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O N  SUCCESSORS OF SINGULAR CARDINALS 

S a h a r o n  S h e l a h  

I n s t i t u t e  o f  M a t h e m a t i c s ,  
T h e  H e b r e w  U n i v e r s i t y ,  
J e r u s a l e m ,  I s r a e l .  

I n t r o d u c t i o n  : 

We w i l l  c l a r i f y  t h e  s i t u a t i o n  f o r  t h e  s u c c e s s o r  o f  a s t r o n g  

l i m i t  s i n g u l a r  c a r d i n a l  A .  

w h i c h  we c a n  f i n d  w h i c h  s t a t i o n a r y  s u b s e t s  o f  A t  c a n  b e  s t o p p e d  

f r o m  b e i n g  s t a t i o n a r y  b y  u - c o m p l e t e  f o r c i n g  ( B a u m g a r t n e r  h a s  d o n e  

t h i s  f o r  s u c c e s s o r  A t  o f  r e g u l a r  A = A " ) ) .  

F o r  A N w t l  we s u c c e e d  i n  c o n t i n u i n g  a n  i n d u c t i o n  c o n s t r u c t i o n  d o n e  

for a A t - f r e e  n o t  h ( a b e l i a n )  g r o u p ,  a n d  s i m i l a r  t h i n g s  f o r  t r a n s -  

v e r s a l s ;  o n  t h o s e  p r o b l e m s  s e e  h i s t o r y  a n d  r e f e r e n c e s  i n  [ S h  2 ]. 

A s o l u t i o n  o f  a r e l a t e d  p r o b l e m  - w h i c h  s t a t i o n a r y  s u b s e t s  o f  A t  

c a n  b e  " k i l l e d "  h y  a f o r c i n g  n o t  a d d i n g  b o u n d e d  s u b s e t s  o f  X t - w i l l  

a p p e a r  i n  a p a p e r  b y  U. A v r a h a m ,  J .  S t a v i  a n d  t h e  a u t h o r .  

W p  a l s o  p r o v e  a r e s u l t  r e l a t e d  t o  t h e  t i t l e  b u t  n o t  t o  t h e  r e s t  o f  

t h e  p a p e r ,  i m p r o v i n g  a result o f  G r e g o r y  [ G r  ] : a q s u m i n g  G . C . H . ,  

fCJr  h # No, 0; h o l d s ,  w h e r e  S = 1 6  < A + ;  c f 6  # c f h } ;  h e n c e  0 

for a n y  s t a t i o n a r y  S1 C S. 

We f i n d  a s p e c i a l  s u b s e t  S * ( A t ) ,  from 

t t  

h o l d s  
s1 

For a r e a d e r  i n t e r e s t e d  o n l y  w i t h  t h e  G C H .  h e  c a n  s i m p l i f y  f o y  

h i m s e l f  t h e  p a r t  u p  t o  s e c t i o n  1 3 .  A r e a d e r  i n t t r e s t e d  i n  more  

g e n e r a l  c a s e s  t h a n  t h o s e  d i s c u s s e d  i n  t h e  m a i n  p 'a r t  h a s  t o  g o  t o  

t h e  e n d .  T h e r e  we a l s o  s h o w  t h a t  t h e  s p e c i a l  s e t  S ( 1 c a n  b e  

s t a t i o n a r y  ( e v e n  w t h  t h e  GCH). 

* N w t l  

T h e  m a i n  r e s u  t s  w e r e  a n n o u n c e d  i n  t h e  AMS N o t i c e s  [ S h  3 I.  
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358 S .  SHELAH 

Nota t ion :We s h a l l  d e n o t e  i n f i n i t e  c a r d i n a l s  by  A , ~ . K , x ,  o r d i n a l s  

by i , j ,  a , B , y , < , c  l i m i t  o r d i n a l s  by 6 ,  n a t u r a l  numbers  by  m , n , r , p , q .  

L e t  d e n o t e  a s e q u e n c e  < N i  : i < A >  where  f o r  some p , x  < p ,  

N ~ < ( H ( ~ ) , E ) ;  i _C N ~ ,  I N . I  < A ,  i < j =. N i <  N j ,  a n d  for l i m i t  

6 , N 6  = U N i .  We c a l l  t h i s  a A - a p p r o x i m a t i n g  s e q u e n c e  ( f o r  p ) .  
i < 6  

We d e n o t e  by  d a t w o - p l a c e  f u n c t i o n  f r o m  one  c a r d i n a l  t o  anq-  

t h e r ;  c f 6  i s  t h e  c o f i n a l i t y  o f  6 ;  c f*6  i s  c f 6  i f  c f 6  < 6 a n d  i s  

o t h e r w i s e .  D 6  i s  t h e  f i l t e r  o v e r  6 g e n e r a t e d  by t h e  c l o s e d  

unbounded s u b s e t s  o f  6 ( s o  we a s sume  c f 6  > N 1.  I f  D i s  a f i l t e r  

o v e r  I ,  A C_ B mod D means I - ( A  - B) E D ;  s i m i l a r l y  A B mod D 

means I - ( A  - B) U (B - A )  E D .  I f  A d $ mod D ,  D t A i s  t h e  

f i l t e r  {B : B U ( I  - A )  E D}. 

L e t  c F ( 6 , ~ )  = { i  < 6 : c f i  = KI, s i m i l a r l y  C F ( ~ , < K )  = U C F ( 6 , p )  
P<K 

CF(6, < K )  = lJ CF(6,p) D6,K = D6 t c F ( 6 , ~ )  e t c .  
U < K  

1. D e f i n i t i o n  : 1) We s a y  K i s  good f o r  A i f  A=A<', K = m  or t h e r e  i s  

a f a m i l y  Py,, s u c h  t h a t  

- 

a )  lEy,Kl = A 

b )  e v e r y  member o f  Po i s  a s u b s e t  o f  A o f  c a r d i n a l i t y  K 
- A  , K  

c )  e v e r y  s u b s e t  o f  A o f  c a r d i n a l i t y  K c o n t a i n s  a member o f  Po 

2 )  We c a l l  K a good  c o f i n a l i t y  f o r  A i f  A = A<',K 

a n d  K a r e  r e g u l a r  and  t h e r e  i s  a f a m i l y  P s u c h  t h a t  

-A , K 

i s  i f  A 

- A , K  

10 A 

b )  e v e r y  member o f  P i s  a s u b s e t  o f  A o f  c a r d i n a l i t y  < K 
- A , K  

c )  e v e r y  s u b s e t  o f  A o f  c a r d i n a l i t y  K h a s  a s u b s e t  { a i  : i < K )  

s u c h  t h a t  a. i s  i n c r e a s i n g  and  f o r  e v e r y  j < K ,  { a i  : i < j } E  P 

d )  A A<K 'p 2' < A f o r  e v e r y  p < K 

-A ,K  
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ON SUCCESSORS OF SINGULAR CARDINALS 359 

2 .  D e f i n i t i o n  : 1) G c f ( h )  = { K  : K i s  a g o o d  c o f i n a l i t y  f o r  A )  

G ( A )  = { K  : K i s  g o o d  f o r  A} 

2 )  g c f ( h )  = { i  < X : c f * i  f G c f f h ) ]  ( n o t e  t h a t  w e  u s e  c f '  n o t  c f )  

3 )  D f  = D h  t g c f ( X )  

3 .  C l a i m  : 1) I f  A K  = h t h e n  K i s  g o o d  f o r  X 

2 )  I f  K < 

3 )  I f  h = Z h i ,  c f u  # c f K ,  h i ( i  < 11) i n c r e a s i n g  a n d  K < m i s  

g o o d  for e a c h  h i  t h e n  K i s  g o o d  f o r  X 

i s  g o o d  f o r  h t h e n  K i s  g o o d  f o r  .As 

i < u  

4 )  I f  ( y p  < W,)VK < Ka,6 < C f K ,  C f K a  # C f K  t h e n  K i s  g o o d  for K a+B 
L i n  f a c t  ( V p  < ~ ~ ) p ~  < H ~ + ~  s u f f i c e  1 

5 )  i f  X , K  a r e  r e g u l a r ,  K g o o d  for h t h e n  K i s  a g o o d  c o f i n a l i t y  

f o r  A ,  p r o v i d e d  t h a t  

6 )  I f  h , ~  a r e  r e g u l a r  = h t h e n  K i s  a g o o d  c o f i n a l i t y  f o r  X 

7 )  I f  K < i s  a g o o d  c o f i n a l i t y  t o r  h t h e n  K i s  a g o o d  c o f i n a l i t y  

for h t  

8 )  I f  X = z X i ,  c f p  # c f K ,  K E G c f ( h i )  f o r  e v e r y  i < p ,  

i n c r e a s i n g ,  a n d  K .. t h e n  K E G c f ( h )  

9 )  I f  ( v p  < Ha)uKK < H a ,  c f H a  # K ,  K r e g u l a r ,  5 i K 

K 6 G c f ( H a t 5 t l  ) [ i n  f a c t ,  t v p  < ~ ~ ) p < ~  < w at5+1 

2<K 

2<K < h 

'i X u  

t h e n  

s u f f i c e  I .  

