Paper Sh:1204, version 2024-11-13. See https://shelah.logic.at/papers/1204/ for possible updates.

Abstract Corrected Iterations

Haim Horowitz and Saharon Shelah
Abstract

We consider (< A)-support iterations of a version of (< \)-strategically complete A*-c.c.
definable forcing notions along partial orders. We show that such iterations can be
corrected to yield an analog of a result by Judah and Shelah for finite support iterations
of Suslin ccc forcing, namely that if (Po, Qg : a <6, < 6) is a FS iteration of Suslin ccc

forcing and U C ¢ is sufficiently closed, then letting Py be the iteration along U, we have
Py < Pg.l

0. Introduction
Our motivation is the following result by Judah and Shelah:
Theorem A ([JuSh292]): Let (P,,Qp : a < §, 8 < J) be a finite support iteration

of Suslin ccc forcing notions (assume for simplicity that the definitions are without
parameters). For a given U C ¢, let Py be the induced iteration along U, then
Py < Ps.

Recent years have witnessed a proliferation of results in generalized descriptive set
theory and set theory of the A-reals, and so an adequate analog of the above-
mentioned result for the higher setting is naturally desirable. Such an analog was
crucial for proving the consistency of cov(meagrey) < 0, in [Sh:945]. It is not clear
that the straightforward analogous statement holds in the A-context, however, it
turns out that the desirable result can be obtained by passing to an appropriate
“correction” of the original iteration. This was obtained in [Sh:1126] for the specific
forcing that was relevant for the result in [Sh:945]. Our main goal in this paper is
to extend the result for a large class of definable (< A)-support iterations of A*-c.c.
forcing. Namely, our mail result will be a more concrete form of the following:

Theorem (Informal): There is an operation (a “correction”) P +— P on (< \)-
support iterations of (< \)-strategically complete reasonably definable A*-c.c. forc-
ing notions along well-founded partial orders, such that P adds the same generics
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as P, and if U is an adequate subset of the set of indices for the iteration, then
P < P

Note that even for A = Yy we shall obtain consequences not covered by [JuSh292],
as our result includes also iterations with partial memory. Our definability require-
ments are also much more general than [JuSh292], as instead of analytic definitions
we only require that the definitions are reasonably absolute (e.g., in the case of
A = Nj and under sufficiently strong large cardinal assumptions, our result covers
iterations of forcings defined in L(R)). The complete formulation of our main result
can be found in Conclusions 2.26, 3.12 and 3.13. In order to get a further taste of
the main result, we shall illustrate here a less general (but somewhat more formal
than before) consequence:

Theorem B: (A) implies (B) where:

A. Let X be a cardinal satisfying A = A<* and let q consist of the following:
a. An ordinal a(x).

b. u = (uq : @ < a(x)) where u, C a.

c. ¢ = (¢a:a < a(x)) where each ¢, is a definition of a forcing notion Q = Q,,
with a generic 7o, whose members are of the form p = (tr(p), B(..., 0s(cp), - Je<c))

where tr(p) is a function from some v € [A\]<* to H(A), ¢(p) < A, B is a A-Borel
function from (2*)®) to H(A)*, S(e,p) € uq and kg " = U{tr(p) : p € G},
d. If p <q,, ¢ then tr(p) C tr(q).

e. If {pi:i<j} CQy,, tr(p;) =nforalli<j, and j <lg(n), then {p; : i < j} has
a common upper bound that is A-Borel computable from {p; : i < j}.

f. The forcing notions Q,, are (< \)-strategically complete and satisfy a strength-
ening of A™-cc called "(\, D)-cc" (to be defined later).

g. For each Qg,, the trunks and the generic satisfy a few additional reasonable
requirements (to be specified in Definition 1.4).

h. The definitions ¢, and their relevant properties (e.g. compatibility of condi-
tions, the trunk of a condition being a specific 7, etc) are absolute between models
of the form V¥t and V*2 where Py < Py are (< \)-strategically complete and A*-cc.

B. There is (Pg, ) = (P, 7*) where:

~

a. P is (< \)-strategically complete and A*-ce.
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b. 7" = (0% : @ < a(x)) is a sequence of P-names of A-reals.

~

c. For each o < a(x), let V* := V[....n}, ...]geu,, then n} is "somewhat generic'

for QU in the sense that if I is an antichain in Q)" that is absolutely maximal,
then 0’ satisfies some p € 1.

d. f U C a(x) and « € U — u, C U, then q [ U is naturally defined and
(P 1" T U) are as above for q | U.

e. If Uj,Uy C a(x) are as in (d) and 7 : Uy — U, is an isomorphism such that
a € ug <> mwla) € ur(g and such that ¢, = g for all a € Ui, then there
are P, <P (I = 1,2) such that n} is a P;-name for every a € U, P, = Pgio, and
m(n5) = Nr(a) for every a € Uy,

We expect our general result to be applicable in numerous contexts. As mentioned
above, a specific case was applied in [Sh:945] to obtain the consistency of a new
inequality of cardinal invariants for the A-reals. We expect also applications to car-
dinal invariants of the continuum, as indicated by the following immediate corollary:

Theorem C: Let ry,...,x, be cardinal invariants of the continuum such that the
consistency of Ny < 11 < ... < 1, < ¢ can be forced over a model of CH us-
ing a FS iteration over a well-founded partial order of definable forcing notions
satisfying the assumptions of our main theorem, then it is also consistent that
s=N < <..<gp,<c.

The above theorem follows from the proof from [JuSh292] of the fact that FS itera-
tions of Suslin ccc forcing notions over a model of CH preserve s = w;. The proof
relies on the aforementioned result about subiterations of Suslin ccc forcing, and
so it follows for FS iterations over a well-founded partial order of suitable forcing
notions by using the corresponding corrected iteration and the main result of this

paper.

We shall start by defining our building blocks, namely forcing templates and it-
eration templates. These will allow for a much larger variety of examples than what
appears in [Sh:1126] (in particular, an iteration may involve forcing notions with
different definitions). One of the differences between the current work and [Sh:1126]
is that our forcing notions might be definable using parameters that don’t belong
to V, and so this will require the introduction of a new type of memory (“weak
memory”) that will allow the computation of the relevant parameters.

We then continue by introducing the class M of iteration parameters, from which
we shall practically construct our iterations. We shall then consider the notion of
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an existentially closed iteration parameter, and we shall isolate a property of iter-
ation parameters that guarantee the existence of an existentially closed erxtension.
We shall then obtain our desired corrected iteration from those existentially closed
extensions by taking an appropriate closure under ILy+.

Notation and conventions D: Throughout the paper, ordinals will be denoted by
lowercase Greek letters, with the exceptions of the letters s, A, 1 (and sometimes 6
and x) that will be used for cardinals, and ¢, ¢ (and sometimes 6 and x) which will
be used to denote formulas. For regular k < A we denote the set {0 < A : cf(d) = k}
by S2. Forcing templates will be denoted by p and iteration templates will be de-
noted by q. Forcing notions will be denoted by P and Q, where typically P will
be used for iterations and Q will be used for iterands. We adhere to the Jerusalem
tradition according to which "p < ¢" means that the forcing condition ¢ is stronger
than p. We shall work with the following modification of H (k):

Definition E: A) Given two sets X and xz, trelx(z) = trel(z, X) will be defined as
the minimal set u such that:

1. z €.
2. y Cu for every y € u '\ X.

B) For a cardinal x and a set X we define H<.(X) as the collection of sets x such
that |trel(z, X)| < k and 0 ¢ trcl(z, X).

C) X is called s-flat if x ¢ H< (X \ {x}) for every z € X (we may use X as a set
of atoms as in Definition 1.1(B)).

D) Given a cardinal A, an ordinal ( < AT and a set X, we define H<)(X) as
follows: H<)o := X, and for ¢ > 0, letting H<) <¢(X) := gUgH<’\’5<X)’ we define
< < 21

Hey¢ o= [Hap (X)) So Hopn(X) = Hepox+ (X).

Throughout the paper, we shall use the notion of A-Borel functions. Our defini-
tions will be somewhat nonstandard. Below we provide two possible versions for
what is meant by a A-Borel function:

Nonstandard Definition F: A. We say that B is a A-Borel function if:

(Version 1) There are sets X and Y such that:

a. B is a definition of a partial function from H<,(X) to H<,(Y).

b. If P; < Py are (relatives of) (< \)-strategically complete forcing notions sat-

isfying AT-cc (or (X, D)-cc, which will be defined later in the paper), then BV =
BV” | VP,
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(Version 2) There are two sets X and Y such that:

a. B = (Bycye : @ € [X]SNy € [V]S},(, € < AT) where each B, ¢, ¢ is the \-
analog of the ord-hc Borel operations from [Sh630] (to be defined in Clause (B)
below).

b. (21 S 22) Ay S 42) A G < Q) A (G <8) = Baygane € Brague:
c. Given z € H<\(X), B(2) = B, ¢ y¢(2) whenever RHS is defined.

B (following [Sh630]). We define the A-analog of the family of ord-hc Borel op-
erations as the minimal family F of functions satisfying the following:

a. Each B € F is a function with < A\ coordinates, where the possible inputs
for each coordinate are sets from H<,(X) where |X| < A, ordinals, truth values,
sequences of ordinals of length < A and sequences of truth values of length < \.

b. The range of each B € F consists of elements from H<,(Y") (for some Y satisfying
Y| < A), ordinals and truth values.

c. F is closed under composition.
d. F contains the following atomic functions:

1. —x for a truth value x.

2. 11 V x4 for truth values x; and z,.

3. ié\axi for o < X and truth values z;.

4. The constant values True and False.

5. For all o < A, x, varying on truth values and for all y, varying on sets from
H ) (X) (for v < \):

- If 2, but not x5 for 6 <~ then y,.

- If =z, for every 7 < a then y,.

6. Similarly for ordinals.

7. {yi i < a,z; = T} where a < X and each y; varies on H<)(X)-sets or on
ordinals, x,, on truth values.

8. The truth value of "z is an ordinal" where x varies on H<,(X)-sets.

Remark G: The reason for the second version of the definition is that for the
A-analog of the ord-hc Borel operations from [Sh630] we would like to have func-
tions from H<)(X) to H<,(Y') where | X|, |Y| < A. But as it might be the case that
| X1, Y| > A, the formulation in the second version is required.

1. Preliminary definitions, assumptions and facts
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Forcing templates

In this section we shall define the templates from which individual forcing notions in
the iteration shall be constructed. As we don’t have a general preservation theorem
for AT-c.c. in (< A)-support iterations (see [Sh1036] and history there), we shall use
the notion of (A, D)-chain condition for a filter D (to be defined later) for which
we have a preservation result, and so the templates will include an appropriate
filter to witness this. Similarly to [Sh:630], the forcing templates will consist of
a model B, and formulas that will define the forcing inside it. The forcing will
be defined using a parameter, which shall be a function whose domain is denoted
Ig. The generic element will be a function whose domain is the set ]Il,. Additional
formulas will provide winning strategies for strategic completeness and will provide
a compatibility relation on the forcing that will satisfy the (A, D)-chain condition.

Hypothesis 0: Throughout this paper, we assume that:

a. \is a cardinal satisying A = A<

b. D is a A-complete filter on AT x A1 satisfying the following:

L {(o,B) :a< B < AT} eD.

2. If uy € [Ord]<* (a < A1), g : a|<JA+u°‘ — D and f, : u, — Ord has range C A

(a < A1), then the following set belongs to D: {(a, ) : @ < 8 < AT, (fa, f3) is a
A—system pair (see Definition 1.2 below), £ € u, Nug — (a, B) € g(€)}.

3. AT\ 7) x (AT \y) € D for every v < A\T.

The following will serve to define the forcing notions that we intend to iterate:

Definition 1.1: Given a cardinal k > X\. We call p = (Ap, kp, Up, I, ‘Bg, [g, [;, ¢, Dy, By, Ty, Rp)
a (A, D)-forcing template if:

A) A= )p < K = Kp.

B) DUI, € Ho)(Up UTL) where U = Uy, and I = I, are disjoint sets of atoms.
[Motivation: Ig will serve as the domain of the "input" for the definition of the
forcing, i.e. the parameters used in the definition of the forcing. Ié will serve as the
'output', i.e. the domain of the generic.]

C) By, is the expansion of (H<x(Up UIy), €) by adding the relations [B)| and P
for every P € 7(%B}) for a model B9 with universe IUU. [This will be the structure
inside of which the definition of the forcing will be interpreted.]

D) ¢ = (¢i(z,y) : 1 < 7) is a sequence of first order formulas from L(7y,) and
lg(x;) = k; where kg =1, ky = 2, ko = 3, ks = 3, ky = 2, ks = 2, k¢ = 2. We allow
the ¢; to include a second order symbol F' (over which we shall not quantify) that
will be interpreted as a function h : I3 — X. [These will be the formulas defining
the forcing and its relevant features.]
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E) D, = D is a A\-complete filter as in Hypothesis 0 above.

F) T, is a set that contains all possible trunks for conditions in the forcing, each is
a function from some u € [I3]<* to H()).

G) R, is a reflexive binary relation on Tp,.

H) If {t,: a < AT} C T, then {(, 8) : a < B < AT, tRpts} € D.

Remark: We may omit the index p whenever the identity of p is clear from the
context.

Definition 1.2: Suppose that u; € [Ord]<* (I = 1,2). A pair of functions f; :
u, — Ord (I = 1,2) is called a A-system pair if otp(u;) = otp(us), and for every
a € uy Nug, otp(ug Na) = otp(us Na) and fi(a) = foa).

Claim/Example 1.3: Let DY be the collection of subsets X C AT x AT such that
for some club E C A* and regressive function g : S3° — A", {(a, ) : a < § <
M ae S NE, e S NE, gla)=g()} C X, then DY is as required in definition
1.1(E).

Proof: Clearly, ) ¢ DS. Let (uq : a < AT), (fo : a < AT) and g be as in definition
1.1(E), then for every ¢ € Li+ua there is a club E¢ C AT and a regressive function
a<

he © S3° — AT such that Xe C g(€) where: X¢ := {(a,) : @ < 8 < A", €
Sy N Ee, B € Sy N Ee, he(a) = he(B)}y. For every a < At let S, := BL<J ug,

Ef = {E : £ € S,} and let E, = ag+E;, so EX (« < AT) and E. C AT are
clubs. For every 6 € E, NS §‘+ define:

1. uy :=us N Ss.

2. b} :us — 6 is defined by h}(€) := he(0) (recaling that he(0) is well-defined and is
< 9).

3. 5 = {(otp(us N ), f5(C)) : € € uz}.

4. S2 := {(hs,ys) : hy is a function with domain € [S5]<* and range C d, y. €
A x (A+ 1)<

Note that o < f — 52
2 _ 2 _
SE = ﬁgaSﬁ when cf (o) =

C 53 and that |SZ| < A for every a. Note also that
A

Now define a regressive function g, on Sy NFE, such that g.(0;) = g.(82) iff b}, = h},
and y; = y;, (this can be done as in the proof of the A-completeness of DY, see
below). Let X = {(61,05) : 61 < 65 € S} N E, A g(61) = ¢.(8)}, then X € DY
as witnessed by F, and g.. Therefore it’s enough to prove that every (d;,02) € X,
(f51, fs,) is a A-system pair and & € us, N ugs, implies (d1,92) € ¢(£). Indeed, as
9+(01) = g.(82), it follows that hj = hj, and y; = y;,, hence uj = Dom(hy ) =
Dom(h;,) = u;,. Note also that if ¢ € Dom(fs,) N Dom(fs,) = us, N us,, then as
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01 < 0y, it follows that ¢ € uy, = Dom(hy ). Therefore Dom(fs,) N Dom(fs,) =
Dom(h;,), and it follows that (fs, fs,) is a A-system pair. If £ € us, Nus, =
Dom(fs,) N Dom(fs,) = Dom(hj, ) = Dom(hj},), then as hj = hj,, it follows that
he(01) = hj, (§) = h5,(§) = he(d2). Therefore, (d1,02) € X¢ C g(&) and we're done.

In order to show that DY is A-complete, let ¢ < X and let {X¢ : £ < ¢} C DY, we shall
prove that 5Q<X5 € DY. For each £ < ¢, there are F¢ and g as in the definition of DY
witnessing that X € DY. Fix a bijection f: (AT)* = A and let E={§ < AT :§
is a limit ordinal, and for every a < 6 and n € a<*, f(n) < 6}, then E C \*
is a club. Let § € EN S}, then f(n) < d for every € 6<*. Define a function
g: 8" — AT as follows: if 6 € S} NE, welet g(6) = f((ge(8) : € < ¢)). Otherwise,
we let g(d) = 0. g is a well-defined regressive function. Let E' = E N <5Q<E§)’ then
E' CMisaclub. Let X = {(a,8) :a < B <A, a,6€ NS, g(a)=g(B)},
then as X € DY, it suffices to show that X C X for every £ < (. As E' C E; for
every £ < ¢, if a,f € E'NSY" and g(a) = g(f3), then ge(a) = ge(B). This implies
that X C X, as required. This completes the proof of the claim. [J

Definition 1.4: Given a (A, D)—forcing template p and a funtion h : [g — H(N),
we say that the pair (p, h) is active if:

A) (Qp i, <ppn) is a forcing notion where Qp, = {a € Ho\(UUI) : B, = ¢o(a, h)},
SQp,h: {(av b) : %p ): Qpl(av b7 h>}

B) For every v < X and p € Qp , the formula po(—, v, p, h) defines a winning strategy
for the player COM in the game G (p, Qp,) (see definition 1.14 below).

