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9 Abstract

10

11 We prove that the Borel space of torsion-free abelian groups with domain
12 w is Borel complete, i.e., the isomorphism relation on this Borel space is
o as complicated as possible, as an isomorphism relation. This solves a long-
13 . . - .

- standing open problem in descriptive set theory, which dates back to the
14 seminal paper on Borel reducibility of Friedman and Stanley from 1989.
15

16 .

o 1. Introduction

18 Since the seminal paper of Friedman and Stanley on Borel complexity [4],

19  descriptive set theory has proved itself to be a decisive tool in the analysis of
20 complexity problems for classes of countable structures. A canonical example
21 of this phenomenon is the famous result of Thomas from [17], which shows
22 that the complexity of the isomorphism relation for torsion-free abelian groups
23 of rank 1 < n < w (denoted as 2,) is strictly increasing with n, thus, on
24 one hand, finally providing a satisfactory reason for the difficulties found by
25 many eminent mathematicians in finding systems of invariants for torsion-free
26 abelian groups of rank 2 < n < w which were as simple as the one provided by
27 Baer for n =1 (see [2]) and, on the other hand, showing that forno 1 <n < w
28 the relation =, is universal among countable Borel equivalence relations. As a
29 matter of fact, abelian group theory has been one of the most important fields
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2 GIANLUCA PAOLINI and SAHARON SHELAH

1 of mathematics from which inspiration is taken for forging the general theory
2 of Borel complexity as well as for finding some of the most striking applications
3 thereof. The present paper continues this tradition, solving one of the most
4 important problems in the area — a problem open since the above mentioned
3 paper of Friedman and Stanley from 1989. In technical terms, we prove that the
6 space of countable torsion-free abelian groups with domain w is Borel complete.
T As we will see in detail below, saying that a class of countable structures
8  is Borel complete means that the isomorphism relation on this class is as com-
9 plicated as possible, as an isomorphism relation. The Borel completeness of
10 countable abelian group theory is particularly interesting from the perspective
11 of model theory, as this class is model theoretically “low,” i.e., stable (in the
12 terminology of [14]). In fact, as already observed in [4], Borel reducibility can
13 be thought of as a weak version of £, (-interpretability, and for other classes
14 of countable structures such as groups or fields, much stronger results than
15 Borel completeness exist, as in such cases we can first-order interpret graph
16 theory, but such classes are unstable, while abelian group theory is stable. Ref-
17 erence [9] starts a systematic study of the relations between Borel reducibility
18 and classification theory in the context of Ny-stable theories.

19 Coming back to us, we now introduce the notions from descriptive set

20 theory which are necessary to understand our results, and we try to make
21 a complete historical account of the problems which we tackle in this paper.
22 The starting point of the descriptive set theory of countable structures is the
23 following fact:

i Fact 1.1. The set KL of structures with domain w in a given countable
; language L is endowed with a standard Borel space structure (KULJ,B). FEvery
2 Borel subset of this space (KL, B) is naturally endowed with the Borel structure
27 L

” induced by (K, B).

2 For example, if we take L = {e,-, ()71} and we let K’ be one of the

40 following,

31 (a) the set of elements of KX which are groups;

35 (b) the set of elements of KX which are abelian groups;

33 (c) the set of elements of KX which are torsion-free abelian groups;

32 (d) the set of elements of KX which are n-nilpotent groups for some n < w,

35 then we have that K’ is a Borel subset of (K{j ,B), and so Fact 1.1 applies.

36 Thus, given a class K’ as in Fact 1.1, we can consider K’ as a standard
37  Borel space, and so we can analyze the complexity of certain subsets of this
38  gpace or of certain relations on it (i.e., subsets of K’ x K’ with the product
39 Borel space structure). Further, this technology allows us to compare pairs of
40  classes of structures or, in another direction, pairs of relations defined on pairs
41 of classes of structures.
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TORSION-FREE ABELIAN GROUPS ARE BOREL COMPLETE 3
1 Definition 1.2. Let X; and X9 be two standard Borel spaces, and also let
2 Y] C Xy and Yy C Xo. We say that Y] is reducible to Ys, denoted as Y7 <y Y5,
3 when there is a Borel map B : X; — X5 such that for every x € X7, we have
4
5 r €Y < B(x) € Y.
6 Notice that Definition 1.2 covers, in particular, the case X; = K’ x K’ for
7 K’ as in Fact 1.1 and so, for example, Y] could be the isomorphism relation
8 on K’. Also, given a Borel space X, we can ask if there are subsets of X which
9 are <p-maxima with respect to a fixed family of subsets of an arbitrary Borel
10 space (e.g., Borel sets, analytic sets, co-analytic sets, etc). In particular, we
11 have the following definition:
12 Definition 1.3. Let X7 be a Borel space, and let Y7 C X;. We say that Y;
B is complete analytic (resp. complete co-analytic) if for every Borel space Xj
14 and analytic subset (resp. co-analytic subset) Y5 of Xo, we have that Yo <gr V3.
15
176 We now introduce the notion of Borel reducibility among equivalence re-
17 lations.
18 Definition 1.4. Let X; and X5 be two standard Borel spaces. Also let E;

19 be an equivalence relation defined on X; and Es be an equivalence relation
20 defined on Xo. We say that F4 is Borel reducible to Es, denoted as Fy <p Fo,
21 when there is a Borel map B : X; — X3 such that for every z,y € X; we have

22

23 zEy < B(z)E2B(y).

# Remark 1.5. Note that in the context of Definitions 1.2 and 1.4, F1 <gr E>
2 and F; <p F> have two different meanings, as in the first case the witnessing
26 Borel function has domain X x X, while in the second case it has domain X.
z Furthermore, notice that Ey <p Fy implies F1 <p Es. (However the converse
28

= need not hold; see 1.7.)

29

30 We now define Borel completeness, the notion at the heart of our paper.

a Definition 1.6. Let K; be a Borel class of structures with domain w, and
2 et 2, be the isomorphism relation on K;. We say that K; is Borel complete
83 (or, in more modern terminology, =; is Soo-complete) if for every Borel class
3 Ky of structures with domain w, there is a Borel map B : Ko — Kj such that
i for every A, B € Ko,

37 A~ B < B(A) = B(B);

38 . . . . . . .

5 that is, the isomorphism relation on the space Ko is Borel reducible (in the
; sense of Definition 1.4) to the the isomorphism relation on the space Kj.

41 The following fact will be relevant for our subsequent historical account.

42
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4 GIANLUCA PAOLINI and SAHARON SHELAH
1 Fact 1.7 ([4]). Let K be a Borel class of structures with domain w. If K
2 4s Borel complete, then its isomorphism relation is a complete analytic subset
3 of K x K, but the converse need not hold as, for example, abelian p-groups
4 with domain w have complete analytic isomorphism relation but they are not
5 a Borel complete space.
6 . :
; We now have all the ingredients necessary to be able to understand the
g problems which we solve in this paper and to introduce the state of the art con-
5 cerning them. But first a useful piece of notation, which we will use throughout
= the paper.
10 pap
11 Notation 1.8.
12 (1) We denote by Graph the class of graphs;
13 (2) we denote by Gp the class of groups;
1 (3) we denote by AB the class of abelian groups;
— (4) we denote by TFAB the class of torsion-free abelian groups;
1 (5) given a class K, we denote by K,, the set of structures in K with domain w.
17
18 Convention 1.9. To simplify statements, we use the following convention:

19 when we say that a class K of countable structures is Borel complete, we mean
20 that K, is Borel complete. Similarly, when we say that a class K of countable
21 groups is complete co-analytic, we mean that K, is a complete co-analytic
22 subset of Gp,,. Finally, when we say that the isomorphism relation on a class
23 of countable groups is analytic, we mean that restriction of the isomorphism
24 relation on K to K, x K,, is an analytic subset of the Borel space Gp,, x Gp,,
25 (as a product space).

% In [4], together with the general notions just defined, the authors studied
2L Some Borel complexity problems for specific classes of countable structures
2 of interest. Among other things they showed (we mention only the results
i relevant to us) that

31 (i) countable graphs, linear orders and trees are Borel complete;

32 (i) torsion abelian groups have complete analytic = but are not Borel com-
33 plete;

34  (iii) nilpotent groups of class 2 and exponent p (p a prime) are Borel com-
35 plete;1

36 (iv) the isomorphism relation on finite rank torsion-free abelian groups is
37 Borel.

38 In [4] Friedman and Stanley explicitly state the following:

39

0 -

41 !As already mentioned in [4], this result is actually a straightforward adaptation of a
49 model theoretic construction due to Mekler [10].
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TORSION-FREE ABELIAN GROUPS ARE BOREL COMPLETE 5

There is, alas, a missing piece to the puzzle, namely our conjecture
that torsion-free abelian groups are complete. [...] We have not even
been able to show that the isomorphism relation on torsion-free abelian
groups is complete analytic, nor, in another direction, that the class
of all abelian groups is Borel complete. We consider these problems to
be among the most important in the subject.

The challenge was taken by several mathematicians. The first to work on
this problem was Hjorth, who in [6] proved that any Borel isomorphism relation

‘5‘ [© o N 1o ot Ik W o =

is Borel reducible (in the sense of Definition 1.4) to the isomorphism relation on

—_
—_

countable torsion-free abelian groups and that, in particular, the isomorphism
relation on TFAB,, is not Borel (as there is no such Borel equivalence relation),
however leaving open the question whether TFAB,, is a Borel complete class,
or even whether the isomorphism relation on TFAB,, is complete analytic (cf.
15 Definition 1.3 and Fact 1.7).

e I e
= 15 IS |

16 The problem resisted further attempts of the time, and the interest moved
1T o another very interesting problem on torsion-free abelian groups: for 1 < n <
B o< w, is the isomorphism relation 2, on torsion-free abelian groups of rank
Loy strictly less complex (in the sense of Definition 1.4) than the isomorphism
20 relation on torsion-free abelian groups of rank m? As mentioned above, the
2 isomorphism relation on torsion-free abelian groups of finite rank is Borel while,
2 4 just mentioned, the isomorphim relation on countable torsion-free abelian
2 groups is not, and so the two problems are quite different, but obviously related.
21 Also this problem proved to be very challenging, until Thomas finally gave a
2 positive solution to the problem, in a series of two fundamental papers [16],
26 [17] proving, in particular, that for every n < w, &, is not universal among
2T countable Borel equivalence relations.

2 The fundamental work of Thomas thus completely resolved the case of
29 torsion-free abelian groups of finite rank, leaving open the problem for count-
30 able torsion-free abelian groups of arbitrary rank, i.e., the problem referred to
3L as “among the most important in the subject” in [4]. The problem remained
32 “dormant” for various years (at the best of our knowledge), until Downey and
33 Montalban [3] made some important progress showing that the isomorphism
31 relation on countable torsion-free abelian groups is complete analytic, a neces-
33 sary but not sufficient condition for Borel completeness, as recalled in Fact 1.7.
36 This was of course possible evidence that the isomorphism relation was indeed
3T Borel complete, as conjectured in [4]. Despite this advancement, the prob-
38 lem of Borel completeness of countable torsion-free abelian groups remained
39 ynresolved for another 12 years, until this day, when we prove

ﬁ MAIN THEOREM. The space TFAB,, is Borel complete; in fact there ex-
4o ists a continuous map B : Graph, — TFAB,, such that for every Hi, Ho, €
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6 GIANLUCA PAOLINI and SAHARON SHELAH
1 Graph,,, we have
2 H, = Hj if and only if B(H;) = B(H).
i The techniques employed in the proof of our Main Theorem lead us to (and
g at the same time were inspired by) classification questions of “rigid” countable
g abelian groups. One of the most important notions of rigidity in abelian group
; theory is the notion of endorigidity, where we say that G € AB is endorigid if
g the only endomorphisms of G' are multiplication by an integer. The analysis of
5 endorigid abelian groups is an old topic in abelian group theory; famous in this
1o Tespect is the result of the second author [15] that for every infinite cardinal A,
E there is an endorigid torsion-free abelian group of cardinality A. We prove in
1o Theorem 1.10 below that the classification of the countable endorigid TFAB
E is an highly untractable problem.
14 THEOREM 1.10. The set of endorigid torsion-free abelian groups is a com-
15 plete co-analytic subset of the Borel space space TFAB,,. In fact, more strongly,
16 there is a Borel function F from the set of tree with domain w into TFAB,
17 such that
18 (i) if T is well-founded, then F(T) is endorigid;
19 (ii) if T is not well-founded, then F(T) has a one-to-one f € End(G) which
20 is not multiplication by an integer and such that G/ f[G] is not torsion.
21

In [12] we extend the ideas behind Theorem 1.10 to a systematic investiga-

2 tjon of several classification problems for various rigidity conditions on abelian
B and nilpotent groups from the perspective of descriptive set theory of count-
2 able structures. In another direction, in [13] we study the question of existence
2 of uncountable (co-)Hopfian abelian groups; this work was later continued by
26 the second author et al. in the preprint [1], which settles some questions left
2L open in [13].

% We conclude with a few words on the history of this article. At the end
2 of the refereeing process, the referee indicated some points which needed cor-
30 rection in the original version of this paper. Around the same time, Laskowski
3L and Ulrich indicated another point which needed correction in our original
32 gubmission. The referee also asked us to change the presentation of our Main
33 Theorem and to simply its proof — in particular, separating the algebra from
31 the combinatorics (division which is reflected by the current division in Sec-
3 tions 3 and 4). Here all the points raised there are addressed. We thank the
36 anonymous referee, Laskowski and Ulrich. Meanwhile, Laskowski and Ulrich
i have found another proof of our Main Theorem; see [8], [7].

39 2. Notation and preliminaries

ﬁ For the readers of various backgrounds we try to make the paper self-
; contained.
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TORSION-FREE ABELIAN GROUPS ARE BOREL COMPLETE 7
1 2.1. General notation.
i Definition 2.1.
4 (1) Given a set X, we write Y C,, X for 0 #Y C X and |Y] < Ro.
5 (2) Given a set X and Z,5 € X<, we write § <Z to mean that lg(y) < lg(z)
6 and = [ lg(y) = g, where Z is naturally considered as a function lg(z) — X.
7 (3) Given a partial function f : M — M, we denote by dom(f) and ran(f)
8 the domain and the range of f, respectively.
9 (4) For a € B", we write a C B to mean that ran(a) C B, where, as usual, a
10 is considered as a function {0,...,n —1} — B.
11 (5) Given a sequence f = (f; : i € I), we write f € f to mean that there exists
12 J € I such that f = f;.
13 2.2. Groups.
14
15 Notation 2.2. Let G and H be groups.

16 (1) H < G means that H is a subgroup of G.
T (2) We let Gt = G\ {eg}, where eg is the neutral element of G.

18
B (3) If G is abelian, we might denote the neutral element eq simply as Og = 0.
20 Definition 2.3. Let H < G be groups. We say that H is pure in G,

21 denoted by H <. G, when if h € H, 0 < n < w, g € G and (in additive
22 notation) G | ng = h, then there is h’ € H such that H | nh’ = h. Given
23 S C @G, we denote by (S)% the pure subgroup generated by S (the intersection
24 of all the pure subgroups of G containing S).

25

% Observation 2.4. If H <, G € TFAB, h€ H, 0 < n < w, G E ng = h,
o7 then g € H.

