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Annotated Content

Part I:

(81)

ON THE BETH PROPERTY.

On Beth closures

[This is a soft section. We define some variants of the Beth closure
of a logic, and prove sufficient conditions for compactness, among
them an abstract theorem related to: “it is consistent that L(Q)
satisfies weak Beth” from Mekler-Shelah [MS85].]
Beth and PPP

[The PPP for L says that the £-theory of M;+M> is determined by
the L-theories of Mj, and My. We show (in 2.2) that under suitable
compactness it is equivalent to URP2 (and that URPj is preserved by
one-step Beth closure under suitable conditions (2.3-2.7 are variants
of this and see 3.9).]
Automorphisms and definable logics

[We introduce some variants of “every theory has a model with
automorphisms”, and show that any logic satisfying PPP4+FROB
satisfies one of them. We then prove the consistency of “no logic
extend L(Q) is definable and satisfies PPP + INT” ]
Interpolation for cofinality logic in stationary

[We prove that the pair (L(Q‘;fo), L(aa)) satisfies the interpolation
theorem.]
Higher cardinals and strongly homogeneous models

[We deal with logics like L(aa), L((Qﬁfo) when we change the cardi-
nality parameters, and see what occurs to the 'majority’ of submod-
els for suitable logics. Our main result is the existence of somewhat
Ng-strongly homogeneous models.]
A compact logic with the Beth property

[We prove that for £ > 280, the Beth closure of L((Q%,) has sev-
eral nice properties: it is compact, the pair L((Q%_)B*", L(aa,)) has
the interpolation property and the super Ng-homogeneity property
and trivially it has the Beth property and PPP, but INT fails. So in
the theorem that “for compact logics satisfying a preservation theo-
rem for tree sum,INT is equivalent to Beth” the second hypothesis
is necessary, and even cannot be weakened to a usual form. We rely
heavily on §4, §5.]
Part II: COMPACTNESS VERSUS OCCURRENCE
Compactness revisited

[We show more restriction on the compactness spectrum of a logic
in the case £ is [\]-compact but not [cfA]-compact. Really this is a
pure set-theoretic lemma on ultrafilters.]
Amalgamation implies [A]-compactness for A\ an occurrence
cardinal

[We strengthen the main theorem of Makowsky-Shelah [MS83], by
weakening the demand on the occurrence number.|

See https://shelah.logic.at/papers/199/ for possible updates.
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(89) A strange logic with the JEP
[We show that the compactness spectrum of a logic may be quite
bizzare though it has the amalgamation property and even JEP.]!

IMeanwhile we have shown that this logic satisfies e.g. INT (the interpolation theorem)
and ROB, PPP.
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LABEL (0) 0. INTRODUCTION

LABEL (0A) 0.1. On the Beth Property. Usually the Beth property lives in the shadow
of the interpolation property. The main results of [MS79] indicate their
affinity (assuming compactness, they are equivalent if a preservation theo-
rem holds for trees of models). It was asserted that the original problem
was Beth, and in fact weak Beth, (deducing from this their importance) (see
Feferman [Fef74b], [Fef74a|, [Fef75], Friedman [Fri75]).

Our reasons for dealing with the Beth property are:

(A) Every logic has a Beth closure, so we have an interesting operation
on logics.

(B) the question “is the Beth closure of £ compact” is more explicit
then “is there a compact extension of L satisfying interpolation”,
and gives information concerning it.

(C) We have more to say on it.

We have been interested for a long time whether there is a compact logic
satisfying interpolation (# L, ). Our main result here is that there is a
compact logic satisfying Beth, even an easily definable one-the Beth closure
of L(QfQNO). It does not satisfy INT, so those properties are distinct even
for compact logic. In fact it satisfy PPP, hence the condition used in [MS79]
for proving their equivalence for compact logic (preservation for tree sum)
is reasonable.

We use notation from Makowsky [Mak85]. On A-closure see [MSS76] and

references there.

LABEL (1) 1. ON BETH CLOSURE

In this section we define some variants of the Beth closure of a logic
L = LP (one time), £B" (which satisfies Beth). We then gain some suf-
ficient conditions for the compactness of the logic £F and for the Weak
Beth property of £ (see Mekler and Shelah [MS85] for the proof for L(Q)
(consistency with ZFC)).

LABEL (1.1)
Notation 1.1. 1) L will be a logic.

2) If the occurrence number oc(¥) is k > Vg we demand closure under
(Vxo, ..., iy ... )ica for a < k, and the relations and functions have arity
< k (as well as the predicates and function symbols).
3) An L-formula is defined naturally (with < k free variables),
4) The(M) ={y € L(7pr) : M = ¢} where 1)/ is the vocabulary of M. We
denote predicates (and relations) by P, @, R; but when treating predicates
as variables we write P, Q, R. A bar denotes this is a sequence.
LABEL (1.2)

Definition 1.2. (1) A(L) = (L)A is the A-closure.

(2) We say ¥(P; R) is a Beth sentence if YRIS'P(P, R).

The sentence ®,p g) (R) means (VR)3<'Pv(P,R) and (3P)y(P, R).
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(3) LB is the closure of LB = £ U {(I)¢(P7R)(R : »(P,R) a Beth
sentence} under first-order operation and (Vzo,...,x;,...)icq When

a < oc(L) (see 1.1) and, more generally substitution.
(4) £PBeth is the Beth closure of £, i.e. define

Beth __ Beth __ pBeth\B
EO - ‘C? ‘Ca—f—l - ‘Coz ) )

E(;Beth _ U Egeth, and EBeth — U Egeth.

a<d «

(5) LA is the A-closure of £ and £27Beth is the closure of £ under A
and Beth, i.e., |J, L5 B,
£()A—Beth _ £7 £2Aa113ieth _ (£2Aa—Beth)A

A—Beth __ A—Beth\B A—Beth __ A—Beth
L i L e VI

9

a<oc(L)

(6) For a model M, M " is the expansion of M by a relation for every
L-formula. Such a model is called £-Morleyized; similarly for the
the theory.

Claim 1.3. (1) If¢Y(P,R) € L is a Beth sentence, then for some ¥(Z, R) €

LE (where P is an [(z)- place predicate)
M = (P, R) — (Vz)[P(z = 9(z, R),
M | -(3P)y(P, R) — —(37)9(x, R),

(2) If p is the first reqular cardinal > oc(L), then
L£Beth — EE’eth (in 1.2(4)’s notation) and LA~Beth = Eﬁ_Beth (in
1.2(5)’s notation); in both cases Lo = Lot = (VB > a)Lo = Lp.
Note that for a compact logic L, u = Rg; and

£Eeth C ‘CﬁBeth7 EaA_Beth - E?*Beth fO’I" a< ﬁ

Proof. (1) Let ¢y = ¢1(P;¢,R) = [¢(P,R) A P(¢)]. Put 9(¢,R) =
Py (psR))E R).
(2) Immediate.
U

Definition 1.4.

(1) An L-Bethless model M is a model such that: for every relation P
on M, not definable by any L-formula with parameters in M, the
theory Thy((M, P)) has two models (M, Py), (M', Py) with P; # P;.

(2) We define by induction on «, when M is an (£, «) -Bethless model:
for every 5 < «a and relation P on M, not definable by any £- formula
with parameters from M, Th,((M, P)’ggeth) has two (L, 3)- Bethless

models (M’ Py,...),(M',P,,...),P1 # P, (M’ is the common 7y;-
reduct).

(1.1)

LABEL (1.3)

LABEL (1.4)
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Remark 1.5. Note that any model is an (£, 0)-Bethless model and £-Bethless
is equivalent to (L, 1)-Bethless.

Lemma 1.6. Suppose A = A<°°“) and |7| < X\ = |L(1)] < \.

(1) Suppose L satisfies for every & < (:
(*)x¢ If T is a complete theory in L(T) which has an E?eth—
Morleyized model, |T| < X, then T has an (L, &)-Bethless model.
Then also LEM (and even L5778 ) satisfies (x)r 5 when a+ B <
C.
(2) If L is (A, p)-compact and satisfies (¥)x o, then LE® (and £5~Beth)
is (A, p)-compact.

Proof. 1) Clearly we can concentrate on the LB®h case, the proof of £5~Beth
is similar. We now prove by induction on ¢ < «, for all complete T' C
LB ('), |T| < X, which has an LP*"-Morleyized model, j > i, that every

L,1)- Bethless model of TNL is a model of T; 4f A £Beth and then prove by
K3

induction on j < 3, that any (£, a+j)- Bethless model of Tﬂﬁgfjh isa(L,j)-
Bethless model of T when T is a complete theory in some LB (7/), |T| < A
which has an £E¢*-Morleyized model.

For i = 0 this is trivial. For i = ¢ a limits ordinal a £, §)- Bethless model
of Tp is for any v < § an (£, ~)- Bethless model of Ty hence M is a model
of T, but Ts = J,.; T hence we finish. So suppose i = v+ 1. First sup-
pose ¥(P.¢,R) € EEeth(R C 7, ¢ a finite sequence of individual constants):
(V2)[9(Z = Pyp s r) (7 R)] belongs to T and ¢ is an atomic formula. We
shall show that: for ¢ € M : M = ¥9[¢] iff M |= (3Py(P, ¢, R). The implica-
tion = follows by 1.3(1) and the choice of T'. So suppose that the implication
< fails for some ¢. So for some P, (M, P) = ¢[P,¢, R]. Let T' = Thpen,

so as M was (L, + 1)-Bethless, there are models (M', B, ...) for (I =1,2)
of T"' N L which are (L, v)-Bethless, P; # P». By the induction hypothesis
(M, P,...)is a model of T", and we get a contradiction to “¢)(P,¢, R) is a
Beth sentence”. As LB = the closure of (£,)"™%B by substitution, we
have carried the induction on i. The induction on j is similar.

2) Easy. O

Definition 1.7. (1) A Sk.f like (Skolem function like) L-function F' is
a pair of functions Fy, F} such that: for every vocabulary 7, Fy(7) is
a vocabulary extending 7, maybe with new sorts: Fj(7) is a theory
in L(Fy(7)) such that:
(*) Any 7-model can be expanded to an Fy(7)-model of Fi(7),
and Fi(7) is £L-Morleyized.

(2) An L-theory T has Sk.f. (Fp, F) if for some 7, Fi (1) CT C L(Fy(T1)); T

is (A, Fo, F1)- Skolemized if T" has Sk.f. (Fp, F1),|F(Fo(T)] < A and
every finite subset of 7" has a model. We call (Fp, F1)A-bounded if
|7| < A Implies |L(Fp(T)| < A

See https://shelah.logic.at/papers/199/ for possible updates.

LABEL (1.4A)
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Hypothesis 1.8. Finite occurrence numbers, i.e. oc(.¥) = X are assumed

for the rest of the section. LABEL (1.7)

Lemma 1.9. Suppose L satisfies:

(**) If T is a complete (N, Fy, F1)-Skolemized theory in L(7), then T has
an (L,w)- Bethless model (where (Fy, F1) is A-bounded, of course).