4 .  D e f i n i t i o n  : F o r  d a t w o - p l a c e  f u n c t i o n  f r o m  6 i n t o  ~ ( c f 6  > H 

w e  l e t  S l ( d )  = { c :  5 < 6 ,  5 a l i m i t  o r d i n a l  s u c h  t h a t  t h e r e  i s  a n  

u n b o u n d e d  A C_ 5 on w h i c h  d i s  c o n s t a n t )  

S o ( d )  = ( 5  : 5 < 6 ,  5 a l i m i t  o r d i n a l  s u c h  t h a t  t h e r e  a r e  

u n b o u n d e d  s u b s e t s  A . B  o f  5 ,  s u c h  t h a t  

( v b  E B)(]a  < K ) ( V a  E A ) [ a <  b -+ d ( a , b ) < a l }  

Remark  : N o t e  t h a t  d d e t e r m i n e s  & ( a s  Dom d )  b u t  n o t   as d i s  i n t o  

K ,  n o t  n e c e s s a r i l y  o n t o  K ) ,  s o  i f  t h e  v a l u e  o f  K i s  n o t  c l e a r  w e  

s h a l l  w r i t e  S O ( d , ~ ) .  I n  t h e  d e f i n i t i o n  o f  S l ( d ) , ~  h a s  n o  r o l e .  
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360 S. SHELAH 

5 .  C l a i m  : For d a t w o - p l a c e  f u n c t i o n  f r o m  6 t o  K : 

1) S l ( d )  C_ S o ( d ) ,  

2 )  i n  t h e  d e f i n i t i o n  o f  S , ( d )  ( P  = 0 , l )  w e  c a n  a s s u m e  A , B  h a v e  

o r d e r  t y p e  c f f ,  ( a n d  g e n e r a l l y  r e p l a c e  t h e m  b y  u n b o u n d e d  s u b s e t s ) ,  

3 )  C F ( 6 ,  4 K )  C S o ( d ) ,  

4 )  I f  P 

C C S a ( d ) .  

= 0,1, C E  S , ( d ) ,  c f f , > N o ,  t h e n  t h e r e  i s  C E DS s u c h  t h a t  

6 .  D e f i n i t i o n  : F o r  a A - a p p r o x i m a t i n g  s e q u e n c e  T ( s e e  n o t a t i o n )  l e t  

S 2 ( N )  = ( 5  : f, < A ,  5 a l i m i t  s u c h  t h a t  t h e r e  i s  a n  u n b o u n d e d  A % 5 

of  o r d e r  t y p e  c f f ,  s u c h  t h a t  ( V i  < f,) [ A n i E N 1 a n d  N n X = f,)  
5 5 

7 .  C l a i m  : 1) I f  A i s  r e g u l a r ,  NO, a r e  1 - a p p r o x i m a t i n g  s e q u e n c e s  

f o r  u o o ) p l  r e s p e c t i v e l y ,  a n d  u p >  1, t h e n  S,(F1) = S, (Bo)  mod D g  A '  

P r o o f  : L e t  i~' < N P  : i < A >  i 
1 c = { a  < A : N: n ( u N.) 

j < X  1 

(we do  not d i s t i n g u i s h  s t r i c t  y b e t w e e n  a m o d e l  N a n d  i t s  u n i v e r s e ) .  

I t  i s  e a s y  t o  c h e c k  t h a t  C i s  a c l o s e d  u n b o u n d e d  s u b s e t  o f  A .  

B Y  t r a n s i t i v i t y  o f  e q u a l i t y  we c a n  a s s u m e  N O <  N . 
N o w  s u p p o s e  5 E C ,  a n d  c€*f ,  E Gcf(h). We s h a l l  p r o v e  f, E S (Vo) 

i f f  E, E S,(zl), t h u s  c o m p l e t i n g  t h e  p r o o f .  

n o w  t r i v i a l ,  s o  w e  c o n c e n t r a t e  o n  t h e  " i f "  p a r t .  Also t h e  c a s e  

c f* t  = 00 is e a s y ,  s o  we a s s u m e  c f " ~  = c f <  < 6. 

1 
( x a  

2 

T h e  " o n l y  i f "  p a r t  i s  

Let  K = c f f ,  < 5 .  We h a v e  j u s t  a s s u m e d  K E Gcf(X), s o  t h e  

a p p r o p r i a t e  P ( a s  i n  D e f i n i t i o n  1 . 2 )  e x i s t s ,  h e n c e  b e l o n g s  t o  

H ( p l ) ,  h e n c e  w . 1 . o . g  i t  b e l o n g s  t o  No, a n d  h e n c e ,  b y  a s s u m p t i o n ,  

t o  N . 

-A ,K 

1 

I f  5 E S,(F1), t h e n  ( b y  d e f i n i t i o n )  t h e r e  i s  a n  u n b o u n d e d  

1 
A C f, o f  o r d e r - t y p e  c f f , ,  s u c h  t h a t  f o r  e v e r y  r, < E , ,  A n 5 E N 5 .  
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ON SUCCESSORS OF SINGULAR CARDINALS 36 1 

I f  A = A < K ,  w e  c a n  a s s u m e  P 

( s i n c e  lrA,Kl= A ) ,  a n d  s o  P 

h e n c e  5 < F, * 

T h u s  f i n i s h i n g .  

= {B E : I B I < K I =  I B ~  : i< A I  
-A, K 

n No = P n N1 = {Bi : i < 5 1 ,  

w i t n e s s e s  t h a t  €, E S,(mo). 
5 - h , K  5 

A n 5 E N: , h e n c e  A 

S o  w e  a r e  l e f t  w i t h  t h e  c a s e  A < A < K .  T h e n ,  b y  d )  o f  D e f i n i -  

S o ,  a s  N p  n A =  €,,and A h a s  o r d e r - t y p e  K ,  t i o n  1 . 2 ,  ( V p  < ~ ) 2 '  < A .  

e v e r y  s u b s e t  o f  A o f  p o w e r  < K i s  i n c l u d e d  i n  a s e t  f r o m  N i  o f  c a r -  

d i n a l i t y  < K ,  h e n c e  i t  b e l o n g s  t o  N . S o  w e  c a n  r e p l a c e  A b y  a n y  

s u b s e t  o f  i t  w h i c h  i s  u n b o u n d e d  i n  5 .  I n  p a r t i c u l a r ,  by  t h e  c h o i c e  

of  P ( s e e  D e f i n i t i o n  Z ) ,  w e  c a n  a s s u m e  A = {ai 

f o r  j < K ,  { a i  : i < j l  E P a n d ,  a s  m e n t i o n e d  a b o v e ,  

{ a i  : i < j j  E N i .  B u t  a s  = P E N @ ,  c l e a r l y  PA,,  C_ 

U N O  h e n c e  ( a s  €, E C ) P  n N: = P n N E ,  h e n c e  f o r  e v e r y  
--h ,K --x 6 i < A  

j < i ,  { a i  : i < j }  E N:. 

a n d  t h i s  f i n i s h e s  t h e  p r o o f  o f  t h e  t h e o r e m .  

5 

1 
5 

: i < K } ,  a n d  
- A , K  

-1 , K  

-A,K 0 

S o  { a i  : i < K ]  w i t n e s s e s  t h a t  F, E S,(ro), 

8 .  D e f i n i t i o n  : S"(A) G X 

N a n y  A - a p p r o x i m a t i n g  s e q u e n c e  f o r  A' ,  w h e r e  A i s  r e g u l a r .  

S* i s  u n i q u e l y  d e f i n e d  mod D X  o n l y ) .  

i s  d e f i n e d  a s  ( A  - S 2 ( N ) )  n g c f ( h )  f o r  
- 

( S O  

9 .  D e f i n i t i o n  : 

t o  K = cfX 

{ B  < (Y : d ( B , a )  Q i }  h a s  c a r d i n a l i t y < A  . I t  i s  c a l l e d  s u b a d d i t i v e  

i f  f o r  y < B < a < A', d ( y , a )  Q max { d ( y , B ) , d ( B , a ) } .  

F o r  A s i n g u l a r ,  a t w o - p l a c e  f u n c t i o n  d f r o m  A t  

i s  c a l l e d  n o r m a l  i f  f o r  e v e r y  i < K,CL < A', t h e  s e t  

1 0 .  C l a i m  : For e v e r y  s i n g u l a r  A ,  t h e r e  i s  a n o r m a l  s u b a d d i t i v e  

t w o - p l a c e  f u n c t i o n  d f r o m  X t  t o  c f h ;  m o r e o v e r ,  i f  A = i<EfA X i  

( A i  i n c r e a s i n g ) ,  t h e n  I { B  < a : d ( B , c r ) <  i l l  h i .  

P r o o f  : E a s y  
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11. C l a i m  : 1) S u p p o s e  x i s  s i n g u l a r ,  

a n d  d i s  a n o r m a l  t w o - p l a c e  f u n c t i o n  f r o m  A t  t o  K .  

X'-approximat ing  s e q u e n c e  N f o r  x 

ic = c f ~ ,  t V v  < x ) ( ~ < x  < A ) ,  

Then  f o r  some 

++ 
, 

C F ( X t ,  < x )  n S o ( d )  5 S 2 ( B )  mod D X .  

2 )  S u p p o s e  A i s  s i n g u l a r ,  K = c f k  , x i s  r e g u l a r  a n d  i s  a g o o d  

c o f i n a l i t y  f o r  X + , a n d  d i s  a n o r m a l  t w o - p l a c e  f u n c t i o n  f r o m  A t  t o  K .  

Then f o r  some A ' - a p p r o x i m a t i n g  s e q u e n c e  5 for X 

CF(Xt,x) n S o ( d )  E S 2 ( N ) .  

P r o o f  : 1) C h o o s e  a X t - a p p r o x i m a t e  s e q u e n c e  

d E N o ,  N i  E N i t l .  

a n d  u n b o u n d e d .  

A *  = { B  < a : d(B,cx) < i }  b e l o n g s  t o  N i t l  a n d  h a s  c a r d i n a l i t y  < X .  

Hence P'? = { A  : B C_ A * ,  IBI < x }  b e l o n g s  

t y  < A ,  h e n c e  P a  C N 

w i t n e s s  t o  i t  ( i . e .  t h e y  a r e  u n b o u n d e d  i n  6 a n d  h a v e  o r d e r - t y p e  c f 6 ,  

a n d  f o r  e v e r y  b E B ,  f o r  some i ( b )  < K ,  (Va E A X d < b + d ( a , b )  < i ( b ) ) ) .  

S u p p o s e  f u r t h e r  6 E C ,  c f 6  < x .  
e v e r y  b E  B, 

h e n c e  t o  N 6 .  