28 Observation 2.5. Let G € TFAB, let p be a prime, and let

29

20 Gp ={a € G : a is divisible by p"™ for every 0 < m < w}.

31 Then G, is a pure subgroup of G.

32

a3 Proof. This is well known; see, e.g., the discussion in [5, pp. 386-387]. O
34 Definition 2.6. Let p be a prime. We let

35 mi + .

36 Qp = m—:mléZ,mQGZ ,p and mo are coprime .

. 2

38 2.3. Trees.

39 Definition 2.7. Given an L-structure M, by a partial automorphism of M
40 we mean a partial function f : M — M such that f : (dom(f))a = (ran(f))n-
41

1 In Section 5 we shall use the following notions.
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8 GIANLUCA PAOLINI and SAHARON SHELAH
1 Definition 2.8. Let (T, <r) be a strict partial order.
2 (1) (T,<r) is a tree when, for all t € T, {s € T : s <r t} is well-ordered by
3 the relation <p. Notice that according to our definition, a tree (T, <r)
4 might have more than one root, i.e., more than one <7-minimal element.
2 We say that the tree (T, <r) is rooted when it has only one <p-minimal
8 element (its root).
2 (2) A branch of the tree (T, <r) is a maximal chain of the partial order (T, <r).
0 (3) A tree (T, <) is said to be well-founded if it has only finite branches.
10 (4) Givena tree (T, <r) and t € T', we let the level of ¢ in (7', <7), denoted as
" lev(t), be the order type of {s € T : s <7 t}; recall item (1).
12 Remark 2.9. Concerning Definition 2.8(4), we will only consider trees
13 (T, <p) such that, for every t € T, {s € T : s <p t} is finite, so for us,
14 ev(t) € w.
15
16 3. The combinatorial frame
i The isomorphism problem for countable models of the theory of two equiv-
; alence relations is known to be at least as complex as the isomorphism problem
2 for any other Borel class of countable structures (cf., e.g., [11, p. 295]). In what
; follows we will reduce this problem to the isomorphism problem for countable
; TFAB’s. Our reduction will consist of an elaborated coding of finite partial
; automorphisms ¢’s of models with two equivalence relations into partial auto-
; morphisms f,’s of TFAB’s. For technical reasons, we will actually work with
; finite sequences g of finite partial automorphisms, and to avoid the trouble-
; some case g = ¢~ ! we will actually work with objects of the form (g,:) with
;7 v € {0,1}. Finally, also for technical reasons, we will consider models of the
; theory of three equivalence relation, with one of them being equality.
2 The definition of m € K5 (M) which we will introduce in Definition 3.4
a0 is phrased just to construct a certain Gp; € TFAB (see Definition 4.3) for
;1 any relevant M and, in fact, as we will see, it will suffice (and it will be very
5 useful to do so) to construct such a Gy just for M the countable homogeneous
a3 universal model of the theory of two equivalence relations; cf. 3.2(2). In this
;4 regard, below X will serve as set of generators for Gjs (in the appropriate
. sense) and a € M will be coded as X%a} C X (in a certain sense). As the
; fg’s are finite partial automorphisms related to the partial automorphisms in
; g, it is natural to require that if g = (go,...,gn), then f; maps elements in
a8 dom(fg) N X Ea} into elements in X ‘I{gn (a)}- Almost all clauses in Definition 3.4
5 right below are combinatorial but, not surprisingly, one is more algebraic,
4o hamely clause (8). As will be clear from reading Section 4 below, this clause is
; crucial in reconstructing an isomorphism between models of the theory of two
; equivalence relations from an isomorphism between TFAB,,’s.

Proof: page numbers may be temporary
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TORSION-FREE ABELIAN GROUPS ARE BOREL COMPLETE 9
1 Notation 3.1. For Z a set and 0 < n < w, we let seq,(Z) = {z € Z" :
2 T injective}.
i HYPOTHESIS 3.2.
5 (1) K* is the class of models M in a vocabulary {&y, €1, €} such that each
6 fo\/[ 1 an equivalence relation and Qfé‘/f 1s the equality relation. We use the
7 symbol &; to avoid confusion, as the symbol F; appears in 3.4.
8  (2) M is the countable homogeneous universal model in K.
9 (3) G is essentially the set of finite non-empty partial automorphisms g of M,
10 but for technical reasons® it is the set of objects g = (hg,tg), where
1 (A) (a) hy is a finite non-empty partial automorphism of M;
12 (b) ¢g € {0,1};
13 (B) for g€ G G, we let
u (a) g~ = (hy 1 — 1y);
15 (b) fora € M, g(a) =hgy(a);
16 (c)forUCM gltd] = {hy(a) : a € U};
17 (d) g1 C g2 means hy, Chgy, and 1y, = tg,;
18 (e) g1 € g2 means g1 C g2 and g1 # go;
19 (f) dom(g) = dom(hg) and ran(g) = ran(hy);
20 (g) forU CM, glU=(hg [U, ).

21 (4) Form <w, GI" ={(go,- .-

v Im—1) €G™ 90 C - C gm—1}-

22 (5) G, =U{G" : m < w}. (Notice that the empty sequence belongs to G.)

23

24 Notation 3.3. (1) We use s, t,... to denote finite non-empty subsets of M
25 and U,V,... to denote arbitrary subsets of M. Recall from 2.1 that C,,
26 means finite subset.

27 (2) For A a set, we let s C; A mean s C A and |s| = 1.

28 (3) For g = (g0,

7g1g(§)71) € g’l“g(g) and Svt Cw M, we let

29 (a) for a,b € M, g(a) = b mean that gi,g)—1(a) = b;

30 (b) gls] =t means that gi,(g)—1[s] =t;

31 (c) dom(g) = dom(gie(4)—1), and 0 if 1g(g) =

B (D) ronl) = om0 a3 2 0

83 () g7' = (9" i <1g(9));

34 (£) g((ze: € <n)) = (g(ze) : £ <m).

35

i Definition 3.4. In the context of 3.2, let K5°(M) be the class of objects

37 (called systems) m(M) =m =

(X™ X™ fm ™) = (X, X, f, E) such that

38 (1) X is an infinite countable set and X C w;
39 (2) (a) (X]:sCy M) is a partition of X into infinite sets;

2The reason is that we want to force that g # g~

1

Proof: page numbers may be temporary



Paper Sh:1205, version 2024-04-15. See https://shelah.logic.at/papers/1205/ for possible updates.

[© |00 N [ (ot [k W N =

NN NN = = = = = = = = = e
BEREBEBERIERIREIRISIEIS

BEERBESEIERIEREEREBNIRIEIR

10 GIANLUCA PAOLINI and SAHARON SHELAH

(b) for s Coy M, let X = Jyc,s Xis
(¢) X=(Xs:sC, M)andso s CtC, M implies X5 C Xy;
or

(3) ford S M, let Xyy = J{Xs:s iU} andso X = Xy = {Xs:5s &1 M}
(4) f=(f5:7 € G) (recall the definition of G, from 3.2(5)) and
(a) fg is a finite partial bijection of X and fj is the empty function if and

only if 1g(g) = 0;
(b) for s,t €y M and g[s] = t, we have

f3(x) = y implies (z € X] if and only if y € X});

(c) for s,t 1 M, (fz(x) = y,x € X!,y € X]) implies (g[s] = t);
(d) f3-1 = —_1 (recall that g—! # g, when dom(g) # 0);
(5) 9,9 € G.. gag = fa & fg’?
(6) we define the graph (seq,,(X), R) as (Z,y) € Ry = R,, when T # g and

for some g € G., we have f3(Z) =¥;

notice that fg_1 = f31 € f, as g € G, implies g~! € G,;

(7)) E"=FE=(E,:0<n<w)=(E':0<n<w)and, for0 <n<w, E,is
the equivalence relation corresponding to the partition of seq, (X) given
by the connected components of the graph (seq,, (X), R,);

(8) if pis a prime, k > 2, T € seqy(X), y = (§' : i <iy) € (T/EM)"™, with the
y"’s pairwise distinct, ¥ € Q¥, g¢; € Q, for £ < k, and

iy (Y) = Aiyrg) = O Argte : L <k, T=0'i <in,y=1y}}
for y € set(y) = J{ran(y) : i < i}, then we have the following:

H{y € set(y) s aiym(y) & Qp}| # 1,

where we recall that Q, was defined in Definition 2.6;
(9) if for every n < w, g, € G and g, € gnt1, U = Jnew dom(gn) € M and
V = Un<w ran(gn) € M, then we have the following:

U dom(f(g, . 0cn)) = Xue and | ran(fig,: <n)) = Xv-

n<w n<w

The definition of m € K5°(M) from 3.4 isolates exactly what is needed
for the group theoretic construction from Section 4 to take place. The rest of
this section has as its sole purpose to show that an object as in Definition 3.4
exists. To this extent, we introduce an auxiliary class of objects, K}fO(M ); cf.
Definition 3.5. This definition is devised with a twofold aim in mind: on one
hand to put more detailed information on the objects at play in Definition 3.4,

~— and on the other hand to be able to construct the desired m € K5°(M) as a

limit of a sequence of approximations m, € K°(M), for ¢ < w, of such an
m € K5°(M). In this process the crucial algebraic condition (8) from Defi-
nition 3.4 gets translated in the more technical algebraic condition (11) from

Proof: page numbers may be temporary
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1 Definition 3.5, showing that this condition is preserved in the limit construc-
2 tion, which will be the most elaborated part of this section.
i Deﬁm’tion 3.5. In the context of 3.2, let K?°(M) be the class of objects
5 mM)=m= (X" X" "7 f" B Yy) = (X, X, 11, f,E,Y) such that
6 (1) X is an infinite countable set and X C w;
7 (2) (a) (X.:sCy M) is a partition of X into infinite sets;
8 (b) forsgw M, let Xs = Uic,s Xi5
9 (¢c) X =(Xs:5C, M) andsosCtC, M implies X; C X;.
10 (3) Fortd € M,let Xy = J{Xs:s CiUandso X = Xy = [ J{Xs:5 &1 M}
1 (4) (a) I=(,:n<w)=(I™:n <w) are pairwise disjoint;
12 (b) g € I,, implies g € G for some m < n;
13 (c) I, is finite.
u (5)Ifg qg € I, then ¢’ € I, :==Jpep Lo
15 (6) =1 =Upeo In
6 (1) f=(f;:g€l)and
17 (a) fg is a finite partial bijection of X and f3 is the empty function if and
18 only if 1g(g) = 0;
19 (b) dom(fz) € Xdom(g) and ran(fz) € Xyang) (cf. Notation 3.3(3c), (3d));
20 (c) for s,t 1 M, (f3(z) =y, z € X,y € X]) implies (g[s] = t);
21 (d) if g € I, then g~! € I, and f;-1 = f; .

2 (8) gy = f3C fg.
23 (9) We define the graph (seq,,(X),R}) as (Z,y) € RY = R,, when T # 3 and

z*: for some g € I, we have f3(Z) = g.

26 Notice that fg = f31 € f,as g € I implies g~ € I.

27 (10) (a) E"=E = (E,:n<w)=(E™:n < w), and, for n < w, E, is the
28 equivalence relation corresponding to the partition of seq,, (X) given
29 by the connected components of the graph (seq, (X), R»);

30 (b) Y =Y, is a non-empty subset of X which includes the following set:
31

4 {z € X : for some g € I, x € dom(f3)};

33 notice that this inclusion may very well be proper;

34 (c) seq(m) = {Z € seqy(X) : for some g € I, T C dom(f3)}; notice that
35 seqy(m) C seqy,(Ym) but the converse need not hold.

36 (11) If p is a prime, k > 2, 7 € seq,,(X), ¢ € (Qp)¥, s = (p, k,7,q) and @ € As,
37 then supp,(a) is not a singleton, where we define A;, An and supp,(a) as
38 follows:

39 (a) As C An ={(ay:y€ Z):ZC, X and ay € Q};

40 (b) if @ € An, then we let

41 _ _

1 supp,(a) = {y € dom(a) : ay ¢ Qp};

Proof: page numbers may be temporary
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12 GIANLUCA PAOLINI and SAHARON SHELAH

(c) ify = (§" : i <ix) € (z/E™)* (but abusing notation we may treat y as
a set), with the §'’s pairwise distinct and 7 € QY, then a € A, where

a=awr = (ay :y € set(y)),

and where a, and set(y) are defined as follows:
ay = 0ty (Y) = gy = D {rpae L < kg =50 < iwy = i},

set(y) = U{ran(gi) D<)
(d) if a € As and supp,(a) € Z C dom(a), then a [ Z € As;
(e) if @,b € As, then ¢ = a+b € A,, where dom(¢) = dom(a) Udom(b) and
(i) ¢y = ay + by, if y € dom(a) N dom(d);
(ii) ¢y = ay, if y € dom(a) \ dom(b);
(iil) ¢, = by, if y € dom(b) \ dom(a);
(f) if g € I™, Z1 C,, dom(f3), Zo = fg[Z1] and a = (ay : y € Zo) € As,
then
alfal = (afg(y) ty € 71) € A

(g) As is the minimal subset of Ay, satisfying clauses (c¢)—(f).

As mentioned above, members in m € KY°(M) are to be thought of as
approximations to objects in K§°(M), but technically an m € K°(M) and
anm € KSO(M ) are made of different components, so we give a name to the
objects in m € Kb°(M) which are essentially members of K5°(M). We call
them full; see 3.6.

Definition 3.6. For m € K?°(M), we say that m is full when in addition
to (1)—(11), condition 3.4(9) is satisfied and 3.5(4) is strengthen to 3.4(4) (that
is, we ask I = G,). Explicitly to (1)-(11) from 3.5 we add

28 (12) if for every n < w, gn € G and gn,  gn+1, U = Jp<o, dom(g,) € M and

V = Up<w ran(gn) € M, then we have the following:
| dom(fig, . rny) = Xop and | J ran(f(g, . <n)) = X

n<w n<w

aa (13) I= Un<w I, = G..

We shall concentrate on the m € K*°(M) which are, in some sense, with
“finite information,” i.e., the ones in which both Y, and I™ are finite. Fur-

36 thermore, we will define a notion of “n is a successor of m.” These notions are

tailor made for our inductive construction of a full m € K{°(M) to take place.
Definition 3.7.

(1) Kb°(M) is the class of m € K°(M) such that Yy, is finite, and for some

n < w, we have that for every m > n, I, = 0 and Iy = {()}. In this case
we let n = n(m) to be the minimal such n < w (so n(m) > 0).

Proof: page numbers may be temporary
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(2) We say that n € suc(m) when
(a) n,m € K§o(M), X™ = X™;
(b) for s C1 M, (X))™ = (XI)™
(c) for t C, M, (X3)™ = (X¢)" (follows);
(d) n(n) =n+ 1, where n(m) = n;
(e) if £ <n(m), then Ij" = I} and Agerm [ = f3
(f) for some g € Gy, I' = {3, '}, lg(g) < n and ¢ < Ig(g) implies

gleelJn
{<n
notice that g ¢ (Js,, I}' (by Definition 3.5(4a)) and the symmetric
condition g7t [ £ € gy, IF* follows from Definition 3.5(7d);
(&) (@) if 2B}y and ~(zEL7), then T ¢ seqy(m) or § ¢ seqs(m);
(B) Ep I seqi(m) = Ejf | seqy,(m).
(3) <suec on KB°(M) is the transitive closure of the relation n € suc(m).

The heart of this section is the following claim.
Claim 3.8. For M as in 3.2, there exists m € K°(M) which is full.