Then LB and even LA™BeM  satisfies (**) (hence is A-compact) for
suitable Fj, F| where |T| < X = L(F}(T)) has power < X.)

Proof. Like the proof of Lemma 1.6. O (1.5)

REMARK: Instead of Skolemization we can use devices like 3.1(4). (3.1)

o . _ LABEL (1.8)

Definition 1.10. (1) A model M is (£,Ng)- strongly homogeneous, if
for every finite sequences a,b from M, if they realize the same £-
formulas in M, then some automorphism of M maps a@ to b. We can
replace Xg by any \, and then I(a), 1(b) < .

(2) A model M is (D, Ng)-homogeneous (D a set of types p(z), usually
complete in some logic), when (a) every a € M realizes some p € D,
and (b) if @ realizes p(Z,9) | Z, p(Z,§) € D then for some b € M,aNb
realizes p(z, 7).

(3) A model M is (L, Rg)- saturated if every L- type with finitely many
parameters from M, finitely satisfiable in M, is realized in M (such
a model is (D, Xg) -homogeneous for some D).

LABEL (1.9)
Claim 1.11. A sufficient condition for LB to be (< \*,Rg)- compact is

that for some logic L*, L C L*, and \*- bounded Skolem function like L*-
functions (Fy, Fy) the following holds:

(*) For every complete (\*, Fy, F1)- Skolemized T C L* we have a model
Mt such that:

(a) Mz is a model of T N L and is L- Morleyized,

(b) each My is (L,Ro)- saturated,

(¢) My is (L,Ng)- strongly homogeneous,

(d) if 1 C To,7ry, = Fo(ms, + P), Fi(74, + P) C To(P finite), then
Mr,, My, | 7, are Lo, -equivalent.

REMARK: L, is defined naturally.

Proof. Clearly by (*) (b) £ is A*-compact, and (by the A*- boundedness)

|T| < A" = |L(7)] < A*. We shall prove for n = 0,1 (letting T be the

family of T C)L*)Bth T a complete (\, Fy, F1) - Skolemized theory, My ey

Mrrz+) (A), For T € T, My is a model of T N £Beth,
For n = 0 there are no problems: (A)q is one of the demands.
For n = 1: It is suffices to prove that for T € T, and ¥(P,¢,R) € £, and
R from 7r, if (C 2)[9(z) = ®ypom) (s R)] belongs to T, atomic, then for
¢ € My : My = (3Py(P, ¢, R) iff M = ¥[¢]. The implication < is easy by
1.3(1). (1.3)
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As for the implication = , suppose it fails. So for some P,(Myp, P)
(P, ¢, R) but M C —9J(&]. Hence P is not definable by any £- formula with
parameter in Mz. On the other hand, as ¥(P,¢,R) is a Beth sentence, P
is preserved by automorphisms of M. As Mr is (£, N))- strongly homoge-
neous, if a, b realize the same £- type in My, then there is an automorphism
of My taking @ to b, hence P is definable by some L - formula. Now
(Mp, P¢) can be expanded to an Fy(7p + P + ¢)-model of Fi(r7r + O + ¢)
which we call M*, and let To = Thg«(M*). Now we know that Mr and
M™ | 7p are Lo - equivalent, hence also (My,¢), (Mr, | 7r,¢) are Log -
equivalent, So for (Mr, | 7r, ¢) there is an L - formula defining a relation
P’ such that My, = [P’,é R] (use the definition we gave found for Mr,
and (*)(d) which says that Mp, My, | 77 are (L)oo, eauivalent).

However, also Mr, = ¢[P",¢, R] where P" is the interpretation of P in
Mr,. By (P, €, R) being a Beth sentence, P’ = P”. However, we shall now
prove that P” is not definable by an L. (7)1 + ¢)- formula. For this it
is enough to find sequences b,a € My, realizing the same L-type over ¢ in
My, rp such that —=P”(b = P”(a. If we restrict ourselves to A,_,, Ji(b,c =
Yi(a, ¢) for finitely many L£(77)-formulas, we can find such a,b in M as P
is not definable there. As T3 is the L£*- theory of an expansion of Mr and
My, is (L, No)- saturated, the existence of b, ¢ is clear.

We get a contradiction , hence, prove (A);. O
LABEL (1.10)
Fact 1.12. ;From the hypothesis of 1.11 we can conclude that £ has the

1.9
(1.9 weak Beth property.
REMARK:  Compare with Mekler-Shelah [MS85]; essentially this is an ab-
(1.11) stract version of the result in §2 there; this is clearer in 1.13,1 (777),1.14.
(1.12)
(1.13) . , .
Proof. As we know |7| < A" = [£(7)| < A" and L is (< A" < Ng) -compact,
it suffices to prove that: if 7' is complete, 1)(P;R) a weak-Berth sentence for
R € 77, then for some formula o(z, R),¥({Z : (7, R)},R) € T. Suppose
not; let P C My be such that (Mr, P) = [P, R]; P is not definable (even
with parameters) in Mp ( if we use some parameter to define, P, we can
(1.9) eliminate it by P’s uniqueness). Now we continue as in the proof of 1.11 [
LABEL (1.11) Claim 1.13. We can weaken the hypothesis of 1.12 as follows:
(1.10) ()" For every complete (\*, Fy, F1)-Skilemized T C L* we have a class of

models K1 such that:

(a) Each M € K is a model of TN L.

(b) For some p < X\*, if T € R, 7 C 7r is such that |7| < p, T N L*(T) is
Morleyized, then My | T is (L, Rg)- strongly homogeneous.

() If T C Ty,mr, = Fo(rpy + P) C Th, (P finite), 7, C 7 is as
in (b), p a set of formula of L(71) with the free variables T =
(o, .y xn_1), IZ[AD] € T N L(T1) for finite p' C p, then there
are My € K1,, M1, M> | 71 are L ,-equivalent, Ma realizing p.



Paper Sh:199, version 2024-06-21. See https://shelah.logic.at/papers/199/ for possible updates.

REMARKS IN ABSTRACT MODEL THEORY 9

REMARK: We can replace (£, Xg)- strongly homogeneous by: LABEL (1.12)

. _ _ o LABEL (1.13)
Definition 1.14. M is (£, Xg)-ps-strongly homogeneous if for every a,b € B

realizing the same L- type, there is a class V* € V, which is an inner model,
V a generic extension of V* L(7,) € V*; so we can look at V and hence
M, as a Boolean-valued model M, M = “a, b realize the same L-type” (i.e.,
this is forced) and Thz (M, a,b) € V*, and M has an automorphism which
takes @ to b (and may move truth values) (we can assume for simplicity that
the universe of the model is an ordinal).

LABEL (1.14)

Remark 1.15. In the applications, we can ask more things to be in V*. LABEL (1.15)

Observation 1.16. Suppose the vocabulary of L is recrusive, the same is
true for LB provided we make the following minor change. @psi(PR)(R)
is defined for every 1; the demand on Bethness of 1 is delayed to the sat-
isfaction (or ® should contain a proof of 1 being Beth). Also we have a
completness theorem for LB : if e.g., 1.9 (**) holds then Fy(t), F1(T) are (1.7)

recrusive.

2. BETH AND PPP

Our main interest here is to give sufficient conditions for the one step Beth
closure of a logic to satisfy the “pair preservation property” and “uniform
reduct property for pairs”, i.e., that we can compute the truth values of
My + My | ¢ (for i € L) from the truth values of M)1 = 9t (k < ki)
(where the 1! do not depend on the Mj).

Definition 2.1. (1) £ has the PPP if for eery models M, N, Th(M +
N) is determined by Thz (M), The (N )(M+N)- we have more sorts).
(2) £ has the URP,-property if for every vocabularies 71,72 (disjoint
without loss of generality) and sentence ¢ € L(1; + 72) there are
sentences ¢} € L£(7;(i = 1,...,n;) such that the truth value of (M; +
My) = 1 is determined by the truth values of M; = ¢}(M; a 7-

model, My + My a (11 + 72)-model).

LABEL (2.1)

REMARK:  We can reformulate (2) as: 1 is equivalent to a Boolean com-
bination of the @Z)é’s.

LABEL (2.2)
Claim 2.2. (1) PPP+|L|T-compact implies URPy (where |L]| = sup [{L(7) :

T a finite vocabulary}—).
(2) URPs implies PPP.

Proof. 1) Suppose 1 € L(71+72) is a counterexample to URP,. This means
that for no finite 1 C L(71), 2 C L(72) we can compute the truth value
of M1 + My = ¢ from the truth values of M; = (), (0 € ¥q). Note M; is a
7i-model, and that for notational simplicity the sets of sorts of 71 and 7 are
disjoint. So L(71), L(72) are disjoint.

So for every finite set ¥, C L£(71)(l = 1, 2) there is a function h = hy, Uw,
from ¥, U ¥, to {t,f} (= the set of truth values) such that some models of
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={0=h(D):0 e ¥, UP,} satisfies 1 and some satisfy —1). (Note that
() = h(D) is equivalent to @ if A(() = t, and is equivalent to —() if h(()) = f).
Without loss of generality 71, 7o are finite, and it is well known that for some
h: L(m1) U L(Te) — {t,f}, for every finite W' C L(r)(I = 1,2), for some
finite ¥;, ¥! C ¥; C L(7;) (I = 1,2) and h | (¥' U ¥?) C hy,upa- So every
finite subset of I', U{#} has a model and also every finite subset of I', U{—1}
has a model. By the |£|"-compactness, I';, U {1} has a model, and let it
be M;" + My"; similarly I'y, U {—¢} has a model and let it be M; + M, .
So Mt + M =, My + M~ +2 =, but Mﬁ,M[ are L-equivalent (for
[ =1,2) by the definition of I',. This contradicts the PPP.
2) Easy. O
LABEL (2.3)
Lemma 2.3. Suppose (for some Sk.f.)
(i) L satisfies URP3.
(1.7) (i) Fvery T as® in 1.9 for LB, has a (LB, R)-strongly homogeneous
(LB, Ng)-saturated model.

Then LB satisfies URPy too.
LABEL (2.4)

Remark 2.4. We can apply this to £B¢™" by proving by induction for £5.

Proof. Let ) = %(P,R)(R) where (P,R) € L,R C 7 + 72 is a Beth
sentence. It suffices to prove URP; for such sentences (then prove that the
set of sentences satisfying the URP3 is closed under substitution). Note R
may contain individual constants. Without loss of generality |barR lists all
members of 71 + 5. Without loss of generality P is a (2n)-place relation,
the first n places for elements of sorts of 71, the rest for elements of the sorts
of T (which are disjoint). We write P(Z,¥); now clearly: O

ASSERTION  If there are ¥i(z, 2L, R) € LB(m)(l = 1,2,i < ip < w) such
that for every M;(m-models, [ =1,2), and P:
if My + Ma = ¢(P, R), then for some ¢ € M;, P(z,y) is equivalent
to
a Boolean combination of the formulas 9} (z, ¢}, R), 9?(y, ¢7, R), then
the desired conclusion holds.
So we shall suppose there are no &, 9! as above. Then there is a complete

17 71

consistent T C LB(7%),7* = Fy(m1 + 12) : T 2 Fy(11 + 72) such that

(a) ®ypr)(RET, e, TH (IPYP,R).
(b) T “says” that for every ¥., z! as above, P( y) is not defined as a
Boolean combination of ¥2(z, z}, R), 192(x, zZZ, R).

