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VII [Sh g7]

STRONG COVERING LEMMA AND CH IN V[R]

§0 Introduction

We prove a strengthening of the covering lemma, not using the fine struc-
ture theory (only some well known consequences, see Theorem 0.2). We
prove it essentially in all cases in which the covering lemma holds.

This, essentially, is Chapter XIII, sections 1-4 of “Proper Forcing” [Sh-b]
(the other sections, 5, 6, are superseded by the other material in this book).
My interest in the subject stems from Abraham’s (see below), and the
last spark were discussions with Harrington and Woodin; and Harrington’s
willingness to hear the proof while being done. When revising [Sh-b], I
was told it does not fit there (though see remark below on connection
with properness), not to say that the proof of WY < Nioxop+ in [Sh-b,
XI1L,§5,§6] was misplaced. As the proofs here inspire the proof of RXo <
Nioxop+ (i-e. reconstructing a submodel M by the characteristic function)
and are combinatorial in character, we hope it will be more welcomed here.
Note that the main problem here is very close to

min{|S] : § C S<,(A) is stationary},

which plays an important role in the rest of the book, but is not identical.
The characteristic function of a model which has a major role here is used,
also for example in [Sh371,§1], a difference being that here we use squares,
in other places in the book we use weaker principles which holds in more
general circumstances.

The changes compared with [Sh-b, XIII,§1-4] are minor — local improve-
ment in presentation (hopefully) and adding 0.5, 4.18.

The neatest case of the strong covering lemma is

Theorem 0.1 Assuming 0% does not exist (in V), A C Ord". If RY =

NQL[A], M a model in 'V with countably many finitary functions whose set
of elements is an ordinal o then for every b C « there is a set a C «, which
belongs to L[A] and is closed under the functions of M, b C a C «, and in
V, lal] < 1b].

The theorem is really much more general, it speaks on a pair of uni-
verses W C V| and uses three hypotheses which are known to hold in the
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case above: the usual covering lemma, the existence of squares and the exis-
tence of scales (for successor of singular cardinals, see §1 for the definitions;
follows from GCH in the smaller universe). Also the conclusion is stronger:
for regular k < A < A*, (k > Rq for simplicity) and ordinal « player I has
a winning strategy in the following game of length \ :

in the ith move, player I chooses a; C «, |a;|V < \*, Ui
player IT chooses b; C a, |b;|V < A\*, Uj<i a; C b;.

In the end player I wins the play if for some closed unbounded C' C A
we have: 6 € C & cfd =k = |J;.5a: € W.

We can conclude that for example, if 0% ¢ V| then any forcing notion
satisfies quite strong properness condition. L.e. let G C P be generic over
V; we know that, for given cardinal x and z € H"[% (), there are (quite
many) N < (HVI(y)), e, <%, H" (x)) such that z € N, NN HY (x) € V,
so there is ¢ € G which forces this and forces a value to N N H" (); hence
inV,qis (NNHY (x), P)-generic. (Of course, this does not say that for any
N’ < (H(x)", €, <%) we can find such a condition ¢). For example there is

such an N which in V[G] has cardinality N;/ ] This was the rationale for
putting this in [Sh- b].

The problem arises as follows: Jensen and Solovay [JS] asked how adding
a real can affect a universe.

Now adding 0% to L causes the collapsing of many cardinals, and they
knew that adding some real by forcing may collapse many cardinals; (later
in Beller, Jensen and Weltch [BJW] much more radical results were proved:
if V satisfies GCH, then there is a generic extension of V' (by a class forcing)
which preserves cardinalities and has the form L[a]) (first it was assumed
0% ¢ L). See more on this in Shelah Stanley [ShSt340]. Still L[a] always
satisfies GCH. So it was natural to ask, which Jensen and Solovay [JS] do:

bj C a; and

Problem 0.2 If W satisfy GCH, V = W|r], r a real, V and W have the
same cardinals, does V satisfy CH?

There are also several other variants; for example,

Problem 0.3 (1) If W satisfies CH, V = W][r], r a real and R} = R}V
then does V satisfy CH?

(2) Ask in addition that V', W have the same cardinals < 2%, and/or W
satisfies GCH S

Abraham [A] was interested in this problem, he proved that the con-
clusion of 0.1 implies a positive answer to the question 0.2, and the author
notes 0.1 if @ < N,,. Harrington and Van Liere have similar results, par-
allely. Abraham [A] have conjectured 0.1 when V and L have the same
cardinals. He also gave another application:

If L[A], L|B] have no non-constructible reals then L[A, B] have no non-
oy

constructible reals provided that N
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Just before the present work was done Shelah and Woodin [ShWo159]
proved the consistency of negatives answer of problems 0.2, 0.3. For ex-
ample adding a real to a universe V satisfying GCH may blow up the
continuum while not collapsing cardinals, starting with a universe W with
enough measurable cardinals; hence, answering 0.2 negatively; the other
extreme variant is from the consistency of ZFC we can get V. = W]r],
with W satisfying CH, XY = ®W and (2N0)V arbitrarily large, (i.e, answer-
ing problem 0.3(1)). Here, using the strong covering lemma we get several
complimentary results, so we know which large cardinals are necessary for
which variant; for some variants we know exactly, and for some reasonable
lower and upper bound. This is done in section 4, and one of the cases (see
4.11) involve proving somewhat more than the strong covering lemma.
The cases in which we do not have exact results are:

(A) For the first result, (for 0.2) a measurable cardinal is necessary, but

Shelah and Woodin [ShWol59] use (2N°)V many; we need a suitable
inner model so maybe Mitchell [Mi] work can help to close the case.
(B) The existence of V. = W{r], XY = R}V W satisfies GCH, but in V', CH
fails. We need an inaccessible, and a 2-Mahlo cardinal suffices.
(C) For problem 0.2 when W satisfies GCH, 2% =R, in V, 2 < n < w,
07 is necessary but X,, measurables suffices.

The obvious approach to the strong covering lemma seemed to be to
redo the covering lemma more carefully (and so it was thought); however,
this is not our solution. We rather prove by induction on « the statement
described above, using only some principles which follows and holds in
many other situations.

After this work, two beautiful related covering theorems were proved.
Carlson proved a stronger theorem from a stronger assumption: if 0% ¢ V,
any increasing sequence of uncountable regular length of sets of ordinals
from L belongs to L. Magidor [Mg3] proved that any somewhat closed
submodel of (L, €) is the union of < N sets from L if 0% ¢ V or at least
the core model, K, has no Erdés cardinal.

* *

Another question is due to Mathias [M2].

Question 0.4 Can V satisfy GCH, A C N, V[A] has the same cardinals
as V and in V[A], 2% >R, NY[A] =nY?

Note that if we replace R,,, by a regular cardinal, the answer is negative,
and if we replace it by a singular cardinality of cofinality Wy, such as N,
the answer is positive. By the strong covering lemma if 0% ¢ V, or even
if V has no inner model with a measurable the answer is no. In fact even
if 0% ¢ LIA], VE“(Va < w1 < R, 7, RV = Xy for @ = wy, and for
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arbitrarily large a < R, , then V[A][=“2% <X, 7. It seemed very persua-
sive that using the inner models for hyper-measurable (see Mitchell [Mi])
we can get stronger inner models for that question (and get the relevant
exact equi-consistency result for the question of violating CH by adding a
real mentioned above).

Recently by [Sh400], if we replace w; by wy, the answer is no. Really a
negative answer of 0.4 follows if we can prove in ZFC:

(V6 < wq)(6 limit = ppRs < R, ].
Both follows, by the next theorem (see more in [Sh400,83]).

Theorem 0.5 (1) Assume V a model of set theory satisfying the GCH, A
a strong limit cardinal, A C X\ (not in V) and V[A] a model of set
theory with the same cardinals < A% and
(x) In V[A], there is a stationary S C S<x, () such that |S| < A.
Then in V[A], 2% < \.

(2) AssumeV a model of set theory, A a strong limit cardinal, kK < X\, A C A
(not in V'), V[A] is a model of set theory and (kT)V, X\, A1)V are
cardinals also in V[A] and
(x) in V[A], there is a stationary subset of S<,()\) of cardinality < X.
Then in V[A], A® < A.

Remark 0.5A The assumption (*) holds for example A = R, by [Sh400,
4.4 4+ 3.7]. The proof is similar to that of 4.10.

Proof: 1) Let 2 = (H(A+)V[A1,H(A+)V,A,e, <% ) (where <%, € V is a

well ordering of H(AT)V).

We can represent 2 (in V[A]) as an increasing continuous chain 2,
(for i < AT), [|6]|VI4 < A*, (because V[A]E2* < A1), Similarly in V,
H(AT) = U, <+ Wi, W; increasing continuous, [W;| = X < AT,

(Wi i< ATy eV

In V[A] the set {i <At : HAT)Y NA; = W;} is a club of AT, so for some
club E € V[A] of AT for every i € E, 2; < A and H(AT)V N2A; = W;. Let
f={fi:i<\t) €V be such that f; is a one to one function from A onto
Wi.

Now for every r € (¥2) we can find i, € E such that r € 2, , and a
countable elementary submodel (N, f) of (;,, f;,) to which r belongs,
and N, N\ € S. Let 1, < A be such that N, N H(\)VIA € H(p, )V, let
M, be the elementary sub-model of (H(A*)V, fi, €, <§\+) with universe
the Skolem Hull of H(u,)" U{f; } (note: <}, € V is a well ordering of
H(AT)Y). Clearly M, € V, and |[M,|| < [H(u,)V| < X asin V, X is

VIA]
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strong limit the number of isomorphism types of possible M,. is < A. Also
the number of possible N, N A is < |S] < A (and the number of possible
wr’s is < A) so if the conclusion fails for some real r the following set has
cardinality A* (in V[A]):

R =: {s c (“’Q)V[A] My =2 M, us = ptr, NyN A= N, ﬂ)\}

So it is enough to prove (remember N, is countable):

(x) if s € R, then s € N,..

As s € R there is an isomorphism g, from M, onto My, it is unique as M,
satisfies extensionality (being < (HAOY, fi.. €, <3+ )), and belongs to
V as M,., M, belong to V. Clearly g, is necessarily the identity on H (ur)v
(as it is a transitive subset of M, N Mj). Also as

() N,NA=N,NAC H(p,)V (an assumption) and
(B) N, N H()‘+)V = {fzr(a) o€ N, DA} (as (erfzr) = (mimfz%) and
choice of f; )

clearly g, maps H (AT)" NN, onto H(A)" N N,.
Also gs (ANT) = ANs as A C X\. Now N, being

<= (HOHHLHONY, 4.6,<5, ),

“think” that “H(AT)VIAl is H(AT)V[A]”. But constructing H(AT)V4l as
H(\')V extended by A is a unique process, so gs can be extended to an
isomorphism from N, onto Ny, but necessarily s = g;1(s), so s = g;1(s) €
N,. as required.