Remark: The strategy may not provide a unique move and we shall allow the com-
pleteness player to extend the condition given by the strategy.

C) Each element of Qy, is a function of size A with domain C I} and range C H ()
(so this includes conditions that are sequences, trees, etc).

D) @a(—,—,h) defines a function tr such that Dom(tr) = Qp, and for every
p € Qpp, tr(p) € Tp is a function with domain X for some X € [I}]<* and range
C H(A), such that the following conditions hold:

1) p<q—tr(p) Ctr(q).

2) The formula ¢5(—, —, h) defines a binary compatibility relation com C Qpp x T
(note that, in contrast with (6) below, this is a relation between conditions and
trunks).

3) If com(p,n) then:
a. There is ¢ such that p < ¢ such that tr(q) = 7.
b. If ¢ < p then com(q,n).

4) <, is a partial ordering of T}, such that n; < 1y — n; C 1ne.
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5) If p1, p2 € Qp and tr(p1)Rptr(p2) then py, ps € Qp , have a common upper bound
q. This is defined by ¢g(—, —, h).

6) If n € Tpp, j < |Dom(n)|, {p;:i < j} are conditions and ,Q\,tr(pi) = 1 then:
i<j
a. There is ¢ such that /<\(pZ <q).
i<j

b. There is a A-Borel function C,,; such that ¢ = Cpp (..., i -..)ic; (recalling
Clause (C) above) and ¢ is a least upper bound for {p; : i < j}.

[This could be simplified by replacing "j < |Dom(n)|" by "j < A", but that would
exclude, e.g., random real forcing and the forcing Qj from [Sh1126] |

c. tr(q) = tr(p;) for all 7 < j.

7) [Follows from Definition 1.1(H)] Qp 4, satisfies the (A, D)-chain condition: if p, €
Qpn (@ < A1) then {(«, B) : tr(pa)Rptr(ps)} € D. In Requirement 1.18 below we
shall actually strengthen this condition and require that it holds in an absolute way
as described there.

8) (Relevant for A > Ng) For every 6 < A and a play (p;,q; : ¢ < 0) of length < A
chosen according to the winning strategy for the game in clause (B), there is a bound
ps given by the strategy such that ¢r(ps) = ,Uétr(pi).

1<

9) For every a € I} and x € H(\), there is some p,, € Qp  such thatl-g, , "pa. € G
iff npn(a) = x" (where np j, is defined in the next clause).

E) 1. lkq,, "Dom(ny) = I,” where n, = 1y, 5, is the Qp p-name of U{tr(q) : ¢ € Gg, }-

2. For every b € I] and p € Qp then there is 7 € Tp such that b € Dom(n) A
com(p,n). Moreover, in Clause (D)(6), if we are given in addition some a € I} '\
Dom(n), then there is v extending 7 such that a € Dom(v) and com(p;, v) for every
i < 7 (and so there exists ¢; above p; such that tr(q;) = v for every i < j).

F) np is generic for Qp 5, i.e. there is a A-Borel function B defined in V' such that
= 7"p € G iff B(p,np) = true” for every p € Qp .

G) If p and ¢ are incompatible and tr(p) C tr(q), then p kg, , "tr(q) € n,”. In this

~

case we shall say that p and ¢r(q) are incompatible.

H)If j <X pi € Qpp (i < j) and ¢ are as in 1.4(D)(6) and p is a condition such
that tr(q) C tr(p) and such that ¢ and ¢r(p) are incompatible, then there is i < j
such that {p;,tr(p)} are incompatible.

Remarks: 1. If (p, h) is not active, then we let Qp j, be trivial.

2. The reader may wonder where the properties of forcing templates, their trunks,
etc, are used in the construction of the iterations that will follow. This will play a
major role in the proof of Claim 2.10.
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3. Clauses (G)+(H) will be used later, for example, in Claim 4.1.

Below we shall give several examples of concrete forcing notions as the realizations
of forcing templates.

Example 1.4(A): Let X be either an inaccessible cardinal or Ry and assume that
P, g and h are functions with domain A such that:

a. For every a < A, P(«) is a partial order of cardinality < .

b. For every a < A, g(«) is a regular cardinal from («, \) (relevant in the inac-
cessible case).

c. For every a < A, h(a) : P(a) — g(a) is a function such that P(a) | a <
b — h(a)(a) < h(a)(b).

d. If A > X then for every a < A, g(a) = ¢f(g(a)) > a and P(a) is (< g(a))-
directed. If A = Ry then P(«) has a maximal element.

Let Q = Qpg4, be the following forcing notion:
1. peQift:

a. p = (777p7 V) = (npvppayp)'
b.pe I g(a)
agllg(n),\)

c.ve Il Plo).
a€llg(n),\)

Ifa e [lg(n), A) then h(a)(v(a)) < p(a).

o,

@

.ne Il P(a)

a<lg(n)

If A =y, then lim(g(i) — p(i)) = 0.

—

g. We let tr(p) :=n.
2. Given p,q € Q, p < qiff 5, C ng, pp(a) < pg() for every o € [lg(ng), A),

P(a) = vy(a) < yy(a) for every a € [lg(n,), A) and P(a) = vy(«a) < ny(a) for every
a & [lg(np): Lg(ng))-

We shall now define a forcing template p that gives rise to the above forcing:

a. Ap = A\, kp = AT,

10 10
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b. I =1!= )\

1 1

c. By and BY will be trivial, i.e. (H(AT), €).

he definition of active forcing

in t
(P(a), g(@), h(a)).

e. The formulas ¢, will then define Qpg as described above using the parame-
ter h*. Denote the trunks in this case by trp »+(p).

d. Denote by h* the function h : Iy — H())
templates. h* here will be given here by h*(a) =

f. T, = {trpu(p) : h*,p as above}.

[Note that while we allow the parameter h* to be a name, T}, and R, are objects.]

h. D, will be the filter DY from Claim 1.3.

For a typical example of a triple (P, g,h), consider a sequence (04,0, : a < )
where o < 0, < 0, < A. For each a let P(a) = ([0,]<7*,C). For every a < A let
g(a) = o, and for every u € P(a) let h(a)(u) = otp(u).

Remark 1.4(B): 1. On such forcing notions see [Sh628], [Sh872], [HwSh1067] for
A = Ny and [Sh1126] for inaccessible A. In [Sh1126] we have P(«) = {[¢,0,] : € < 0.}
with the reverse ordering, g(«) = 6, which is regular > |a| and h(a)([¢,0,]) =

2. The above example gives a justification for the (somewhat arbitrary) use of
the assumption "j < |Dom(n)|" (rather than "j < A") in Definition 1.4(D)(6).

Below is an additional example where R is nontrivial:

Example 1.4(C): Our next example is random real forcing with a modification
needed to satisfy the requirement in Definition 1.4(D)(6). Let (1, : n < w) enumer-
ate 2<% without repetition and let Dy, = D, .

A peQiff p= (tr(p), B,) where:

a. B, C 2% is Borel.

b. u(B,) > 0.

c. 1, is the maximal element of 2<“ that is an initial segment of all members
of B,.

11
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d. There is a natural n(p) > 1 such that 299 y(B)) € [1
and n(p) < lg(1,).

1 1
o n(p)+1’1 o n(p)+2]

e. tr(p) is a constantly 1 function with domain {n,} U{n, [ {: 1 < n(p)}.

B. For p,q € Q, Q |z p < ¢ iff:

a. B, C B,.

b. tr(p) C tr(q).

C. The generic will be the union of 7, for every p € G.
D. T, = {tr(p) : p € Q}.

E. R, ={(n,n) :ne Ty}

[This gives an example where R, is not the usual function compatibility. Note that
as random real forcing is not o-centered, we can’t strengthen Definition 1.4(D)(6)
to"j < A".]

Remark 1.4(D): The trunks will play a role in the definition of our iterations,
where given a condition p and s € Dom(p), p(s) will be a name of a condition con-
sisting of a trunk ¢r(p(s)) and a condition computed from names of other conditions
of the form p, = By(s),.(-- . (ac), ---)cew,,,, (this notation will be explained in due

course) whose union of trunks is ¢r(p(s)). All of this will eventually play a role in
the analysis of projections in Section 4.

Iteration templates

Similarly to forcing templates, iteration templates will contain the information from
which we shall construct our iterations. This information will include a well-founded
partial order along which we shall define the iteration. For every element in the
partial order, we shall assign a forcing template and two types of memory: a strong
memory which will be used for the construction of the forcing conditions, and a weak
memory which will be used to define the necessary parameter for defining the forcing
at the current stage. The parameters will then be computed in a A\-Borel way from
the previous generics. An additional complication in our memory apparatus (i.e.
the vy C [uY]=* in Definition 2.2.A) will then require a corresponding modification
of our notion of strategic completeness in Definition 1.14.

Definition 1.5: A (A, D)-iteration template q consists of the objects {Lq, (p: : t €

Lq), ((uf 1) : t € Lq), ((w}, ;) : t € Lq), Dg, (Bra, (s1(b, 0) arpc) = ¢ < &(L,0)) :
bel)):te Lg))} such that:

A) Dy = D, L is a well-founded partial order with elements from U.

12 12
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B) For every t € Ly, pt = Pq: is a (A, D) forcing template. Note that D is fixed
filter that doesn’t depend on t.

C) For every t € Lq, ul, =u) € Loy = {s € Lq : s <g, t} and ug, = 4 = (ug,
s € uy) where uf, C I} = Il . We shall refer to u, as strong memory.

D) For every t € Ly, w) C uf and w} = (w}, : s € wy) where wi, C uf, C I;. We
shall refer to w as weak memory.

Remark: In many interesting cases, w) = () for all ¢ (this will correspond to an
iteration where the definitions of the forcing notions are without parameters).

E) For every t € Ly and b € Igt, B, is a A—Borel &(t, b)—place function (£(¢,b) <
AY) from A5 to X, For every ¢ < &(t,b) we have s,(b, ¢) € wf and apc € ),
(if w? = 0 then £(t,0) = 0).

[This will be used to compute h when applying Definition 1.4.]

F) Dy is a A\-complete filter as in Hypothesis 0 such that Dy, = Dy for every t € L.

Definition 1.6(A): Given an iteration template q and L C Lg, let cl(L) = clq(L)
be the minimal L’ such that L C L' C Ly and t € L' — wgvt cr.

Example 1.6(B): We shall briefly illustrate how to construct a concrete iteration
within our general framework continued below. Let A be either Ny or inaccessible
with 6 = (6, : i < \) a sufficiently fast increasing sequence such that 6; = cf(6;) > i.
Fix an ordinal a, and let (Uy, Us, Us) be a partition of a,. For a < av, let ¢, define:
a. Random real forcing (as in Example 1.4(C)) if a € Uy and A = N,.

b. Random real forcing for inaccessible A (see [Sh:1004]) if o € Uy and A is inacces-
sible.

c. The forcing from Example 1.4(A) if o € Uy and A = Ry.

d. The forcing Q; from [Sh:945] if o € U, and A is inaccessible.

e. Hechler forcing (A-Hechler forcing) if o € Us and A = Ry (A is inaccessible).

The filter D will be DY from Claim 1.3. If, for example, Q; is Q from [Sh945],

then we might use a parameter 6 € V, but we might also want to use a parameter
of the form 6 = B(...,n¢(a), ...) where each ¢ belongs to the weak memory w}.

For every a < a, u? will be a subset of a. Note that if oy € Uy (I = 1,2,3),

o € ul,, o0 € uy, and o ¢ uy,, then it will still be forced that "n,, <pq 7a,"- In

[Sh:945] and [Sh:1126] the case ., = Uy was used.

Definition 1.7: 1. Let P be a set of forcing templates, we shall denote by Kp the
collection of iteration templates q with forcing templates from P (i.e. pq: € P for
every t € Lq).

2. For q1,q2 € Kp we write q; <k, qo if the following conditions hold:
a. Lq, C Lq,.

13
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b. For every t € Lgy, Pqit = Paoy and ul, = ug, N Lq,

c. (Wl w0, :t € Lg) = (wh,,, W, t € Lqy,) | Lg, and similarly for the other

sequences appearing in definition 1.4.

Definition 1.8: Let q be an iteration template and let L C L, we shall say that
L is a closed sub-partial order (or “L is closed with respect to weak memory”) if
w? C L for every t € L.

Definition 1.9: 1. Given L C L, let cl(L) = clq(L) be the minimal set L C L' C
Lq such that w) C L' for every t € L.

Convention 1.9(A): Throughout this paper, whenever q is an iteration template,
L C Lqand q [ L is defined or used (see definition 1.11), we shall assume that L is
closed w.r.t. weak memory.

Definition 1.10: Let q be an iteration template, we shall define for every t €
Ly U {oo} a forcing notion P; = Pq,, a forcing notion P, = Py, for any initial
segment L C Ly and names Qt = th, il (by the remark after Definition 1.4, this

is always well-defined) by mductlon on dp( ) (see definition 2.3):

A)pelP, (Pp) iff

1) p is a function with domain C L., (or C L in the case of ) of cardinality < A.
2) For every s € Dom(p), p(s) = By (..., mi (ac), - )c<e (We may write p(s) =
(tr(p(s)), Bps) (s mie (ag), ---)), so it will be in;erpreted as a condition in @s that

resulted from the respective computation by the A-Borel function B,)) for a A-
Borel function By into H<,(U UI) and an object tr(p(s)) such that tr(p(s)) is
computable from By (i.e. the range of B, consists of conditions with trunk
tr(p(s))), & =&pe) < A, {te: ¢ <& Cul and for every ¢, ac € ut Note that By
here is not the same function as B, in Deﬁmtlon 1.5.

[Remarks: a. The reader might wonder why not drop the a; and use By (., 1, - )c<e

instead. The reason is that Dom(n;,) = [th might be of cardinality > A. Our choise

allows By to be a function with domain H(X)*.

b. Note that if p < ¢ and s € Dom(p), then the corresponding set of {t, : { < £}
might increase. As a consequence, the number of input coordinates might increase
between By and Byy). |

3) For every s € Dom(p), IFp, "p(s) € Qs”.

~

B) P, = p < q iff Dom(p) C Dom(q) and for every s € Dom(p), q | L. IFp,
p(s) <q, q(s)-

C) 1. Let hy : I3, — X be the name of a function defined by hy(b) = Byp(..., Ns,(6.¢) (@r.¢), - )c<e(t,p)-

2. a. If (py, hy) is active in V¥t (see Definition 1.4), we shall define Q; as the P;-name

Vns:s€u?]

Of th ,]Nlt
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b. If (py, hy) is not active in VF¢ we shall define Q; as the trivial forcing.
D) n; will be defined as the P; x Q; name 7y, 5,

Definition 1.11: Given an iteration template q and a sub partial order L C L
we shall define the iteration template q | L as follows (recall that we assume that
L is closed under weak memory):

A) L1
B) For every t € L, pqr: = pq7
C) For every t € L, u) ug, N Land 4, = tg, [ udp-
D) For every t € L, wg,, = wgt and Wy, = Wy -
E) For every t € L the other objects in the definition of q are not changed.

Observation 1.12: q [ L is an iteration template (recall that L is assumed to be
closed under weak memory).

Definition 1.13: Let A be a regular cardinal, P a forcing notion and Y C P.
A) Ly+(Y) will be defined as the closure of Y under the operations =, A for a < AT.

<«

B) For a generic set G C P and ¢ € Ly+(Y') the truth value of ¢[G] will be defined
naturally by induction on the depth of ¢ (for example, for p € P, p|G]| = true iff
p € G).

C) The forcing Ly+ (Y, P) will be defined as follows:

1) ¥ € Ly« (Y, P) iff ¢ € Ly« (Y) and ¥ "0[G] = false”.
2) 1 < by iff Ibp "9o[G] = true — 1[G = true”.
More definitions and assumptions
Strategic completeness

Definition 1.14: Let P be a forcing notion, o € Ord and p € P.

1. The two player game GY (p, P) will be defined as follows:

A play in the game consists of a moves. In the Sth move player I chooses pg € P
such that p < pg A ( Aﬂqv < pg), player II responds with a condition gs such that
<

Ps < qg.

Winning condition: Player I wins the play iff for each 5 < «a there is a legal move
for him.

2. Let P be a forcing notion, tr = trp a function from P into {n : n is a func-
tion from a set of cardinality < X into H(\)}, @ € Ord and p € P. The game
Gl (p,P) will be defined as follows: The games consists of & moves. In the eth move
the objects Je, qe, ne, Ve are chosen such that:

15
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a. je<Aand £ <e— je < Je.

b. ¢ = (¢ : i < j.) is a sequence of members of P above p.
c. f £ <eandi < je then:

¢(1). (¢ : ¢ € [€,€]) is increasing.

c(2). tr(gf) = ne.

