Sh:421, version 2022-06-07.

82

M. ASGHARZADEH, M. GOLSHANI, AND S. SHELAH

(1) Let K = gKt when we view things as R-modules, and let G = G} _[M] be

decreasing and compact for (g¢,n(x)) in K over Ko. Then for some finite

JCTIT andm < w:

Gm g @Kt + @i(K)
teJ

(2) Let K = > K; when we view things as R—modules, and suppose the property
tel

() from Notation is valid. Then for some finite subset J C I and

m < w:

G C @Kt + ¢, (K).
teJ

(3) Let G be compact with respect to (g%, n(x)) in K, as R-modules, and let
h: K — K’ be an R-homomorphism. Suppose for any h(z) € ¢§(K’) \

05 1(K') there is some y € @i (K)\ i, (K) so that h(y) = h(x). Then
R'(G) := (h"(Gy) : n > n(x))

is compact with respect to (¢, n(x)) in K'.

n

(4) If G CK:= @ K, and the projections from G to each K; is (K, @)-finitary,
t=1
then G is (K, ¢)-finitary.
(5) If Ko C Ky g%fgo Ky and G is (¢%,n(x))-compact in Ky over Ko, then

(G, NKy :n > n(x)) is (@, n(*))-compact in Ky over Ky.

Proof. (1) Let us first suppose that the index set I is countable. Suppose by

contradiction that for all finite J C I and m < w,

Gm € PK: + 05, (K).

teJ

We argue by induction on ¢ > n(x) to find 24, J; and n, such that the following

properties hold:

i) Jp is a finite subset of I,
i) Jo C Jov1,

i) I= U Jo,

l<w

See https://shelah.logic.at/papers/421/ for possible updates.
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teJy

v) 2 ¢ D Ke+ o, (K),
tedy

Vl) Zy € @ Kt.

t€Joy1

Let U be an infinite subset of w such that 0 € ¢/ and

iv) ze € Gy \ (@ Ky ‘HPSJ(K))

{<mandmelU = nyp1 < m.

Define (z} : £ < w) by z; =z, if £ € U and z; = 0 otherwise. By compactness, we

can find z* € Gy, such that for each £ > n(x),

¢
¥ — Z z; € ppq(K).

i=n(x*)

Let J C I be a finite set such that z* € @ K;. Pick m € U such that J C J,, and
teJ

set n be the least element of ¢/ above m. Then z,, = z;, and

n—1
S Y s=r o Y e (),

i=n(x) i=n(x*)

an easy contradiction.

Let us now show that we can get the result for arbitrary I. Thus suppose [ is
uncountable and suppose that the conclusion of the lemma fails for it. Construct
2¢, Jo, g as before and set [ = ij Jy. Then T is countable. Set K = P K; and
G,, = G,, NK. It then follows til:az(tile conclusion fails for this case, corfterladicting
the above argument.

(2). This is similar to (1).

(3). Suppose h(xzp) € h"(Gy), for £ > n(x). By our assumption, we can find a

sequence (yy : £ > n(x)) such that
® Yy € GZ7
* h(ye) = h(ze),

o h(xe) € pp(K)\ i1 (K) = ye € pp(K) \ iy (K).
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n
Let z € Gy,(x) be such that for each n > n(*),z2— > e € ¢f,1(K). This implies
L=n(x)
that

n

h(z) = D hlye) € 95 (K).

l=n(x)

Thus h(z) € h"(Gy«)) is as required.

(4). Fort=1,--- ,t let m : K — K; be the projection map to K;. We have

/(G) € Y Ki+ v (K),

i<my

where each K! is in ¢/i5(K). Then

G= ;Wg(G) C > <Z K§+¢;(K)> C Z K: + ¢ (K).

We are done.

(5). For each ¢ > n(x), we peak z; € G, NK;. Due to our assumption, there

n
exists 2* € Ky such that 2* — > 2z, € ¢f,(Ks) for all n > n(x). Consequently,
{=n(x)

n

Ko b 32 A b= Y 2.

n=n(x) L=n(x)
As K, §75§0 K5 and in the light of Lemma 1) we have

Kik 3 A ¢n = Y 2.

n=n(x) L=n(x)

Let z* € K; be witness this. Then, z* — Y 2, € ¢, ;(Ky) for all n > n(*), as
L=n(x)
required. (I

Remark 5.22. Adopt the notation of Lemma [5.21)(3).
i) We can weaken the assumption on h to the following property: for some
n € “w diverging to infinity if £ > n(x) and h(z) € @i(K') \ vj,,(K'), then

h(z) = h(y) for some y € ‘P;(*)(K) \ P (K).
ii) Note that if h is a projection, then it satisfies in the presented condition

from the first item.
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Lemma 5.23. Let R, S and every N € K be of cardinality < 2% and let ¢ € €.

Then there is no non-trivial compact G for @¢ in any K-bimodule M.

Proof. Let (G, : n > ng) be (¢°, ng)-compact in M. According to Definition
(4) we need to show that G,, C ¢ (M) for some m. Suppose on the contradiction
that G,, € ¢, (M) for all m > ng. Hence, G,,, € @f (M) for some £,, > ng. For
each m > ng, we pick z,, € G,, \@Em (M). For any infinite U C w\ny, find 2y € Gy,

such that
=Y {zm:m €UNno,nl} € 9y (M)

for all n € U. Let U; and Us be two subsets of w with finite intersection property.

Then 2y, # zu,. It follows that
2% < |G, || < M| < 27,
which is impossible. ([l

Lemma 5.24. Assume k = X\ and M = (M, : a < k) is a semi-nice construction

with respect to (A, m, S, k) such that o < K, ||Ma]| < A.

i) Suppose ¢ € € and f is an R-endomorphism of M, for some n(x) < w,
a(x) € K\ S and z € L, [K] such that the property (Pr 1)"(*) [f,e] holds.

a(*),z

Then

Gy M] := (G, : n > n(x))

is (IC, @%)-finitary in M, for some additive subgroups of @;(*)(Mﬂ) such as
G* = (G}, : n > n(x)).
ii) Assume in addition that for N € K, there is no non-trivial L = (L,, : n >

n(x)) compact with respect to (g¢,n(x)) in Ml,®N, then, by increasing n(x),

we can take G [M] =0, i.e., G,, = 0 for all n > n(x).

Proof. Let G* = (G : n > n(x)) be as Lemma [5.18] and pick a(x) € x\ S be

such that z € L}, ) [K] € Mq(x). We use the assumption My () € ¢/(K) along with
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Lemma 1) to find m < w and a finite subset {Kp, - ,K,_1} of ¢f;s(K) such

that each K; is a direct summand of M,y and

Gn C ZKé + @Z(MH)-
<n

Recall from Lemma 4.37(1) that ) K, <x, M) <, Ma, where a > a(x). Thus
£<n

GR . M] = (G, : n > n(x)) is (K, ¢°)-finitary in M.

Now suppose that for each N € K, there is no non-trivial L = (L, : n > n(x))
compact for (¢%, n(*)) in M, & N. Suppose by contradiction that G} ,[M] # 0. Let
a(*), {Ko, - ,Kn_1} C ¢lis(K) and m be as above. By increasing n(x) we may
assume that m = n(x). Then @,_, K, is a direct summand of Mg (,). Suppose
Moy = By, K¢ @ M and we look at the natural projection map 7 : My .y — M.
In view of Lemma 3) (and Remark [5.22)) we observe that 7"/ (G® ,[M]) is non-

trivial and compact for (¢, n(x)) in M, @ N, which is a contradiction. O

Remark 5.25. (1) Suppose for every K-bimodule M and ¢ € € and G,, C M
for n > ng, if (G, : n > ng) is (¢%, ng)-compact in M, then for some
m, Gp, C ¢f,(M). Recall that Lemma presents a situation for which
this property holds. In view of Lemma we can choose G,y = 0. In
particular, the “error term” disappears, i.e., for every endomorphism f of
M, as an R—-module, for some m we have f | ¢f, (My)/p¢ (M) is equal to

hy™  (for its definition, see Definition below).
(2) If R, S have cardinality < 2%°, we have some interesting candidates to
define K. For example, let I be the family of finitely generated finitely

presented bimodules.

6. MORE SPECIFIC RINGS AND FAMILIES &

In this section we introduce some special rings that play an important role in our
solution of Kaplansky test problems. In fact, we are going to present the proof of

Corollary[2.1. We also specify some specific elements of € that we work with them
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later. Let us start by extending the notion of pure semisimple from rings to a pair

of rings.

Definition 6.1. Given a bimodule M and a sequence @ of formulas, the notation
(*)ifgo stands for the following two assumptions:
(a) on = pu(x) is in Ly (TR), and

(b) the sequence (@, (M) :n < w) is strictly decreasing.

Note that if @ is as above, then it is (No,Ng)-adequate. Also for simplicity, we

can assume that @n1(x) F @ (z) holds for all n < w.

Definition 6.2. The pair (R,S) of rings is called purely semisimple if for some

bimodule M* and a sequence ¢ = (pn(x) : n < w), the property (*)folvio holds.

Thanks to Theorem[3.23 a ring R is not purely semisimple if and only if the pair

(R, R) is purely semisimple.

Definition 6.3. (1) The sequence @ := (pn(x) : n < w) is called very nice if
it is as in Deﬁm'tion and for some my,, k; < w and ag,be; € R we have

my,—1
(a) on(x) = (Fyo,- - Ukn—1) N\ aexe= 3 brvil,
£=0 i<kg
(b) My, < mpa1, ke < kot
(2) Let ¢! = (pL(z) : n < w) and @* = (p2(z) : n < w) be two sequences of

formulas. By @' < @ we mean
(Vn < w)(@m < w)leh, () F e (@)].

(3) Let @' and @? be two sequences of formulas. We say ¢* and @ are equiv-
alent if ' < @2 and @* < @'.

(4) e € € is called k-simple if for each n there are a set X C Nt of cardinality
< Kk and a set ¥ of < k equations from Ly, x,(Tr) with parameters from X
such that N, is generated by X freely except the equations in . We call X

a witness.
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Lemma 6.4. Adopt the above notation. The following assertions are true:

(1) Suppose (*)iolvg:o holds. Then there is a very nice sequence @' equivalent to
©.
(2) If the @, ’s are from infinitary logic, the same thing holds, only m.,, k¢ may

be infinite but for each € the set {i :be,; # 0} is finite.

Proof. We only prove (1), as clause (2) can be proved in a similar way. Thus assume
(*)i(’}?go holds. According to Lemma we can assume that each ¢, is a simple
formula, so it is of the form

my—1

Sﬁn(z) == (EIyOa cee ’ykn_l) |: /\ a?x =
£=0

i<kn
where ay, b}, are members of R, k,, m, are natural numbers. After replacing ¢y,

with A ¢y, if necessary, we may assume that the sequence is decreasing in the
<n

sense that ¢,+1(x) F @,(x), for each n. Also without loss of generality and by
taking b?,i = Or, we can assume that k; < k¢y1 and m, < m,4i. Finally, note

that we can even get a better sequence by taking
wo(z) = Jyo(x = yo).
So, mg =1, ap = 1r, ko =1 and by o = 1. This completes the proof. ([

Remark 6.5. Let ¢ be a very nice sequence. According to Lemma and its

proof, we assume from now on that g is of the form @o(z) = Jyo(x = yo).
We now assign to each very nice sequence @, an element ¢(@) € €y, x, as follows.
Definition 6.6. Suppose ¢ is a very nice sequence. Then
e(@) = (Np, Tpygn i1 < w)

is defined as follows:
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i) N, is the (R, S) bimodule which is generated by
{l’n} U {yn,z 1< kmnfl}

freely except to the following equations

{Clg.l?n = Z b@,iyn,i U< mn}-

i<kg

In other words,
RS @ (D, , RyniS)
Nn = K = )

where K is the bimodule generated by (apxy — Y bpiYni i £ < My).
i<kg
i) gn Ny, = Nyy1 is defined so that gn(zy) = Tni1 and §n(Yn,i) = Yn+1,: for

1< kmn—l .

We call e simple if it is of the form e(@) for some very nice @.

Note that by Remark for each n, x, = yno. Then next lemma shows that

E(@) € GN(MNO

Lemma 6.7. Let @ be very nice and set ¢ := ¢(@). The following assertions are
valid:

(1) xn € pn(Ny).

(2) Let M be a bimodule. Then x* € p,(M) if and only if for some bimodule

homomorphism h : N,, — M we have h(z,) = z*.

(3) Tn & Pni1(Ny).

(4) FEach g, is a bimodule homomorphism.

Proof. Clauses (1), (3) and (4) are trivial. Clause (2) follows from Lemma[4.8] O
We will frequently use the following simple observation without any mention of

it.

