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ABSTRACT. In the original version of this paper, we assume a theory 7" in the
logic L r, is categorical in a cardinal A > k, and & is a measurable cardinal.
There we prove that the class of models of T' of cardinality < A but > |T| + &
has the amalgamation property under a natural order; this is a step toward
understanding the character of such classes of models.

In this revised version we replaced the class of models of T' by ¢, an AEC
(abstract elementary class) which has LST-number < k, or at least which be-
haves nicely for ultra-powers by D, some normal ultra-filter on & or just LST;‘—
complete non-principal ultra-filters on x.

Presently sub-section §1A deals with 7' C LM,NO (and so does a large part
of the introduction and little in the rest of §1), but otherwise, all is done in
the context of AEC.

The reader may in the first reading for transparency fix D, a normal ultra-
filter on the measurable cardinal x and either fix the T C L »,, or fix an AEC
¢ with LST < k.

We leave the original introduction adding a few comments at the end, after
the three stars.

Date: Jul 2, 2024.

2020 Mathematics Subject Classification. Primary 03C48. Secondary: 03C45, 03C55, 03C75,
03E05, 03E55.

Key words and phrases. Model theory, abstract elementary classes, AEC, categoricity, infini-
tary logic, amalgamation.

First typed in the nineties. The author would like to thank ISF-BSF for partially supporting
this research by a grant with Maryanthe Malliaris number NSF 2051825, BSF 3013005232. Refer-
ences like [Sh:950, Th0.2=Ly5] mean that the internal label of Th0.2 is y5 in Sh:950. The reader
should note that the version on my website is usually more up-to-date than the one in arXiv.

On the old versions (publication number 362) the authors express gratitude for the partial
support of the Binational Science Foundation in this research and thanks Simcha Kojman for her
unstinting typing work.

In the new version, the author is grateful for the generous funding of typing services donated
by a person who wishes to remain anonymous and would like to thank the typist for the careful
and beautiful typing. This is publication number E102 in the second author list.

1



Paper Sh:E102, version 2024-07-04.

50
§1

§2

83

S. SHELAH AND OREN KOLMAN

ANNOTATED CONTENT

Introduction, pg. 4.

Preliminaries, pg. 6.

[In §1A we review materials on fragments F of L », (including the theory
T') and basic model-theoretic properties (Tarski-Vaught property and L.S.),
and we define amalgamation. In §1B we move to AEC ¢ = (K, <¢) which
is our main framework now, and spell out the connection. In §1C, D we
deal with indiscernibles and E.M. models, then we deal with limit ultra-
powers which are suitable (for Ly, and for our AECs) and in particular
ultra-limits. Next, we introduce a notion basic for this paper: M < N if

nice

there is a <g-embedding of N into suitable ultra-limit of M extending the
canonical embbeding,]

The amalgamation property for regular categoricity, pg. 17.

[We get amalgamation in (K, <g) when one of the extensions is nice, see
Claim 2.1. We prove that if £ is categorical in the regular A > LST; + k,
then (K.y,<¢) has the amalgamation property. For this, we show that
nice extension (in K.)) preserves being a non-amalgamation basis. We
also start investigating (in Theorem 2.5) the connection between extending
the linear order I and the model EM(I): I C J = EM(I) < EM(J); and

give sufficient condition for I C J (in Criterion 2.6). From this, we get
in K\ a model such that any sub-model of a suitable expansion is a < -

nice
sub-model (in Fact 2.8, Theorem 2.11(2)), and conclude the amalgamation
property in (K<, <;) when A is regular (in Theorem 2.10) and something

for singulars in Theorem 2.11.]

Toward removing the assumption of regularity from the existence of universal

extensions, pg. 23.

84

85

[The problem is that EM(A) has many sub-models which “sit” well in it
and we can prove that there are many amalgamation bases but we need to
get this simultaneously. First in Theorem 3.1 we show that, if (M;: i < 67)
is <g-increasing continuous sequence of models from Ky, then for a club of
i < 0% we have M; < [J{M;: j < 6*}. In Definition 3.6, we define nice

nice
models (essentially, every reasonable extension is nice). Next (in Theorem

3.4) we show that nice models are dense in Ky. Also (by Theorem 3.5)
many embeddings are nice and (in Corollary 3.6) we show that being nice
implies being amalgamation base. Then we define a universal extension of
M € Ky in Ky (Definition 3.7), we prove existence over a model in Lemma
3.10 and after preparation prove the existence (Corollary 3.13, Corollary
3.14).]

(0, 0)-saturated models, pg. 28.

[If M; € Ky for i < 9 is increasing continuous, M;; universal over M;,
and each M; is nice, then! we say Mp is (6, 9)-saturated over My. We show
existence (and uniqueness). We connect this to more usual saturation and
prove that (6, 9)-saturation implies niceness (in Theorem 4.11).]

The amalgamation property for K., pg. 33.

n [She09b] we say Mj is (0, 9)-brimmed.

See https://shelah.logic.at/papers/E102/ for possible updates.
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[After preliminaries we prove that for § < A (and 6 > LST(£) 4 & of course)
every member of Ky can be extended to one with many nice sub-models,
this is done by induction on ¢ using the niceness of (01, 01 )-saturated mod-
els. Lastly, we conclude that every M € K, is nice hence K., has the

amalgamation property.|
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§ 0. INTRODUCTION
The main result® of this paper is a proof of the following theorem:

Theorem 0.1. Suppose that T is a theory in a fragment of L, x, where k is a
measurable cardinal. If T is categorical in the cardinal X > k + |T|, then K<y, the
class of models of T of power strictly less than \ (but > x = k +|T|), has the
amalgamation property (see Definition 1.12 (1)(2)).

The interest in this theorem stems in part from its connection with the study of cat-
egoricity spectra. For a theory T in a logic .Z let us define Cat(T), the categoricity
spectrum of T, to be the collection of those cardinals A\ in which T is categorical.
In the 1950’s Los conjectured that if 7" is a countable theory in first-order logic,
then Cat(7') contains every uncountable cardinal or no uncountable cardinal. This
conjecture, based on the example of algebraically closed fields of fixed character-
istic, was verified by Morley [Mor65], who proved that if a countable first-order
theory is categorical in some uncountable cardinal, then it is categorical in every
uncountable cardinal. Following advances made by Rowbottom [Row64], Ressayre
[Res69] and Shelah [She69], Shelah [She74] proved the Los conjecture for uncount-
able first-order theories: if T' is a first-order theory categorical in some cardinal
A > |T| 4+ Ng, then T is categorical in every cardinal A > |T'| + Rg. It is natural to
ask whether analogous results hold for theories in logics other than first-order logic.
Perhaps the best-known extensions of first-order logic are the infinitary logics L .
As regards theories in Ly x,, Shelah (see [She83a] and [She83b]) continuing work
begun in [She75] introduced the concept of excellent classes: these have models in
all cardinalities, have the amalgamation property and satisfy the Los conjecture.
In particular, if ¢ is an excellent sentence of Ly, x,, then the Los conjecture holds
for . Furthermore, under some set-theoretic assumptions (weaker than the Gen-
eralized Continuum Hypothesis) if ¢ is a sentence in Ly, », which is categorical
in N,, for every natural number n (or even just if ¢ is a sentence in L, x, with
at least one uncountable model not having too many models in each R,,), then ¢
is excellent. Now, [She87c|, [She09c] try to develop classification theory in some
non-elementary classes. We cannot expect much for Ly , for £ > Ng. The first
author conjectured that if ¢ is a sentence in Ly, x, categorical in some A > 3, ,
then ¢ is categorical in every A > J,,. (Recall that the Hanf number of Ly, x, is
3., so if ¢ is a sentence in Ly, x, and ¢ has a model of power A > 3, , then ¢
has a model in every power A > 1, , see [Kei71]) . There were some who asked
why so tardy the beginning. Recent work of Hart and Shelah [HS90] showed that
for every natural number k greater than 1 there is a sentence 1), in Ly, r, which
is categorical in the cardinals Ng,...,Ng_1, but which has many models of power
A for every cardinal A > 281 The general conjecture for Ly, x, remains open
nevertheless. As regards theories in L, x,, progress has been recorded under the
assumption that x is a strongly compact cardinal. Under this assumption Shelah
and Makkai [MS90] have established the following results for a A-categorical theory
T in a fragment F of Ly x,:

1) if A is a successor cardinal and A > ((k')*)" where £’ = max(x, |F|), then T is
categorical in every cardinal greater than or equal to min(X, 3.+ ),

2) if A > J,41(k"), then T is categorical in every cardinal of the form Js with §
divisible by (27')* (i.e. for some ordinal o > 0, § = (2 )* - a (ordinal multiplica-
tion)).

?In the old version.
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In proving theorems of this kind, one has recourse to the amalgamation property
which makes possible the construction of analogs of saturated models. In turn, these
are of major importance in categoricity arguments. The amalgamation property
holds for theories in first-order logic [CK73] and in L, , when x is a strongly
compact cardinal (see e.g. [MS90]: although =, fails the Tarski-Vaught property
for unions of chains of length x (whereas *ILK,NO’ satisfies it), under a categoricity
assumption it can be shown that <,  and <, . coincide). However, it is not
known in general for theories in L, x, or L, , when one weakens the assumption
on K, in particular when & is just a measurable cardinal. Nevertheless, categoricity
does imply the existence of reasonably saturated models in an appropriate sense,
and it is possible to begin classification theory. This is why the main theorem of
the present paper is of relevance regarding the categoricity spectra of theories in
L x, when k is measurable.

A sequel to this paper under preparation (which is now [She01b]) tries to provide
a characterization of Cat(T") at least parallel to that in [MS90] and we hope to
deal with the corresponding classification theory later. This division of labor both
respects historical precedent and is suggested by the increasing complexity of the
material. Another sequel deals with abstract elementary classes (in the sense of
[She87a]) (see [She01b], [She99] respectively). On more work see [SheOla], [She09b].

The paper is divided into five sections. Section 1 is preliminary and notational. In
section 2 it is shown that if the theory 7' C L, x, or just suitable AEC R is categor-
ical in the regular cardinal A\ > k + |T'|, then K. has the amalgamation property.
Section 3 deals with weakly universal models, section 4 with (6, d)-saturated and
f-saturated models. In section 5 the amalgamation property for K is established.

All the results in this paper (other than those explicitly credited) are due to Saharon
Shelah.
x ok %

On a more recent survey see [Sheb] and a recent one see [SV], in particular on the
history of k-compact AEC.

We had stated that clearly, the proof of [KS96] works for AEC, but the referee
of [SV] asked to do it explicitly. Here we justify [SV, 4.7]. Note that, [KS96,
1.1, 1.2] essentially proves that (Mod(7T'), <r) is an AEC ignoring Ax. V of AEC
(see Definition 1.17), so Fact 1.11(2) was added.

We thank Shimoni Garti for his help in proofreading and the referee for pointing
out some obscure points.



Paper Sh:E102, version 2024-07-04. See https://shelah.logic.at/papers/E102/ for possible updates.

6 S. SHELAH AND OREN KOLMAN

§ 1. PRELIMINARIES

To start things off in this section, let us fix notation, provide basic definitions and
well-known facts, and formulate our working assumptions.

The working assumptions in force throughout the paper are these.

Assumption 1.1. k is an uncountable cardinal, and D is an uniform non-principal
ultra-filter on k.

Assumption 1.2.

(1) The theory T is a theory in the infinitary logic L x,, x = £+|7'| and vocabulary
7 = 77, and k is a measurable cardinal, D is a xk-complete non-principal ultra-filter
on K, or

(2) ¢ is an AEC which is D-compact (see Definition 1.17 and Definition 1.40 re-
spectively) and xy = k + LST(¢).

Our main theorem for the logic L x, is:

Theorem 1.3. IfT C L, n, is categorical in A > k+|7r| then the class of models of
T of cardinality < X but > k4 |17| (under the so called <x, see Notation 1.8(2)(7),
(8)) has the amalgamation property.

Proof. Use Theorem 1.19 on AEC which is applicable by Conclusion 1.23 and re-
calling Definition 1.21 and Claim 1.22. s

From these assumptions follow certain facts, of which the most important are these.

Fact 1.4. For each model M of T, k-complete ultra-filter D over I and suitable
set G of equivalence relations on I x I (see Definition 1.32) the limit ultra-power
Op(M) =O0p(M,I,D,QG) is a model of T.

Fact 1.5. For each linear order I = (I, <) there exists an Ehrenfeucht-Mostowski
model EM(I) of T (see Definition 1.26(6)).