(3). jo < |Dom(n)].

c(4). com(qs, ve) for every i < j..

c(5). e C ve.

c(6). ¢ <e—= v T

In the eth move, first INC chooses j., ¢ and 7., then COM chooses v.. COM
wins if he has a legal move at every stage during the play.

3. Let P be a forcing notion expanded by a function tr = trp as in (2). Let a € Ord
and let F,, = (F,. : € < a) be a winning strategy for I in the game GY(—,P) that
will naturally arise from the rest of the definition below. The game G2 (P) will be
defined as follows: In the eth move, the objects j., pe, G, 7 and v, such that:

a. In a preliminary move, II chooses £ € (0, «) and g.

b. For ¢ <&, we let jo =1, p§ = ¢5 = ¢+ (s0 pc = Gc = (¢+)) and n¢ = ve = tr(q.).
c. je<Aand £ <e— je < Je.

d. Given € and ¢ < j:

d(1). ¢ = (¢ i < j) and p. = (p§ : i < je) are sequences of members of
P.

d(2). tr(g) = ne.
d(3). je < |Dom(n.)|.

d(4). com(q§, ve) for every i < je.
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d(5). ne Cv.and ( <€ — v C 7.

In the eth move for e > &, first COM chooses (p§ : ¢ < U{jc : ( < €}) such
that pf = Fa,e((qiC : ¢ < €)). Next INC chooses jo = U{jc : ¢ < €}, g such that
ps < ¢f for all i < j. and 7, as above. Finally, COM chooses v, as above. COM wins
if at each stage there is a legal move for him.

4, Let P be a forcing notion and o € Ord, P is called a-strategically i-complete
(i =0,1,2) if for each p € P player I has a winning strategy for G*,(p, P).

5. For a regular A\, we say that P is (< A)-strategically i-complete (i = 0, 1,2) if it’s
a-strategically i-complete for every a < .
6. Convention: We may omit the ¢ in i-completeness if ¢ = 2.

For discussion of various strategic completeness properties see [Sh:587].

We shall freely use the following fact:

Fact 1.15: (< \)-strategic completeness is preserved under (< \)-support itera-
tions.

Absoluteness

The following requirements will be assumed throughout the paper for all (A, D)-
forcing templates p:

Requirement 1.16: A (A, D) forcing template p is called (A, D)-absolute when:
If P; and Py are (< A)-strategically complete forcing notions satisfying (A, D) — cc
(that is, {pa : e < AT} C P, — {(e, B) : po and pg are compatible} € D) such that
P, <Py, Vi =V% (I =1,2) and p, h € Vi, then we shall require that:

A) "(p, h) is active" and "p <q_, ¢” is absolute between Vi and V.
B) "p € Qp,” is absolute between V; and V5.
C) ”p and ¢ are incompatible in Q" is absolute between V; and V5.

D) Similarly for the other formulas involved in the definition of p (see definition
1.1).

Definition 1.17: Let p € V; be a forcing template and let B be a A-Borel function.
We say that B is a A-Borel function into p if for every V; C V; as above, the range
of B is in ngh and the trunk of the members in the range is fixed.

Remarks: The above definition is relevant in the context, e.g., of Definition 1.10(A)(2),
where (V, V3) here stands for (V, VF+) there.

Requirement 1.18: A) All A-Borel functions will be assumed to be into a rel-
evant forcing template p. That is, whenever a A-Borel function B will be used,

17



Paper Sh:1204, version 2024-11-13. See https://shelah.logic.at/papers/1204/ for possible updates.

there will be an associated forcing template p such that (B, p) are as in Definition
1.18, and p will be clear from the context.

B) D,, is fixed and is in V.

2. Iteration parameters and the corrected iteration

Iteration parameters

We will be interested in iterations along a prescribed partial order M. However, we
will also have to consider iterations along a larger partial order that L that contains
M. Therefore, we shall define a binary relation £ on L such that L\ M will consist
of equivalence classes that are only related via M. We shall require that those
equivalence classes will be preserved when we extend the iteration, so extensions
will be obtained by adding new equivalence classes.

Hypothesis 2.1: We shall assume in this section that:
A) A = A% is a cardinal and D is a filter as in Hypothesis 0.
B) A < A1 < Ay are cardinals such that J3(\;) < \o.

C) P is a set of (A, D)-forcing templates that are (A, D)-absolute such that if p € P
and P, < P, are (< \)-strategically complete (A, D)-cc forcing notions, then V¥t |=
”(p, h) is active” implies that VF2 |= "(p, h) is active” (with (), D)-cc as defined in
Requirement 1.16).

D) I and U are disjoint sets such that <y is a fixed well ordering of U and IU U
is AT,

E) |P| < 2%.

Definition 2.2.A: Let M = M|\, A2] be the collection of triples m = (qum, Mm, F1,)
such that the following conditions hold (we may replace the index m by qy, or omit
it completely when the context is clear):

)

B) M = My, C Ly, is a sub partial order.
)
)

E' = E] | is a relation on L = Lq, satisfying the following properties:
1. " = F' | (L\ M) is an equivalence relation on L\ M.

2. For every non E"-equivalent s,t € L\ M, s <y, t iff there is r € M such that
s<r<gt.

3. If sE't then s ¢ M ort ¢ M.

4. If t € L\ M then {s € L : sE't} = {s € L : tE's}. We shall denote this set by
t/E'.
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5. If s,t € L\ M are E"-equivalent, then s/E' =t/E".
6. If t € L\ M then v C t/E'.

7.1t € L\ M then |t/E'| < ).

8. |IM[| < Av.

9. |wy| < A for every t.

E) In addition to the objects mentioned in definition 1.5, q,, includes a sequence
Um = (Umyt 1t € L) = (v¢ 1 t € L) such that for every ¢ € Ly, we have:

L.ov; C [ud]=*, w? € vy and for every u € vy, u Uw? € v; (recall that the uf and w!
are part of the definition of qy, mentioned in 1.5).

2. v, is closed under subsets.

3. If t € Ly \ My, then |v| < N\, Ift € My, and s € L\ M then |[{u € v :
un (s/Ep) # 0} < Ao

4. For every u € v, if u € My, then there is s € Ly, \ My, such that u C s/E'.
We shall now supply the final definition of the forcing (recalling definition 1.8).

Definition 2.2. B For m € M and the corresponding iteration template q,, we
shall define Py = Py, 4, Qt and s in the same way as in 1.10, except that we replace

(A)(2) and (C) with the followmg definition:

For every s € Dom(p) there is ¢(p(s)) < A, a collection of sets W), C &ps) < A
(¢ < t(p(s))), a collection of A\-Borel functions By, (¢ < ¢(p(s))), A-Borel functions
C,(s) and By, and an object tr(p(s)) such that the following conditions hold:

1<e(p(s))
B) Bp(s)(..., nt( (CLC), "'>C<§ = Cp(s)(..., Bp( )yt ( nt( (CLC), "')CGWp(s),ﬂ ...)L<L(p(s)) such that
te € u and ac € u;, for every ¢ € Wy, (for Cp(s recall Definition 1.4(D)(6)(b)).

[Following Definition 1.4(6)(B), Cys) really has the form Cp_ . ,(p(s)), but we shall
abuse the notation and denote it Cp). In addition, the definition implies that

tr(Bpgs). (s e (@), -+ )eew,,,, ) is constant for ¢ < u(p(s)), say n,(s), and so ¢(p(s)) <
| Dom(1ip(s))]-
C) For every ¢ < «(p(s)) there is u € v, such that {t.: ( € Wy} C u.

D) p(s) = Bp(s)(...,nig(ag), ...)c<e. Wemay write p(s) = (tr(p(s)), Bps) (-, T]i((ac), <)

E) Recall that the parameter hs was defined in Definition 1.10(C). Q4 will be defined

as the P,-name of the subforcing of Qp, 5, with elements of the form C(..., p;, ...)ici(s)
Vnrr€u]

such that each p; belongs to Q, 7 for some u € vy, s and the A-Borel function

C=C(..,pi; ...)Ki(*) is into Qp, .. This can be seen as a refinement of the previous

Definition 1.10. The way that C is defined (as a function of conditions p;) will play a
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role in the analysis of projections in Section 4, where incompatibility with a condition

p(s) will be reduced to incompatibility with some By . (..., i (ac), -+ )cew,, .-

F) For each g5, = By(s).(-s M (ac), ---)cew,,,, there is an object tr(gs,) such that
the range of B, consists of conditions with trunk t¢r(gs,).

G) tr(p(s)) = LLJtT(q&L) (so in particular, the tr(gs,)’s are compatible).
H) Ip, 7’Cp(s)(.,., Bp(s)7[/(...7 U (CLC), "‘)CEWp(s),n ...)L<L(p(s)) S g
< (Vo <u(p(8))Byp(s) (s e (ac)s - )eew,,, € G-

Remark 2.2(A): The reader might wonder about the difference between the above
definition and 1.10. In the main case, we will really be interested in iterating Q
for t € My,, where My, might be an ordinal. In order to obtain the parallel of
[JuSh:292], we would like to correct the iteration in order to have enough saturation
while maintaining the well-foundedness of the iteration’s underlying partial order.
For this we add the "pseudo coordinates" grouped in classes of the form t/Ey,. For
t € My, we have in the definition the new sets vy ¢ giving us the following difference
between the iteration here and the one in Definition 1.10: In 1.10, Qt is computed

via (ps, he) in V[n | ¥?], while here it is the closure of the union of the forcings
computed via (pt, ht) in Vn | v] for every v € vm,.

Definition 2.3: Let L be a well founded partial order, we shall define the depth of
an element of L and the depth of L by induction as follows:

A) dp(t) = dpr(t) = U{dpr(s) +1:s < t}.
B) dp(L) = U{dp,(t) +1:t € L}.

Definition 2.4: Let m € M and let L C L, be a sub-partial order, we shall define
n=m | L as follows:

A) q I L.
B)M M L.
C)E,=E,.NLxL.

D) For every t € L we define vq, ; as {uNL:u € vg,, +}
Remark: If My, C L then n € M|\, \o].

Definition 2.5: Let n,m € M, a function f : L,, — L, is an isomorphism of m
and n if the following conditions hold:

A) f is an isomorphism of the partial orders Ly, and L.
B) For every t € L, Pam,t = Pan,f(t)-

C) For every t € L, f(up,,) = ug 4y and Uy, , = Uy, 1
D) For every t € L, f(wp,,) = wy ;) and Wy, , = 0 ;-
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F) For every s,t € Ly, sEL t if and only if f(s)E! f(t).

G) For every t € Ly, if (Bm,tp, (5:(0,C), arpe : ¢ <&(4,0) b€ Ip )it € Lgy,)
is as in 1.4(F) for m, then ((Bm,p, (f(5¢(D,C)), arpc : ¢ <&(t,0)) 1 b€ I )it e
Ly,.) is as in 1.4(F) for n at f(¢).

an, f(t)

H) For every t € Ly, u € vg,,  if and only if f(u) € vq, .-
Definition 2.6: We say that m,n € M are equivalent if qm = qn.

Definition 2.7: A) Let L be a partial order, we shall denote by L the partial
order obtained from L by adding a new element oo such that t < oo for every t € L.

B) Given m € M we shall denote by Py, the limit of (P, Q; : t € Ly,) with support
< A, ie. Py . We shall denote P; by Py, ; and similarly for Q.

C) p, q € Py, are strongly compatible if tr(p(s)) R
Dom(q).

D) Given an initial segment L C Ly, let Py = P [ {p € P : Dom(p) C L}.
Claim 2.8: Let m € M and s <t € L.
A)If pe P, thenpe P and p [ Ls = p.
B)IfpgePsthen Py =p <qiff P, =p <gq.
C)IfpeP,thenp | Loy, € Psand Py |="p [ Ls < p”.
)
)

tr(q(s)) for every s € Dom(p)N

Pam,s

D)If P, =p<qthenP,}=p[ Loy < g Les.

E)IfpeP,gePyandp | Loy, < g e Py thenp,g < qU(p | (Lo \ Ley)) € Py
F) If s <t e Lf then P, <Py

Proof: Should be clear. [J

Claim 2.8’: Suppose that m € M and L, C Ly, C Ly, are initial segments.

A)If pe P, thenp e Py, and p | L1 = p.

B) If p,qg € Pr, then P, Ep<qiff P, Ep<gq

C)IfpePp, thenp [ L, € Py,.

D)If pge P, and P, Ep<qgthen P, =p| L1 <q]| L.
EYlfpePr,,qePr,and Py, ="p | Ly <q"thenPr, ="p,q < qU(p | (L2\L1))".
F) P, <Py,

Proof: Should be clear. [J

Claim 2.9: If m € M, p € Py, and s € Dom(p), then there is a A\-Borel
name of the form B(...,TV (s (a¢c) = j¢),---)c<e(ps) such that B(..., TV (n, (a¢) =
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Jc)s - )e<eps)|Ga.l = true iff p(s) € Gg, (where TV (s, (ac) = j¢) stands for the
truth value of the statement "n, (ac) = j¢', so it’s either 0 or 1). That is, mem-

bership in the generic set can be computed in a A-Borel way that depends on the
(partial) values of the generics.

Proof: Follows from the definition of forcing templates and the assumptions of the

previous chapter using the A\*-c.c..

As promised earlier, the properties of forcing templates will play an important role
in the proof of the following:

Claim 2.10: Let m € M and let L C L,, be an initial segment.

A)a. Ifs € Lthenlkp, n, € I;I X, where X, = {z € H(\) Wq, ns(r) #x} C H(N)
~ re Il,s =~

(we may take H(\)%: instead of this product).

b. Moreover, if p € Py, and a € I}, then for some ¢ € P, above p we have
s € Dom(q), a € Dom(tr(q(s))) and s € Dom(p) — t(p(s)) = t(q(s)).

c. The set {p € P,, : for every s € Dom(p), |t(p(s))| < |[tr(p(s))|} is dense in
Pu.

d. If A = Xy and h € w®, then the set {p € Py, : s € Dom(p) — h(i(p(s))) <
[tr(p(s))|} is dense in Py,.

B) Pm | (A, D) — cc (hence Py, = AT — c.c.).

C) a. Py is (< A)-strategically 0-complete.

b. If p is a function with Dom(p) € [L]=* such that s € Dom(p) — Irp,, ,_ "p(s) €
Q,”, then there is ¢ € Py, such that Dom(p) C Dom(q) and g | L IFp

m,Lcs

"n(s) < q(s)” for every s € Dom(p).

D) Let t € Ly, if IFp, "y € Q,” then there is a A-Borel function B, £ < A and a

sequence (r¢ : ¢ < &) of members of uf such that Ibp, "y = B(...;mr(a¢), ... )¢<e” for
) ~

some a¢ € Uy,

E) e, Vin: t € L] = V[G).

F) If Ikp, "n € V¢ for some ¢ < ), then there is a A-Borel function B, £ < X and a

sequence (r¢ : ¢ < &) of members of uf such that IFp, "n = B(...,n, (ac), ...)¢<¢” for

suitable a¢ € ;.

Proof: The proof is by induction on dp(L), simultaneously for all clauses (though
naturally this is not needed in all cases).
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A)a) Let p € Py and a € I} and let py = p | Ly, then p; € Pp_,.

Case 1: s ¢ Dom(p). There is f € T}, such that a € Dom(f), and by absoluteness
(and parts (D)(2) and (E)(1) of Definition 1.4, together with the remark below it),
IFe,_. "VIn [ u)] = There is ¢ € Qp, 5, such that f = tr(q)” (so this holds whether

(ps, hs) is active or not). By the induction hypothesis for clause (D), there are
p1 < p2 € Py_s, a A-Borel function B, £ < A, a sequence (r¢ : ¢ < &) of members of u!

and {a¢ : ¢ < &} C I such that py IFp, ”V[Q [ u] = f =tr(B(...,mr(ac), .- )c<e)”

Now define a condition p3 € P, as follows: Dom(ps) = Dom(ps) UNDom(p) U {s},

ps | Dom(ps) = p2, ps | (Dom(p) \ Dom(psz)) = p [ (Dom(p) \ Dom(ps)) and
p3(s) = (f,B(....m(ac),...)c<e).- Then p,ps < ps by absoluteness, 2.8 and the

definition of the partial order.

Case 2: s € Dom(p). p(s) has the form Cp(s) (-, Bpgs),o (s e (@), -+ Jeewyy o+ <uo(s))
as in definition 2.2(B). In V<o, V[ my, .. Jc<e,., (see definition 2.2(B) for &)

is a subuniverse, Q = Qp&hsv[""% 7lt<6) s well-defined (recall Definitions 1.5(E)

and 1.10(C)) and p(s)[...,n;, ~Je<e,, 18 @ condition in Q@ with trunk tr(p(s)). Let
G C Py, be generic over V such that p; € G, so in V[G], Qp, 1,[G] is well-defined

and contains p(s). Therefore, by Definition 1.4(E)(2), there is ¢ above p(s) with
trunk 7 such that a € Dom(n) and tr(p(s)) C n. For every ¢ < 1(p(s)), by absolute-

ness we have V[Q[G] [ {te : ¢ € Wy} E 'pl = By).i (s i (a¢), - )cew, ., [G]

and 7 are compatible'. Therefore, for every ¢ < t(p(s)) there is some p? above p!
with trunk 7. Now let p, € P;__ be a condition above p; forcing the above state-
ments, and using p, and the p? we can get an extension of p as required.