Proof. Our strategy is to construct a full m € tho(M ) as a limit of mem-
bers m; € Kh°(M) for ¢ < w. Naturally, mg is not hard to choose; see (%);
below. Concerning the choice of the my’s, in ()3 below we list our tasks: for
every g € G*, we have a g-task which is ensuring that f; is well defined. Thus,
we list G* as (g¢ : ¢ < w) appropriately and in choosing my;1, a successor of
my, we take care of the gyp-task. This lead us to the main part of the proof,
namely (*)2. Here we are given m and appropriate g~ (g) € G* such that
g € Iy, ie., fzis already well defined for m. Our aim is to define a suitable
successor n of m and, in particular, to define fz~ (4 for n. Moreover, to take
care of the fullness of the limit we want both dom( fg (¢)) and Yy to be large
enough. This explains the statement of (x)s.

«)1 Kgo(M) # 0.
[Why? Let m be such that

/\

X = (Xs:5C, M);

1§ = {()}, foy is the empty function, f = (f()) and 14, = 0 for every
n < w;

(f) Ym is any finite non-empty subset of X.

Note that () denotes the empty sequence and under this choice of m, n(m)=1,
where we recall that the notation n(m) was introduced in Definition 3.7(1).

Proof: page numbers may be temporary
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1 Notice also that 3.5(11) is easy to verify for m as above, as /E[ is always a
2 singleton.|
3
B (¥)2 fme K (M), n=n(m)>0,g=(90,---,9m—1) € I™ (50 n >m) and
5 (i) g€G;
o (ii) for every £ <m, gy C g;
S i) g (¢
s then there is n € K§°(M) such that
N (a) n € suc(m);
Q '[1
(b) 57(9) € I
(c) if s €1 sT =dom(g) Uran(g), then Y contains min(X/ \ Yn);
( ) ( ) =Yn N Xdom(g);

(e) so n(n) = n(m) + 1.

The proof of (k)2 is clearly the heart of the proof. The choice of n in ()23
below is natural: we choose fgﬁ(g) = fx “freely,” ie., it extends f7', it has
large enough domain and no “accidental equality” holds. Lastly, Y, has to
include Yy, ran(f.) and witnesses toward the proof of fullness (cf. (x)2(c)),
which will be dealt with in the next successor step, so we are making sure that
the induction goes on.

We thus move to the proof of (x)2, where we let fi* = fj.

(%)2.1 Let s, =dom(g) C,, M, hence dom(g) C sx, and let u, = Y N X, .

NN NN = = = = = = = = = e
BEREBEBERIERIREIRISIEIS

(*)2.2 Let fi be a finite permutation of X satisfying the following:
(a) f« obeys 3.5(7a)—(7c) for g~ (g) and dom(f,) = ux;

24

25 (b) fs« extends fg;

x (o) dom(f.) Nran(f,) = ran(fy);

27 (d) if z € dom(f,) \ dom(f3), then fi(x) ¢ Y (so fi(z) ¢ dom(f)).
28 We now define n, as required in (*)s.

29 _ _

30 (%)2.3 (A) (a) Xn X™ and X:‘*Xml;

31 (b) I ={97(9), (g7 )" (97 )}

i () I"=I"U T

g (d) I} = I} for £ # n;

34 (e) f7 = f7 for heI™

. <><a>n<n—n+1

36 (b) f_g f*’ f 1) (g f*_l

37 (c) Vo= Z uzt, where (notlclng f«[Ym] = ran(fs))

38 (‘1) Z=YaU fi[Yul];

39 (-2) Zt = {min(X.\ Yu) : s C1 s} \ Z, recalling (x)2(c).
40 The reason for Z* in (B)(c) above it to satisfy condition (x)2(c).

41

; (*¥)2.3.1 R}, and E} are defined from the information in (x)2.3, as in 3.5(9).

Proof: page numbers may be temporary
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1 Comparing (seq;(X), R}) and (seqy(X), R}'), the set of new edges is
2
3 {(i‘ag) : (j7g) GZfUZEI}a
4 where we let
8 (#)24 ZF ={(z,7) : T € seqy(dom(f.)), f(T) = §,T ¢ seqy,(dom(fy))},
¢ zk ={(,9): (5,7) € Zf}.
T Notice that possibly z C dom(f«) A T ¢ seqj(m), and possibly £ C dom(f,) A
8 2 Z dom(fF) AT € seqi(m) (as witnessed by some g’ € IZ,). Anyhow the
?0 union Z¥ U Z*, is disjoint, as dom(f.) = us by (¥)2.2(a), ux C Y by (¥)2.1,
m and z € dom(f,) \ dom(f;) implies fi(z) ¢ Y by (¥)2.2(d). Notice now that
g (¥)2.4.1 if T € seq(uy) and y = fi(Z), then
13 z C dom(fz) & ¥ Cran(fz) = (T € seqi(m) Ay € seqy(m)).
14
; Now, we have
g (¥)2.5 (a) if (Z,7) € ZF, then
17 (o) T € seqy(uy) and ¢  dom(f3);

18 (B) ¥ C felus), § € Ym, § £ ran(fg) and § N Yn S ran(f3);
(b) the dual of item (a) for (z,9) € Z*;

19

2 (c) if Z € seqy(n) \ seqy(m), then Z occurs in exactly one edge of R}.
21 [Why? Item (a)(8) is by (x)2.2(d). Item (c) is by (*)2.2(c).]

22 Notice now that

23 (x)2.6 in the graph (seqy(X), R}), we have (where T € seq,(X) below)

24 (i) all the new edges have at least one node in seqy, (u) \seqy, (dom( f3))
2 and one in seq(f2[1]) \ seay (ran(f;)) = seq(fulte]) \ 50, (Vi)
26 (ii) every node in seqy(n) \ seqy(Ym) has valency 1;

27 (ili) if # € Yy and Z & ran(f,), then z/E} = {z};

28 (iv) if  C Yy and & € dom(fy), then z/E} = z/E};

29 (v) if z C dom(fs) (hence Z C Yy,), then

30 _ _ N _ _

a z/Ep = 2/EF U{f(y) 1§ € 2/ B, § € us,y € dom(f3)};

32 (vi) if # C dom(f;) and 7/E® N seqy,(u.) C seq,(dom(f;)), then

33 T/ By = T/ B = f.(T)/ET;

34

4 (vii) if Z Z Yy but Z C fi(ux), then z/E} = f71(z)/EY;

26 (viii) if Z € seqy(Ym), then

37 (Z/Ey) Nseqy(Ym) = (Z/E}) Nseqy(Ya).

2*8 Notice also that

@ (¥)26.1 (a) if Zo,..., %y is a path in (seqy(n), R}) with no repetitions and
i 0 < ¢ < m, then Zy € seqy(m);

2 (b) Ej I seqi(m) = E} [ seqy,(m) and Ej; [ seqy,(Ym) = E}' [ seqp,(Yn)-

Proof: page numbers may be temporary
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Now, we claim
(¥)2.7 n € KB°(M) and n € suc(m).

The only non-trivial thing is to verify that n satisfies 3.5(11). In principle,
verifying that this holds should be straightforward. As n is explicitly defined
in an essentially free manner, we should be able to check the algebraic condi-
tion 3.5(11). In actuality, though, verifying 3.5(11) would require an explicit
description of AF. We circumvent this by explicitly defining an A" such that
A C A" (cf. (x)2.7.5) and such that A’ satisfies the crucial condition that each
a € A’ has non-singleton p-support (cf. (x)2.7.6). Notice that in order to show
that A2 C A, it suffices to show that A" satisfies the minimal set of condition
defining A}, as defined in 3.5(11), and so it is not hard to achieve, although
the proof requires careful checking. Also the proof ()27 is in principle not
hard but it involves a careful checking of many cases.

We thus move to the proof of 3.5(11). To this extent,

(%)2.7.0 Let s = (p, k, %, q) be as in 3.5(11).

Now, if Z ¢ seqy,(Ym) and Z ¢ seqy(ran(f.)), then z/E} is a singleton and so
the proof is as in (x);. Thus, from now on we assume

[© |00 N [ (ot [k W N =

(¢)2.7.1 Without loss of generality, Z € seqy(Ym) or T € seq(ran(fy)).

*)2.7.2 Without loss of generality, T € seq;.(Ym);
k
(b ) let s be is as in 3.5(11) for m and z;

(c) so AF is well defined.

NN NN = = = = = = = = = e
BEREBEBERIERIREIRISIEIS

24 [Why (a)7 If & Yo, then, by ()2.7.1, necessarily Z Cran(f.), so f;1(z)€z/E}
25 and f;1(Z) C Yu. By (%)2.6(vii), we can replace Z by £ 1(z); (b), (c) are clear.]
B (x)973 (a) A™C AY, let Al = A, recalling 3.5(11);

et (b) let A2 = {8~ . b € Al and dom(b) C dom(f,)}, where for b =
i (by :y € Z1) with Z; C dom(fy) and Zo = f,[Z1], we let

- —rpe—1

. = (b1 sy € 2o);

2 (c) A2 C {be A2:dom(b) C ran(f.)};

33 (d) recalling 3.5(11)(f), notice that for any function h such that bl is
34 well defined, we have that if b/"! = &, then the following happens:
i dom(b) C ran(h) and dom(é) C dom(h).

37 (%)274 Let A’ be the set of @ such that for some a; € Al, ay € A2 and u
38 such that suppp(c_zl + az) € u C dom(a;) U dom(az), we have that
39 (@1 + a2) [ v = a. In this case we call (a1, as,u) a witness for a.

40 Now we crucially claim

41

oy (275 A7 C AL
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1 Why (%)2.7.57 Obviously A’ satisfies 3.5(11)(a) and 3.5(11)(b) is a definition.
2 By 3.5(11)(g) it suffices to prove that A’ satisfies (¢)—(f) from 3.5(11).
i (%)2.7.5.1 A satisfies Clause 3.5(11)(c).
g Let y = (' : i < i,) € (2/E})™, 7 € Q¥ and @ = a(y ) be as in the
¢ assumptions of Clause 3.5(11)(c). Recall that abusing notation we treat y as
7 aset. Let
: yi={y' i <in ¥ CYa},
9 . ) )
10 y2 ={y' i <is,§" £ Yu (s0 §" Cran(fi))}-
1 Fasily we have that y is the disjoint union of y; and ys, and we have
12
13 Uy,r) = Q(y1,Fly1) T O(ya,rly2)
14 . _ _ _ _ .
15 proYlded that we shf)w that as = Q(ys rly2) € A2 (as1 a1 = Ay, riy1) € As is
g ©Obvious by (%)2.6(viii)). We do this. Let y5 = {f, " (y) : ¥ € y2}. Now, if
1> Y€y, then f7N(g) = f2 1\ (9) € T/E} Nseqy(Ya) C 7/E]. Why? First of

£ all f71(y) = fg_j(g) (9), by the choice of g7 (g). Secondly, f;i(g) (y)€x/E} as
10 §C fufun], 5 Yo and 5/ ER = £ (5)/ R, by (1)(vii). Thirdly, £ (5)€ Yo,
2 by the choice of fz~(4). Thus, fg_j(g)(gj) € T/E} N Yy, and, by (x)26(viii)

2L we have that z/E} N Yy C z/EP. Now let 7 = (TE )Y€ v5), where

Z’g
22 "”22717) =T(2,1.(y)- Also, let ah = (a’(27y) :y € set(y))), where for y € set(y}), we
2 et
24 , / . /
25 a(Q’y) = Z{T(Q,Q)QZ Ly S Yo and Yo = y}

26 Asy), C z/EP and m satisfies 3.5(11)(c), easily a) € A™ = AL. Also, easily
2Ty € set(y)) implies a’(27y) = a(a,1.(y)) (recall that 1"22@ = 7(2,1.(5)) and so

i (@) = ay. Thus, a, € A2. Now, y}, 7, witness that @, € Al and so by the
; definition of Af we are done. This concludes the proof of (x)2.7.51.

i (x)2.752 A satisfies Clause 3.5(11)(d).

32 This is obvious by the definition of A’.

33 (%)9753 A’ satisfies Clause 3.5(11)(e).

34 _ _

s Let a,b € A, and let (@1,as,u) be a witness for @ and (b1, ba,v) be a
% witness for b, now (@ + @g,b1 + by, u U v) is a witness for @ + b. Hence,
= - _ -7 /

gy C=0 +be A

38 (*¥)27.54 A satisfies Clause 3.5(11)(f).

39 Let h € I, Z1 C dom(f};), Zo = f3]Z1] and dom(a) C Z. We shall prove
40 that al/sl € A, where @ € A’ and (@1, az,u) is a witness of this.

41 _

;. Case 1: u € Yy and u € ran(fy). In this case there is no such h.

Proof: page numbers may be temporary
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Case 2: u Yy and u C ran(f,). Notice that u € Yy, so there is y €
u\ Ym. Now, y € u C dom(f,). But we have

helI™= dom(f;) C Yu = y ¢ dom(fy),
h=g"(g9) = dom(f) =u. = y ¢ dom(fy),

so necessarily h = (g71) " (g7!) and f; = f;!. Now,
(-) Without loss of generality, dom(ai) C ran(fg).
[Why? If 2 € dom(a1) \ ran(f3), then z ¢ u so z ¢ supp,(a) and z ¢ dom(az),
hence a, = ag,) € Q. Thus, aj = a1 | (dom(a) Nran(f;)) € Al and
(@ + a2) | w = (a} + a2) | u, so we can replace a; by aj, as m satisfies
clause (f).]

Let a} = C_L[lf - d[lf *J: this is well defined. T belongs to Al and has domain
C dom(f,). Also, dom(az) Cran(f,) and as € A2, hence a) = a[Qf*] € Al and it
has domain Cdom(fy). By 3.5(11)(e) and the above we have that @’ = @} + @}
€ A;. Also, supp,(a’) C f, ! [u] Cdom(a) +aj), hence @’ | f;[u] € Aj. Thus,

Case 3: w C Yy and h = fg‘A(g) = f«. In this case we have

() Without loss of generality, dom(az) C ran(fz).

[Why? If y € dom(az) \ ran(f3), then (recalling dom(az) \ ran(fz) C filus] \
ran(f3) C fi[us]\u) we have that y ¢ usoy ¢ supp,(a) and y ¢ dom(ay), hence
ay = ag,) € Q. Thus, by 3.5(11)(d), a5 = @ | (dom(az) Nran(f;)) € AZ and
(a1+az2) [ w= (ai+ab) [ u, so we can replace as by a3, as m satisfies clause (f).]

Let al, = EL[2 o = d[zf*}. This is well defined, and it belongs to A} (by the
definition of A2, recalling a2 € A2). Also, a) has domain C dom(f.). Now,
asm € K§°(M), f; € I™ and @) € Al = A™, recalling 3.5(11)(e), we have

35 ay = (d’Z)[fgl] € Al so as m € Kb°(M), we have a; +as € Al. Thus, as
36 Al C A, we are done.

Case 4: uw C Yy and h € I,. This is similar to Case 3.

Case 5: u C Yy and h = f(“g,l)ﬁ(g, = f' Asu C Yy and u C

Y

20 dom(f}) = dom(f, ') = ran(f.), necessarily we have

u C Yy Nran(fy) = ran(fz) (cf. (%)2.2(c)).

Proof: page numbers may be temporary



Paper Sh:1205, version 2024-04-15. See https://shelah.logic.at/papers/1205/ for possible updates.