6 E C F ( X t ,  < x )  fl S o ( d )  

t h e  c l a i m .  

2 )  A s i m i l a r  p r o o f .  

t t  
, 

f o r  A t '  s u c h  t h a t  

C l e a r l y  = 1 6  < X t  : N6n h = &}is c l o s e d  

S o  f o r  e v e r y  a < A' ,  i .C K ,  t h e  s e t  

t o  N i t l  a n d  h a s  c a r d i n a l i -  

S o  s u p p o s e  6 E S o ( d ) ,  a n d  A,B _C 6 a r e  
1 - i + l '  

Then A , B  5 N6 ( a s  6 5 N ) a n d  f o r  
6 

b 
i t l '  { a  : a E A ,  a < b }  b e l o n g s  t o  p i ( b ) ,  h e n c e  t o  N 

S o  A w i t n e s s e s  t h a t  6 E S (N). We h a v e  j u s t  p r o v e d  2 

6 E S 2 ( N ) ,  t h u s  f i n i s h i n g  t h e  p r o o f  o f  

1 2 .  C l a i m  : S u p p o s e  A i s  r e g u l a r ,  K < x ,  K < A ,  x i s  a g o o d  c o f i -  

n a l i t y  f o r  X a n d  (Vu < x ) 2 '  < X or y = -. Then f o r  e v e r y  t w o - p l a c e  

f u n c t i o n  d f r o m  X t o  K a n d  f o r  some A - a p p r o x i m a t e  s e q u e n c e  f o r  A t ,  

S 2 ( R )  n C F ( X , x )  C_ S l ( d ) .  

Proof: C h o o s e  

S u p p o s e  6 E S 2 ( N )  f- C F ( X , x ) .  

a s  A - a p p r o x i m a t e  s e q u e n c e  f o r  X t  s u c h  t h a t  d E N o .  

We s h a l l  p r o v e  6 E S l ( d ) .  The c a s e  
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x m i s  e a s y ,  s o  a s s u m e  x < m .  

A s  6 E S2(N), t h e r e  i s  a s e t  { a i  : i < X I  _C 6 ,  u n b o u n d e d  i n  6 ,  

s u c h  t h a t  for e v e r y  j < x, { a i  : i < j} E N g .  L e t  h b e  t h e  f u n c -  

t i o n  w i t h  d o m a i n  x ,  h ( i )  = a i .  C l e a r l y  f o r  j < x ,  h l j  E N 6 .  

Now we d e f i n e  b y  i n d u c t i o n  on  i < x a n  e l e m e n t  x i  a n d  f u n c t i o n  

f i  a s  f o l l o w s  : 

f i ( j )  = d ( x . , 6 )  f o r  j < i 

x i  i s  t h e  f i r s t  o r d i n a l  w h i c h  i s  b i g g e r  t h a n  a 

a n d  i s  s u c h  t h a t  ( V j  < i )  [ d ( x . , x i )  = f i ( j )  I. 

( s o  Dom f .  = i )  
3 

a n d  x . ( j  < i )  
i 1 

1 

T h i s  c a n  b e  c a r r i e d  o u t  i n  H ( X t ) .  B u t  now a s  u < x * 2 p  < x. a n d  

6 '  
!.I < x = c f 6  < 6 ,  c l e a r l y  e a c h  f i  i s  i n  N 

N o t e  a l s o  t h a t  x i  d e p e n d s  o n l y  o n  f i  a n d  { a .  
1 

j < i ,  f .  
3 

: j < i 

f i l j ) .  So x i  E N 6  for e a c h  i < x. 

Now t h e r e  i s  a n  u n b o u n d e d  S 5 x a n d  io < K s u c h  

j E S =) d ( x j , 6 )  = i . 
w i t n e s s e s  t h a t  6 E S , ( d ) .  

I t  i s  e a s y  t o  c h e c k  t h a t  { x .  
1 

( a s  f o r  

t h a t  

j E S l  

From now on  we c o n c e n t r a t e  o n  s u c c e s s r ) r s  o f  s t r o n g  l i m i t  

s i n g u l a r  c a r d i n a l s .  We c a n  c o n c l u d e  e . g .  

1 3 .  C o n c l u s i o n  : S u p p o s e  h i s  a s i n g u l a r  s t r o n g  l i m i t .  Then  f o r  

e v e r y  n o r m a l  t w o  p l a c e  f u n c t i o n  d from A t  t o  K = c f h ,  t h e  f o l l o w i n g  

h o l d s  : 

S o ( d )  S l ( d )  U CF(At ,<  K )  Xi - S * ( X t )  mod . 
D A +  

( S o  i n  p a r t i c u l a r  S ( d )  d o e s  not d e p e n d  on  d (when d i s  n o r m a l )  up  

t o  e q u i v a l e n c e  mod ) .  

P r o o f  : T r i v i a l  b y  5 . 1 ,  5 . 3 ,  11 a n d  1 2 .  

D X +  

P r o o f  : We can f i n d  a A-approximating sequence <: N .  : i <A > t o  A t  such t h a t  eve- 

r y  subse t  of  N .  of  c a r d i n a l i t y  < K belongs t o  Nitl . IS0  CF(A, < K )  s S2(s). 
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1 5 .  Cla i r r .  : 

K < c f 6 ,  t h e n  c f 6  i s  n o t  w e a k l y  c o m p a c t .  

P r o o f  : I f  c f 6  i s  w e a k l y  c o m p a c t  t h e n  c f 6  -+ ( ~ f 6 ) ~ .  

I f  6 E A - S l ( d ) ,  d a t w o - p l a c e  f u n c t i o n  f r o m  1 t o  

2 

1 6 .  D e f i n i t i o n  : 1) For a s e t  S E h l e t  

F ( S )  1 6  < A :  S n 6 i s  a s t a t i o n a r y  s u b s e t  o f  6 )  

2 )  D e f i n e  F n ( S )  b y  i n d u c t i o n  o n  n :  

Fo(S) = S ,  F n t l  ( s )  = F ( F ~ ( s ) ) .  

1 7 .  C l a i m  : 1) F F ( S )  _C F ( S ) .  

2 )  F ( S * ( A ) )  C S * ( A ) ,  h e n c e  Fn 

3 )  6 E F ~ ( s )  i m p l i e s  c f S  > N~ 

t h e n  6 E F n ( S )  i m p l i e s  c f 6  > a t n  

4 )  I f  a < m i n  { c f 6  : 6 E U S i }  , Si h t h e n  
i < a  

F( U S . )  = U F(Si) mod DA. 
iG iG 

P r o o f  : 1) E a s y  

2 )  By 5 . 4  ( a n d  s e c o n d  p a r t - b y  i n d u c t i o n )  

3 ) ,  4 )  E a s y .  

1 8 .  Lemma : S u p p o s e  A i s  a s i n g u l a r  s t r o n g  l i m i t  o f  c o f i n a l i t y  K .  

T h e n  f o r  some C E D f o r  e v e r y  6 E C ,  l e t t i n g  < ai : i <  c f 6  > 

b e  i n c r e a s i n g ,  c o n t i n u o u s  a n d  c o n v e r g i n g  t o  6 ,  t h e  f o l l o w i n g  h o l d s  : 

A +  ' 

t i  : CY E S * ( A ) }  2 S K ( c f 6 )  mod D c f 6  i 

P r o o f  : Let  d b e  a s  i n  1 0 .  T h e n  b y  1 3 ,  f o r  some 

C E D 

- 
S * ( A + )  fl C = S o ( d )  11 C ,  s o  we n e e d  o n l y  d e a l  w i t h  S o ( d ) .  

A + '  

Now d e f i n e  a t w o - p l a c e  f u n c t i o n  d' f r o m  c f 6  t o  K b y  : 

d * ( i , j )  = d ( a i , a . ) .  I t  i s  e a s y  t o  c h e c k  t h a t  
1 

{ai : i E s O ( d * ) )  C_ s o ( d ) .  

But  b y  1 0 ,  S o ( d * )  c cf6 

f i n i s h e d .  

- S * ( c f 6 )  ( r e m e m b e r  K < c f 6 ) ,  s o  we a r e  
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19. C o n c l u s i o n  : 1) S u p p o s e  A i s  a s i n g u l a r  s t r o n g  l i m i t ,  x 3 u  

r e g u l a r , x p  < A 

C F ( X +  , p )  i s  n o t  s t a t i o n a r y .  

2 )  If n < w and 2 

3 )  If Hw 

some s t a t i o n a r y  s C_ H 

a n d  ( v p l <  p )!J: < IJ. Then F [ S * ( A t )  f l C F ( A + , x ) ]  n 

'k < Kktn  f o r  every  k < w,then Fn(S*(Nwtl)) 0 mod DH . 
w t  1 

i s  a s t r o n g  l i m i t  a n d  S*(Hwtl) i s  s t a t i o n a r y ,  t h e n  f o r  

F ( S )  = @ 
W + l '  

P r o o f  : 1) By 1 4  a n d  1 8 .  

2 ) S u p p o s e  F n ( S * ( H w t l ) )  i s  s t a t i o n a r y .  T h e n  by 1 7 . 4  for 

some k < w ,  F n [ S * ( H w t l )  n CF(Hwtl,N k ) ]  

some Q < w  , F ~ [ S * ( H ~ + ~ )  n C F ( H ~ , , , H ~ ) ] ~  C F ( K ~ + ~ , H  P ) i s  s t a t i o n a r y .  

i s  s t a t i o n a r y .  Hence f o r  

I f  P < k t n ,  t h i s  c o n t r a d i c t s  1 9 . 3 .  B u t  i f  P > k t n ,  t h e n  

(VIJ < UP )IJ < N p  ( s i n c e  2 < N k t n ) ,  h e n c e  we g e t  a c o n t r a d i c -  

t i o n  by 1 9 . 1 .  S o  i n  a l l  c a s e s  we g e t  a c o n t r a d i c t i o n ;  h e n c e  

F ~ ( S * ( H ~ + ~ ) )  i s  n o t  s t a t i o n a r y .  