A)b) By the proof of clause (a).

A)c) By the previous clause and by clause (C) (whose proof doesn’t depend on
the current clause).

A)d) By clause (b).

B) First we shall introduce a new definition: Let L C L, be an initial segment, ¢
an ordinal, v < A and let L[< (] = {t € L: dp(t) < (}.

Now suppose that {p, : @ < AT} C Pr. By clause (A)(c), wlog a < AT A (s €
Dom(pa)) = |t(p(s))| < |tr(p(s))|, with strict inequality in case that A = Rg. Fix an
enumeration (s, : € < €,) of L[< (]. For every v < A%, let u, = {€: 5. € Dom(pa)}-
For s € Dom(p,), let hso = tr(pa(s)). By 1.4(D)(7), there is X, € D such
that (o, 8) € Xy — hgoRp.hsp (unless {a : s € Dom(p,)} is bounded by some
v < At in which case we choose X, to be (AT \ v) x (AT \ 7)). For every
a < A |ua| = |Dom(ps)| < A. For every a < AT, define f, : uo — X by
fa(C) = otp(uy, N (), and define g : OKUMua — D by g(&) = X,,. Let X € D be

S{'
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the set described in Hypothesis 0(b)(2) for (g, (fa,ta : @ < AT)), we shall prove
that for (a, ) € X, s € Dom(pa) N Dom(pg) — tr(pa(s))Rp.tr(ps(s)). Given
s € Dom(pa) N Dom(pg), s = s¢ for some § € uq Nug, so (a, B) € g(§) = X, It
follows that tr(pa(s))Rp.tr(ps(s)). For such o and 3, it will suffice to find a common
upper bound p. This will be done as follows: Let (s, : € < () list Dom(p,)NDom(pg)
in increasing order. For e < ( let L, := {s : s <, s¢ for some £ < e¢}. We shall now

choose (pf, ¢F) by induction on € such that:
a. Pmr. 7l <q’.

b. Pz, = "qf < pi for every £ < €”.

C. Pmr. F "Pa | Le,pp | L are below pl”.

d. If £ < eand s € Dom(g) \ L<J£Dom(qf), then (pf(s),q'(s) : v € [+ 1,€]) is

an initial segment of a play in the game G¢y1(g;(s), Qp, x,) according to a winning
strategy of play I.

There is a subtle issue that needs to be addressed: Recall that in Definition 1.4(D)(5)
we didn’t require tr(q) = tr(p1) U tr(p2). However, this is not a problem. Arriving
at ¢, let ug = U{Dom(qf) : £ < €)}, so we can choose a function p; with domain
ug such that, for every s € ug, pl(s) is a Ppy, r_,-name as required in clause (d).
Note that by the definition of the strategic completeness game, if G C Py, 1_, is
generic over V and V|[G] = "pl(s) < r”, then in V[G], r can be chosen by player
I according to the winning strategy. Let L., := £L<J€L5, then by clause (C)(b) of

the theorem, there is p? € Py, 1__ such that if s € Dom(pl) then s € Dom(p?) and
p? | Los Ik "pl(s) < p%(s)”. The choice of p’ is now split to cases:

1. € = 0: Trivial.

2. ¢ is limit: In this case, we choose p/ = p?. In order to show that p? satisfies

clause (b), one can show by induction on & § that ¢f | L<¢ < p? | Lee, using
at each step the choice of p!(s). Cases (c) and (d) then follow by the induction
hypothesis and the choice of p?(s).

3. € = (+1: In this case p? € Py.. If sc € Dom(pa) N Dom(pg), then we know that
- "pa(sc), ps(sc) have a common upper bound r¢”. Let p? € P 1. be a condition

above p? that forces a value for ¢r(r¢), and we can now choose a p; as required.

Finally, given pf constructed above, the existence of a common upper bound for p,
and pg follows.

C) See, e.g., [Sh:587] for the preservation of (< \)-strategic completeness under
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(< A)-support iterations, or just work as in the proof of clause (B) (but we rely
neither on clause (A) nor on clause (B)). Note that we use 1.4(D)(8). As for (C)(b),
it follows from strategic completeness for P;,__ where s <y, ¢.

D) In order to avoid awkward notation, we shall write B(..., 7, ...)c<¢ instead of
B(...,n¢(ac), ...)¢c<¢ for suitable a¢ € u/. )

The proof of the claim is by induction on dp(t). Given t € Ly,, we shall prove the
following claim by induction on ¢ < A™:

1. For every p € P; and ¢ < At such that p lFp, "y € Hox(IUU) Ark(y) < ¢” there
is a A-Borel function B, such that p IFp, "y = BpN(..., Nres o )c<e®) Wit}Nl re € uy (for
some &(p) which is the length of the input; for the furTction).

By a standard argument of definition by cases, this claim is equivalent to:

2. For every antichain I = {p; : i < i(x) < A} such that p; IFp, "y € Ho,(IUU) A
rk(y) < ¢” for every i, there is a A-Borel function B; such that for every i < i(x),
D II—NPt ”g = BI(...,n:C, )<t

Clause I: ( = 0.
There is nothing to prove in this case.
Clause II: ( is a limit ordinal.

We shall prove the second version of the claim. For every ¢ < i(x), let {p;; : j < j(i)}
be a maximal antichain above p; such that every p; ; forces a value ¢; ; to rk(y). As

p IF rk(y) < ¢, for every 4,5 we have (;; < (. Hence, by the induction, for every
i,] therg is By (.o, M, ;0 - )e<e(iy) as required. For every i < i(*) define a name
B, such that B;[G] :NBM(...,nTCﬂ.,j, et G) it pij € G and p; o ¢ G for every
j7 < j. Finaﬁy define a nameNENi such that B[G] = B;[G] iff p; € G and for

every j < i, p; ¢ G. Now let i < i(x), let G be a generic set such that p; € G,
then there is a unique j < j(é) such that p;; € G. Therefore, B[G] = B;[G] =

Bi;(..., Nre.iis o<ty |G = g[G], hence p; IFp, ”g = ]N3”.

Clause III: ( = e+ 1.

We shall prove the first version of the claim. Let {p; : i < i(x)} be a aximal antichain
above p such that for every ¢, p; IFp, "|y| = ;" for some p;. Therefore for every

i < i(x) there is a sequence (y; o : o < p;) such that p; IFp, "y = {y; 0 : @ < p;}”. By
the assumption, p; IFp, "rk(y; o) < €” for every i and . By the induction hypothesis,

for every such i and o there is B, o(..., Mr(¢ia)s - )c<e(ie) a8 Tequired for y; o and
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p;. Hence for every ¢ there is a name B, as required such that p; IFp, ’ y = B 7
Now define a name B such that B[G] = B,[G] iff p; € G and as before we have
p “_Pt 77y — ]’%77.

Remark: For ( =1, let {p; : i < i(*)} be a maximal antichain above p of elements
that force a value for y from TUU. Let Y C TU U be the set of all such values (so

Y| < A) and denote by a; the value that p; forces to p;. For every generic G' that
conatians p, y[|G] = a; iff p; € G. Therefore it’s enough to show that for every p;

~

there is a name B of the right form such that B [G] = true iff p; € G. Therefore

it’s enough to show that the truth value of "p € G” can be computed by a A—Borel
function as above, so it’s enough to compute the truth value p [ P, € G NP, for
every s < t, which follows from the induction hypothesis.

E) By the assumption, for every p € Py, and ¢t € Dom(p) there is a A—Borel
function B,; and a sequence (s¢ : ¢ < &(p,t)) of members of u) such that for every
generic G C Py, we have By, (..., TV (s (a¢) = j¢), - )c<epy [G] = true if and only if

p(t) € Gy, (for suitable a; and j¢). TheNreforep ceGiff (A By, TV(ns (ac) =

teDom(p)
Jc)s --)c<ei)) [G] = true, hence we can compute G from (1 : t € Lyy,).

F) Similar to the proof of (D). O

Properties of the L)+ —closure

Definition 2.11: A) Let p € Py,, the full support of p will be defined as follows:

for every s € Dom(p), if p(s) = (tr(p(s)), Bps) (-, Mis,c)(ac), ---)c<e(s)), then the full

support of p will be defined as fsupp(p) := DU ( ){t(s, ¢): ¢ <&(s)FU{s}.
seDom(p

B) For L C Ly, define Poy(L) := Py | {p € P : fsupp(p) € L} with the order
inherited from Py,.

C) Let L C Ly, for every s € L, j < Aand a € I} let py,; € Py be a condition
that represents 7;(a) = j such that Dom(p; . ;) = s and let X, := {psqj:s€ L,a €

I <AL

ps’

[Note that such ps, ; exist by Definition 1.4(D)(9). It is not necessarily unique, but
it can be chosen in Py, if L, is a minimal closed subset of Ly, that contains s.]

D) For L C Ly, define Py, [L] := Ly+ (X1, Pm) (see definition 1.13).

Remark: For m € M we may define the partial order <* on P,, by p <* ¢ if and
ounly if ¢ Irp,,, "p € G7. As (Pm, <*) is equivalent to (Pm, <), it’s (< A)-strategically
complete and satisfies (A, D) — cc and we may replace (Py,, <) by (P, <*).
Claim 2.12: Let m € M and L C L,

A) Py € Ppy[Ly] is dense and Py, < Py [Liy], therefore they're equivalent.

B) Pm[Lm] is (< \) strategically complete and satisfies AT — cc.
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C) Pm(L) C Py, and Py [L] < Py [Lm]-

D) P[L] is (< A)-strategically complete and satisfies AT — cc.

E) Let G C Py, be generic, for each t € L let 1 := nt[G] and let Gf := {¢ € Py[L] :
Y|G] = true}, then G} is Py [L]-generic over V and V[Gf] = V[n: : t € L].

F) For Ly C Ly C Ly, we have Py, (Ly) C Py(Ls) (as partial orders) and Pp,[L4] <
Pm[[Q]

G) If m,n € M are equivalent (recall Definition 2.6), then Py, (L) = P,(L) and
Pm[L] = Pn[L]

H) Let I be a A\j-directed partial order and let {L; : ¢ € I'} be a collection of subsets
of Ly, such that s <;t— L, C L;. Let L := tLeJILt’ then Py, [L] = tLeJI]P)m[Lt]'

Proof: A) By claim 2.9, there is a natural embedding of Py, in Py, [Ly,]. For p € Py,
denote by p* its image under the embedding. Now let ¢ € Py, [Ly,], there is p € Py,
such that p IFp,, ¥[G] = true, therefore for every generic G C P, if p*[G] = true

then p € G and ¥[G| = true, hence Py [Liy] = ¢ < p* and Py, is dense in Py, [ Ly, .

B) By 2.10 (B4C), Py, has these properties, and by the clause (A), Py[Lm] has
these properties too.

C) The first part is by the definition of P, (L). For the second part, first note that,
by definition, Py, [L] C Py, [Lm] as partial orders. Now note that if 1, ¢ € Py,[L] are
compatible in Py, [ Ly, then ¥ A ¢ € Py[L] is a common upper bound, so ¢ and 1
are compatible in P,[L] iff they’re compatible in Py[Ly,]. Therefore if I C Pp,[L]
is a maximal antichain, then I remains an antichain in Py,[Ly]. Furthermore, it’s
a maximal antichain in Pp,[Ly]: Suppose towards contradiction that ¢ € Puy|Lum]
is incompatible with all members of I. Let ¢ = 9/6\1—'9. As I is an antichain in

P [Lm] which satisfies the AT — c.c., we have that |I| < X\. As ¢ € Py, [Lu], there is
a generic G C Py, such that ¢[G] = true. As ¢ is incompatible with all elements of
I, it follows that 0[G] = false for all § € I. Therefore, ¢ € Py,[L]. But 1 is clearly
incompatible with all members of I, a contradiction. Therefore, Py, [L] < Py [ L]

D) By (B) and (C).

E) We shall first show that G is Py, [Ly]-generic. GF is downward-closed, by the
definition of GF _ and of the order of Py, [Ly,). If ¢, ¢ € G} then (¢ A ¢)[G] = true,
hence ¥ A ¢ € G, so G} is directed. Now let T = {t; : i < i(*)} C Ppy[Lyn) be
a maximal antichain and let J = {p € Py : (i < i(x))(p IF "i[G] = true”)}. If J
is predense in Py, then there is ¢ € JNG. Let i < i(x) such that g IFp,, "i[G] =

true”, then ;|G| = true hence v¢; € Gj{m N I. Suppose towards contradiction
that J is not predense and let ¢ € P, be incompatible with all members of .J, so
q IFp,, iG] = false” for every i < i(x). i(x) < A (as Pm = AT — c.c.), hence

WV, = /\( )(—@[;i) € Ly(X,,) and ¢, € Lx(Xg,,,Pm). Obviously, ¥, is incompatible
1<e(*
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with the members of I, contradicting our maximality assumption. Therefore we
proved that G _ is Py, [Ly,]-generic.

Now let L C Ly, then Gf _ NPy[L] is Pm[L]-generic and G} NPw[L] = GF.

We shall now prove that V[G}] = V[n, : t € L]. We need to show that G} can be
computed from {n, : t € L}. Let ps,; € Xy, then ps,; € G iff ps o ;[G] = true iff
ns[G](a) = j. Therefore we can compute G} N Xy, and G} from {n[G] : s € L}.
As 15[Gl(a) = j iff psa; € GF, we can compute {ns[G] : s € L} in V[G]], therefore
VIGE] =VIns : s € L.

F) If fsupp(p) € Ly then fsupp(p) C Lo, hence p € Pm(L1) — p € Pi(Ls), and by
the definition of the order, Py, (L1) C Py, (Ls) as partial orders. For the second claim,
first note that Pp,[L;] C Py, [Lo] as partial orders. Now assume that [ C Pp,[L;] is a

maximal antichain. By (C), [ is a maximal antichain in Py,[Ly], hence in Py, [Ls].
Therefore Pu[L1] < Py [Lo].

G) If m and n are equivalent, then q, = qm, hence Py, = Py, Py (L) = P (L) and
Pm[L] = Py[L] for every L.

H) For every t € I, L; C L, therefore Ppy[L:] C Pp[L], so UIPJ [L;] C Py[L]. In

the other direction, suppose that ¢ € Pp,[L] is generated by the atoms {Ps(i),a(i),j(i)
s(i) € L,a(i) € I, w2 J(@),7 < A} Recall that A < Ay < A3, hence there is i(x)

el
such that {s(i) : i < A} C Ly, therefore ¢ € Pry[Ljw)], so Pm[L] C .LGJI]P’m[L] O

Operations on members of M

We shall define a partial order <;;=< on M as follows:
Definition 2.13: Let m,n € M, we shall write m < n if:
A) Ly C Ly.

B M, (yes, equal).

o Qa

) M,
)Qm<qun
) ug . for every t € Ly, \ M.

E) t/E’ —t/E/ for every t € Ly \ M.

F) If t € My, then vy, = {uN Lyt w € Vgt }, if t € Ly \ M then vg, + = vg,, 1
G) Ift € My then {u € vy : u C My} = {t € vny : u C My}

H)Ift € My and s € Ly, \ My, then {u € vy i u C s/E} ={u € vay:u Cs/EL}.

Definition 2.14: Let (m, : a < J) be an increasing sequence of elements of M
with respect to <y, we shall define the union n = Uéma as follows:
a<

A) My = My, (a < 6).
B) El, = U El,

a<d

28 28



Paper Sh:1204, version 2024-11-13.

C) qn will be defined as follows:
1. Ln= U Lp,..
a<d

2. For every t € Lq,, Pgn,t = Pqm, .t (for a <0 such that t € Ly,,).
3. For every t € Ly, ug, , = U{u), i <INt € Ly, }and a) , = agéarllma,t'

4. For every t € Ly, w) , =U{wy, ,:a <INt € Ly,} and 0} , = agéwémmt.

(B, (5¢(b, Q) anpe) 1 ¢ < E(t,0)) :b e 1Y) i t € Lg,)) will be defined naturally
as the union of the sequences corresponding to the sequence of the m,’s.

[

6. Vgut = a%vqma + for every t € Ly,.

It’s easy to see that the union is a well defined member of M.

Claim 2.15: Let (m, : @ < 0) and n be as above, then n € M and m,, < n for
every a < 0.

Proof: It’s straightforward to verify that m, < n for every a < §. [J
Defintion and claim 2.16 (Amalgamation): Suppose that

A) my,m;, my € M.

B)my<m; (I=1,2).

C) Lm, N Ly = Lim,-

We shall define the amalgamation m of m; and ms, over mg as follows:
. E,=E, UE,, .

2. My = Mp,.

dm Wwill be defined as follows:

3. Ly, is the minimal partial order containing Ly,, and Lyy,.
4. For every t € Lm, Pqm,t = Pqm,,t Provided that ¢ € Ly,
B. Ugut = Uqy, + Ylgy,, ¢« (Where ug =0 if t ¢ Luy,).
6

7

0 _ .0 0 0 0
- Wapt = Wap, ¢ Y We,, o (Where Wepgn t = Dift ¢ Li,).

T T T ol = w! U wk i.e. coordinatewise union

dm;t dmy ,t dmy,t) wqmvt dmj ¢ dmy,t?