‘5‘ [© o N 1o ot Ik W o =

—_
—_

e I e
= 15 IS |

TORSION-FREE ABELIAN GROUPS ARE BOREL COMPLETE 19

As in earlier cases,
(-) Without loss of generality, dom(az) C ran(f3).
So we can finish as in Case 4.

Thus, indeed A} C A’, by (g) of the definition of A? in 3.5(11) and
(*)2.7.5.1-(%)2.7.5.4. Hence, we finished proving (x)2.7.5.

(¥)2.7.6 If @ € A', then supp,,(a) is not a singleton.

We prove (x)276. Let a € A, and let (a1, az, u) be a witness of this. For
¢ =1,2, let aj, = ag | supp,(a¢). Then, by 3.5(11)(d), we have that @} € Al =
AT, Also, a3 = &[Qf*] € Al, by the definition of A2, and so, as m € Kb°(M),
ay | {y € X : fi(y) € dom(ah)} € Al. Clearly we have the following:

domy(a3) :={y € dom(ay) : a(y ) ¢ Qp}
={y € dom(a3) : aqa, 1, (y)) = a2,y) ¢ Qp}
={/u(y) 1 y € domy(az) = {y € dom(a3) : a(a,) ¢ Qp}}-

Thus, a} | domy(a3) = (ah)ll. As ay = EL[Qf*] € AL, recalling that Al = A",
by 3.5(11)(d), we have ’Ehat (ah)l+ = a3 _[ dompgag) € AT. Hence, by the
definition of A2 (as @ = bl/*! if and only if b = al/~ 1), @, € A2. So we have
(a) if y € dom(ay) N dom(az), then
(*) y ¢ supp,(a1) implies y € supp, (a1 + az) if and only if y € supp,,(az);
(*) y ¢ supp,(az) implies y € supp, (a1 + az) if and only if y € supp,,(a1);
(b) if y€dom(ay)\dom(az), then y €supp,(ay) if and only if y € supp,,(a1+az);
(c) if y €dom(ag)\dom(ay), then y € supp,(az) if and only if y € supp,,(a1+as).
Hence,
(*)2.7.61 Without loss of generality, @ = a1 + a2 and a; = ay | supp,(ay) for
(=1,2.
[Why? Letting v’ = dom(a}) U dom(a}), we have
(a) v Cu;
(b) dom(a}), dom(a) C
(c) @) +aj [ supp,(a) + @) = a1 + @z | supp,(ar + as).
So (*)2.7.6.1 holds indeed.]
With (%)276.1 in mind, we now get back to the proof of (x)2.7.6.

Case A: supp,(a1) € ran(fz) and supp,(az) € ran(f;). As supp,(a1)
ran(f;), we can choose y; € supp,(a1) \ ran(f;), and similarly we can choose
Y2 € supp,(az) \ ran(fz). Now dom(a;) C Yy and dom(az) C f«[Vi], hence
dom(a;) Ndom(as) C Y N fi[Ym] = ran(fs) (recall (x)22(c)), so necessarily
y1 ¢ dom(az) and y2 ¢ dom(a;) (by the choice of y; and y2). Hence, letting a =
(ay : y € u) and recalling the definition of @ = a; + as from 3.5(11e), we have
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(*) y1 € dom(ay) \ dom(az), S0 ay, = a(y,);

(*) y2 € dom(az) \ dom(ay), S0 ay, = a(2,y,)-

But a(1,y,), @2,) &€ Qp (as y¢ € supp,(ar), for £ = 1,2) and so ay,, ay, ¢ Q,,
and, as obviously 1 # yo2, we are done. This concludes the proof of Case A.

Case B: suppp(ag) Cran(fg), equivalently, by (*)2.7.6.1, dom(az) Cran(fg).
Define y, = {f: *(9) : ¥ € ya}, where, recalling 7 is from s (cf. (¥)2.7.0), we let

Yo ={y € Z/E} : § £ Yn (so § C ran(f.))}.

[© |00 N [ (ot [k W N =

Now let

—/ /

ay = (aga,) 1y € set(y5)),

where

y € set(ys) = al(z,y) = 0(2,fu(y))"
Now, we have
1) y'2 C z/E;
) ae Al
) () =
) dom(al) C dom(fg)
) as € ./41
[Why? Concerning (1), if ¥ € y5, then by the choice of y), there is § € yo
such that f71(y) = ¥'. Furthermore, by the choice of ys, we have § € z/E}
and § € Yn (so g C ran(fy)). By the definition of E} we have § € z/E}.
~ Thus, by (x)26(viii), we have § € z/E}", so (-1) indeed holds. Also, (-2) is

(-
(-
(-
(-
(-

2
3
4
5

NN NN = = = = = = = = = e
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9 by (1) and (-3) is because we defined a), = (a’(2 ) Y E set(y5)). Moving to
5 the remaining clauses, we have that (-4) holds as supp(ag) C ran(f;). Finally,
,; concerning (5), recalling that f; C fi, by (-3)+(-1) we have that (@)l = ao,
5 and as ah € AL = A™ by 3.5(11)(e) we have as € AL = A"

2 Now let @, = a1 + @2, as each summand is in A} (notice that the second
30 Summand is in Al by ()). Then also a, € AL, recalling that A! = A" and
5, W satisfies condition 3.5(8)(e). Also, clearly @ = ax, but the latter belong-
3, NG to AL, we have that supp, (@) is not a singleton, recalling that Al = AP
45 and m satisfies 3.5(11).

34 Case C: supp,,(a1) Cran(fy), equivalently, by (*)2.7.6.1, dom(a1) Cran(fz).
35 This case is similar to Case B. Recalling Z is from s (cf. (x)2.7,0), let

36 o _ _

. y2 ={y € Z/E}: § £ Yu (so § C ran(f.))},

38 vh={f"'®) :J € y2},

39 ay = (afy,) : Y € set(y)),

40

— where

41 / / _

- y €set(yy) = a(a,) = a2 f.(y)-

Proof: page numbers may be temporary



Paper Sh:1205, version 2024-04-15.

‘5‘ [© o N 1o ot Ik W o =

—_
—_

e I e
= 15 IS |

TORSION-FREE ABELIAN GROUPS ARE BOREL COMPLETE 21

Now let Y1 = supp,(a1) C ran(f;) and Yy = f;l(Yl) C dom(fz). Then we let

(a) @1 = (a(y,) Y € Y]), where

(b) @ <1y) = A1 f5(y ))?

(e) Y2 dom(az) =[] = f7[Ye);
(-q) @ = (a Ay, Y € Yz), where

(e) a (2y a/(27f*(y))'

Then

(1) y2 C z/E} (recall that s = (p,k,Z,q) and 3.5(11)(e));
(-2) ah € Ag;

(-3) (*/)[f*‘l] = ay;

(4) dom(a}) € dom(fy);

(5) @ € Asg;

(-6) (aé)[ﬂ?] {s

Now let @, = a1 + a, and let @, = @, + @}, so that (@,)* | = a,. As a, € Al
by (-5) and a}, € Al by (-2), then by 3.5(8)(e), we also have @, = a} + a5 € AL
Hence supp, (@) is not a singleton (as m € KY°(M)) and so also supp,(a.) is
not a singleton.

So we have finished proving (x2.76); i.e., a € A" implies that supp,(a) is
not a singleton. Thus, we also finished proving (x)a, as by (x2.7.5) we have
ae€ A = a e A, and so by (*2.76) we are done; i.e., we have verified that n
satisfies 3.5(11).

(¥)3 We can choose an <g,c-increasing sequence (my : £ < w) in KBO(M ) whose
limit m is as wanted, i.e., m € K5°(M).

We show this. We can find a list (§° : £ < w) of | J,,<,, G such that

(¥)z1 (D) 1g(_ ) <4
(ii) if g* qgk then ¢ < k;
(iii) 1g(g%) = 0 if and only 1f€ =0;
(iv) note that for £ < lg( ), gf # (gg)*1
(V) F20+2 ( 2€+1)

)

(vi) if lg(g%“*1) > 1, then there is a unique i < £ such that
(.1) 921—&-1 92£+2
(‘2) g2i+2 <]g%—i—l
( ) 1g( 2£+1) lg( 2£+2) 1g(£—]2i+1) +1= lg(g2i+2) +1.
Why do we ask what we ask in (x)3.17 Clause (i) is just for clarity. Clause
(ii) is needed because defining my41 we would like to ensure g € I™+1  in the
interesting case g, ¢ I™*. But g’ <gy, implies fz C fg,, so it makes sense to take
care of gy, only after all the g'< g have been taken care of, but this means g’ <gy

7

implies g’ € ™. Concerning clause (vi), the point is that in (x)2 we only took
care of having dom( fg )) be large enough, but not of ran( fg y)- But, by our
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bookkeeping, if g, is not empty sequence, gy < gy and 1g(ge) +1 = lg(gx), then k
is odd if and only if £ is even. Hence if k is odd, then choosing g; will increase
the domain of fg:““ to include Y, N Xqom(g,) (cf. (¥2)(d)), and if £ is odd,
then choosing g, will increase the domain of f;;“l to include Y, N Xqom(g,)-
But Yi, C Yu,, so always Yu, N Xqom(g,) € dom(fg;k“). Mutatis mutandi we
have that Yy, N Xyan(g,) € ran(f;;k“). Clearly this suffices.
Now, by induction on £ < w, we choose m; € KBO such that n(my) < £+1
and myyq € suc(my) or myy; = my. We proceed as follows:
(*)3_2 (E = 0) use (*)1,
(6 =Fk+1) () if g"*! € I™, then my = my, (if this occurs, then k is
odd);
(o) if gFt1 ¢ ™ let my, = 1g(g" 1) —1, so gFFL | my, € T™,
and use () with the pair n(my), g2**! here standing
for n, g™ (g) there.

Clearly m = limg,,(m;) € K}°(M). Notice that by (¥)3.1, we have
(%)3.3 if g¥ < g’ < g™, then

(i) fgk - fgl C fgm;

)

(ih> Ymk N Xran(fg;) c I'an(fgm);
)
)

[© |00 N [ (ot [k W N =

(iv) if s C dom(f5x ), then min(X{\Ym, ) € dom(fzm) (see (x)2.3(B)(c)(-1));
(v) if s Sy ran(fjr), then min(X;\ Y, ) € ran(fzm) (see (¥)2.3(B)(c)(-2)).

Thus we are only left to show that m € K}°(M) is full, that this, that m

NN NN = = = = = = = = = e
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95 satisfies conditions (12) and (13) from 3.6. For this, notice that

26 (i) Definition 3.6(12) holds by the definition of my4; € sucy,, recalling
2 (%)3.3(iv) (v);

28 (ii) Definition 3.6(13) holds as the g*’s list G.. O
29

0 COROLLARY 3.9. K5°(M) # 0.

31 Proof. This is obvious by Claim 3.8, simply comparing Definitions 3.4, 3.5
32 and 3.6. O
33

34 4. Borel completeness of torsion-tree abelian groups

35

36 4.1. The definition of the groups Gy ).

i Definition 4.1. Let K2°(M) be the class of m € Kb°(M) expanded with a
38 sequence p = p™ of prime numbers without repetitions such that we have the
3 following;:

40

" (1) p= (P(e,q) : € € seq,,(X)/E} for some 0 < n < w and g € (Z1)");

" (2) for every £ <mn, p [ qp.
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1 Fact 4.2. Clearly every element of m € KSO(M) can be expanded to an
2 element of m € KE°(M) and, as we showed in 3.9 that K§°(M) # 0, we have
5 Ky(M) £ 0.
4
5 We try to give some intuition on the group G; = Gi[m] which we are
g about to introduce in Definition 4.3. This group will be some sort of universal
; domain for our construction, and in fact all the TFAB,,’s which will be in the
¢ range of our Borel reduction from K5 (cf. Hypothesis 3.2) to TFAB,, will be
é pure subgroups of this group GG;. The group (1 naturally interpolates between
10 Go=@{Zz:2 € X} and G2 = @{Qux : v € X}, which have respectively the
;1 minimal and the maximal amount of divisibility possible. Clearly, the groups
12 Go and G2 do not code anything of the universal countable model M e K3*
13 (cf. Hypothesis 3.2). Thus, we want to find a subgroup Gy < G1 < G2 which
Q does encode M. We do this adding divisibility conditions to Gy which depend
; on the relation E)' from 3.4. So the first step is that for every a € Gg , we
g choose a prime p, and require the following condition:
17 GO):a:quxg;éOéGllngo\a.
18 o<k
19 However, we want the partial permutations f3 of X from 3.4 to induce partial
2 automorphisms fg1 of our desired group G, and so we naturally demand
21
22 ve{1,2}, e, =Y quy, J\ f5(x)) = 2] = pay = Dpay.
23 <k <k

24 Formally, this translates into a choice of p( 4 as in Section 4.1, where con-
25 dition 4.1(2) is simply a useful technical requirement. We finally define our
26 “yniversal” group Gi.

Definition 4.3. Let m € K5°(M).

20 (1) Let Gy = Go[m] be @{Qz : z € X}.
30 (2) Let Go=Go[m] be the subgroup of G generated by X, i.e., P{Zx : x€ X}.
31 (3) Let G; = G1[m] be the subgroup of G5 generated by

32 (a) Go;

33 (b) p™™(> pen qexe), where

34 (i) 0 <m < w;

35 (ii) & = (¢ : £ <n) €seq,(X), e=T/EN, n>0;

36 (iii) g is as in 4.1;

37 (iv) p = P(e,g) (s0 a prime, recalling Definition 4.1);

38 (c) [follows] for every a € Gy, there are i, < w and, for i < i., k;, T; €
39 sedy, (X), ¢ € (ZH)EO) ey = Zi/ By, pi = P, q,) (hence g; is as in 4.1),
40 m(i) > 0 and r* € Z* such that the following condition holds:

i a = Z{p;m(l)rzq(i7g)$(i7g) 1<y, < k‘l}
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(4) For a prime p, we have
G(1,p) = {a € Gy : a is divisible by p™, for every 0 < m < w}.

5 (Notice that by 1Observation 2.5, G(1p) is always a pure subgroup of G.)
5) Ford C M, we let

Guwlm = Gam(M)] =Gauy =W :y € Xu,u S1U)g, = (Xu)g, -

The notation m(M) is from the second line of Definition 3.4 and X/ is
from 3.4(3).

(6) For f; € f™ (cf. Definition 3.4(4)), let fgz be the unique partial automor-
phism of G which is induced by f5 (see 4.4(2)), explicitly: if ¥ < w and
for every ¢ < k we have that y; € dom(f3), v7 = f3(y}), ¢ € QT, then

a=> qy €Gy = fia)=> quyi
1<k <k

(7) For ¢ € {0,1}, we let fg I Gy = fg and fg = f?} (see 4.4(2)).

(8) For i € {0,1,2}, a = >y, que € Gy, with (z, : £ < k) € seq(X) and
g € QF, let supp(a) = {xy : £ < m}, i.e., when a € G}, supp(a) C,, X is
the smallest subset of X such that a € (supp(a))g, -

(9) For p a prime and a € G , we define the p-support of a, denoted as
supp,(a), as follows: if a = Z{ngg 0 < k} with (24 : £ < k) € seqi(X)
and ¢ € QT, then

suppy(a) = {xe: £ <k and q ¢ Qp},

where we recall that Q, was defined in 2.6.

LEMMA 4.4. Let m € K5° and ¢ € {0,1,2}.

2 (1) Gy[m] € TFAB and |Gy[m]| = No.