)

Let M be a 7*-model,M | (1,4 72) = Mj + My such that M is a (L5, Ng)-

strongly homogeneous, £Z, Rg)-saturated model of T. Now the P satisfying

(1.3) Y(—, R) is definable by an L£P-formula (see claim 1.3). Also if b,¢ € M
realize the same L£B(7*)-type in M, then there is an automorphism of M

2L e. for some (Fo, F1) Sk.f.like A-bounded, T is a complete (A, fo, f1)-Skolemized theory
in LB (TT).
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which takes b to ¢, hence there is an automorphism of M; which takes b to
¢. [Note that realizing the same £B-type in M is not necessarily sufficient. |
So there is an automorphism f of M | (11 +712), f (_) =¢, f | My = identity.
Remember ¢ (P, R) is a Beth sentence. So for any d € My, if l(b) l(c) =

I(d) = n, then P(b,d) = P(|barc,d). Similarly this holds interchanging M

and M>. We can conclude

M = (vz \//\ R) A3 5(y, R)]

(remember R contains everybody from 71 + 72), where 19[ € LB(7*) (not
L(71 4+ 7)) but = varies on M,y varies on My. But P(Z, y) is also definable
by an LB(r + m2)-formula.

As M is (EB, Ng)-saturated, usual compactness arguments give

= \/ A\ Wi;& R) A5, R))

1<ig J<Ji

were ig, j; are finite, 19[ € L(7*). Now we can forget 7%, and look only at
My + M. Define a relatlon FEq between n-tuples from M;:

akb iff (Ve e My)[P(a,c) = P(b, ¢

Similarly Fo on Mos.

The 9; ; above show that Eq, E» has finitely many equivalence classes.
They are definable in M; 4+ My by an LP(1; + 7)- formula (we have just
defined them). If each Ej is definable in M; by an £Z(ry)- formula, we get
a contradiction to the choice of T

Let 7 = 7+ {E}. So M;' = (M, E) isam € E(Tl ) be such that
Mt = il = 1,2) and if N;" | (1 = 1,2), then N;” + N, satisfies all
the (finitely) many relevant information from Thz(M;™ + M) (possible by
URP; for £).

QUESTION  If ¢ = ¢;(E}, 7;) a Beth sentence (i.e., defining implicit E;)?
If the answer for [ = 1,2 is yes, the Ej re explicity defined in M; by an
LB (1;)-formula, contradiciton.
If for at least one [ the answer is no, say for | = 1 we can find (N1 E¢)yn1, (N1, EY) =1
but E} # E%. Now (Ny, E¥) + M (z = 1,b,), satisfies enough L-sentence
which M;" —I—MJr satisfies, to have a P solving ¢(—, R). But for z = a,z = b,
we get dlstlnct P (look at Ey’s defintion). Contradlctlon to (P, R) being
a Beth sentence.

LABEL (2.5)
Lemma 2.5. In 2.3(i1) we can omit “(L,No)-saturated” if "T' is a T7*-theory (2.3)
with sk.f.” s preserved by adding finitly many individual constants to the
signature and by completing demanding the (L, Ng)-strongly homogeneous for
the reduct to T*.
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LABEL (2.7)

LABEL (3.1)
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Proof. The only need for Xy-saturation is to replace \/; A\ j(ﬁ}’j (A 19120- (y by
a finite formula. Let
T =Tu{9(@E) =9(c%) : 9(z) € L(7%),&  hboxof firstsort}
I(d?) : 9(y) € L(7*),5 of second sort}
WP, &) # P, &)},

If T is consistent, we work as before and get a contradiction in the point
where we use “(L, Rp)- saturated” (remember we demand in 1.4 the (£, Np)-
strongly homogenous for the 7*- reduct).

If 7' is inconsistent, we work as there for T, having the ¥! ., by the

Z?]’
above. O

C
Py
=
=

Il

Remark 2.6. Another way to phrase the hypothesis is:

(1") For every T and L(7*)-type p(Z) consistent with 7', T has an (£, Rp)-
strongly homogeneous £-Bethless model realizing p.

The proof of 2.3 really says (see Definition 3.1):

Lemma 2.7. (1) Suppose (i) L has the URPq, (ii) L has the weak ho-
mogeneity property. Then LB has the URPy3.
(2) Suppose L is compact and has the homogeneity property. Then L
has the weak homogeneity property.

3. AUTOMORPHISMS AND DEFINABLE LOGICS

We define here homogeneity properties of a logic £ (saying Thz (M) has
models with automorphisms we require). We then prove some variant of it
assuming £ has the INT (= interpolation) property and PPP (and other
variants of the assumptions and conclusion). At last we define “a definable
logic” (i.e., by a set-theoric formula with no parameters) and prove the
consistency of “no definable logic extending L(Q) has PPP and INT”. (Note
that when V = L “definable” is an extremely weak restriction.)

We do not systematically deal with the “pair of logics* versions or the
trivial implications involving those definitions. The definitions seem to us
interesting though the results here are easy.

Definition 3.1. (1) L has the super [strong] A- homogeneity property if

for every T-model M [there is an expansion M*| such that Thz(M)[Thz(M™*)]

has a model N [whose 7T-reduct is a] (£, \)-strongly homogeneous
model (see Definition 1.10(1)).
(2) L has the homodeneity property if for every T-model M, and ¢,, ¢a €

M realizing the same L-type in M, Thy(M, ¢, c2) has amodel (N, ¢, ¢2)

such that some automorphism of N maps ¢; to ca. (We can use n-
tuples ¢; instead; this is equivalent).

3First show that if (M1 + M2, P) = (P, R), then E; has finitely many equivalences

classes (otherwise use the weak homogeneity property). Second, using the same property
find a uniform bound n(1) on the number of Ei-equivalence classes; the same holds for
F>. Now continue as before.

See https://shelah.logic.at/papers/199/ for possible updates.
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(3) £ has the weak homogeneity property if for every 7-model M and
infinite P C M, Th (M, P) has some model (N, P’) such that some
automorphism of NN is not the identity on P’

(4) We add “local” if just for every sentence of the relevant theory there
is a model N as required. We can add also “for finite vocabulary”,
etc.

(5) (L, L") has the super A\ homogeneity property if for every 7-model M,
whose Lx-theory is Morleyized, TH, (M) has an (£, A)- homogeneous
model. Similarly for the other properties.

Remarks 3.2. (1) By [She71b] (see also [SheT7la]) any Ng-compact logic
L(Qn)n<w the @y, are cardinality quantifiers, has the weak homo-
geneity property.

(2) By [She78b], [She78c|, [She83] if we assume GCH, then some com-
pact logic does not have even the weak homogeneity property (e.g.
L(Q), where @ the quantifier says two atomic Boolean algebras are
isomorphic).

For the definition of RROB see notation of [Mak85].

Claim 3.3. (1) If L satisfies the PPP and FROB, then is has the ho-
mogeneity property.
(2) If L satisfies the PPP and INT, then is has the local homogeneity
property.

Proof. We prove only (1) (the other is similar). Suppose M, ¢y, co from a
counterexample to the homogeneity property with finite occurrence. Let
M’ d),c, be a disjoint copy. Let N = [M,M'],T = Thg(n,ci,cac)) =
The (N, c1,c2¢)) = The(N,cr,c2,ch) ( the equality is by the PPPand ¢
denotes the name of ¢} or ¢, in 7). Let

Y = “f is a isomorphism from the first sort to the second

(ignoring the ¢’s) mapping ¢’ to ¢;”.

Clearly T U {91, 12} does not have a model, hence FROB fails. O

Definition 3.4. (1) A logic L is called definable if the relations “i €
L(T)",“M | 9" are definable (in set theory, without parameters).
So ¢ € L(1), M |= 1 are meaningful in any universe of set theory.
(2) A logic L is called A-definable if for some A C A, the relations “i €
L(T)", “M =" are definable using A as the only parameter.

REMARK:  Most reasonable logics are definable: the exception is fragments

of such logic (mainly Ly, ,,). So restriction by definability is reasonable.

Claim 3.5. It is consistent that no definable extension L (or Ro- definable
extension) of L(Q) has the PPP and INT.

LABEL (3.2)

LABEL (3.3)

LABEL (3.4)

LABEL (3.5)
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Proof. Let
K ={(A,P,Q1 <c,f): A an uncountable set, Pa countable subset,
< a linear order on@Q = A — P — {c}, fa function from@ x @ to P

such that f~1({p})is a chain for every p € P}.

Clearly K is definable in L(Q) by some 9, and by [She75a] it is not empty,
and such linear order is not isomorphic to its inverse. For M € K let M*
be the same except inverting the order. Let us define a forcing notion which
forces a member M of K. The universe of M will be wy, PM = w—{0},cM =
0,Q™ = w; —w. A condition p consists of a finite subset wp of w1 —w, a
linear order <P on w,, and a function f, : w, x w, — w — {0} so that
(e, 8)) = fp({&/, ")) implies « <P &/ A B <P ' or &/ <P a N[ <P B.
We say p < ¢ if wP, C wy, <P=<I] wp, f; = f4 | wp X w,. We can prove
(essentially as in [22]) that the forcing notion satisfies thec.c.c., and for a
generic set G, M|G| € K. Now there is a natural automorphism F of order
2 of the forcing notion: P — P* where in p* we just invert the order.
Clearly M[F(G)] = (M*|G])*. Hence in V|G|, My = M[G], M; = (M[G])*
are L- equivalent (as L is definable , P is homogeneous). By the PPP,
[MoOMoy], [Mo, M) are L-equivalent. Let t1[ip2] say that the linear order
in the two sorts are isomorphic [anti isomorphic]. As explained in [22],
11 A 19 has no model in which each sort satisfies (). So we have obtained a

LABEL (3.5A) contradiction. O
(3.5) Remark 3.6. In 3.5 we can replace INT by FROB.
LABEL (3.6) Claim 3.7. Suppose L satisfies PPP, WB and for countable T, |L(7T)| < Jy.

Then the well order number of L (for one sentence) is < w + .
Proof. Should be clear.
(3.2) By 3.2(2) and by easy manipulation: O
LABEL (3.6a) Lemma 3.8. Suppose L satisfies the URP2.
(1) Then the following are equivalent (i) ROB, (ii) FROB, (iii) the ho-
mogeneity property for PC (see below).

(2) Also the following are equivalent : (i) WFROB (see [Mak85]), (ii)
the local homogeneity property for PC.