2) Similarly (note that w.l.o.g. V' = L[B] for some B C A*, hence V, V[A]
satisfy 2 = AT). Oos
See more in [Sh410].

§1 The Strong Covering Lemma: Definition and implications

This section defines our central notions and gives the easy relevant facts.

Context 1.1 Let V be a universe (of set theory), W a transitive class of V
which is a model of ZFC (with the same ordinals) so that W C V. Writing
for example, Wy C W7 we implicitly assume the corresponding hypothesis.

Definition 1.2 The pair (W, V) satisfies the A-covering lemma (A a car-
dinal of V) if for every set a € V, a C A (or a C W) of power < A (in V),
there is a set b € W such that a C b and V=“b| < A”.

If we omit A this means “for every A > RY”. Without loss of generality a,
b are sets of ordinals.
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Definition 1.3 The pair (W, V) satisfies the strong (A, a)-covering lemma
(X regular cardinal of V, « an ordinal) if for every model M in V with
universe « (always with countably many finitary functions and relations)
and a C a, |a] < A (in V), there is b € W, a C b C «a, b an elementary
submodel of M (i.e., the set of elements of such a submodel) and

VE“b] < A7

Instead of saying for every a, we write oo instead of «, or write “the strong
A-covering”.

Of course, we can replace a by any set in W of the same power, so w.l.o.g.
« is a cardinal of W; and assume M has Skolem functions so it is enough
that b is a submodel.

Definition 1.4
(1) The pair (W, V) satisfies the strong (\*, A, k, @)-covering lemma (where
k < A < A* are regular cardinals in V| « an ordinal) if player I wins the
following game (in V| i.e., has a winning strategy) which we call

“the (A*, A\, k, a)-covering game”:
The play last A moves, in the ith move, player I chooses a; € V', a subset
of a of power < A* (in V'), which includes | ;<ibj, and player II chooses
b;, a subset of a of power < A* which include Ujgi a;.
Player I wins if there is a a closed unbounded subset C C X such that for
every i € CU{A}, cf(i) =k = {U;;a; € W (if 5 = A, only i = A count).
We omit « if we mean “for every o”.
(2) Let D be a filter on {i : 4 < A} i.e., on A+ 1 and A\*, A, « are as before.
The pair (W, V) satisfies the strong (\*, A, D, a)-covering lemma if player
I wins in the following game (i.e. I has a winning strategy in V') which we
call

“the (A*, A, D, a)-covering game”:
The play last A moves; in the ith move player I chooses a; € V' a subset of
a of power A* (in V') which includes |J;_; b; and then player II chooses b;
a subset of a of power < A* which include Ujgi a;. Player I wins the game

if {i <A:Ujc0, €W} eD.
Remark 1.4A The two popular cases are
D={ACX+1: )€ A}
(then we get the (A\*, A\, A\, @)-covering game) and
D:{Ag)\+1: there is a club C C )\ such that {6EC:cf6:&}§A}

(then we get the (\*, A, K, @)-covering game).
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Claim 1.5 (1) The strong (A*, A\, &, a)-covering lemma implies the strong
(A*, a)- covering lemma when [A* > XA or A > k] and it implies
the strong ((A*)T, a)-covering lemma when \* = A = k (AT-in V’s
sense).

(2) The strong (A\*, \, k, ap)-covering lemma implies the strong (A*, A, k, a1 )-
covering lemma when oy > o;.

(3) Wy, CW CV C Vj are universes of set theory with the same ordinals
then:

(a) The strong (A, a)-covering lemma for (W5, V7) implies the strong
(A, a)-covering lemma for (W, V).

(b) The strong (A*, A, k, a)-covering lemma for (W7, V) implies the
strong (A*, A\, k, a)-covering lemma for (W, V) (see 1.5A).

(4) In the (A\*, A\, k, @)-covering game, it does not hurt any player to choose
bigger sets as long as they are subsets of a of power < A* (i.e., if he
has a winning strategy, increasing the sets he still wins).

(5) If Ay < Ao < A3, and (W,V) satisfies the [strong] (A1, A)-covering
lemma for every A < Az, and also the [strong] (A2, Az)-covering lemma
then (W, V) satisfies the [strong] (A1, A3)-covering lemma.

(6) If (Wy, Ws) satisfies the (A1, As)-covering lemma, and (Ws, W3) satis-
fies the (A1, Ag)-covering lemma, then (W7, W3) satisfies the (A1, A3)-
covering lemma. (Where W7 C Wy C W3, A1 < A3).

(7) We can replace k by a filter D on A+ 1 in parts 1), 2), 3), 4).

Proof: Left to the reader being trivial.

Remark 1.5A Why in 1.5(3)(b) we speak on (Wi, V) and not (W1, V1)?
The winning strategy may be missing from V; (also the club C).

Definition 1.6 We say W has a square if for any cardinal u there are sets
Cs5(6 < p, ¢ singular limit) such that:

(a) Cs is a closed unbounded subset of § of order type < 6.
(b) If ~y is a limit ordinal and is in Cs, then

sup(Cs Ny) =« and C, = Cs5 N~.

Claim 1.7 If W has square, A < g, let S%, = {0 < p: 6 > X cfd < A},
then we can find (Cs : 6 € S£,) such that:

(a) Cjs is a closed unbounded subset of § of order type < A.
(b) If 7 is a accumulation point of Cy then Cs Ny = C,.
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Proof: Let (Cs : § < p a singular, limit ordinal) be as in Definition 1.6.
W.lo.g. 6 > A= Cs N\ = (. For each ¢ for which Cs is defined, let f5 be
the function with domain Cj, defined by fs(a) = otp(a N Cs). Define C}
by induction on § < u: if Cs is not defined also C} is not defined, if Cy is
defined but Cyip(cy) is not defined or otp(Cs) < A let C! = Cj, and if Cj,
Cotp(cy) are defined but otp(Cs) > A, we let

C3 ={a€Cs: fs(a) € Chpiont-

Now check that (C§ : § € S£,) is as required. 0,

Definition 1.8 If the conclusion of 1.7 holds, (for every u) we say W has
A-squares, and if this holds for every A > Ny, we say W has squares.

Claim 1.9 (1) If the pair (W, V) satisfies the A-covering lemma, (A a car-
dinal in V') then for every limit ordinal 0 : if its cofinality in W is > A
then its cofinality in V' is > X (the inverse is trivial).

(2) If W has A-squares, W C V and (W, V) satisfies the A-covering lemma,
then V' has A-squares.

Definition 1.10 We say that the universe W has scales if for every sin-
gular cardinal y, there is a set G of Y™ functions, with domain

R, ={0:6 < x regular},
g(0) < 0 for g € G, such that for every function f satisfying
Dom f C R,, |Dom f| < x and (V) f(0) < 6,
there is g € G, f <* g i.e,,
(3o € Ry)(V9) (0 < 6 € Dom f — f(0) < g(h)).
If we restrict ourselves to one such Y, we call this property “have x*-scale”.
Remark 1.10A Tt is easy to verify that if WE=GCH, then W has scales.

Claim 1.11 Let (W, V) satisfy the covering lemma.

(1) If W has A-squares, A > XY regular in V, then V has A-squares.

(2) If W has x"-scale, x a cardinal in V (hence x is singular in W, and
X" in W’s sense is the successor of x also in V) then V has x*-scale.

(3) If W has squares then V has squares.

(4) If W has scales then V has scales.
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Remark 1.11A (1) The aim of 1.11 is that we will be able to get a strong
covering lemma; for example for (W, V) where 0% ¢ V, and not just for
(L, V).

(2) In 1.11 we can replace Ny by any other regular uncountable cardinal &
of V' (if (W, V) satisfies the A-covering lemma for A > & regular in V') and
have other obvious variants.

Proof: Trivial.
For part 3) note that any universe W has Rj-squares: for every limit § of
cofinality N5 choose Cs C § an unbounded subset of order type w.

Definition 1.12 Let D be a filter on A + 1, cfA > Xy and always
[@ < A= A+1\ae D]

(1) D is called weakly normal = satisfies the (A*, A\)-demand 0 when:
if Ace Dfor(<Aand (<& < A=A C A,
then {¢ < X : (V€ < {)[¢ € A¢]} belongs to D.

(2) D satisfies the (A*, A)-demand 1 if: for every club C of A, CU{A} € D
and A* > A= C e D.

(3) D satisfies the (A*, A)-demand 2 when: if Cs is a club of ¢ for every
limit ordinal § < A of uncountable cofinality then

U{CsU{d}:0 <X, Rop<cfd <A }U{a<A:cfa>Ry} €D.

(4) D is said to satisfy the (A\*, A\)-demand 3 when for every x = cfrx < A
we have: {6 :6 < A\,cfd # K} € D or A* > X or if Cjs is a club of § for
each limit 6 < A then U{Cs U {6} : § < A, cfd # K} € D.

Fact 1.13 Let kK < XA < X\* be regular and A > N.

() UED={ACAX+1:X¢€ A} then D is a filter, A-complete satisfying
the (A\*, A) demand 0 and: D satisfies the (A\*, \)-demand 1 iff \* = A
and D satisfies the (A*, A)-demand 2 iff A* > .

(2) If Kk = cfr < X\ and

Dyw={ACA+1:AU{6 <\:cfd# k} contains a club of \}

then

(o) D is normal and (A-complete) and it satisfies the (A*, A)-demands
0, 1.

(8) D satisfies the (A*;\)-demand 2 if A* > X or k > Ny or every
stationary S C {d < A : cfd = k} reflect in some § < A.

(v) D satsifies demand 3 if A* > X or every stationary S C {§ < A:
cfd = k} reflect in some § < .
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(3) If A* > X and D satisfies (A\*, A)-demand 1 then D satisfies (A\*, A)-
demand 2.

(4) If A > X, and
D ={ACX+1: for some club C of A for every § € C of

uncountable cofinality we have § € A}

then D satisfies the (A*; \)-demands 0, 1, 2.

(5) Let (W,V) be a pair. Assume D is as in (2), for every «, we have:
(W, V) satisfies the strong (A*, A, K, )-covering lemma iff it satisfies
the (A\*, A\, D, a)-covering lemma.

§2 Proof of the Strong Covering Lemma

This section is the crux of the chapter. Our aim is, essentially to prove that
strong covering lemmas hold when the covering lemma holds. We can get
more from the proofs. We prove trivial cases of the strong covering lemma
(2.1) and two inductive lemmas, aim at enabling us to prove the strong
covering by induction on cardinals of W. The first (2.2) saying that we can
advance from p to ut, and the second (which is the main proof) saying
that we can advance to a limit cardinal p (really the proof split to cases by
cfV (1), so in some cases we get a little more).