(2) (a) f is a partial automorphisms of Galm| mapping Go[m| into itself;
(b) fg fgl = fg I G(1,dom(g)) (cf- Definition 4.3(5), (7))2 the map fgz is a
well-defined partial automorphism of G1, and dom(f3) is a pure sub-
group of Gl[ |; in fact dom(fg) is the pure closure in Gy of dom(fg);
(C) fg‘l fg a
(d) g1 - 92 = fg1 - fgza
(e) fgcfg Cfg Cfg
P=D(e,q)> e€seq,(X)/EF, ¢=(q:€<n)isasin 4.1, and n > 1, then
(@) ran? M@ye:m <w,y € €>01 < G
(b) Gl X <{p EZ<7L qeYe - < W, g S 6} U QPGO>G27
(c) if a € Gy, then there are k < w, and, for i <k, ' € e, s; € QT such
that

(1) a =3k $i(X0en qey) mod(Q,GoNGy);

Proof: page numbers may be temporary
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1 (i) for alli < k, ;> pen QZyé ¢ Q,Go, and ¢ < n implies Sngyé ¢
2 QpGO;' '
3 (iii) s > {qy; : ¢ <n} € Gy.
4 (4) In Lemma 4.4(3) we may add that (' : i < iy) is with no repetitions.
5

Proof. Item (1) is clear. Concerning item (2), clause (a) holds as f3 is
6 & g
- a partial one-to-one function from X to X; while for clause (b) it suffices to
¢ prove that given >y, quy7 and 3",p qey7 as in Definition 4.3(6), we have that
2 Y ayi €Gi= Y awi € G
10 <k o<k
11
1o In order to verify this it suffices to consider the case in which a := 3, ey}
13 1s one of the generators of G from 4.3(3). Thus, to conclude, it suffices to
4 hotice that f3 maps gl = (y} : € < k) toy*> = (y? : £ < k); hence §* € y' /EF
15 and recall 4.3(3b). This shows (2)(b). Finally, items (2)(c)—(e) are easy, and
16 SO0 we omit details.
17 Concerning item (3), if § € e and 0 < m < w, then p™™ >, 1 qeye is
178 one of the generators of (G1. As this holds for every 0 < m < w, it follows
B that >y, p™"qye € G1,), by the definition of Gy ). As G(1p) is a sub-
; group of G, for every y € e, we have that ) ,, qye € G1p) < G1. Let

i Zieq) = 1D 0<n@ye : J € e} € Gap). Then (Z )G, < G(ip), because by
Definition 4.3(4) we have that G, ;) is a pure subgroup of G (cf. Observa-

2 :
g3 tiom 2.5). Th'IS proves (3)(a).
04 Concerning (3)(b)(c), assume

3 (+1) a€GY.
26 By 4.3(3)(c), we have

2T (x9) As a € Gy, we can find

2 (a) ix < w;

i (b) le" 1< ’L*,_GZ = fi/Ekia x; € SE'Eq,'Ci(X), (jL = (q@ < k‘l) € (Z+)ki;

o (c) r" € ZT, " € ey, by =3 e, 4y € Go;

i (d) pi = Ple,,q); -

3 (€) a=>. p;m(l)r’bi, where m(i) < w;

a1 (f) (b; : i < i) is with no repetitions;

. (2) p; "riv; € Gy

36 Now let

8T (x3) V= {i <i:pi =P =P(eg) and p, "rib; ¢ @G0},

38 where we recall that the object p(cq) is from the statement of lemma and, in
39 particular, it is fixed. Notice also that if i € V, then (e,q) = (e;,¢). Hence,
D we have

o (k) (a) ifi €0\ V, then p; ™rib; € Q,Go;
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(b) i € V implies ' € e and ¢ = ¢;
(c) if i € V and £(1),4(2) < k, then

p; m(l),rzqz c Qp = D;

vy € @y & p iy € QG
(d) if i € V, then p; ™Prib; ¢ Q,Go;
(e) if i € V and ¢ < k, then p, —m(?) r’q}yﬁ ¢ Q,Go.
[Notice that in the first equivalence of (*4)(c) we use £ < k = q; € Z*,p [ qu.]
By (%4), we have
(x5) (a) a =S {p, " ® 21 € V}mod(Q,Go NGh);
(b)yieV 1mphes D; ( r'b; ¢ Q,Go.
So, defining s; as p~™@r?, we are done proving (3)(b)(c). Finally, (4) is easy.
O

[© |00 N [ (ot [k W N =

FaCcT 4.5. Assume that m € K5°(M), U,V C M and U] = V| = No.
Suppose further that there is h : M [U=M [ V. Then there is g=(gr:k <w)
such that

(a) for every k < w, gr € G (cf. Hypothesis 3.2(3));
(b) for every k < w, gk S gr+1;
() Uhcwgr - M TUZM V.

Proof. Let h : M U = M [ V. We can choose an increasing sequence
(ng : k < w) such that g = h N (ng X ng) (pedantically g = (h N (ng X ng), 1)

NN NN = = = = = = = = = e
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94 recalling 3.2(3)) is strictly increasing and (Jy<,, gx = h- O
2 As mentioned, G; will be some sort of universal domain for our con-
2 struction. This is reflected by the fact that instead of varying M € K®¢ in
2T Definition 3.4, we fix M to be the countable universal homogeneous model
B of Kea and, for Y C M, we consider the substructure M [ U and the group
2 G(1u)- We intend to show

30

” MIUZM IV & Gaylm] = Gy,

32 The easy direction is course the left-to-right one, which we now establish:

33 Claim 4.6. Assume that m € KE°(M), U,V € M and [U| = |V| = N.
34 Then

35 MU=EM|YV = G(l,lxl) [m] = G(l,V) [m]

36 Proof. Let (gr : k < w) be as in Fact 4.5, sp = dom(gg) and t; = ran(gg).
3T Then

3

s (1) for kb < w, gr = (g¢: £ < k) sogy€ GF1 (cf. Hypothesis 3.2(4) and
o a5, (b))

o ) Ukewgn s M TUSM TV (cf. 4.5(c); )

“ (iii) for every k < w, we have that g, € G, and so, by 3.4(4), fg, € f™.
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Notice also that by 3.4(9) we have
(*1) (d) Uk<w dom(f!?k) = Uk<w Xs, = Xu;
(€) Uk<wran(fg,) = Uk<w Xnjsy) = X
Hence, we have
(x2) Uk<w fg, is an isomorphism from G (1) onto Gy yy (cf. 4.3(5), (7)).
[Why? By 4.3(5), (6), (7), 4.4(2b) and 3.4(9).] O
4.2. Analyzing isomorphism. Our aim in this subsection is to prove the

converse of Claim 4.6.
Throughout this subsection the following hypothesis holds:

HyPOTHESIS 4.7.

U| =R = [V|;

Our aim in Lemma 4.8 and Conclusion 4.9 below is to show that 7 es-
sentially comes from a bijection from X;; onto Xy, which are respectively the
bases of G(14)[m] and G(1y)[m] (in the appropriate sense). At the bottom
of this is the crucial algebraic condition 3.4(8), which puts restrictions on the
possible p-supports of certain members of G1.

LEMMA 4.8. Let a € G yy[m], and let b = 7(a).

(1) For a prime p, a € G p) < b€ G p);
(2) if a = qx for some q € QT and x € Xy, then for some y € Xy,
(a) (2)E(y);
(b) b € Qy, i.e., there exist my,mg € ZT such that mib = may.
Proof. Item (1) is obvious by 4.7(4). Notice now that
(o) It suffices to prove (2)(b).
Why (%¢)? Suppose that b = %y, and let ¢ = (2)/ET and p’ = p 1))
Then x € Gy, but a = gz and a € Gi, hence a € G(y ). Now, applying
(1) Wlth (a,b,p’) here standing for (a,b,p) there, we get that be Gy As
b= y € G1, we have that y € G(1 ) and thus
() Gi = (p)®]= and Gy |= (p)>]y.
Now, letting H,y o) = (¥/ET" )G, and Hy 1) = (z/ET)g, we have that
(x0.1) (i) Go/Hy ) is canonically = to the direct sum of (Zy : y € X\z/ET");
(11) ll)ﬂGO— (p /0),
(iii) Gl/H 1) Daturally extends Go/Hy o);
(iv) no non-zero element of G1/H,y 1y is d1v181ble by (p')*.
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Why (%¢.1)? This is straightforward; see a detailed proof of a more complicated
case in 5.15(2). This concludes the proof of (xq).
Coming back to the proof,

(x1) Letn < w, § € seq,,(Xy) and ¢ € (Q)" be such that b = > {qeye : £ < n}.
Trivially, n>0. We shall show that n=1, i.e., that (2)(b) holds. To this extent,
(*1.1) Let ¢« € w\ {0} be such that

(1) b1 := gub € Go[m];

(-2) q«q € Z, and q.qp € Z for all £ < n;

(-3) for every prime p’, we have that p'| (¢.q) implies p’ | (g«qr) for all

l<n.

Lete =§/En, q) = ¢« and § = (g; : £ < n), so that ¢.quy¢ = q)ye and q; € Z7.
Let p = p(e,q), and let by = g.b = S {quye : £ < n}. Notice that we have
(*2) Ne<rP fq and, for every ¢ <k, q, € ZT C Q).

[Why? Because p = P(e,q') has been chosen in 4.1 exactly in this manner.]
Then we have

(x3) (i) b€ G1p);

(ii) a € G(Lp);

(iii) if m < w, then p™™a € G(1p) < G1.
[Why (i)? By the choice of p we have that by € G(y,) (cf. Definition 4.3(3),
(4)) and so, as G(1 p) is pure in G (cf. Observation 2.5), by = ¢.b and ¢« € Z,

)
= we have b € G(yp) (cf. Observation 2.4). Why (ii)? By (1) and (i), recall-
= ing 4.7(4). Lastly, (iii) is immediate: by the definition of G and of G(y )
22 (Definition 4.3(3), (4)).]

~~ (x4) Without loss of generality, a = gz ¢ Q,G¢ and pa € G.

We prove (*4). Let @’ = p~lgua, ¥ = p~lq.b and ¢ = p~lq.. So by
(x3) we have that o',/ € G; and of course 7(a’) = ¥'. Now, by the choice
of ' and ¢. (in particular, cf. (+1.1)(-3)) we have that pb’ € Gy, hence
pa' = 7w (pt') € Gou). Notice that a' & Gy, as o’ ¢ QpGo because
v ¢ QpGo, since from (x3) above, A, p [ q;. Noticing that (a’,¥', ¢, b1,p,q7")
satisfies all the demands of (a, b, g, b1, p,7) (including (x3)), it follows that

34 (x41) (a) replacing (a,q,b) with (a’,¢,b") we can assume that a = qx ¢ Q,Go;

(b) if b’ belongs to Qy for some y € Xy, the the conclusion of (2) is
satisfied.

This concludes the proof of (x4).
Now, by 4.4(3), there are k < w and, for i < k, §* € §/E, and r; € Q*

== such that

e =
=]

IS

o (5) (a) @r=a=3 (X ren @¥0) = ik (Coan midyyp) mod(QpGo N Gh);

(b) 73 Y ocp qpyp € G and 7iq; & Q.
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1 By (*4), a = gz ¢ Q,Go, and so clearly k > 0. It suffices to prove that k = 1,
2 which by (*5) implies that n = 1; i.e., there is y € Xy, such that b € Qy. Why
3 does it follow that n = 17 Because otherwise, the left-hand side of (x5)(a) has
4 p-support a singleton but the right-hand side of (x5)(a) has p-support of size
5 at least two, a contradiction.
6 So toward contradiction assume that k > 2. Recalling (*4), notice that
7 .
L () 4 = 0 = Tocn(Sicuritiy) mod(QConGa).
é Now, let Z = {y} :i < i, ¢ < k} and, for y € Z, let
10 /. . %

= iqp 1 < i, < k,y; =y}

m ay =Y {riqp i <i v =y}
12 So, by (*¢) we have
13
N (*7) gz =>"{ayy : y € Z} mod(Q,Go N G1).
; Now, since for the sake of contradiction we are assuming that k& > 2, recalling
16 that by (x2) we have that ¢; € Z C Q,, by 3.4(8), we have the following:

17 (*s) supp, (Y _yev ayy) ={y €Y :a, ¢ Q,} is not a singleton.

18 Now recall that, by (x4), gz = a ¢ Q,Gy, hence supp,(qr) = {z}, so it is a
19 singleton. By (xg), the right-hand side of (*7) has a non-singleton p-support
20 whereas the left-hand side of (*7) has p-support a singleton, a contradiction.

2L Hence, we are done proving (2). O
22

23 Conclusion 4.9.

24 (1) There is a sequence (gl : © € Xp;) of non-zero rationals and a function
25 w1 @ Xy — Xy such that for every x € Xy, we have that

26

- m(z) = ¢t (mi(z)) and m(x) € z/ET.

28 (2) There is a sequence (¢2 : z € Xy) of non-zero rationals and a function
29 mo : Xy — Xy such that

30

= -1 2

31 T (@) = gz (ma(z)).

32 (3) (i) mom : Xy — Xy = idy;

33 (ii) 7 ome : Xy — Xy = idy;

St (iil) 71 : Xzr — Xy is a bijection.

35

36 Proof. (1) is by 4.8; we elaborate. To this extent, let R = {(z,y) : x,y €

37 X and 7(z) € QTy}. Now, we have
38 (%) For all z € Xy, there is y € Xy such that R(x,y).

39 [Why? By 4.8(2b) there is y € Xy such that 7(z) € Qy, as 7 is an automor-
40 bhism, necessarily 7(z) # 0 and so 7(z) € Qty.]

41

12 (x2) If x € Xy and (z,y1), (z,y2) € R, then y1 = yo.
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[Why? By the definition of R, there are q1,q2 € QT such that gy = m(x) =
q2y2. As q1,q2 # 0, necessarily g1 = g2 and y1 = y».]

Together, R is the graph of a function that we call 7. Lastly, m1(x) €
x/ET by 4.8(2a). Thus we proved (1).

(2) is by part (1) applied to 7= (and V, U).

(3) is by (1) and (2). Why? For example, for (i), we have that

1 om(z) = 1N qp(m(2))) = 67, (o) 0a(m2 0 Ti(2)) = 2,

which implies that mp o m1(x) = x; (ii) is similar, and (iii) follows from (i)
and (ii). O

Our aim in the subsequent claims is to lift the one-to-one mapping from
Xy onto Xpy defined in 4.9 to an isomorphism from M [ U onto M | V.
We recall that the equivalence relations €M (for i € {0,1,2}) were defined
in 3.2. We intend to show that our mappings m and 7 ' — 7, preserve
them (and so also their negations). This is done introducing some auxiliary
equivalence relations & (for i € {0,1,2}) on X which reflect (to some extent)
the equivalence relations Q‘EZM on M.

Definition 4.10. For i < 3, let
& = {(x,y) : for some (a,b) € M z ¢ X%a} and y € X%b}},
where we recall that Giw was introduced in 3.2.

Claim 4.11.
(1) If (yo,v1) € (xo,21)/ES, x0,21,%0,y1 € X and ¢ < 3, then

zo&ix1 & Yo&iy-

27 (2) The mapping m from 4.9 preserves &; and its negation for all i < 3.