3 )  S i n c e  S * ( N w t l )  i s  s t a t i o n a r y ,  f o r  some k < w ,  

S*(Hw+l) (3 CF(Hw+l ,Nk)  i s  s t a t i o n a r y .  L e t  2'' = N k t n  ( n  < w s i n c e  

K w  i s  a s t r o n g  l i m i t ) .  S o  k + n  < P < w i m p l i e s  (VIJ <He ) v K k  < H p  ; 

h e n c e ,  by 1 9 . 1 ,  F ( S )  5 C F ( N w t l ,  Q H k t n ) ,  w h e r e  

S = S * ( H w t l )  i l  C F ( N w t l , N k ) .  

6 E F n t l ( S )  i m p l i e s  cf6 < K k + n  , a n d  by 1 7 . 2  

c f 6  " k t n t l  

no 6 E F ~ + ' ( s ) ,  i . e .  

for some P ,  F ( S )  i s  s t a t i o n a r y  b u t  F ( F  ( S ) )  F P + ' ( S )  i s  n o t ;  

F ( S )  i s  as r e q u i r e d .  

'k 'k 

Rut  by 1 7 . 1 ,  F n + l  ( S )  € F ( S ) ,  h e n c e  

6 E Fn+l(S) i m p l i e s  

( s i n c e  6 E S * c f 6  = H k ) ,  s o  we g e t  t h a t  t h e r e  i s  

( s )  = + .  s i n c e  F O ( S )  = s i s  s t a t i o n a r y ,  Fn t 1 

P P 

P 

T h e o r e m  2 0  : S u p p o s e  S C_ X i s  s t a t i o n a r y ,  a n d  S C_ g c f ( h )  - S * ( h ) ,  

s c C F ( A , ~ ) .  P i s  a p + - c o m p l e t e  f o r c i n g  t i . e .  i f  < p i  : i < u >  

i s  a n  i n c r e a s i n g  s e q u e n c e  o f  e l e m e n t s  o f  P t h e n  some p E P i s  > p i  

for e v e r y  i ) ,=  S i s  s t a t i o n a r y  e v e n  i n  t h e  u n i v e r s e  V p  
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Remark  : Remember t h a t  A - c o m p l e t e  f o r c i n g  f o r c e s  t h e  s t a t i o n a r i n e s s  

o f  any s C _  A .  

- Proof : L e t  B b e  a A ' - a p p r o x i m a t e  s e q u e n c e  for some A '  > A ,  s u c h  

t h a t  a P-name C o f  a c l o s e d  u n b o u n d e d  s u b s e t  o f  A ,  a p E P ,  a r e  i n  No. 

S o  t r i v i a l l y  t h e r e  i s  6 E S ,  A 2 6 

o r d e r  t y p e  c f 6 ,  a n d  for e v e r y  5 < 6 ,  A n 5 f N6. 

e n u m e r a t e  A ,  h e n c e  5 < c f 6  i m p l i e s  fir; E N6. 

We w a n t  t o  p r o v e  t h a t  n o t  : p K " 2  i s  d i s j o i n t  f r o m  S". F o r  t h i s  

i t  s u f f i c e s  t o  f i n d  q E P s u c h  t h a t  p Q q a n d  q " 6  E C" ( s i n c e  

6 E S ) .  We c a n  a s s u m e  t h a t  a w e l l - o r d e r i n g  <* o f  P U P x A b e -  

s u c h  t h a t  6 = N 6  nA a n d  A h a s  

L e t  f : c f 6  + A 

E N 6 .  

p '  w h i c h  i s  

l o n g s  t o  N . N o w  we d e f i n e  b y  i n d u c t i o n  o n  i < c f 6 ,  p 

We l e t  p o  = p ,  a n d  f o r  i a l i m i t ,  p i  i s  t h e  <* - f i r s t  

> p .  f o r  e v e r y  j ( w h i c h  e x i s t s  s i n c e  P i s  u ' - c o m p l e t e )  

We l e t  p i t l . B i  b e  s u c h  t h a t  ( p  i + l , B i )  i s  t h e  <* - f i r s t  

1 

p a i r  ( p ' , E ' )  

s u c h  t h a t  p '  > p i ,  0 '  2 f ( i )  a n d  p ' *  5 '  E C. 

( p ' , B ' )  s i n c e  C was a P - n a m e  o f  a n  u n b o u n d e d  s u b s e t  o f  A .  I t  i s  

e a s y  t o  c h e c k  t h a t  p i ,  

i < c f 6 } .  

e v e r y  i < c f 6 .  S o  q f o r c e  C n 6 t o  b e  u n b o u n d e d  b e l o w  6 .  B u t  C 

was a P-name o f  a c l o s e d  s u b s e t  o f  6 .  H e n c e  q " 6  E S".  S o  

we a r e  f i n i s h e d .  

T h e r e  i s  s u c h  

E i  E P A N6, s o  E i  < 6 .  H e n c e  6 = sup{E . 
i '  

S i n c e  P i s  p + - c o m p l e t e ,  t h e r e  i s  q f P ,  p i  Q q f o r  

2 1 .  T h e o r e m  : S u p p o s e  !.I < A ,  p r e g u l a r .  T h e n  t h e r e  i s  a p - c o m p l e t e  

f o r c i n g  P ,  s u c h  t h a t  i n  V p  

P r o o f  : F i r s t  a s s u m e  A = A , so p = { B C_ A : I B I  < X I  = {Bi : i < A?, 

e a c h  B E - P a p p e a r i n g  i n  { B .  : i < A 1  A t i m e s ,  a n d  l e t  = < B i  : i< A > .  

C l e a r l y  t h e r e  is a A - a p p r o x i m a t i n g  s e q u e n c e  o f  A' ,  w i t h  E No; 

a n d  t h e n  p n N 

S * ( X )  i s  n o t  s t a t i o n a r y .  

< A  

= {Bi  : i < 6 )  f o r  a c l o s e d  u n b o u n d e d  s e t  o f  6's. 
6 

S O  ( w . 1 . 0 . g . )  s * ( A ) ~  {6 < x : N~ n p = t B i  : i < 6 ) ) .  
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P = [ R  = < a .  : i Q 5 >,  a n  i n c r e a s i n g ,  c o n t i n u o u s  s e q u e n c e ,  w h e r e  

= [ a .  : j Q i } }  . The o r d e r  o n  P i s  : r l l  < q 2  i f f  R 1  i s  
B a .  1t 1 1 

a n  i n i t i a l  s e g m e n t  o f  v 2 .  

I t  i s  o b v i o u s  t h a t  P i s  u - c o m p l e t e ;  a n d  i f  G C_ P i s  g e n e r i c ,  l e t  

C[G ] = { a 6 :  6 l i m i t ,  a n d  <aj : i 4€,> E G ,  5 > 6). C l e a r l y  i n  

V [ G  1, C [ G  ] i s  a c l o s e d  u n b o u n d e d  s u b s e t  o f  A .  Now we h a v e  t o  p r o v e  

o n l y  : C [ G  1 "  S"= 0, w h e r e  S" = S'(h)'. 

p E P ,  p w  " 6  E C[  G 7'  w h e r e  6 E S". L e t  p = < a  : j < <>, So 

c l e a r l y  f o r  some l i m i t  i Q 5 , 6 a i .  S i n c e  6 E s", 

N f' {Bi  : i < A }  ={Bi  : i < 6 1 ,  a n d  t h e r e  i s  n o  u n b o u n d e d  A 6 

o f  o r d e r  t y p e  c f 6 ,  s u c h  t h a t  5 < 6 * A fl €, E N6. 

a n  A n a m e l y  { a .  ~ : j < i }  ([aj 
<X 

i t  i s  B .  +1 - {jo}), c o n t r a d i c t i o n .  S o  we a r e  f i n i s h e d  when X = I  . 

S u p p o s e ,  i n  V ,  f o r  some 

'v j 

6 
But  t h e r e  i s  s u c h  

: j < jo < i }  b e l o n g s  t o  N 6  s i n c e  

l o  <A 
If X < h , l e t  Q b e  t h e  c o l l a p s i n g  o f  2' t o  A ,  i . e .  

h 
2 1. P = [ f  : D o m  f = €, < A ,  Range  f 

d i f f e r e n t  g c f ( X ) ,  b u t  S " ( X ) v Q  n g c f ( X l v  = S"(X) . 
n e  P a s  b e f o r e ,  a n d  Q it P ( t h e  c o m p o s i t i o n ) i s  a s  r e q u i r e d .  

N o t e  t h a t  V p  may h a v e  a 

V Now i n  V Q  d e f i -  

2 2 .  C o n c l u s i o n  : S u p p o s e  a i s  r e g u l a r ,  p <  A r e g u l a r ,  S C g c f ( X ) .  

T h e r e  i s  a p - c o m p l e t e  f o r c i n g  P s u c h  t h a t  i n  V p ,  S i s  n o t  s t a t i o n a -  

r y  i f f  (S - s"(x)) r- C F ( X , < H )  i s  s t a t i o n a r y .  

- 2 3 .  Lemma : S u p p o s e  h i s  r e g u l a r ,  S C X s t a t i o n a r y ,  b u t  F ( S )  = 4 

a n d  f o r  e v e r y  a E S, 

c f u .  

A a  
i s  a n  u n b o u n d e d  s u b s e t  o f  a o f  o r d e r - t y p e  

Then f o r  e v e r y  S' _C S w i t h  /S'I < A ,  t h e  f a m i l y  { A a  : a s  S'} , 

has a t r a n s v e r s a l  ( = o n e - t o - o n e  c h o i c e  f u n c t i o n ) . .  M o r e o v e r  we c a n  

f i n d  A '  C Aa (a E S'), IA'I < c f a ,  s u c h  t h a t  t h 6  s e t s  Aa - A d ,  

( a  E S') a r e b ) a i r w i s e  d i s j o i n t .  
Ly 

However  {A : a E S l  d o e s  n o t  h a v e  a t r a n s v e r s a l .  