This section is divided into several subsections: in §1A we deal with a theory T in
Ly x,, in §1B we move to AEC € showing that the context in §1A is a special case.
Then in §1C we deal with EM models. Finally, in §1D we deal with ultra-powers,
ultra-limits, and nice sub-models.

§ 1(A). Frame for L, x,.

Relevant set-theoretic and model-theoretic information on measurable cardinals can
be found in [Jec03], [CK73], and [Dic75].

Notation 1.6. Let 7 denote® a vocabulary, i.e. a set of finitary relation and function
symbols, including equality (i.e. the arity of the symbols in 7y is always finite). So
|7] is the cardinality of the vocabulary 7.

Definition 1.7.

(1) For cardinals kK < A, Ly , is the logic such that for any vocabulary 7, Ly ,,(7) is
the smallest set of (possibly infinitary) formulas in the vocabulary 7 which contains
all first-order formulas and which is closed under:

(A) the formation of conjunctions (disjunctions) of any set of formulas of power
less than A, provided that the set of free variables in the conjunctions
(disjunctions) has power less than ,

3In the old version it was called “language” and denoted by L.
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(B) the formation of VZp, 3Zp, where T = (2,: a < ) is a sequence with no
repetitions of variables of length o < k.

(2) Whenever we use the notation ¢(z) to denote a formula in Ly ,, we mean that
T is a sequence (T, : @ < o) as above. So if ¢(Z) is a formula in L, x,, then 7 is a
finite sequence of variables.

(3) So L = Ly, x, is a first order logic.
Notation 1.8.

(1) F denotes a fragment of L x,(7), i.e. a set of formulas of L, x,(7) which
contains all atomic formulas of 7, and which is closed under negations, finite con-
junctions (finite disjunctions), and the formation of subformulas. An F-formula is
just an element of F.

(2) T is a theory in Ly x,(7), so there is a fragment F of L, x, such that T C F
and |F| < |T|* + k. Let Fr be the minimal such F. If not said otherwise, 7" and
F = Fr are fixed.

(3) Models of T (invariably referred to as models) are 7-structures which satisfy
the sentences of T. They are generally denoted M, N, ..., and |M]| is the universe
of the 7-structure M; ||M|| is the cardinality of |M].

(4) For a set A, |A] is the cardinality of A and <“A is the set of finite sequences
in Aand for a = (ap...an_1) € <“A, lg(a) = n is the length of @. Similarly, if
a = (a¢ : ¢ < 9), we write Ig(a) = J, where § is an ordinal.

(5) For an element R of 7 and a 7-model M, let val(M, R), or RM, be the inter-
pretation of R in the 7-structure M.
(6) We ignore models of power less than k. K is the class of all models of T’
Ky={MeK:||M||=)\}, Kcox = |JKu, Kax = |JKu, Ky = |J Ky
p<A H<A REX<A
(7) We write f: M 2 N (may be abbreviated f : M — N) to mean that f is an

F-elementary embedding (briefly, an embedding) of M into N, i.e. f is a function
with domain |M| into |N| such that for every F-formula ¢(Z), and a € <¥|M|
with lg(a) = lg(z), M E ¢la] iff N E ¢[f(a)], where if @ = (a; : i < n), then
f@) = {f(a;) :i <n).

(8) In the special case where an embedding f is a set-inclusion (so that |M| C |NJ),
we write M <z N (briefly M < N), instead of f : M ? N. We may say that M is

an F-elementary sub-model of N, or IV is an F-elementary extension of M.

Notation 1.9.

(1) (I,<y),(J,<y) are partial orders; we will not bother to subscript the order
relation unless really necessary; we may write I for (I, <). We say (I, <) is directed
iff for every i1 and ip in I, there is ¢ € I such that i; < i and iy <1i. (I,<)* is the
(reverse) partial order (I*, <*) where I* =1 and s <* tiff t < s.

(2) A sequence (M; : i € I) of models indexed by I is a <z-directed system iff
(I, <) is a directed partial order and for ¢ < j in I, M; <r M;.

Note that, the union ‘UIMi of a <z-directed system (M;: i € I) of T-structures is
1€
an 7T-structure. In fact, more is true.

Fact 1.10.

(1) (Tarski-Vaught property) The union of a <z-directed system (M; : i € I) of
models of T" is a model of T', and for every j € I, M; <r ‘UIMi'
1€
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(2) For M as above, if M is a fixed model of T such that for every i € I there is
fi: M; ;) M, I is directed, and for all 7 < j in I, f; C f;, then 'UIfi : 'UIMi ;) M.
S 1€

In particular, if M; <r M and f; is the identity function on M; for every i € I,
then _UIML' <7 M. Let a be an ordinal. A <z-chain of models of length « is a
1€

sequence (Mg : B < «) of models such that if § < v < «, then Mg <z M,. The
chain is continuous if for every limit ordinal 5 < o, Mg = UBMW.
<

Fact 1.11.

(1) (Downward Lowenheim-Skolem Property): Suppose that M is a model of T,
A C |M| and max(x + |T|,|A]) < XA < ||[M]|. Then there is a model N such that
ACIN||IN||=Xand N <z M.

(2) If N and M; C My are T-models, F is a fragment of L,; x,, and My, <z N for
¢ =1,2 then My <z M.

Now we turn from the rather standard model-theoretic background to the more
specific concepts which are central in our investigation.

Definition 1.12.

(1) Suppose that < is a binary relation on a class K of models (mainly (K, <) =
(K¢, <e), see below). We say K = (K, <) has the amalgamation property (AP)
iff for every M, My, M, € K, if f; is an isomorphism from M onto rng(f;) and
rng(f;) < M; for i = 1,2, then there exist N € K and isomorphisms g¢; from M;
onto rng(g;) for i« = 1,2 such that rng(g;) < N and ¢1 f1 = g2f2. The model N is
called an amalgam of My, My over M with respect to fi, fa.

(2) An 7-structure M is an amalgamation base (a.b.) for K = (K, <) iff M €
K and whenever for i« = 1,2, M; € K and f; is an isomorphism from M onto
rng(f;), mmg(f;) < M;, then there exist N € K and isomorphisms g; (i = 1,2) from
M; onto rng(g;) such that rng(g;) < N and g1 f1 = ga fo.

(3) We say K = (K, <) has AP iff every model in K is an a.b. for K.

Example 1.13. Suppose that T is a theory in first-order logic having an infinite
model. Define, for M, N in the class K<|7|4x, of models of T" of power at most
IT|4+Ng, M < N iff the indentity on |M]| is an embedding of M onto an elementary
sub-model of N. Then K<|71x, = (K<|7|4r,, <) has AP, (see [CK73]).

Example 1.14. Suppose that T is a theory in L, x, and F is a fragment of L, x,
containing T with |F| < |T|* + k. Let < be the binary relation <z defined on the
class K of all models of T. M € K is an a.b. for K iff whenever for i = 1,2, M; € K
and f; is an <r-elementary embedding of M into M;, there exist N € K and F-
elementary embeddings g;(i = 1,2) of M; into N such that g1 f1 = g2 fa.

Definition 1.15. Suppose that < is a binary relation on a class K of models.
Let 4 be a cardinal. M € K<, is a p-counter amalgamation basis (p-c.a.b.) of
K = (K, <) iff there are My, My € K<,, and isomorphisms f; from M into M; such
that:

(a) rng(f;) < M;(i=1,2),
(b) there is no amalgam N € K<, of My, M, over M with respect to fi, fa.

Observation 1.16. Suppose that T, F and < are as in Example 1.14 and k+|T| <
< X. Note that if there is an amalgam N’ of My, My over M (for My, M2, M in
K<, ), then by Fact 1.11(1) there is an amalgam N € K<, of My, My over M.

§ 1(B). Replacing T by AEC.
On AEC see [She87al, [She09a] or [Bal09], recall:
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Definition 1.17. We say ¢ = (K¢, <¢) is an a.e.c. with L.S.T. number A(¢) =
LST, = LST(¥), we may write K for K¢, when K is a class of me-models, <; a
two-place relation on K and

e Ax 0: The holding of M € K, N <¢ M depend on N, M only up to iso-
morphism, i.e. [M € K,KM 2N = N € K] and [if N <, M and f is an
isomorphism from M onto the 7-model M’ and f [ N is an isomorphism
from N onto N’ then N’ <, M')]

o AxT: if M <¢ N then M C N (i.e. M is a sub-model of N).

o Ax II: My <¢ My <¢ M5 implies My <¢ My and M <¢ M for M € K.

o Ax III: If X is a regular cardinal, M; (i < A) is a <g-increasing (i.e. i <
Jj < X implies M; <, M;) and continuous (i.e. for every limit ordinal
6 < A\, Mg :Ui<6Mi)mMO <e Ui<)\Mi' Hence Mj <k U M; for
every j < A.

e Ax IV: If A is a regular cardinal and M; (for ¢ < A) is <g-increasing con-
tinuous and M; <¢ N for i < A then (J,_, M; <¢ N.

e Ax V: If Ng € Ny <¢ M and No <¢ M then Ny <¢ N;.

e Ax VI If AC N € K and |A| < LST(£) then for some M <, N, A C | M|
and ||M]| < LST(¢) (and LST(¥) is the minimal infinite cardinal satisfying
this axiom which is > |7|; the > |7] is for notational simplicity).

i<\

Definition 1.18.

(1) We define “E categorical in A7, €., “¢ has amalgamation” “M € K, is a.b.”,
“M is c.a.b.” naturally (see Definitions 1.12 and 1.15).

(2) Let €\, = (K)\, <¢| K), where K = {M € Kg: ||MH = )\}.
(3) For x < A, let £y x) = (K[y,0), <el K[y, <n)), where Ky )y = U{K,.: p € [x, N}

So our main theorem is:

Theorem 1.19. Assume k is a measurable cardinal, € is an AEC, and x = LST+
Kk < A, and LSTe < k or just £ is D-compact (see Definition 1.2 and Assumption
1.1). If € is categorical in X then ¥, ) has amalgamation, see Definition 1.12.

Proof. First, without loss of generality, assume that Hypothesis 1.45 holds.

[Why? If LST, < & then by Claim 1.28(0), without loss of generality |r¢| < 28ST(®)
hence |1¢| < x and by Claim 1.41(1), ¢ is D-compact (see Assumption 1.1). So in
any case € is D-compact and by Claim 1.42, Hypothesis 1.45(1) holds.

By Claim 1.28(1), (2) also Hypothesis 1.45(2) holds. So Hypothesis 1.45 holds
indeed.]

Recall that, in §2-§5 we assume Hypothesis 1.45.
Second, if A is regular, then the desired conclusion holds by §2, that is, by Theorem

2.10.
Third, if A is singular, then the desired conclusion holds by §5, that is, by Corollary
5.6. U190

Claim 1.20. Assume t is an AEC and T = 1¢. Then;

There are Ty = T 2 T¢ of cardinality |T| + LSTe and a set & of q.f. (quantifier
free) 1-types in (1) such that:

(A) a T-structure M belongs to K, iff it can be expanded to a T1-model Mt
from K, where:
e K, = K;’ = {N: N a 11-structure omitting every p € Z}.
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(B) If Mt € K, and M™ | 7 <¢ N then there is a model N* € K expanding
N such that MT C N7T. Also, for M,N € K, we have M <¢ N iff there
are expansions M, NT € K, of M, N respectively such that M+ C N+.

(C) (K4+,CQ) is an AEC with LST(K ™, C) = LST(¢).

(D) There is a set 77 C 71 of cardinality LSTe such that A C M+ € K, =
ClTlf (A,M+) - M+.

(E) Some 1 € Ligry+ x, defines Ky 1 where X = LSTy + |7¢|.

Proof. By [She09a, 1.7]. Ui.20

Definition 1.21.

Assume T is a theory in Ly x,(7r), 7r determined by T (so |T'| < (|rr| + &)<")
and recall Fr is the set of formulas ¢(Z) such that ¢(Z) is a sub-formula of some
sentence 1) € T. We define ¥ = £ as follows:

(A) K is the class of 7p-models of T of cardinality > « + |T7|.
(B) M <, N iff:
(a) M,N € K,
(b) MC N,
(c) M <z Ni.e., if (%) € Fr (see below, so 1g(Z) is finite and @ € '8(®) M)
then M = ¢la] iff N | ¢la.

Claim 1.22. If T is a theory in Ly, (7r), then:

(A) tr is an AEC.

(B) LSTe, = LST(tr) < |T| + .