LABEL (3.7)
Definition 3.9. (1) £ has the homogeneity property for PC when: if
for 7 C 74+ M,c; and cg € M realize the same L-type in M | T,
then Th,(M,c1,c2) has a model (N,c},c,) such that N [ 7 has a
LABEL (3.5) automorphism taking ¢} to c.
Remark 3.10. I thank Makiwsky for discussions concerning this lemma. He
also showed that the weak homogeneity property implies [w]-compactness.
LABEL <41> 4. INTERPOLATION FOR COFINALITY LOGIC IN STATIONARY LOGIC

Definition 4.1. L(aa) is defined as follows: defining the formulas we allow
as variables monadic predicated; however we do not allow existential or
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universal quantification over them, but the quantifier aaP : (aaP)p(P) is
allowed, it bounds the variable P, and

M = (aaP)p(P) iff {P C S, (IM]): M = ¢[P]}

contains a closed unbouned subset of Scx,)|M])

(closed means under countable increasing union, unbouned means ev-
ery member of Scy, (|M]) is countained in some member of the subset and
Scax(A)={B:BCA,|B| <\}).

The dual quantifier is stP : (stP)p = —(aaP)—.

LABEL (4.2)
Definition 4.2. L(foo) is first-order logic expaned by the quantifier Q‘ffo

which acts syntacticaly as “if (x,y, z) is a formula (with z,y, Z free) then
S0 is (QNOZ' y)e(x,y; z) (with z free)”.

Semanticly M = (QNOZL' y)p(z,y,a) iff on Dom[((z,y,a)] o {be M:
M = (Jy)(b,y,a)} the relation ()(x, y; a) defined a linear order with no last

element (i.e., z <y o go(:c,y, a)) with cofinality Ro.

Discussion 4.3. The cofinality logic L( §fo) was introduced by Shelah [She72],
[She75b] as a solution to a problem of Friedman and Keisler: is there a logic,
stronger than first-order, which is compact ( and not just A-compact for some
A). It also has reasonable axiomatization and it seemed weak.

In search for stronger logics, in Shelah [She75b] L(aa) was introduced.
Like second-order logic, in it formula free monadic predicated are allowed
but the quantifier is different. We cannot sat “for some P” but “for almost
all P”. This logic draws much attention. Barwise, Kaufman and Makkai
[BKMT78]| investigate it thoroughly; showing it has all the good properties
known for L(Q) and, of course , it seems considerably stronger, so Eklof
and Mekler use it to investigate 8;-Abelian groups (see [?], [EM81]). Kauf-
man suggests and investigates determined structures. Kaufman and Kakuda
investigate ZF(aa).

However only lately properties of the logic L(aa) were found indicating
it really inherits something from second-order logic. Here we show that the
interpolation theorem hold for the pair of logics (L(Q‘&fo), L(aa)). Consider-
ing that there has been much research efforts on interpolation (and related
notions) for Ng-compact logics, without having any example (even “patho-
logical” one), and that the logics involved are reasonable and not invented
for the example,this is nice though the proof is easy. (A drawback is our
having a pair of logics, not one).

This is the main results here. A subsequent results is the bigness of
the Hank number of L(aa) (see Kaufman and Shelah [KS86]) which really
shows that on models of power > N;, L(aa) is really very strong, stronger

than quantification on countable sets.

LABEL (4.4)
Claim 4.4. L(Q{) < L(aa).
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Proof. This is because in L(aa) we can express “p(z,y; Z) is a linear order
def

of cofinality Ro” by 1,(2) = [¢(x,y; Z) defines a linear order with no last
element] A(aaP)(Vx)|[(Fz)p(z,y;2) - (Jy € P x,Y; 2)|. O
LABEL (15 | AlaaP) (%) Gr)e(z, :2) > (B € P)(ilz,y:7)]
Convention 4.5. jFrom now on we consider every sentence of L(ngfo)(T) as
a sentence of L(aa).
LABEL (4.6)
Theorem 4.6. The pair (L(Q;fo), L(aa)) has the interpolation property; i.e.,
if 0,9 € L(Qﬁfo),l— 0 — 1 (i.e., it is valid), then for some ¥ € L(aa), 7y C
To N7y and =Y — 9 and =9 — 1.
As L(aa) is Ng-compact and |T| < Vg = |L(aa)(7)| < Vg ( and the occur-
rence number is Ng) the following lemma suffices:
LABEL (4.7)
Lemma 4.7. Suppose that 19 = 1 N 1o are countable vocabularies, T a
complete theory in L(aa)(m;) (forl=1,2,3) and T1 N1y = Tp.
Then (11 N L(foo)(ﬁ)) U (T N L(Q§f())(72)) has a model.
Proof. We start with the following notation. (]
LABEL (4.8)
Notation 4.8. T; = {¢Y(Pyy, ..., Pyy) 1ip < ... < ip < wi,® € L(aa)[n] and
(aaSp)y...y...,(aaSy)Y(So,...,Sy) € T;}. Clearly T; C T.
Given any model M; and any ; which is a finite conjunction of members
of Iy it is easy to choose by induction (P; C M; : i < n) such that M;
Y(Po, ..., Py—1). That is (as T; has a model):
LABEL (4.9)

Fact 4.9. T is consistent.
Moreover, if we let I'j be any completion (in L(aa)[r]) of L:

LABEL (4.10)
Fact 4.10. For [l =1, 2,I‘[')F U T is consistent.

Proof. Let (P,,,...,P;, ,) be a conjunction of finitely many members of
Gammag . Then (=(aaS) ... (aaS)—~ € Ty. (Otherwise =) € 'y C Gammag,
but Gammag is consistent.) Let M; = T; and suppose do(Pi,, ..., ;) is a
finite conjunction of formulas in I';.
(1) Ml ': ﬁ(aaSn)—ﬂ/}(Po, ce ,Pz‘, Sz'—l—l: ey Sn)
(ii) For any formula ¥ € L(aa)[r] if M; = (aaS)Y(Fo, ..., Pi—1,S5) then
M; E ¥(Py,...,Pi—1,P;) ( note that are only countably many such
W’s).
Let 7/ = 7,4+ {P; : i < w}. So let I'}" be
a complete consistent extension of I'f U T, in L(aa)[r{]. Let ’ylf be the
extension of I’l+ by giving name to every formula (R, to ) with indicidual

free variables only, so Flf is complete in L(aa)[Tlf ], Tg = Tlf ﬂTQf . Clearly I'} def

FlfﬂLMw (Tlf) is a complete theory in L, [Tlf], and Fg = Flfﬂ’yg, Tg = TlfﬂTQf.

So by Robinson’s lemma (for first-order logic) I'f UT'; is consistent. O
LABEL (4.11)

Fact 4.11. For any ¢ < wy,l < 3,T; ( and also Ff,F{) “says” that P; is

an L(aa)-elementary submodel of the universe (restricting ourselves to the

vocabulary 7 + {P; : j < i}). Also it “says” P; C P; for i < j.
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Let M be an Np-staruted model of I' UI'5 and let NV be the substructure
with universe (J; _y, PM . Note that by Fact 4.11 and unions of chains N = (4.11)

I'; (do it for each I'} separately).
LABEL (4.12)
Lemma 4.12. Suppose Vz((QNOx y)(R(z,y,2) & S(2)) € I'J(R, S are pred-

icates. Fiz ¢ € N, and suppose R(xz,u,Z) is a liniear order with no last
element.

() If N | ~S(@), then N = (@52, p)R(z,3,2)
(i) If N |= S(@), then N |= (Q%y,2,y) R(x,y,0).

Proof. Choose i so that ¢ € P; and if R is Ry and P; occurs in (), then j < .

(i) In this case, for every j < i there is a b; € Pj;1 — P; such that if
a € P; and a is in the field of R(x,y,¢) then N = R(a b;,¢). This
follows immediately from the assertion:

[(V2)(Fyo) (V2) [(3y) (R(z,y, 2)) A Pi(x) = Piya1(yo) A R(z, 90, 2]] € T
But this is clear, since if M; = T}, and d € M;, R(z,y,d) is a linear
ordering of cofinality > Ng and P; is countable, then the intersec-
tion of PZ»MZ and the field of R(z,y,d) is bounded. But P}, is an
elementary eubmodel of M; so there is a bound in sz\fl

Now the sequence of {b; : j < R;} witnesses that the cofinality of
R(z,y,¢) is N;.

(ii) Note first that since M is Ng-saturated, the cofinality of R(x,y,¢) in

PM is < Ny. But
N V) [3r)R(x, 7,¢) = (By)(R(z,y,¢) A Pi(y))]

as

(V) (@5, y) R(x,y, 2) = (aaS)(Vx)[(Fy)R(z,y, 2)
— (Jy € S)R(z,y,2)]) € T}

So the intersection of the field of R(x,y,¢) and PM is unbounded in
M, hence in N. Thus the linear order defined in N by R(zx,y, ¢) has
cofinality at least No.

Now we reverse the cofinalities to get the required model.

]

Lemma 4.13. There is an elementary submodel N* of N such that N* is
a model of I'y N LZ(Q;CEO) forl=1,2.

Proof. We define by induction N; for ¢ < w such that
(i) |Ni] = Ny,
(ii) N; < N.
(iii) For any linear order without endpoints, <, definable with parameters
in N;:
(a) If the cofinality of < in N is < Wy, then N;;1 contains a subset
of the field of < which is unbounded in N.

LABEL (4.13)
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(b) If the cofinality of < in N is > Nj, then there is an element of
N; 11 which bounds the intersection of N; with the field of <.
But the choice of the required N; is easy, and from it the result is
clear (the union (J,_,, IV; is as required).

O

REMARK:
(4.6) (1) Looking at the proof of Theorem 4.6 we can see that:
(a) We can make the P;’s indiscernible (using Ramsey theorem).
(b) We can find an interpolant of the form (aaPy) ... (aaP,)p(P —
1,....Py), ¢ € LIQY).

5. HIGHER CARDINALS AND STRONG HOMOGENEOUS MODELS

We deal with cofinality quantifiers and stationary logic for uncountable
cardinals. Our results is that pair (L(Q‘é), L(aay)) satisfies the super Ro—
(3.1) homogeneity property (see Definition 3.1(1)).

LABEL (5.1) Definition 5.1. (1) For cardinals k < A, and set A we define a filter
EV(A) on S<)(A). It is generated by sets of the following from:
Ui<nAi s for i < /i,A— 1 C A|A,’ < )\, and F(<AJ 1< j>) - Ai—i—l}
for some F'.
(2) Suppose A2 < Aq, kb < Ap, k2 < g, then Efll (A) is the following filter

on S<y,(A): 5 € &5 (A)iff {BC A:|B| = A1, and SN 8, (B) €
Sfj (B)} belong to Sfll(A)

(3) the meaning of “the £-majority of A(€ S<)(A)) satisfies ...” is “{A:
A satisfies ...} € £7.

REMARK:

(1) In these filters we can replace k by cfx.
(2) On such filter see [She85], §3. (and see [Shel9])].
LABEL (5.2)
Definition 5.2. (1) For a class C of regular cardinals, L(Q%) is de-
fined just like L( ‘;fox,y, a) iff ¢(z,y,a) defines on {b € M : M =
(Jy)o(b,y,a)} a linear order with no last element whose cofinality is
in C. If C = {u: pregular, u < A} we write Q, instead.

(2) For a cardinal A we define L(aay) just like L(aa), but M = (aayP)¢(P)
iff {P € S<,\(|M]): M |= ¢[P]} belongs to £ (i.e., to £3(|M]). The
dual quantifier to (aa)P) is (st P).