Sh:108



368 S .  S H E W  

P r o o f  : S e e  [ Sh 11. 

2 4 .  Lemma : S u p p o s e  A i s  s i n g u l a r  s t r o n g  l i m i t ,  K = cfA , 

S Q ( A t )  = 4 mod D , a n d  l e t  
A +  

S = 16 < A +  : c f 6  # K ,  Ho , a n d  A w  d i v i d e s  6 1  

Then we c a n  d e f i n e  A C a ( a  E S ) ,  Aa u n b o u n d e d  i n  a a n d  w i t h  
a -  

o r d e r - t y p e  ~ ( c f a )  ( o r d i n a l  m u l t i p l i c a t i o n ) , s u c h  t h a t  

A) { A a  : a E S l  h a s  n o  t r a n s v e r s a l  

B) For e v e r y  S '  L S w i t h  IS'I < A +  , {Aa : a E S ' }  h a s  a t r a n s v e r -  

s a l .  M o r e o v e r  

B') For e v e r y  S '  .G S w i t h  I S ' [  < A t ,  t h e r e  a r e  A: L A a ( a  E S ' )  

s u c h  t h a t  : 

( i )  t h e y  a r e p a i r w i s e  d i s j o i n t ,  

( i i )  A: 

t h a t  t h e r e  i s  a c l o s e d  ( i n  A ) u n b o u n d e d  [ r e s p .  c o b o u n d e d l  C E A" 

s o  t h a t  

i s  a b i g  [ a n d  e v e n  v e r y  b i g  ] s u b s e t  o f  A a ,  w h i c h  m e a n s  

( v 6  E c )  (35 < K )  ( V C )  ( 6  t 5 6 < 6 + K + 6 E A:). 

P r o o f  : S t a g e  A : 

T h e r e  i s  a n o r m a l  d : 

I { 6  < a : d ( a , B )  < i l l  

A t  --* K, h = .Z A i , h i  < A ,  
i < K  

< h i  , s u c h  t h a t  f o r  e v e r y  6 < A t ,  c f 6  # K ,  

t h e r e  i s  A C 6,  s u p  A 6 ,  d l A  b o u n d e d ,  a n d  e a c h  i E A i s  a s u c -  

c e s s o r .  

P f  : L e t  d b e  f r o m  1 0 ,  t h e n  S l ( d )  

c l o s e d  u n b o u n d e d  C L A t ,  C fl S o ( d )  = 4 .  

i n c r e a s i n g  a n d  c o n t i n u o u s ,  a. = 0 .  

4 mod D h e n c e  t h e r e  i s  a 
A t  ' - 

L e t  C = {ai  : i <: A+], a i  

f i n d  F o r  e a c h  i < A ' ,  we c a n  

i i A G ( a i , a i + l ) ( 5 <  K )  s u c h  t h a t  : I A 5 1  A < ,  A i  
5 5 

t h e  i n t e r v a l ) ,  i f  6 E A: i s  a l i m i t  t h e n  

s u p  A , f o r  some 5 .  

A: i n c r e a s e s  w i t h  5 a n d  ( a i , "  ) = U A . N o w  w e  d e f i n e  d '  b y  : 

i s  c l o s e d  ( i n  

6 = s u p ( 6  fl A i l ,  a i t l  = 
5 

i 
5 

i 
5 

5<K 
i + l  
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i f  a < 6 t h e n  d ' ( 6 , a )  

d ' ( 6 , a )  = rn in  { d ( B , a ) ,  m i n  { <  : a,D E A:}). I t  i s  e a s y  t o  c h e c k  

t h a t  d '  i s  a s r e q u i r e d .  For s h o w i n g  t h a t  e v e r y  i E A i s  a s u c c e s s o r ,  

u s e  s u b a d d i t i v i t y .  

d ( g , a )  if  ( 3 i ) ( B  > a i  > a), a n d  o t h e r w i s e  

S t a g e  B : 

F o r  a n y  a < A t  t h e  f a m i l y  

P = {A 2 a : I A l  < A ,  d l A  i s  b o u n d e d ,  c f ( s u p  A) # K }  
-a 

h a s  c a r d i n a l i t y  < A .  

- P f  : L e t  a = B i ,  i n c r e a s i n g ,  a n d  l e t ,  f o r  i < K ,  

6 < K ,  F'',i = {A E pa : A n B i  u n b o u n d e d  i n  A ,  d l A  b o u n d e d  b y  <I. 

S i n c e  A E P * [ c f ( s u p  A) # K a n d  d l A  b o u n d e d  1, a n d  b y  t h e  c h o i c e  

U 

i < K  
l B i l  < A ,  8 .  

o f  t h e  B i t s ,  P U P' , i t  s u f f i c e s  t o  prove I p s  . I  < h 

( f o r  g i v e n  i,6 < A ) .  L e t  B: = U U {y : y B ,  d ( B , y )  6 ) .  

< A , a n d  A E P 

-a 6 , i < K  -a, i a 1 1  

B i  BEBi 
i m p l i e s  A _C B:. 

-a, i 

So Q 2 < A , s o  w e  h a v e  p r o v e d  s t a g e  B .  

S t a g e  C : 

I f  P i s  a f a m i l y  o f  s u b s e t s  o f  A e a c h  o f  c a r d i n a l i t y  < A ,  b u t  

Q I A l =  h , t h e n  t h e r e  i s  a s e t  C A s u c h  t h a t  

( i )  / c I  = K ,  

( i i )  ( V A  E P I  / A  n C I  < K . 
T h i s  i s  t r i v i a l .  

S t a g e  D : 

We d e f i n e  t h e  A ' s  b y  i n d u c t i o n  o n  a f o r  a E S .  S u p p o s e  w e  a r r i v e  

a t  a. L e t  < y i  : i < c f a  > b e  i n c r e a s i n g  w i t h  l i m i t  a, y i  + A  <y. 
1t1' 

For a s e t  A o f  o r d i n a l s ,  l e t  a c c ( A )  = { 6 :  6 a l i m i t ,  6 = 

s u p  ( A  f' 6 ) }  ( =  c h e  s e t  o f  a c c u m u l a t i o n  p o i n t s  o f  A ) .  By s t a g e  B ,  

lpal Q A , s o  b y  s t a g e  C w e  c a n  f i n d  c i  5 A ) ,  o f  p o w e r  K 

s u c h  t h a t  : 

( y i , y i  t 
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(*I f o r  e v e r y  A E P U {u{A : y < a ,  y E a c c ( A ) }  : A E Pal, 

i t s  i n t e r s e c t i o n  w i t h  c h a s  p o w e r  < K .  

Y 
i 

I n  f a c t  we h a v e  t o  c h e c k  t h a t  [ U  {A : y < a ,  y E a c c ( A ) } I  < X 
Y 

( f o r  A E p a ) ,  b u t  t h i s  i s  e a s y  : X E a c c ( A )  * cfX Q [ A 1  =* l A y l  < K 4 

cfY = K + / A / ,  h e n c e  t h e  s e t  h a s  p o w e r  < ( K  t A )  IAl < A .  We l e t  

u c i .  

S i a g e  E : 

{Aa : 

B e c a u s e  A C a ,  b y  F o d o r ' s  t h e o r e m  

a E S ]  h a s  n o  t r a n s v e r s a l .  

a -  

S t a g e  E : 

We p r o v e  (A*) f r o m  t h e  lemma.  We p r o v e  b y  i n d u c t i o n  o n  a t h a t  

t h e r e  a r e  b i g  A '  C A ( 8  < a , @  E S ) , p a i r w i s e  d i s j o i n t .  T h i s  w i l l  

c l e a r l y  s u f f i c e .  

C a s e  1 : For a a s u c c e s s o r  o r d i n a l ,  i t  f o l l o w s  f r o m  t h e  i n d u c t i o n  

h y p o t h e s i s  on a - 1 .  

C a s e  2 : F o r  a s u c h  t h a t  ( 3 8  < a) 8 t X w  > a : p r o o f  a s  i n  t h e  

f i r s t  c a s e .  

C a s e  3 : F o r  a a l i m i t ,  c f a  Ho . C h o o s e  o r d i n a l s  an  < a ,  

a n  < anti, 
t h e s i s  t h e r e  a r e  b i g  A n  C A 

D e f i n e  A '  , for B Q a ,  8 E S ( h e n c e  6 # O ) ,  b y  : 

8 -  6 

U a n ,  a = 0 .  For e a c h  n ,  by t h e  i n d u c t i o n  h y p o -  

( 8  < a n ) .  p a i r w i s e  d i s j o i n t .  
8 -  B 

5 
A n + l  

A '  = - ( a n  + A ) ,  w h e r e  a n  < B < anti B 8 

I t  i s  e a s y  t o  c h e c k  t h a t  A '  C A i s  s t i l l  b i g ,  a n d  o b v i o u s l y  t h e  

A; 

d e f i n e  A ' .  

C a s e  4 : F o r  a l i m i t ,  n o t  c a s e  2 ,  c f a  > No. T h e r e  i s  E 5 a, unboun- 

d e d ,  o f  o r d e r  t y p e  c f a  ( h e n c e  < A )  a n d  E ={L3i+l 

i n c r e a s i n g ) ,  s u c h  t h a t  d / E i  

5 -  B 
a r e  p a i r w i s e  d i s j o i n t .  N o t e  t h a t  a E S, s o  we d o  n o t  h a v e  t o  

: i < c f a l  ( t h e  B i  

i s  u n b o u n d e d  f o r  i < c f a ,  w h e r e  
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E i  = { B j t ,  : j < i }  , a n d  e a c h  B i t l  i s  a s u c c e s s o r  o r d i n a l .  

c f a  S K ,  a n y  u n b o u n d e d  A o f  o r d e r  t y p e  c f a  i s  a s r e q u i r e d ) .  (Remem- 

b e r  d i s  f r o m  s t a g e  A ) .  