(C) If T C Ly+ ,(7r) then LSTe < |T| + A

(D) tr has no model of cardinality < |7| + k but for any 7(T)-model M of
cardinality > |T| + Kk, M € K¢, < M =T.

(E) If D is a k-complete non-principal ultra-filler on k, then the AEC t is
D-compact (By Los’s theorem for Ly x,, even L, ) proved by Hanf (see
Definition 1.40).

Proof. Mainly, this holds by Fact 1.10 and Fact 1.11, but see fully in the proof of
Claim 1.25, except clause (E) which is proved in 1.41. O 29

Conclusion 1.23. To prove our results for T C L, , it suffices to prove them for
the AEC tr (see Definition 1.21).

Proof. By Claim 1.22 just check the definitions and assumptions. Oy .03

Definition 1.24. We say the AEC ¢t is (u, A, k)-representable when there are
(11,T1,T) such that:

(a) 71 O 7¢ has cardinality <\,

(b) Ty C L(m) is a first order logic universal theory, so |T1| < A,
(c) T'is aset of < u qf-types in L(m), each of cardinality < &,
(d) M € Ky iff M is the 7e-reduct of some My € EC(T},T), where

EC(T1,T') = {N: N a 1-model of T; omitting every p(x) € I'},

(e) M < N iff for every M; € EC(T3,T') expanding M, there is Ny € EC(Ty,T)
expanding N and extending M;.

Claim 1.25.
(1) Let € be an AEC. If X > LST + |7¢|, then € is (2}, X\, \T)-representable.
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(2) If T C Ly, is a theory then tp is (|7| + k,|7| + K, k)-representable. If in
addition k is a limit regular cardinal and |T'| < Kk hence is C Lg x, for some 6 < k,
then it is (|Fr|, | Frl|, 0)-representable.

Proof.

(1) By Claim 1.20, that is, by [She09a] and classical theorems, see e.g. [She98,
Ch. VTI].

(2) Just consider Definition 1.24 and the proof of Claim 1.22. O 25

§ 1(C). Indiscernibles and Ehrenfeucht-Mostowski structures.

The basic results on generalized Ehrenfeucht-Mostowski models can be found in
[She78] or [She90, VII].

Definition 1.26.

(1) We recall here some notation. Let I be a class of models which we call the indez
models. Denote the members of I by I,J ..., etc.

(2) For I € I we say that (as: s € I) is indiscernible in M iff the a,-s are pairwise
distinct and for every 5,f € <“I realizing the same atomic type in I, @z and a;
realize the same quatifier free type in M (where @y, . o) = (asgs- - -, s, ).

(3) Assume 7 C 7/ are vocabularies and ® is a function with domain including

{tpa(5,0,1): 5 € <“I for some I € I}

and if § € "I then ®(tp(s,0,1)) is a complete quantifier free n-type in L(7’), let
7 = 7'. Moreover, if I € I, we let GEM'(I,®) be an 7/-model generated by
{as : s € I} such® that tp,,(as,0, M) = ®(tp,(5,0,1)); (as: s € I) is called the
skeleton.

(4) We say that @ is proper for I if for every I € I, GEM'(I, ®) is well-defined.
(5) Let GEM(Z, ®) be the r-reduct of GEM'(I, ®).

Pedantically, we should write GEM, (I, ®) but 7 is constant.

(6) For the purposes of this paper we’ll let I be the class LO of linear orders and
® will be proper for LO and then write EM (instead GEM). For I € LO we may
abbreviate EM’ (I, ®) by EM'(I) and EM(I,®) by EM(I), when ® is clear from the
context.

We first deal with pairs (T, F).

Claim 1.27. If T C L, x,(7) is a theory which has a model of cardinality > K,
then there are T, ® as in Definition 1.26 such that, for each linear order I = (I, <)
there exists a Ehrenfeucht-Mostowski model EM(I, ®) is a model of T.

Proof. See Nadel [Nad85] and Dickmann [Dic85] or [She90, VII, §5] or see the limit
ultra-power below. [y .07

But now we use the AEC framework.

Claim 1.28.

(0) If & is an AEC then without loss of generality T¢ has cardinality < 25T®) . Pully
we have T¢/Ee has < 2LST() equivalent classes when Ey = {(R1,R2): Ry, R2 are
both predicates or both function symbols and are of the same arity and M € K¢ =
R = RY).

4Equiva1ently, we can use tpge, the quantifier free type.
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(1) Assume € is an AEC, = 2LSTOHT®OL [f ¢ has a model of cardinality > 3,,+
(or just model of cardinality > 3, for every o < p*) then there is ® such that:

(a) @ is as in Definition 1.26,

(b) e = Te1, where ¢ is from Claim 1.20 or Definition 1.24,

(c¢) EM(I) € K¢ has cardinality LST¢ + |1,

(d) for (r1,T1,T) as in Definition 1.24, every model of the form EM'(I) is in
EC(T,T1) and 1o = 1.

(2) In particular,
(a) EM'(I) is a T1-model,
(b) EM(I) = EM'(I) | T belongs to K,

(¢) (follows) if I C J then EM(I) < EM(J), both models from K of cardinality
[I] + LST(¥).

Proof. As in [She09a, 1.13], [She90, Ch. VII]. Oy .08

§ 1(D). Limit ultra-powers, iterated ultra-powers and nice extensions.

An important technique we shall use in studying the categoricity spectrum of a
theory in L, x, or suitable AECs is the limit ultra-power. It is convenient to record
here the well-known definitions and properties of limit and iterated ultra-powers
(see Chang and Keisler [CK73], Hodges-Shelah [HS81]) and then to examine nice
extensions of models.

Definition 1.29. Suppose that M is an 7-structure, I is a non-empty set, D is an
ultra-filter on I (but see Definition 1.30(5)), and G is a filter on I x I.
(1) For each g € 1| M|, let

(a) ea(g) = {(i,j) € I x I: g(i) = g(j)}, and

(b) g/D = {f € |M|: g= f Mod D} where,

g=f Mod Diff {ieI:g(i)=f(i)} € D.

2) Let II |[M|:= {g/D: g € {|M| and € G}. Note that II |M] i -
(2) Let IL|1| = {g/D: g € '|M] and ealy) € G}. Note that TT M| i non
empty subset of IIp|M| = {g/D: g € T|M|} and is closed under the constants and
functions of the ultra-power IIp M of M modulo D.
(3) The limit ultra-power DI;IGM of the 7-structure M (with respect to (I, D, G))

is the substructure of I, M whose universe is the set Dl;[g|M |. The canonical map
d from M into Dl;[gM is defined by d(a) = {(a; : i € I)/D, where a; = a for every
1€ I

(4) Note that the limit ultra-power DI;IGM depends only on the equivalence relations

which are in G, i.e. if E is the set of all equivalence relations on I and GN E = G'N
E, where G’ is a filter on I x I, then II M = II M.

D/G D/G
Definition 1.30. Assume,

(a) M be an 7-structure, (Y, <) = (Y, <y) a linear order,
(b) for each y € Y, let D, be an ultra-filter on a non-empty set (Y, <y),
(c) I=(I vy ev),
( ) D= (Dy:yeY),
() I= 1I1I,.
yey v

e
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Then,
(1) Let E = HyDy be the set of s C I such that there are y; < --- < y, in Y
ye

satisfying:

() forall 4,5 € I,if 4 [ {y1,...,ynt =3 [ {y1,.-.,Yn} then i € siff j € s,

(B) {(iyr), - i(yn)) s i € 5} € Dy, X -+ X Dy,
(2) The iterated ultra-power [[5 [M| or [ |M]| of the set | M|, noting F is a filter
on I, is the set {f/E: f € |M| and for some finite Z; C Y for all 4,5 € I, if
i Zy=3j1 Zy, then f(i) = f(j)}.
(2A) Note that (Y, <), I,D,E.I and E can be defined from E and can be defined
from D, so we may indeed write I1g, II5 above.

(3) The iterated ultra-power [[, M of the 7-structure M with respect to (D, : y €
Y') is the 7-structure whose universe is the set Il |M]|; for each n-ary predicate sym-
bol R of L, RMeM(f,/E, ... fu/E) iff {i € I: RM(f1(4),..., fu(i))} € E; for each
n-ary function symbol F of L, FUeM(f, /E ... f./E) = (FM(f1(i),..., fa(i): i €
I)/E.
(4) The canonical map d: M — Iy M is defined as usual by:

d(a)={a:i€ H)/E.

(5) In Definition 1.29, we do not need “D is an ultra-filter on I”, just “D is a filter
on I such that, if e € G is an equivalence relation on I, then D/e is an ultra-filter
onI/e”.

(6) We say u is an iterated ultra-powers parameter when it consists of (Y, <),

I={I,;yeY), D= (D,:y€Y)and I as in the beginning of Definition 1.30, E
as in Definition 1.30(1) and

e G = {e: is an equivalence relation on I such that, for some finite subset Z
of Y,wehave f,gc INf|Z=g1Z= feg}

(6A) Sou = (Yy,..., ) definable from D, and from E, and we may write [],, .

Remark 1.31.

(1) Every ultra-power is a limit ultra-power: take G = (I x I) and note that
IpM = II M.
D/G

(2) Every iterated ultra-power is a limit ultra-power, hence in Definition 1.30 we
may write Opp, Opg or Op,, .

[Why? let the iterated ultra-power be defined by (Y, <) and ((I,,D,): y € Y) (see
Definition 1.30). For Z € [Y]<%, let Ay = {(i,5) € IxI:i | Z =j | Z}. Note that
{Az: Z € [Y]<“} has the finite intersection property and hence can be extended
to a filter G on I x I. Now for any model M we have [IgM = Dl;[GM for every

filter D over I extending E under the map f/E — f/D.]

Definition 1.32.
(1) We say that (I, D,G) is suitable when:

(a) D is an ultra-filter on a non-empty set I (or just a filter, see Definition
1.30(5)),
(b) G is a suitable, pedantically a D-suitable filter on I x I or just a set of
equivalence relations on I, which means:
(i) if e € G and €’ is an equivalence relation on I coarser than e, then
e €@,
(ii) G is closed under finite intersections,
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(iii) (I,D,G) is k-complete, which means that, if e € G, then D/e =
{ACI/e: e D} is a k-complete ultra-filter on I/e which, for
e

simplicity, has cardinality «.

(2) A limit parameter u is suitable when (I, Ey, Gy) is.
(3) Suppose that M is an 7-structure and (I, D, G) is suitable. Then Op(M, I, D,G) =

Op; p (M) is the limit ultra-power II M where G is the filter on I x I generated
Y D/G

by G. When clear from the context one abbreviates Op(M, I, D,G) by Op(M),
pedantically Op stand for Op; »; ¢ and one writes fop, = fop,m for the canonical
map d: M — Op(M); so we may write fop or fgé instead fop ar when M is clear
from the context.

Recall that,

Observation / Convention 1.33.

(1) For any 7-structure N, fo, = fop,n is an elementary embedding of N into
Op(N) and if N € K then fo, : N e Op(N).

(2) Since fop is canonical, one very often identifies NV with the 7-structure rng( fop)
which is an €-elementary substructure of Op(N), and one writes N <, Op(N). In
particular for any model M € K and Op, fop: M —¢ Op(M) (briefly written
M < Op(M)) so that Op(M) is a model from K too.

(3) Remark that if D is a k-complete ultra-filter on I and G is a filter on I X I,
then Op(M, I, D,G) is well defined.

(4) Suitable limit ultra-power means one using a suitable triple, for such Op in
Observation/Convention 1.33(2) we get a L, x,-elementary embedding.

More information on limit and iterated ultra-powers can be found in [CK73] and
[HS81].

Observation 1.34. (1) Given k-complete ultra-filters Dy on I, Ds on Iy and
suitable filters Gy on Iy x I,Go on Iy X Iy respectively, there exist a k-complete
ultra-filter D on a set I and a filter G on I x I such that:

Op(MalvaG) = Op(op(Ma IlaDhGl)vIQvDQaGQ)

and (D, G,I) is k-complete.
(2) Also iterated ultra-power (along any linear order) with each iterand being ultra-

power by k-complete ultra-filter, gives a suitable triple (in fact, even iteration of
suitable limit ultra-powers is a suitable ultra-power).