Lemma 2.1 (1) Suppose x is a regular cardinal in V., (W, V') satisfies the
strong (A, p)-covering lemma for every p < x, u > . Then (W,V)
satisfies the strong (A, x)-covering lemma.

(2) If K < X < X* are reqular cardinals in V, then (W, V) satisfies the
strong (A*, A\, k, A*)-covering lemma.

Proof:

(1) If A = x, M a model with universe y and countably many functions,
then in V, for some a < x, « is closed under the functions of M, so it
exemplifies the conclusion of the strong covering lemma.

If A > x the strong (A, x)-covering lemma is trivial.

If A < x we can deduce the desired conclusion by 1.5(5) and the case A = x
above.

(2) The proof is similar. Oa 1

Lemma 2.2 Suppose:

(1) (W, V) satisfies the A*-covering lemma and W has X\*-squares.
(2) (W, V) satisfies the strong (\*, \, D, u)-covering lemma?®

(3) D satifies the (A*, X)-demand 2 (see Definition 1.12(3)).

(4) A uncountable (in V).

Then (W, V) has the strong (\*, X, D, u*)-covering lemma (u™ - in W).

28hence in V' A < A\* are regular
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Remark: Remember \* > A\ > X; are regular cardinals in V', D a filter on
A+ 1 and without loss of generality u > A*, (by 2.1(2), 1.5(2)).

Proof: Before really proving 2.2, we shall give two facts, which are trivial
but basic for our proofs: an observation, and a claim. We shall use assump-
tion (2) only in the actual proof of 2.2.

Fact 2.2A In W for each ordinal « there is a model M2 = (a, F2,GY,
SO CFY, HY,0), F? is a two place function from « to a, such that for every
B < a, FO(B,—) is a one to one mapping from 3 onto |3|" (its cardinality
in W); G%(B,—) is its inverse (on |3|"), SO is the successor function,
CF? is a one place function giving the cofinality for limit ordinals, and
predecessors for successor ordinals; HY is a two place function, such that
for 8 limit (HQ(B,i) : i < CFJ(B)) is an increasing continuous sequence
converging to (; 0 is an individual constant denoting 0, i.e. a zero-place
function; for 3 successor, HO(,0) = |8|, H(B,1) = (|3]7)W if this value
is < v and 0 otherwise.

Notation: We say a C « is a submodel of M if it is closed under the

functions of M2; and cl(a, M?) is the closure of a N o under the functions

of MY; similarly for M} which is defined below.

Fact 2.2B If W has A\*-squares (remember, \* is a regular cardinal in V)
then there is M} = (M2, C1), C1® a two place function such that:
there is (in W) a sequence (C} : 8 < a,cff < A*) as in Claim 1.7 (with
A*, a here standing for A, p there), such that:

C12(B, B) is the order type of Cé (if defined)

C1*(B,14) is the ith element of C} (if it exists).

Che(B+1,C0%(B,1)) = i.

Notation: We usually omit the subscript « in the above functions.

Observation 2.2C If i is a cardinal of W, ut its successor in W, a C u™
a submodel of Mﬁ+ and b C a is unbounded in a (i.e. , (V¢ € a)(3¢ € b)

[¢ <¢€]), then:
(1) a=cl ([a Nu]Ub, M£+> hence
(2)ifanpeW,be W thena € W.

Proof:
(1) Asanp Ca,bC aand ais a submodel of M3+, trivially

cd(lanpub,My,) C a.

For the other inclusion assume ¢ € a, hence thereis € b, ( < &if( =¢
there is nothing to prove, so let ¢ < &. Hence F(&,¢) < p (as [£] < € < u')
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and FY(£,() € a (as a is a submodel of M3+) hence FY(£,¢) € aN p. But
GO& F(&,¢)) =¢ and £ € b, s0 ¢ € cl(flanp] Ub, MY, ), as required.
(2) Easy.

Claim 2.2D Suppose D is a filter on A + 1 which satisfies the (A\*,\)-
demand 2 (see Definition 1.12(3)) and A, A\* are regular cardinals (in V),
A < A < a, a an ordinal and W has A\*-squares (so CL, M} are well
defined). Suppose further that (in V) (a¢ : ¢ < A) is an increasing con-
tinuous sequence of subsets of o, ( < A* = |ac| < A*, each a¢ a sub-
model of M2, sup(a¢c N A\*) C ac41.Lastly suppose the closure (in the or-
der topology on the ordinals) of a¢ is included in ac4q1 or at least (for
a fixed 0 < a) A.oysup(d Na¢) € ac + 1. If § € ay, cf(6) > A" then
S={(<\:C} C ac} belongs to D.

sup(dNa¢) =

Proof: Let 6(¢) = sup(ac N6) for { < A

Assume \* > cf¢ > Ry and ¢ < A. Now clearly (6(i) : i < () is a
(strictly) increasing continuous sequence converging to 6(¢), so as Cg(c)
is a closed unbounded subset of 4((), C§(<> N{6(i) : i < ¢} is a closed
unbounded subset of §(¢). But (i) € aj41 € a¢ (for ¢ < ). Hence for a
closed unbounded set of i < ¢, 6(i) € Cg(C) N ac. But a¢ is a submodel

of M}, and ac N A* is an initial segment of A* (see assumptions on a; :
sup(A* Nag) C agt1). So by the definition of MZ, for a closed unbounded
set E of limit i < ¢, C*(6(i),(i)) belongs to a;+1 C ac, hence (see M'’s

definition)
{7 : v < the order type of Cg(i)} Ca;11 Cag,

hence (using C*(§(4),7)), Cg(i) C ai+1 C a¢, and of course, 6(i) € Cé(()
and is even an accumulation point of Cg(C)' By the definition of squares
C’;(o C a¢, and for ¢ an accumulation point of I, C’g(i) C a;. So ¢ < A
Ny < c¢f¢ < A* implies: ¢ € S and a club of i < ¢ belongs to S. This clearly
suffices.

So we have proved 2.2D. Osop

Proof of 2.2: By the hypothesis, player I has a winning strategy in the
(A, A, D, u)-covering game, which we denote by K;(i < A); i.e., if b, C
for i < A, |b;|V < A*, then a; = K;(bo,b1,...,bj - -)j<; is a subset of p of
cardinality < A*, b; C a; for j < 4, and if in addition for ¢ < A we have
Ujgi a; Q bz then:
{5§)\ U(leW}GD.
j<é

Let us describe the winning strategy of player I in the (A*,\, D, u™)-
covering game.

See https://shelah.logic.at/papers/E114/ for possible updates.



Paper Sh:E114, version 1994-04-11.

Proof of the Strong Covering Lemma 287

In the ¢-th move, a; C b; C a,;(j < i < () are given, player I let:
(i) a(g) = Uj<§ bj
(i) af = K¢(bo N gy b1 OV gty ooy b OV gty - - )ig
(iii) ag = ag U a% U {sup(ag)} U{y:y< sup(ag NA*)}
and he chooses a¢ = cl(a%7 MjJr). Note that sup(ag) < ()W as |ag|v <A*
because (W, V) satisfies the A*-covering lemma.

Let us show that this strategy is a winning one, so let (a;,b; : i < A) be
a play in which player I uses the strategy described above. Clearly by the
choice of the K;’s, there is C' € D such that if ¢ € C' then

agﬂu:Ubiﬂ,uGW.
i<

Let §(i) = sup(a?).

For any limit { € C, clearly ag is a submodel of Mb, hence by Ob-
servation 2.2C, part 2 in order to prove ag € W it is enough to find an
unbounded subset b C ag as there i.e., b € W; our b here will be C§(<> from
Fact 2.2B. Hence it suffices to prove that for some C’ € D, (C' C C) and
for every ¢ € C' we have: C§(<) is a subset of ag. By 2.2D we finish. O

Remark 2.2F Note that if there are A*-squares then for each u there is
(CH: X < § < p,cfd < X*) as required, with: otp C} not divisible by w?
implies C} include some end segment of 4.

Lemma 2.3 Suppose

(A) (1) (W, V) satisfies the A*-covering lemma, and W have A*-squares
and have scales (at least for 0 > \* > ct0, 0 a W-cardinal).
(2) > X* is a limit cardinal (in W).
(3) (W, V) satisfies the strong (A\*, A\, D, a)-covering lemma for every
a < p (where D is a filter on {¢ : ¢ < A} and Rg < X < \*
are regular cardinals in V).
(B) At least one of the following holds:
(4) cfp < A* and D satisfies the (A\*, \)-demands 0, 1, 2, 8 and is
A-complete.
(5) cfp > A*, and D satisfies demands 0, 1, 2 and Rg < A < \*,

{€: ¢ < A\ cf¢ >R} € D, D is normal

fi.e., if Sc € D for ¢ < X then {¢: (V€ < ()¢ € S¢} € D] and

(W, V) satisfies the A-covering lemma and W has A-squares.
Then (W, V) satisfies the strong (A\*, X, D, u*)-covering lemma (u* in W's
sense).
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Remark:

(1) Suppose A = \*. If X has the same successor in V and W, the situation
is much simpler as for example we can use A*-squares with every Cj
of order type < A (see 4.17).

(2) This lemma is the heart of the matter.

(3) The proof is broken to smaller parts. Part (A) of the assumption (i.e.
(1), (2), (3)) is used freely but we shall say when we use an assumption
from (B).

We work for a while in W, present some definitions and facts, and only

later return to the lemma.

Notation 2.3A We let R denote the class of regular cardinals of W,

R(pi,p) ={x € R <x < p}.

Let T be (the class of) functions f, with domain a subset of R, f(x) < x.

We have two natural relations on 7" :

(1) f <gif Dom f C Dom g and f(x) < g(x) for x € Dom f (similarly
f < g). This is a partial order.

(2) f <* gif Dom f C Dom g, Dom f has no last element, and for some
X0 € Dom f, and for every x > xo,

[x € Dom f = f(x) < g(x)]

(<* is a partial order on each Tt (see below)).
(3) If I C R is a set with no last element,

T =T(I)={feT:Dom f CIand supDomf =sup I}
and T'(p1, p) = T(R(pa, pr))-

Fact 2.3B In the universe W :

(1) If f; € Ty for j < §, 6 < min I, then there is f5 € Ty, such that f; < fs
for every i < 4.

(2) Assume f; € Ty for j < 6, I has no last element and one of the
following holds: 6 < (sup I)* and sup([) is singular or 6 < sup(/)
or § = sup([l), sup([) is regular but I is a non-stationary subset of
sup(]). Then there is f5 € Tt such that f; <* fs for every i < ¢.