Lemma 6.8. Let ¢ € E™ be simple. Then for every n < w, ¥f and ¢t are

equivalent. In other words, if MT' <x, M and z € M then M = @ (v) < ¢f (x)”.
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We now define some very special bimodules.

Definition 6.9. Let n < w.
(1) Let Nj, be the bimodule generated by xn, v, ; and y, ; for i < kpy, 1 freely
subject to the following relations for £ < my,:
(a) apr = Zi<k¢ b@,iy;'l,,i

(b) arx = Zi<k” bé,iy;z/,i-

(2) Let NY for £ = 1,2, be the sub-bimodule of N/, generated by:

{xn} @] {y:%,i 1< k/’mnfl} fO?“ /= 1,
{zn} U {y;{,i 20 < kpm,—1} for € =2.

(3) Let f£ N, — N be the bimodule homomorphisms defined by the following
assignments:
(a) fi(zn) = 2,
(b) fa(Yn,i) = yp; and
(c) fr%(yn,i) = y;{z
(4) Li? = {2 € on(Nn) : fa(2) — fa(2) € u(N})}.

Clearly, it is an abelian subgroup of N,,.

Let ¢ € € and suppose @ is an adequate sequence for e. Also, let (hy,ha) be a

pair of bimodule homomorphisms from N, to M. Recall from Definition [{.29 that
L& @bz {z € ¢,(N;) : hi(z) = ha(2) mod ¢, (M)}.
Suppose m is a context and recall that

L{[m] = ﬂ {]Lf;“”c’hl’hZ :hy,he € Hom(N;,M) and hy(z;,) = hz(x;)}
MeKU{M., }

In the next lemma we show that the bimodule N' and the homomorphisms fL, f>

are sufficient to determine }L:L(@ [m] provided @ is very nice.

Lemma 6.10. Let m be a nice context, ¢ be very nice and ¢ := e(p) € €™. Then

Li?[m] = Ltr#.
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Proof. Let z € LE® [m]. Since f1, f2: N, — N’ satisfy fl(zn) = f2(z,), thus it
follows from Definition [6.9] that z € Li%.

In order to prove L% C Li® [m], let hy,hy : N§ — M € KU {M.,} be such

that hy(2,) = ha(z,). Note that

M = ¢y, (hu (@)
and

M = @7, (ha(2)).
Thus, we can find h} : N} — M and h) : N2 — M such that h; = f! o h} and
hy = f2 o h)). Take some 2 € L?. By definition, 2z € % (N,,) and fl(2) — f2(2) €
¢, (N,). But then hy(2) — ha(2) € ¢, (M). From this, z € Lg#P1:h2 Since hy, hy

were be arbitrary, z € Li® [m]. O

So, if m is a context whose €™ consists of simple ¢’s and if M € K™, then every
R-endomorphism is in some sense definable, i.e., by fixzing ¢ € E™ and restricting
ourselves to ¢ (M) for large enough n, modulo ¢, (M), it is determined by some
z € L [K™]. However, not every such z may really occur. We try to formalize this

in Lemma[6.22
Notation 6.11. From now on we fiz a context m = (K, M,, ¢ R,S, T).

Definition 6.12. Suppose ¢ € €, n < w and z € L, are given. Let M be a
bimodule which <3 -extends M. We define hy", € End(y;,(M)/¢f,(M)) as an
endomorphism of the additive group wz(M)/goz,(M)lﬂ so that for every bimodule

homomorphism h : N}, — M
by, (h(s,) + @5 (M) := h(2) + @ (M).

Remark 6.13. According to Lemma[4.8, every w € (M) is of the form h(z),

for some h : Nt, — M as above. Also note that as z € LY, if b’ : N, — M is another

13pedantically we should write ¢ M)/, (M) N ¢ (M).
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bimodule homomorphism such that b/ (xf) = h(zf), then h/'(z) = h(z) mod ¢f,(M).

This shows that hy", is well-defined, and does not depend on the choice of h.

Definition 6.14. Let e € €, n < w, z € L and let M be a bimodule such that
M, <x, M. Then
(1) z € L, is called (m,e,n)-nice if when h : N{, — M is a bimodule homo-
morphism, m > n and M | ¥¢ (h(zf)), then M | ¢¢ (h(2)).
(2) z € LY is called (m,e)-nice if it is (m,e,n)-nice for every n.
(8) z € L is called weakly (m,e)-nice if there is an infinite subset U C w such
that z is (m, e, n)-nice for everyn € U.

We remove (m,¢), when it is clear from the context.
We now define a subgroup of L™.
Definition 6.15. For each ¢ € € and n < w, we define
Ly*:={z €L : z is (m,e)-nice}.

Lemma 6.16. Let ¢ be simple and M, be strongly nice with respect to (A, m, S, k)
and let £ be an R-endomorphism of M. The following assertions hold:
(1) Let z be as Lemmal[5.8 Then z € Lg*.
(2) For somen < w and z € LY* there is K' € clis(K) such that
o M':=M, &K' <y, My and

o z €5 (M) = f(x) + ¢, (M) + M = hy" _(z) + ¢, (M) + M.

Proof. (1): Since e is simple, there is a very nice sequence @ such that ¢ = ¢(9).
Since z € Lf, we know that z € ¢, (N%) and f1(z) — f2(2) € pu(N,) where f! :
N,, — N/ are bimodule homomorphisms defined in Definition (3) Now suppose

h: N,, — M, is a bimodule homomorphism, m > n and suppose

M, = ¢y, (h(z)).
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We are going to show that
M, |= ¢y, (h(z)).
Recall that f(h(z,)) —h(z) € M, + ¥ (M,). This gives an element y € M, such
that
f(h(zn)) —h(z) +y € g (My).

In particular, M, = ¢, (f(h(zf)) —h(z) + y). As @ is very simple,

M. = @5, (f(h(2y,)) —h(z) +y).

We conclude from this that there is a bimodule homomorphism H; : Nf, — M,

such that Hy(zy,) = f(h(z,)) —h(z) + y. Since M, = ¢¢, (h(z¢)), we have

M, = ¢y, (f(h(z7,)))-

This gives a bimodule homomorphism Hy : NfYf — M, such that Hy(zf,) =

f(h(zf)). Define K : N, — M, by K := Hy — H;. Clearly, K(zf,) = h(z)+y. So,

M, = @7, (h(2) + ).

Take M <y, ML be such that h(z) € M and M & M, <x, M. Then
M & Mo = ¢y, (h(z) +y).

So, M = ¢ (h(z)) and then M, = ¢, (h(z)), as required.

(2): In view of Lemmas and there are n < w and @ € k \ S such
that the property (Pr1)j .[f,e] holds. Since e is simple, by Lemma we have
(M) = 5 (0.

Now let x € ¢f (My). Then z € ¢f (M,;). This gives us a bimodule homomor-
phism h : N}, — M, such that h(zj,) = z. Since (Pr1)j [f,¢| holds, thus we

have
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Also, recall that

hy” (2 + @5, (M) = h(2) + @, (My).

This completes the argument. (|

Remark 6.17. Adopt the notation of Lemma|6.16], and suppose in addition that

[IML]| < A and |[K|| < X for every K € clis(K). Then ||M/|| < X = ||M,]|.

Definition 6.18. Let M be an R-module, ¢ € € and n < w.

(1) (a) For f € End(M), we set £, :=f | % (M) /@t (M).

(b) Let End*" (M) := {f, :f € End(M) )"}

(c) Let Y, x(M) be the family of allf € End(M) such that for some A C M

of cardinality < A we have

Rang(f[e;,(M)) C {z + ¢f,(M) : z € ¢y, ((A)m)}-

(d) The notation EndZ’y (M) stands for the following two-sided ideal:

End%} (M) := {f, € End*"(M) : f € T, ,(M)} < End*" (M).

(e) Let n < m. The notation h2\"™[M] stands for the natural map from

<A

End2 (M) to EndZY' (M). In particular, {EndZ\(M); hZ'V™ [M]} is a

directed system.

(f) EndZ5(M) :=lim(- - - — End2} (M) — End257 (M) — ).

(g) We denote the natural maps:

he M) : End®} (M) — End®5 (M).

(2) Suppose in addition that M is an (R, S)-bimodule.

(a) For any f € Endg (M), we assign £, := £ | & (M) /@t (M)

MRecall that End(M) := Endg (M) is the ring of R-endomorphisms of M.

15There should be no confusion with clause (1)(a) above, as here we are talking about a

bimodule M.
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(b) The ring of R-endomorphisms of M induces the following ring
End®™*(M) := {f, : f € Endg(M)}.

(c) Let Ty (M) be the family of all £ € Endr(M) such that for some

A CM of cardinality < A we have
Rang(f[¢;,(M)) € {z + ¢, (M) : z € ¢, ({(A)m)}.
(d) EndSy" = {f, : £ € T, (M)}

It is easily seen that all the above defined notions are rings. We now define some

expansions of o M)/t (M).

Definition 6.19. Let M, ¢ and n be as above.

(1) The notation B (M) stands for &, (M)/pt (M) expanded by the finitary
relations definable by formulas in LES ,(TrR) (so actually even if we use this
notation for a bimodule M, it counts only as an R-module).

(2) Similarly, we define TB& (M), where p.e. formulas are replaced by “formu-
las preserved by direct sums”.

(3) For a bimodule M we define B:, (M) and T8¢ (M) similarly let restricting

ourselves to g (M).

So,
B, (M) = (05, (M)/ ¢}, (M), (R) rer),
where R consists of all finitary relations defined by a formula from LES ,(Tr). Sim-
ilarly
B (M) = (05, (M)/ @, (M), (R) pe+r),
where TR consists of all finitary relations which are defined by a formula from

Loow(TR) which is preserved under direct sums. Since, by Lemma pe-formulas

are preserved by direct limits, TB¢ (M) expands B¢, (M).
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Lemma 6.20. The following assertions are hold:
(1) Adopt the notation of Definition[6.18(1). Then End®™(M) is a ring with 1
and End2\ (M) is a two-sided ideal of End®" (M). |E| Suppose in addition
M is a bimodule, then S is naturally maps to End®™(M).
(2) EndZ\ (M) is a two-sided subideal of EndZ),(M) when A < pu.
(3) EndZTHLMlﬁ(M) = End®"(M).

(4) If My1,My are R-modules and h is an R-homomorphism from M; to Ma,

then h induces a homomorphism from B¢ (M) into B¢ (My).

Proof. (1). It is clear that all the defined notions are rings (not necessarily with
1). Now suppose M is a bimodule. Then one can easily show that for each s € S,
s defines an R-endomorphism of M by = — xs.

Items (2) and (3) are clear. To prove (4), first note that, as h(ef,(M;)) C

¢ (Ma),
by, =T [ o (M) /05 (M) : @5, (M) /f, (M) — @5, (M) /0, (M)
is well-defined. Now let ¢(v1,--- ,vy,) € LES ,(TR), and for £ = 1,2 set
R ={(z1, + ,@n) EMy: My = @(z1, - ,20)}.

Clearly h(R') = R2, and hence h,(R' + ¢, (M;)) = R% + ¢, (M,). The result

follows immediately. O

Remark 6.21. Adopt the notions presented in the proof of Lemmal6.20(4). Let h
be an R-homomorphism from My to My and n < w. The notation fln may stand

for the homomorphism from BE (M) into BE (Ma).

We now define some rings derived from the ring of R-endomorphism of bimod-

ules. Before doing that we need the following lemma which shows that the maps

hy", from Deﬁm’tion are definable.

16 Note that this ideal may be proper, i.e., 1 ¢ Endi’?\ (M) or not.
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Lemma 6.22. Let M be a bimodule, ¢ € € be simple and n < w.
(1) Suppose h : Ml; — My is an R-homomorphism, ¢ € €, n < w and z € L.
Then hﬁ)ﬁ,z oh, =h,o th’IZ’Z.
(2) Suppose z € L is n-nice and m > n. Then there is y € Nf,, such that for

every bimodule M,

hyp'y = hyp, [ (6n(M)/ 0, (M)).

(3) Suppose Y(z,y) € LES ,(T(r,s)) is such that
(i) ¥5(2) F 3y, y),
(ii) Y(z,y) =y (x) A P(y),
(iii) (x,y1) A(,y2) = i(yr —y2), for all £ < w.
Then there is some z € L such that for every bimodule M and x,y €

Pn (M),
M E ¢(z,y) <= hy, (v + ¢}, (M) =y + ¢, (M).

This property is denoted by (*)Zz
(4) For every z € L}, there exists Y(z,y) € LES ,(T(r,s)) satisfying the above
conditions, such that (x)y, . holds.