Definition 1.35. Suppose that K is a class of 7-structures and < = <x is a binary
relation on K (usually (K, <) = (K¢, <¢)). For M, N € K, write f: M <J N to
mean (if < is clear from the context we may write f: M — N and, if f =idy; we
may write M < N):
(a) f is an isomorphism from M onto rang(f) = N [ rang(f) and rng(f) < N.
Which means f(M) < N, where f(M) is the model M’ with universe rng(f)
such that f is an isomorphism from M into M’,
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(b) for some® ultra-limit parameter u = (Y, <y, I, D, I, E,G), so G is a suitable
set of equivalence relations on I (so Definition 1.32 clause (i), (ii), (iii) holds)
each® D; is isomorphic to D, and an isomorphism ¢ from N onto rang(f) =
Op(M,I,E,G) | rang(f), such that rng(g) < Op(M,I,E,G) and gf =
fop, where foy, is the canonical embedding of M into Op(M, I, E,G). Then
f is called a <-nice embedding of M into N. Of course, one writes f: M —

nice

N and says that f is a nice embedding of M into N when < is clear from
the context.

Example 1.36. Consider T, F and K = (K, <) = (K, <x) as set up in Example
1.14. In this case f: M — N holds iff f: M — N and for some suitable ultra-limit

nice F

parameter u and some g: N ? Op, (M) we have gf = fop.

Abusing notation one may writes M — N to mean that there are f, g and Op such
nice
that f: M — N using g and Op. IF NOT SAID OTHERWISE, < is <¢. We may

nice
also write M < N, and for linear orders we use I C J.
nice nice

Example 1.37. Let LO be the class of linear orders and let (I, <;) < (J, <;) mean
that (I,<j) C (J,<j),1.e. (I,<y)isasuborderof (J,<;). If f: (I,<;) — (J,<;),

then identifying isomorphic orders, one has (I,<;) C (J,<;) C Op(I,<;) and we
may write (I, <p) c (I,<y).

nice
Observation 1.38. Assume that 8 = (K,<k) is as in 1.35. Suppose further
M < N and M C M' <¢ N where M,M',N € K. Then M < M.

Proof. For some f,g and Op, f: M —k> N, g: N ? Op(M) and gf = fop. Now
g: M’ ? Op(M) (since M" <¢ N) and gf = fop, so that M < M'. O .38

Observation 1.39. Suppose that 6 is any ordinal, (M;: i < &) is a continuous
increasing chain and for each i < §, M; < M;11. Then for every i < 6, M; <

nice nice
M.

Proof. Like the proof of Remark 1.31(2). For each i < §, there is a u; as in Definition
1.32 which witnesses M; < M;;, and and let Y; = Y;,, for ¢ < §. Without loss of

nice

generality, (Y;: i < §) are pairwise disjoint. We define u by:
(a) Y =U{Yi: i<},
(b) s <y tiff \/, 58 <itorseYy AteYy ANi<jy,
(¢) Dj = Dy, s when s €Yy, for i < 4.

This is enough and the rest should be clear. U139

Definition 1.40.

(1) Assume D is an ultra-filter on x. For an AEC ¢ = (K, <) we say £ is D-compact
when:

(a) if M € K then the ultra-power M" /D belongs to K,

5We could use here and Theorem 2.5 suitable tuples (I, D, G). However, then we have to add
to the definition of “¢ is (I, D, G)-compact” a clause saying:
(%) if M € Kg, e1 D ez are from G and M, = HD/GM I {f € IM:eq(f) D ey} for £ =1,2,
then My <¢ M.
In [KS96] this issue does not arise.
6 Can fix a family of filters.
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(b) moreover, the canonical embedding of M into M"/D is a <g-embedding,
(¢) if M <¢ N then the canonical embedding of M*/D into N*/D is a <g-
embedding,
(d) € has a model of cardinality >  (or at least of cardinality > 6 where D is
not f-complete).
(2) Ifu= (Y,I,D,I,E,G) is as in Definition 1.30, then for an AEC £ we say £ is
u-compact and F-compact when:
(a) if M € K¢ and [[ M € K,
(b) moreover, the canonical embedding of M into [[5 M is a <;-embedding,
(c) if M <¢ N then the canonical embedding of [[, M into [[5 N is a <¢-
embedding.

Claim 1.41. Assume D is a non-principal k-complete ultra-filter (usually on k).
(1) If t is an AEC and || + LST(¥) < & then ¢ is D-compact.
(2) If € is (u, A, k)-representable, then € is D-compact.

(3) Also the claim on Op generalizes, that is, if (Y,<),I, D, E, I is as in Definition
1.30 and ¢, is Ds-compact for every s € Y then in (1) and (2), € is E-compact.
(4) So if there is one ultra-filter D on  which is normal or just non-principal

k-complete ultra-filter on k, then for every linear order (Y,<) then we can find
1,D,E, I such that they together are as in 1.41(3)

Proof.
(1) By 1.25 and part (c).
(Q)a (3)7 (4) EaSY' D1.41

Claim 1.42. Assume D is a non-principal k-complete ultra-filter on k and ¥ is a
D-compact AEC, x > LSTe, and let €2 = (£1)[y,00), see Definition 1.18(3).

(1) If x > k and ¥ is D-compact then €y is D-compact.
(2) If X > x, then ¥ is categorical in A iff €1 is categorical in A.
(3) If X > x, then (£2),<x) has amalgamation iff (€1)[y,<x) has amalgamation.

Proof. Straightforward. 0142

Remark 1.43.
(1) Claim 1.41 justifies the assumption LST > x in 1.45 below (e.g. to proof 1.19).
(2) Usually A denotes a power in which ¢ is categorical.

Claim 1.44. For every model M of cardinality >  and X\ > k+LSTe+ ||M|| there
is N such that M < N, M # N and |N|| = \.

Proof. As t is D-compact, by Assumption 1.2(2) no M € K>, is <g-maximal, so
by Definition 1.17 we are done. 0444

For the rest of this work,

Hypothesis 1.45. Assume x > k.

(1) tis a D-compact AEC with LSTe = x, no M € K¢ has cardinality < x, D a «-
complete non-principal ultra-filter on x, K = K and similarly for any (Y, <), I, D, I
or F derived from D as in Definition 1.30.

(2) ®, a = (as: s € I) are as in Definition 1.26 for £ with 74 of cardinality < x,
hence A > x = (K¢)x # 0.
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§ 2. THE AMALGAMATION PROPERTY FOR REGULAR CATEGORICITY

The main aim of this section is to show that if K is categorical in the regular
cardinal A > LSTy, then £, = (K<), <¢) has the amalgamation property (AP)
(Definition 1.12 (1)). Categoricity is not presumed if not required.

Recall Hypothesis 1.45 is assumed.

Lemma 2.1. Suppose that x < pu < X\, M, My, My € K<, fi: M — My, fo: M ?
- nice

M. Then there is an amalgam N € K<, of My, My over M with respect to f1, fa.

Moreover, there are N and gg: My —E> N for £ = 1,2 such that g1 f1 = g2f> hence

rng(gaf2) = rng(g1 f1) and g1: My r;)e N.

Proof. There are g and Op such that g: M, —E> Op(M), and gf1 = fop,m. Now, fo

induces an <g-elementary embedding f3 of Op(M) into Op(Ms) such that fJ f(% =
g{ffg. Let g1 = f5g and g2 = fop,m,- By Fact 1.11 one finds N € K<, such that
rng(g1) Urng(ge) € N <¢ Op(Ms). Now N is an amalgam of M7, Ms over M with

respect to f1, f2 since g1f1 = f39f1 = f3 fo,. M = fop,nm, f2 = g2 f2. The last phrase
in the lemma is easy by properties of Op. o q

Lemma 2.2. Suppose that M € K<, is a p-c.a.b., x <pp <X Then N € K.y is
a ||N||-c.a.b. whenever f: M — N.

nice

Proof. By the assumption, there is g: N " Op(M) such that gf = fop m- Recall
M is a p- c.a.b., so for some M; € K<, and f;: M ? M; (for i = 1,2) there is no
amalgam of M;, My over M w.r.t. fi, fo. Let f* be the <¢-elementary embedding
from Op(M) into Op(M;) induced by f; (note that ffop.amr = fop., fii =1,2).
Choose N; of power ||N|| such that M; Urng(f*g) € N; <, Op(M;). Note that
ffg: N —E> N;. Tt suffices to show that there is no amalgam of N1, Ny over N w.r.t.

I19, 139
Well, suppose that one could find an amalgam N* and h;: N; _e> N* ¢=1,2, with

hi(fig) = ha(f5g). Using Fact 1.11 choose M*, || M*|| < p, M* <¢ N*,rng(hi fop |
Mi)Urng(hafop [ Ma) C |M*|. Set g; = hifop | M;, for i = 1,2, and note that:

g1f1 = hifopfi = hifi fop = hifigf = hafsgf = hafs fop
:h2f0pf2 =ng2-

In other words, M* is an amalgam of M, My over M w.r.t. fi, fo-contradiction.
It follows that N is a ||N|-c.a.b. Os.0

Corollary 2.3. Suppose that u, A satisfy x < p < A. If M € K, is a p-c.a.b., then
there exists M* € K such that:

() M <¢ M* and for every M' € Koy, if M <¢ M’ <¢ M*, then M’ is a
[|M'||-c.a.b.

Proof. As ||[M|| > , for some appropriate Op one has || Op(M)|| > A, and by Fact
1.11 one finds M* € K such that M C M* < Op(M), hence M <, M*. Let
us check that M* works in (). Take M’ € Koy, M <¢ M' <¢ M*;s0 M < M’

nice

since M* <, Op(M), see Observation 1.38; hence by Lemma 2.2, M’ is a ||M’||-
c.a.b. Ua.3
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Theorem 2.4. Suppose that t is A-categorical, A = cf(X) > x. If K<y fails AP,
then there is N* € Ky such that for some continuous increasing <g-chain (N; €
Koy i< A) of models,

1) N* = U N;,

(1) i<A

(2) for every i < \,N; £ N;41 (and so N; &« N*).

nice nice

Proof. By an assumption €.y fails AP, so for some p € [x,A) and M € K<,,, M is
a p-c.a.b. recalling Definition 1.15. By Lemma 2.2 and Claim 1.44 without loss of
generality M € K,. Choose by induction a continuous strictly increasing <g-chain
(N; € Kcex:i < A) as follows:

No = M; at a limit ordinal ¢, take the union; at a successor ordinal ¢ = j + 1, if
there is N € K.y such that N; < N and N; £ N (so necessarily N; <¢ N),

nice
choose N; = N, otherwise choose for IV; any non-trivial <g-elementary extension
of N; of power less than A. Next, we prove:

H (3]0 < )\)(V] S (]O,A))(Nj isa ||Nj|\—cab)

Why H holds? Suppose not. So one has a strictly increasing sequence (j;: i < A)
such that for each i < A, N;, is not a |V}, ||-c.a.b. Let N, = 4U/\Nji. So | Nl = A.
1<

Applying 2.3 one can find M* € K, and M € K.y such that M <, M* and
whenever M’ € K., and M <; M’ <; M*, then M’ is a ||M’||-c.a.b.

Since ¢ is A-categorical, there is an isomorphism g of N, onto M*. Let N = g~ (M)
and M; = g~Y(N;) for i < A\. Now, ||N|| = u < cf(\) = A, so there is igp < A such
that NV C Ny, s hence N <¢ Nj,.

In fact Ny, is a ||[Nj, ||-c.a.b. [Otherwise, consider Ny, . Since M <¢ f~'(Nj, ) <
M* and [|Mj, || <A, Mj, isa|[Mj, [-c.a.b., so there are f,: Mj, 2 My, (£=1,2),
with no amalgam of My, Mj over M, wx.t. fi,fo. If Ny is not a [Ny, [|-
c.a.b., then one can find an amalgam N* € K<y, || of M}, My over Nj, w.r.t.