Fact 2.3C In the universe W suppose 6 = sup(I), I C R, 0 a singular
cardinal of cofinality < A* (remember that by clause (1) of 2.3, W have a
0% -scale if § > A\* > cff). Then:

(1) there are functions f; € Ty(i < 67) such that for every i < j < 67,

fi <* f; and for every f € Ty for some i, f <* f;, provided that
|Dom f| < 6.
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(2) If in addition (C5 : 6 € S‘g*} is a A*-square, \* < 6, we can in part
(1) demand that:
(a)ifi<j<6t,ieCjand x €I, x > \* and x is regular
then f;(x) < fj(x)-
(b) if j < 07T, j is a limit ordinal and j € Sg\*, then for y € I,
X > A* we have fj(x) =sup{fi(x) +1:i€Cj}.

Definition 2.3D (1) For every a we can define a model M2 € W, an
expansion of M} by the functions F? = F?2, where:
for each singular cardinal @ of W, such that cf(8) < A\* < 0, 6% < a,
let f2?(i < 0%) be as in Fact 2.3C (for I = RN, and the A\*-squares
(C}:6€52,.) we have used in the definition of M), and

F2(9ai’X) = fz’279<X)'

Of course, {(i,0, f7%):i < 0F,607 <a} e W).

(2) If (W,V) has A-squares (see clause (5) of 2.3) and satisfies the A-
covering lemma then M2 is the expansion of M2 by C%%, where
C?%« is like C1® (see 2.2B), but using a A-square (C? : i < a and
W cf(i) < N).

(3) Without loss of generality C} are as in 2.2F.

Fact 2.3E Let p be singular cardinal of W, > \* > cfu, we let M? =
MiJr, etc. Suppose a C M? is an elementary submodel in V, yu € a, A C a
is unbounded, xo < p, and for every x € RN a N (xo, ), sup(aNy) <
supie 4 f;"(x). Then:

(1) a = cl([an xo] U A, M?), hence

(2)if anxo, A€W thena e W.

Proof:

(1) Let b =: cl([a N xo] U A, M?), so clearly b C a; suppose b # a and
eventually we shall get a contradiction. Let ¢ be the first element in a\b
and ¢ the first element in b\( (it exists as by assumption A is unbounded in
a); so there is no member of b in the interval [(,£) and ¢ < £ (so bN& C ().

Case I: Let £ be a successor ordinal.

Then as £ € b also £ —1 € b (as CFV is one of the functions even of M2+,
CF(&) = € — 1, see Fact 2.2A), but ¢ < ¢ — 1 < &, contradiction.

Case II: Let £ be a limit ordinal, singular in W (i.e. in W either, [£| < &,
or £ is a singular cardinal).

Then as CF°(¢) < &, and € € b= CF°(&) € b, clearly CF°(€) < ¢. Now

M?E4(3z)(z < CF(§) & ¢ < HO(§,2) <€)7
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(by H®’s choice, see 2.2A) hence as ¢, £ € a :
M?la E4(3z)(z < CFO(€) & ¢ < H(&,2) < ).
So let a € a be such that
a<CFY &) & ¢ < H¢, ) < €.

As CFO(¢) < (¢ (see above) a < ¢; but by the choice of (, a € a implies
a€b Asacb, HO(E a) € b, but ¢ < HY(E, ) < &, contradiction to the
choice of &.

Case III: Let & be a regular cardinal in W.
Then & > xo as ¢ > xo, as aN xg C b. So

sup(aN &) < sup (ff“(f)) = sup (F2(M, i,f)) <sup(bnNg).
icA icA

The last inequality holds as p € b, £ € b, A C b (why? p € b as there
isy€e A& <y (as sup(4) = sup(a), and pu € a by a hypothesis of the
Fact) hence p = |y| = H2+ (7,0) € b; £ € b by the choice of £, A C b by the
definition of b).

As trivially b C a we can conclude sup(a N &) = sup(b N &); however,
we know that ¢ € aN & hence ¢ +1 € aN ¢ hence ¢ < sup(a N &) whereas
bN¢& C ¢ hence sup(bN§) < . Contradiction.

(2) Follows from part (1) of 2.3E. Y

Proof of Lemma 2.3: By the hypothesis of the Lemma, for every o < p,
player I has a winning strategy in the (A*, A, D, «a)-covering game, which
we denote by K@ = (K& : i < \); i.e., if b; C « for i < A, [b;|Y < A\* then
a; = K&(bo, b1, ...,b;,- )< is a subset of «, of V-cardinality < A*, b; C a;
for j < 4; if in addition a; C b; for ¢ < A then:

{s=r:Uaew}en

j<é

Defining the Strategy 2.3F Let us describe a winning strategy of player
Iin the (\*, \, D, u*)-covering game.

In the ¢-th move, a; C b; C a; C b; (for j < i < () are given, player I let:
(i) ag = Uj<c bj

(11) aé =U {K?(bj n ()é,bj+1 n «, ,bl N Q- ')j§i<C : for SOIIlej < C,

we have{zj—i—f,aeaj\u,yqa,y anda<,u}

(iii) ag = ag U aé U {sup(ag)} U{y:v< sup(ag N}

See https://shelah.logic.at/papers/E114/ for possible updates.



Paper Sh:E114, version 1994-04-11.

Proof of the Strong Covering Lemma 291

As (W, V) satisfies the A*-covering lemma, and the set ag has cardinality

< A* (in V), there is ag such that:

(iv) a} € W, af C af, |ag|v < \*; moreover a is an elementary submodel
of M3+ (remember M5+ € W), (and of M5’+ if well defined) and
include the topological closure of ag (in the order topology on the
ordinals).

Let Ch¢ be a function, with domain agﬁ(R\)\*), Che(x) = sup(a?ﬁx) <

X (remember that by the A\*-covering lemma y € R\A* implies cfV (x) > \*

as: A* is a regular cardinal in V', x regular cardinal in W, hence if a € V,

a C x |a|V < \*, then thereisb € W, a C b C x, |b|Y < A*, hence otp(b) <

A s0 [ < A* but W E “x = cfx > \*, so a N x is a bounded subset of

X)- By the A\*-covering lemma there is a function fc € (Trn,)", Dom(fe)

a subset of R N p of cardinality < A*, Che < f¢, ie., Che(x) < fe(x)

when y € ag N R, x > \*. Let, for each cardinal 6 of W Ch? = Chel0.

For 6 € (A\*, u] singular in W, by the choice of (f2? : i < 6T), for some

ip(C) < 0T we have fc[[\*,0) <* ffe’?o or (Dom f;)N# is a bounded subset

of 6.

Lastly player I chooses

ac = cl(a%ﬂagu {ig(() 10 < pu,0e ag and @ is singular in W}, M5+)
* * *

The “only” thing left is to show that this strategy is a winning one; i.e.:

Framework and Notation 2.3G Let (a;,b; : ¢ < A) be a play in which
player I uses the strategy described above. Let a§ =: |J,;, a?. Note: for

0.
limit ¢ < A, ag = Ug<c ae, and (ag : ¢ < A) is increasing and (ag ¢ <A
is increasing continuous, ag Cac C ag L1

Let us introduce some more notations. For 6 € (\*, pi], a singular car-
dinal of W which belong to a?\ and for an ordinal ¢ < A let

8o(¢) = 8(¢. 0) = sup(ag N O7F),
s0 09(¢) = Che(07) if 0 € Dom(Che). If z € a, let
j(z) =min{j < A:z€al} <A

If 0 € af and Vo < A* (equivalently, cfVo < A*), clearly 0 € a?(g)
and ag(e) N 0 is an unbounded subset of 0. Let © [let ©*] be the set of
all W-cardinals 6 € {J,_, ac\\* for which cf§ < A [for which cff < A*].
Note that (0¢(¢) : j(8) < ¢ < A) is strictly increasing continuous (see (iv)
above) hence for limit ¢, cf¥ (65(¢)) = cf¥(¢). Note also that 6 € ag =
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d6(¢) € ag,, (remember that af contains the topological closure of a? and
obviously d¢(¢) is in the closure of ag by its definition).

Subfact 2.3H For each a € a§ Ny for the D-majority of i < X\, a{Nav € W.

Proof: This is by (ii) (of the definition of the strategy of player I; i.e. in
2.3F) as a% C agt1, and as K¢(§ < A) is a winning strategy of player I in
the strong (A*, A, D, a)-covering game. Os spr

Subfact 2.3I (1) Suppose § € ©%, j(0) < ¢ < X (on j(8) — see above
2.3G), Ro < cfV¢ < \*. Then for some closed unbounded subset C
of ¢, for every & € C U {(}, the set Cg(g 0) (is defined and) is an

unbounded subset of a not.

(2) If D satisfies (\*, /\)—demand 2 then for § € ©*, we have:
{¢ < X: G5 is an unbounded subset of af N*} € D.

Proof:

(1) We can prove this as in the proof of 2.2D.

(2) For each 8 € ©*, j(8) < A, and by (1) and “D satisfies the (A*, A)-
demand 2” the conclusion follows. Uo 37

Fact 2.3 If 0 € ©*, 0 € a?(e), J(0) < ¢ <& < A then:

(1) Ch{ < ChY,

(2) fae«) <" Farte

(3) f5 (C) a€ < Chi

(4) Ch{ <" [

(5) if i <\, cfi < )\* ¢ a limit ordinal, C’é(l 0 C ad then f(;(l 9)[ ad < Chf

Proof: This can be proved quite easily. The first part holds as ag 11 S ag
as ¢ < ¢ and the definition of ac41 above (as the closure of ag in the order
topology of ordinals is a subset of a% C ag 41 hence of ag). The second part
by the choice of the f?’e (see 2.3(C)(1)) as [j( )<< €= 0p(C) < a8l
The third part is true as dy(¢) € a2+1 - a§ (as 0g(¢) is in the topological
closure of ag which is a subset of ag Cae 2, 1) hence

[c€RNasN0O= f;’?c)(a) €agNol.

The fourth part holds as Ch< <* f o(O) (by the choice of ig({) in 2.3F)
and i6(¢) € act1 C ag (see choice of acy1) hence iy(¢) < 69(&) and so
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fi’(eo <* f(?;?g) (see 2.3C(1)). As <* is transitive, we finish proving (4). As

for the fifth, we know that, for every x € RN o Nal \ \*,

50000 =sw{ () +1:j € Cl} = sup{F>(6,5,x) +1:j € C}}

< sup(ad N6+) = Ch/(x).

U237

Fact 2.3K Suppose 0 € ©*.