(5) If z1, 22 € L, then for some z3 € LY, and for all bimodule M,
by, = by, o by

Furthermore,

e,n en _ pem
hM,Zl :I: hM,Zz - hM,Zlizz'

(6) If z € Lt and h&’& is a bijection, then for some z' € LS, and for all bimodule
M, hy;", is the inverse of hy;",.

(7) If NS is finitely presented, then the formula ¥ (x,y) is first order. Further-
more, if NS is generated by {y; : i < my,} freely except equations involving

r€R only (nos€S), and z € ) Ry, then Y(z,y) € LES, (TR)-

<My
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Proof. (1). Let g : N;, — M be a bimodule homomorphism and let z = g(z¢).

Then

hij, (B ( + @ (M) = b, (h(z) + ¢f,(Mz2))) = h(g(2)) + @5 (Mo).

In a similar way, we have

by (hyy) . (2)) = ha(g(2) + 95 (M) = h(g(2)) + @5 (M)

The desired claim follows immediately.

(2). Set y = gn,m(z). It is easily seen that y is as required.

(3). Let z be such that ¢ (xf) F ¥(zf,2). In view of (i) such an element z
exists, and it is unique mod ¢f,(M) by (iii). Now define hy;", as given. Thanks
to items (i) and (iii) we know hy", is a well-defined function and by item (ii) we
deduce that

3.1) Dom(hy,) = ¢5, (M)/¢f, (M),

3.2) Rang(hy",) = ¢, (M)/f, (M).

So, we are done.

(4). Suppose z € L is given, and let Nf be as Definition Then for some

r*,r; € R and s*, s} €S, for i < ky,,_1, we have

z=r*r,s* + E T Ynis;  (+)
1<Km, —1

Let ¢(x,y) be the formula

Un(@) A Pr(y) Ny =ries’.

We are going to show that ¥ (z, y) is as required. Clauses (i)-(iii) are clearly satisfied.
To prove (%), ., let M be a bimodule and ,y € 15, (M). Suppose first that ¢ (z, y)
holds. Let also g : Nf, = M be a bimodule homomorphism, defined on generators

Zn,Yn,i Dy the following assignments:

4.1) g(z,) = =z,

4.2) g(yn,i) = 0.
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In view of (+) we observe that

g(z) =rzs* =y.

According to the definition

hy” (@ + ¢, (M) = y = [, (M).

Conversely, suppose that hy", (z + ¢f,(M)) = y = ¢f,(M). Let g be defined as
above, so that g(z,) = z. Now it is clear that g(z) = r*xs* = y, and thus ¢ (z,y)
holds.

Clauses (5) and (6) follows from a combination of (4) and (5). Clause (7) is clear

as well. The lemma follows. O

The above lemma allows us to define h™, independent of the choice of the bi-

z )

module M.

Definition 6.23. Suppose ¢ € € is simple as witness by X (see Definition (4))

and n < w.

(1) Let DE;, be the following ring, whose universe is:
{hy™:z €Ly},

such that:
() BE = he if and only if 21 — 2 € pS(NG,),
(b) he? £ hey =B,
(c) hg ohy = hi", where z3 is as in Lemma (5), and it is unique
modulo ¢, (N¢),

(d) the zero element is hy", the identity element is hy:". |Z|

(2) Dej, :={h¢" € DE}, : z€ Y {Ra:x € X}}.

(3) dE;, := {hy™ € DE;, : hy", € End(Bg,(M)) for all bimodule Ml >y, ML }.

"Note that DE™ is embedded into the endomorphism ring of ¥ (N ) /¢S, (N5, as an abelian

group.
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(4) dE;, . = {h$" € dE, : z is n-nice}.
(5) de;, := De;, NdE},.
(6) de;, . := Des, NdE;, [
(7) DE;,(R) is DE;,, when we choose S = T = Cent(R); similarly for the

others.

In the following diagram we display these rings. By A — B we mean A is a

subring of B:

13 [
dey, De,,

~ 7

dE}, DES,

A

dej, 1 Dejya

dE:H—l —> DE::,-H

Lemma 6.24. The following assertions are hold:

(1) DE; is a ring. Furthermore if ¢ is simple, then De;, and dE;, and de;, are
subrings of DE;,. The unit (resp. zero) element all of them is 1 = h;;
(resp. 0 ="hgy").

(2) All rings from part (1) are extensions of the ring T.

(3) De;,, dE;, commute.

(4) The ring de;, is commutative.

(5) There is a natural homomorphism DE; — DE; | (n < w). Similarly,
there are natural homomorphisms De;, — De;, 1, dE;, — dE; | and de;, —
dey, 1. By taking directed limit from the corresponding directed system, the
following rings are well-defined:

(CL) De® 3:@(D€5—>D€i—>"'—>D€;—>"'),

18So7 they two depend on X which witnesses that ¢ is simple.
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(b) dE* ::lig(dEg —dE] — -+ — dE] — ),
(c) def ::@(deg —sde] — - —> de;, —> ),
(d) DE* ::li_r)n(DEf) — DE{ — --- — DE; — ---).
(6) The ring S is naturally mapped into dE;,.
(7) The ring de;, is naturally embedded into de,_, and DE}, into DE} .
(8) The abelian group 1t (M)/@t, (M) is equipped with a module structure over

DE;, and it is naturally a (De;

n?

dE;)-bimodule, with de;, playing the role

of T.

Proof. (1). This is clear.

(2). This is clear.

(3). Suppose z,w € L are such that h®™ € De;, and h%" € dE;,. Without loss
of generality, z = ra for some r € R and x € X. Furthermore, since h%" € De; , it

preserves pe-definable relations, so we can assume without loss of generality that
X = {xn} U {yn,z 1< kmnfl}a
where the canonical sequence is taken from Definition Let also

* *
w=7rr,s + E TiYn,iSi-
i<kmy, —1

We have to show that

e,n e,mn __ e,n e,n
hy"oh;" =h;"oh}".

We have two possibilities: 1) z = ry,, ; for some i < ky,, 1 or 2) z = rz,,.
Case 1: z = ry,; for some ¢ < k,, _1.

In this case, first we define

1) ¥a(z,y) = ¥n(x) Ay (y) Ay =0,

i) Yuw(r,y) = Y5 (x) A (y) Ay = rras™.
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Let M >y, M, and z € 9f (M). It follows from the proof of Lemma 4) that
h" (2 + ¢, (M) =y + ¢, (M) <= ¥.(z,y)
and

hy (@ + 0L (M) =y + o, (M) <= tu(z, ).

In particular, we have the following implications

hyn (b (2 4 ¢, (M) = y + @), (M)
)
Fv (V= (2, 0) A (v,9))
)
Fo (y, () Ay (v) APy (y) Ao =0Ay =r7vs™).

Similarly, one deduces the following implications
hy” (" (2 4 @5 (M) = ' + ¢, (M)

)
3o (Yu (2, 0) A =(v,9))
)
Fo (5, (@) Ay, (0) A (y) Av =rTas™ Ay’ =0).
It follows from the above equations that y = 3’ = 0, and thus the equality follows.
Case 2: z = rx,.
In this case, for each z € M, hyy" (z + ¢f,(M)) = ra + ¢, (M). Set hy", (z +

08 (M)) =y + ¢, (M). By plugging this, we observe that

hy", (b (@ + 95 (M) = hy, (rz + @, (M)
= rhy, (x + 5, (M)

=1y + g, (M),
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and
by (g, (@ 4 0L (MD)) = by (y + @5, (M) = ry + @, (M).
The equality follows in this case as well.
(4). Recall from definition that de;, = De;, NdE;,. It remains to apply (3).
(5). In view of Lemma 2) we observe that the assignment hy", — hfvfgtiz)

defines an embedding map F, : DE] — DE] ;. This yields a directed system

{DE; }n>1. Now, we define

DE* ::hg(DEgﬂDEg—>-.-—>DEgﬂ>DE;+1—>.--).

Similarly, one may define the rings De‘,dE°, dE; and de° by taking them as a
direct limit of the corresponding directed system. In all cases they depend on m of
course.

(6). To each s € S we assign f; € End(M) defined by fs(x) = xs. The assignment
s+ f; defines a map S — End(M) which is an embedding. For each n < w, this

induces a map
¢ (M ¢ (M
cen(M) - en (M)
po(M) g (M)

We may regard this as an endomorphism of B¢ (M). Now, let z := z,s. Then

(fo)n

(f,)n = h&™. We proved that the assignment s — (f,),, induces a map p, : S —
dE;,. Denote the natural map dE; — dE;_, by H,. Now we look at the following

commutative diagram:

S s = .. = s =% s = ..
[ [ o]
dEs M gpy dgs_, Tt gpe e

Taking direct limits of these directed systems, leads us to a natural map
p:S=1lmS — limdE;, = dE",

as claimed.
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(7). This is similar to (6).

(8). The assignment

(m + @5, (M), hyy" ) = hy", (m + ¢, (M))

z

s Tieation Yn(M) ¢ P, (M)
defines the scaler multiplication oem) X DE, — R

. Now, we take the following:

Yo (M)
8.1) m+ ¢, (M) € 4

8.2) hyi", € De;, and

8.3) hi}", € dE:,.

The assignment

(", m + @4 (M), i) o b (b5 (m + o (M)

,W z

defines the scaler multiplication

C (M)
dE .
o (M) I e (M)

Since de;, = dE; N De;, is commutative, this induces the desired bimodule structure

on ¢y, (M) /¢f, (M). 0

The following diagram summarizes the relation between the above rings, where

by A — B we mean A is a subring of B:
de.,

N\

de — De

|

dE - DE

The following lemma says that for example for strongly semi-nice construction
M we have some control over Endgr(My); note that it only says it is not too large,
but we have the freedom to choose the ring S in order to make End(M)) have some

elements with desirable properties.
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Lemma 6.25. Let M = (M, : o < k) be a strongly semi-nice construction with
respect to (A, m, S, k), let M := My, and suppose every ¢ € € is simple. The
following assertions are hold:
(i) If (Pr1); .[f,¢] holds, then hi™ is an endomorphism of B} (M). Further-
more, h{™ € dE;, .

(i) If (Pr1)y .[f,¢] holds and £ € Aut(M), then hy", is an automorphism of
BE (M) and even of TBE (M).

(i) End®“(M)/End2 (M) embedded into dE®. Suppose in addition that A = k
and let S be a subring of End®*(M)/EndZ$ (M) of cardinality < . There
is a club C of k such that for any o € C'\ S large enough, the ring S is
embedded into End®* (M/M,,).

(iv) Let h®"[M] denote the natural map End®" (M) — End®“ (M) and let E,
be the set of all ho"[M(f,) |'¥| where f € End(M) satisfies in the property
Pr1)e ) .. 0 lf> ¢l for some 2, (f) € Ly, and an(f) < k. Then
(a) End*“(M) = U En,

) B CBrts
(¢) zn(f) is unique modulo ¢, (NE).
(v) B, is a subring of End®“ (M) and the mapping £, — h", is a homomor-

2n ()

phism from
{fn o fe€EndM) and (Prl)y ¢ . () for some on(f) <k and z,(f) € IL:{}
into dE;, with kernel EndZ\ (M), i.e.,
{f € End®*"(M) : z,,(f) € ¢, (N,)}.

(vi) The ring S is naturally mapped into End(M), for each a < w, there is a
natural homomorphism from End(M) to End®*(M), where for a < w has

a natural mapping to dE. In particular, S is naturally mapped into dE°.

198ee Definition for the definition of fn.



Paper Sh:421, version 2022-06-07. See https://shelah.logic.at/papers/421/ for possible updates.

106 M. ASGHARZADEH, M. GOLSHANI, AND S. SHELAH
Proof. (i). In view of Lemmal6.20[ii), f induces a homomorphism from B (M;) —
B¢ (Ms), and we conclude from Lemma that z € L&*. By definition, h®" €
dE;, ..

(ii). For some formula ¢ (z,y) € LL, (TR,s)), for all M, and all z,y € v, (M) we
have

hy" (2 4 9, (M) = y + 0o (M) & M = (2, y).

Now, we define ¢’ (z,y) by the following role

M | ¢ (x,y) & M E ¥(y, ©).

Since f is an automorphism, 1’'(x,y) satisfies the assumptions (i)-(iii) of Lemma

6.22{3), and hence for some 2’ € Lf, and all z,y € 1, (M),

hi” (2 + eu(M)) =y + ¢ (M) & M | ¢/(z,y).

. en . . 3 en . en -
It is now clear that hy;, is the inverse of hy; . In particular, hy;" is an automor-

phism of B¢ (M).

(iii)+(iv)+(v). For each n, set

F,={f,: feEndM)and (Pr1)] « . ¢ forsome o(f) <k, z.(f) € Lo},

We will prove the following four claims:

(1) End**(M,) = | E,.

n<w

(2) E, is a subring of End®*(M).