<IN,

flg,fgg such that h@t Mé —E> N7 and h1(f1g) = hg(fgg); SO ]’Llfl = hgfg and N*
is thus an amalgam of M{, Mj over M, w.x.t. fi, fo, INT| < NG | = 1M, |-
contradiction.] This contradicts the choice of Ny, . So the statement H is correct.
It follows that for each j € (jo, A) there are le,sz in Key and fr: Nj — Nf
such that no amalgam of le, sz over N; w.r.t. fi, fo exists. By Lemma 2.1 for
both £ € {1,2}, N; & Nj,,. So by the inductive choice of (Njy1:j < A),Vj €

i0

nice

(Jo,A)(N; £ Njyq). Taking N* = U )\Nj, one completes the proof (of course
nice Jo<jg<

for jo <j < AN; £ N* if N; < N* < Op(N;), then by Observation 1.38

N; < Njiq-contradiction). W

nice

Theorem 2.5. Suppose that I = (I,<;), J = (J,<y) are linear orders and I is a
suborder of J. Let EM'(I, ®) be as in Definition 1.26, so let (al: s € I) be a skeleton
of M{ = EM'(I) = EM'(I, ®), a Te-model, (al: s € I) is an indiscernible sequence
in EM(I) which generates it. Similarly, M) = EM'(J,®), {as € s € J) and as
standard, we assume M] C M}, s € I = al = a5, let My = EM(I) = M, | 7. If
(I,<1) C (J,<;), then EM(I) < EM(J).

nice nice
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Proof. So there is a suitable ultra-limit” parameter u = (Y, <y, I, D, Iy, E, G) wit-
nessing (I, <r) C (J,<y), that is, we have (I, <r) C Op; p ¢((I,<r)) and (J, <) is

nice

isomorphic over (I, <) to some (J', <) such that (1, <) € (J',<) € Op; pc((I,<
)) and let 7 be such isomorphism. So for each ¢ € J, there exists f; € /(W such
that 7(t) = fi/D. Note that if ¢t € I, then f;/D = fo,(t) so that without loss of
generality for all ¢ € I, f:(i) = t. Define a map h from EM(J) into Op(EM(I)) as
follows. An element of EM(J) has the form
M (ay | ay,),
where t1,...,t, € J, 0 an 7g-term. Define, for t € J, g; € T EM(I) by g:(i) = af, (iy-
Note that fi(i) € I, so that ayf,;y € EM(I) and so g;/D € Op(EM([)). Let
R(oEM D (ay, .. ap,)) = oOPEM D) (g, /D ... g, /D) which is an element in
Op(EM(I)). The reader is invited to check that h is an <;-elementary embedding
of EM(J) into Op(EM(J)), and consequently EM(I) < EM(J), but we elaborate.
Prove by induction on n < w that:
@ if 5 = (s;: 1 < n) is <y-increasing then let m < n and Nz = My |
{f € "M: eq(f) is refined by eqy,, = {(h1,h2): h1,hy € [[,c; s and
L <m= hi(sg) > ha(se)}},

B for § = (s¢: £ < n) as above, N5, <¢ Ns.
[Why? Prove by induction on n that it suffices to conclude that m = n — 1 and
now read the Definition.]

M if 5 is as above and ? is a sub-sequence of 5 then Ny <¢ Nj.
Why? By Ax. V of AEC (see Definition 1.17): The rest should be clear.
Finally note that if b = o®M' D (a, ... a; ) € EM(I),t1,...,t, € I, then h(a) =
gOp(EM (I))(gt1/D7 s 7gtn/D) = gOP(EM (I))(<aft,i(i) ti < ,u>/D, ) <a‘ftn(i) v <
/D) = fop(e®M D(ay,, ... a:,)) = fop(b). Thus EM(I) < EM(J). a5

Criterion 2.6. Suppose that (I, <) is a suborder of the linear order (J, <). We have
(I,<) C (J,<) when:

(%) for every t € J\ I,
() ef((I,<) [ {s € T: (<) = s < t}) = 5,
Q) ef((I,<)* [ {sel: (J,<)*Es<*t}) =k.

Notation 2.7. (I,<)* is the (reverse) linear order (I*, <*) where I* = I and (I*, <*
YEs<*tiff (I,<)Et<s.

Proof. We shall use freely Assumption 1.1, that is, “D is a uniform ultra-filter on
k”. Let us list some general facts which facilitate the proof.

Fact (A): Let x denote the linear order (x, <) where < is the usual order €] & X &.
If J1 = 6+ Jo, then & C J; (+ is the addition of linear orders in which all elements

in the first order precede those in the second).
Fact (B): If k C (I, <), k is unbounded in (I, <) and J; = I + Jy, then I C J.
nice

Fact (C): If I C J,then I +J; C J+ Ji.

nice nice

"We write I, = I(u) to distinguish it from (I, <j).
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Fact (D): I C Jiff (J <)* C (I,<)*.

nice nice
Fact (E): If (I,: a < §) is a continuous increasing sequence of linear orders and for
a<d, Iy, C Iy, then I, C Iy

nice nice
Now using these facts, let us prove the criterion. Define an equivalence relation F
on J \ I as follows: tEs iff t and s define the same Dedekind cut in (I, <). Let
{ta: a < §} be a set of representatives of the E-equivalence classes. For each 8 < 4,
define

Ig=J[St:telv \/tEt,
a<f

solp =1, Iy = J and (I,: a < §) is a continuous increasing sequence of linear
orders. By Fact (E), to show that I C J, it suffices to show that I, C I,y for

nice nice

each o < 4.

Fix a < §. Now ¢, belongs to J \ I, so by (*), (X) or (3) holds. By Fact (D), it is
enough to treat the case (). So without loss of generality cf (I, <) | {s € I: (J,<
) Es<ty}) =k

Let
I ={tel,:t<t,},

I ={tcl,:teclI*VtEt,},
IE={tely:t>ty}.

Note that I, = I% + I¢ and I, = I + I¢. Recalling Fact (C), it is now enough
to show that I¢ C . Identifying isomorphic orders and using (X), one has that

nice

£ is unbounded in I¢ and I = I + (1% \ 1) so by Fact (B), I C I as required.

We still owe the five facts, we prove (A), (B), and (E) as (C) and (D) are obvious.
Proof of Fact (A): Recall that D is a uniform ultra-filter on k. For every linear
order Jy (or Jgj) there is Op; p(—), the iteration of I ultra-powers (—)" /D, ordered
in the order Jy (or Ji), giving the required embedding (use Observation 1.34).

Proof of Fact (B) Since £ C I and using Fact (A), we know that

e; let dg be the identity map from k into I,
o, let d; be the canonical map from & into Op(k), which exists by properties
of Op,
o3 let da be the embedding of Jy into Op(k) as in the choice of Op, so rang(d; )
is below rang(ds),
o, let d3 be the canonical embedding from Op(k) into Op(I) by lifting (really
is the identity),
5 let dy be the canonical embedding of I into Op(7), which exists by properties
of Op extending d; by the properties of Op,
o So rang(dy [ k) is unbounded in rang(dy) in the order Op(I),
o7 rang(ds) C Op(]) is below dz o dj € Jp.

Chasing through the diagram, we obtain the required embedding. So we are done.
Proof of Fact (E). Apply Observation 1.39 to the chain (I, : o < §). Oo6

So we are done proving Criterion 2.6. o

See https://shelah.logic.at/papers/E102/ for possible updates.
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Fact 2.8. Suppose that A > . There exist a linear order (I, <) of power A and
a sequence (A; C I:4 < \) of pairwise disjoint subsets of I, each of power k such
that I = U A; and,

i<A
(x)if \e XCA+1,thenI| UA; C I

1€X nice

Proof. Let I = (A+ 1) x x and define <; on I: (i1,a1) <j (ig,a2) iff 43 < iy or
(i1 = i3 and a3 > ag). For each i < A, let A; = {i} x k. Let us check (x) of
Criterion 2.6: suppose that A € X € A+ 1. Write Ix =1 | (U;cx 4i). To show
that Iy C I, we can assume without loss of generality that Ix # I and then one
employs Criterion 2.6. Consider t € I — Ix, say t = (i,«) (note that o < k and
1< A since A € X) and i ¢ X. Let j = min(X — 4); note that j is well-defined,
since A € X —i, and j # i. Now, if s € I'x and s <y t, then for every 8 < k, one has
s<r (4,8) and (4,08) € Ix. Alsoif s € Ix and t <; s, then for some 8 < k, we have
(4,8) <r s. Thus ((j,0): 8 < k) is a cofinal sequence in (Ix | {s € I:t <; s})*.
By the criterion, Ix C I. o g

nice

Theorem 2.9. Suppose that K = cf(0) < § < A. Then EM(6) < EM(A).

nice

Proof. By Fact (B) of Criterion 2.6, one has that § C A; so by Theorem 2.5,
EM(5) < EM(N). Ua.g

nice
Now let us turn to the main theorem of this section.

Theorem 2.10. Suppose that € is categorical in the reqular cardinal X > x. Then
t.\ has the amalgamation property.

Proof. Suppose that ¢, fails AP. Note that ||EM(A)|| = A. Apply Theorem 2.4

to find M* € K and (M;: i < \) satisfying Theorem 2.4(1) and Theorem 2.4 (2).

Since ¢ is A-categorical, M* = EM(\), so without loss of generality EM(A) = .U/\Mi
1<

and so C' = {i < X\: M; = EM(d)} is a club of A\. Choose § € C,cf(d) = k. By
Theorem 2.9, EM(6) < EM(MA), so Ms < M*. But of course by Theorem 2.4(2)

nice nice
Ms ﬁ M*-contradiction. Usa.10

nice
The last theorem of this section applies to singular cardinals as well.

Theorem 2.11. Suppose that K is categorical in A > x (notice that A is not
necessarily reqular). Then:

(1) K has a model M of power \ such that if N <¢ M and ||N|| < X, then there
exists N’ such that:

() N<¢ N' <¢ M,

(B) IN"II = [IN][ + x,

(v) N' < M.
(2) K has a model M of power A and an expansion M™ of M by at most x functions
such that if Nt € M*, then N* |7 < M.

nice
Proof. (1) Let (I,(A;: i < \)) be as in Fact 2.8. Let M = EM(I). Suppose that
N <¢ M,||N|| < A. Then there exists J C I,|J| < A such that N C EM(J) so by
Fact 2.8 there exists X C A+ 1 such that A € X, | X| < Xand J C ‘UXAi'
1€
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Note that ‘ U A;
i€EX

< |X|-k <A Now N'=EM(I | 'UXAi) is as required, since
[4S]

17 ‘UXAi < I and so by Theorem 2.5 EM(I | (U;cy 4i)) < EM(I). This proves
1€ nice nice

(1).
(2) We expand M = EM(I) with skeleton (as: s € I) as follows:

(a) by all functions of EM'(I),

(b) by the unary functions f;(¢ < n) which are chosen as follows: we know that
for each b € M there is o}, an 71-term (71-the vocabulary of EM'(I)) and
t(b,0) < t(b,1) < ... < t(b,ng, — 1) from I such that

b= 0b(ap,0), G,1); - - - » U0y —1))

(it is not unique, but we can choose one; really if we choose it with n,
minimal it is almost unique). We let

) Q((b,e))» if £ < Ngy s
b) =
fe(®) {b, if > nyg,.

(¢) by unary functions g,, ¢g“ for a < k such that if ¢t < s are in I, a =
otp[(t, s)7] then g%(a;) = as, V gslas) = a; (more formally g“(a(iﬁ)) =
B<k
(i p+a) ad ga(ag gy) = a(;,q)) in the other cases g*(b) = b, g (b) = b.
(d) by individual constants c, = a(y,q) for a < .

Call the expanded model M*. Now suppose NT is a sub-model of M T and N its

7-reduct. Let Jdgf{t €1:a; € N}, now J is a subset of I of cardinality < || N|| as
for t # s from J, a; # as. Also if b € N by clause (b), a;,¢) € N hence b € EM(J);
on the other hand if b € EM(J) then by clause (a) we have b € N; so we can
conclude N = EM(J). So far this holds for any linear suborder of I.
By clause (c) J = |J A; for some X C A + 1, and by clause (d), A € X.

iex
Now EM(J) < EM(I) = M by Fact 2.8. 0511

nice
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§ 3. TOWARDS REMOVING THE ASSUMPTION OF REGULARITY FROM THE
EXISTENCE OF UNIVERSAL EXTENSIONS

In §2 we showed that £, has the amalgamation property when ¢ is categorical in
the regular cardinal A > y. We now study the situation in which A is not assumed
to be regular.

Our problem is that while we know that most sub-models of N € K sit well
in N (see Theorem 2.11(2)) and that there are quite many N € K. which are
amalgamation bases, our difficulty is to get those things together: constructing

N e Ky as |J N;, N; € K. means N has <g-sub-models not included in any N;.
i<A
Recall we are assuming Hypothesis 1.45.

Theorem 3.1. Suppose that t is categorical in A and x < 0 < A\. If (M; € Ky: i <
0% is an increasing continuous <g-chain, then:

{i <ot M; < (Uj<9+Mj)} € Dg+.

nice

Remark 3.2.
(1) We cannot use Theorem 2.11(1) as possibly A has cofinality < x.
(2) Recall that Dy+ is the closed unbounded filter on 6.