(similarly to 546, if ¢ ¢ Ly, the corresponding sequence will be defined as the
empty sequence).

U = U Uu

8. For t € Ly, U Ly, the A-Borel functions from 1.5(E) will be defined in the same
way as in the case of m; and ms.

9. Ift € Ly, then vg,+ = Vgu, t UVqmyt- 1 € Lin, \ L, (I = 1,2) then
Ugm,t = qulyt‘

Claim 2.16: m is well defined, m € M and m;, m, < m.
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Proof: Straightforward. [J

Remark: The amalgamation of a set {m; : 1 < i < i(*)} over my can be defined
naturally as in 2.16.

Existentially closed iteration parameters

Given m € M, we would like to construct extensions m < n which are, in a sense,
existentially closed.

Definition and Observation 2.17 A) Let m € M, L C L,,, we shall define the
relative depth of L as follows: dpf, (L) := U{dpa,(t) +1:t € LN My} (so this is
dpas, (L N My,)).

B) For v € Ord we shall define M<® as the set of elements m € M satisfying the
following property: Let m < m; < m2, L o= {t € L, @ sup{dp,(s) : s <
t,s € My} <~} (I =1,2), then Py, (L% ) < P, (L, ). Note that in this case
we have Pp,, (L) = Py, (L) for every L C L‘?p

my,y”
C) M., will be defined as the collection of elements m € M such that m € M= for
every v € Ord.

Observation: m € M., if and only if P,,, <P, for every m < n; < n,.

Proof: Suppose that m € M<® for every v and m < m; < my. Choose some 7/
such that 7' > dpar, (s) for every s € My, (I =1,2) and let v =" + 1. Obviously
Lm, = L¥ (1 =1,2), 50 Ppy, = Py, (L ) < Py (L, ) = Pr,. In the other

dlrectlon suppose that Pp,, < Py, for every m < m; < m, and let v € Ord. As
L _is an initial segment of Ly, it follows that P, (L% ) <Py, (I =1,2), and we

my,y
have IP’ml(Ldp o) <Py <P, and P, (L% ) < Pp,. Note that L% _ C L%
Prn, (L ) C Py (L, ) and it follows that every maximal antichain | 1n ]P’m1 (szfl 7)
is a maximal antichain in P, (L%, ), so m € M. O

Definition 2.18: Let x be a cardinal, we shall denote by M, (Mx,) the collection
of members m € M such that |Ly| = x (|Lm| < X).

Claim 2.19: Let 2*2 < x and m € Mc,, then there is m < n € M, such that
n € M,..

Proof: Denote by C' = (Y, the collection of elements n € M such that:
1. m [ My, <n (recall Definition 2.4).
2. Ly \ My, = t/EY for some t.

Definition: Let ny,n, € C| a function h : Ly, — Ly, is called a strong isomorphism
of n; onto ny If:

1. h is an isomorphism of n; onto ns.
2. h is the identity on My,.

Definition: Let R = R, be the following equivalence relation on Cyy,:
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n; Rny iff there is a strong isomorphism of n; onto ns.
We shall now estimate the number of R-equivalence relations:

1. As |Ln| < X for every n € C, once we fix M, there are at most 2*? possible
isomorphism types of (Ly, <r,.) over M.

2. Given such Ly, there are at most 2’2 possible forcing templates from P.

3. For every n € C there is ¢t such that |Ly| = |Ln\ Mm|+|Mm| = [t/ EL+|Mm| < X2
(recalling definition 2.2.A), hence |P(L )] < 2*2 and for every t € L, there are at

A2
most 22 possible values for uq .+ and wq e

4. For every t, uq + 1s a function assigning for each s a member of P(I; 1), so we have
at most (2|I|)|L“| < 2(1+22) possible functions. Similar argument applies to w
well.

qtas

Therefore there are at most 222 R—equivalence classes. Let (n, : a < 2*2) list all
such classes. For every a < 2*2 we shall choose the sequence (n!, : i < ) such that
each n’, is obtained from n, by the changing the names of the elements in Ly, \ My
such that the new sets are pairwise disjoint and also disjoint to L, (for i < x). For
every ¢ there is ¢, ; such that tm/Egg = Ly \ My, and taﬁi/Eﬁg ﬂta,j/E;:{ = (). Now
let n be the amalgamation of {m}U{n! : i < x,a < 2*2} over m | My,. XObviously,
neM,.

Suppose now that n < n; < ny. Let F be the collection of functions f such that
for some Ly, Ly C Ly,:

a. Dom(f) = Ly, Ran(f) = Ls.

b. My = My C Ly N L.

L\ M| < X (I=1,2).

d. t/En, C L; for every t € L; \ My,.
e. f is the identity on My,.

o

f. f is an isomorphism of ny | L; onto ny | Lo.

Claim 1: Let f € F, L' C Ly,, L” C Ly, such that |L'| +|L"| < Ay, then there is
g € F such that f C g, L' C Dom(g) and L"” C Ran(g).

Proof: WLOG L' N Dom(f) = 0 = L”" N Ran(f) and |L'| = |[L"| = Xa. Let
(a; 17 < Ag) and (bj : j < Ag) list L' and L”, respectively. For b € Ly, \ My, let
By = (b/E},) U Mp, then m [ My <mny [ By, ny | By € C and ny [ B, < ny.
We shall construct by induction on ¢ < Ay an increasing continuous sequence of
functions f; € F such that g := Uf; will give the desired function of the claim.

Li=0: fo:=f.
I1. ¢ is a limit ordinal: f; := L<Jf]
<<t

1. i = 2j+1: By the "WLOG" above, L"NM,, = (), hence b; € Ly, \ M. Therefore
it follows that m [ My, < mny [ By,, hence ny | By, € C. Let n, be the representative
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of the R-equivalence class of ny | By,. By F’s definition, |[Dom(fy;)| < A2. Since n
is the result of an amalgamation that includes n?, (i < x), each n’, is R-equivalent
to n, and Ay < x, it follows that for some i < x, Lyi \ My N Dom(fy;) = 0. Since
ny [ By, Rn!,, there is a strong isomorphism h from ny [ L, = n}, onto ny | By,
Therefore f; := fo; U h is a well defined function, b; € Ran(f;) and fo; C fi. We
shall now show that f; € F: conditions a, b, ¢ and e are obviously satisfied. If
t € Ly \ My, then t/Ey, = t/Ey, (as n < ny) and t/E, = t/E,;. Therefore
t/En, = t/Ey C Ly € Dom(f;). Similarly, if t € b;/E};, then t/Ey, = b;/Ey, C
Ran(f;), hence condition d is satisfied. It remains to show that f; is an isomorphism
of ny [ Dom(f;) onto ny [ Ran(f;). Note that b;/E;, N Ran(fz;) = 0 (as we may
assume WLOG that b; ¢ Ran(fs;)), hence f; is an order preserving bijection, as a
union of two such functions (that are identified on M,,). It’s easy to check that f;
is as required.

IV. i =2j+ 2: Similar to the previous case, ensuring that a; € Dom(faj11).

As F is closed to increasing unions of length A9, g := Li fi € F is as required,
1<A2

hence we're done proving claim 1.
Denote L, := {s € Ln, : dpn,(s) <7} (80 Ln, = Lz, +)-

Claim 1(+4): Let f € F, L' C Ly, such that |L'| < Ay and Ran(f) C Ly,, then there
exists g € F such that f C g, L' C Dom(g) and Ran(g) C Ly,.

Proof: Repeat the proof of claim 1 (in particular, stage 2j + 2). Note that at
each stage we add a set of the form L, to the range. As L,; C L, C Ly, and
Ran(f) C Ly,, it follows that Ran(g) C Ly,.

Claim 2: Let g € F, then g(Dom(g) N L,) = Ran(g) N L.
Proof: By induction on ~.

Claim 3: Given g € F and y < |Ly,|", the map § is an isomorphism of Py, (Dom(g)N
L) onto Py, (Ran(g)NL,) where g is defined as follows: Given p € Py, (Dom(g)NL.),
g(p) = q has the domain g(Dom(p)), and for every g(s) € Dom(q), q(g(s)) =

(t7(p(5)): Bp(s) (- Mg(ee) (ac) - Je<e) where p(s) = (t7(p(s)), By(s) (- e (ac), - )e<e)-

Proof: Given g € F, by the previous claim ¢ is a bijection from Dom(g) N L., onto
Ran(g)NL,. As g € F, it’s order preserving and the information of q,, [ (Dom(g)N
L,) is preserved. Hence clearly § is an isomorphism from Py,(Dom(g) N L,) onto
Poy (Ran(g) 0 Ly).

Claim 4: Py, (L, N Ly,) < Py, (Ly).

Proof: By induction on «. Arriving at stage v, note that Py,(Ly N Ly,) € Py, (L)
(as partial orders). Suppose that py,ps € Py,(L, N Ly,) are compatible in Py, (L),
and let ¢ € Py, (L,) be a common uppper bound. Since | fsupp(p1)|, | fsupp(p2)] < A,
there is L' such that fsupp(p;) U fsupp(p2) € L' C (L, U Ly,), |[L'| < Ay and L'
is Ey,-closed. Therefore py,ps € Py,(L'). Similarly, there is L” C L. such that
|L"| < A9, fsupp(q) UL C L" and L” is Ey,-closed, hence ¢ € Py, (L"). Let f be
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the identity function on Ly = Ly = U{t/Ey, : t € L' \ My }. Note that |L;] < Ay
(it =1,2) and f € F. Let L} := U{t/En, : t € L"\ Mu}, then |Lj| < Ao,
hence by claim 1(+), there is ¢ € F such that f C ¢ such that L7 C Dom(g)
and Ran(g) C Ln,. As fsupp(q) U fsupp(pi) U fsupp(p2) € Dom(g) N L, we
have p1, p2,q € Pn,(Dom(g) N L), hence §(p1), §(p2), §(q) € Pn,(Ran(g) N L) (in
particular, §(q), g(p1), §(p2) are well defined). By the choice of g, §(p1) = p; and
9(p2) = p2. By claim 3, Pn,(Ran(g) N Ly) = p1,p2 < 9(q). As Ran(g) € L,
G(q) € Pny(Ly N Ly, ), hence p; and py are compatible in Py, (L, N Ly, ). Therefore,
if I C Py, (Ly N Ly, ), then I remains an antichaim in Py, (L,).

Suppose now that I C Py,(L, N Ly,) is a maximal antichain, and suppose towards
contradiction that ¢ € Py, (L) is incompatible with all members of I. We can show
by induction on v that Py, (L, N Ly,) = P, (L, N Ly, ). Since L, N Ly, is an initial
segment of Ly, , Py, (Ly N Ln,) = Pu,(2,nLn,) < Pay, hence P, (L, N Ly, ) | AT —c.c.
and |[I| < A < Xg. Let (p; : i < A\y) enumerate I’'s members, then there is L' C
L, N Ly, such that |[L'| < Xy and Z.<U/\2fsupp(pi) C L', hence I C Py, (L'). Define L"

and choose f and g as before. Again, § : Py, (L, N Dom(g)) — Pn,(L, N Ran(g))
is an isomorphism, I U {¢} C Dom(§) and § is thee identity on I. Hence §(q)
is incompatible in Py,(L, N Ran(g)) with all members of I. As before, §(q) €
Pn,(Ly N Ly, ), therefore, in order to get a contradiction, it’s enough to show that
g(q) is incompatible in Py, (L, N Ly, ) with all members of /. Suppose that for some
p € I, 1 € Py(L, N Ly,) we have p,g(q) < r. Since g* € F, as in previous
arguments, there is g~! C h € F such that i(r), h(§(q)) are well-defined and h(p) =
p, h(j(q)) = q. Hence p and q are compatible in Py, (L, N Ran(h)) and therefore in
Py, (L~), contradicting the assumption. This proves claim 4.

Claim 5: Py, < Pp,.
Proof: By the previous claim, for v = |Ln, |t we get Py, (Ln,) = Pny(Ly N Ly,) <

Py, (L) = Pp,. We can show by induction on ¢ that Py, (Ls N Ly, ) = Pn, (Ls N Ly, ),
hence for 6 = we get Py, < Py,. This proves claim 2.19. [J

The following observation will be useful throughout the rest of this paper:
Observation 2.20: Let n € M,. and n < n; < ny, then for every L C L,
Pu, [L] = Py, [L]

Proof: n; < ny, hence for L C Ly, the set X in definition 2.11(c) is the same
for n; and ny. Let ¢ € Ly(Xy), since P,, < P,,, there is a generic set G C Py,
such that ¥[G] = true iff there is a generic set H C Py, such that ¢[H] = true.
Similarly, if an implication of the form "[G| = true — ¢[G] = true” holds for every

generic G C P,,,, then it holds for every generic H C P,,,, and vice versa. Therefore,
Py, [L] = Py, [L]. O

Claim 2.21: Suppose that
A) m;,my; € Mec-
B) My = My, (I =1,2).
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C) h: My — M, is an isomorphism from m; [ M; onto my | Ms.

then Py, [M] is isomorphic to Py, [Ms).

Proof: WLOG M; = M, (denote this set by M), Ly, N Lym, = M and h is the
identity. Let my :=m; | M =my [ M, then my < m;,my and Ly, = Ly, N Lm,,
therefore, by 2.16, there is m € M such that m is the amalgamation of m; and

m, over mg and m;, my < m. By the definition of M,., as m; € M,., m; < m
(l=1,2) and M C Ly, (I =1,2), it follows that Pp,, [M] = Pupu[M] = Py, [M]. O

The Corrected Iteration

We shall now describe how to correct an iteration P, in order to obtain the desired
iteration for the main result.

Definition 2.22: Let m € M, we shall define the corrected iteration PS. as Py[Lm]
for m < n € M., (we'll show that P& is indeed well-defined). For L C Ly,, define
P& L] := Py[L] for n as above.

Claim 2.23 A) P& [L] is well-defined for every m € M and L C Ly,.

B) PS [ M,y,) is well-defined for every m € M and depends only on m [ My,.
C) If m < n then P¢, < PY.

D) If m <nand L C Ly,, then P&[L] = PS[L].

Proof: A) By claim 2.19, there is m < n € M., so it’s enough to show that the
definition does not depend on the choice of n. Given ny,ny, € M., such that m < n;,
we have to show that Py, [Lym| = Ppy[Lm|. WLOG Ly, N Ly, = Ly,. Let n be the
amalgamation of n;, ny over m. Since n; € M., n; <n; <n and Ly, C Ly,,, we
get Py, [Lm)| = Pn[Lm]. Similarly, Pp,[Ly] = Pn[Lm|, therefore, Py [Ly] = Puy[Lm]-
The argument for P& [L] is similar.

B) Suppose that m; [ My, is isomorphic to my [ My, and choose n; (I = 1,2) such
that m; < n; € M,.. Now, m; [ My,, = n; | My, is isomorphic to ny [ My, =
my | My, hence by claim 2.21, Py, [My,,] is isomorphic to Py, [Mmy,]. Moreover,
the proof of 2.21 shows that if m; [ My, = my [ My, then Py, [My,] = Py [Mm,],
therefore PG, [Mm,] = P, [Mm,].

C) Choose n < n, such that n, € M., then PS = P, [L,]. As m < n,, it follows
that P = Py [Ly]. By 2.12(F), P7 = Py [Li] < Py, [Ln] = P2

D) Choose (m <)n < n, € M., then by definition we get P& [L] = Py, [L] = PJ[L].
O

The main result

Definition 2.24: Let q be a (A, D)-iteration template such that |Lq| < Ay and
lwf| < X for every ¢ € Lg.

We call m = mq € M the iteration parameter derived from q if:

a. dm = q.
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b. My = Lq.
c. El,=0.
d. For every ¢ € Lq, v, = [uf]=*.

Definition 2.25: Given m € M, we define the forcing notions (P} : t € LU{o0}) =
(Pl it € Ly U {oo}) as follows: Fix m < n € M., and let P} := Py[{s € Ly, :
s <t} (soP, =PI[{s € Lym : s < t}]| for t € Ly, and P/ = P¢). Similarly, let
P} :=Pu[{s € Ly : s < t}].

Main conclusion 2.26: Let q be a (A, D)-iteration template. The sequence of
forcing notions (P, : t € Ly U {oo}) from 2.25 has the following properties:

A) (P, :t € LqU{o0}) is <-increasing, and s <t € L — P, <P <P;.

B) 7 is a P/-name of a function from I, to \.
C) (ns : s < t) is generic for P;.

D) P} is (< \)-strategically complete and satisfies (A, D)-cc.
E) If t € Ly U {oo} and every set of < A elements below ¢ has a common upper
bound s < t, then P} = L<Jt]P’;.

F) [Pl < (2 (T + )"

)y
€lq
G) If U;,Uy C Lq and n | Uy is isomorphic to n [ U, then P [U] = Pu[Uy] is
isomorphic to P [Us] = Py[Us]. Moreover, if U C Lq is closed under weak memory

(as is always the case), then Py, is isomorphic to Py [U]. Tt follows that for every
t € Lq, P, is isomorphic to Py (L] = P}.

H) For each t € Ly, let V' := V..., s, --~]seug,t7 then 7; is "somewhat generic" for

Q)" in the following sense: If I is an antichain in QY that remains maximal in Vo

fo} every n such that m < n € M., then 7, satisﬁeNs some p € [.