(For 

We c a n  d e f i n e  f o r  l i m i t  6 < c f a ,  B 6  = s u p  {Bi t ,  : i < 6 1 .  

S i n c e  B i  t X < a , we c a n  a s s u m e  w . 1 . o . g .  B i  t X < B i t l  ( b y  

m a k i n g  d e l e t i o n s  i f  n e c e s s a r y ) .  

d i s j o i n t ,  f o r  B < B i  ( p o s s i b l e  by t h e  i n d u c t i o n  h y p o t h e s i s ) .  

L e t  A: 5 A B  b e  b i g ,  p a i r w i s e  

We now d e f i n e  A '  i f  B $ U [ B i ,  B i  t X ) U {a} , by : 
i < c f a  

A '  
5 

B' 
A; - (Bi  t A ) ,  w h e r e  B i  t X < B < B i t l .  

C l e a r l y ,  t h e  A; & A B  a r e  b i g ,  p a i r w i s e  d i s j o i n t  a n d  d i s j o i n t  f r o m  

D =  d f  

n e d  A; ? ( i  < c f 6 )  i . e . ,  B B j ,  f o r  w h i c h  5 E S ,  h e n c e  

c f j  # Ho, K ,  1. C h e c k i n g  d e f i n i t i o n s  we c a n  s e e  t h a t  for e a c h  s u c h  

B, A n D A B  i s  l b j g .  S o  i t  s u f f i c e s  t o  f i n d  p a i r w i s e  d i s j o i n t  

b i g  A ; ,  5 A B .  
1 1 

S u p p o s e  we h a v e  d e f i n e d  t h e s e  f o r  e v e r y  j '  < j .  F o r  j a s u c c e s s o r  

among { i  < c f 6  : i a l i m i t }  o r  6 .  B S, t h e r e  i s  no  p r o b l e m .  ( R e -  

member f o r  j a s u c c e s s o r ,  B j  i s  a s u c c e s s o r ,  h e n c e  4 S). 

n o t e  t h a t  c f j  # K ,  h e n c e  c f ( s u p ( E . ) )  # K ,  h e n c e  E .  E P ( s e e  s t a g e  

B ) .  Now l o o k  a t  S t a g e  D ,  f o r  8.. We c h o s e  t h e r e  a n  i n c r e a s i n g  
3 

c o n t i n u o u s  s e q u e n c e  o f  o r d i n a l s  < y i  : i < c f  6 .  > c o n v e r g i n g  t o  B 

S i n c e  c f  5 .  # No, t h e r e  i s  a c l o s e d  u n b o u n d e d  C c c f  B j ,  s u c h  t h a t  

U [ B i ,  B i t l  t A). F o r  w h i c h  6 ' s  h a v e  we s t i l l  n o t  d e f i -  
i < c  f a  

F o r  B 5 .  

B 
( j  S c f 6 ,  j a l i m i t ) .  T h i s  we d o  b y  i n d u c t i o n  on  j .  

1 
O t h e r w i s e ,  

1 l a  

j '  1 

1 
i E C * y i  E { e E  : 5 < j } .  We t h e n  d e f i n e d  A = U 

1 

8 . '  B j  i < c f B ,  3 

w h e r e  c i  c ( y i , y i  t A ) ,  h a s  o r d e r  t y p e  K ,  a n d  i n  p a r t i c i l a r  
' j  

[ u  {A : 5 E 6, 5 E a c c ( ~ . ) }  1 n c i  h a s  p o w e r  < K .  

But  w h a t  i s  a c c ( E . ) ?  
5 1 B j  

I t  i s  j u s t  { B j ( o )  : j ( o )  < j ,  j ( o )  a 
1 

l i m i t }  . .  so c1 n [ u { A ~ ( ~ )  : j ( o )  < j ,  j ( o )  a l i m i t ,  A .  d e f i -  
6; l ( 0 )  

J 

n e d l ]  h a s  p o w e r ' <  K .  
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I t  i s  e a s y  t o  c h e c k  t h a t  i t  i s  a b i g  s u b s e t  o f  A , a n d  o b v i o u s l y  

i t  i s  d i s j o i n t  f r o m  A , w h e r e  j ( o )  < j i s  a l i m i t .  S o  we 

h a v e  f i n i s h e d  t h e  p r o o f .  

' j  

' j ( o )  

S t a g e  E : S u p p o s e  X s i n g u l a r  s t r o n g  l i m i t ,  c f h  = K ,  S a s t a t i o n a r y  

s u b s e t  o f  A t ,  a n d  e v e r y  member o f  S d i v i s i b l e  by Am. 

f u r t h e r  A~ _C a, 

{Aa : a < a 

a € s ,  s o  t h a t  A* = { y ( a , i )  : i < ~ ( c f a ) }  , w h e r e  y ( a , i )  i n c r e a s e  

w i t h  i ,  ( h e n c e  

t h e r e  a r e  p a i r w i s e  d i s j o i n t  A '  cl Aa ( f o r  a < 

f o r  e a c h  a f o r  some i < c f a  

S u p p o s e  

I A , ~  < K c f a  f o r  a E  and f o r  a n y  c I o  < A +  , 

h a s  a t r a n s v e r s a l .  Then  we c a n  f i n d  A* C a f o r  
a -  

jA*(/ < c f a  t K (< A ) )  a n d  f o r  e v e r y  a. < A S  

a a E S ) ,  s u c h  t h a t  
0 '  

( V i  < c f a )  (35 < K ) ( V g ) ( <  F, < K 8 io .< i + y ( a , ~ i + c )  E A'). 

P r o o f  : For e v e r y  a, c h o o s e  B 5  G a, B 5  

a n d  I B i I  < X . We c a n  d e f i n e  f u n c t i o n s  h o ,  hl,Dom hp A t ,  

s o  t h a t  f o r  a n y  B O ,  B 1  < B < A t ,  5 < K ,  A E B 5  

X 5 * ' s ,  B < 8" < B +  ), 

(We d e f i n e  hp I [ X i ,  X ( i t 1 ) )  f o r  e a c h  i ;  t h e  number  o f  p o s s i b l e  

t u p l e s  < B,, A ,  6, 5 ,  B o  > i s  < X ,  s o  t h e r e  i s  n o  p r o b l e m ) .  

i n c r e a s e  w i t h  5 ,  a = U B: 
S<K 

, t h e r e  a r e  

, s u c h  t h a t  h l ( B * )  = B 1 ,  h 2 ( B " )  = A. 
B O  

For e a c h  a E S c h o o s e  a n  i n c r e a s i n g  s e q u e n c e  B ( a , i )  ( i  < cfa) 

c o n v e r g i n g  t o  i t .  

F i r s t  n o t e  t h a t  ( v a 0  < a )  a. t h < a ( s i n c e  a E S) h e n c e  w . 1 . o . g .  

B ( a , i )  t A <  B ( a , i t l ) ,  a n d  B ( a , i )  i s  d i v i s i b l e  by A .  

Now we d e f i n e  by i n d u c t i o n  on  j = i~ t 5 ( i  < c f a ,  5 < K )  a n  

o r d i n a l  y ( a , j ) ,  i n c r e a s i n g  w i t h  j, s u c h  t h a t  

( i )  B ( a , i )  < y ( a , j )  < B ( a , i )  + A ,  

The l a s t  c o n d i t i o n  e x c l u d e s  < h y'", a n d  t h e  condi t ions  ( i i ) ,  ( i i i )  
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a r e  s a t i s f i e d  b y  A y ' s ,  6 ( a , i )  < y < 6 ( a , i )  t A 

S o  we c a n  d e f i n e  A' = ( y ( a , i )  : i < ~ ( c f a ) )  , a n d  y ( u , i )  i n c r e a s e  

w i t h  i a n d  c o n v e r g e  t o  a .  

Now we a r e  g i v e n  a ( o )  < A '  a n d  h a v e  t o  f i n d  Ad, c A t  a s  r e q u i -  

r e d .  By h y p o t h e s i s ,  t h e r e  i s  a t r a n s v e r s a l  f o f  { A a  : a < a ( o ) l .  

D e f i n e  A 
1 

= { y ( a , ~ i  t 5 )  : i < c f a ,  f ( A a )  E A a  n B E ( a , i ) ) .  

C l e a r l y  i t  i s  a v e r y  b i g  s u b s e t  o f  A . 
On S n a ( o )  we d e f i n e  a g r a p h  : ( a l , a 2 )  i s  a n  e d g e  i f f  A1 n A: # $ .  

a l  2 
N o t e  : 

( a )  I f  ( a l , a 2 )  i s  a n  e d g e  t h e n  c f a l  = c f a 2  ( b e c a u s e  y E A i m p l i e s  
"P 

h l ( y )  = c f a  1. 

( b )  The  v a l e n c y  o f  a n y  al ( =  I{a2 : ( a l , a 2 )  i s  a n  e d g e  11) i s  
!? 

G I A E I .  

A s  f i s  o n e - t o - o n e ,  i t  s u f f i c e s  t o  p r o v e  t h a t  f ( A a  

n A a  # $ .  I f  y y ( a l , ~ i l  t 5,)  y ( a 2 , y i 2  t C 2 )  E 

E A a  2 1 

" 2  1 
w h e n e v e r  A 

A 1  

G y d i v i s i b l e  b y  A ) ,  s o  A a  B 6 ( a l , i l )  = A a  ' B ( a 2 , i 2 ) '  

n A: , t h e n  6 6 ( a l , i l )  = 6 ( a 2 , i 2 )  ( i t  i s  t h e  b i g g e s t  o r d i n a l  

2 51 5 2  a l  

1 2 
( s i n c e  y E A1 ) h e n c e  f ( A ,  1 E A a  n b u t  f (A,  ) t A a  n B 6 ( a 2 , i 2 )  52 

2 a2 2 1 61 B 8 ( a l , i l )  5 A a  , a s  r e q u i r e d .  
1 

Now we d e a l  w i t h  e a c h  c o m p o n e n t  C o f  t h e  g r a p h  s e p a r a t e l y .  