Proof. Write My+ = L{J#M,». Choose an operation Op such that for all i <
i<
0%, || Op(M;)|| > X. Let M; = Op(M;), hence M; < M;. Applying Fact 1.11 for

nice
non-limit ordinals, Fact 1.10 for limit ordinals, one finds inductively an increasing

continuous <g-chain (N;: i < 61) such that for i < 61, M; <¢ N; <¢ M}, |N;|| = A,
so M; < Njand Ng+ = U N;. Note that [No+|| =61 - A=\
i<0

Since ¢ is A-categorical, Ny+ = EM(I) where Fact 2.8 furnishes I of power A. By
Theorem 2.11(2), there is an expansion N, of Np+ by at most r+|7¢| functions such
that if A C [N, | is closed under the functions of N\, then (N, [ 7¢) [ A < Nps+.

Choose a set A; and an ordinal j;, by induction on ¢ < 67, satisfying:

1) A; C |Np+|,|A;| < 6;(A;: i < 67) is continuous increasing,

2) (j;: i < 0T) is continuous increasing,

3) A; is closed under the functions of N ;Er,

1) A C N,

(5) [M;| C Aipa.

This is possible: for zero, let Ag := @), jo := 0 and for limit ordinals unions work;
for i + 1 choose j;11 to satisfy (2) and (4), and 4,14 to satisfy (1), (3) and (5).
By (2), C = {i <67':iis a limit ordinal and j; =i} is a club of 6 i.e. C € Dy-.
Fix ¢ € C. Note that |M;| C A; and A; C |N;| (since |M;| = ]Lil|MJ| - j%AjH =
A= DA€ UIN, | = Ny = N (using (5), (1), (4), (2) and ji = )
and recalling (3), M; < (N9++ P re) A <e N; <¢ M = Op(M;), so that
M; < (N I ) | A;. However by (3) and the choice of Ny+ and N, one has

nice
also that (N‘;Zr '7¢) [ Ai < Np+. So by transitivity of <, one obtains M; < Ny+.

nice nice nice

~ o~~~

i/ +1
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Finally remark that My+ <g Ng+ since M; < N; <; Ng+ for every i < 67.
nice
Hence i € C = M; <¢ Mp+ < Ny+, so recalling i € C = M; < Ny we have

ieC = M, SM9+;SOCg{i<9+1Mi SM9+}€D9+. 31
nice nice

Definition 3.3. Suppose that 6 € [x,\) and M € Ky. M is nice iff whenever

M <¢ N € Ky, then M < N. (The analogous <g-elementary embedding definition

nice

runs: M is nice iff whenever f: M —> N € Ky then f: M — N).

nice

Theorem 3.4. Suppose that € is categorical in X\ and M € Ky,0 € [x,\). Then
there exists N € Ky such that M <¢ N and N is nice.

Proof. Suppose otherwise. We’'ll define a continuous increasing <g-chain (M; €
Ky: i < 607T) such that for j < 0F:
(x); M; £ M
nice

For ¢ = 0, put Mo = M; if 4 is a limit ordinal, put M; = U Mj; if i = j + 1, then
1<t

since Theorem 3.4 is assumed to fail, M;; exists as required in (); (otherwise
M; works as N in Theorem 3.4). But now (M;: i < 67) yields a contradiction

to Theorem 3.1, since C' = {i < : M; < Lz)+M } € Dy+ by Theorem 3.1 so
nlce i<

that choosing j from C' one has M; < M;;; by Observation 1.38, contradicting
nice
(*);- Os.4

Theorem 3.5. Suppose that € is categorical in A and 6 € [x, \). If M € Ky is nice
and f: M%N€K<A, then f: M — N.

nice

Proof. Choosing an appropriate Op and using Fact 1.11 one finds N; such that
N <¢ Ny and || Ni]| = A. Find M{ < Nj by Theorem 2.11(2) such that rng(f) C

nice

|M7], | M| = 6. So M{ <¢ Ny and therefore N7 [rng(f) <¢ M{. Recall M is nice,
so f: M — M{|. Now M| < N, therefore f: M — Nj. So there are Op and

nice nice nice

g: N1 _e> Op(M) satisfying gf = fop. Since N <¢ N; it follows that f: M — N

nice
as required. Os5

Corollary 3.6. Suppose that M € Ky is nice, 0 € [x,A). Then M is an a.b. in <)
ve if fi: M ? M;,M; € K<x(i = 1,2), then there exists an amalgam N € K<y

of My, My over M w.r.t. fi, fs.

Proof. By Definition 3.5 f;: M o M;(i = 1,2). Hence by Lemma 2.1 there is an
amalgam N € K<y of My, M, over M w.r.t. fi, fo. U6

Definition 3.7. Suppose that 6 € [x, A) and 9 is a cardinal.

(1) A model M € Kjy is O-universal iff for every N € Ky, there exists an <g-
elementary embedding f: N e M. We say M is universal iff M is ||M||-universal.

(2) A model Ms € Kj is O-universal over the model M; (and one writes M; =<
O—univ

M) iff My <¢ M, and whenever M; <; M) € Ky, then there exists an <,-

elementary embedding f: M} —E> My such that f | M is the identity. (The embed-

ding version runs: there exists h: M; ? M5 and whenever g: M, ? M} € Kg, then
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there exists f: M} _e> My such that fg = h.) My is universal over My (M; =X My)

iff My is || Ms||-universal over M.

(3) A model M is O-universal over My in M iff My <, My <, M, ||My|| < 0
and whenever M}, € Kg and M; <¢ M} <, M, then there exists an <g-elementary
embedding f: M} ? My such that f [ Mj is the identity. M5 is universal over My

in M iff My is ||Mz||-universal over My in M.
(4) My is weakly O-universal over M; (written M, ) < M) iff My <¢ M € Ky
—wu

and whenever My <, M} € Ky, then there exists an <;-elementary embedding
fi M 2 My such that f | Mj is the identity. (The embedding version is: there

exists h: M, _e> My and whenever g: Mo —E> M)} € Ky, then there exists f: M} —€>
My such that h = fgh (written h: M; 8—> Ms)). We say My is weakly universal
over My (My = Ms) iff My is | Ma||-weakly universal over M.

Remark 3.8. In ., if M7 is an a.b., then weak universality over M; is equivalent
to universality over Mj.

Proof. Suppose that h: My — My and g: M, —E> M e Kar,)- Since My is an a.b.
there exist a model N and h': M, - N, ¢': M} > N satisfying h’'h = ¢'g. By

Fact 1.11 without loss of generality | N|| = ||Mz]||. Since My is weakly universal
over My, there exists b : N > My, h="h"h'h. Let f = h"g¢': M} — M>, and note
that fg | My =h"g'g=h" W h=h, so that M, is universal over M;. Os.8

Remark 3.9. For any model M, universality over M implies weak universality over
M.

Lemma 3.10. Suppose that ¢ is categorical in A\, 0 € [x,\). If M € Ky and
M <¢ N € Ky, then there exists M+ € Ky such that:

(a) M <¢ M* <¢ N,
(b) M™* is universal over M in N.

Proof. We choose I such that:

(x) (a) I is a linear order of cardinality A,

(b) if 9 € [Ro, A), Jo C I, |Jo| = O then there is J; satisfying Jy C J; C I,
|J1] = 0, and for every J* C I of cardinality < O there is an order-
preserving (one to one) mapping from JoUJ* into JoUJ; which is the
identity on Jy.

Essentially the construction follows Laver [Lav71] and [She87b, Appendix], see more
in [Shea]; but for our present purpose let I = (“” )\, <yex); given 6 and Jy we can
increase Jy so without loss of generality Jy = “> A, A C A, |A] = 0. Define an
equivalence relation F on I\ Jy: nEv < (Vp € Jo)(p <tex 1 = p <tex V), easily it
has < @ equivalence classes, so let {n}: i < i* < 6} be a set of representatives each
of minimal length, so n} [ (Ignf — 1) € Jo, nf(lgny —1) € A\ A.

Let J1 = TU{nf v:iv € “>0 and i < i*}, so clearly Jo C J; C I, |J1] = 6.
Suppose Jop € J C I, |J| < 6, and we should find the required embedding h. As
before without loss of generality J = “” B, |B| =6 and A C B. Now h | Jy =idy,
so it is enough to define i | (J1 N (nf/E)), hence it is enough to embed J; N (nf/E)
into {n v:v e “>0} (under <gey).
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Let v = otp(B), so it is enough to show ( <“v, <gex) can be embedded into “~0,
where of course |y| < . This is proved by induction on ~.

Since € is A-categorical and EM(I) is a model of € of power A, there is an isomorphism
g from EM(I) onto N. Tt follows from () that M+ = ¢" (EM(J)) € Ky satisfies
(1) and (2). (Analogues of (1) and (2) are checked in more detail in the course of
the proof of Corollary 3.14.) Os.10

Lemma 3.11. Suppose that € is categorical in \,0 € [x,\), and (M; € Kp: i <
0%), (N; € Kx:i < 0T) are continuous <g-chains such that for every i < 6% we
have M; <y N;. Then there exists i(x) < 0 such that (i(x), 07) C C = {i <
0% : M1 can be <g-elementarily embedded into N; over My}.

Proof. Apply Lemma 3.10 for My € Ky and Nyp+ = U+Ni € K, (noting that
i<0

My <¢ Ny <¢ Ny+) to find M+ € Kjy such that My <¢ M+ < Np+ and MT is
universal over My in Ny+.

For some i(x) < 07,M* C Ny and so MT <¢ Ny,). If i € (i(),07), then
M;11 € Ko and My <¢ M;+1 <¢ Niv1 <¢ Ny+, so there is an <;-elementary
embedding f: M; 1 - M and f | My is the identity. Now M* <¢ Ny <¢ N,

so f: My _e> N;. Hence (i(x), 67) C C as required. Us11

Theorem 3.12. Suppose that € is categorical in \,0 € [x,\), M € Ky. Then there
exists M+ € Ky such that:

() M <y M+ and M™ is nice,
(3) M™ is weakly universal over M.

Proof. Define by induction on i < 7 continuous <g-chains (M; € Kg: 4 < 07), (N; €
K:i < 6%) such that:

(0) My = M,

(1) M; <e N,

(2) if (%); holds, then M, ; cannot be <g-elementarily embedded into N; over My,
where (x); is the statement:

(x); there are M’ € Ky and N’ € K such that M; <¢ M’', N; <¢g N', M’ <; N’
and M’ cannot be <g-elementarily embedded into IV; over My,
(3) Miy1 < Niga.
This is possible. Ny is obtained by an application of Fact 1.11 to an appropriate
Op(My) of power at least A. At limit stages, continuity dictates that one take
unions. Suppose that M;, N; have been defined. If (x); does not hold, by Theorem
211(2) there is M € K@, Mz <e M < Ni~ Let Mi+1 = M”, Ni+1 = Ni~ If (*)l

nice

does hold for M’, N’, let N;;1 = N’; note that by Theorem 2.11(2) there exists
M € Kg,M' <¢ M" < N’; now let My = M". Note that in each case, (3) is
nice

satisfied.

Find i(x) < 07 and C as in Lemma 3.11 and choose i € C. By (1), we have
M;11 <¢ Niy1 so by Lemma 3.10 there exists M~ € Ky such that M; 1 <¢ M~ <
N;4+1 and M~ is weakly universal over M;,; in N;;;. By Theorem 3.4 one can
find MT € Ky such that M~ <, M* and M7 is nice. So M™T satisfies (R).
It remains to show that M™ is weakly universal over M. Suppose not and let
g: M+ e M* € Ky where M* cannot be <g-elementarily embedded in M T over

M hence cannot be <¢-elementarily embedable in M~ over M, hence in N;y; over
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M. Now, M; 11 <¢ M* € Ky and by (3) M;11 < N;11 € K, so by 2.1 there is
nice

an amalgam N* € K of M*, N;i1. The existence of M* N* implies that (x);41
holds since M* cannot be <g-elementarily embedded into N,;; over My, hence
M; o cannot be <g-elementarily embedded into N;; in contradiction to the choice
of i as by Lemma 3.10 i+ 1 is in C. Os 19

Corollary 3.13. If t is categorical in A\, 0 € [x,\) and M € Ky is an a.b. (e.g. M
is mice, see 2.1), then there exists M+ € Ky such that:

() M <y M+ and M™ is nice,
(3) M™ is universal over M.

Proof. By Theorem 3.12 and Remark 3.8. Us.13

Corollary 3.14. Suppose that € is categorical in A and 0 € [x, \). Then there is a
nice universal model M € K.