(3) The assignment f, — he’"(f) yields a homomorphism g, : F,, — dE}, with

Zn

kernel
{f, € End®"(M) : 2, (f) € ¢ (N,)}.

(4) The assignment he"[M](f,) — hi’:(f) induces a homomorphism E,, — dE},.

Let us prove them:
(1): Clearly, we have |J E,, C End““(M,). To see the reverse inclusion take

n<w

g € End“*(M,). There is some n < w such that g = h%"[M](f,) where f €
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End®"(M). Here, we are going to use the a strongly semi-nice construction. In
view of this assumption, we can find a,(f) < A and z,(f) € L' such that the
property (Pr 1)Zn(f),zn(f) holds. By definition, g € E,,. This completes the proof of
claim (1).

(2): This is clear and we leave it to the reader.

(3): Note that z,(f; £1f2) = z,(f1) £ 2z, (f2) modulo ¢, (N,,). This shows that g,

is additive:
on(fi £12) = hy g 1) =h% (g) T h ) = on(f1) + on(f2).
Similarly, for any r € R we have g, (rf) = 0, (rf). Here, we compute ker(g,):
on(f) =0 < b7 () = hy < z,(f) € 9, (Nn),

ie., ker(on) = {f, € Fyy : 2, (F) € 0u(N,,)}, as claimed.
(4): This is trivial.
Items (iv) and (v) follow immediately. The assignment

e,n ¢ e,
h®"[M](f,) — hzn(f)

defines a homomorphism from End“* (M) into dE° with kernel

U {he,n[M}(fn) € End**(M) : 2, (f) € @Z(Nn)}v

n<w

which is included in End2f(M). In sum, we have a natural embedding from the
ring End“* (M)/End25 (M) into dE°.
It remains to prove the moreover part of (iii). To this end, let S be any subring

of End®“(M)/EndZY (M) of cardinality < X. For each s € S we find n, < w and

f, € End(M) such that s = h®"[M]((f,),, ) + EndZf (M). We look at the following

Ns

club of k:

Cs :={a < k : Rang(fs | M,) C M, }.
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For each a € C, \ S, we define an endomorphism 6(s) : M/M, — M/M, by the
following role:

0(s)(x +M,) = fs(x) + M,.

It is now natural to take (] C as our required club, but we need to do a little
seS

more. Indeed, it is not clear that if # is a homomorphism, as it may not preserve

addition or multiplication. To handle this, we shrink the above intersection further

as follows. Given s1,---,s, € S, we see the following element

hevn[M](<f51+---+sm)nsl+-.-+sm) - he’n[M]((fﬁ)nsl) - hem[M]((fsm)nsm)

is in EndZ5 (M) and the following element

B M((Esy sy ) = (B IM)(E D, ) 00 O (R D)

belongs to End2 (M). Thus, we can find «(s1,- -+, sm) < & such that

Rang((fsl_,_..._,_sm —f, == fsm) I we(M)) - Ma(517”' ,Sm)

and

Rang((fs,...s,, — (fs, 0+~ 0fs ) [ 9 (M)) C Mu(s, . )

Let
a(x) :=sup{a(si, - ,Sm) :m < w, S, ,Sm € S} < k.

We claim that

C:=[)C:\ (a(x)+1)

s€s
is as required. The key point is that for s1,---,s,, € 5, and o € C, modulo M,
we have
foitots, =)+ + 15,
and
fo,..s,, =fs,0---0f .

(vi). Let s € S. The notation f; stands for the multiplication map by s, e.g.,

f; € End(M) and it is defined by fs(z) = zs. The assignment s — fs defines
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an embedding S — End(M). Let o < w. The map f — f, yields a natural
homomorphism End(M) — End®"(M). For « := w, as End®* (M) is the direct
limit of (End®"(M) : n < w), and by the above argument, we have a natural
homomorphism End(M) — End®“(M). Finally, the assignment h®"[M](f,) —

h? ;) defines a homomorphism End®*(M) — dE. O

Definition 6.26. By End(;(M) we mean

{h € End®" : the range of h is compact for (e,n) in M} .

Remark 6.27. In Lemma we can replace End2\ (M) with End}(M) and
drive the analogue statement. Since this has no role in this paper, we leave the

routine modification to the reader.

Lemma 6.28. Let m := (K,M,, ¢ R,S, T) be a A-context, where \ is a regular

cardinal such that

A= A% > [R|+[S] 4 Ro + [[M|]

and for all o < X\, a® < \. Then there is a bimodule M >y, M, satisfying
IM|| = A = |98 (M) /@S, (M)| such that M has few direct decompositions in the

following sense:

(i) if M= @ M, and ¢ € €, then for all but finitely many t € J we have
teJ

V [w5(My) € @5, (M)

n

In particular,

V [5 (M) = @, (My)],

n

provided ¢ is simple.
(ii) Assume in addition that |R| + |S| < 2% and that M = K, ® P, for a <

(IR| + [S|+RNo)*. Then for some ag < aq and some n < w we have

¥ (Ka,) € 07 (Ka,) + @5, (M),
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where £ < 2. In particular, if ¢ is simple, then

Pn(Kay) + 0L (M) = ¢;,(Ka,) + o5, (M).

(i) End®*(M)/End2 (M) has cardinality < |R| + [S|+ Ro.

Proof. Let (M, : a < A) be a strongly semi-nice construction for m and assume
S C Sy, is stationary such that S \ S is stationary as well. Let M := M. We
show M is as required.
(i). Suppose not. Let Ml = @) M, and ¢ € € be a counterexample to the claim.
teJ

Without loss of the generality, and by shrinking we may and do assume that J = w.

Also, for each n < w, 8 (M,,) € ¢t (M,,). Define f : M — M in such a way that

0 x € M,,,
f(z) =

r T e M2n+1

In other words, f is the natural projection from M onto €@ My, 1. Recall that
n<w

there is some n(+) < w, o < A and z € L} ) so that the property (Pr 1)25:)[& e]

holds. Let G* = (G* : n > n(x)) be a decreasing sequence of additive subgroups of

@;(*)(M) is taken from Lemma In particular, the following is satisfied:

(1) If n > n(x), h: Nj, — M and z, := gy (+),n(2), then f(h(z;,)) —h(z,) € G;,

(2) If z; € G, for £ > n(x), then there exists z* € G, such that
2= Y 2 €l (M),
L=n(x)
Due to Lemma [5.21[(1) we know that there are k, m < w such that

3) G € @ My + ¢, (M).
<k
For each n > n(x) +m + k, we pick some y, € 95 (M,) \ ¢5(M,). Let also
h,, : N{, — M,, be a bimodule homomorphism such that y, = h,(zf). We choose

n large enough. The assignment

x> (hy(2), hyp1(gn(z)) € M, ® My CM
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defines a map h : N,, — M. This unifies h,; and h,. By symmetry, we may

assume that n is even. It then follows from clause (3) that

h(z,) = (hn(zn)vthrl(ZnJrl)) € ¢, (M,) C ¢, (M)

and

Yn —h(2n11) = Yn — (hny1(2nr1), hnra(zna2)) € @5, (M) C @f, (M).

It follows from the first one that h,(z,) and h,,+1(zp+1) are in ¢, (M). By repeti-

tion, hy,y2(2ni2) € @5 (M). We plug these in the second containment to see
Yn € g, (M).

This is a contradiction that we searched for it.
Here, we assume that ¢ is simple. According to Lemma P (M) = o8 (My)

for all n and ¢t € J. Hence for the n as chosen above, we have

on(My) = ¢, (My),

as required.

(ii). For each a < (|R|+ [S| + Rg)T, let £, be the projection onto K,, i.e.,

£ (2) z z €Ky,
a\T) =
0 xelP,
Pick n.(a) < w, z(a) € L} ) and Bi(a) such that (Pr 1);*53)) (@) [fa, ¢] holds.

We combine Lemma along with Lemma 1) to find m(a) < w and a com-
pact and decreasing sequence (G} : £ > m(«a)) of additive subgroups of tp;(*)(M).
Furthermore, in the light of Lemma we can assume that G}, € ¢, (M).
There exists a stationary set S of a < (|[R| + [S| 4+ Ro)™* such that for some n < w

and some fixed z € L¢

no

and for all & € S, we have n,(a) = n and z,(a) = z. Let

ap < aq bein S and £ < 2. It follows that:
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y € P8 (K,,) = 3Jh:N, = K,, such that h(zf) =y
= f(y) = h(zn) € G, C @i, (M)
=y —h(z) € ¢, (M)

=y € pp(Ka,) + ¢, (M).
We proved that ¢ (K,,) C 8 (Kq,) + 5, (M).

Now suppose that e is simple. In view of Lemmal[6.8 we have ¢¢ (Ka,) = ¢ (Ka, ).

It then follows that

on(Kap) + L (M) = ¢, (Ka, ) + @5, (M).

(iii). We apply the notation introduced in Lemma We say f € End(M) is
nice at level n. if it satisfies in (Pr1)7 ¢ _ () for some oy (F) < Aand z,(f) € L.

Recall that F, is defined by the natural image of

Foo={f 1 (¢5(My)/¢, (M) : f € End(M) which is nice at level n}

in End®*(M). Also, the mapping f + h;ln(f) induces a homomorphism from F},

into dE;, with kernel End2}(M). Since End“* (M) = L<J E,, it is enough to show
nw

that {h:n(f) : zn(f) € LU} is of cardinality at most < |R| + [S| + Ro. Thus it is

enough to show that the cardinality of N¢, is at most < |R|+ |S| 4+ Rg. This holds,

because N, is finitely generated as an (R, S)-bimodule. O

Remark 6.29. Adopt the notation of Lemma(ii). If we omit “R|+|S| < 2807,
we get by the same proof weaker conclusions: with an “error term” which is included

in a finitely generated bimodule.

The following is supposed to be used together with any of the later lemmas here

as its conclusion is in their assumptions.

Lemma 6.30. Let R be a ring which is not purely semisimple and let S := T :=
(Or. Let K = K[R,pu] be the family of (< w1) generated and (< 0) presented

bimodules where pf < p and let M, be a bimodule of cardinality < u. Finally, let
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€ := €Rr,, be the set of (< k)-simple non trivial ¢ € € gy wherever (||[R|[+Xg) <" <

w. The following assertions are true.

a ere is ¢ € € which is very nice.
(a) Th & which is very
(b) If (|R| + Rg)®0 < p, then ¢(@) € € for every very nice @.

(c) m=(K,M,, & R,S,T) is a non trivial context which is simple.

Proof. Since R is not purely semisimple, and in the light of Theorem [3.22] we can
find a sequence ¢ = (p, () : n < w) as in Definition [6.2] Then ¢ = ¢(@) € € is very

nice. This confirms (a). Items (b) and (c) are clear. O

Lemma 6.31. Suppose R is a ring, T is a complete first order theory of R-modules
which is not superstable, S = T = (1)r and p > |R| 4+ k. Then there is a family

KU{M.} of R-modules with p members such that:

(a) M, & @ M, is model of T whenever M, € K, moreover
tel

ML, =L(rr) M, & @Mt
tel

(b) For any N € KC we have ||N|| < pu.

(c) If 2" < 1 and py > ||R|| + &, then every model N of T satisfying
M, <L(mR) M, ¢ N

belongs to K.

(d) Let 2" < p and puy > ||R||+Ro. Then every appropriate sequence (Ny,, gn, T, :
n < w) with ||N,|| < 1 belongs to K.

(e) Let € be the set of (< No)-simple non trivial ¢ € € gy such that each N,
is in K. Then m = (K,M,, & R,S,T) is a u-context; note that a bimodule

for m is just an R-module.

Proof. Let M, be any Nj-saturated model of T of size < u and set

K:= {N : N is an R—module such that M, =L(mr) M., & N and 2lINI < ,u}.
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It is easily seen that K is as required. Since this has no role in the paper, we leave

the routine details to the reader. O

The following easy lemma plays an essential role in the sequel:

Lemma 6.32. Let m be a A-context and S be a free T-module with a base {cz :
B < a}. Let ¢ be very nice, o, = (o, - - -, Yk, —1)¢), where
mp—1 kn—1
do= N |oto— X thal.
=0 i=0
Let ¢ = ¢(p) € €™ and N,, = Nt (see Definition [6.6). The following assertions

hold:

(1) Let N, o be the R-submodule of N,, generated by {x,y; : i < km,—1}. Then
N, is the direct sum ) N, g and hg : Ny, o = N,.5, as R-modules, where
N, g is the R—modulf?}inemted by {xcg} u {yzcE 21 <k, -1} freely except
the equations ¢, and hg is the identity.

(2) ¢n(Nn)/¢uw(Ny) = 52 ¢n(Nn,g)/¢w(Nn,g) as a T-module.