By ( a ) ,  a l l a  E C h a v e  t h e  s a m e  c o f i n a l i t y ,  s a y  u , a n d  b y  b ) ,  

I C I  G K t u .  I f  u > K n o t e  t h a t  e a c n  A1 h a s  o r d e r  t y p e  u a n d  i s  

u n b o u n d e d  b e l o w  a ,  h e n c e  a1 # a = C * I A: n A t ,  I < u . 
1 

S o  l e t  C = { a g :  5 < u ) ,  a n d  we c a n  d e f i n e  A: - u A' , 

w h i c h  a r e  as  r e q u i r e d .  I f  u K ,  we g i v e  a s i m i l a r  t r e a t m e n t  t o  

e a c h  i y ( a , ~ i  t 5 )  : 5 < K )  f o r  i < P ,  a E C .  

2 

A1 
5 5<5 a 5  

2 5 .  C o n c l u s i o n  : 

1) S u p p o s e  H i s  a s t r o n g  l i m i t .  

a )  T h e r e  i s  a f a m i l y  of Hwtl c o u n t a b l e  s u b s e t s  o f  N u t l  w h i c h  d o e s  
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n o t  h a v e  a t r a n s v e r s a l ,  b u t  e v e r y  s u b f a m i l y  o f  c a r d i n a l i t y  < s  has 

a t r a n s v e r s a l .  

b )  T h e r e  i s  a n  a b e l i a n  g r o u p  [ g r o u p  ] o f  p o w e r  

f r e e ,  b u t  e v e r y  s u b g r o u p  o f  c a r d i n a l i t y  < Kwt l  

2 )  S u p p o s e  K w P  i s  s t r o n g  l i m i t  f o r  P Q n .  T h e n  a ) ,  b )  h o l d  f o r  

o t  1 

f lu+ l ,  w h i c h  i s  n o t  

i s .  

* w n t 1 -  

P r o o f  : 1 a ) ,  2 a ) . I t  i s  e a s y  t o  s e e  t h i s  a f t e r  r e a d i n g  M i l n e r  

a n d  S h e l a h  [ M S  1. 

1 b ) ,  2 b )  a r e  e a s y  t o  s e e .  

2 6 .  C l a i m  : S u p p o s e  X i s  s t r o n g  l i m i t ,  c fX = so, p < Y ,  p r e g u l a r  

a n d  : P i s  p - c o m p l e t e  or among a n y  p members  o f  P t h e r e  a r e  p w h i c h  

a r e  p a i r w i s e  c o m p a t i b l e .  

I f  i n  V p  h i s  s t i l l  a s t r o n g  l i m i t  c a r d i n a l ,  t h e n  

V P  
S*(~+)V n c F ( X , p ) v ,  s*(i+)vP n c F ( . i , u )  

a r e  , e q u a l  ( i . e . ,  f o r  some r e p r e s e n t a t i o n  t h e y  a r e  e q u a l ) .  

P r o o f  : L e t  d : A t  + K b e  n o r m a l .  C l e a r l y  i t  i s  s t i l l  n o r m a l  i n  V . 
By 1 3  i t  

i s  n o t  c h a n g e d ,  w h i c h  i s  q u i t e  e a s y .  

P 

s u f f i c e s  t o  p r o v e  t h a t  t h e  t r u t h  v a l u e  o f  " a  E S l ( d ) "  

2 7 .  C l a i m  : 

s t a t i o n a r y .  

P r o o f  : L e t  d : A t  + cfX b e  n o r m a l  a n d  s u b a d d i t i v e ,  a n d  s u p p o s e  

C c At i s  c l o s e d  a n d  u n b o u n d e d .  

S u p p o s e  N (  ( H ( X t t ) ,  E ) ,  c f h  t 1 L. N ,  

s u b s e t  o f  N n A t  b e l o n g s  t o  N ( t h i s  i s  p o s s i b l e  a s  x i s  s u p e r c o m p a c t )  

L e t  6 " =  s u p ( N  n A ' ) .  

c a r d i n a l  o f  c o f i n a l i t y  c fX s o  c f b "  > c f A .  C l e a r l y  C n N i s  u n b o u n -  

d e d ,  h e n c e  6" E C ;  s o  i t  s u f f i c e s  t o  p r o v e  6" 4 S o ( d ) .  

I f  x i s  s u p e r c o m p a c t ,  X > x ,  cfX < x ,  t h e n  S * ( X t )  i s  

C,d E N ,  IINII < x a n d  e v e r y  

C l e a r l y  c f 6 "  i s  t h e  s u c c e s s ~ r  o f  a s i n g u l a r  
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So suppose A L 6" is unbounded, and dlA is bounded by 5 .  

Let A = { B .  

for each i there is yi, Bi < y i  < Bitl , yi E N. Let 

c i  = Max { <  

c i  = 5" 

: i < &*I, B i  increasing. We may assume, w.l.o.g., 

,d(pitl,yi), d(yi,Bi)} < cfh < cf6". So (w.1.o.g.) 

for every i. Now if i < j ,  then by the subadditivity : 

d(yi,y.) G max {d(y.,5j+l), d(5jtl,Bi+l), d(5i+l.~i)) G 5" 
1 1 

i < cf6*> is bounded, but the set necessarily belongs So dl{yi : 

to N ,  and, as N <  (H(A 1 ,  E ) ,  there is an unbounded B E h +  on 

which d is bounded, giving an easy contradiction to normality. 

t t  

28. Remark : We in fact prove that if d is a subadditive function, 

with domain a * ,  a Q a * ,  and d is bounded on some unbounded A 2 a ,  

then every unbounded A' a has an unbounded subset A" A' 5 a 

such that dlA" is bounded. 

29. Conclusion : If ZFC t " 3 a supercompact" is consistent then 

the following is consistent : 

ZFC t GCH + 1 1 s * ( N w t l )  is stationary". 

Proof : Suppose x is supercompact, and also (w.1.o.g.) GCH holds. 

Let h be the first singular cardinal > x . By 27 we can choose 

a regular u < x such that S * ( h t )  n C F ( h t , u )  is stationary. 

Levy collapsing P to collapse every u '  < 

conditions). So now, in V ,  p is N1. By 26, in Vp, S * ( h  ) - 
S " ( X t ) v  17 C F ( h + , p ) " ,  and the latter obviously remains stationary. 

Now collapse x to N 1  by a Q which is N1-complete. 

S " ( A + ) v  n CF(A',U)~ remains stationary and is still included in 

We use 

to No (hy finite 

P + v p  , 

Again 

S * (  X+)P*Q. 

O h  is not a strong requirement 

30. Definition : Let A be a regular cardinal and E C h a stationary 
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s e t  i n  i t .  

(1) O:(E). 

i s  a f a m i l y  o f  s u b s e t s  o f  a w i t h  

t h e r e  i s  a c l o s e d  a n d  u n b o u n d e d  C h s u c h  t h a t  X 17 a E W f o r  

a l l  a E C n E .  

(2) O h ( E ) .  

e v e r y  X L  A ,  { a  : x n CL 

T h e r e  i s  < W : a E E > s u c h  t h a t  f o r  e v e r y  a ,  Wa 

lWal G l a [  , a n d  f o r  e v e r y  X EX 

T h e r e  i s  < S a  : a E E > s u c h  t h a t  S C a , a n d  f o r  
a -  

= S a }  i s  s t a t i o n a r y  i n  h .  

3 1 .  Theorem : ( K u n e n )  : (1) For s t a t i o n a r y  E L A ,  Or(E) i m p l i e s  

O h ( E ) .  

(2) For E l  C_ E 2 C _  h , O h ( E 1 )  i m p l i e s  0 ( E 2 )  a n d  O * ( E 2 )  i m p l i e s  A A 

3 2 .  Theorem : 

e i t h e r  

( i )  u K  = ’ , or 
( i i )  p i s  s i n g u l a r  K # c f u  

- Then 

Remark : C a s e  ( i )  i s  d u e  t o  G r e g o r y  [ G r  1. 

S u p p o s e  h = 2’ = p t  a n d  f o r  some r e g u l a r  K < p ,  

a n d  for e v e r y  6 < v , 1 6 I K  < v 

O T ( E ( K ) )  w h e r e  E ( K )  i s  t h e  s t a t i o n a r y  s u b s e t  { a  < A :  c f a  = K}. 

P r o o f  : L e t  <Aa : a < h > b e  a l i s t  o f  a l l  b o u n d e d  s u b s e t s  o f  X 

e a c h  a p p e a r i n g  h t i m e s  ( t h e r e  a r e  A s u c h  s u b s e t s  a s  h = 2’ u t )  

C a s e  t i )  

t h a n  K s u b s e t s  o f  a b e l o n g i n g  t o  < A B  : 

: For a E E ~ K )  l e t  Wa b e  t h e  s e t  o f  a l l  u n i o n s  o f  n o  more  

B <  a>. 

( w a  = { u  Y : I Y I  < K ,  X E Y -P X &  a ,  X E { A B  : 5 < a]}). 

G i v e n  X A ,  l e t  C b e  { a  1 i < X l w h e r e  a. i s  a n y  s u c c e s s o r  l e s s  

i t h a n  A,a6 5 y 6  a 

s u c h  t h a t  f o r  some y < a ,  A = X n a . .  