(3) All the languages L(QS) have the same syntax so for a sentence
(NS L(le) (or theory) it is clear what we mean by "M is a model
of ¢ in the Cy-interpretation, M ., ¥“. We identify A and {\} in
this content.

Similarly for ¢ € L(aay),” M is a model of ¢ in the A -interpretation,
M =y ¢ is defined.
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(4) Dealing with L(QCCf) we ignore the trivial cases C =0 or C ={pu: p
a regular cardinal}. We know (see Mekler-Shelah [MS86] for (2) and
(3), [She75b] for (1) and 4.4 (4.4)

Theorem 5.3. (1) For any C1,Cy (non-trivial), a theory T in L(QE ) LABEL (5.3)
has a model iff it has a model in the Cy-interpretation (so all those
logics are compact). In fact if X € Cy, A € Ca, A\, regular, then T
has a Min{\, p}-saturated model in which each definable linear order
with no last element has cofinality X or p.

(2) For any A and ¢ € L(aay), if ¥ has a model then 1 has a model in
the Ng-interpretation.

(3) If \ = AN T C L(aay),|T| C A, then T is consistent iff T is consis-
tent in the No-interpretation iff T has a A\ -compact model of power
AT

(4) L(QY,) < L(aay) (and we adopt the convention L(Q%,) C L(aay)).

LABEL (5.4)
Claim 5.4. Let M be a model Tpr| + k < A\, Kk is regular.
(1) Then for a set of A € S<x(|M|) which belong to EY the following
holds:
(*) For any relation R(z,y,Z) € Tar and ¢ € A, if R(x,y,¢) defines
in M a linear order with domain DomR(z,y, ¢) (and no last element)
of cofinality p, then R(z,y;¢) defines in M | A a linear order of
cofinality p' where:
p>A=p =k p<A=p =p
(2) Suppose further that C' is a class of reqular cardinals, k € C, and
every reqular p > A\ pu <|| M || belongs to C. Then for a set of
A € S<,(IM|) which belongs to EF, M | A is a L(QS)-elementary
submodel of M.
Proof. Easy. O LABEL (5.5)

Lemma 5.5. The pair (L(chf)\),L(aa,\)) has the super Yo -homogeneity
property (getting even an (L(chfA), Ng)- saturated model).

REMARK:
(1) The proof gives a little more ; the 2I"M| is needed for the saturation
only (otherwise 7 M| suffices).
(2) We can get super p-homogeneity if p < A.

Proof. So let M be a model, Morleyized for L(aay). Let po be regular such
that M € (o), \t < 10, 2I"™| < pg and let A be (2 (uo); €) expanded
by M (i.e., its relation and a predicate for its universe) and Morleyized for
L(aay).

We shall build a model of Thyqer y(M) of power p A+ 4 almal g0
without loss of generality there is a cardinal y = y<X > u by working inside
the inner model L[A] where A C x, x refular for suitable A).
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(5.3) By 5.3(2),(3) Thz(gqe,)() has a model sB in the x-interpretation. Of
course in B we can interpret a model of Th L(Q )(M ) in the x-interpretation

which is (L(aay), x)-satured. Let C' = {x regular, K < X or K = x} so by
saturation, as AT < x, no L(aay)-formula with parameters defines in sB
a linear order (with no last element and) with cofinality < x. So the C-
(5.4) interpretation and y-interpretation coincide. By applying twice Claim 5.4(2)
for an SQ,J/QNO—majority of the A € S<,,(|B]), B | A is an L(QY)-elementary
submodel of B (remember p < ).
Clearly it suffices to prove the following fact (the x which interests us is
A1). O
LABEL (5.6)
Fact 5.6. Suppose Ny, N; are models definable in 9 (i.e., their universe

and relations are first-order definable with parameter in 98), have the same
vocabulary, and are L(aa,)-equivalent and let x < x. Then for an Ex-
majority of A € S<,(|B|),No | A= N1 [ A (i.e. N; | (|N]NA)).

LABEL (5.6A) .
Remark 5.7. So surely this holds for a &y, -majority of A € S<»(|B]), when

X1 < Xv"/il < X1-

(4.11) Proof. As in the proof of 4.11 there is a complete theory I' in L(aay)|T +

{P; : i < k}] such that ¢¥(P;,,...,P;,) € I')i1 < ... < i, < Kk implies

Ny = (sty D) (styPyy) - .. (sty P, ) (P, Py ..., Py,), (note T' is closed by
finite conjunction).

Let IT'; be I' when we replace the predicated from 7y, by their defining

L(aa, )[1s]-formulas with parameters and restrict everything by the formula

defining || N; ||. Clearly, for every ©» = ¢(P;,,..., P )(i1 < ... <ip < K).
B = (sty L) - .. (sty Py, )Y (Payy ..., By,)

Clearly 20 = (aaxP)(3x)[(Vy)(Py) = y € x)] (because every subset of
A (o) of power < X belongs to #(p)). Hence also B satisfies this (in
the x- interpretation). So we can find a; € B(i < xT) such that:

(*) A; = {b: B = “b € a;”} has power Y, it is increasing, for ¢ of
cofinality x, As = ;.5 Ai, and {4; : i < xT} € E(|B)).

Hence we can define by induction on y < k, for every n € 7(x™) an ordinal
i(n, 1) such that:

(a) i(n [ B,1) < i(n,1) < x* and i(n,1) > sup{n(j) : j < l(n)} for
B <l1n).

(b) For every ¢ = (P;,..., P,,...,Pj,,) €T, i1 < ... <ip <951 <
) <jn

‘B ': StXle) s (StXIij)w(Ai(nm,l)? ey Ai(n[in,l)7 Pj17 AR ij)
There is no problem in this. It is also clear that for every n,v €
(ﬁ+), (NlaAi(n[’y,l) N Nl)gamma<ff and (NQ,Ai(n['y,l) N N2)7<n are L(aax) -
(5.4) equivalent, L(aay)— saturated, and as in 5.4 (N1 [ U, Ai(yiy,1): Aty N
N1)y<r and (N2 [ U, <, Aiwiy)s Aiwiyg) N N2)y<x are isomorphic.
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However, S = {i < xT :if j <i,n € 7j,v < k,l = 1,2 then i(n,l) < i} is
a closed unbounded subset of x*. Now if § € S, cfd = K, we can easily find
1 which is increasing and converge to d, then clearly (i(n [ v,1) : v < k) is
increasing and converge to 0. It is also clear that U7<H Aty = Uies Ai-
Hence by the previous paragraph Ny [ ;.5 Ai = N1 [ ;.5 Ai- But

{LJAi:0€e8,cfs =k} € EX(B])
<8
so we finish proving the fact, hence the theorem. O

6. A COMPACT LOGIC WITH THE BETH PROPERTY

We prove here (in ZFC) the existence of a compact logic satisfying the
Beth property (and which is stronger the first-order logic). Moreover this
logic has a reasonable description: it is the Beth closure of L(Qif(QNU), and
it has the URP, but nor the Craig property, thus it shows that in the
main theorem of Makowsky-Shelah [MS79] the preservation theorem for trees
cannot be replaced by the preservation theorem for the sum or two models.

Really we deal mainly with £, a sublogic of L(aa,) and deduce the

properties of L(Q‘;)Beth from it. We rely heavily on Sections 2,4 and 5.

LABEL (6.1)
Definition 6.1. CFD()) is the family of regular cardinals p. such that for
some uT-saturated model M.t of power < A, some L -formula ¢(z,y)
defines on {b € M : (Jy)é(x,y)} a linear order of cofinality p. (We can allow
quasi-linear order and replace x,y be sequences of length n < w.)
LABEL (6.2)

Claim 6.2. (1) If M, N are u* saturated elementary equivalent, Tpy =
T~ has power < X\, ¢(2,y) € Loo,omega defines a linear order of cofi-
nality p on {x : (Jy)o(x,y)} in M then the same holds in N.
(2) If \, M, ¢(x,y), i are as in Definition 6.1, then p < 2. (6.1)
(3) Moreover in (2), there is no cofinal sequence in Dome(z,y) (in M)
of elements realizing the same strong type (over (). (See [SheT8a],
[She90] Ch.I11].)

Proof. (1) It is well known that M, N are L ,-equivalent.
(2) Let My be an elementary submodel of M of power A, {a; : i < pu)
a cofinal sequence in the linear order ¢(x,y) (in M). Suppose p >
2*; then without loss of generality p = tp(a;, Mp) is constant. By
[She78al, [She90], VII 4.1, p.406] there is an elementary mapping f
(whose domain and range are C M) such that f [ My = the identity,
and tp, ({a; : i < p}, Mo U {f(a;) : i < u}) is finitely satisfiable in
M.
Clearly each f(a;) realizes p, hence is in the domain of ¢(z,y).
By the choice of a;(i < p) for some i < pu, M = ¢(f(ag),a;). As
tp(ai, Mo U {f(aj) : j < p} is finitely satisfiable in My it does not
split over My (see [She78a], [She90], [25, 1.2.6,p.11]); hence as all
f(a;) realize the same type over My they realize also the same type
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LABEL (6.4)
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over Mo U {a;}. Hence for every j,M = ¢[f(a;),a;]. Let g be an
elementary mapping such that g [ My = the identity, g(f(a;)) = a;
and whose domain includes a;. Then M = ¢laj, g(a;)] for every j.
Contradinction to the cofinality of (a; : j < p).

(3) Suppose (a; : i < p) is cofinal, all a;’s realizing the same strong type
over (). Without loss of generality M is (1 + A)*-saturated (by (1)),
and My < M has power A. Let

D=A{d(xi, .. xi,) 101y yin < iy = @laiy, ... ai,]}
U{¢(x;,¢) = ¢(xj,¢) : ¢ € My, ¢ a formula}.
If T is consistent, let the assignment x; — a} realize it; as in the proof
of (1) also (a} : i < p) is cofinal, and tp(aj, M) does not depend on
i (by the choice of I'). So we can continue as in (2).

I" is consistent by the hypothesis.
O

Definition 6.3. We define a logic £:.L£*[r] is the set of sentences ¢ €
L(aay)[r] s.t.: for any A > k.expansion 2 of (7 (uo) €) (for po regular
> k), Ty countable and any (L (aay), x)-saturated model B of TH (44, )(2A)
in the y— interpretation, for Yy = x<X and any N interpretable in 9B, by
an Lo (aay)-formula with finitely many parameters |[7n| < Xg : N =y ¢
iff for a SX”;\’“—majority of A € S<x\(|B|).N | A =, 1; where we make the
hypothesis:

Hypothesis 6.4. For arbitrarily large cardinals y, x = x<X.

Discussion 6.5. (1) The hypothesis is just for convenience. Other wise
we should say: for any set A of ordinals s.t. 5 (uo + A) € L[A] the
requirement of the definition holds in L[A], for every large enough
regular cardinal (for L[A]).