(8) For any z € L, there are zg € Ny o NLE Nl (N, o) such that z =

52 hg(z). Also, he" = 52 h;’:(zﬂ), In particular, z is n-nice if and
<« <«

only if each zg is n-nice.
(4) The rings de;, and S generate dE;,. In fact each element of dE;, has the
form Y wxgsg, where xg € de;, and sg € Sg. Also we have dE;, = de;, ® S.
B<a T
(5) Let Z,, be a mazimal ideal of de;,. Then D, := de}, /T, is a field.
(6) Let TV :=T/(Z,NT), S :=S/(Z,NT) and let M be from a strongly semi-

nice construction. Then any set of equations on S which has a solution in

Endgr (M) has a solution in D, ® S'.
T/

Proof. (1). Since S is free as a T-module with the base {cj : 8 < a}, we have
S=6 f<a Tcj. Now, we apply this through the following natural identifications

of R-modules:
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RzS & @i<km—1 RyS = ®ﬂ<o< Ruch @ ®i<km—1 ®ﬁ<a Ryicy
— @[Ka (ch:,; @ ®i<km—1 RymE) .

It turns out from the previous displayed identification that

Nn = @ Nn,Ba

B<a

as an R-module. Also for any y € N, o, we set hg(y) := ycg. This yields an
isomorphism hg : N, o = N,, 3 of R-modules.

(2). We apply Lemma along with (1) to conclude that ¢, (Ny,) = D5, on(Nn g).
Consequently, o (Nu),/ 2 (Nu) = Do 0 (M) /(N ).

(3). Let z € L. Then,

z € pn(Ny) = @ @5 (Nn,g) = @ h/é(@;(Nn,O))

B<a B<a

Let z3 € Ny, o be such that z = > hg(zg). It is evident that z5 € N, o NL{ N

B<a
QOZ(NV%O)'

Now suppose that g : N, — M is a bimodule homomorphism. Then

hi" (g(zn) + pu(M)) = g(2) + pu(M)
= (X g(hs(2s))) + wu (M)

B<a

> (&(hs(zp)) + pu(M))

B<a
= Z hg(z;;)( g(zn) + 9o (M)).

o e,n

It follows that h®&™ = ﬁ; h, )

(4). Let = € de;, and s € S. Then xs € dE;,. This implies the existence of

a T-linear map de;, x S — dE;. By the universal property of tensor products,

there is a map f : de;, ® S — dE;,. Now, let z € dE;,. By clause (3), there are

zg € de;, and sg € S such that z = )" zgsg. Moreover, by its proof, we know that
B

such a presentation is unique. This shows that f is an isomorphism. Up to this

identification, dE;, = de;, ® S. Thanks to Lemma [6.24] we know the rings de;, and
T

S commute with each other.
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(5). As Z,, is a maximal ideal, it is clear that D,, is a division ring. Since the
ring de;, is commutative (see Lemma (4)) we deduce that D,, is a field.

(6). Let

()1 >, i X] =0,
be a system of polynomial equations with parameters s;; € S and indeterminates

{X.}. Suppose these equations have a solution f € End(M). This means that
(%)2 >, s5i;£7 = 0.
There are z,(f) € L;, and a,(f) < A such that the property (Pr1)y ¢ . [ ¢]
holds. Let f,, := f,. Then
(*)3 > sifh = 0.
Recall from Lemma v) that the natural mapping g, : £, — hzn(f) is a homo-

morphism from

{fn : f€EndM)and (Pr1)y ¢ . ) holds for some an(f) <A and z,(f) € Lo}

into dE;, with kernel included in End%% (M). Let

End®" (M)

: End®" (M) — —¢ U
m + End®( )_»EndZZ((M)

be the canonical surjection and let g, = W(h;’n(f)). Applying 7 o g, to both sides
of (%)s3, we get
(*)a Zj sijg{l =0.

Since there is an embedding

_ End®" (M)

7" EndZ3 (M)

— dE;,

by setting e,, := pn(gn), we have

(*)5 Zj sije% =0.
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In view of Clause (4) we see that dFE; = de;, ® S. Recall that there are natural
T

surjective maps de;, - D,, and S — S’. These induce the following natural map
o:def ®S —D,®85.
T T

Set t,, := o(e,). By applying o to (x)5 we obtain

(*)6 Zj Sijt% =0.
This essentially says that the polynomial equations from (x); with parameters in

S have a solution in D,, ® S’ as well. This is what we want to prove. (I
T/

In what follows we will use the following two consequences of Lemma[6.39:

Corollary 6.33. Suppose that the following three items are valid:

(a) R is a ring which is not pure semisimple and let T be the subring of R
generated by 1, i.e., T = Z/nZ, wheren := char(R) which is not necessarily
prime.

(b) S is a ring containing T such that (S,+) is a free T-module and suppose
that for every s € S\ {0s} for some N € KU {M.} we have Ns # {On}.

(c) A=cft(\) > ||R|| +IS]| + Ro and a < X = |a|0 < A.

Then we can find an R-module M of cardinality \, and a homomorphism h from S
into End(M) such that:

(d) Ker(h) = {0}.

(e) If ¥ is a set of equations with parameters in S such that h(X) is solvable
in Endg (M), then X is solvable in D ® S for some field D.

(f) If s € S\ {0s} and N € K is such that Ns # {On}, then the image of M

under h(s) has cardinality \.

Recall that the notation | means divides.
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Corollary 6.34. Suppose S is a ring extending Z such that (S,+) is free, and let

R be a ring which is not pure semisimple. Let D be a field such that
p := char(D)| char(R)

and set

7./ pZ p>0,
Ly = /

Z otherwise.

Suppose ¥ is the set of equations over S which is not solvable in D ®z (S/pS).

Finally, let M be strongly nicely constructed. Then ¥ is not solvable in End(M).

Recall that a module is No-free if each of its finitely generated submodules are

free. This yields the following statement:

Remark 6.35. In Corollary if (S,+) is an Ny-free T-module, the similar

conclusions are hold.

7. DROPPING GODEL’S AXIOM OF CONSTRUCTIBILITY

Our aim in this section is to extend the main results of [40] to the ordinary set

theory. From now on we assume that R is a ring which is not pure semisimple.

Theorem 7.1. Let A be a reqular cardinal of the form (u™°)* such that X > |R].

Then there are R-modules M, My and My of cardinality \ such that:
(1) M M; @M ¢ My,

(2) My 2 Mo,

(3) M1 El:xy/\ Mg.

Proof. (1) + (2): Let T be the subring of R which 1 (the unit) generates.

Step A): Here, we introduce the auxiliary ring S:

Let S := w where T(X, Wy, Y, W) is the skew polynomial ring in
non commuting variables {X, W, Y, Ws} with coefficients in the commutative ring

T, and [ is its two-sided ideal generated by:
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(#): XX = X,

Yy =,

XWWse =X,

YWy =Y,

WY = AWy,

(1-X)(1-Y)=1-2,

yx =Yy,

IWe X = YWs.

We call them “test equations”. In other words, S is the ring generated by T U
{X, Wy, Y, Wa} extending T freely except the test equations (to understand these
equations see the definition of M® as a bimodule below).

Step B): Let a < 8 < v be additively indecomposable ordinalﬁ and let M
be an R-module. We define a new bimodule M® related to M and ordinals a, 5, .

Fori < ,let h; : M —» M (where MY is an R-module) and set M® := S7) M.
We expand M® to an (R, S)-bimodule. To this end, we take x € M?. Duz:go the
axioms of bimodules, it is enough to define {h;(z)X, h;(x)Y, h;(x)Wh, hi(x)Wa}.

We define these via the following rules:

hl(x) (R Q,
hz(x)X =

0 1 < a,

0 1<,

hj(z) ifforsomee, i=a+e<7vy, j=F+€e<7,
hz(z)W1 = !

0 otherwise,

20Recall that an ordinal 7 is additively indecomposable if for all ordinals «, 3 < v we have

a+B<7y.
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and

hj(xz) ifforsomee, i=pF+e<7y, j=a+e<r,
hl(l‘)Wg = ’
0 otherwise.

Let m := (K,M,, & R,S,T) be a A-context, where M, is an N;-saturated R-
module of size \, see Definition

Let M := (M, : a < k) be a strongly semi-nice construction with respect to
m. Recall that semi-nice construction is a consequence of Section 4, and its strong

form was constructed in Section 5.

Let P := M, and let gP be P as an R-module.

Step C): Here, we define the R-modules M, M; and M of cardinality A such
that M@ M; &2 M ¢ M.

To this end, recall from the second step that every element of S may be considered
as an endomorphism of gP. Set gM! := (gP)X and gM; := (rP)(1 — X). We
conclude from the formula XX — X = 0 that gM! NgM; = 0. Let us use from the

formula X(1 — X)) =1 that
RP = RP(X + (1 — X)) = RPX + (1 — X)rP = gM' + gM,; = gM' ® g M.

Let gM? := (gP)Y and M, := (rP)(1 — Y). In the same vein, the above formula

leads us to the following decomposition
rP = RM? & g M.
In view of the equation YW1y = XYW, we have
M'W; = RPAW, = RPAW,Y C gPY = M°.

This yields a homomorphism from M* to M2, defined by the help of the following

assignment

a+— aW.
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Similarly, W, provides a homomorphism from M? onto M!, defined via
b — bWs.

Thanks to the equations YWoW; = Y and YX = ), it is easily seen that the

multiplication maps by W; and W, are inverse to each other. This provides an

isomorphism from M onto M2, so let gM := gM* = gM?2.

Step D): One has gM; % rMbs.

Assume towards contradiction that gM; = gMs. Thus there are f; : gM; —
rM, and fo : gMs — rM;j such that fifo = 1 and fof; = 1. Recall that
RP = rRM! @ gM; = rM? @ grM,. Define Z; € Endr(rP) by applying the

following assignment

(a,b) € RM" ® gM1 — (aWi, f1(b)) € RM? & RM.
In the same vein, define Z5 € Endg (grP) via

(a,b) € RM* ® RM — (aWs, f2(b)) € RM' @ rM].

Clearly, 2125 = 2527 = 1 = idp. It is also easy to check that:

XZ=XZ),
(1-X)Z2=(1-X)Z1(1-)),
VYZy =Y2X,

(1-Y)22=(1-Y)2(1- ).

We use just one very simple non trivial e € ™. In the light of Lemma there

are
o n(*) < w,
o a(x) € K\ S and

o z €Ly ,[K]
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such that the property (Pr I)ZE’;)M holds. This allows us to apply Lemma to
conclude that the equations above hold in the endomorphism ring of the abelian
group @Z(*)(M)/apfu (M) for any bimodule Mﬂ when we replace Z; (resp. Z3) by
hfvf;;) (resp. h&?;:)) and interpret X,Y, Wi, W5 € S naturally. This holds in

particular for the bimodule M® we defined in Step B). So, the following equations

hold:
ARGL = XhGL Y,
(1-X)hys . =1 -X)hgi  (1-)),

en _ e,n
th@ Z2 th@ 122 X,

(1-)hie =1 -Vhis _(1-X).

These equations in turn define certain decompositions of ¢f, (M®) /¢ (M®) which

yield to the following isomorphism

(pfz (Zi<ﬁ M1®) i @%(Zi«x Mz®)
28 (ZK/B M?) 2% (Zi<a M?)

The cardinality of left (resp. right) hand side is |3 (resp. |«|). Thus if we choose

|B] > ||, we get a contradiction that we searched for it.

(3): This follows from (1)+(2) and Lemma [4.20] O

Remark 7.2. Adopt the notation of Theorem [7.1]

(a) Note that (1) becomes trivial if we remove the “of cardinality \”. To see

this, take M, My and My to be free R-modules with
M| > [[My ]| > [[Mz]| = [R| + Ro.
(b) Recall that My =, , My means for every sentence 0 € Lo x,
M Fo < M; o
Notation 7.3. V> means for all but finitely many n € w.

In[8.3 see blow, we will reconstruct the following:

21Recall from Lemmathat ps (M) = 95 (M) holds for all n < w.
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Theorem 7.4. Let A = (u™0)* > |R| be a regular cardinal. Then there are R-

modules My and My of cardinality A such that:

(1) My, My are not isomorphic,
(2) My is isomorphic to a direct summand of Mo,

(8) My is isomorphic to a direct summand of M.

Proof. Let T be the subring of R which 1 generates. As before, we need to choose
aring S (essentially the ring of endomorphisms we would like).

Step A): To make things easier, we first introduce a ring Sy which is easy
compared to S.