Notation: For ¢ < A, j(0) < ¢ let xo(¢) = x(¢,0) € 6N RN ag be the
minimal cardinal > A* of W satisfying (x)¢,¢ below (if there is one):

(e () [xo(Q) < x < 0 & x € Rnal = Chl(x) = f325)(0)].

Now we claim:

(1) If ¢ < Xis a limit ordinal, ¢f¥ (¢) # cfV(#) and cf¥ (¢) < A* then xg(¢)

exists.

(2) TFC < A\ Ro < cef () < M, 0 ¢ a and cff # cf¢ then for a closed
unbounded set of £ < (, (¥)¢,9 above is satisfied for x = x4(¢) (so

xo(§) < xo(¢))-
(3) It 0 € Ueon ag and D satisfies the (A*, A\)-demands 1,3 then the set
{¢ < X:xe(¢) well defined} belongs to D.

Proof:

(1) As cfV(¢) < M*, ¢ a limit ordinal, clearly cf(Jy(¢)) = cf(¢) < A*, hence
C’g(gﬁ) is defined. Let £(e) < ¢ (for € < cf¥(¢)) be increasing continuous,
Uc<crc €(€) = ¢ and be such that for each € for some a(e), a limit ordinal
from C§<<,e>7 we have dg(€(€)) < ale) < dg(§(e+ 1)), and let (cfC) = d(C)
(remember 2.2F, 2.3D(3)). For each ¢ < cf(, by 2.3J,

0 * r2,0 0 * 02,0 0
Cheey <7 File(er).0) %) £ Fafern) 1% (er2)

* 02,0 0 6
<7 Foo(eters) 106 (ers) < Chg(era)

hence for some y, < 0 :

(*) Chg(e) HXey 9) ag f(?(’g(5+1)’9) r([Xﬁ 6) N ag(e))
2
< 20 M (xe 0) Nad,)

< 0h2<5+3) [([xe.0) N a2<6))-
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As cff # cf(, there is x* = x({,0) < 0 such that
§={e<cfC:xe < x'}
is an unbounded subset of cf(¢). Without loss of generality
e€eS=e€e+1,€e+2 €e+3¢5.

Now notice:

(a) For each x € [x*,0)N ag the sequence

(Ch oy (x) : € < cf(¢) and &(€) > j(x))

is strictly increasing and continuous (as (£(e€) : € < c¢f(¢)) and <ag(é) :
e < cf(¢)) are increasing and continuous and see 2.3J).
(b) For each x € [x*,6) Nag,

(f3700 : Be{é(e+1),ale+1) s e€ S and £(€) > j(X)})

is increasing (by (a) and the inequalities above).
(c) For each €; < ez from S and x € [x*,0) N ag(e) we have

0 2,0 0
Che(e,)(X) < fé(er+2)(X) < Chee,y(X)

(by (%) above).
(d) For each x € [x*,0) N ag we have

P28 000 =sup {30, () +1: e € 8} = sup{f2, () e € 5}

(by 2.3C(2)).
As S C cf(¢) is unbounded, a), b), ¢), d) together give the desired result.
(2) By subfact 2.31 Cg(c,é’) C ag and for some closed unbounded C C ¢,

(V& € CU{CI[Ce.0) = 0(€) N Cc.) € afl,

and let £(¢) in the proof of (1) be such that dp({(e)) € C, and let x*, S
be as there. Now if €* < ¢f(¢) is a limit ordinal and S N e* an unbounded
subset of €*, the proof there gives the results for £ = £(e*), but the set of
such £(e*) is a closed unbounded subset of ¢ (as c¢f¢ > Rg). So xg(§) is well
defined and < xy(¢) for a closed unbounded set of £ < (.

(3) Should be clear (see 1.12). If \* > A, cf(f) # A we can apply part
2 to ¢ = A, and get a club C of A such that £ € C' = (x)¢g, by part
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1 we know (%), so it is enough to have C' U {A\} € E which holds by
“D satisfies the (A*, A)-demand 17. If \* = A, let « for 1.12(4) be cf(0):
for every ¢ € {6 < A : cfV(5) # cf(A)} as above for some club Cs of §
[¢ € Cs U{d} = (%)c0], and apply “D satisfies (A*, A)-demand 3.” We are
left with the case A* > A = cf@ which is like the second case but easier (use
for example k = Ny; note that in this case A € D as in 1.12(4) we have
three possibilities; the second is excluded, the first and third imply A € D).

Us.3k

Fact 2.3L For the D-majority of ¢ < A, ag € W, provided that cf" (1) <
A* (assuming (4) of (B) of 2.3).

Proof of 2.3L: The proof is split into cases (they cover more than de-
manded in (4) of 2.3; (5) of 2.3 is irrelevant).
Case A: A < \*, c¢fu # X\ and D satisfies the (A\*, A\)-demands 1, 2.

First, by Fact 2.3K(2) (applied with p, A here standing for 6, ¢ there) as
A < A*, there is a closed unbounded C' C A, and x* < p such that for every
¢ € CU{A}, (%)¢,, holds for x(¢, ) < x*. Note that by the hypothesis of
this case (A), demand 1 (see 1.12(2)) holds hence CU{A} € D and without
loss of generality every member of C' is a limit ordinal.

Secondly by Subfact 2.3H the set S = {¢ < \: ag N x* € W} belongs
to D.

Lastly, by Subfact 2.31(2), for some set C' € D, for every ¢ € C!,
Cg(c’#) is an unbounded subset of ag.

As D is a filter, S* = (C U {\}) N SN C? belong to D, and we shall
prove that for every ( € S* ag € W, thus proving 2.3L,Case A. Let
A= cl((ag Nx*) U C&(g oM, ) As ¢ € CU{\}, ¢ is a limit ordinal.
As ( € S, ag Nx* € W, and 0bv10usly Cé(cvu) € W, hence A € W, so it
is enough to prove A = ag. As ag Nnx* C ag, and Cg(c,u) C ag (because
6 € C') and as af is a submodel of M3+, clearly A C af. We shall prove
the other inclusion by Fact 2.3E, so we have just to check that for every
X € RNANa)N (x*, 1),

sup(al N x) < sup{f7*(x) : i € A}.

For this remember that ( € C U {A}, x(¢, 1) < x*, so by (x)¢,, (from Fact
2.3K) Ch¥(x) = f5 ,(x). So

6(¢m)
sup(ag N x) = (by Chy(x)’s definition)
Ch¢ (x) = (by (*)¢.pu)
Q(g u)( ) = (by the definition of f2** see 2.3D and 2.3D(2)(1))
sup{ [ (x) 1§ € Ce o} < sup{fP(x) i € A}
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So we have proved the inequality required for applying Fact 2.3E, hence
A= ag, hence ag € W. As this holds for every ( € S* and S* € D, we
finish the proof of Fact 2.3K, Case A.

Case B: D is (cfu)T-complete (or at least closed under intersection of de-
creasing sequences of length cf(u)) and satisfies the (A*, A\)-demands 1,2,3
(3: for k = cfp).

As “D satisfies (A*, \)-demands 1,3 (for k = cfu)”, by 2.3K(3) for some
C € D, for every ¢ € C, x,(¢) is well defined (this is a weaker conclusion
than in the first paragraph of the proof of Case A, so we strengthen the
conclusion of the second paragraph). Define for x < p,

szz{ch\:agﬁer}.

Now define S, S =1, ., Sx

Note that y1 < x2 < pu = SX2 C Sy,. Hence as D is (cfu)™-complete,
SeD.

Lastly, by 2.31, as D satisfies the (\*, \)-demand 2 for some C! € D,
we have [ € C! = C’;(Q .y is an unbounded subset of ag]. We can continue
as in Case A.

Case C: cf(u) = A\, A € D and D satisfies the (A*, A)-demands 0, 1, 2.

Note — necessarily A = cfy < A*. We define C as in Case B, and
also Sy(x < p). Let (¢ : ¢ < A) be an increasing continuous sequence of
cardinals < p, p = ¢ 0¢; and without loss of generality A 6¢ € a2+1.
Let

S={C<A: (¥ <QIC € S}
as [x1 < x2 < p =5y, €85,,] and each S, is in D, and D weakly normal
(i.e. satisfies demand 0 from 2.12(1)) we get S € D. For each ( < A,
ChE1[0c, 1) = fyil 1 ([0 1) N )
(note: A < A* hence sup(a@ N ) = p).
The rest is as in Case A. Ua.s1
So without loss of generality we could have assumed (5) of 2.3 hence:

Hypothesis 2.3M cfp > A* and {¢ < A:cf( > N} € D, A < A*.

Fact 2.3N We can find 0(¢) € © for ¢ < A such that:
) (6(C) : ¢ < ) is strictly increasing continuous.

b) Uc<x 0(¢) = sup(al N p)
e) efV[0(0)] < A
d) 6(¢) = sup(a N p).

See https://shelah.logic.at/papers/E114/ for possible updates.



Paper Sh:E114, version 1994-04-11.

Proof of the Strong Covering Lemma 297

We leave the proof of this fact to the reader. (Note: the non-limit ¢ are not
important).

Fact 2.3P If (W, V) satisfies A-covering, W has A-squares, A < \* < cfp,
D a normal filter on A + 1, so A € D, satisfying the (A*, A)-demands 0, 1,
2 then for the D-majority of ¢, af Nt € W.

Proof: By Fact 2.3K(2) (with ¢ there standing for ;4 here) for each 6 € ©
(i.e. ¢V < X hence cfV'# < A by A-covering hence § € ©*) there is
a closed unbounded subset Ej of A\ such that for every & € Ej U {\},
xo(§) < xo(X) < 6 and by 2.31, (using “D satisfies (A\*, A\)-demand 2”) we
get: for some Y € D, for every { € Y also Cj ) = Cj5 ) Nag is an
unbounded subset of ag N6+, Let Eé =n{EJ:0¢€ CGQ(C) N O}, which is
also a closed unbounded subset of A, (remember COZ(C) has power < ) and
at last

E? = {{ < X (i) for every £ < (, ¢ € E} and
(i) 0(¢) = sup(a? N ) (use 2.3N(d))},
which again is a closed unbounded subset of A, hence E? € D (as D satisfies
(A\*;A)-demand 1, A\ € D). Similarly as D satisfies the (A*, A)-demands 0,

2 and by Subfact 2.3H and a variant of Subfact 2.31 (for C? instead C})
we have:

E*={(C e E*: forevery 0 € CjyNO, alNO € W and Cj ) C al}

belongs to D (weak normality suffices as an initial segment of b C a, b € W
is in W). We shall prove now that for each ¢ € E : if ¢f( > Rg, ( € Y then
ag € W. By the proof of Lemma 2.2 (i.e. 2.2C(2)) it is enough to prove
that ag Npew.