[This means that if I = {p. : € < €(*)} where each pe has the form (tr(pc), By, (..., mic (ac), --)c<e),
then IFpe "There is some € < €(x) such that 7 extends tr(p.) and belongsNto

Bps(...,ntg(ac), "')C<§“']

[The reason for the absoluteness requirement is that in Requirement 1.16 we didn’t
demand the property of being a maximal antichain to be absolute (this would seri-
ously restrict the range of forcing notions covered).]

Proof: A) By 2.12(F).
B) By the definition of 7,.

C) By the definition of P,[{i : i < a}]. More generally, this is true by the definition
of the Ly+-closure, as (n, : @ € L) is generic for P,[L] for every L C 4,.
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D) By 2.12(D).
E) By 2.12(F), L<JtIP”S C P,. In the other direction, suppose that ¢ € P, = P,[{s :
s < t}] and let {ps@i)ag) o) 0 ¢ < A} € Xi, be the set that L,+-generates ¢». By

our assumption, the set {s(i) : ¢ < A} has a common upper bound s < ¢t. Hence
{Psiyatiyge 1 <A} S Xp_,, 850 € Py[{s:s <s'}] =P, and equality follows.

F) As P, = Pn[Lq] = L+ (X1, Pn) (recall definition 2.11), the claim follows by the
definition of X7 and the definition of the Ly+-closure.

G) Choose n > m such that n € M. and M,, = L, therefore, by claim 3.12 in the
next section (the proof of which does not rely on the current claim), P, [U;] is isomor-
phic to P,[Us] where (n,n, Uy, Us) here stands for (my, my, My, Ms) there. For the
second part of the claim, choose m [ U <n’ € M,., thenn’ [U=m [U =n | U,
and as before, P [U] = Py [U] is isomorphic to Py [U] = Py .

H) Follows from the definition and the absoluteness requirement.
3. Proving the main claim

Existence of an existentially closed extension of adequate car-
dinality for a given m € M
Our goal will be to show that for every m € M, if L,, = My, and n = m [ M where

M C My, then P < P¢. In particular, in Conclusion 3.13 we get that for every
U C 0, closed under weak memory, Pil,; <Py = Ps,.

Remark: Note that we don’t rely in this section on 2.26.

Definition 3.1: A) m € M is wide if for every t € Ly, \ My, there are t, € Ly, \ My,
(o < AT) such that:

1. m [ (t,/E},) is isomorphic to m [ (t/E}) over My,.
2. to/EN #tg/EL for every a < f < AT.

B) m € M is very wide if m satisfies the above requirements with A* replaced by
| L |-

C) m € M is full if for every m [ My, < n such that £/ consists of one equivalence
class, there is t € Ly, \ Mp, such that n is isomorphic to m [ (¢/E},) over My,.

Remark: In the proof of theorem 2.19, we constructeed n € M,. by amalgamating
(n?, :i < x,a < 2*2). Therefore, for every t € Ly, \ M, there are i and « such that
t belongs to n [ t/E, = n’,. As n includes (n’, : i < x), by choosing representatives
ti € Lyi \ My (1 < x) we get that n [ (¢/E}) is isomorphic to n [ (t;/E;,) for every
i < x. Since t;/E] # t;/E, for every i < j < x and |L,| = ¥, it follows that n is
very wide. By the construction of n, it’s also easy to see that n is full.

Definition 3.2: Let L C L,, and ¢q € Py, we say that p is the projection of ¢ to L
and write p = 7. (q) if the following conditions hold:
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a. Dom(p) = Dom(q) N L.

b. If s € Dom(p) then:

L By (00), e, < 151} = (B a), ey, ¢ <
t(q(s)) A{tc 1 ¢ € Wy} € L}

2. tr(p(s)) = L[,JtT(Bq(S),L("wntC(a()) w)cewy,,) for o < ug(s)) and {t; : ¢ €
Wy} € L. .

Observation 3.3: Let m € M, L C L, and g € Py,.

a. The projection p = 7, (q) exists and p € Py, (L).

b. m(q) < q.

Definition 3.4: Let m € M, denote by JF,, the collection of functions f having
the following properties:

a. There are L, Ly C Ly, such that f is an isomorphism from m [ L; onto m [ L.
b. My C LN Ls.

c. For every t € Ly \ M, ift € L; (I =1,2) then t/E], C L.

d. [{t/El, :t € L\ M} <A\

e. f is the identity on My,.

Claim 3.5: A. Let m € M be wide. For every f € Fp, and X C Ly,, if |[X]| < A
then there is g € F, such that:

1. fCy.
2. Dom(g) = Ran(g).
3. X C Dom(g).

B. If g € Fi, satisfies Dom(g) = Ran(g), then ¢ := gUidr,\pom(g) s an automor-
phim of m.

Proof: A. By the proof of claim 1 in 2.19, f can be extended to a function f' € Fi,
such that X C Dom(f’). It’s enough to show that for every f’ € JF, there is
f' € g € Fm such that Dom(g) = Ran(g). The argument is simiar to claim 1
in 2.19. Obviously, Dom(f’) and Ran(f’) are each a union of M, with pairwise
disjoint sets of the form ¢/FE! | and for each such t/E! exactly one of the following
holds:

a. t/E" C Dom(f") N Ran(f").
b. t/E! C Dom(f’) is disjoint to Ran(f’).
c. t/EN C Ran(f') is disjoint to Dom(f").

As m is wide, for every t/E” as in (b) there are AT t, € Ly, \ My, as in definition
3.1. Therefore there is f' C f; € Fi, such that Dom(f’) C Ran(f;) and Ran(f") C
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in Fp such that Dom(f,) € Ran(f,41) and Ran(f,) € Dom(f,41) for every n.
Obviously, g := U fn € Fu is as required.

Dom(f1). Proceed by induction to get a sequence ' C f; C ...f, C ... of functions

B. This is easy to check. [

Remark: By the last claim, given f € F,,, we may extend it to g € Fp, such
that Dom(g) = Ran(g), and g may be extended to automorphism h := g of

m. és in claim 3 of 2.19, h induces an automorphism h of Py, and obviously
= h [ Pm(Dom(f)) is an isomorphism of Py,(Dom(f)) to Py (Ran(f)).

Definition 3.6: Given m € M, ( < A", ¢; € L, \ My, (I = 1,2) and sequences s
of length ¢ of elements of ¢;/E! | we shall define by induction on v when (1, 1) and
(t9, 52) are v-equivalent in m. We may write s; instead of (¢, 5;), as the choice of ¢,
doesn’t matter as long as it’s £l -equivalent to the elements of 5; (and s, # ()).

A,y =0:Let L; = cl(Mm U Ran(s;)) (recalling Definition 1.9 for [ = 1,2. (¢4, 5)
is 0—equivalent to (t, So) if there is a function h : Ly — Lo such that the following
hold:

1. h is an isomorhism from m [ L; to m [ Ls.

2. h maps §; onto Ss.

3. h is the identity on My,.

4. h induces an isomorphism from Pp,(L;) to Py, (Ls).

B. v is a limit ordinal: 5; is v-equivalent to sy iff they're f-equivalent for every
B <.

C.~v = [+1: 5 is y-equivalent to s, if for every e < AT, [ € {1,2} and a sequence 3
of length € of elements of ¢;/E}, | there exists a sequence §;_; of length € of elements
of t3_;/E}, such that 5/5] and 555, are S-equivalent.

Definition 3.7: Let [ be a limit ordinal, Fy, s is the collection of functions f
such that there is a sequence (¢, 5l : 1 <[ < 2,i < i(x)) satisfying the following
conditions:

A i(x) < AT

B. For | = 1,2, (£ : i < i(%)) is a sequence of elements of Ly, \ My, such that for
every i < j < i(x), t} and ¢’ are not EJ -equivalent.

C. 8l is a sequence of length (i) < AT of elements of t./E..

D. 5! and 57 are S-equivalent.

E. f is an isomorphism from m [ L; to m [ Lo where L; = i<Li%*)Ran(§§) U My,
(1=1,2).

F. For every i < i(*), f maps 5! onto 5.

G. f is the identity on My,.

38 38



Paper Sh:1204, version 2024-11-13. See https://shelah.logic.at/papers/1204/ for possible updates.

Claim 3.8: Let m € M be wide and suppose that:
A . m; <m.

B. For every t € Ly \ Lm,, ¢ < AT and a sequence § of length ¢ of elements of t/E7.
there is a sequence (t;,S; : i < AT) such that:

1.t € Ly, \ Mm,.

2. If i < j <A then t;/E] #t;/EL,

3. 5; is a sequence of length ¢ of elements of ¢;/Ey, .
4. (t;,8;) is 1—equivalent to (¢,5) in m.

Then Pp,, < Pp,.

Proof: We shall freely use the results from Section 4 (of course, it should be
noted that none of the relevant results in Section 4 relies on the current claim).
Specifically, we shall use the fact that a function f € Fy, g induces an isomorphism
f from Pm(L1) to Pm(Ls) for Ly and Lo as in definition 3.7 (see Claim 4.3). Now,
note that if f € Fynp for 0 < fand L C Ly, such that |L| < A, then by the definition
of 1—equivalence, f can be extended to a function g € Fp, o such that L C Dom(g).
Hence § is an isomorphism with domain Py,(L; U L) such that f -

Claim 1: If 0 < 8 then f preserves compatibility and incompatibility.

Proof: Assume that p,q € Dom(f) and r is a common upper bound in Py,. If
r € Dom(f), then since f is order preserving, then f(p) and f(¢) have a common
upper bound. If » ¢ Dom(f), then use the definition of Fp s to extend f to
a function § such that g(r) is defined (and g € Fmyo), and repeat the previous
argument. The proof in the other direction repeats the same arguments for f=1.

Claim 2: Suppose that i(x) < AT, p; € Py, (i < i(%)) and p € Py, then there is
p* € Py, such that:

L Py Epi <piff P = pi <p*

2. For every ¢ < i(*), p and p; are incompatible in Py, iff p* and p; are incompatible
in P,,.

Proof: Note that if p € Py, then p € Py, iff fsupp(p) C Ly, , therefore we need to
find p* € Py, satisfying the requirements of the claim such that fsupp(p*) C Ly, -
Let Ly C Ly, be a set containing (<U( : fsupp(p;)) U My, and closed under weak
memory, such that |L; \ Mu| < A (such L exists, recalling that i(x) < AT and
|w?| < ), then {p; : i < i(x)} C Pm(Ly). For every p; that is compatible with p
in Py,, let ¢; be a common upper bound. As before, there is Ly C L, containing
LiU(Ufsupp(q;))U fsupp(p) and closed under weak memory such that | Lo\ Mpy| < A
and P, (Lo) contains p and all of the ¢;. We shall prove that it’s enough to show
that there is f € Fin1 such that Ly € Dom(f), Ran(f) C Lm, and f is the identity

on L;. For such f define p* := f(p). Now f is the identity on {p; : i < i(*)} and
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f (p) € Pum,. By a previous claim, f preserves order and incompatibility, hence p* is
as required. It remains to find f as above. WLOG LyNLy,, C Ly. Let (¢ : j < j(*))
be a sequence of representatives of pairwise E! -inequivalent members of Ly, \ My
such that every t € Ly \ Ly is E -equivalent to some ¢;. For every such t;, let s,
be the sequence of members of ¢;/E] in Ly \ L. By the assumption, for every pair
(5;,t;) as above there exist A* pairs ((5;,,t;;) : ¢ < AT) which are 1—equivalent as
in the assumption of the above claim. By induction on j < j(x) < At choose the

pair (5;4(j), tj(;)) such that t;;;)/Ey, are with no repetitions (this is possible as

Jj(x) < AT). Now define f € Fiu1 as the function extending id | L; witnessing the
equivalence of the pairs we chose. Obviously, f is as required.

Claim 3: P, <Py,.

Remark: We shall use Section 4 in the following proof.

Proof: We shall prove by induction on + that P, (L& ) <Pm(L¥_ ). For v large
enough we’ll get Pp,, < Pp,.

First case: v = 0.

Denote £ = Ey, | L¥ . E is an equivalence relation and E | L% _ = Ej, | L

Now the claim follows by the fact that P (L ) (and similarly Pp, (Lﬂffl’1 7)) can be
represented as a product with < A support of {Pm(t/E) :t € L¥ _}.

Second case: 7= [+ 1.

Denote Mg := {t € My, : dp},(t) = B}, then Mp’s members are pairwise incompa-
rable.

Claim: P, (L ;U Mg) < Pu(Li ;U Mp).

Proof: We shall prove the claim by a series of subclaims.

Subciaim: Given p,q € Pml(LﬁfM U Mp), ]P’ml(Lfgl”B UMjp) = p < ¢ if and only if
Pm<Ln€,B U Mﬁ) }: P=q.

Proof: Note that L | dp 5 U Mg and L m s J Mg are initial segments of Ly, and Ly,
respectively. Note also that if n € M and Ly C Ly C Ly, then Py, <Py LQ, and
if L C L, is an initial segment then P, (L) = Py;,. Obviously, L;] dp 5 and L% m,3 are
initial segments of Ly,, and Ly, respectively. Now the claim follows by the definition
of the forcing’s partial order (definition 1.8) and the induction hypothesis.
Subclaim: Given py,ps € Pml(LfﬁlﬂUMg), p1 and py are compatible in Py, (Ldp1 sU
Mp if and only if theey’re compatible in ]P’m(Lﬁ’f’ 5 U Mp).

Proof: By the previous subclaim, if p; and p, are compatible in Py, (L? ap my .5 Y Mp)
then they're compatible in P (Ldp 3 U Mp). Let us now prove the other direction.
Suppose that p € Py, (L pﬁuMg) is a common upper bound of p; and p, in P (Lffjﬂu
Mp). Asin the proof of claim 2 above, find f € F, 1 such that fsupp(p)Ufsupp(p;)J

fsupp(p2) € Dom(f), f 1 (fSUPp(pl)UfSUPp(pz)UMﬂ) is the identity and Ran(f) C
L, - Note that if t € Dom(f)ﬂLfffﬂ then f(t) € Lfﬁ’lﬂ. Since f((Dom(f)ﬂLfiB) U
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Mg) C L pl 5 U Mg, it follows that f(p) € ]P’ml(Lfffhﬁ U Mp), and as before, it’s a
common upper bound as required.

Claim: P, (LY ;U M;) <P (L ;U Mp).

Proof: Let I C Py, (L% my.3 U Mpg) be a maximal antichain and suppose towards

contradiction that p € ]P’m(Lnfﬁ U Mp) contradicts in IP’m(Lnfﬁ U Mp) all elements
of 1. As before, choose f € Fuy1 which is the identity on Mz and on fsupp(q)

for every ¢ € I, such that Ran(f) C Lu, (hence f(Dom(f) N Lffl’ﬁ

) € L 5):

Now f (p) € IP’ml(Ldp w5 U Mpg) and f is order preserving, hence f (p) contradicts all
members of I in Py, (L%? .3 U Mpg), contradicting our assumption. Therefore I is a
maximal antichain in Pm(Lnf”B U Mpg) and Py, (Li]l?l,ﬁ) < Pm(Lfgﬁ U Mp).

We shall now continue with the proof of the induction.

Denote L, = L& _\ (Ldpﬂ U Mp) and denote by & the collection of pairs (s, s2) such
that s, 59 € L%’,V\(Ld”ﬂUMfg) and s1/E! = so/EY | so £ is an equivalence relation.

Note also that if s; and s, are not £-equivalent, then they’re incomparable.

Now

observe that the following are true:

1. Suppose that s € L,,t € Ly andt < s. Ift ¢ Lfﬁ'ﬁ, then there is € Mg such that
r < t. Therefore, either t € Mg ort € L, and t€s, hence Ly, <5 C LfiﬂUMgU(s/E).

2. Similarly, if s € L, N Ly, then Ly, s € L U Mz U (s/€).

Let {X,:

€< e( )} be the collection of E-equivalence classes and let U; =

{e: X. C

L 3, Z=L" U{X, :e¢ UyUMs, Y = L ;U {Xecer, } U Mp.

mi,y

It’s easy to see that:

1L L% =U{X.:e€ Uy ULY U Ms.
d _rd

2. ZNLE =L 5UMsg.

3. ZULYE =L U M;.

d,
4. ZN0Y = Ly, 5 U Mpg.

5. ZUY = L& .

By observation (1) (the first one), Y and Z are initial segments of L,,, and if s € Z\Y

and t € Y'\ Z, then t and s are incomparable. Note also that Py, (Y UZ)
Since Y is an initial segment, P, (Y) < Py (Y U Z).
Ldp BUM 3, obviously Y5 and Y; UY5; are initial segments of Ly,. Let Y, =
= P, (L 5 UMp) < Pry(LE ;U Mp) =

P, (Yo) =

= [P’m(Lifﬁ).
U Mﬁa Y, =
YiNY5, then

Let YV, = L%

mj,y

Pm(Y2). Since Py, (Yo)

we get ]P’m(Y{)) < P (Y2). Note also that Y \ Yp is disjoint to My, Yy is an initial
segment of Y; and if ¢t € Y] \ My, then (t/E) N Ly <5 C V7.