Let Ay (resp. A_1) be the set of even (resp. odd) integers and let f be the

following function:

i+l ifi>0,
fi) =
i—1 ifi<O.
Thus, f maps Ay (resp. A_;) into A_; (resp. A;1). Also, A1 \Rang(f [ A_1) = {0}
and A_; \ Rang(f [ A1) = {—1}. Let ¢ vary on the integers. Let Sy be the ring
extending T generated freely by {X;, X_1, Wi, W_1,21,Z_1}. Let D be a field
such that if | T|| is finite, then the characteristic of D is finite and divides ||T|.
Then, we set S, =D % So.
We are going to define a right (D?SO)—module Myy.. We first equip a left

D-module structure over M := > {Duz; : ¢ € Z} via the following rule

b(z a;x;) = Z(b&i)%‘,

where a; and b are in D. As mentioned earlier, we like to make M a structure of
right (D ® S¢)-module over M which will be called M},. Let z € M and ¢ € D ® S,.
T T

In order to define xzc, as D and Sy commute, it is enough to define it for x = x; and

ce{X, X_1, Wi, W_1,2Z1,Z_1}. In sum, the desired scaler multiplication, can be
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completed if we follow the following table of assignments:

X; if i € A1
l‘in =
0 ifi € A_l,
0 if i € Ay
$¢X_1 =
x;, ifie A,h
Wy =y,
xr-1(y if i € Rang(f
xiW_l = / (Z) ( )

0 otherwise,

xizl =
0  otherwise,

and
J?Z‘Z_l =
0  otherwise.
Recall that we equipped My, with a structure of right S;;—module. Let gf; be the

natural ring homomorphism from Sy into S§;. By using g, the Sf;—module My,

becomes a right Sp-module.

Step B): In this step we define the auxiliary ring S.
Let S be the ring with 1, associative but not necessarily commutative, extending
T generated by Xy, X_1, Wy, W_1, Z1, Z_; freely except the following list of test

equations (to understand them see below):
(x) o=0ifocisa ternﬂ, Mo = 0 for My as defined in Step A), for every

field D such that if T is of finite cardinality n, then char(D)|n.

In the course of proof, we need some explicit test equations. Let us drive some of

them from (x):

22i.e., in the language of rings, in the variables X1, X_1, Wi, W_1, 21, 2_1.
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(*¥)1: X2 = A&y,

X% = X4,

X +X =1,

XX 1 =X_1X =0,

Z2 =2, 21X = 2 = X1 21,

X Wy = (X W)X 24,

X1 ZW 1 = (X Z20W_1)X_y,

X WW_1=X_1, and

X ZOW_ W, = 2, = X, 2.

Let us show, for example, that X7 + X_1 = 1. We need to show the left hand
side is the identity map when we consider it as an endomorphism of Mj,. To this

end, we evaluate X + X_; at any generator of My, say x;. Recall from

z;, ifie Al,
.’,Ein =
0 ifie Afl,
and
0 ifie A,
JL‘Z‘X_l =

r;, ifie A4

that x;(X1 + X_1) = x;. Hence, X1 + X_; = 1, as claimed. The other relations will
follow in the same way.
Step C): In this step, we introduce the R-modules M; and My of cardinality A

such that:

(i) M is isomorphic to a direct summand of My and

(ii) My is isomorphic to a direct summand of Mj.

Let (M, : @ < A) be a strongly semi-nice construction for (A, m,S,\) and let
M := M. Recall that such a thing exists. Let My := MAX; and M_; := MX_;.

Since X1X_1 = X_1&X; = 0, we have M N M_; = 0. Thanks to the formula
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X+ X =1,
M =M(X; + X_1) =MX; + MX_; =M; +M_; = M; & M_,.

Then M; and M_; are equipped with R-module structure, and there is the identi-
fication Ml = M; & M_;. We shall show that M;, M_; are as required in Theorem
(with respect to M and Ms).

The relations 212 = Z; and 21X = Zy = A1 Z; imply that
My =M;(1— 21) &M 2,
i.e., M; Z; is a direct summand of M;. Since X_1W; = (X_1W;)X1 21, we have
M_ Wy = MX_1W; = M(X_1 W) A1 21 C M 2, = M, 2.

Thus, Wy maps M_; into M Z;. In the light of the formula X1 Z;W_1 = (X1 Z,W_1)X_4

we observe that
M ZW_1 = MX1 ZW_1 =MX1 ZiW_1 X1 CMX_{ =M_;.

In other words, W_1 maps M Z; into M_;. We are going to combine the formula
X_WiW_1 = X_; along with X1 Z{W_1W; = Z; = X121 to deduce that the
multiplication maps by W; and W_; are the inverse of each other. This implies
that M_; is isomorphic to a direct summand of M; (as left R-modules). Similarly,

we obtain:

My =M (1-Z2)0oM 2 ;.

So, M_; Z_ is a direct summand of M_; and M_; Z_; is isomorphic to M. By the
same argument, M is isomorphic to a direct summand of My as left R-modules.
In summary, we showed that

e My 2M;(1—2;)®M_; and

[ ] M_1 = M_l(l — Z_l) @Ml
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This completes the proof of Step C).

It remains to show that Ml; 22 M_;. Suppose on the contrary that they are
isomorphic, and we get a contradiction, which is presented at Step H) below. Let
¢ € €™ be simple.

Step D): There is a solution Y € dE;, to the following equations:
()2 X YX 1 =X)Y, X YX=X,)Y, YY=1
To see this, recall that Ml; 2 M_; and Ml = Ml; M _;. Let h be an isomorphism

from My onto Ml_;. Define f : M — M by
(a,0) eEM=M; @M_; = f(a,b) = (h"1(b), h(a)).

So, f € Endg (M) and it satisfies f | My = h and f | M_; = A=, The member in
dE;, which f induces solves the equations in (x)s. This completes the proof of Step

D).

In the light of Corollary [6.33] it is enough to prove the following two items:

(a) in D® Sy there is no solution to (x)s, in particular, there is no such ).
T
Note that St, have the same characteristic as D.

(b) Sp is a free T-module.

Clearly S is a T-module, generated by the set of monomials in
{0, X, Wi, Wy, 24, 20 )

Our aim is to show that S is a free T-module; in fact we shall exhibit explicitly a
free basis. For £ € {1,—1}, k € Z, n > 0, n > —k, we define an endomorphism f,f’n

of My by

B (2) m Tpey if f77(i) is well defined and z; € Ay,
k,n\*t) -—
0 otherwise

It is easy to see that it is an endomorphism of My, as a left D-module. We will

define a monomial y,ﬁ,n, in the following way. For every monomial o let o be
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1= idM]g and remember n > —k so n + k > 0. Now set
Vi = Xe(W-1)"WiHE,

It is easy to see that the operation of y,ﬁ,n on My by right multiplication, is equal
to f,fﬁn.

Let
G={Vi,:(kn)ecw}

where w = {(&k,n): te{l,-1}, keZ, n>0, k+n>0}.

In the next step, we show that G generates S as a T-module.

Step E): The set G generates S as a T-module.

Indeed, it is enough to show that for every monomial o, some equation o =
> al Vi, holds in S, where {(€,n,k) : af, , # 0} is finite and af ,, € T, i.e., it
holds in the endomorphism ring of Mj,. We prove this by induction on the length
of the monomial o.

If the length is zero, o is 1. Recall from (x); that 1 = X7 + X_;. By definition,
Xo=Y§oi50 1=+ V5 as required.

If the length is > 0, by the induction hypothesis it is enough to prove the

following:
* et T € 1, X1, W W_1,21,Z2_1;. en T 18 equal to some
L X1, X, Wi, Wy, 21, 20} Then Vi) 7 1
Z aimylf:,n'

L,k

Indeed, it is enough to check equality on the generators of My, that is the x;’s.
The proof of (x) is divided into the following three cases:

Case 1: yﬁgigm(*)Wz is:
0(x) it 0=
yk(*)+1,n(*) it =1
Vel imy i =T and k(x)+n(x) >0,

£(* .
ykg*g_l,n(*)ﬂ if ¢=-1and k(x)+n(x)=0.
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First assume that ¢ = 1. Then

Vel o We = X V-1)" Wi HFwy

— Xl(W_l)nwn+k+l
£()
k()+1,n(x)"
Now assume that £ = —1 and k(%) +n(x) > 0. If i € Rang(f), then 2, WiW_1 = x;.
From this,

() ot
xlyk(*),n(*)wf = ‘rlyk(*)—l,n(*)'

If i ¢ Rang(f), then ¢ € {0,1}. It is easy to see that
zOyig*) )W 1= Sﬂoya ) ()

and

£(*) _ £(+)
1Y) ) WV-1 = 21V 1 sy

Thus, the functions yﬁgi; n(s) V-1 and yﬁ(*)

() —1,n(x) BT€ the same. Finally, assume

that £ = —1 and k() + n(x) = 0. Then

This completes the argument.

Case 2: yﬁg ; Xg is:

zero if  [(x) =€ < k() odd],

y,fg*) aoif  [€(x) =€ <= k(x) even].

The proof of this is similar to Case 1.
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Case 3: y,fg ; Zg is:

VI i n(x) +k(x) > 0 and [((x) = £ <= k(x) even],
VA e n(s) 4 k(x) = 0 and [((x) = ¢ <= k(x) even),

zero if  [l(x) = ¢ < k(x) odd].
It is enough to check equality on the generators of My, that is the x;’s. The proof

is again similar to the proof of Case 1.

Step F): Theset G = {y,ﬁ’n : (0, k,n) € w} generates S freely as a T-module.
Indeed, in the light of Step E) we see that G generates S as a T-module. Toward

a contradiction suppose that

0="> {af, Vi, (kn)ew}

when we view both sides in S, where w C w* is finite, ai’n € T and not all of them
are zero. If n = |T)| is finite, we take the field D such that char(D)|n, and some
’

ay, ,, is not zero in D. Hence,

0= Z{aim : (0, k,n) € w} € Endp(Mp),

where aim € D and w C w* is finite. We shall prove that aim = 0 for every
(£, k,n) e w

If i € Ay and i > 0, then

0 =a:( ¥ ap, Vi)

(L,k,n)ew
:(Zkz:) a’kn( Zykn)
,kyn)cew
= > A{a,vix:f=1, andn <i}
4,k,n)ew

=2 ¥ Aagn: izn ithk=j}z,

720 (Lkn)ew

=>( X Hajgnrizn Dy
j>0 (1,j—i,n)ew

Hence, for every i € Ay, i > 0 and j > 0 we have

(%)§ ;2 O:Z{a}ﬂ»)n: n>0,n<iandn+ (j—i) >0}
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Similarly, for i € A_y, i > 0 (equivalently, i >0 asi€ A_y = i#0)and j >0

we caln prove

(*)i—”j: O:Z{aj_fi)n :n>0, n<iandn-+ (j—1) >0}

Similarly, for i € Ay, 1 <0,

0 ==i( ¥ ap,Vin)

(,k,n)ew

= Y ap,(x,)

(l,kn)ew

= . kz) {a,lan:ri_k : —i>n}
Jk,n)ew

= (E(l,ifj,n)ew{a’zl—j,n n< _i})xj'

§<0
Thus,
()5 ;¢ 0=>{aj ;,:n>0andn+(i—j)>0and n < —i}
for every negative ¢ € A; and j < 0. Similarly, for every i € A_1, i <0 and j <0
(*)ﬁj: O:Z{a;lj)n :n>0andn+ (0 —j) > 0and n < —i}.
Choose, if possible, (k,m) such that:
(1) (1,%k,m) belongs to w,
(2) am # 0,
(3) m is minimal under (1)+(2).
Note that m > 0 by the definition of w. First assume that m is even. Let i = m
and j =i+ k. Soi € Ay (being even), i > 0and j =m+kis >0as (1,k,m) € w.
In the equation (*)f ; the term a}ﬂym appears in the sum, and for every other term
a,lgl,ml which appears in the sum, we have m; < m (and k; = k), and hence by (3)

above is zero. It follows that a,l§ m s zero, a contradiction.

If m is odd, we get a similar contradiction using ()7 ;. Let i = —m — 1 and

j =1—k. Note that m > 0, hence i < 0 and i is even as m is odd, so i € A;. Also,

j=i—k=-m—-1-k<—-1<0.
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Recalling k+m > 0 as (1, k,m) € w*. In the equation (+)§ ;, the term a;_; ,, = aj. ,,

appears in the sum if and only if
i)0<n< —-i=m+1, and
i)n+(GE—75)=n+k>0
(but if the later fails, ai’m is not defined). So, a}ﬂym appears, and if another term
a,lchml occurs then m; < m (and k; = k). Hence, mq < m, and so aihml = 0.
Necessarily, a,lc7m is zero, a contradiction. In sum, a}g,n = 0 whenever it is defined.
In the same vein, a,;ib = 0 whenever it is defined (use ()? ; + ()¢ ). So, S is a
free module over T, as required.
Step G): In this step we get a contradiction that we searched for it. This will

show that M; 22 M_;.