Proof. (1) Suppose that (yo,y1) € (zo,x1)/ES. Then it is enough to prove
(x1) If g € Ga, fg(xe) = ye for £ = 0,1, then &1 & Yo&iy1.
For £ = 0,1, let z;, € X{, for s, €y M, and y, € Xj, for t; C; M. Now, as
f3(ze) = ye, by 3.4(4)(d) we have that g[se] = t;. So g(so,s1) = (to,t1), and
so, as g € G, we have that sg€;s1 < toéiwtl. This implies xzo&;x1 < yo&iyi-

Concerning (2), also using 9, V, U it suffices to prove that for z,y € Xy,
we have

z&y = mi(z)Em(y).

To this extent, suppose that &y and let s C; U be such that x,y € Xs/ef‘/f-
(As s/€M C M, we are using 3.4(3) to give meaning to the expression Xs/eg‘/f-)

22 If x = y, then the conclusion is trivial, so we assume that x # y.

(*1-1) Let e = (.’Ij‘“y)/E;n, q= (17 1) and p= p(e,q)'
Now, we claim
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1 (%12) There is 0 < m < w such that p~™g,mi(z) + p~"qym (y) ¢ Q,Go N Gj.
2 [Why? First of all, as ¢z, ¢y € QT and z#y=m () #m(y) and 7(z +y) €Gy,
3 we have that 0 # a = gpm () + gymi(y) € Gy and so we are done, recalling
% that by the definition of Q, we have that for every b € G|, there is m < w
5 such that p~ b ¢ QpGo.]
§ So fix an m < w as in (*1.2). Now, by the choice of p, we have that
i p " (z +y) € G1p < G1 and so we have that the following is satisfied:
o P Mgemi() +p Mgym(y) = p () +p M a(y) = 7(pT" (@ +y)) € Gy
10 Therefore, by Lemma 4.4(3) applied with ((z,vy)/E%, (1,1),p,p” " qm1(x) +
1L p~™g,mi(y)) standing for (e, q,p(q),a) there, there are (z;,y;) € (z,y)/ES
12 and r; € Q1 for j < j, such that
B (k) (a) ((xj,y5) : § < jx) is with no repetitions;
ﬁ (b) P "@zmi(z) +p " gymi(y) = i<, (@5 + y5) mod(QpGo N Gh).
16 Now, by (1), recalling z&y, for j < j. there are s; C; M such that z;,y; €
e X, jem- Next, by (*1.2), the left-hand side of (x2)(b) is not in Q,Go N G4,
s S0 the same happens for the right-hand side of (x2)(b), hence, necessarily,
o {s;/€M : j < j.} # 0 (ie, ju = 1), let (t,/EM : ¢ < £,) list it without
4, repetitions, with ¢y € {s; : j < j«} for each ¢ < £,. Then let
2 up={j < ju:s;/€M =t,/€M}.
22 S0 we have
i (x3) "1 (%) + PTGy TI(Y) = Y i, D jeu, Ti (T +y;) mod(QpGo N Gh).
05 Now, for £ <l let ¢p =37 c,, (2 +y;). Then
96 (%1) P (%) + p Mgy (y) = Y pep, co mod(QpGo N Gy).
21 (%5) (supp,(ce) : € < {y) is a sequence of pairwise disjoint sets.
28 [Why? As supp(ce) C Xte/GzM’ recall the t,/¢M’s are with no repetitions.]
2 (x6) If ¢, ¢ QpGl, then |suppp(c£)] > 2.
27(1) [Why? Recall that ¢, = 3¢, 7j(7; +y;), and let Yy = J{{z;,y;} : j € ue}
4 and, for z e Yy, let a, =>{rj:j€up, xj=2}+>{rj:j€w,y; ==z} Now
43 We can apply 3.4(8) with
34 (p’ 27 (xa y)v ((xjvyj) : jGU@), (17 1)’ (Tj : ] € uZ)v (CLZ HFAS n))
35

here standing for (p, k,Z,y,7,d(y ) there, and get [{z € Y : a. ¢ Qu}| # 1.
36 But this means that |supp,(ce)| # 1, but [supp,(ce)| # 0 as ¢ ¢ Q,Go, hence

37 |supp,(ce)| = 2, as promised. This concludes the proof of (x).]

i (x7) V={l <l :¢; ¢ Q,Go} has exactly one member.

10 [Why? If V' = 0, then the right-hand side of (x4) is in Q,Gp but not the
4, left-hand side, recalling (x5) and the choice of m < w in (x1.2), a contradiction.
4o On the other hand, if |[V| > 2, then the right-hand side of (x3) has p-support
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of size Y,y [supp,(ce)| = 2|V| > 2, but the p-support of the left-hand side of
(*3) has cardinality 2, a contradiction.]
Let k be the unique member of V. Then we have the following:

{m(z),m(y)} = supp,(p~"qmi(x) +p "gymi(y))
= supp, (Y s<e, o)
= Suppp(ck) gth/@y-

[© |00 N [ (ot [k W N =

So mi(z), m(y) € X, jem and as X, jem is an &i-equivalence class (by the
definition of &;), then 71 (x)&;m1(y), as desired. This concludes the proof of the
claim. 0

Claim 4.12. There is a bijection h : U — V preserving ¢M and -¢M
for all + < 3.

Proof. By 4.11(2), we have
(¥1) If 2,y € Xy and @ < 3, then &y < m1(z)Eim(y).
Now apply (#1) for i = 2 and recall that by 3.2(1) &)/ is equality on M. Then
(%2) s C1U(z,y € X)) & Tt S V(mi(z), m(y) € X)).

Now, as Xy = (Jsc,u Xo and Xy = [Jsc,p X, there is a function hy from U
into V such that (not distinguishing a € U with {a} C;1 U)

(x3) If x € X, s C1 U, then my(z) € X, (-

As g = 7r1_1 and 79 is a function from Xy onto X (cf. 4.9), we have that

NN NN = = = = = = = = = e
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24

25 (*4) hi:U — V is one-to-one and onto.

26 Finally, applying 4.11(2) to i and recalling the definition of &;, we get

zi (x5) For i =0,1, a # b € U implies a€Mb & 71 (a)EM (D). O
i Conclusion 4.13. M [ U and M [V are isomorphic members of K.

8 In a work in preparation, (among other things) we intend to give a charac-
3L terization of the automorphism groups of the groups G(1y) that we construct
2 above.

33

34 4.3. The proof of the Main Theorem. Notice that in this subsection 4.7 is
35 no longer assumed.

i Conclusion 4.14. Let m[M] € K°, 24,V C M and || = |V| = Ro. Then
38 (%) MTUZEMITYV < G(l,u) [m] = G(LV) [m].

39

0 Proof. If the left-hand side of () holds, then by 4.6 also the right-hand
" side of (x) holds. If the right-hand side of (x) holds, then the assumptions in 4.7
4, are fulfilled and thus 4.13 holds, and so the left-hand side of (%) holds. O
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Convention 4.15. In Fact 1.1 and Notation 1.8(5), instead of considering
structures with domain w we could have considered structures with domain an
infinite subset of w. We take the liberty of not distinguishing between these
two variants. This happens most notably in the proof of the Main Theorem
right below.

Recall the following:

FACT 4.16. The class K, is Borel complete. In fact, there is a continuous
map from Graph,, into K¢ which preserves isomorphism and its negation.

‘5‘ [© o N 1o ot Ik W o =

Proof. See, e.g., [11, pg. 295]. O

Proof of the Main Theorem.Let M be as in 3.2. Fix m € K5°(M) (cf.

Fact 4.2) and assume without loss of generality, that G1[m] has the set of el-
ements w. For every H € Ki', we define F[H] : H — M by defining F[H](n)
15 by induction on n < w as the minimal k£ < w such that {(¢, F[H]({)) : £ < n}
16 U {(n,k)} is an isomorphism from H | (n+ 1) onto M | ({F[H]({) : £ < n}
17 U {k}). The map H — M | {F[H](n) : n < w} is clearly continuous. We
18 will show that the map F' : M [ U + Ggygp[m], for U C M infinite, is
19 also continuous (cf. 4.15), thus concluding that the map B := F' o F : H
20 G 4FH](n): n<w})[m] is a continuous map from K into TFAB,, (cf. 4.15) so,
21 by 4.14 and 4.16, we are done.
22 In order to show that F' is continuous, first recall that m € K4° is fixed
23 (cf. 4.1) and so, in particular, p is fixed. Now, given a € Gi[m], we have to
24 compute from U whether a € G(1 g4)[m] or not. To this extent, let a = Y {qfz} :
25 ¢ < n} with the x,’s pairwise distinct and ¢, € Q*. Now, as by 3.4(3), Xy =
260 | {Xs:s C, U} =J{X]: s C4 U} and the latter is a partition of X, for every
27 { < n, there is a unique finite s§ € M such that the following conditions holds:

—_
—_

e I e
= 15 IS |

28

; (IEG(LZ/[)[m]@ /\Sggu

- {<n

30 This suffices to show continuity of F’, thus concluding the proof of the theorem.
31 U
32

; Remark 4.17. We observe that in the context of the proof of the Main
;4 Theorem, we can choose both M and m to be computable stuctures, in the
; sense of computable model theory; i.e., all the relations and functions of the
% structure are computable.

37 5. Completeness of endorigid torsion-free abelian groups

38

; The aim of this section is to show that deciding whether a group G €
; TFAB,, is endorigid is a complete co-analytic problem. We do this by reducing
Z a well-known problem to the endorigidity problem, namely the problem of
; deciding whether a tree with domain w has an infinite branch, which is well
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known to be complete co-analytic. So the idea here is to code a tree T into a
TFAB,, G[T]. The way we code the tree T is reminiscent of the coding used for
the proof of the Main Theorem. Also in this case X will be a basis of the group
G[T], and we will code an element t € T via a partial permutation f; of X. As
in Section 4, the group G[T] that we wish to construct will interpolate between
between Gy = @{Zx : x € X} and G2 = @P{Qz : v € X}, via a set of tailored
divisibility conditions which code the behavior of the partial maps f;’s, which
in turn code the elements of the tree 7.

In 5.1-5.9 we deal with the combinatorial part; then we will define the
groups.

[© |00 N [ (ot [k W N =

HyPOTHESIS 5.1. Throughout this section the following hypothesis stands:

(1) T'= (T, <r) is a rooted tree with w levels, and we denote by lev(t) the level
of t.

(2) T = Un<cwTn, Tnn € Thi, and t € T,, implies that lev(t) < n.

(3) To =0, Ty, is finite, and we let T<p = Jpey, Tt (50 Tc(ni1y = Th).

(4) If s<pt € Tyt1, then s € T,,.

(5) T is countable.

Definition 5.2. Let K3(T) be the following class of objects:
m(T)=m= (X, X, fT:n<w =(X,X,,f:n<w)

22 satisfying the following requirements:
23 (a) Xo # 0 and, for n < w, X, is finite and X,, C Xp11, and Xy, = Jpep X

NN NN = = = = = = = = = e
ERREREBRRITIEIRIEIEIEIEIS

H (b)) f=(fr:tel);

25 (c¢) ifn>0and te€T,\T<y, then f; is a one-to-one function from X,,_; into Xp;
26 (d) for every t € T, Xo Nran(f;) = 0;

27 (e) if s <r t € Ty, then fs C fy;

28 (f) ift € Ty1 \Tn, fi(z) =y and y € X,,, then for some s <7 ¢, x € dom(fs);
29 (g) if s,t € Ty, and y € ran(fs) Nran(f;), then for some r € T,, such that r <r
30 s,t, we have that y € ran(f,), equivalently, ran(fs) Nran(f;) = ran(f,), for
11 r = s A't, where A is the natural semi-lattice operation taken in the tree
2 (Tv <T);

3 (h) Xpt1 2 Ufran(fe) : t € T \ T} U Xy;

34 (i) welet X = X™ = J,c0 Xn;

35 (j) if fs(z) = fi(x) and x € X,, \ X<p, then we have the following:

o fol X = fi | Xy and X,, C dom(f,) N dom(fy).

38 Notation 5.3. For z € X, we let n(z) be the unique n < w such that
39 z e X, \ Xep (so, e.g., z € Xo implies n(z) = 0).

ﬁ Convention 5.4. Fix m = (X, X,,, f : n < w) € K¥(T) (cf. Definition 5.2
4, and Claim 5.6 below).
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1 Observation 5.5. In the context of Definition 5.2, we have
i (1) Ifm<n<w,teT,\ T, and for every s <p t we have s € T,,, then
4 (Xn-1\ Xm) Nran(f;) = 0.
g (2) If t € T, then for every = € dom(f;), we have that = # fi(z). Moreover
6 there is a unique 0 < n < w such that x € X,,_1 and f;(z) € X, \ Xp—1,
7 and for some s € T}, \ Ty, we have s <p t and fs(z) = fi(z).
i Proof. First we prove (1). By Definition 5.2(c) we know that f; is one-to-
1o one from X,,_1 into X,,. If n =1, then m =0 and so X,,_1 = Xg = X,,,, thus
1 theconclusion is trivial. Suppose then that n > 1,let y € (X;,—1\ Xy, )Nran(f),
1o and let @ € dom(f;) be such that f;(z) = y. Then, by Definition 5.2(f) there
13 exists s <7 t such that z € dom(fs). But then, using the assumption in (1),
14 Wwe have that s € T},, (so m = 0 is impossible by Definition 5.1(3)). Hence,
15 by Definition 5.2(c), ran(fs) € X, so y = f(z) € Xy, contradicting the fact
16 that y € (Xpn_1\ Xi).
; Now we prove (2). Assume that z, ¢, and thus also f;, are fixed and
15 % € dom(fy). Let s <7 t be <r-minimal such that fg(x) is well defined, and
1o let n < w be such that s € T;, \ T<pp. (Notice that n > 1 since Ty = 0.)
5 Clearly, there is unique m < w such that x € Xy, \ X< As x € dom(fs)
5 and s € T, \ T<p, necessarily m < n, so x € X,,. But by the choice of s
5 We have that r <7 s implies z ¢ dom(f,). By the last two sentences and
53 Definition 5.2(f) we have fs(r) € X», \ X<y, but fi(z) = fs(x). O
24 Claim 5.6. For T as in 5.1, K(T) # 0 (cf. Definition 5.2).
25 Proof. The proof is straightforward. O
i Definition 5.7. On X (cf. Convention 5.4) we define the following:

,s (1) For z € X, suc(z) = {fi(z) : t € T,z € dom(fy)}.

(2) For z,y € X, we let z <x y if and only if for some 0 < n < w and
x0, ..., %y € X, we have that A, , x¢11 € suc(xy), * = 2o and y = x,,.

31 (3) seqg(X) = {7 € seqy(X) : T is injective}.

(4) We say that = € seq,(X) is reasonable when the following happens:

32

33 n(1) <n(2), i) € Xn) \ Xenq)s Ti2) € Xn) \ Xanz)y = i(1) < i(2).

i (5) <% is the partial order on seqy(X) defined as z! <% z? if and only if
26 71,72 € seq,(X) and there are 0 < n < w, §°,...,7" € seq,(X) and
37 to,...,tn—1 € T such that for every £ < n, we have that f,(7°) = g%,
T and (2,27 = (%, 97).

29 (6) Notice that for k = 1, we have that <k =<x, where <x is as in (2)
10 (ignoring the difference between x and (x), for x € X).