Clearly there is € < A such that x)(A) < 0(¢) < 6(e) (for example
€ = ¢, but even if we want to use xg(¢)(A) for some stationary set of €’s,
we can use Fodor’s Lemma decreasing a little E3). As chC > Np, and
Xo(A) (with o varying) is a regressive function on 092(0 N ©, for some x*,
Xo(e)(A) < x* < 0(¢) and x* € C92(<) and S =: {0 € Cg(C) NO: xo(N) <
X* < 0} is a stationary subset of 6(¢).

Let A = (al Nx*) UU{Cj ) 1 0 € SNOFUCS gy, then clearly
AC ag (note: Cg(( 0) - ag by Subfact 2.3I as ch( > Ny). For each 6 € S,
6T N cl((ag Nx*) U Cg(qﬂ),M’%) is equal to 07 N ag as (€ E3,0 ¢ C02(<)
(as in the proof of 2.3L). As S is unbounded (in 092(0)7 it follows that
ag N o) € cl(A7M3+) C ag. As cfV i > X, by 2.3N(d) we have 6(¢) =
sup(ag N i), so ag Nu = cl(A4, Ml‘f+) N . So it suffices to prove that A € W,
and for this it suffices to prove that S and (dp(¢) : @ € SN O) belongs to
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W. Note that 092(@ NO={0:0¢€C2(0), W k= “0 a cardinal of cofinality

< A} hence Cj, N © belongs to W.
Why 5 € W3
Remember 6(e), xg(c)(A) used above and compare for 6 € C92(C) NO\x*, the

functions féz(,/e\(g)(e)) and ff(’/g\ g)- We know that f(?(’i(;)(e)) [([X*, f(e)) N aﬁ\) is
equal to Ch?\(e) I[x*,6(€)). So for € € [(,\) we have

1E= 1S, (I, 0(0) Nad) e W

see clause (iv) in the definition of the first player’s strategy, al C a? C
1 iv) in the definiti f the first player’s strat gcgc
agﬂ, ag € W), and f¢ is equal to

Chi T ([, 0(¢)) Nad).

Now if 6 € S and & € [(,\) then f(?(’f\ 6)f<[x*,0) N a%) is equal to

Chf’\[([x*ﬁ) N ag) = JZI[X".0). But if 6 € C3, N O\x"\S, then by the
definition of xg(A), as xg(A) > x*, for every £ < A large enough

FEDC,0) # 1350y 1 (D, 0) 0 ).

As \Cg(<)| < XA =cfY\, one &(x) € [¢,\) is large enough for all. Also, by
the choice of ¢, for 6 € 092(0 N © we have

do(A) = CRA((OF)Y) = fe) (69)™)

So as fg(*) € W the function

(66(N) : 0 € [x,0(¢)) N O and cfV < X and 6 € Cj )

belongs to W. So we have a definition of S in W, hence S € W.

Why (09(¢) : 0 € SN O) belongs to W?
For each 8 € SN O, §p(C) € Ct%(CJ\) (as C € E(C)) We know that (ff’e(x*) :
i€ acc Cg(,\,e)> is strictly increasing, and is continuous. Now (dg(A) : 6 € S)
(as a function) belong to W (as fiw € W), hence

89(¢) = min{y : v € G5, 4 and 27 (x*) > sup(a N x*)}.

This definition can be carried in W hence (5y(¢) : 6 € SNO) € W. So we
finish the proof of 2.3P. Ly 3p

End of the Proof of 2.3: It is easy to check that 2.3L, 2.3P proved 2.3
(see 2.3(4), 2.3(5)). U3
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Remark 2.4 If we want to get the result for k = Xy < A < A* (for exam-
ple, for A = Ry, \* = Ny when 0% ¢ V) we can drop from the hypothesis
on A (i.e., A-covering and A-squares) and add that the AT-squared scales
(defined below) exists for .

It was not clear whether they exist when [Sh- b, XIII)’s writting was es-
sentially finished (early 1981). Later Abraham who was converging toward
it and the author looked at it and tried to develop it and with Stanley
seemingly proves its consistency. Subsequently Donder, Jensen and Stan-
ley [DJS] proved it.

Definition 2.5 W has A*-squared scales, if there are for each singular 6,
a scale (f¢ ;i < 07), and a X\-square (C3 : § < ,cfd < \*) , and a
A -square C3 (0 a cardinal in W, 6 > \* > cf) such that:

(+) if 0(1) € CF, ¢ € C37 then fE(0(1)%) € CZ° when & = £{(6(1)F)

Remark 2.5A We can restrict ourselves to § < o™ for any fixed o*.

Theorem 2.6 Suppose (V,W) is a pair of universes of set theory, Rg <
Kk < X< X\* are reqular cardinals in V., W have square (or just \*-squares
and A-squares) and scales.

Then (V, W) satisfies the strong (A*, A, k, 00)-covering lemma, if it satisfies
the A*-covering lemma and the A-covering lemma.

Proof: Let D be as in 1.13(2), by which it satisfies demand 0,1,2,3. As the
strong (A*, \, k, 00)-covering lemma is equivalent to the strong (A*, A, D, 00)-
covering lemma, it suffices to prove the later. We prove by induction on pu
(a cardinal in W) that (V, W) has the strong (\*, A, &, pt)-covering lemma.
For p < A* see 2.1 for successor p (in W) use 2.2 and for limit p use 2.3.
Lo

Conclusion 2.7 Ifin V, 0% does not exist, then (L, V) satisfies the strong
(RY WY RV 00)-covering lemma.

Theorem 2.8 Suppose (W,V) satisfies the \*-covering lemma, W has
square and has scales. If there is no cardinal p of W, A\ < p < \* and
K < A < A* are regular cardinals of V' then (W, V) has the (A\*, \, Kk, 00)-
strong covering property.

Proof: Note that if Vi=“cfa = X" then WE“\ < cfa < (AT)V”, hence
in our case Wk“cfa = X”. So we can strengthen a little the Claim 1.7
demanding: if cf§ = A then C} has order type A\. Now repeat the proofs of
2.2, 2.3 (or see 4.17). O, s

See https://shelah.logic.at/papers/E114/ for possible updates.



Paper Sh:E114, version 1994-04-11.

300 VII: Strong Covering Lemma and CH in V|r]

Conclusion 2.9 If 07 ¢ L, and there is no cardinal u of L for which
N} < p < RY then (L, V) satisfies the strong Na-covering lemma and the
strong N;j-covering lemma.

Proof: The strong Ny covering is by 2.8, the strong Nj-covering follows
immediately. Usg

§3 A counterexample

The following lemma says that even if V' and L have the same cardinals,
except RY and cfV(R}) = Xy, the strong R;-covering lemma may fail. Tt
uses forcing but its role is just to show some theorems cannot be proved.

Lemma 3.1 Assume V' satisfies CH, then there is a forcing notion R,
of power Ra, which does not collapse Ny (and even satisfies the condition
from [Sh- b, XI]; better see [Sh-f,XI,XV]) and does not collapse any R, >
Ny, such that (V,VE) does not satisfy the strong (Ry,RY )-covering lemma
(note: if V satisfies GCH, W satisfies GCH, too).

Proof: Let P be for example, the forcing of adding a Cohen real. In V'
we define a forcing notion @ :

Q= {f : f is a function, with domain an ordinal o < Ny, and range
included in Ry, and for every limit § < «, Rang(f[5) ¢ V'}

Q is ordered by inclusion.

First note that @ # () (as the empty function belongs to @) and we shall
prove that for every p € @ and 8 < Ny thereis g € Q, p < ¢, 8 C Dom gq.
Let Dom p = «, and choose ¢ > sup Rang(p) (and i < Ng) and choose
A C [i,i + 8 + w] such that: for every limit 0 if i < § < i+ 8+ w then
AN[,6 +w] ¢ V and so A has order type 5+ w (easy as P add reals).
Now define ¢ : Dom g = a + 8, ¢(j) = p(j) for j < a and g(a + j) is the
j-th element of A. Also trivially for every i < as {p € Q : i € Rang(p)} is
a dense subset of Q.

We work for a while in V7.

As VT satisfies 2% = Ry, clearly @ has power R, and it is easy to check
Px(@Q has power Xy, and it will be our R. It suffices to prove that @) does not
add reals hence does not collapse Ny, as the generic function from X; to No
will be the evidence of the failure of the strong (X1, RY )-covering lemma.

So let h be a @-name (in V), and p € Q force that it is a function
from w into N;. We define by induction n < w for every n € "(w2) (ie., a
sequence of ordinals < ws of length n) a condition p, € @ such that:

(1) p<> =p, pyll < py, for £ < Lg(n)
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(2) pylF@“h(m) = ~,” when Lg(n) = m + 1, for some 7, < wy
(3) Rang n C Rang p,, moreover if £g(n) = m + 1 then

Pn (sup Rang pnrm) =n(m).

There are no problems in the definition.
By Rubin and Shelah [RuSh117] (the theorem on A-systems) there is
C “>(ws) such that:

T

() <>€ T and for every nn € T the number of n” < a > €T is Ny and T
closed under initial segments

(B) Dom py; = 6pg(y) < w1, (i.e. Dom p, depends on the length of 7 only)

(7) there are countable sets a,, C wo, for n € T such that: (for n,p € T') we
have Rang p,, C a, and if n[¢ = p[¥, n(£) # p(¢) then a, Na, = a,e.

Let ay, = sup(ay), so p,~(g)(ay) = B (see (3) above) and without loss of

generality

(x) fa< B, n" <a>eT,n" < B >T then min(a, «s>\a,) > a.

Let C' = {¢ <Ry : for every € (“>¢) N T we have a,, C ¢ and

{a<(:n” <a>€eT}is unbounded in (}.

Clearly it is a closed unbounded subset of Vo, hence it contains a closed
unbounded subset C' which belongs to V (we are working in V). As the
cardinality of P is < Ry < No, there is (¢, : n < w) € V increasing and
included in C.