To this end, recall that there are finitely many nonzero ai,n € D such that
X: y:Z{aiyn)}fm: nanndk—FnZOandée{l,—l}}.
Let n(*) < w be such that
af;n #0 = |k|,n <n(x).
For / =1,-1 let
My° ::{Zdizi:diGD, Ved; =0and d; #0 = iEAg},

i>0

M?egIZ{Zdi(EildieD, VoodZ:Oanddl#O = Z'GA@}.

<0

Clearly as a D-module
M = MP @ MPO @ M8 @ M™%,
Let Y7 := Y | M)*® and Y,*® := Y | M[;*® for £ € {1,—1}.
Now each Vg, maps MP* = MY® & MPT to itself, and M™8 = M} & M™F

to itself, and hence by X above also ) does it. According to (%)s from Step B) we

have X1 YX_1 = X1). This implies that

MY =MX,Y = MX YX_; C MX_; = M_,4,
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i.e., Y maps M to M_;. Thus, by the previous sentence, } maps M}** into MPT,
and M]°® into M™%, i.e., VP (resp. V;'°®) is into M"Y (resp. M"F).

By the same reasoning, and in view of (x)2 we deduce that X_1 VX = X1 ).
Hence, Y maps MP% into M} and M™% into M]°®. Also, the mappings Y},
VPP, Vi€, Y are endomorphisms of D-modules. As Y2 = 1 (again by (x)2)
we conclude that Y and YP° are the inverse of each other, so both of them are
isomorphisms. Similarly for ;¢ and V™.

Let

MS'P = {Zodisci :d; €D,V®d; =0 andd; #0 = i€ A}
i>
Clearly, M5 is a sub D-module of M}, Note that z € MY\ M5™. This yields
the difference between M5 and MY,

Let

N:={ > diz;: dieD,vV®d;=0and d; 20 = i€ A}.
i>n(*)

Let HP : M — MJ*® (resp. H"™8 : M™® — M"P) be defined by the
assignment x; HP*® = x_; (resp. x;H™® = xz_;). Both of them are isomor-
phisms of D-modules. Note that Y7 is an isomorphism from M}** onto MP7

and HP°S)['°® H"°¢ is an isomorphism from Mitp onto MPT. Note that

stp  HP® neg ypes neg H"® pos
MR T s D, gypres HM, yppos,

We claim that
yf"s [N = (Hposy{‘egH“eg) I N.

To see this, it is enough to check equality on the generators of N, that is over the
x;’s where i is even and it is larger than n(x). In particular, by choosing n(x) large

enough, we may assume that ¢ > 0. Recall that

y:Z{af;mJ},ﬁ’n: n>0andk+n>0andl€{l,-1}}.
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By definition z;X_; = 0. Then

zi(HP Y H™8) =z (Y {ay, Vi, }) H"™®
ai,nw—i(X1W31W?+k)H“eg

T_ W Wn+k)Hneg

xj ’!L Z)Wn-l_k)Hneg

w»—l

T gk (_qy) H®

e
hon
(Tt (g (y) VO
al
b (T

T K )Hneg

I
MMMMMMM

1
ak’nxwk.

Also, (z)IP” I N = Y ag @itk Thus we have Y7 [ N = (HPSY[® H"™®8) | N,
as claimed.
Let N* := Rang(Y7” | N). Then N* = Rang((HP*Y*®*H"¢) | N). So, as
P9 is an isomorphism from M} onto MP%, and N C MY we have that N* is
a D-submodule of MPT. This means that MP9/N* is isomorphic to MY**/N (as
D-modules).
But HP*Y°® H"€ is an isomorphism from M;™® onto MP% and N C M5, and it
maps N onto N* (see above), so M;P /N is isomorphic to MP%*/N*. By the previous

paragraph we get

M;'P /N = MP% /N* = MP°°/N.

On the one hand, M}** /N is free as a D-module, because {x9;+N : 0 < 2i < n(x)}
is a free basis for it. Also, M;"" /N is a free D-module with the base {zo; + N: 0 <
2i < n(*)}. On the other hand, the number of their generators differ by 1. This is
a contradiction that we searched for it.

The theorem follows. O
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8. ALL THINGS TOGETHER: THE TEST PROBLEM

Recall that R is a ring which is not pure semisimple. We now prove the existence

of an R-module equipped with the Corner pathology. We present such a thing by

applying Corollary [6.33,

Theorem 8.1. Let m(x) be an integer bigger that 1 and let X > |R| be a cardinal

of the form A = (MNU)JF. Then there is an R-module M of cardinality A such that:
M" 2 M <= m(x) divides n — 1.

Proof. We divide the proof into nine steps.

Step A) We first introduce rings Sp and S. The ring Sy is incredibly easy
compared to S and S is essentially the ring of endomorphisms we would like.

To this end, let T be the subring of R which 1 generates. Let Sy be the ring
extending T generated by {Xo, ..., X, W, Z} freely except the following list of

test equations:

(x)1: X7 = A,
XXy =0 (L # m),
1=Xy+ ...+ X,
XWX, =0for £+ 1#m mod m(x)+1,
e+ — 1,
22 =1,

XoZ(1— Xo) = X2,
(]. — XO)ZX(] = (1 — XO)Z.

The meaning of these equations will become clear when we use them, see below.
Similarly, we define S, but in addition we require 0 = 0, where o is a term in the
language of rings, when pM*o = 0 for every field D and where pM* is the (D, Sq)-

bimodule as defined below. Now “S is a free T-module” will be proved later.
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For an integer m, the notation [—oco,m) stands for {n : n is an integer < m}
and if n € [F°°™)y, then we set n [ k:=1n | [—o0, min{m, k}).

We look at the following set:
W1 =Wy x {O, e ,m(*)},

where
Wy = {77 : 7 is a function with domain of the form [—oco, n)

and range C {1,...,m(x)}, and such that

for every small enough m € Z, n(m) = 1}.

Let D be a field such that if T is finite and of cardinality n, then char(D) divides

n. So, D ® S is the ring extending D by adding
{X()a SERE) Xm(*)a W7 Z}

as non-commuting variables over D act freely except satisfying the equation in
(%)1, and if ||T|| is finite, we divide S by pS where p := char(D). So, there is a

homomorphism gp from S to D ® S such that
{0s} = N{Ker(gp) : D as above}.
Let M* = pM* be the left D-module freely generated by
{Zne:n €Wy, £ <m(x)+1}.

We make pM* to a right (D ® Sp)-module by defining 2z when z € pM* and

z € Sp. It is enough to deal with
z€{Xn :m<m(x)+1}U{Z,W}.

Let x := ) ay 4@y, where
n,L

(1) (n,£) vary on W,

(2) ane €D and {(n,¢) : a,¢ # 0} is finite.
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It is natural to extend things linearly, that is

(Z (T 0)% i= Z A, e(Tn,02),
£ n,£

where our table of undefined actions of {X,,, Z, W} on ;4 is as follows:

Tye fl=m

:L’nvg.)(m =
0 if £ £ m,
Tyn—~(¢), ifl>0
TneZ = n(€),0
Tp=con—1)m(n—1) if £=0, and (—o0,n) = Dom(n),
and
Ty WV = Zym,m whenm={+1 mod m(x)+1.

In sum, we get a (D, S)-bimodule as the identities in the definition of Sy and S
holds. If D = T, some by inspection (those of (x)1), the rest by the choice of S. If

D # T, by the restriction on D. Let
pMj = {de(l‘mg :neWpanddy,y € D}.
n

So, clearly

m(x)

pM* = @ pM;.
£=0

Step B) In this step we introduce an R-module M such that M) > M.

Let (M, : @ < k) be a strongly semi-nice construction. Set P := M,. We look
at Py := PA}. Let i # j. We use the formula X;X; = 0 to observe that P;NP; = 0.
Since mz(ik) X; =1 we have

£=0

m(x)

RrRP = Z PX, = EB RrP,.
£=0 =0
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Suppose £ +1 #m mod m(x) + 1. We combine the formula XWX, = 0 with
m(x)

the formula > A, =1 to observe that
i=0

PW = PXW(Xp + ... + X)) = POVX 1 C Poyy,

ie, W : rPy - rPy1 is surjective. Here, we use the relation wm)+l — 1 to
consider W as an embedding from P onto P. It turns out that W [ gP, is an

isomorphism from gPy onto gPs11. So

R]P)m(*) =...= R]P)l = RPO-

m(*)
Thanks to the formulas XpZ(1 — Xy) = XpZ and > A, = 1 we conclude that Z
=0

maps r[Pg into

PX,Z =PXyZ(1 - Xp)

= PAZ(Xy + ...+ X))
m(x)
C P Pa,
=1
m(x)
=1

Po.

1%

m(*)
By the same vein, Z maps @ Py into gPy. We are going to use the formula
=1

22 =1 to exemplifies Z with the following isomorphism

m(*)

D rP: = rPo.

=1

But, we have just shown

3

(%)
rP: = (RPo)™).
1

~
Il

This completes the proof of Step B).

So, it is enough to show

(*)2: 1<k< m(*) = RPIS 2 rPo.
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Assume k is a counterexample. The desired contradiction will be presented in Step
I), see below. To this end we need some preliminaries steps.

Step C) There exists a field D and Y € D ® S satisfying the following equations:
T

k
()3 : YV | pM is an isomorphism from pM onto KEB pMj,
=1
k k
Y | @ pMj is an isomorphism from € pM;} onto pM,
(=1 =1
m(*)+1
Y1 @ opMj is the identity, and
l=k+1
V2 =1.

~

Indeed, recall from RIP”S = rPy that gP is equipped with an endomorphism f

such that:

(%)4 : f [ rPp is an isomorphism from gPy onto gP1 @ ... ® rPs,
f (rP1@®...®RPk) is an isomorphism from gP; @ ... S rP; onto rPo,
f | rP; =id, for k < j <m(x)+1, and

f2=1.

Assuming (S, +) is a free T-module, according to Corollary there is a field D
with the property that p := char(D) divides n := char(R), when n > 0, and there
exists Y € D Q% S satisfying the the desired equations. This completes the proof of
Step C).

In sum, we are reduced things to showing that (S, +) is a free T-module. Note
that each of {15, Xy, ..., Xy (x), W, Z} map each generator z,, ¢ to another generator
with some vanishing exceptions. So this applies to any composition of them, in
fact, following a quite specific way with respect to the quadric (p, v, k, m), where
{p,v} C{1,...,m(x)}<* and k, m < w. To this run, we are going to define Y5

as a “monomial operator” with respect to the generators of S so that:

Phm Ty ~v,m  if £ =k, and n = mn "p for some n; € Wy
L.t p,7u =

0 otherwise.
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k,k K,k . .
In order to define these operators, first we define yp 0 and y<>’ by induction on

SV

lg(p) and lg(v) respectively. Also, negative powers of W can be defined, because

W is invertible. Now, we let
Yy = Yo yEhwm k.
Step D): Let p,v € [1,m(x) + 1)<“. We say they have the same root provided
lg(p) > 0 and 1g(v) > 0, then p(0) = v(0).
In this step we claim that the following set
Q= {y}j;;" cpyv € [L,m(x)+1)<Y, k,m € [0,m(x)+1) and p,v have same mot}

generates S as a T-module.

To prove this, first note that if y;fl’f'; . is not in the family, then for some (g, p, V) we
have yl’f’*[fb belongs to the family and (p,v) = (0" p1, 0 v1). Hence yf’f”;” = y};;j';l.
So, ) generates all of y};;;ms and thus we can use them.

Let S’ be the T-submodule of S generated by T and the family above. Now

T C S’ because

()1 IZZ{))Z;’Z;L:sz,...,m(*)}.

To see this, we evaluate both sides at x, . The right hand side of (f); is equal to

Tne {y?;gl im=0,....mx} =z,~00> {yglg’ tm=0,...,m(x)}
= 0.6V
=Ty
=Ty 4.
Since the left hand side of (}); is the identity, we get the desired equality.

Next we show X, € S’ for each m < m(x) + 1. It suffices to show that

()2 X = V)
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In order to see (t)2, we evaluate both sides at x,, ». Let n =1g(n)+1. First, assume

that £ = m. Then, the right hand side of (})2 is equal to
xn,éygl:gl = xn,my?;:gl = Tn,m,

which is equal to z, ¢X,,. Now, we show the claim when ¢ # m. In this case both
sides of (})2 are equal to zero, e.g., ()2 is valid.

In order to show W € S’ we bring the following claim:
(1)s WZZ{J/@’T?) :0=m+1 mod m(x)+1}.