4 (7) For k > 1, let By be the closure of {(z,y) : Z <% 4} to an equivalence
1 relation.
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Observation 5.8. If z* <k 72 (cf. 5.7(5)), then there is a unique # such
that

(a) t € T™ for some n < w;

(b) fr(z') = 22, where fr= (f1,_, 0 -0 fi,) and tg,...,t,_1 are as in Defini-
tion 5.7(5);

(c) for every ¢ < n, there is no s <r ty such that fs(y,) is well defined, where
(Y0, - - -,Un—1) are as in Definition 5.7(5);

(d) if ¢ € T™ is as in clauses (a)-(b) above and ¢ < n, then t; <7 t}.

Observation 5.9.

(1) (X, <x) is a tree with w levels.

(2) Every z € X is a root of the tree (X, <x); further, for every n < w, some
z € Xpt1 \ X, is a root of the tree (X, <x), and so z/E1 N X,, = 0.

(3) If y € Xyp41 \ Xy, then for at most one x € X,,, we have y € suc(z).

(4) If y € suc(z), then {t € T : fy(x) =y} is a cone of T'.

(5) If = € seq(X), then some permutation of Z is reasonable (cf. Defini-
tion 5.7(4)).

(6) If fi(z) =y and 7 is reasonable, then so is 7.

(7) For every 1 < k < w, (seqy(X), <%) is a tree with w levels.

(8) If z <I§( 7 and T is reasonable, then 7 is also reasonable.

(9)

=2

9) If € seq,(X) is reasonable, z <% ¢! o,y ), 2 <k §? =

(y3,...,yi_y) and y; _; =yi ,, then g' = 72
(10) For every t € T', dom(f¢) is X,, for some n < w, and we have

z,y € dom(f;) An(z) =n(y) = n(fi(z)) =n(fi(y)).
(11) Like (10) with t € T™, n > 1, where we let

Ji=(ftazr 00 fro)-
(12) Recalling the notation from (11), if fz, ()= fz,(x), then 1g(t1) =1g(t2) =k.
Moreover, letting t1 = (t1, : £ < k) and fp = (t(90) : £ < k), if #1 is as
in 5.8, then we have that ¢ < lg(¢;) implies that ta,e) ST t2,0)-

Proof. Ttems (1)—(2) are clear, where (2) is by 5.2(h). Item (3) is by
Definition 5.2(f)—(g). Items (4) and (5) are also easy (and (4) is not used
(except in 5.11(1)) but we retain it to give the picture). Item (6) can be
proved for ¢t € T,, \ T, by induction on n < w. Finally, (7) and (8) are easy,
and (9) is easy to see using 5.8 and 5.2(j). Also clauses (10), (11) are easy, and
clause (12) holds by 5.8. O

Definition 5.10. Let m € K§(T) (i.e., as in Convention 5.4).
(1) Let Go=Ga[m] be P{Qz : z € X}.
(2) Let Go=Go[m] be the subgroup of G generated by X, i.e., P{Zx : z€ X}.
(3) For t € T, let
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1 (a) Hip = D{Qu : z € dom(fy)};
2 (b) T2y = D{Qux : z € ran(fy) };
3 (¢) f2is the (unique) isomorphism from Hgy4) onto I(3y) such that x €
: dom(f;) implies that f2(z) = fi(z) (cf. Definition 5.2(c)).
2 (4) For tAG T, we define H(O,t) = {{(27,5) N Gy and I(O,t) = I(Q’t)Am GOA
R (5) For f? as above, we have that fZ[H o] = I(o4). We define f as f7 | H(o .
s (6) We define the partial order <, on G{ by letting a <, b if and only if
; a;ébEGar and, for some 0 < n < w, ag,...,a, € Go,a0 = a,a, = b and
10 ¢ <n=3teT(far) = ap).
1 (7) For a =Yy, qexe, with z; € X and ¢ € QT let supp(a) = {x;: £ < m}.
12 (8) For a € G5, let n(a) be the minimal n < w such that a € (Xn)G,
13 While the aim of Definition 5.10 should be clear from the explanations
1 given at the beginning of this section, the reader may wonder what is the aim
B of Lemma 5.11 and Claim 5.12. In the crucial proof of this section we will
18 show that given an endomorphism 7 of G; and z € X we have that 7(z) has
17 the form qy for some y € Y and ¢ € Q. This requires a detailed analysis of
f supports, hence 5.11 and 5.12.
20 LEMMA 5.11.
2 (1) If{teT: f2(a) = b} #0, then it is a cone of T.
22 (2) <.| X =<x (where <x is as in Definition 5.7(2)).
23 (3) (G§, <) is a countable tree with w levels (recall 5.1(1)).
24 (4) If s <p t, then f£ C ft for £ € {0,2}.
%5 (5) IfteT, f2(a) =b and a € G, then n(a) < n(b) (cf. Definition 5.10(8)).
26 (6) If a <. b (s0oa,b € GY), then the sequence (ay : £ < n) from 5.10(6) is
27 UNIQUE.
28 (7) If ay <« az and, for £ € {1,2}, ap = > ;patat, ¢f € QF, 28 = (2f i < k)
29 € seqy(X), then maybe after replacing T' with a permutation of it we have
30 0 <K and ¢f = ¢ (fori < k).
31
é Proof. Unraveling definitions, we elaborate only on item (5). As a # 0,

33 leta=73",<, ¢z, x; € X with no repetitions, ¢; € Q. Let z; € Xk() \X<k(i)
34 and without loss of generality, k(i) < k(i+1) for i < n (cf. Observation 5.9(5)).
35 Clearly a € (Xj)5, but @ & (Xopm)s,- As f2(a) is well defined, clearly
36 {x; :i < n} C dom(fy) and b = f2(a) = Sicn @ift(xi) and, as f; is one-
37 to-one, the sequence (fi(x;) : ¢ < n) is with no repetitions. By Obser-
38 vation 5.5(2) applied with n there as k(n) here, fi(7,) ¢ (Xin))G,, hence

39 we have that n(b) = n(fi(x,)) > k(n) = n(a). O
f Claim 5.12. If (A), then (B), where
; (A) (a) a,by € G for £ < Ly;
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(b) a <. by and the by’s are with no repetitions;
(c) a=>Aaqwi i <j}, ¢ € QT
(d) = (wi:i<j) €seq;(X) and it is reasonable;
(B) for £ < £, there are 3’ = (Y(e,3) : @ < j) such that

(&) Yy =: yf € X and 7 < ¢* (cf. Definition 5.7(5));
(b) be = > {qiy,y i < j}, (so the 7' are pairwise distinct, as the by’s
are);
(¢) (Y 11 <j) €seq;(X) and it is reasonable;
(d) if 7 > 1 and ¢, > 1, then there are ¢; # fo < ¢, and i1,i3 < j such
that
(i) if £ < £y, i < j and Yes) = Y(er,ir)> then (¢,7) = (¢1,11);
(ii) if £ < £y, 1 < j and Y(t) = Y(g,iz)> then (¢,7) = (f2,12).

[© |00 N [ (ot [k W N =

Proof. By the definition of <, there are (y«; : i < j, £ < {s), and by
5.9(6) and 5.11(7) they satisfying clauses (a)-(c) of (B). Recall that ({y :
T <y g}, <) is a tree (as (seq;(X),<%) is a tree). We now show (B)(d).
There are two cases.

Case 1: {g* : £ < €.} is not linearly ordered by <g(. Then there are
0(1) # £(2) < £, such that g‘@D 5“®) are locally <%-maximal. So we can
choose i1,12 < j such that we have the following:

[T T 1 [ O [ L [ S [ S = T

4 ¢
22 xli S Xﬂ(bel) \X<n(b£1) and l’é S Xn(bZQ) \X<n(b[2)~

o4 Notice that using the assumption that the sequences are reasonable we can
95 Choose iy = j — 1 = iy; see 5.11(5) and 5.9(9). Hence, {1,ls,11,i are as
96 Trequired for (d).

Case 2: Not Case 1. So without loss of generality, we have that for every
2 <l -1, 9" < gL Now, for £ < £, and i < j, let n(£,7) = n(yf). Then let

i (-1) (1) < j be such that ¢ < j implies n(0,7) > n(0,i(1));

a1 (-2) 1(2) < j be such that i < j implies n(¢, — 1,7) < n(f. — 1,i(2)).

é Then (0,4(1)), (¢« — 1,i(2)) are as required. Since 7 is reasonable for £ < £,
33 We can actually choose i(1),i(2) such that i(1) = 0 and i(2) = j. — 1. O
34

Now we turn to the groups which we shall actually use, i.e., the groups
—  G1 = G1[T] defined in 5.13(2) below. Our aim is to include among the partial
automorphisms of G1 all the maps of the form ft, i.e., the maps induced by
the fi’s, but we want in addition that G is minimal modulo this. So to each
a € G(J{ we assign a prime number p, and add p~™a to G for all m < w. But
in order to respect the f;’s, when a € dom(ft) we have to also add p*mft(a)
to GG1, for all m < w. Of course all the fs’s have to respect this, so we also add
p ™ fx(a) to Gy for all m < w, where t = (tg,...,t,) and f; = f;, 0---0 fy,
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(and fz(a) is well defined). This is done in 5.13. In 5.14-5.15 we analyze the
groups G(1 ) = {a € G1 : G1 = p™| a}.

Definition 5.13. Let (p, : a € G{) be a sequence of pairwise distinct
primes such that

a=> quy, q €LY, (wr: £ <k) € seqi(X) = pa [ -
<k
(1) For a € G{, let
P = {py: b€ G, b <. al.

(2) Let G1 = Gi[m] = G1[m(T)] = G1[T] be the subgroup of G5 generated by

{m™a:ae€ G, mcw)\ {0} a power of a prime from P5*}.
(3) For a prime p, let

G p) = {a € Gy : a is divisible by p™ for every 0 < m < w}.

Notice that by Observation 2.5, Gy, is always a pure subgroup of Gj.
(Lp)

(4) For b€ GJ,let Py = {p, : a € G§,G1 |E Ninew PT| b}
(5) For t € T and ¢ € {0, 1,2}, let

Hyy = (z:x €dom(fy)), and Iy = (v:x €ran(fy))g,

Remark 5.14.
(1) If a,b € Gf and Qa = Qb C Go, then P, = P,
(2) If a <, b, then P, C Py,

Proof. The proof is essentially due to Observation 2.5. (|

Here we look more deeply at GG;. The crucial point is that any endomor-
phism of G maps G(;,) = {a € G1 : for all m < w, p™|a} into itself, and so
the following characterization of G(j ;) will allow us to reconstruct information
on the action of the f;’s on X, and thus eventually to reconstruct the tree T,
to some extent.

LEMMA 5.15.

(1) Forbe G, we have that Py* =Py
(2) If p=pq, a € Gar, then

G( p) = (be G+ b>G1
(3) ForteT, Hyyy = HpypyNG1 and I(l t) i= I(a4) N G1 are pure in G1.
4) For as in Definition 5.10(3¢), C Iy We define
ft fi ft (1,t)- defi
fi=1 H(u

and for t a finite sequence of members of T, we let

f,%:("'oftleo"')-
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(5) ftl I Hayy = ff I Hiyy is into 114 < Gy but it is not onto Iy ).
(6) Assume a = yopqere € Go, k>0, 20€ X, o€ QT, Z=(zp: (L <k) €
seqi(X) and p = pa. If b € G(1 ), then there are j > 0, m > 0 and, for
i <j, 9, bi and ¢. € QT such that the following conditions are verified:
(a) fori<j, z <% o'
(b) (bi =X per qeyh i < j) is linearly independent;
(c) b=>3{qbi :i <jh
(d) fori< j, ma <. mb;.
Proof. Ttem (1) is easy. We prove item (2). The RTL inclusion is clear by
5.13(2). We prove the other implication. To this extent,
(*1) a € G{, p = pa, and we let W, := {b € G§ : a <. b}.
We claim
(¥2) W)y is a linearly independent subset of G2, as a Q-vector space.
[Why (x2)? Let k > 1, Z € seqy(X), ¢ € (Z")* and a = S {qexs : ¢ < k}.
(Recall that a € GE)".) Without loss of generality, T is reasonable. Now, toward
contradiction, assume that n > 1, b; € W), for i < n, (b; : i < n) is without
repetitions and there are ¢* € Q7 for i < n, such that

(%2.1) S{¢'b; :i <n} =0.
For each i < n, let b; = Y {qw(; 0 : € < k}, where T <k oz = (@0 = € < k).

2 Asa € G, clearly n > 1, and by 5.9(7) there is i, < n such that 7;, is <%-
23 maximal in {Z; : 4 < n}. As 7 is reasonable, so is 7;, and so x(;, ,_1) appears
24 exactly once in (*2.1), so recalling ¢"~! € QT we get a contradiction, and so
25 (x2) holds indeed.]

£ (x3) Let U C X be such that

(a) if y €U, then y & (W},)5,;
(b) U U W), is linearly independent;
(c) under conditions (a), (b), U is maximal.

Clearly U is well defined, and we have

x4) (a) the disjoint union U U W, is a basis of Go, as a Q-vector space;
j2
(b) let h € End(G2) be such that h [ U is the identity and h(a) = 0 for
all a € W,,.

Now we define

36 (x5) (a) Gy == ({Qy:y eU}) + Gy;

(b) G =3 AQuy :y €U} + G

== Also, we have
o (%6) (a) h [ GY € End(GY);

(b) if d € G and G |= p> | d, then d = 0;
(c) Gy =Gy,
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[Why (x))? Concerning clause (a), we just have to prove that if b € GI, p’ €
Py, so p' = pq for some d <, b, then, for every m < w, h(p;"b) = p;"h(b) €
GY. Now, if d = a, then pg = p and a € W), hence h(b) = 0, so in this case
we are fine. If on the other hand d # a, then pg # p. Notice that the support
of h(b) is a subset of U. Now, {t' € G} : supp(t/) C U} = P{Qpz : x € U},
which is pgy-divisible, so clause (a) holds indeed. Finally clauses (b) and (c)
hold by the definitions of Q, and G ]

Now, let ¢ be any member of G(,). As h [ Gf € End(GY), clearly
h(c) € GY, and as m < w implies p~"c € Gy p), clearly G | p™|h(c). By
(%6)(b), it follows that h(c) = 0, but this implies that ¢ belongs to the kernel
of h [ G1, which is (Wp>51. As ¢ was any member of Gy ), we are done. This
concludes the proof of item (2).

Concerning item (3), notice

Hq ) = (Zx : v € dom(fi))¢,
Iy = (Zx : x € ran(fy)) ¢, -

Item (4) is by item (2) and the following observation, if fi(z) = y, then we
have x <, y (recall 5.7(2)), and so P, C P, (cf. 5.14(2)). Concerning item (5),
assume that 0 < n < w, t € T, \ T<pn, v € Xp—1 \ Xcpn—1 and let y = fi(z) €
X \ X<p (cf. Observation 5.5). Notice that in particular, z <, y. So p, is well
defined, since y € Gg , and we have the following;:

(a) G1 = py fx, and so H(yy = py f o (as Hiy is pure in Gy; cf. item (3)).
(b) G ': Nin<w p;n ‘ Y-
[Why (b)? By the definition of G;. Why (b)? Recalling that = <, y.]

But then, since by item (4) f; | H(y 4 is an embedding of H 4 into I(1 y,
we have that f; [H(1,p] E py V(@) A f(x) =y. On the other hand, since I(y 4 is
pure in G (cf. (3) of this lemma), we have that for every m < w, p, ™y € I 1)
(cf. 2.4). Finally, item (6) is by clause (2) and unraveling definitions. O

We now prove the main theorem of this section, namely Theorem 5.16.
Notice that in 5.16(2) below, we prove more than needed in order to show
that the set of endorigid groups in TFAB,, is complete co-analytic, as, in
combination with 5.16(1) and 5.16(3), it would suffice to show that if T is
well-founded, then there is an endomorphism of G; which is not multiplication
by an integer. We show that in addition, such an endomorphism can be taken
to be one-to-one and such that G1/f[G1] is not torsion.