Proof. By 3.4 it suffices to find a universal model of power 8, noting that universality
is preserved under <g-elementary extensions in the same power. As in the proof of
3.10, there is a linear order (I, <j) of power A and J C I,|J| = 6, such that:

(x) (VJ' C I) (if |J'| < 0, then there is an order-preserving injective map g
from J' into J).

To finish the proof it suffices to prove:
B EM(J) € Ky is universal.

Why B holds? EM(J) is a model of power 6 since max(|J|,x) < ¢ and 6§ =
|[J| < [|EM(J)||. Let us show that EM(J) is universal. Suppose that N € K.
Applying Fact 1.11 to a suitably large Op(N) find M € K, N < M, so that by
A-categoricity of €, M = EM(I). There is a surjective <g-elementary embedding
h: N " N’ <y EM(I) and there exists J' C I, |[J'| < ||N'|| + x = 6, such that

N’ C EM(J'). So by (x) there is an order preserving injective map g from J’ into
J. Now g induces an <g-elementary embedding § from EM(J’) into EM(J). Let
f=gh, then f: N —E> EM(J) is as required. Os3.14

Theorem 3.15. Suppose that € is categorical in \, 6 € [k + |T|,A), N € K. is
nice, M € Kg and M < N. Then M is nice.

nice

Proof. Let B € Ko, M < B and we show that M < B. Well, since M < N

and M <; B, by 2.1 there exists an amalgam M* € K. of N, B over M. Without

loss of generality by 1.16 [[M*|[ = [[N]||. But N is nice, hence N < M*. Since
M < N, it follows by 1.34 that M < M*. Since M <, B <¢ M*, it follows by

1.39 that M < B. Us.15

nice
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§ 4. (0,0)-SATURATED MODELS

In this section, we define notions of saturation which will be of use in proving
amalgamation for €.

Definition 4.1. Suppose that 9 is an ordinal, Rg < 9 < 0 € [x, A).
(1) An 7-structure M is (6, 9)-saturated® iff:

(a) [[M]| =0,
(b) there exists a continuous <,-chain (M; € Ky: i < @) witnessing it, which
means:
(i) My is nice and universal,
(ii) M;41 is universal over M;,
(iii) M; is nice, and,
)

(iv) M = U M;.
<0

(2) M is f-saturated iff M is (6, cf())-saturated.

(3) M is (6, 0)-saturated over N iff M is (0, 0)-saturated as witnessed by a chain
(M;: i < 9) such that N <, Mj.

The principal facts established in this section connect the existence, uniqueness and
niceness of (6, d)-saturated models.

Theorem 4.2. Suppose that t is categorical in A and 0 < 0 € [x,\). Then:
(1) there exists a (0, 0)-saturated model M,

(2) for O a limit ordinal, M is unique up to isomorphism,

(3) M is nice.

Proof. One proves (1), (2), and (3) simultaneously by induction on 0.

Ad (1). Choose a continuous <g-chain (M; € Ky: i < 9) of nice models by induc-

tion on ¢ as follows. For ¢ = 0, apply 3.14 to find a nice universal model My € Kpy.

For i = j + 1, note that M; is an a.b. by 3.6 (since M; is nice), hence by 3.13

there exists a nice model M; € Kqy, M; <¢ M;, M; universal over M;. For limit ¢,

let M; = gMJ Note that by the inductive hypothesis (3) on 9 for i < 9, since
j<t

M; is (0,1)-saturated, M; is nice. Thus M = ‘UaMi is (0, 0)-saturated (witnessed
1<

by (M;: i < 9)). Note that M is universal since (M;: i < 9) is continuous and M
is universal.

Ad (2). Recall that each M; is an amalgamation base by 2.1. As 0 is a limit ordinal
standard back-and-forth argument shows that if M and N are (6, 9)-saturated
models, then M and N are isomorphic.

Ad (3). By the uniqueness (i.e. by Ad(2)) it suffices to prove that some (6,9)-
saturated model is nice. Suppose that M is (6, d)-saturated. We’'ll show that M is
nice.

If ¢f(9) < 9, then M is also (6, cf(9))-saturated and hence by the inductive hy-
pothesis (3) on 0 for cf(9), M is nice. So we’ll assume that cf(9) = 9. Choose
a continuous <g-chain (M; € Kp: i < 6%) such that: M is nice and universal
(possible by 3.14); if M; is nice, then M, € Ky is nice and universal over M;
(possible by 3.6 and 3.13); if M; is not nice (so necessarily ¢ is a limit ordinal),
then Mi-i—l € K@,Mi <i Mi+1 and M; f Mi+1~ By 3.1 and 1.38 there is a club
nice
C of 6% such that if i € C, then M; < M;,1. So by the choice of (M;: i < 671),

nice

8Called (6, 8)-trimmed in [She09b)].
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if i € C, then M; is nice. Choose i € C,i = sup(i N C), cf(i) = 9. It suffices to
show that M; is (6, 0)-saturated (for then by (2) M; is isomorphic to M and so
M is nice). Choose a continuous increasing sequence (a¢: ¢ < d) C C such that
i =U{ac: ¢ < 0} (recall that i = sup(: N C), cf(i) = 9). Now M; = (gaMac' Of

course M, is universal (since My is universal and My <¢ My, ), M, is universal

A+

over Mac since M%H is universal over MoéC and Mac < MQCH < Ma(+1' Also
M, is nice for each ¢ < 0 since a¢ € C. Hence M; is (0, 0)-saturated, recall that
M; is nice because ¢ € C, so we are done. Cyo

Remark 4.3. Remember that by 3.15, if € is categorical in A\, 6 € [x,\), N € K.
is nice, M € Ky and M < N, then M is nice.
nice
Theorem 4.4. Suppose that £ is categorical in X\, x < 0 < 0T < \. If (M; €
Ky: i < 0%) is a continuous <g-chain of nice models such that M;,1 is universal
over M; fori < 0%, then |J M; is (07,0")-saturated.
<6t

Remark 4.5. Why this is not trivial? Because here M; is of cardinality § whereas
in Definition 4.1 the M; are of cardinality 6.

Proof. Write M = |J M;. Note that if (M} € Kp: i < 6%) is any other continuous
i<0t
<¢-chain of nice models such that M, is universal over M; then J M; = M
i<ot
(use again the back and forth argument recalling that My, is an a.b., so as M; is
universal over My, it is universal).

By Theorem 4.2 there exists a (07, §1)-saturated model N which is unique and nice.
In particular || N|| = 6 and there exists a continuous <g-chain (N; € Kp+: i < 6%)
such that:

(ii) N4 is universal over N,
(iii) N; is nice,

<0t

(i) Np is nice and universal,
i

It suffices to prove that M and N are isomorphic models.

Without loss of generality |N| = 6. By Fact 1.11, the set C; = {§ < 6t: N |
d <¢ N} contains a club of 6F. By 3.1 there exists a club Cy C Oy of T such that
for every § € Cy, N | 6 < N. Since {|N;|: i < 6} is a continuous increasing

sequence of subsets of 7, it follows that C5 = {§ < 67: 46 C |Ns|} is a club of
6F. Hence there is a club Cy of 87 such that Cy € C; N CaNC3N[0,0). Note

that for 6 € U4y one has N [ 6 < N, [N [ §| =6 C [Ns| and N5 <¢ N, so that
nice
N [0 <¢Ns<¢Nandsoby 1.38 N [§ < Ns. Also, (Ns: 6 € Cy) is a continuous

increasing <g-chain, N5 € Ky+ and N [ § € K.

By 3.15 N | ¢ is nice since Ny is nice (by (iii)). So by 3.13 N | ¢ has a nice
<g-extension By € Ky which is universal over N [ §, without loss of generality
N 6 <¢Bs<¢ N.

[Why? since N [ 0 <¢ Bs (in fact N [ 6 < Bj;) and N [ 0 < Ng, by 2.1 there
exists an amalgam As € K<g+ of Bs, Ns over N [ 6. Let f5: Bs —E> As be a witness.
But Nsiq is universal over N5 (by (ii)), so As can be <g-elementarily embedded
into Nsi1 over Nj (say by gs), hence Bs can be <g-elementarily embedded into N
(using gs fs).]
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Let C5 = {§ € Cy: if a € CyN 4, then |B,| C &}. Note that Cj is a club of 6+
since ||By|| = 0. [Why? For a € Cy, let E, = (sup|Ba|,01) N Cy, let E, = 6
for o € Cy and let E be the diagonal intersection of (E,: a < 07), ie. E= {6 <
6t: (Va < 8)(d € E,)}. Note that E is a club of 61 and C5 2 E N Cy which is a
club of 67 .]

Thus (N | 6: 0 € Cs) is a continuous <g-chain of nice models, each of power
0. If 6, € C5 and o = min(C5 \ (51 + 1)), then N r o1 <e 351 <¢ N r 02.
Hence N | 09 is universal over N | §; (since Bs, is universal over N [ ;). Let
{6;: 1 < 07} enumerate C5 and set M] = N | §;. Note that N = |J M/. Then
1<+
(M] € Kg: i< 07) is a continuous <¢-chain of nice models, M/, , is universal over
M. Therefore N and M are isomorphic (as said at the beginning of the proof), as
required. Oya

Notation 4.6. © = {0: 0 = (0;: i < &) is a (strictly) continuous increasing se-

quence of cardinals, xy < g, § < 6y (a limit ordinal), |J 6; < A\} and ©~ = {f €
i<s
O: supf; < A}

Remark 4.7. Let 0 = sup(f) = sup{6;: i < 1g(#)} for § € ©. Then 6 is singular,
since cf() < § <y < 0.

Definition 4.8. Let § € ©. A model M is f-saturated iff there is a continuous

<p-chain (M; € Kp,: i < §) such that M = |J M;, M; is nice and M;4q is 0;41-
i<

universal over M;.

Definition 4.9. Suppose that § € ©. Pr(f) holds iff every #-saturated model is

nice.

Remark 4.10. (1) If 61, 65 € ©, tng(f1) C rng(f-), suprng(f;) = sup rng(fs), and
M is Oy-saturated, then M is 0;-saturated.

(2) For # € © and Pr(f’) whenever 6 € © is a proper initial segment of 0, there
is a #-saturated model and it is unique.

Theorem 4.11. Suppose that § € ©~ and for every limit ordinal o < 1g(0),

Pr(6 | «). Then Pr(6).

Proof. Let 6 = sup(f). By 4.10(1) and the uniqueness of f-saturated models 4.10(2),

without loss of generality one may assume that 1g(0) = cf(sup(f)) = cf(#). Now,

by 4.7, we know (cf(6))T < 6 (= sup(d)), so by [She93, 1.16 + Fact 1.11(1)] there
exists (S, (Cy: @ € S)) such that:

(o) S C 67 is a set of ordinals; 0 ¢ S,

(B) S1={a€S:cf(a) =cf(h)} is a stationary subset of 61,

(v) if @ € S then o = sup(Cy) and, if a € S\ S then otp(C,) < cf(d),
(0) if B € Cq, then g€ S and Cg =C, N B,

() Cy, is a set of successor ordinals.

[Note that the existence of (S, (Cy: « € S)) is provable in ZFC.]

Without loss of generality S\ S; = U{Cy: a € S1}. We shall construct the required
model by induction, using (Cn: a € S). Remember § = (0¢: ¢ < cf(6)). Let us
start by defining by induction on o < 6% the following entities: M,, M, ¢ (for

a < 07, & < cf(f)), and N, (only when a € BUS Cj) such that:
€

(A1) M, € Ky,

(A2) (M,: o < 07) is a continuous increasing <g-chain of models,
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A3) M1 is nice, and if M, is not nice, then M, %_ My,

(
nice
(Ad) M, # Moy,
(A5) My41 is weakly universal over M,,
(Bl) Mo = U Mag, |[[Magll = b,

£<cf(0)
B2)ifae S, BelCy,vyeCy, B <, then:

)
(a) Np <¢ Mg,
() [INgll = Ootp(cy)
(c) (V€ <otp(Cp))(Mse <e Ny),
(d) Nﬁ is nice,

) N

(e

There are now two tasks at hand. First of all, we shall explain how to construct
these entities (THE CONSTRUCTION, below). Then we shall use them to build
a nice f-saturated model (PROVING Pr(f), below). From the uniqueness of 6-
saturated models it will thus follow that Pr(#) holds.