Finally, the desired conclusion will be derived from the following two claims:

Claim 3 (1) Suppose that Y7, Y5, Y3 C L, and Y

=Y NYs, then Py, (V1) <P (Y3)

if the following conditions hold:
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Y, C Y3 are initial segments of L.

Y: CY; and Yj is an initial segment of Y.

Pra(Y5) < Pra(Y3).

Y1\ Yo N My, = 0.

Ift €Y, \ My, then t/E) N Ly <t C Y.

Claim 3 (2): Py, (L1) = Pm,(L1) < Py, if the following conditions hold:

AN S A

1. m; < ms,.

2. Lo C Ly C Lum,.

3. Lg is an initial segment of L;.

4. P, (Lo) = P, (Lo).

5. P, (Lo) < Ppy, for I =1,2.

6. if t € Ly \ Lo then t ¢ My, and Ly, <t N (t/Em;) = Ly <t N (t/Em) C L.

By claim 3(2), with (my, m,Yy,Y7) standing for (m;, my, Lo, L;) in the claim, we
get P, (V1) = P (Y1) < Py By claim 3(1), it follows that P, (L% ) = Py (Y)) <

my,y

Pm(Y1UY3) = P(Y) < Pu(Y U Z) = Pro(L ). Together we get Py, (L ) =
P, (Yl) = ]P)m(Yl) < Pm(Lfg,y)'

Proof of claim 3 (1): We shall prove by induction on v that if (Y5, Y1, Y2, Ys) are
as in the claim’s assumptions and dp(Y;) < v then:

L P (Y1) < Pm(Y3).

2. If A) then B) where:

A) 1. p; € P (Y3).

2. po € P (Y0).

3. If po < qo € P(Yp) then py = ps | Y and ¢go are compatible.
4 pr=poU(ps [ (Y1\Y0))

B) If p1 < ¢1 € Pi(Y1) then ¢ and ps are compatible in Py, (Y3).
Suppose we arrived at stage v:

For part 2 of the induction claim: By assumption 5 and the definition of the condi-
tions in the iteration, fsupp(ps [ (Y1 \ Yo)) C Y3, hence p; € Py, (Y1). Suppose to-
wards contradiction that A) does not hold for some p; < ¢ € Pyu(Y7), then there are
s € Dom(q1) N Dom(p3) and p§ € Ppy(Lim <) such that p3 [ L <5, q1 | Li<s < P
and p§ | Lm<s IF 7qi(s) and ps(s) are incompatible”. Since s € Dom(q;) C Y,
and Y5 is an initial segment, then necessarily s ¢ Y, (otherwise we get a contradic-
tion to assumption A)(3)). Pwm = p1 < qu1, hence ¢1 | Lm<s IF pi(s) < qi(s). As
q1 | Lm,<s < py, it follows that pJ | Lm<s IF p1(s) < qi1(s). Now s € Y7 \ Y, hence
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p1(s) = ps(s), hence p5 | Lm<s IF p3(s) < qi(s), contradicting the choice of p3.
This proves part 2.

For part 1 of the induction claim: Obviously, Py, (Y1) C Py (Y3) and P, (Y1) Ep < ¢
iff Pr(Y3) E p < ¢. Suppose now that ¢1,q2 € Pn(Y)) and p3 € Pp(Y3) is a
common upper bound, we shall prove the existence of a common upper bound in
Pm(Y1). Since Y3 is an initial segment, it follows that fsupp(ps [ Y2) C Y3, hence
p3 | Yo € Pp(Ys). Since Py, (Yy) < P (Y2), it follows that there exists py € Pum(Y0)
such that if pg < ¢ € m(Yp), then ¢ and p3 [ Y5 are compatible. Let p; := po U (p3 |
Y1\ Yp). As in the proof of part (2), p1 € Pm(Y1). If p1 < p) € Pr(Y1), then by
part (2) of the induction claim, p} is compatible with p3. We shall prove that p; is
a common upper bound of ¢; and gs. As we may replace py by py < pj € P (Y0),
we may assume WLOG that Dom(q) NYy € Dom(py) € Dom(py) (I =1,2). Also
Dom(q) \ Yo € Dom(ps) \ Yo. As Y; is an initial segment, it follows from our
assumptions that Pp,(Yy) <Py (Ys) <Py, Since pg is compatible with ps [ Yy in Py,
they’re compatible in Py, (Y5), hence there is a common upper bound for py, ¢; [ Yy
and ¢qo [ Yy. Therefore WLOG ¢; [ Yo < po (I = 1,2). Assume towards contradiction
that ¢; < p; doesn’t hold, then there is s € Dom(q) such that ¢ [ Lm<s < p1 |
L <s but p1 [ L <s ¥ q(s) < pi(s). If s € Yy, then as Y is an initial segment
of Yy, it follows that py [ Lm<s = P1 | Lm.<s and po(s) = pi(s), contradicting the
fact that ¢, < po. Therefore s € Y7 \ Y. Let Yy = Yy, Y = Yo U (Y1 N L <s),
Yy =Y, and Y] = Y3, then (Yy,Y!,Y],Ys) satisfy the assumptions of claim 3 (1)
and dpm(Y]) = dpm(s) < 7. By the induction hypothesis, Py (Y/) < Py(Y3). As
s € Y1\ Yy (and by the assumption, s ¢ M,y,), it follows from the assumption that
(s/Em) N Lm <s CY]. Therefore by the definition of the conditions in the iteration,
fsupp(py | {s}), fsupp(q | {s}) € Y{. Therefore pi(s) and g(s) are Pp(Y{)-names.
Recall that p1 [ Lm<s ¥ ¢1(s) < p1(s), Lm<s C Y3 = Y3 are initial segments and
Pm (YY) < Pm(Yy). Therefore Py (Y)Y N L <s) < Pm(Yy N Lin <) and fsupp(py |
Lin<) € Vi 1 Lyn <o Therefore py | (V] N L <s) Wom(vinim-.) a(s) < pi(s), hence
there exists p1 [ (Y{ N Lim,<s) < pf € Pm(Y] N Lin,<s) such that pi e, (vinLm, <o)
—qi(s) < pi(s), hence pi IFp(vinLm <) ~@(s) < pi(s). By part (2) of the induction
hypothesis with v, = dpm(s) as v and (py | (Y{ N L <s),p7,p3 | Lm<s) standing
for (p1, q1,p3) there, pi is compatible with p3 | Ly <s in Ppy(Lm <s). Let p3 be a
common upper bound. As ¢ < ps, p3 Fp,(v7nLm<.) @(s) < p3(s) = pi(s) (vecalling
that s ¢ Yp). As pf b (vinLm <) ~@(s) < pi(s), we get py IFp(vinLm <o) —@i(s) <
p1(s). Together we got a contradiction, hence p; is the desired common upper
bound and Py, (Y1) Cic Pm(Y3). In order to show that Py, (Y;) < P (Y3), note that
for every ps € P, (Y3) we can repeat the argument in the beginning of the proof and
get po € P (Yp) and p; € P, (Y1) that satisfy the requirements in part (2) of the
induction. Hence, part (2) holds for (pg, p1, p3) hence P, (Y1) < P (Y3).

Proof of claim 3 (2): For [ = 1,2 define the sequence L; = (L, : i < 4) as follows:
Ly = Lo, Liy = L1, Lj3 = L, and L;» will be defined as the set of s € Ly, such

that s <t for some ¢t € Ly. It’s easy to see that (my, L;) satisfies the assumptions of
claim 3 (1), therefore Pu, (L1) = Pm,(Li1) < P, (Li3) = Pm,, 80 Py (L1) < Py, as
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required. We shall now prove the remaining part of the claim. Let (s, : o < a(x))
be an enumeration of the elements of L; \ Ly such that if s, < sz then a < 3. For
every a < «(x) define Ly, = Lo U {sp : f < a}. We shall prove by induction on
a < a(x) that Pm, (Loa) = Pm,(Loa). For a = a(x) we'll have Py, (L1) = Py (L1)
as required.

First case (o = 0): In this case Ly = Ly, and the claim follows from assumption
(4).

Second case (a is a limit ordinal): Obviously P, (Loa) = Pm,(Lo.) as sets.
By the definition of the partial order and the induction hypothesis, it follows that
Py (Loa) = Pm,(Lo.o) as partial orders.

Third case (o = f+ 1): Obiously P, (Loa) = Pm,(Lo.a) as sets. Suppose that
Pm, (Loo) Ep < q. If s3 ¢ Dom(q), then p,q € Py, (Lopg) and the claim follows
from the induction hypothesis. If sg € Dom(p) N Dom(q), then by the definition of
the iteration, Pm, (Los) Fp | Los < q [ Log and q [ Log b, (Lo P(58) < q(Sp)-

Now note that fsupp(p [ {sg}), fsupp(q | {ss}) C Lo, hence p(sg) and ¢(sp) are
P, (Lo g)-names. In addition, p [ Log,q | Log € Pm,(Losg) = Pm,(Log), therefore

by the induction hypothesis Py, (Log) E p | Lop<qires and q [ Lop P, (o)
p(sg) < q(sg). Therefore Py, (Lo o) = p < g. The other direction is proved similarly.
This concludes the proof of the induction and claim 3 (2).

We shall now return to the original induction proof.
Third case: 7 is a limit ordinal.

By claim 2, Pp(Lim,) < Pu. Apply that claim to (my [ L% m | L% ) instead of

mj,y’ m,y

(my, m) and get P (L% ) <Pr(L ). Note that P, (L ) = P (LI ) as sets,

my,y my,7y

and the definition of the order depends only on Py, (L% ,) for f < =, therefore

mi,3

by the induction hypothesis P, (L% ) = Pm(L% ). Therefore Py, (L¥ ) <
Pu(L ). O

Definition 3.9: Let m € Mc,, and M C M,, such that, as always, w) C M for
every t € M. Define n = m(M) € Mc,, as follows:

1. qn = qm-
2. My, =M.
3. B, ={(s,t) : s At N{s,t} £ M}.

4. Uy = Uy

It’s easy to check that n satisfies all of the requirements in Definition 2.2 and is
equivalent to m, therefore P, = P,,.

Claim 3.10: Let m € Mc,, and M C M, such that, as always, w? C M for every
te M.

A. If n := m(M) < n; then there exists m; € M such that m < m; and m; is
equivalent to nj.
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B. If m € M, then m(M) =n € M,..
Proof: A) Define m; € M., as follows:

1. 9m, := Qn,-
2. My, := Mpy,.
3. E;nl =FE, U {(s,t) : sE;nt A {s,t} C (Lrll \Ln) U M}

We shall show that m; € M. £ is an equivalence relation on Ly, \ Mm,: Suppose
that s,¢,7 € Ly, \ Mm, such that sE} t AtE v If sE[t ANtE 7T or sE t A
tEy v As,t,r} © (Ln, \ Ln), then sE] r, therefore we may assume WLOG that
sELtANEEL v A{t,r} C Ly, \ Ly, but this is impossible as sEy,t hence t € Ly, =
Ly. Therefore E is a transitive relation on Ly, \ Mm, and obviously it’s an
equivalence relation. Suppose now that s,t € Ly, \ M, are not Ej, -equivalent.
If s,t € L, \ Ly then s,t are not E], -equivalent, therefore s <y, t iff there exists
r € My, such that s <,, r <, t. Therefore s <;,, t iff there exists r € My,
such that s <p,, r <m, t. Suppose that s,t € Ly, \ My,,, then they’re not E -
equivalent, therefore syt iff there is r € My, such that s <, r <u t. Therefore
Sm,t iff there exists r € My,, between them. Finally, suppose WLOG that s €
Ly \ Ln Nt € Ly \ My, and s < t. If s and ¢ are not Ey,-equivalent, then as
before, s <m, t iff there is r € My, between them. If sE], ¢, then s € t/E, =t/E],
hence s € Ly, contradicting the choice of s. This proves that m; satisfies the
requirement in definition 2.2(A)(D)(2). It is easy to verify that m, satisfies the rest
of the requirements in definition 2.2. For example, 2.2(A)(6) : Let t € Ly, \ Mm,,

if t € Ly = Ly then ug =g, ;= g, = ug,. /By Ct/Ey, . Suppose that
t € L, \ L, then “qul,t = ugnvt C t/E;,, hence similarly uoqml St/ B,

Suppose that t € Ly, ¥ € U, and u Q My, then u € vy, and u g M, , hence
there is s € Ly, \ M such that u C s/E] . There are now two possibilities:

1. t ¢ Mp,. In this case, for every t € Ly, \ Mm,, u Cu, , € t/Ep,

2. t € My,,. Suppose that s ¢ L,. If there is r € u such that r € Ly, \ M,, then
s €r/E, = r/E}, hence s € Ly, which is a contradiction. Therefore u U {s} C
(Ln, \ Ln) U M hence u C s/E;, . Suppose that s € Ly, then u C s/E; = s/E;, C
Ly, therefore u € vyt = Umy, hence there is © € Ly, \ My, such that u C r/E},.
Therefore v C r/E}, . The other requirements of definition 2.2 are easy to verify,
therefore m; € M and obviously m < m; and m; is equivalent to n;.

B) Suppose that n < n; < ny and let m < m;, my be as in part A) for n; and
m,. We shall prove that m < m; < m,. First note that qum; = dn; < dny, = Am,
and My, = My = My,,. Let t € Ly, \ My, and suppose that s € t/E], . By the
definition of my, if ¢ € Ly, then s € t/E,, Ct/Ey . Ift € Ly, \ Ly then sEy ¢,
hence sEj},t and it follows that sE} t. Therefore t/E, C t/E,, . Suppose now
that s € t/E,,,. If t € Ly then s € t/E,, =t/E,, Ct/E, . Ift € Ly, \ Lm
then sE} ¢, hence sE; t and sE}, t. Therefore t/Ey, Ct/E], . Similarly, it’s easy
to verify the rest of the requirements for "m; < my”; therefore m < m; < ms.
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Now m € M,,, therefore Pp,, < Py,,. Since my is equivalent to n; (I = 1,2), we get
P,, <P,,, hence n € M., as required. [

Claim 3.11: Let m € M,,, then there exists n € M., such that m < n and
|Ly| < Ao.

Proof: Use claim 2.19 to pick n € M, for x large enough, such that n € M, is
very wide and full and m < n. We shall try to choose m, € M by induction on
a < A7 such that the following conditions hold:

1. myg = m.

A

2. (ms: B < a)(n) is <p-increasing and continuous.

3. |Lm,| < Ao

4. If a = 4 1 then one of the following conditions holds:

A) mg is not wide and m,, is wide.

B) There is t; € Ly \ M, and a sequence §; of elements of ¢;/E! such that for every

ty € L, \ M and a sequence 55 of elements of ¢,/ Eﬁw, (t2, S2) is not 1-equivalent
to (t1, 1) in n, but there is a 1-equivalent pair (3, S2) in Ly, .

We shall later prove that since Jy()\;) < )\, there exists a < A5 for which we

won’t be able to choose an appropriate m,. If § is a limit ordinal, then we can

we can define ms = Uémq,, hence necessarily a has the form o = § + 1. We shall
y<

prove that mg is as required. First we shall prove that the pair (mg, n) satisfies the
assumptions of claim 3.8 where (mg, n) here stands for (m;, m) in 3.8. Obviously,
mgz < n. Suppose that t € L, \ Lm, and s is a sequence of < AT members of
t/EY. Let m, € M be wide such that mg < m, < n, |Ly,| < Ay and s, are
from Ly, . As m, does not satisfy the induction’s requirements, necessarily there
are ty € L, \ M, and a sequence S, of elements of ¢,/ Eﬁlﬁ that are 1-equivalent
to (t1,51) in n. If mg is wide, then there exists sequence (1, : @ < AT) of elements
of Ly, \ Mm such that ro/Ey, # ry/Ey, for every a < v, and mg [ (ra/Em,)
is isomorphic to mg [ (t2/Em,) for every o < A™. For every a < A*, denote that
isomorphism by f, and denote by s/, the image of s, under f,. Now obviously the
sequence ((7q,5,) : a < AT) is as required. If mg is not wide, then since m, is
wide, we get a contradiction to the fact the induction terminated at mg. Therefore
(mp, n) satisfies the assumptions of claim 3.8.

Now suppose that mg < n; < ny. First assume that ny, < n and |Ly,| < Xo.
Suppose that t € Ly, \ Ly, and s is a sequence of length ¢ < A" of elements of ¢/E}..
Since (mg,n) satisfies the assumptions of claim 3.8, there are t; € Ly, \ Mm, C
L, \ My, and sequences s; from ¢;/Ey, = t;/Ey, (for i < A™) as in the assumptions
of claim 3.8. By claim 3.8, P,, < P,. Similarly, P,, <Py, therefore P,,, <P,,.

Why can we assume WLOG that |Ly,| < Ao?

Let x be a cardinal large enough such that mg,n;,ny,n € H(x), and let N be an
elementary submodel of (H(x), €) such that:
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1. mg,n;,ny,n,m & N.

2. [N]** C N.
3. |IN[| < Ae.
4. Mg +1CN.

Let L' = Lp, NN, n}, =ny [ L' and n}| =mny [ (L' N Ly,). Now we may work in N
and replace (ny,nz) by (n1,n5), as [Ly,| < Ay, we get the desired result.