(2) We can also wave the role of 2. Instead we should demand that B is
a model of ZFC™ (aa,) (zermelo-Fraenkel set theory with choice but
without the power set axiom, and an image of a set by an L(aa,-
definable function is a set ane B = (aa, P)(3z)(Vy)[P(y) =y € z].
We can also make 7 = {€} without changing anyting and/or B =
“|N7 is included in some set”).

Claim 6.6. If k > 2% then L(Q%fﬁ) < L.

Proof. The point is that by 6.1(2) any L(aa,)-definable linear order in NV,
has cofinality < 2% or < y. Hence by 5.4(2) any ¢ € L(QY,) satisfies the
requirement in Definition 6.3. B O

Claim 6.7. L s a regular logic.

Proof. Easy (for the universal quantifier use normality of filter th:";, ie., if
Sy € 5;:(’“(14) for a € A, then

{Be S<x\(A): forevery a€bBe€S,}E E;:\,n

See https://shelah.logic.at/papers/199/ for possible updates.
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which follows from the normality of every EZ Eé;(A)) O

‘ ‘ LABEL (6.8)
Claim 6.8. L. is a compact logic.

Proof. Let T' be C sLf[r], any finite 7' C I' has a model M, and A\ =
IT| + k*. So for some regular u®, {Mr : T C T, T finer} and 7 belongs to
J€ (o). Let A be (A (o), €, k), and let x = x <X >|| A ||,B an (L(aay), x)-
saturated model of Thp,,,)(2l) in the x-interpretation. Clearly for any
finite T C I",B = “ there is a model of T" in the y-interpretation.” As B is

(L(aay), x)-saturated, we can find an L(aa, )-formula with parameters from
%, defining a model (N, R™)gery. s.t., for any ¢ € T, 7y = {Ry,..., Ry}

B “N,RY,....RY) E\v”
By Definition 6.3, for every such v, for an E:;\’”—majority of A€ S<x(N), (N, R}6.3)., RY) |

A |« . By the A-completeness of 8:1’“ there is a model of T. O
LABEL (6.9)
Claim 6.9. (1) The pair (L%, L(aa,)) has the interpolation property.
(2) If M = [Ny, N2, N3;barR], N1, No are L(aa,)-equivalent, then for
some L.~ equivalent model M' = [N{, N4, N3; R'|, N is isomorphic
to N3,
(3) The pair (L}, L(aa,)) has the super RXo-homogeneity property.
Proof. (1) By the compactness it suffices to prove that if the complete
L * aay)-theories T}, satisfy.
ThNly=T1N L(aa,{)[TTl N TTQ] =79 N L(aa,.;)[TTl N TTQ],
then (Th UTy) N L[, Urr, | has a model. This Follows by (2).
(2) The proof is like 5.6 (see 5.6(A)). (5.6)
(3) The proof is like 5.5. (5.6)
Up to now, all we have proved on L is satisfied by L( Csf,{) 0 (5.5)
Theorem 6.10. L. has the Beth property. LABEL (6.10)

Proof. Suppose ¢(O, Q) is a Beth sentence, PP a monadic predicate for sim-
plicity (i.e., for every model (A, Q) for at most one P C A, (A, P,Q) E
P[P, Q). So
(P, Q)N P(c) = (¢(P', Q) — P(c)).

So by 6.9(2) there is ¥(z, Q) € L(aa)(Q) which is an iterpolant hence defines (6.9)
P (when it exists). (This repeats the proof INT — Beth) . Without loss
of generality —~¢({z : ¥(z,Q)}, Q) — —9J(y, Q). Clearly it suffices to prove
that J9(c,Q) € L. Let A,B,x,N = (|N|),q), X be as in Definition 6.3, (6.3)
A > 1,. Then for 5;:\"{- majority of a € S<\(|B]), (B, q) [ A is Np-strongly
homogeneous.

Let ¢* € B be a finite sequence in which all parameters used in defining
|N| and QY (by Loow(aay)-formulas, in $B) appear.
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Our problem is that maybe ¥(P,Q) in (N,Q) | A has a solution, where
in (N, Q) it does nor have (the other direction is easy). Now every automor-
phism of (B | A,¢*) maps the |[N”,Q; to themselves (as they are definable
in B by an L -formula with parameters C ¢*) hence maps P to itself
(otherwise 1(P, Q) is not a Beth sentence). As (B | A,c*) is No- strongly
homogeneous, P is necessarily also defined in ‘B by an L, -formula with ¢*
as parameter. The same formula defined a monadic relation P’ on N. Now
the number of such formulas is < 22 (the number of complete n-types,
m < w, for The, (N) is < 2%). As A > 22% and ¢(P,Q) € L*, for £;t\’”—
majority of A € S<)(N) for every Lo ~definable P, (N, P,Q) |y (P, Q)
iff (N,P,Q) | Ay ¥(P,Q), contradiction. O

LABEL (6.11)
Conclusion 6.11. Let x > 280,

(1) L(Q%fH)Beth (the Beth closure of L(Q%fﬁ) is < L.

(2) L(Q4,)B™ is compact, L(QZ, )™, L(aa,)) has the interpolation
property and the super Np-homogeneity property (getting, in fact,
an Ny-saturated model) and trivially it has the Beth property.

(3) L(QZ,)Beth has the PPP, and

(4) L(Q"an)Beth does nor have the interpolation property nor even the
A-INT property.

Proof. (1) By 6.6, L(an)gﬁz, hence our conclusion follows by 6.10.
) (2) Follows by (1) and corresponding claims on (L}, L(aay)) in 6.7.

6.9(2).6.9(3).

(3) We prove it by induction on n for L(chfn)geth; using 2.3.

(4) It is enough to find Ny, Na such that
(a) N1 EL(chfn) NQ.
(b) For every n, only finitely many complete n-types (in L(Q%f,{) [T, ])

are realized in IV;.

(c) Each Nj is Nyp-strongly homogeneous.
(d) Ny, N3 belong to disjoint PCL(Q‘;) class.
By (b),(c) every L( Cgf,{)Beth—formula is equivalent in V; to an L( Csfn)—

formula (prove by induction on n for formula of L(Q‘gﬂ)seth). As
Beth

P e e i i i
R R R
W © © 3 = O
= == o =

those equivalence are the same for N7 and Ny are L(Q%, )Beth_equivalent.
Now (d) finishes the proof of the conclusion (we can omit (b) if
we strengthen (a), by adding: even if we expand the N; by all
Leoow(Q%,)-definable relations. Let Ty be the model completion of
the theory of partial order. Now T exists, has eliminations of quan-
tifiers, and all its models are directed.

We can find a A-strongly homogeneous, A-saturated model M of
Tp. Let {(a; : i < A) be an increasing sequence of membership of M,
and for every p < A let

My,=M]|{b: (3 <pb<a;}
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Clearly each M, is Ro-strongly homogeneous (even cfp-strongly ho-
mogeneous) and Ng-saturated and all M, are L(Q‘gﬁ)-equivalent and
TH o y(My) has eliminations of quantifiers. As for (d):

Sk D

Fact 6.12. K; = {(A,<) : (A, <) is a directed partial order, and there is an
increasing sequence (a; : i < §),[cfd < k iff | = 0] and (Va € A)(Fi < d)a <
a;} is a PC(L(QY, )-class and they are disjoint.

This is enough to contradict INT. To contradict A-INT use partial orders
with no three pairwise incomparable elements.

Claim 6.13. (1) L has the A-INT property.
(2) 6.11 holds for L(Q%, )28 except on INT.) (6.11)

Proof. (1) Like the proof of 6.10 but easier. (6.10)

LABEL (6.12)

Part 1. Compactness Versus Occurrence

In the first section we give more restrictions on the compactness spectrum
of a logic.

In the second section we introduce some solutions to ?/[A]-compact =
A < occurrence no./A-compact. We then prove that if a logic £ has the
amalgamation property, then £ is [A]-compact iff A is an occurrence cardinal
of L (for regular \).

In the third section we prove that if 0 < kg < k1 are compact cardinals,
then there is an [w]-compact logic having amalgamation property.

7. COMPACTNESS REVISITED

LABEL (gl)

Observation 7.1. The following are equivalent:

(1) L is [N]-compact for every regular A > Ao (i.e. , is eventually com-

pact).

(2) L is [A]-compact for every A > A.

(3) L is [o0, Ao|-compact.

(4) L is (00, Ag)-compact.
REMARK:  See [Mak85, 4.3.6(ii)]. For original references to the facts we
shall use, see [Mak85].
Proof. (2) = (3) by [Mak85, 1.1.7(1)], (3) < (4) by [Mak85, 1.17(1)] (3) =
(1) by [Mak85, 1.1.6(i),(ii)] Assume (1) and let us prove (2). If A = Ao is
regular this is clear by (1); if \ is singular, by (1), L is [A*]-compact, hence
by [Mak85, 1.4.9 | there is a uniform ultrafilter ' on A* which belongs to
UF(L), so by [Mak85, 1.4.11(ii)] F is (A", A)-regular, hence by [Mak85,

. T .

1.4.9(1)] L is [\, A]-compact hence is [A]- compact. O LABEL (g2)

Conclusion 7.2. (1) In [Mak85, 4.3.8] we can conclude L is (00,wq)-
compact.
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(2) In [Mak85, 3.3.1] we can conclude L is (oo, A)-compact.

The following lemma, by [Mak85, 2.1] can be rephrased as a pure set-
theoretic lemma on ultra-filters.

LABEL (g3)
Lemma 7.3. Suppose X is singular, k = cf(\), L is [A]-compact but not
[k]-compact and X =), . Ni, \i < A, each \; regular.
Suppose p is a reqular cardinal > A.
(1) Suppose there are fo € ek (for a < p) such that for every
a < B, fa <p.. fs (see below) and for every f € Il;c.\; for some
a, f <p<k fa- Then L is [p]-compact.
(2) If there are fo € i< Xi(ae < p) such that fo <p, fg fora < <p
and for every f € IljcxA;i for some o < p, f <p,. fa and x is a
reqular cardinal < K (so k > Vo), then L is [u]-compact or [x]-
compact where
LABEL (g4)
Notation 7.4. (1) Doy = {A C Kk : |k — A| < Kk}. Dy is the filter of
closed unbounded sunsets of A.
(2) For f,g € Ilick,\iyg <p g if {i < K : f(i) < g(i)} € D (more
formally we should write f(\;) < g(\;).
LABEL (g5)
(23) Remark 7.5. (1) So really the hypothesis of 7.3(1) 7.3(2) above speaks
about the cofinality of II;«,\;/sD. See [She86]; [She90][27]; [28. Ch.
(83) XIII, §5, §6 and [She94]. We can get cases where the hypothesis of
(g3) 7.3(1) or 7.3(2) holds for some \; (given A, u). E.g.
(g3) Lemma 7.6. (1) Suppose X\ is singular, k = cf\, (Vx < A\)x" < A\, k is
LABEL (g6) uncountable, ;. = \*. Then we can find \;(i < k), fo(a < u) as in
(g3) 7.8(2). [Let (\) : i < k) be increasing continuous, Y. A\ = \;\; =

()‘?)+7fa S Hi<a)\iu fa <DN fﬁ fOT a < ﬁ]
(2) Suppose X is singular, k = cfA, u = AT, (VAo < A)(A§ < A). Then we
(g3) can find \i(i < k) and fo(a < A1) as required in 7.3(1). [See [28,
Ch. XIII, §5].]