THE CONSTRUCTION: we consider several cases:
Case (i): S = 0. Choose My € Ky and (Mye € Kp: & < cf(8)) with My =
U My using Fact 1.11. There is no need to define Ny since 0 ¢ C,.
£<cf(0)
Case (ii): f is a limit ordinal. Let Mg = |J M, and choose (Mpg¢: & < cf(6))
v<B
using Fact 1.11. Again there’s no call to define Ng since C, is always a set of

successor ordinals.
Case (iii): B is a successor ordinal, 3 = v + 1. Choose M € Kj such that
M, <g¢ M and if possible M, % M ; without loss of generality M’ is weakly

~ 18 Ootp(c.)-universal over Ng.

universal over M,. If § ¢ S, then define things as above, taking into account (A3).

The definitions of Mg, Mg ¢ present no special difficulties. Now suppose that 3 € S.

The problematic entity to define is Ng.

If C3 = 0, choose for N any nice sub-model (of power 6y) of M.,.

If Cg # 0, then first define Ny = (J N,. Note that N is nice. [If C3 has
v€Cs

a last element ', then N 5 = Np/ which is nice; if Cg has no last element, then

Ng = L(JJ N, is 0 | otp(Cp)-saturated, and, by the hypothesis of the theorem,
v€CB

Pr(6 | otp(Cp)), so Nj is nice.] Also Ny =¢ M,. If otp(Cp) is a limit ordinal we

let Ng = Ny and Mg = M, so we have ﬁnlshed so assume otp(Cjp) is a successor

ordinal. To complete the deﬁmtlon of Ng, one requires a Lemma (the proof of

which is similar to 3.12, 3.13):

(%) if AC M € Ky, |A| <6; < 6, then there exist a nice M+ € Ko, M <, M,
and nice models N*, N* € Ky, A C N* <¢ Nt <y M* and N7 is
universal over N*.

Why is this enough? Use the Lemma with M = Mjand A=NyU U My,

£<otp(Cp)
v€CH

to find N*, N*, M+ and choose N*, Mt as Ng, Mg respectively.
Now, why (x) holds? The proof of () is easy as M} is nice.
PROVING Pr(6):
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For @ € Si, consider (Ng: f € C,). For 8,7y € Cy,B < 7, one has by (B2)(c)
U Mge € N,. Therefore Mg € |J N,. (Recalling Mg = |J Mpge =

E<otp(Cp) veCq £<cf(0)
U Mgae (since a € Sy); for £ < cf(a), choose v € Cq, € < 7,8 < 7; so
E<cf(a)
Mge © Ny and Mg C |J N,).
v€Cq
Thus for every € Co, Mg € |J Nyhence M, = |J Mg C |J Ny (remember
7€Cq BECa 7€Cx

a = sup(Cy) as a € Sy). If v € Cy, then N, <¢ M, (by (B2)(a)), and so
U N, C U Mg = M, by continuity. So M, = |J Ng hence (Ng: 8 € Cy)

veCq peCy BeCq

exemplifies M, is f-saturated (remember Pr(f | §) for every limit § < 1g(6)). So M,

is G-saturated for every o € S;. In other words {a<60T: M, is @—Saturated} 05

and is stationary, so, applying 3.1, there exists o < 6% such that M, is f-saturated

and M, < |J Mp. Hence by 1.38 M, < M,+1 and so, since M4 is nice

nice g<g+ nice

(A3), M, is nice (by 3.15).

We conclude that Pr(#) holds. Ua11

To round off this section of the paper, let us make the connection between 6-
saturation and (6, cf(#))-saturation (Notation follows 4.6-4.10).

Theorem 4.12. Let € ©~ and 0 = sup(0;). Every 0-saturated model is (6, cf(0))-

saturated.

Proof. Let (M, : a < 8T) be as in the proof of 4.11. By 3.1 there exists a club C

of 8T such that for every o € C, M, < U Mjp hence by the construction M,
nice g+

is nice. So if o, 8 € C and @ < 3, then Mp is a universal extension of M, and for

v =sup(yNC), v € C, one has that M, is (6, cf(y))-saturated. Choose v € S1NC

and sup(y N C) = ~. So M, is (6, cf(f))-saturated and also f-saturated (see proof

of 4.11). Together we finish. 04 19
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§ 5. THE AMALGAMATION PROPERTY FOR ¢.,

Corollaries 5.5 and 5.6 are the goal of this section, showing that if K is categorical
in A then every element of €., is nice (see 5.5) and £, has the amalgamation
property (see 5.6).

Lemma 5.1. Suppose that p is singular, (u;: i < cf(p)) is a continuous strictly

increasing sequence of cardinals, p = sup p;, and x < po < p < A. Then there
i<cf(u)

exist a linear order I of power u and a continuous increasing sequence (I;: i < cf(u))

of linear orders such that:

(a) x < |I;| < p; and |I;| < |Liy1| for each i,

) U Li=1,
i<cf(p)

(c) everyt € I;11 \ I; defines a Dedekind cut of I; in which (at least) one side
of the cut has cofinality k.

Proof. Let I = ({0} x u) U ({1} x k), I; = ({0} x ;) U ({1} x k) ordered by:
(l,a)<,(j,B)ifi<jor(0=i=janda < B)or (l=i=jand a > B).
Us.1

Lemma 5.2. Suppose that € is categorical in A > cf(N\), k + LSTe < p < X. If
M € K, then there exists a continuous increasing <g-chain (M;: i < cf(\)) of
models such that:
(a) M <, U M,
i<cf(X)

b M| = A,
®) 1,y Ml

)
(€) K+ [T < [IMil| < [[Miall <A,
)

d hi<ct(\),M; < U M;
(d) for each i < cf(X) = LM

Proof. As )\ is a limit cardinal, choose a continuous increasing sequence (u;: i <

cf(N), A= sup iy £+ T < po < A Let (I, {I;: i < cf(N\))) be as in 5.1. By
i<cf(N)

A-categoricity of £ without loss of generality M = EM(A). Let M; = EM(I;) for

i < cf(A\). Clearly (a), (b), and (c¢) hold. To obtain (d), observe that by 2.6 and

3.6 it suffices to remark that by demand (c) from 5.1 on (I;: i < cf(X)) clauses (N)

or (J) in 2.6 holds for each t € T'\ I;. Os.0

Theorem 5.3. For every pu € [x,A] and M € K,,, there exists M' € K,,, M <¢ M’
such that:

*)pr for every A C M|, |Al < X A |A| < pu, there is N € K, 4 such that
w x+|A]
ACN <¢ M and N is nice.

Proof. The proof is by induction on pu.

Case 1: p = x. By 3.4 thereis M’ € K,,, M <¢ M’ and M’ is nice. Given A C |M’|
let N = M’ and note that N is as required in ().

Case 2: x < p. Without loss of generality, one can replace M by any <g-extension
in K,,. Choose a continuous increasing sequence (u;: ¢ < cf(u)) such that if p is a
limit Cardlnal it is a strictly increasing sequence with limit pu; if p is a successor,
use ,u = for every i < cf(u), and in both cases x < p; < p. Find M = (M;: i <
cf(u)) such that:

See https://shelah.logic.at/papers/E102/ for possible updates.
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(a) M <E U MZ,
i<cf(p)
G I U Ml =g,
i<cf(u)
(e) |[M; = pi,
a M < U M.

nice j<cf(p)

Why does M exist? If u = X\ by 5.2, otherwise by 4.4 (u regular) and 4.12 (u
singular).

Choose by induction on i < cf(u) models LY, L}, L? in that order such that:

() M; <¢ LY <¢ L} <¢ L? € K.,

(B) j<i=L}<¢Li,

(7) (*)r1 holds , ie. for each A C |L}|, there is N € K<,y 7|+4 such that
AC N <g L} and N is nice (so in particular L} is nice, letting A = |L}|),

(6) L? is nice and p;-universal over L],

(6) LY is <p-increasing continuous,

(©) Lin Uj<ct(u) Mj = M; (or use system of <¢-embeddings).

For i = 0, let LY = My. For i = j + 1, note that by 2.1 there is an amalgam
L? € K, of M;, L over M; since M; < M; and Mj; < L (use last phrase of Fact

1.11 for clause (()); actually not really needed For limit 4, continuity necessitates
choosing LY = Ui LO (note that in this case LY = Uj<i L2) To choose L} apply
the inductive hypothe51s with respect to pu;, LY to find L} so that LY <, L! and
(7)(*)(L1y holds. To choose L? apply 3.10 to L} € K,,, giving L} <, L2 L? is nice
and p;-universal over L} (so (&) holds).

Let L = Uz<cf LY = Ui<cf(,u) L= Ui<cf(,u) L2, and let L; = LY if i is a limit, L}
otherwise. Now show by induction on ¢ < cf(u) that L; is nice.

[Why? show by induction on i for 7 = 0 or i successor that L; = L} hence use
clause (), if ¢ is limit then L; is (0 | i)-saturated, hence L; is nice by 4.9, 4.11.]

Now (L;: i < cf(u)) witnesses that if p is regular, L is (u, p)-saturated by 4.4, if
is singular, L is fi-saturated; in all cases L is fi-saturated of power pu, hence by the
results of section 4 (i.e. 4.9, 4.11) if g < A then L is nice. Claim 5.4 below provides
the desired model M’, so we are done. Os3

Claim 5.4. M’ = L is as required (in 5.3).

Proof. M <¢ U M; <y U L%=1L¢€K,. Suppose that A C |L|. If |A| = p,
i<cf() i<cf(p)

then necessarily © < A and we take N = L. So without loss of generality, |A| < p.
If u = cf(p) or |A| < cf(u), then there is i < cf(u) such that A C L} and,
by (fy),(*)L% holds, so there is N € K, rs1(e)+)a, 4 S N <¢ L}, N is nice and
N < L as required. So suppose that cf(n) < |A| < p. Choose by induction on
i < cf(p) models N2, N}, N? in that order such that:

) NP <¢ N! <¢ N?,
) N? <e Nzo+17
) ANLY C NP <, LY,

) N! <¢ L} and N} is nice,

) N? L2 N? is nice and universal over N},

) NP N1 N2 have power at most min{y + |A| it

For i = 0, apply Fact 1.11 for AN LY, LY; for i = j + 1, apply Fact 1.11 to
find NP € K,,,,(ANLY)UN? C NP <¢ LY (in particular N7 <¢ N7); for limit
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i, NY = .U.NJQ. To choose N}, use (x);1 for the set A; = N? to find a nice
J<t ‘

N} € Koyqja, NY <¢ N} <¢ Lj. Note that ||[N}!|| < ;. Finally to choose N?
note that by Lemma 3.12 the model N} has a nice extension N;" (of power | N}|)
weakly universal over N!. Now N} is nice, hence N, is universal over N} (by
3.7A(5)) and by Lemma 2.1 there is an amalgam N; of N;", L} over N} such that
| Vi|| < ;. Since L? is universal over L} one can find an <g-elementary sub-model
NZ of L? isomorphic to N;. Let N; be N? if 4 is a limit, N} otherwise; prove by
induction on ¢ that N; is nice (by Theorem 4.2).

Now Lf( )Ni0 is an <;-elementary sub-model of L of power at most xk + |T| + | 4|,

1<cf(p
including A (by (y)) and Lf,l( )Ni0 is (x +]A|, cf(1))-saturated, hence (by Theorem
i<cf(p

4.2) nice, as required. Us.a

Corollary 5.5. If K is categorical in \ then every element of K. is nice.

Proof. Suppose otherwise and let Ny € K. be a model which is not nice. Choose
a suitable Op such that | Op(Np)|| > A and by Fact 1.11 find My € Ky, Ny <¢
MO Sg Op(N()) i.e. NQ < Mo. It follows that:

nice
B if Ng <¢ N <¢ My and N € K_) then N is not nice.

[Why? By 4.3; alternatively, suppose contrariwise that N is nice. So there is
N1 S K<)\,N0 gg Nl,No S Nl, SO No S N since No S MO and N SE Mo,

nice nice nice

hence there is an amalgam N’ € K., of N1, N over Ng. But N is nice, so N <
nice
NNy < N,so Ny < N’ andso Ny < Nj contradiction.]

On the other hand, applying 5.3 for u = X there exists M’ € K satisfying (*)a.
By A-categoricity of £ without loss of generality, (x), holds (see 5.3) and A = |Np|
yields a nice model N € K, 7|+~ such that Ng < N <; My contradicting
H. Us.5

Corollary 5.6. If K is categorical in A, then - has the amalgamation property.

Proof. As every nice M € K. is an amalgamation base (by 3.6) we are done by
the previous corollary. Us.6
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