THEOREM 5.16. Let m(T) € Ki(T).

(1) We can modify the construction so that Gi[m(T)] = G1[T] has domain w
and the function T — G1[T) is Borel (for T a tree with domain w).
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(2) If T is not well-founded, then G1[T] = Gy has a one-to-one f € End(Gy)
which is not multiplication by an integer and such that G1/f[G1] is not
torsion.

(3) If T is well-founded, then G1[T] is endorigid.

Proof. Ttem (1) is easy. We prove item (2). Let (¢, : n < w) be a strictly
increasing infinite branch of 7. By Lemma 5.11(4), ( ffn :n < w) is increasing,
by Definition 5.10(3c), ffn embeds H(y,,) into I(z,,), thus 2= Un<w ftzn is an
embedding of Gg into (J,,<,, H(2,t,)- Now, (H(gy,) : n < w) is a chain of pure
subgroups of Gy with limit Ga, because, recalling 5.2(e), we have that

Hgy,) = dom(ft,) € dom(ft,,,) € Hiay,. 1)

and by 5.2(c) we have that J,<, H24,) = G2. Thus fle=f1aG =

Un<w ftln =Un<w ffn | H(14,) is an embedding of i1 into G (cf. Lemma 5.15(3),

(5)). In fact we have that dom(ft{m) = H(14,) (cf. Lemma 5.15(3), (5)) and

G1 = Un<w Ha 1), where (H(l,tn) :n < w) is chain of pure subgroups of G

[© |00 N [ (ot [k W N =

with limit Gy. Clearly f! is not of the form g — myg for some m € Z\ {0}, since
for every x € dom(f;), we have = # f;(z) (cf. Observation 5.5(2)). We claim
that G1/f*[G1] is not torsion. To this extent, first of all notice that Xy # 0
(by Definition 5.2(a)) and Xo Nran(f;,) = 0 (by Definition 5.2(d)). Thus, we
have the following:

ran(f!) C G%(\Xo = Z{Qx rx e X\ Xo} = (X \ Xo)&,-
= Now, let # € Xo. Then z € Gy \ ran(f!), and moreover for ¢ € Q \ {0},

NN NN = = = = = = = = = e

i q:):géG?X\XO and so gz ¢ ran(f1).

26 So, in particular, for every 0 < n < w, we have that nz ¢ ran(fl), hence
27 p(z/(ran(f!)) # 0. This concludes the proof of item (2).

28 We now prove item (3). To this extent, suppose that (T, <r) is well-
29 founded and, letting G; = G1[T], suppose that 7 € End(G;1). We shall show
30 that there is m € Z such that for every a € Gy, w(a) = ma; ie., Gy is
31 endorigid. We recall that the equivalence relation E; (used below) was defined
32 in Definition 5.7(7).

8 Case 1: The set Y ={z/E1: for somey € x/Ey,n(y) & Qu} is infinite.
if (*1) Choose Ty N, foy i <w, sgch that

= (a) n; is increasing with ;

i (b) Ti € Xni+1 \Xni;

£ (C) 7'('(331) ¢ Qz;, Supp(ﬂ'(ﬂ?i)) C Xni+1;

= (d) Xpn, Na;/Ey =0

3 (e) (z;/E1 : i < w) are pairwise distinct (this actually follows).

ﬁ Note that for ¢ < w, we have

o (%2) supp(m(z:)) C @i/ Ey, hence supp(m(2;)) € Xn,,, \ Xn,.
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[Why? We apply 5.15(6) with (x;, 7(z;),1, (1)) here standing for (a,b, k, (ge :
¢ < k)) thereso, in particular, p = p,,. In order to be able to apply 5.15(6)
we need that b = w(a) € G(qp), but this is clear in our case as 7 € End(G1)
and p = p,,. But then applying 5.15(6) and writing b = 7(x;) as there, we get
what we need.]

For r < w, (supp(xy) : ¢ < r) is a sequence of non-empty sets and
supp(z¢) € Xp,., \ Xy, so it is a sequence of pairwise disjoint non-empty
sets. Now, for r < w, let

zf = ng, pr =p,+ and T, = (g : <),
<r

As 7 € End(G)), clearly m(z;}) € G(1,,), hence by 5.15(6) applied to z;},
7(z;") here standing for a, b there, we can find j,.,m, > 0, and for j < jy, g(ra),
b}, ¢ € Q" such that the following hold:

(*3)

) for j < ji, xr < g,

(a

(b) (0F =3 e<r ye " ) : j < jr) is linearly independent;

() ( 5) =it g <k

(d) for j < jr, mex;” <o m,b% (and m,bf € G¢).

(*3.1) We define f() as the identity on X, hence, for j < j,, the following are
equivalent:

(‘1) 3]( i) =

(2) fiy(@) = g9,

(-3) for all0 <n<wandteTm, fiz,)+# gy

As 7, <1 g9 we can apply 5.8 and find a finite sequence ti € T<* such
that

(*4) if Z, <¢ "9, then
(a) ftr(xr) = ym)?
(b) ftr(93+) = bj;
(c) for ¢ <randj < j., we have le;(xg) # ¢ and lg(t}) > 0;
(@) 7 = (1], + £ < 16(®)):
(e) if j < jr and £ < lg(t”) then
t<rtiy = \/ ferre(m) ¢ dom(fy);
m<r

(f) in (e) this is equivalent to the following condition:
t <rtie = fople) ¢ dom(fy);

(g) (t;:Jj < jr) is without repetitions;
(h) (f{; (xr) 1 j < jr) is without repetitions.
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Why (x4)7 Concerning (e), recall 5.8. Concerning (f)—(h), recalling 5.9(10),
note that if Ig(¢}) > 0, then dom(fg;) is X, for some n < w; so z, € dom(fg;)
and

()41) L<r = xp € dom(fg;f).

This concludes the proof of (x4).

(x5) For r < w and £ < r, we have m(xy) = Z{yér’j) 1j < e}

[Why? Because {yér’j) :J <Jgry Cxy/Er and (z¢/E; : € < r) is a sequence of

pairwise disjoint sets.]
Now, by induction on r < w, we choose ¢, and y, such that

(*6) (a) ir < jrs yr = fr (xr) # v, hence lg(t] ) > 0;
(b) if r > 0, then f{r (Tr—1) = Yr—1.

Why (%) is possible? For r = 0, recall that 7(z,) ¢ Qx,. For r > 1, by (x3),
Z{fﬁ Ty — 1 J<]r}_7rxr 1 Z{f{r 11'1“ 1) J < Jr— 1}

Now, by (x4)(h) the sum in the right-hand side is without repetitions and
of course f{'r 1 (x,—1) appears in it, hence it belongs to the support on the

left-hand 51de so for some i, < j,

fe (xr1) = fgzrfll (Tr-1) = Yr-1.

22 As ff? (xy—1) # zr—1, clearly lg(ffr) > 0 and so z, # y,. This proves (xg).

Now, f{'r‘fl (p—1) = fer. (zy—1) and f;:ll satisfies (*4)(e), hence by 5.9(12)

we have lg(t] ) lg(t; ) and £ < lg(t] ) implies t?i:ihf) <7 1, 0y SO (Ig(t; ) -

r < w) is constant say constantly k, and if ¢ < k, then (¢ (i) 2T < w) is a

27 <r-sequence. But z, ¢ X, and so t gé T, hence (’(”% o T < w) is
28 <p-increasing, and so we reach a contradmtlon This concludes the proof of

Case 1.

Case 2: The set Y = {x/E : for somey € x/E1,w(y) ¢ Qu} is finite
and # (). Choose zg € X such that 7(zg) ¢ Qzg. Let n < w be such that
zo € X,, and choose x1 such that

(@1) (a) 21 € X\ U{y/Er:y € Xn};
(b) 7T((l)1) € Q1.
[Why possible? By the assumption in Case 2.]
Notice now that

38 (@) For £ € {1,2}, supp(z¢) C z¢/Er.
32 (@3) By 5.15(6), there are (¢;,¢; : j < js«) such that

(a) t; (j < j«) are with no repetitions and ¢; € Q;
(b) m(zo+21) = > {qj fr;(wo + 1) 1 j < ju}-
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(®4) We have

(a) m(zo) = 3 {a;fi,(w0) + j < s}

(b) m(21) = > {q;fr,(v1) 1 J < js}
(Why? 7(zo) — > {a;fi,(x0) : J < ju} = —m(z1) + X {aifr;(z1) 1 J < Ji}
Now the left-hand side has support C xy/FE; and right-hand side has support
C x1/Ey. As xg/E1 Nx1/Ey = 0, both the left-hand side and the right-hand
side are 0, and so we are done.]

However 7(z1) € Qz1 by choice, and so

‘5‘ [© o N 1o ot Ik W o =

(@5) (a) for some j < ji, t; = (), without loss of generality, for j = 0;
(b) for 0 < j < ju, lg(t;) > 0 (by (®3)(a)).
(®g) For i =0,1, let & be the following equivalence relation on j,:
{(1.d2) « fr; (@) = fr;, ()}
5 (@) 0/& = {0} and if 0 < j < j,, then

—_
—_

e I e
= 15 IS |

- (a) S{qr: £ € j/&1} =0;

i (b) S{qefi, (1) : €€ j/E} =0.

£ [Why? Note that

y D Aaefu(w) €€ 3/6) =3 Hae: £ € 3/E}fy ().

22 Soif Y {qr: £ € j/&1} # 0, then fi (z1) belongs to the support of the right-
23 hand side of (¢4)(b) but the support of this object is {z1} (by (¢1)(b)) and
4z # fi(21), as tj # (), together we reach a contradiction, and so we have

25 (®7)(a), (b)]
2 (pg) Ej refines Ey.

27

2 [Why? Assume that j1, j2 <j. and j;1&1j2. This means that ;) (x1) =/, (1)-
i By 5.2(j), as 1 ¢ X,,, we have that X,, C dom(fz; ) N dom(fng) and fi, |
30 X, = fng [ X,. As xp € X, we get that fgjl (xg) = fgj2 (o), which means
31 J1&0J2, as desired.]

32 (@®g) 0/Ep = {0} and if 0 < j < j, then

33 (a) Ydar: L€ j/E} =0

34 (b) >-{acfs,(ze) : L € j/E} = 0.

35 [Why? By (®7)+(®s), recalling 5.2(j).]

36

4 (®10) T(20) = qomo (follows by (9)(b)).

% But (®19) contradicts our choice of zg, as 7(zg) ¢ Q.

39 Case 3: The set Y = {x/E; : for somey € x/E1,m(y) ¢ Qu} is empty.

O Forz € X, let m(x) = gzx. Now, first of all we claim
41
; (x0.1) Ifa € G}, n(a) = 0 and x/E; Nsupp(a) = (), then 7(x) = 0.

Proof: page numbers may be temporary
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[Why? Let p = pgtq. Firstly, notice that m(x + a) = w(z) + 7(a) = ¢x.
Secondly, recalling that x/FE; N supp(a) = 0, notice that by 5.15(2), we have
that = ¢ Gy ), but this contradicts that x +a € G(1 ), as m(z + a) = ¢, 7]
(%x0.2) If 7 is not one-to-one, then 7 of the form a +— 0 for all a € G;.

[Why? Let a € G be such that m(a) = 0. If y € X \ supp(a), then we get that
m(y) = 0, by applying (%¢.1) to (a,y). If y € supp(a), choose x € X \ supp(a)
and apply (x0.1) to (z,9).]

(*%0.3) Without loss of generality, 7 is one-to-one.

[© |00 N [ (ot [k W N =

[Why? Otherwise, by (x0.2), 7 is multiplication by an integer, and so we are
done.]

(*1) (gz : * € X) is constant.

Why (x1)? Choose zg,z1 € X such that ¢z, # gz, and, if possible, they are
both # 0. Let n < w be such that zg,z; € X, and choose a <x-minimal
29 € Xpt1 \ Xy, possible by 5.9(2). Let a = g+ x1 +x2, p = p, (cf. 5.13) and
T = (z0,71,72). As a € G(1,) and 7 € End(G1), clearly m(a) = b € G(; ) and
so by 5.15(6) there are j < w and, for i < j, §* € seqs(X) and ¢* € QT such
that = <§( 7' and

(*1.1) b= > i< q' (X r<3Yp)-

Notice that by (xp2) we have j > 0, and without loss of generality, we can

assume that for i < j — 1, we have g/~! ;{} 7' and also that Z is reasonable
(so the g’s are also reasonable). Also,

NN NN = = = = = = = = = e
BEREBEBERIERIREIRISIEIS

24 (*1.2) b= W(a) = qzo%0 + Gz, T1 + ¢z, 2.

% Asi < j—1 implies 71 L% ¥, clearly yg_l ¢{y, i<j—10<2}U
x {yg_l,y{_l} (by 5.9(9) and '~ ! € seqs(X)), and so yg_l appears exactly
2L once in the right-hand side of equation (x11), and so it appears in left-hand
i side of (*1.1), so y%fl € supp(b) C {zo,z1,22}. But xo & zo/E1 Ux1/Eq, as
5 L0, 71 € X, and 29 € X471 \ X, is <x-minimal. On‘tlile other hand, clearly
; Yp € x¢/Ey for £ < 2 and i <_j. Hence, necessgrily v, = wo. Finally, as
5 is <X—minimal and for some ¢ € T<v, fi(z) = 3771, necessarily, fi(z2) = yé_l,
43 50 clearly £ = (). Hence, 3"~! = Z and of course 7 <% ¥ implies f3(Z) <% ¥.
a1 Thus, by the statement after (x1.1), 7 = 1 and g = Z. So we have

35 (¥13) Qo0 + 4uy 1 + quyr2 = ¢ (yg + 97 +43) = ¢ (20 + 21 + 22).

36 Thus, ¢z, = ¢° = qu,, contradicting our assumption that ¢, # gu, -

37 (x2) Let g, = ¢x for x € X (recalling (*1)).

8 (*3) ¢« is an integer.

i Why (x3)? Let ¢ = ™, with m,n € Z*, m and n coprimes. Suppose that
; there is a prime p such that p|n. Then we easily reach a contradiction noticing
; that

Proof: page numbers may be temporary



Paper Sh:1205, version 2024-04-15.

‘5‘ [© o N 1o ot Ik W o =

—_
—_

e I e
= 15 IS |

TORSION-FREE ABELIAN GROUPS ARE BOREL COMPLETE 47

(1) if x € X is <;-minimal and r is a prime different from p,, then r } z;
() there are <j-minimal z,y € X such that = # y.

It follows that n = 1 and so (*3) holds.

Hence, our proof is complete, as Cases 1 and 2 are contradictory, while in
Case 3 we showed that the arbitrary = € End(G1) is indeed multiplication by
an integer. [l

Remark 5.17. Notice that in the proof of 5.16, Cases 2 and 3 do not use
the assumption that 7" is well-founded and so for an arbitrary tree T (as in
5.1) and 7 € End(G;[T1]), we have

(a) Case 1 happens if only if T is not well-founded;
(b) Case 2 never happens;
(c) if Case 3 happens, then 7 is multiplication by an integer.
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