LABEL (g7)

(23) Remark 7.7. In 7.3 we can use other filters (instead D.); we can use a filter

& D on k if

(2.3) (*) K, D,{A : kK — A ¢ D) is L-characterizable (see 2.3) (and D extends
D).

(g6) By [28] in case (2) of 7.6, for every regular p, A < p < X[k > ] for
some [normal] ultrafilter D on k, there are f,(a < p) as required. So if e,g,
2fF = kT, () will hold.

(g3) Proof. of 7.3

Let )’ be a large enough regular cardinal, and N an expansion of (J#(\), €
) which L-cofinally characterizes any cardinal < p which can be L-cofinally
characterized. In particular we shall assume the conclusion fails, i.e., p is
L-cofinally characterizable.
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So N has an elementary extension N*, and there is a* € N* such that
N* |= “a® is asubset of A of power < \”.

but for every i < A\, N* = “i € a*”.
As L is not [k]-compact, N*L-cofinally characterized k, hence {i : i < K}
is unbounded in k", hence for some i(x) < K

N* = “a® has power < A"
Now there is f* € N* s.t.
N* | “f* e H)\Z' and for i(x)lei < k, f*(i) =sup(a® N A\;)”

1<K
(clearly f* exists-the sentence asserting it is satisfied by N).
Hence N* |= “for some a < p, f* <pso” (where D = Do, or D = Dy,
according to the case). As NL- cofinally characterizes i, and

N*E Y{fa:a<pu)y is <p —increasing,<p a partial order

and for every f € H Ai forsome o, f <pys,”
1<K
there is a < p s.t.
N* | “f* <pys,ie, {i<rk:f(i) < fali)} € D".
As f, € N, and by the choice of a*, as we may increase i(x) without loss of
generality , for every %

i(x) <i<k, N"E“fy(i)€a” hence N* | “f*(i) > fo(i)”.

We can conclude that for some b € N*, N* = “b € D and i ¢ D” for every
i < k (remember N* |= “every co-bounded subset of x belong to sD”).
So really the requirement from 7.7 suffices. Why it holds: For D = D.,,, (g7)
this is very easy: {i:i < x} is an unbounded subset of k(™" , <N") (as L
is not [k]-compact). For sD = D,; we use the failure of [k]-compactness and
of [x]— compactness of L. O

8. AMALGAMATION IMPLIES [A\]-COMPACTNESS FOR A AN OCCURRENCE
CARDINAL

We generalize here the main result of Makowsky-Shelah [MS83], For this
we analyze more closely the occurrence cardinal; just as previously compact-
ness was sliced to [A]-compactness we suggest here some interpretation to
“[A]-occurrence cardinals”.

We can generalize this to the context of abstract elementary submodel
relations, as in Makowsky-Mundici [?]. For this [\, k]-compactness will be
reinterpreted as “(\, S<x(A), {4 C X : A # A})-characterization” (see Defini-
tion 8.3) and [A]-occurrence can be interpreted by “if M C N,J,., A; € [M]| (h3)
and for every S C A,[S| < A the models M, N are isomorphic over | J; g 4i,
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then M, N are isomorphic over | J;_, A;” (it is more reasonable to define [A]-
occurrence by “if 7 = J; ., 7, M, NT-models, M [ {J;cg 7 = N [ U;eg 7 for
every S C A\, |S| < A\, then M = N” where = is either a basic relation (which
we axiomatize or interpret as having a common elementary extension).

LABEL (h1)
Definition 8.1. (1) A cardinal A is an occurrence number (of cardinal)

of (the logic) L if for every sentence 1) = ¥(..., Ry, .. )ieg, J S AXIT
for any model M and relations R, R} (t € J) over it (with the right
arity, etc.) for some S C A, |S| < A\, if SCT C A, |T| < A then

(*) M ': 1/}( ] R?’ e ')tEJ = ¢( - 7Rg7 s 7R;7 . ')tEJﬂTXISEJﬂ()\fT)XI

(2) We call X a strong occurrence number of £, if S above depends on
Y(...,Ry,...) (and not on M and the relation R. interpreting the
predicates R;).

(3) We call A a weak occurrence number of L, if every v, J, I, M, RL(l =
0,1,t € J) as in (1), for every S C A, |S| C A, there is T,S C T C
A |T| < A, satisfying (*) of (1).

Note

LABEL (h2)
Fact 8.2. (1) The following implication holds: “L is [A]-compact” = “A
is a strong occurrence number of “L” = “) is an occurrence number
of £” = “)\ is a weak occurrence number of L.
(2) oc(L) = Min{A : every u > X is a strong occurrence number of L}.

Definition 8.3. (1) For families P; C P(A\) we say (A, Pi,P2) is L-
characterizable if: for some model M expanding some (7 (1), €)(p <
2M) for every L-elementary extension N of M, and a s.t. N C “a €
P1” the set {a < A: N =« € A} belongs to Po.

(2) Under such circumstances we say N L-characterizes (A, P, sP).
(3) If P =P = P> (the case which interests us) we write (A, P) instead
of (A, P1,P2).

Definition 8.4. We say (A, P) (where P C P(\)) is L-oc-characterizable if
for some 1,1, S, M, R} the following hold, where J C X x I,v — ¥(Ry)ses
and R} are relations on M. For every A C \ we define R<A s by: RZ“ ) is

RO ifa€ Aand R} >ifaglfA.Then 7 ’

(a,s) (a,s

P={ACX: (M, R)icsi=12 E V(R )ics.
Claim 8.5. If (A, P) is L-oc-characterizable, then (A, P) is L- characteriz-
able.

Fact 8.6. (1) Suppose (A, P) is L-characterizable, F' a compact ultrafil-
ter of £ on p. Then P(A) and P(A) — R are F-closed, i.e., if A, C A
(for v < p) then:

LABEL (h3)

LABEL (h4)

LABEL (h5)

LABEL (h6)

Limp(Ag:a<p)y={i<A:{a<p:ic A,} € F}
belongs to P iff {av € pu: Ay € Plbelongs to F.
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(2) If (A, P1,P2) is L-characterizable, F' a compact ultrafilter of £ on p,
then

{a<pu:A, €P1}ee F= (Limp(Ay : o < ) € Pa.
(3) The converses of (1),(2) holds; (A, P1,P) is L-characterizable iff
Pyincludescly (P1) = {Limp(Ay :a < p) : Ay € P, F € UF(L)}.
(4) L is [A]-compact iff (A, {A C X : |A| < A}) is not L -characterizable.

Proof. (4) If £ is not [A]-compact, there are sets of sentences I';(i < A)
(from L) such that |J;.,I'; has no model, but |J;c,I'; has a model for
every A C X of cardinality < A; let M, be a model of [ J;c 4, I';. Suppose
M expands (J(u), €), pu large enough, N is an L-elementary extension of
M,N E “aC X\ and A ef {i<X:N [ “ € a”} has power \.

In #(p) we can find I'} (i € A), a set of L-sentences such that (J;c 4 T}
has no model and we can find M}, a model of | J;c 5z I} for B C A, |B| < A.
The function My, (i.e. B+ Mp) is in 2 (p), and so MZm{i:N):ieA} is well
defined and is a model of | J;c 4 I’} (check for each sentence). Contradiction.

If £ is [\]-compact, the proof is easy too. O

LABEL (h7)
Claim 8.7. For any ultrafilter F' on p and a logic £L(1) = (2) where:

(1) For every L-oc-characterizable (A, P), and
Ay CXNa < p),{Aq: As e P,a<put € Fiff (Limp(Ay:a < p)) €P.
(2) Min{|A| : A € F'} is an occurrence cardinal of L.

Proof. Without loss of generality p = Min{|A|: A€ F} asif Be€ F, (VA €
F)(|B] < |A|) then for our purposes F and F' | B = FN'P(B) are equivalent.

Let us check (1) = (2). Suppose ¢ = (R;),T € u x I, M,Ri(t € J,1 =
0,1) are as in Definition 8.1(1). Suppose (2) fails this instance. Then for (h1)
every S C A, |S| < p thereis T, S C T CC i, |T| < p and

(r MEY(.. R),..)e=—0(.. R, ..., RL ) oversetten(Tx DseJn(A—T)x -

Hence we can find A, C p, |Aulphal < p for oo < cfp, such that A, C Ag
for a < f and
(%) 4, holds. Now (letting p be regular for notational simplicity) and by

(1)

M=l R .. Jiff{a: M=(...,R% ..., R}) wconny timest } € F.
teJN((p—Aa)xI)

But the last set is empty. [l
LABEL (h8)
Main Theorem 8.8. Suppose sL has the amalgamation property. Then

for every weak occurence cardinal X\ of L, L is [\]-compact provided that \ is
reqular.
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REMARK: So we have considered vatious compactness demands. (We
consider occurence restriction as very weak compactness demands.) By the
theorem they coincide for logics with the amalgamation property.

Proof. We assume the conclusion fails.

Part A. There is a model M, expanding some (J#()\),¢),2* < X, which
L-characterize (A\,{A C X : |A] < A}). Let A be an individual constant of
M.

Part B. We now define a class K(M). A model of K(M) has the form
A = <A0, Al, AQ; QRF> s.t.

(Kl) (2,@) is M.

(K2) R C A; is a one-place relation.

(K3) F is a partial two-place function, with F(z,y) is defined iff z €

A,y € Ao, M | “y < X, and F(z,y) € Ap when defined.

(K4) For every € A1, A > i # j = F(x,i) # F(x,j).

(K5) For every z,y € A;
x

=y iff {F(z,i):i<A}N{F(y,9):7 <A} has power > A
iff {i<X:F(x,i)# F(y,i)} has power < .

We use .28 to denote members of K (M).

Part C. We say that A Cg B if A C B (i.e., A is a submodel of B) and
for every x € AT — A¥ {i < X\ : F(z,i) € AY'} has power < .

For c € A}, (2 € K(M)), then let A be a model equal to A except for
the relation R which satisfies:

ifA=z£cAzeAY, then ze R ze R,
ifA =2 =c, then zeR¥ < ax¢ R

Part D. We say that (2,98, ¢, C;);<» is a special sequence if:
(a) A C B,c € AIB; — A%‘ and (C; : i < \) is a partition of A%‘ U
A3, F(z,i) € C; for i < ),
(b) forevery S C A, |S| < A, there is an isomorphism ¢?[g}] from B[gBl]
onto 2 which is the identity on A3 UJ,cq Ci.
For a while, we shall investigate special sequences, and draw the
conclusion. Later we shall build such a sequence.