Now let a = {n(¢) : £ <w} ¢ V (but € V), n(f) < n(f+1). We define
by induction on ¢, an ordinal «; such that:

(1) Cnpey < e < Guoy+1

(2) (@0, -y ar) €T, fag,...,asr) N Cner1) S Cn(o)1-

This is easy by () above. Let p* = (J, p(aq.....ar)- Now p* is a function from
§ =Jy0¢ to wo; if b = Rang p* € V, then a = {€: ({r, (1) Nb# D} € V
as ((¢ : £ < w) € V, contradiction. Hence b ¢ V| and it is easy to check
p* € @, and clearly p* forces a value to h, so we finish to prove that @ does

not add reals, hence does not collapse Ny, hence we finish the proof of 3.1.
Us.a

Remark 3.2A The choice of “P ia cohen forcing” is as it is the simplest.
For example, assume x = kX0, P is a forcing notion of cardinality at most
x adding a new real and @ is the forcing defined in the proof of 3.1 with ™
replacing No. Then the forcing by P * @ collapse k to X1, collapse no other
cardinality (nor change cofinality) (in particular do not collapse X;), has
cardinality %, all the reals of VF*¢ are from V¥, So if P is “w-bounding
(for example Sacks forcing) then so is P (. On the other hand, the strong
(X1, k+)-covering lemma fails i.e. the family of old countable subsets of k™
is not stationary; this answer a question of Kamburelis. Really assuming
CH, any proper forcing adding a new real of cardinality N; is OK. The
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proof give more than stated in 3.1, in particular answering a question of
Kamburelis.

§4 When adding a real cannot destroy CH

Here we draw conclusions concerning consistency strength, but the section
is not used later, so knowledge of inner model is required.

On core models see Dodd and Jensen [DJ1]; they prove

Theorem 4.1 For every model (of set theory) V there is a core model

K(V) CV, such that:

(1) K(V) is a transitive class containing all ordinals, and W C 'V implies
K(W)C K(V).

(2) K(V) satisfies GCH (hence has scales), has squares; let Kx(V') be the
family of sets in K (V') of hereditary power < \.

(3) If in 'V there is no inner model with a measurable cardinal, then
(K(V),V) satisfies the covering lemma (see Definition 1.2).
(4) K(V) has a definable well ordering (hence definable Skolem functions).

The following is known:

Theorem 4.2 (1) Suppose W C V have the same cardinals, then they
have the same core model.

(2) Moreover, if W C V' have the same cardinals < X, where X is a limit
cardinal (in both) then Kx(V) = Kx(W) (see 4.1(2)).

Proof:

(1) Suppose K(W) # K(V): clearly K(W) C K(V),solet A C «a, A €
K(V), A¢ K(W). So there is a mice of K(V) to which A belongs, hence
there is such a mice of K(V)-power |a|; but we can extend it, hence for
every limit cardinal A > « of V there is a mice with critical point A, to
which A belongs, and the filter is generated by end segments of

{x:x <A, xacardinal in V}.

But then this mice is in W hence in K (W).
(2) The same proof. Uao

Conclusion 4.3 Suppose in V there is no inner model with a measurable

cardinal. Then:

(1) (K(V),V) satisfies the strong A-covering for every A > Ro.

(2) If W C V have the same cardinals then (W,V) satisfies the strong
A-covering lemma for every cardinal A > Ny of V.
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(3) If W C V have the same cardinals < p or even K, (W) = K,(V),
where p is a limit cardinal (of V') then (W, V) satisfies the strong
(A, p)-covering lemma for any cardinal A of V(A > Rp).

Proof:

(1) By hypothesis (K (V'), V) satisfies the A-covering lemma for every A >
NY (cardinal in V), by fine structure theory K (V') has squares and scales.
So our main theorem 2.6 give the desired conclusion.

(2) K(V) = K(W) by the previous theorem, hence K (V) C W. We can
finish by part (1) using 2.8.

(3) Similar proof. Oas

Remember:

Theorem 4.4. (Magidor) If W C V, K(W) # K(V) then for some
cardinal A of K(V) and AC X\, Ae K(W), Kx(W) = Kx(V) but there is
a class C (in' V') of ordinals in K(W), such that in K (W), C' is indiscernible
over A, and K(W) is the Skolem Hull (see 4.1(4)) of AUC.

Theorem 4.5
(1) If V.=W]|r], r a real and (W, V) satisfies the strong A-covering lemma
(A a cardinal of V') then:

. %

(Z) ZM</\(2M)V = |Z,u,<)\ (QI ) |V and

(i) (X<’\)V = | (X<>‘)W |V' for every x.

(iii) Assume X is reqular in V, A€ W, A C X and HA\)"W C Ly[A].
Then any bounded subset B of A from V belongs to Lo[ANa,r] for some
a < A
(2) For having (i) it suffices to have the strong (X, a)-covering lemma for

a < ([(XO‘)W]Jr)V; (note that (i) is a particular case (ii)).
Proof: Easy.

Conclusion 4.6 If V has no inner model with a measurable cardinal, V =
W (r], r a real, W, V have the same cardinals < \ were (QNO)V > A >NV
A a limit cardinal and W satisfies CH (but V' does not) (or at least W |=
2% <)), then

KA(W) = K\(V), K(W) £ K(V)

(this is stronger than 0% € V| see 4.4).
Proof: We know that K,(W) = K,(V) by 4.2(2). On the other hand
it K(W) = K(V) then by 4.3(3) the pair (W, V) satisfies the strong A-

covering lemma. So by Theorem 4.5 (above) (2N°)V = (QNU)W, contradic-
tion to “W satisfies CH but V does not”. Oag
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Conclusion 4.7 If V = W[r], r a real, W satisfies CH and in V, 2% > R,
then 0% € V.

Proof: Suppose 07 ¢ V. We know A < At 4 2% = \* for every A
By 2.5 (W, V) satisfies the strong XY -covering lemma, hence by 4.5 in V,
280 < N3 in V. To get the exact result we should use a finer theorem, 4.15
below. D4,7

Conclusion 4.8 If V.= W{r|, r a real, V and W have the same ¥; and
Ry, W satisfies CH but V does not then 0% € V.

Proof: Use 2.9 and 4.5.

Lemma 4.9 Suppose W CV, X\ a cardinal of W and

(a) (i) N € W is a regular cardinal in W, or
(i) the square principle for A holds in W, i.e., there are C5 C § for ¢
limit < (AW, Cs closed unbounded and:

v =sup(yNCs) = Cy = (yN Cs).

(b) VIE“ctV A # cfV (]A]Y).

Then in V' the W -successor of A is not a cardinal.

Remark 4.9A In (a), also “pp(A\) > AT & cfA < \” suffices (see [Sh355,
1.54]).

Proof: By hypothesis (a) in W we can easily find (4; : i < AT) such
that: 4; C A\, A; unbounded in X, and for every ¢ < AT there is a function
fi 11— A, such that the sets A;\ f;(j) (for j < ¢) are pairwise disjoint. (If
A regular: trivially (choose for i < A A; C A pairwise disjoint of cardinality
A, and then choose by induction on i € [\, A7), A; C X pairwise disjoint
of cardinality A such that j < i = |A; N A;] < A), if not: by Litman [Li],
using Jensen’s theorem on gap one transfer theorem (see Ben David [BD]),
or directly let (\; : 4 < cfA) be an increasing sequence of regular cardinals
with limit A; choose by induction on a < A*, f, € [], A; such that

Q< B = fo< fsgmod JBS, a€Cs & |Csl < \i = fali) < f5(i);

let A, = Rang f,).

Suppose AT (in W’s sense) is a cardinal of V. Let us work in V. Let
x = cfV(|A]), ef¥'(\) = p. So A = Ua<y Ba, Ba increasing continuous
with a, |Ba| < |A], all in V. Now each A;, as an ordered subset of A, has
cofinality p (as A; is unbounded in A) and by assumption (b), u # x.
Hence for each i for some a(i) < x, A; N By(;) is an unbounded subset of
A; (if x < p, trivially, and if x > u remember B, is increasing). We are
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assuming that (in V) the number of A;’s is AT, [AT| > ||, hence for some
a, C = {i: a(i) = a} has power > |A|. Let ¢ be the A-th member of C; so
{ITA\fi(j))]N By : j <i,j € C} is a family of || pairwise disjoint subsets
of B, each non-empty, contradiction to |B,| < |Al. Oga

Theorem 4.10 Suppose W CV =W]r], r a real and

(a) in V the continuum hypothesis fails.

(b) In W, GCH holds.

(¢) W has squares.

(d) (W, V) satisfies the strong Na-covering lemma.

Then in W there is an inaccessible cardinal, in fact XY is inaccessible in
w.

Remark: Note, clause (c) really is not necessary (if the conclusion fails
then 07 ¢ V).

Proof: Let k = (2NO)V, x = XY. By 4.7 without loss of generality x <
(N2)V hence by clause (a) we know k£ = XY, hence & is a regular cardinal in
V hence in W. If the conclusion of the theorem fails, x is a successor cardinal
in W, so let it be K = AT. So by the previous lemma cf¥ X = cf¥ (|]A|V).
However, |\ is necessarily RV = x (as RV < A < RY) hence cf¥ \ = XY

Let C = (C; : i < k) € W be a list of all bounded subsets of x in W.
By 4.5(1)(iii), every real s of V is in L,[C,r] for some a < k (so really
we can replace W by L[C]). Let in V, A\ = Uicy 4is |4;]V < x (remember
x = XNY), A;(i < x) increasing continuous. Let s be a real of V, then
§ € Lo(s)[C, 7] for some a(s) < x, without loss of generality a(s) > A. Let
fa(s) € W be a one-to-one function from L, ,)[C] onto A. Still working in
V, Los)[C,r] = U7<x N3, N3(v < x) an increasing continuous sequence
of countable elementary submodels of L) [C, 7], closed under fats)s f;(ls).
So (A; i < x) and (NS NA: v < x) are sequences (in V') of countable
sets increasing, continuous with the same union: A and of length y = XV
Clearly for some ~(s), Ni(s) NA= A, and let 6, =sup A, < \.

Now in V the continuum hypothesis fails, hence there is a list of &
distinct reals, {s¢ : ( < k}, and we can replace it by any subfamily of
power k. So without loss of generality v(s¢) = () for every ¢ < k and for
each ¢ < k, let AS be the closure of Oy DY fa(se)s fa_(lsc) so A¢ € W. Now
in W the number of possible isomorphism types of

M =2 (A, fa(se) fagsey <01 € G375 05()
is < 2100l < X (as W satisfies GCH). So without loss of generality this
isomorphism type is the same for all ordinals ( < k.

Now we show that all Njg*) (for ¢ < k) are isomorphic (in V) : let ¢,

§ < kK, now any isomorphism from M, onto M is the identity on A, (as
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Ay € 0y(x) € M), hence take Nvf*) NA= A, onto Nwé*) NA= A,
but |Njf*)| is the closure of Njf*) NA DY fa(se)s f;(ls(); so looking at the
definition of M, we see that the isomorphism takes Njf*) Nk onto NWSE*) Nk
and preserve the relation “i € C;” and map r to r. But Nf{f*) “think” it is

La(s)[é,r], so the isomorphism can be extended to an isomorphism from

N, onto N3¢, as promised. But N'€  is countable, and we have too
many reals, contradiction. Ua1o

Conclusion 4.11 If there are universes W C V = W][r|, r a real, W
satisfies GCH, and CH fails in V' then in L there is an inaccessible cardinal,
in fact Ny is inaccessible in L.