Now C ’  = [6 : 6 = U ( a i  : a i  < 6 1 1  i s  c l o s e d  u n b o u n d e d ,  a n d  for 

6 E C fl E ( K )  t h e r e  a r e  i ( j )  a n d  y .  < 6 ( j  < K )  s u c h  t h a t  
1 

i 

f o r  l i m i t  6 ,  a n d  a i + l  i s  t h e  l e a s t  a > a 

Y 
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U a i ( j )  6 , X n a i (  j )  = A~ .so xn 6 = u A E W6. 

& j < v  I' 

j<K j j<K Y j  
6 C a s e  ( i i )  : F o r  6 s u c h  t h a t  c f 6  = K ,  l e t  6 = U V .  w h e r e  

<V! : j < p > i s  i n c r e a s i n g  a n d  f o r  j < p ,  I V j  I < p .  

: ( 3 j  < p )  Q C_ v S ,  I Q I  L e t  W6 b e  {,.gQ Acr 
1 

K j .  1 
f ( a )  > s u p  fee,. 

f(a) 
G i v e n  X 5 h l e t  f : X --* h b e  s u c h  t h a t  X n a = A 

T h e r e  e x i s t s  a c l o s e d  u n b o u n d e d  C X s u c h  t h a t  f o r  a E C ,  6 < a 

i m p l i e s  f ( 8 )  < a. 

L e t  6 E C f l  E ( K ) ,  a n d  f o r  i n c r e a s i n g  < 6  

T h e r e  e x i s t s  j s u c h  t h a t  

: i < K 2 6 = iyK 6 i .  i 

6 6 
K = I V .  n { f ( 6 i )  : i <  K } I  hence X r'l 6 = U {X n 6 .  : i <  ~ , f ( 6 ~ )  E V . }  E W 

1 3 6 '  

3 3 .  C o n c l u s i o n  : 

K # c f X .  I n  p a r t i c u l a r  O X  h o l d s .  

(GCH) I f  X > Ho, t h e n  0" ( E ( K ) )  h o l d s ,  w h e n e v e r  
A +  

F i n a l  comments  

1) The r e s t r i c t i o n  " A  s t r o n g  l i m i t "  i n  m o s t  c a s e s  c a n  b e  w e a k e n e d  

a t  t h e  e x p e n s e  o f  c o m p l i c a t i n g  t h e  r e s u l t s  : a s s u m i n g  ( V p  < A )  

p"<X,  a n d  r e s t r i c t i n g  o u r s e l v e s  t o  C F ( A t ,  <x) o r  C F ( X t , , <  x ) .  

2 )  A more  s e r i o u s  q u e s t i o n  i s  w h e t h e r  we c a n ,  i n  7 ,  r e p l a c e  Dg b y  

DX. T h i s  r e m a i n s  o p e n .  

X 

N o t e  t h a t  t h e  n a t u r a l  n o t i o n  i s  S2(F), a n d  t h a t  for r e g u l a r  A ,  

I + ( x )  = { A  5 A : f o r  some A - a p p r o x i m a t i n g  s e q u e n c e  N, A 

i s  a l w a y s  a n o r m a l  i d e a l .  S i m i l a r l y  

I-(?,) = {A 5 X : A fI B E  $ mod D X  f o r  e v e r y  B E I t ( X ) }  

i s  a n o r m a l  i d e a l .  The m e a n i n g  o f  c l a i m  7 i s  t h a t  I t ( X )  i s  

{A : A E A. mod DX} 

l a t i o n  o f  our q u e s t i o n  i s  w h e t h e r  t h i s  a l w a y s  h o l d s .  

s , ( R ) )  

f o r  some A o ,  when g c f ( X )  = A. A n o t h e r  f o r m u -  

H o w e v e r ,  we c a n  m e a n w h i l e  j u s t  f o r m u l a t e  t h e  l a t e r  t h e o r e m s  

i n  t e r m s  o f  I t ( A )  i n s t e a d  o f  S*(X)  ( a n d  t h e  c h a n g e s  i n  t h e  p r o o f s  

Sh:108



378 S. SHELAH 

a r e  m i n o r ) .  By t h e  way i t  may b e  more  n a t u r a l  t o  u s e  

S 3 ( N )  = [6: 

d e d  s u b s e t  o f  6 ,  (‘di < c f 6 )  

i t  d o e s  n o t  m a t t e r ) .  

t h e r e  i s  a f u n c t i o n  h ,  Dom h = c f 6 ,  Range  h a n  u n b o u n -  

h / i  E N g ,  a n d  N rl A =  6 )  ( i n  g c f ( A )  
6 

w t 2  .? 
3 )  Why w e r e  we i n t e r e s t e d  m a i n l y  i n  a n d  n o t  i n  e . g .  N 

The a n s w e r  i s  t h a t  s e v e r a l  i n d u c t i v e  p r o o f s  work f o r  s u c c e s s o r s  o f  

r e g u l a r  c a r d i n a l ,  a n d  i t  was n o t  c l e a r  w h e t h e r  t h e y  f a i l  a t  s u c c e s -  

sors o f  s i n g u l a r s .  ( B u t  s e e  r e m a r k s  5 a n d  G b e l o w ) .  

4 )  I t  may b e  o f  i n t e r e s t  t o  m e n t i o n  o u r  o r i g i n a l  l i n e  o f  t h o u g h t ,  

w h i c h  i s  n o t  s o  t r a n s p a r e n t  f r o m  t h e  p r e s e n t  p a p e r .  

We w a n t  t o  p r o v e  t h a t  S,(F) i s  q u i t e  “ b i g ” ,  w h e r e  i s  a n  

a s s u m i n g  G C H .  S o  we l e t  w t l  ’ K w t l - a p p r o x i m a t i n g  s e q u e n c e  f o r  K 

d : K + K O  b e  n o r m a l ,  a n d  u s i n g  t h e  E r d B s - R a d o  t h e o r e m  
w t l  

+ +  ( N n t l ) E o ,  p r o v e  t h a t  i f  C C_ H i s  c l o s e d  o f  o r d e r  t y p e  

C1 o f  o r d e r  t y p e  i-4 n + l ~  w i t h  d c o n s t a n t  

i s  c S , ( N )  and 

w t l  

t h e n  i t  c o n t a i n s  

. C i  ( t h e  s e t  o f  a c c u m u l a t i o n  p o i n t s  o f  C 

c l o s e d  s u b s e t  o f  C o f  o r d e r  t y p e  N 

1 

T h i s  p r o v e s  t h a t  S 2 ( N )  n t l ‘  

i s  i n  some s e n s e  b i g .  

5 )  We c a n  t r y  t o  g e n e r a l i z e  4 )  t o  o t h e r  c a r d i n a l s .  

L e t  K = c f  K < M a .  

D e f i n i t i o n  : C a l l  a n  ( n t 1 ) - p l a c e  f u n c t i o n  d f r o m  H t o  K n o r m a l  

i f  f o r  e v e r y  a < . . .  < a n  < H a t n  t h e r e  i s  k < n s u c h  t h a t  

a t n  

{ a  < K : d ( a o , a l  ,..., a k - l , a , a k t l  , . . . ,  a n )  = d ( O o , . .  ,ak ,..., an)} a t n  

h a s  c a r d i n a l i t y  < H . 
C l a i m  : T h e r e  i s  a n o r m a l  f u n c t i o n  d : K --t K .  a t n  

P r o o f  : By i n d u c t i o n  on  n .  

- 

a t n t ~ ’  a 

o f  o r d e r  t y p e l n t , ( ~  t pit, w h e r e  p < A .  

Lemma : L e t  N b e  a n  K - a p p r o x i m a t i n g  s e q u e n c e  f o r  H 

c l o s e d  s u b s e t  o f  K 

a t n  

a t n  

Sh:108



ON SUCCESSORS OF SINGULAR CARDINALS 379 

T h e n  C h a s  a c l o s e d  s u b s e t  o f  o r d e r  t y p e  p t  w h i c h  i s  i n c l u d e d  i n  

S 2 ( m  * 

P r o o f  : L e t  d E N o ,  d : H a t n  + K ,  d n o r m a l .  By t h e  E r d i i s - R a d o  

t h e o r e m  ( l n t l ( ~  + p I t  --* ( p  J K  

o n  w h i c h  d i s  c o n s t a n t .  I f  6 E Ci, t h e n  C1 fl 6 w i t n e s s e s  t h a t  

t n t l  
) t h e r e  i s  C 1  C o f  o r d e r  t y p e  2 

6 E S,(iS).  

6 )  S u p p o s e  N i s  s t r o n g  l i m i t ,  K c f  N , y a s u c c e s s o r  o r d i n a l ,  

K < p < N 

for N U t y t l ,  a n d  C N h a s  o r d e r  t y p e  1 ( u ) ~ ,  t h e n  C h a s  a 

c l o s e d  s u b s e t  C1 o f  o r d e r  t y p e  u t  w h i c h  i s  i n c l u d e d  i n  S 2 ( N ) .  

a n d  1 ( p )  < Nu. I f  E i s  a H - a p p r o x i m a t i n g  s e q u e n c e  
Y E+Y 

U+Y Y 

P r o o f  : We p r o v e  a s o m e w h a t  s t r o n g e r  s t a t e m e n t  : 

I f  C N B < y a s u c c e s s o r  o r d i n a l ,  a n d  C h a s  o r d e r  t y p e > l B ( p ) + ,  

t h e n  t h e r e  i s  C l -  

P < n ,  i f  a. < . . .  < a n  E C1 t h e n  

U t B ’  

c C n S 2 ( N )  of o r d e r  t y p e  p t ,  s u c h  t h a t  for s o m e  

(H(Hatyt1),E) \ v ( u o  ,..., u n )  e I{x : v(ao,... ’ a P - l ’ X ’ ~ P  , . . , a n ) W  Ha 

( T h i s  i m p l e s  C;  5 S2(N)). 

We p r o v e  t h i s  b y  i n d u c t i o n  on B .  For f i n i t e  B t h i s  was d o n e  

a b o v e ,  a n d  t h e  i n d u c t i o n  s t e p  i s  e a s y .  
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