Part E. 2 is an L-elementary submodel of B. So let ¥ be a sentence in the
vocabulary 7y + |2|; and we should prove 2 = ¢ = 9B | . For clarity
we explicate the dependence of ¢ on the elements of A%l U A% and suppress
the rest (in the notation). Let C; = {d?,a ;o < a} (with not repetition);
dl-l’a = d870, and for S C A let

d ieS
1 7, = ber” =
( ) 7,00 {d;{l’oﬁl ¢ S,
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Now we let ¢ = (... ,d?’a . Jicxa<a, - For S C A |S| < A, applying ¢2,
applying g% (see (b) in Part D):

A, dly,...) & BEY(..,dy,...)
We now want to find S C A, [S| < A, s.t.
AR (., dl g ) =)y, ),
BEY( .., dy .. ) =Y.,y ).

At first glance the definition of the weak occurrence number guarantees the
existence of an S satisfying each one of those demands, but why both? As
we can use conjunction: let ¢g, ¢1 € {¥.—1}, suppose

Aol d)y,.. ], BEMNL...dg.. ],

so (with changes of names) apply the definitions to the model [, B], to the
conjunction of those sentences.

Part F. 2 is an L-elementary submodel of Bl. Use g}g instead of gg
above.

Part G. The following diagram cannot be completed by sL-embedding,
i.e., we cannot find gA*hg, h; like that. without loss of generality hg | || =
hi | | = hy | |2 is the identity. Now we shall prove ho(c) and hi(c) are
equal. If not, then

WA =i <X:F(ho(c),i) = F(hi(c),i)} has power < \".

By the definition of K (M) this implies {i < X : A* = F(ho(c),i) =
f(hi(c),7)} has power < \; but we know (by (a) of Part D), F(h;(c),i) €
C; C |A|. hence F(hi(c),i) = F(c,i), hence that this set is A itself. So a
contradiction, hence 2A* = hy = hi(c), hence

ho(c) € R* & hy(c) € R
buthg(c) € R < ¢ € R® & ¢ ¢ R®d & hy(c) ¢ R™, a contradiction.

We finish the proof of the theorem (as we have assumed amalgamation)
modulo the construction of the special sequence.

We shall have A3 U AlgA; = X\, C; = {i}. So clearly it is enough for (b)
of Part D to have:

(V) for every S C A, |S| < A, A, B, Bl are isomorphic over S. For regular
A it is enough to have

(V") for every o < A, A, B.Bl are isomorphic over a.

Part I Construction (alternatively see Part J). We shall define by in-
duction on a < A, models 2%, B € K with ¢ € AP* — AT®, functions
glaﬁ(ﬁ < ) such that

(1) A>, B, ¢ satisty (a) and (b) of Part D, except that F'(z,14) is defined
for i < « only.

(2) AF*U AP has power < .

(3) (A% : B < @) is increasing continuous (by C not Cg).
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(4) If B<i<a,bac AT then B = F(a,i) # F(b,i)(ifa # b).
(5) gg’ 5 is a partial isomorphism from (BN into A, hence if i < oz €
AP Domgé’ﬂ then (F(z,i)) = F(gilﬁ(w), i).
(7) glaﬁ is the identity over |2A%|.
(8) For 8 < a(0) < (1),951(0)”3 - 951(1),5
or every [ = 0,1, 8 < a < A for some v > a, C Domg;, 4.
9) F 1=0,1,8 A f %B?| C Domg! 4
(10) For every [ = 0,1,8 < a < A, for some v > a, |A%| C Ranggl%ﬁ
There is no problem in the proof.
([l

9. A STRANGE LOGIC WITH THE JEP

In this section we give an [w]-compact logic satisfying the JEP, and which
is stronger than first- order logic. This contradicts previous hopes. Really
if X\ is a compact cardinal, D a family of ultrafilters on cardinals < A we

(i1) can define Ly /D as we defined £ (in 9.1’s proof) allowing /\ﬂu for any
E € P(p) s.t. E and P(u) — E are D -closed [i.e., E is D-closed if A; €
(i4) E,;i < x < A\,D € D an ultrafilter on x implies limp A; € E]. By 9.4, if

some non-uniform ultrafilter on w belongs to D, then we can without loss
of generality restrict ourselves to E which are ultrafilters on some pu < A.
In any case for Ly /D to satisfy JEP (hence AM) it suffices to prove the

(i2) parallel of subclaim 9.2: if 4 < A\, E C P(u) is D-closed, pu ¢ E, then for
some E1 C P(u) — E,u € Ey, and E1, P(u) — Eq are D-closed.

(i4) By Claim 9.4 if £ is [w]-compact, the dependency of the sentence 9(. .., R;, .. ")
on the choice of the R;’s is a finite sum of Nj-complete ultrafilters and sin-
gletons.

LABEL (il)

Theorem 9.1. Suppose Ry < k < A and K, A are compact cardinals. Let the
logic L be the following sublogic of Ly x: the formulas are the closure of the
atomic formulas by:

D
—apy, 1 Ay, (3mo, . Ty icutd when p < A, and N\

<p
where D is a k-complete ultrafilter on p < A, and /\Zlu ; means {i : ¥; holds
} € D (ie., Vaep Nica®i). Then L is [\, < oo]-compact, satisfies funny
Ltheorem for any ultrafilter D on any p < k (hence is [w]-compact), has
the JEP (hence the amalgamation property) but is stronger than first-order
logic.

Proof. For a cardinal p and family E C P(u) define

/E\wiz V (ANwin N\ ).

i<ph AeFE i€A iEA-A
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We call E(< k)-closed if for every y < s and ultrafilter D on x and A; C
pli < x)

{i:A;, e E}eD
implies

liZI)nAi:{a<u:{i<X:a€Ai}€D}€E.

We call E(< k)-bi-closed if E,P(u) — E are (< k)-closed. Clearly if E is

a k-complete ultrafilter, then F is (< k)-bi-closed. Define a logic £’ like

L but we allow /\iu Y; for every (< k)-bi-closed E (for p < A). We shall
prove that £’ is as required, and then it follows by Claim 9.4 that £, L are (i4)
(essentially) equal.

(A) Fact. £’ is [\, < oo]-compact. This is so because £’ C Ly ».
(B) Fact. £ satisfies funny Ltheorem for any ultrafilter D on x < k.
This follows by direct checking (the definition of (< k)-closed is

tailor-made for this).
(C) Fact. £ has the JEP.

Let My, My be L'-equivalent. It is enough to show that CD./(M;) U
CD/(Mz) has a model (where ¢Dpr (M) is the complete £'-theory of (M, ¢)cciar)-
By Fact A it is enough to show that if I'y C CDp/(My), || < A for 1 =1,2
then I'y UT'2 has a model. Without loss of generality | M|, |Mz| are disjoint.

Let 'y = {¢;(a) : i < u} and

Eo={ACpu:T1U{¢l:ie A} has a model}.

If u € Ey we finish, so assume p ¢ Ey we finish, so assume p ¢ Ep, and it is
also clear that ¢ € Ey (as M is a model of T'; if we expand it by suitable
individual constants).

By Fact B, F is (< k)-closed. We shall later prove O

LABEL (i2)

Subclaim 9.2. If E C P(u)(u < A) is (< k)-closed, u ¢ E, then there is
an By CP(u) — Eo, u € Eq such that By is (< k)-bi-closed.

Now My C \;., #i(Z) is in Ly but not neccessarily in L'). As p €

By, My = NE, 6i(a), hence My = (32)[AE,6i(2)] (as |T2| < A without loss

of generality T has length < \). But (Elj;)[/\gu ¢i(Z)] belongs to L', hence
also My satisfies this sentence, hence for some b from My, My = /\ilu b3 [b],
hence for some A € E', My |= N;eq #i(b), so T1 U{¢1(a) : i € A} has a
model, hence A € E, contradicting “E* C P(u) — E”.

Proof. of Subclaim 9.2. (i2)
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E' exists iff the following set of sentences in the L,. .-propositional cal-
culus has a model, (let pa(A € P(u)) stand for the truth value of A € E'):

—-pa(A € E),
Pus

pe = \/ /\pAi when C =limA;, A; € P(u) for i< x,x<k.
BeDieB P

As k is compact, we can look at any subset of power < k, so it involves
< kA’s and there is an equivalence relation F on p with < s equivalence
classes, such that we mat consider only A = (J,.4a/E. So we reduce the
problem to the case p1 < k. Now there is a finite w C ps.t. (VAe E)w € A
[because otherwise for any finite w C p, Ay, € E s.t. w C A let I ={wC
p : w finite},D an ultrafilter on I s.t.{u € I : w C u} € J for every w, then
limp Ay = p ¢ Ep but Ay, € E, a contradiction]. Let

Ei={ACu:wC A}
It is easy to check all the demands. O
LABEL (i3)
Claim 9.3. Suppose D is a filter on A (i.e., a dual to an ideal of the Boolean
algebra P(X)) and suppose

(*) if Ay C N\ A, ¢ D forn <w and Lim A, exists, then it is not in D.

Then there is a partition of X to finitely many sets, (A; : 1 < n) forl > n,
and an Vi- complete ultrafilter Dy on A;(A; may be a singleton and then
Dy ={A}}) st. D={BCA:(Vl<n)(BNA €D)}.

Proof. Let I = {A\— A : A € D}, so I is an ideal. We shall prove that
P(A))I is finite. Otherwise the Boolean algebra P(\)/I has infinitely many
pairwise disjoint non-zero elements A;/I(l < w), i.e., A ¢ [,A NA, €1

for I ¢ m. As
— A Am) € N4y el
m<l m<l
without loss of generality 4; N A, = 0 for | # m. Now A — A; ¢ D, hence
by (*), limy(A — A;) ¢ D but lim;(\ — A;) = X (as every i belongs to at most
one A,,), contradiction.

So P(N\)/I is finite; let A;/I(I < n) be its atoms, without loss of generality
(A; : 1 < m) is a partition of A\. So I; = I N"P(4;) is a maximal ideal of
P(A;),D; = P(4;) — I; is an ultrafilter on A;. Now D; os Nj-complete,
otherwise there are By € Ij(k < w) with (J,_, Bx = A;. Without loss of
generality By, C Bgy1. So

B, € B,ulJI < nA,
I¢k

is not in D, but limg.,, B, = A again a contradiction to (*). O
LABEL (i4)
Claim 9.4. If £ is an |[w]-compact logic, and w U(.. . Ri,.. )icx is a

sentence of L, then for some partition Ag,...,An—1 of )\, and Ni-complete
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ultrafilters Dy on A; (maybe Ay = {i}, D; = {A;}), the following holds:
beginenumerate
(+) If Ri, R, (for i < \) are sequences of relations of the right arity on B,
and {i € Aj: Ry = R;} € Dy forl =0,n— 1, then
(B,...,R;,..)Ev iff (B,...,R;,...)E.

Now if Ag, A1 € D, then A= AgN Ay € D (for any B, R, R, as above define
R! as R; ifi € Ay and as R} if i € A\— Ay and apply D’s definition). Also if
An, € P(A) — D, A =lim, Ay, (and its exists) we let By, Ry, Rgm’ exemplify
A, ¢ D, ie.,

(Byw o Buir ) (o, Ry ),
(Buyeooy Rl ) (o Rl ).

By the [w]-compactness of L we get easily a counterezample showing A ¢ D.
So we can apply Claim 9.3 (i3)
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