Proof: Suppose in L there is no inaccessible cardinal or just R} is not
unaccessible in L. Then 0% ¢ V hence 0% ¢ W and as W satisfies GCH,
W has squares and scales. If (W, V) satisfies the strong RY -covering lemma,
then all the hypothesis of 4.10 are satisfied, hence its conclusion, which is
the conclusion of 4.11. Still by §2 we do not know that the strong No-
covering lemma holds. However, (letting x = R, k = XYk = (AT)")
by 4.15 below, we know that for every real s € V, for some increasing
continuous sequence (N7 : i < x) of countable models (in V, N; C V) we
have s € N7, N7 = (N7 N W)[r], U;~, Ni N & is an ordinal> A, and each
N; is 2-trivially defined from N; N (see 4.12 for meaning). The rest is as
in the proof of 4.10. a1

Remark 4.11A (1) So why 4.10, 4.11 comes before 4.15? We think the
proof of 4.10 makes the understanding of 4.12 — 4.15 easier (using
the notation of the proof of 4.10).

(2) But 4.11 is later reproved (in 4.17).

Definition 4.12 Let W CV, A€V, AC \* canordinal, BC o, Be V.
We define when “B is (-trivially defined over (W, A, a)” or B € WL A, a)
for £ = 0,1,2 (where cl, M2, C* are as in §2, specifically see 2.3D, 2.2B,
2.2A).

¢ =0: for some §, B =cl(AU {6}, M2) NC}

¢=1:for some B; € W [A,«a), and a function f € W,

B= cl(A ULf(0) i € Bi}U(Uien, C}(i)),Mi)
¢=2:for some n < w, By,..., B, € WL[A, ), and 8 < «,
B= cl((A Uy, Bm),Mg) ng.

Definition 4.13 In V let D be a filter on S<+(A\*), \* be regular cardinal.
We define the strong (\*, D, a)-covering game; it last A* moves; in the i-th
move, player I chooses a; € V, a subset of a of power < A* (in V) and
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a function f; from an ordinal < A* onto a;, such that a; D Uj<ibj and
fi 2 Uj<i g; and then player II chooses b;, a subset of a of power < A\* (in
V') and a function g; from an ordinal < A* onto b;, such that b; 2 Ujgi aj,
gi 2 Ujgi -

In the end player I wins if the following set belongs to D :

{A €S (\): {fila) i< X, ac A} e WET[A,a)}.

(W, V) has the (A\*, D, a)-strong covering property if player I has a winning
strategy in the (\*, D, a)-strong covering game. We omit « if it is true for
every a.

Remark 4.13A Without loss of generality Dom f; = a; N A\*, Dom g; =
b; N A*. This definition does not contradict the earlier one as the filter here
is not on some cardinal (but on Sc«(A\*)).

Definition 4.14 Suppose in V, A\* = AT, X (and \*) are regular. We shall
define a filter D[A*, A].
Let for each oo < A", a = (J, ., A, A increasing continuous, |A§| < A.
DM, A = {5 C Sca-(N*) : for some closed unbounded C' C \*, for
every a € C, if cfa = A then
{i<X: A2 € S} € Dy},

Remark 4.14A (1) This definition appears essentially in [Sh52, §3].
(2) The filter does not depend on the choice of the A$’s.

Theorem 4.15 Suppose in V, \* = AT and X\, \* are regular cardinals
A >Ny and let D = DN, \]. If W has \*-squares, has scales, and (W, V)
satisfies the \*-covering lemma then (W, V') has the (\*, D)-strong covering
property.

Proof: We just repeat the proof of 2.2, 2.3.
Note that we use 8 € WQ[A, a) for the parallel of “Cé(g.a) C ag” and

B € Wi,[A, a) for the parallel of “Uycg C5¢ )" Oys

Corollary 4.16 If the hypothesis of 4.15 holds and XY = XY then (W, V)
satisfies the strong No-covering lemma and the strong R -covering lemma.
* * *

We have remarked that if A* is the successor of A in W, things are much
simpler. Let us present this
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Lemma 4.17 Assume W C V', X a regular uncountable cardinal in V' and
AH)Y =N and (W, V) satisfies the At -covering lemma.

(1) If W has A-squares, D = Dy + {6 < X : cfVs > Ro} then (W, V)
satisfies the strong (A, A, D)-covering lemma.

(2) If W has (/\+)W—squares, D = Dy, then (W,V) satisfies the strong
(A, A, D)-covering lemma.

(8) If W has A\-squares,

D={MNA:{§<AX:6€ A or ANG is stationary in 8} is not stationary}.
Then (W, V) satisfies the strong (X, A, D)-covering lemma.

Proof: For any ordinal we can find p bigger than it, u a regular cardinal
in W, VE“u» = u”, and let a(x) = (;ﬁ‘)w. Clearly it suffices to deal
with subsets of a(x) (in (1) — prove that player I wins the (A, A\, D, a(x))-
covering game).

We define a model M (.. Let, in W, {fs : B < a(x)} € W list all
functions f € W such that: Dom f C {k: A <k < pu, kK regular in W}
and WE[Dom f| < X and f(k) < & for K € Dom f (there is such a list as
ViE“u<t = 7. For (1) let M.y be M) (from 2.2A) expanded by F, a
partial two place function, F'(3,v) = fz(7). For (2) , we replace

(CL: X< a<a(x) and cfV (a) < \)
(A-square) by a AT-square
(CL: X <a<alx), o (a) < A1),

otp C} < X (equality holds when cf” v = X).

Note that (W, V) satisfies the A-covering lemma [if a C Ord, V=“la| <
A\’ by assumption there is b € W, VEE“|b] < AT” and a C b. So o]V <
(AH)Y = (AH)" hence by an assumption W[b| < A. So in W we have an
increasing sequence (b; : i < A), b = |J, ., bi, Wl=|b;| < A. Now for some
i, a C b; (asin Vi]a| < A & cfA = \) so we finish]. Now let for any set
a C a(x), Ch, be the function with domain

{k < a: K regular uncountable in W, k € a},

Ch, (k) = sup(a N k).

We now define a strategy for player I in the (A, A, D, a)-covering game:
he chose a; C « such that: a; € W, a; C «, p € a;, |a;| < A and a; include
the closure in order topology of the Skolem Hull of i<i b; in M, and for
each j < i for some f; < a(x), Chy; = fs;, and 3; € aj;1. Clearly this is
possible.

Let us show that this is a winning strategy. So let {(a;,b; : ¢ < \) be a
play of the (A, A, D, a)-covering game in which player I uses his strategy.
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By the assumption [i.e. (W, V) has A*-covering, applied to the set | J,_, a]
there is a set d C a, d € W, |d| < At and |J;_, a; C d. As before (because
(AH)Y = (H"] we have W|d| < A” so there is an increasing continu-
ous sequence (d; : i < Ay € W of subsets of d such that: d = |J,_, d; and
i< A= WE9di| < \].
Clearly Cop = {6 < X : § a limit ordinal and ds N Ujeraj =U;<5 a;}

is a club of A. Also
01:{5<)\: if B € ds and for some j < A, fg < fq,

(i.e. Dom fg € Dom f,; and (Vk € Dom fg)[fs(x) < fj()]) then

there is such j < 5}

i<

is a club of A. Hence it suffices to prove that for every é € Cy N C; we have
Uj<sa; € W. Let 6 € Co N Cr, define Ys =: {B € ds : fg < fa,}-
Now for each ¢ < §, we know that

Be € acer C | Jaand fa, = Chy, < Chy, = fo,
j<o

hence [( < 0 = ¢ € Y5).
On the other hand (as § € C4)

BeYs= fo<fas =\ fo<fs

j<8
Hence for every € |J;_5a;\A regular in W
Chyj o, (K) = supChy,(r) = sup fs(r).
i<s j<é ' BEYs

So g5, the function with domain

{k:k €ds\\,k <, kregularin W},

*

g5 (k) = supgey, f(r) belongs to W (as Ys and ds belongs) and

j<s @
Proof of 4.17(1): Remember by assumption W has A-square, say
(C}:6 < a(x),cfd < \),

and they “appear” in M, ). By the strategy for every j < A of uncountable
cofinality and 6 € a;\\ (regular in W, € [\, u]) Cdy, () C aj42. Hence as
aj

in 2.2(D) for limit 6 € Cyp N Cy of uncountable cofinality C’éhu C

J<8% ()
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Uj<6 a;, so by 2.2 we finish similarly to 2.3E. Le. define by induction on
n:

ap is the Skolem Hull of §) in M,

Gn+1 is the Skolem Hull in Mo of

an U {C;*(e) : 0 € a,, aregular cardinal > X\ of W, in the

domain of g*}.

Clearly (a, : n < w) € W hence a, =: J, ., an € W, and each a, is a
subset of a so a,, C a. Lastly a,, = a similarly to 2.3E.

Proof of 4.17(2),(3):
Similar. Uaa7

* * *

Lemma 4.18 Suppose W C V = Wir], R} = RV r a real, W satisfies
CH while V fails CH. Then Ny is inaccessible in L.

Proof: Assume the conclusion fails, so x =: R} = ()\+)W, A a cardinal in
L.Let x =X} = RIV. By 4.9 ¢f A = R;. Also as XY is not inaccessible in L,
necessarily 0% ¢ V hence by 4.7 V2% < Xy hence V2" = Ry. Choose
A€V, AC \such that X-M = XV (= XWV) and L[A]=4A| = X, (so
we cannot exclude the possibility “A ¢ W”). Now by Lemma 4.19 below,
L[A]E“2% =Xy”| (note L, L[A], A, A here stand for W, V| A, 7 there).
By 2.8 (with L[A], V, R}, XY R, here standing for W, V, \*, \, k there)
the pair (L[A], V) satisfies the strong R} -covering lemma. As L[A][=CH by
4.5 also V satisfies CH, contradiction. Cyas

Claim 4.19 Suppose W C V = W{r|, r a subset of A\, A a cardinal of W
(A*)W = NY and W satisfies GCH.
Then V satisfies CH.

Proof: Let k =: XY, x = X}, so WE“s = AT7. Now V“f\ = \;” by
4.9; and assume V)z“ZNO > N;” and we shall get a contradiction.

Now repeat the proof of 4.10 (after the first paragraph). The additional
point is in proving NVSC, Njg are isomorphic. We have to check that the
mapping preserves “i € r”, but r C A and Ny* N A = N3* N A C 4, , and
the mapping is the identity on As_ . 419
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