As before, it is enough to evaluate both sides of (f)3 at x, . Let m be such that

£ = (+)+1 m + 1. The right hand side of ()3 is equal to

Tpe D {yé"g) :l=m+1 mod m(x)+1} =ua, Y™
= Ty m-
By definition, this is equal to the left hand side of (})s.

Finally, we claim that Z € S’. Indeed, it suffices to prove that

(Na Z={V0 o im=1 om0} + XAV oy i m =1, ym()}.
Again we evaluate both sides of ()4 at z,. Let n =1g(n) + 1 and first suppose

that £ = 0. Then, the right hand side of (})4 is equal to

e o{ YV o m =1 om0} Ao AV Ly im =1, m(x)}
= xn,o{ym’o tm=1,...,m(x)}
= Ty -1~ () 0 Y7
= Tnin—17(n(n)),n(n)-
This is equal to the left hand side of ()4. Suppose now that £ > 0. Then the right
hand side is equal to x,~( 0. By definition, this is equal to the left hand side of
(t)a-
So far, we have proved that the subring S’ includes T, X,,(m < m(x) +1),Z

and W. Indeed, it is a T-module. To finish this step, it suffices to prove that S’ is
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closed under product. For this, it is enough to prove that S’ includes the product

1 1 2 2
y,’;l ,Z’ y,’;2 If’; of any two members of ().

Now if m' # k2 or no one of v, ps is an end-segment of the other then this is
not the case. So easily the product is yﬁ; l’}jg where:
e if 11 = po, then (p3,v3) = (p1,v2),
o if vy = (0') 7 p2, then (p3,v3) = (p1, (") " 12),
o if po = (0') vy, then (p3,v3) = ((01) vy, 10).
This completes the proof of Step D).
Step E) The set Q from Step D) is a free basis of S as a T-module.

Indeed, assume that
X = Z{aﬁ:;”y,’f,’;" cp k,v,m} =0,

where {(p, v, k,m) : af:7* # 0} is a finite set. We need to show al/™ = 0, for all
such p, k, v, m.

Let k* < w and p* € {0,...,m(*)}<% be such that
lg(p*) > sup{lg(p) : agy; # 0}.

We look at z,- x«X. Let A(k*, p*) be the set of all v in the finite sequence above

where p* = p; v, for some p}. Then

Tpe pr X = Y al’f:;”(xp*)k*yfj’,;n)
v,p,k,m
= 3 {a (@ i V™) v € Ak p*)}
v,p,m
= X {ab " w(p)~pm v € AT, p7)}
v,p,m
=0.

Recall that M* is the left D-module freely generated by x, (s, so as we are free in
choosing k*, p*, we can easily show that for any tuple (p, v, k,n) in the finite set
above, for some suitable choice of p*, a®” is the only component of T(pe)~pm 1N

pv

the sum above, and hence a’;ﬁ = 0. This completes the proof of Step E).
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Before we continue, let us introduce some notations and definitions. Clearly, Y

can be represented as a finite sum of the form:
Y= Z {d];:f,”y;’;” 2 k,m, p, 1/}.
Choose n(x) large enough such that
n(x) > max{lg(p),1g(v) : )" # 0}.

For any
u C {(7776) i € Wo, £ <m(x)+ 1},

we set N, be the subspace generated by {z, . : (,¢) € u}. , Clearly N, C pM?*,

when we view them as D-modules. For n € wp and £ =1,...,m(x) + 1, we define

k
oM, = P M,
j=1

and let
Wy = {(1/, m)|(v,m) = (n,£) or n~(¢) < v and m < m(x) + 1}7
Uy = {(n,m)|m:€, 77€u)0}7
W'y, = Wy N U,
w%{’;] =wpeN U Um.

me[l,n]

Step F) For any n € wy and ¢ < m(x) + 1, there is a finite subset u C wg’z

satisfying the following three items:

() Y maps N“’S,,z\“ into Ny, , in fact into Nwﬁ}f]
(B) if v is finite and u C v C wgz then Nyo \,Y is a D-vector subspace of
’ uR
N0 ly of cofinite dimension.
n,
(y) for any finite subsets v1, vy of w?h ¢, extending v the following equalities are

true:
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dim(ngl/ngye\m) - dim<Nw[n1,ka] /(ng,l\vl y))
= dim(ngl/ng’z\w)
— dim(Nw[l,k] /(N0 [\1,237)),
n.L .
where the dimensions are computed as D-vector spaces.

Indeed, the case ¢ = 0 is easy. Recalling the representation of ) and the choice

of n(*) < w, if we set
U= {(1/, m) € wy: |Dom(v) \ Dom(n)| < n(*)},

then we have

(vym) €wpe\u = Ty, €Ny, ,.

Note that w« is finite and clause (a) holds. As YY = 1 etc., we can show that
(8) holds. For checking the equalities in clause (), let v3 := v1 Uwvs. Due to the
transitivity of equality, it is enough to prove the required equality for pairs (vy,v3)
and (ve,vs). This enables us to assume without loss of generality that v; C wvs.
Also, we stipulate vy = ().

Now

)

Nw%[\vz - Nw212\01 C Nyo

n,(\w()

:Nw

0
n,£

and
dim(N“’?,,e/ng,e\”i) = |U1|

Manipulating the equalities in clause («), they are equivalent to

dim(Nw%z/Nw%e\vl) —dim(Nw?]’Z/Nw?]’Z\UQ)
= dim(N, 0/ (Nup 10, ))
— dim(Nw[l,k] /(Nwo \v2 y)) (*)
n,£ ¢

Since Nwﬁ’,l\vz C Nw‘f]l\vl C Nw%e, the left hand side of (x) is equal to

dim(Nw?”[\vl /Nw?ﬂ\vg)'
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Also,
ng,e\vgy < ng‘e\vly < ngly’f]'
Indeed, the first inclusion holds as N, o Aos € N0 Ao and the second one holds by
s uB

clause (8) and u C v; Nvy. Hence the right hand side of (x) is equal to
dim(Nw?ﬂ\vl y/Nw?M\Ugy)'
Thus, (*) is reduced in proving

(*)/ dim(ngﬂe\vl /N’UJS’[\’UQ) = dim(Nwzl\vl/(Nw“ Z\’Uzy))‘

B

Since Y is an isomorphism from N, v, Onto N, 0 /\w)}, it implies the validity of
LIRS £

(x)’. This completes the proof.

Let n, , be the natural number so that for every large enough finite subset

< Nyo ) < Nw[l’f] >
n,, = dim & —dim | ——2>—].
Nw?hé\v Nw?}yz\vy

In view of Step F), this is a well-defined notion, which does not depend on the

v C wye

choice of v.

Step G) If , v € wp and ¢ € {0,1,...,m(x)}, then n, , = n, 4.
To see this, we define a function f : w,¢ — w, ¢ by f(n"p,m) = (v"p,m) for
}<w

any p € {0,...,m(x)}<*. This function is one-to-one and onto, and it induces an

isomorphism from Nw[o,m(*)H) onto Nw[o,'m,(*)+1). It almost commutes with all of our
n,¢ v,l
operations (the problems are “near” n and v). So choose v; C wg ¢ large enough,

as required in the definition of n,, ¢, n, , and to make N0 le - Nw[l,k], and let
Ui n,L

vy = f(v1). Now, it is easy to check the desired claim.

So, we shall write ny instead of n, ¢. By Step G), this is well-defined.

Step H) The following equations are valid:

0 if ¢ € [1,k]
ny =

ng+ng+...+ny, iflelk+1,m(x)+1) orl=0
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To prove this, first note that

wpe={m 00 |J  wym-

m<m(*)+1
In order to apply Step F), we fix a pair (7, £) and we choose a finite subset v C wg)e

large enough as there. Let (n™(¢), m) be such that
{(n, )Yy U{(n™),m): m <m(x)+1} Cw.

Now, we compute n, ¢ which is equal to ng, and n,~y ,, which is equal to = n,,

for m < m(x) + 1 and we shall get the equality.

N, o
1 — di Nw?,,z di Wiy, m
n, = dim N - im No o o)
wy o \v m<m(x)+1 Woey,m \V

According to the definition, we lead to the following equality:

Now set

Nyo = P Nyo_, @Dy

" m<m(x)+1
Using this equality, we can easily see that
(®1) n}w’z is equal to 1 when 1 € wo,f < m(x) +1 and v C wyp is finite and
sufficiently large enough. Of course, we can replace v by v N w?h ‘-

In particular, the following definition makes sense:

) N,k funm
—— 1 n,L : n (L), m
(®2) n,u,n,e = dlm N 4] — Z dlm W .
wlbF\y Y41 ol \w

n, m<m(* ey, m

Suppose 1 € wp,{ < m(x) + 1 and v C wy is finite and large enough. In view of
definition, and as the argument of (®;) we present the following three implications:

(@2,1) (=0 = ngﬁnl:(),

(®2.2) le [Lk] = n?),n,l = 17

(©23) L€k+1,m(x)+1)= n2, ,=0.
Next, we show that
(®3) ni,n,e - n%,n,é =ng— . D

m<m(*)+1



Paper Sh:421, version 2022-06-07. See https://shelah.logic.at/papers/421/ for possible updates.

KAPLANSKY TEST PROBLEMS 147
Indeed, we have
1 2 w0 Nw[l’k]
— di n,€ s n,£
nv,n,é - nu,n,[ - dlm( N_o \v) dlm(wllzk] v)
e ,
N 0
- dim ( —enem
Z (Nwo ~ )
m<n(x) 07 (e, m
Nwo,.\
m<n(x*) wnﬁ<5>,m\v
=Ny X Mygm
L<m(*)+1
=ny — > ny,.
m<m(*)+1

Now we combine (®1), (®2.1) and (®2.2) along with (®2.3) to deduce the follow-

ing formula.
0 iflellk

1 2
(®4) Nyme ~ Bone =
1 otherwise

Step H) follows from (®3) + (®4).

Step I) In this step, we present our desired contradiction. To see this, recall

from Step H) that

m(*)
Yong = (ng+...+n,))
(=0
k m(x)
+Y Mo+ Fnge)+ D (no+.. )
/=1 L=k+1
m(x)
= (m(*) + ('Y ne) —k
£=0
In other words,
m(x)
m(x) ne | =k,
(=1
ie.,
¢
= M

Now, the left hand side is an integer, while as 1 < k < m(x), the right hand side is
not an integer. This is the contradiction that we searched for it.

So, we proved (x)a:

1<k<m(x) = rPE%gP.
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The proof is now complete. O

An additional outcome is a slight improvement of the above pathological property.

Now, we are ready to proof Corollary[1.9 from the introduction:

Corollary 8.2. Assume A = (u*0)* > |R|. Let m(x) > 2 be an integer and assume
that R is not pure semisimple. Then there is an R-module M of cardinality A such

that:

M™ =M™ <= m(x)|(n1 — na)

Proof. Let Sy be the ring constructed in the proof of Theorem Let also M* be

the (R, S1)-bimodule constructed as there. Choose cardinals
)\m1 > >\m1—1 > > >‘0 > ||M*|| + ||R|| + ”Slu + NOa

m—1
where m; is any integer bigger than nq. Let I := |J ][] A¢ and define a function
m<mi {=0

f+ I — I by the following rules:

nlk inel, and lg(n)=k+1
fln) =
" if n = ().
The notation M® stands for the bimodule & M?? where M%@ =~ M* for each n € I,
nel
and we denote h, : M* — M? for such an isomorphism.
For every endomorphism ) of M* we define an endomorphism Y® € Endg (M®)

of M® as an R-module as follows. We are going to define the action of )® on each

M (n € I). To this end, we take x € M and define the action via:
2V® 1= by (01 (@))).

Let S® be the subring of the ring of endomorphisms of M® as an R-module gener-

ated by

{12, X8, 22, .. .,Xg(*),WQ@,Z@}ﬁ

23Fach one is a member of S and as is such an endomorphism of M® as an R-module.
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Note also that 1% is not a unit in S®. Now we continue as in the proof of Theorem
with M® here instead of M there, and S® here instead of S there. We leave

the details to the reader. O

We close the paper by reproving Theorem[7.4) from Theorem [8.1):

Corollary 8.3. Let A = (u™)* > |R| be a regular cardinal. Then there are R-

modules My and My of cardinality A such that:

(1) My, My are not isomorphic,
(2) M is isomorphic to a direct summand of My,

(3) My is isomorphic to a direct summand of M;.
Proof. We apply Theorem for m(x) := 2 to find an R-module M such that
MM =M< 2n—-1 (%)

Now, let M; := M and My := M2. Then

(1) My, My are not isomorphic. This follows from ().

(2) M; is isomorphic to a direct summand of M. Indeed,
My @& M=M&M=M?*=M,.
(3) M is isomorphic to a direct summand of M. Indeed,
9 3 (%)
Mo M =M"®M=M>=2M=M,;.
O
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