Why can we assume WLOG that ny < n?

As n is very wide and full, for every t € Ly, \ My, there exist |L,| members t; €
Ly \ My, such that n [ (¢;/E,) is isomorphic to ng | (t/Ey,,) over M, (and remember
that |Ln,| < |Ln|). Therefore ny is isomorphic to an ng that satisfies ng < n, so
WLOG n; < n.

It remains to show that there exists o < AJ such that we can’t choose m, as
required by the induction. Suppose towards contradiction that for every o < A\
there is m, as required, then necessarily there exist A\J ordinals o < A\ such that
m,, satisfies 4(B). Therefore, there exist \j distinct 1-equivalence classes in n. We
shall prove that the number of 1l-equivalence classes in n is at most J3()\;), and
since J3(\1) < Ay < A7, we'll get a contradiction.

Let m € M. First note that the number of distinct 0-equivalence classes in m is at
most Jo(A1), as there exist at most J; () isomorphism types of m [ L for L as in the
definition of 0-equivalence, so by adding the number of possible orderings of Py, (L),
we get the desired bound. Now given $,, 55 as in the definition of 1-equivalence,
denote by Cy,C5 the O-equivalence classes of sequences of the form 5,5}, 5555, re-
spectively, for s7,5, as in the definition of l-equivalence. s, is l-equivalent to s,
iff they’re 0-equivalent and C; = (5. Given s as in the definition of 1-equivalence,
if C' is the collection of O-equivalence classes of sequences of the form 5’ as in the
definition of 1-equivalence, then C' is contained in the set of O-equivalence classes
over m, which has at most Js(A\;) members. Therefore, there are at most J3(\;)
different choices for C, hence there are at most J3(\;) distinct 1-equivalence classes
over m. []

Concluding the proof of the main claim
Conclusion 3.12: A) Suppose that
0. my € M. (I=1,2) and

1. M; € My, (I =1,2) (and as always we assume that A is closed under weak
memory).

2. my | M is isomorphic to my [ Ms.
3. [ Ly |s [ Ly | < Ao

Then there exists an isomorphism from Py, [M;] onto Py, [Ms).
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B) Suppose that m € Mc,,, M C My, = Ly, and n = m [ M, then P& < P&,

Proof: A) Define n; := my(M,;) for [ = 1,2. By claim 3.10, n;,ny € M... ny |
M,, = my [ M, is isomorphic to ny [ My, = my | M, hence by claim 2.20,
Py, [My,] is isomorphic to Py, [My,]. Therefore, Py,, [M;] is isomorphic to Pp,, [Ms)].

B) Let m; € M., such that m < m; and |Ly,| < Ay. Let n; := m; (M), then
by our previous claims, n; € M,... Obviously, n < n;, therefore P{ = P, [M] =
Po, [M] < P, [Lin] = P O

Conclusion 3.13: In conclusion 2.25 we can add: Suppose that Uy,U; C ¢, are
closed under weak memory, (a; : i < otp(Uy)) and (5, : j < otp(Us)) are increasing
enumerations of U; and U,, respectively, and h : Uy — U, is an isomorphism of
m | U; onto m [ Us, then there exists a unique generic set G” C P [Us] such that
Na; = Np,[G"] for every i < otp(Uy).

Proof: In the construction that appears in 2.24 we can take m < n € M., such
that |Ln| < A2. By 2.25(G + H) and 3.12(B), it follows that there exists a generic
set G" C IPZ[Us] such that n,, = s, [G"] for every i < otp(Uy). O

4. The properties of the projection and an addition to the
proof of Claim 3.8

In this section we shall rely on the results of sections 0-2, with the exception of
Conclusion 2.26. The results of this section will be used in the proof of Claim 3.8.

Claim 4.1: Let p € Py, and denote S, = {m.(p) :there exists t € fsupp(p) such
that L = t/Ew}, then s, "p € G iff S, C G”.

Proof: If fsupp(p) C Mp, then for every ¢t € fsupp(p), m/k,.(p) = p, hence
S, = {p} and there is nothing to prove. Therefore assume that fsupp(p) € Mpm.
By the properties of the projection, for every t € fsupp(p), 7i/g., (p) < p, therefore
IFp,, "p € G — 5, € G”. In the other direction, suppose that ¢ IFp,, 7S, C G7,
it’s enough to show that ¢ is compatible with p. Assume towards contradiction that
p and ¢ are incompatible. WLOG Dom(p) C Dom(q). By the assumption, ¢ lFp_,
Tt/ Em(P) € G” for every t € fsupp(p) and we may assume that tr(p(s)) C tr(q(s))
for every s € Dom(p). Since p contradicts ¢, there are s € Dom(p) N Dom(q) and
q [ Lm<s < @1 € P(Lm,<s) such that ¢, I- "p(s) contradicts ¢(s)”. By the definition
of forcing templates, ¢, IF "tr(q(s)) contradicts p(s)”. Therefore, by the definition
of forcing templates and by the definition of the iteration, there is ¢ < ¢(p(s)) such

that ¢, Ik "tr(q(s)) contradicts By(s) (..., me (a¢), - )cew,,,, - By the definition of

the iteration (definition 2.2), there is u € v, such that {t; : ( € Wy} C u. By the
same definition, there is t € fsupp(p) such that {t; : ( € W)} C t/Em. Therefore

¢ = "myp,(p) ¢ G or tr(q(s)) € 15" Now define ¢» = ¢ U (@ I (Lm \ Lm<s))-

q < @o, hence ¢o I "myp,(p) € G”. On the other hand, ¢(s) = ¢s(s), hence
¢ IFtr(q(s)) € ns. ¢1 < go, therefore, every generic set GG that contains g, contains
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¢: and also tr(q(s)) C ns|G] and m/g,, (p) € G, contradicting our observation about
q1- Therefore, p and q are compatible. [J

Claim 4.2: Let m € M be wide and suppose that

1. (%) < A

2. t; € Ly \ My, for every i < i(x).

3. t; is not B -equivalent to ¢; for every ¢ < j < i(x).

4. Xi=t;/Eum.

5. 9y € Py [Mp].

6. V; € Ppy[X;] for @ <i(x).

7. If P [Mm] E ¥ < ¢, then ¢ is compatible with 1); in Py, [Ly,] for every i < i(x).
then there exists a common upper bound for {t; : i < i(x)} U {1} in Ppy[Ly].

Proof: In this proof we shall use the notion of x-projection that appears in the next
section, as well as the results established independently there (it should be empha-
sized that this is not the same notion as the previously mentioned projection). Let
p € Py, such that p IFp_ "1, [g] = true”. Since m is wide, there is an automorphism

f of m (over My,) that maps the members of fsupp(p)\ My to a set that is disjoint
to U X; (recall that |fsupp(p)] < AT). Therefore, we may assume WLOG that

1< (>*)
fsupp(p) N X; € My, for every i < i(x). By induction on i < i(x) we’ll choose
conditions p; such that:

1. p; € Py

2. (p; : j <) is increasing,.

3. po = p.

4. If i = j+ 1 then p; Irp,, ";[G] = true”.

5. fsupp(p;) is disjoint to U{X; \ M 11 < j <i(x)}.
6

. p; is chosen by the winning strategy st that is guaranteed by the (< \)-strategic
completeness of Py,.

If we succeed to construct the above sequence, then for every i < i(x), pi) IFpp,
"[G] = true”. In addition, piu) IFp, "¥.[G] = true” (recalling that p < piu)),
therefore, p;.) IFp,, "1:[G] = true (. /\( )wi[G] = true)”. Therefore, ¥, A ( /\( )zﬂi) €

~ 1<2(* ~ 1<1(*
Pum[Lm] is the desired common upper bound.

We shall now carry the induction:

First stage (i = 0): Choose py = p (note that (5) holds by the assumption on
fsupp(p))-

Second stage (i is a limit ordinal): Let p be an upper bound to (p; : j < %) that
is chosen according to st. Since m is wide, as before we can find an automorphism
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f of m such that f(fsupp(p;)\ Mm) is disjoint to U{X; \ My, 17 < j <i(x)} and f
is the identity on L<J fsupp(p;) (this is possible by (5) in the induction hypothesis).
j<i

Let p; = f (p;). By the definition of f, p; satisfies requirements 1-5, and as st is
preserved by f, p; satsifies (6) as well.

Third stage (i = j + 1): Let ¢; € Piy[Mm] be the x-projection of p; to Pu[Mp].
We shall first prove that ¢, < ¢;. If it’s not true, then there exists ¢; < 6 € Pyy[Lyy]
contradicting ¢.. Let 7 € P, such that r Ibp,, "0[G] = true”, then r Ibp,, "9, [G] =
false”. Since r Ikp,, "0[G] = true”, it follows that ¢; < 6 < r, hence by the
definition of ¢;, r is compatible with p,;. By the density of Py, in Puy[Lm], 7 and p;
have a common upper bound p € Pm. po < p; < p, hence p Irp,, ".[G] = true”,
which is a contradiction. Therefore, 1, < ¢;, hence ¢; is compatible with ;. By
the density of P,, they have a common upper bound q} € P,,. As before, since m is
wide, we may assume WLOG that fsupp(q})\Mm is disjoint to fsupp(p;)\ Mm and
U{X; :j+1 <4 <i(x)}. By claim 4.4 (with (pj, ¢}, ¢;) here standing for (p, ¢, 1)
there), p; and qjl- are compatible in Py,. Let p; be a common upper bound chosen
by the strategy. By our choice, ¥; < p;, hence p; IFp_ "9, [g] = true”. As before,
use thee fact that m is wide to assume WLOG that fsupp(p;) \ Mm N X; = 0 for
every i < j' <i(x). As in the previous case, we conclude that p; is as required. [J

Claim 4.3: Suppose that m € M is wide. Let f € Fnp (see definition 3.7)
and denote its domain and range by L; and Ls, respectively, then f induces an
isomorphism from Py, (L) onto Py, (Ls).

A A

Proof: Obvivously, f is bijective. Now let py, q1 € P(L1) and let po = f(p1),q2 =

A

f(q1) € Pm(Ly). We shall prove that P, = p1 < q1 iff Py = p2 < 2. Let
(t} 1 < i(*)) be a sequence such that:

1.t} € fsupp(q) \ M for every i.

2. t; and t} are not E},-equivalent for every i < j < i(x).

3. Every t € fsuppp(q1) \ My, is B! -equivalent to some ¢}.

For every i < i(x), define t? = f(t}) and let {; = (¢! : i < i(x)) (I = 1,2). Assume

WLOG that fsupp(p) € U{t}/EY i < j(x)} U My, for some j(x) < i(x). For

every i < i(x), let ¢1; = Wt%/Em(ql) and let 17 ; € Pyu[Mmpm] be the *-projection of g ;

t0 Py [My,] (in the sense of section 5). Let ] = /\( )¢f¢- By the properties of the
1<1(* ’

(*-)projection, ¥7; < q1; < q1 for every i < i(x), therefore g IFp,, "Y7[G] = true”

and 1)} € Pp[Ly]. For every i < i(x) define ¥1% = ¢} ;Aqr; € Pt /Erm]. When the

above conditions hold, we say that ¢ and ¥} = (¢5;, ¥1%, qu : i < i(x)) analyze ¢

(or (g1,t1)). Now similarly choose ¢} and ¢f = (¢}, ¢7%, p1, ¢ @ < j(*)) that analyze

(p1, (t} : i < j(*))). The function f naturally induces a function on Py,[L], which
we shall also denote by f. Now define: ¢5 = f(u7), V5 = f(wii), 5y = f( f‘;),

A

05 = F(07), 05, = f(01.), 055 = F(&5), poi = F(pr2), qoi = flars)-
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It’s easy to see that (1, 105) analyze gy and (¢35, ¢5) analyze ps.

Claim: Let A; (I = 1,2) be the claim Py, = p; < ¢ and let B; (I = 1,2) be the
claim “Pp[t!/ Em] = ¢ Aprs < 0F Aqu for every i < i(x)”, then for [ € {1,2}, A; is
equivalent to Bj.

Proof: Suppose that B; doesn’t hold for some i, then there exists 0 € Py,[t/Fy]
such that P, [tl/Em] E ¥ Aqi; < 0 and 6 is incompatible with ¢f Ap;; in Py [th/ Ew),
hence 0 A ¢7 A pr; ¢ Pmltl/Em]. For every j define ¢} as follows: If j = i define
¥; := 0. Otherwise, define ¢} = ¥/ A q ;. Now let ¢' € Pu[My] be the *-projection
of 0 to Puyu[Muy], so if ¢ < ¢ € Pyu[Mm] then ¢ is compatible with 6. Note also
that ¢ < ¢': If it wasn’t true, then for some ¢/ < x € Ppy[ M), x contradicts ;.
By the choice of ¢', x is compatible with 6 in Py,[Ly]. Let x’ be a common upper
bound, then ¢ < 6 < x/, hence x is compatible with 1}, which is a contradiction.
Therefore, ¢ < ¢'.

For every j # i, if ¢/ < ¢ € Ppy[Mp], then ¢/, < ¢ < ¢' < ¢, hence ¢ is
compatible with ¢; ;. Since ¢y < ¢, ¢ is also compatible with ¥ A ¢; ;. By claim
4.2, there is a common upper bound ¢ for ¢’ and all of the ¢;. By the density
of P, we may assume that ¢ € Py,. As q; < ¢ for every j, it follows from
from claim 4.1 that ¢ < ¢". Since 6 < ¢ and 6 contradicts ¢} A p;;, necessarilly
g ke, "(oF /\plﬂ-)[g] = false”. By the properties of the projection, p;; < p;, and
as we saw before, ¢ < p;, hence p; Ibp,, (8] A p1i)[G] = true. Now if G C Py, is
generic such that ¢ € G, then ¢ € G and p; ¢ G, therefore “p; < ¢;” doesn’t hold.
In the other direction, suppose that B; is true. Suppose towards contradiction that
A; doesn’t hold. By the assumption, there is ¢ < ¢;" € Py, contradicting p;. For 1}
and 17 that analyze ¢, we have Pu[Lum] | ¥F A qi < ¢ < g for every i. By B,
Pw[Lm] E ¢f Api < g for every i. By claim 4.1, p; < ¢;", contradicting the choice
of q".

Therefore, A; (I = 1,2) is equivalent to B; (I = 1,2). Obviously, B is equivalent to
B,, therefore, A; is equivalent to A,. [J

Claim 4.4: Let p,q € Py, then p and ¢ are compatible in Py, if there exists ¢ such
that the following conditions hold (we shall denote this collection of statements by

Dp,q,w)5
1. ¢ € Py [My].

2. fsupp(p) N fsupp(q) € My, and for every t € fsupp(q) \ Mm and s € fsupp(p) \
Mp, s/E! #t/E".

3. If < ¢ € Ppy[Myy], then ¢ is compatible with p in Py, [Ly,].
4. q and ¢ are compatible in Py, [Ly].

Proof: We choose (p,,qn,,) by induction on n < w such that the following
conditions hold:

1. If n is even then 0, .. 4, holds.
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2. If n is odd then O, ;. , holds.

3. (p07q0a¢0) = (p7Q7¢)

4. If n =2m + 1 and s € Dom(pam) N My, then s € Dom(qom+1) and tr(pan,(s)) C
tr(Qsm-‘rl (S))

5. If n = 2m+2 and s € Dom(qopm+1)N M then s € Dom(pama2) and tr(gem11(s)) C
tr(pam+2(s))-

6. If m < n then p,, < p, and q,, < q,.

For n = 0 there is no probem. Suppose that n = 2m+1 and (pam, ¢2m, Y2m ) has been
chosen. Let uy,, = Dom(pay,) N My, and for every s € ugy, let vy = tr(pam(s)) and
denote by ps,, € Pm the condition N Dsaps(a) Obviously, Pp[Lm| | psp, <

a€Dom(vs)
Dom. Let s € ugy,, and suppose towards contradiction that p;, < 19, doesn’t hold,

then v, is compatible with —ps,.. Let ¢ be a common upper bound in Pp,[My,].
By the induction hypothesis and [, 4. v, @ is compatible with ps,,. Therefore,
Pam is compatible with —ps, , contradicting the fact that Pu[Lm| = Dsy. < Dom-
Therefore, ps,, < Yon,.

By the induction hypothesis and condition (4) of [, 4. 4+ there is a common
upper bound ¢, for ga,, and s, and by the density of Py,, we may suppose that
QG € Pm. For every s € ugy, since ps,, < 1oy, it follows that v, C tr(g,,)
and s € Dom(g,,). Let 1) € Ppu[Mm] be the x-projection of ¢}, to Pp[Mm].
So if ¢, < ¢ € Pu[Mpy)], then ¢ and ¢5,, are compatible in Py,[Ly,|. Note also
that 1o, < ¢4, : Otherwise, there is ¢, < ¢ € Py[My] contradicting io,,. Let
X € Pm|[Lm] be a common upper bound for ¢}, and ¢, so 1y, < ¥, therefore
¢ is compatible with t)y,,, which is a contradiction. Therefore, 15, < 5 ., so

Dsve < Yo < b, for every s € ugy,.

Since m is wide, we may assume WLOG that fsupp(gb,,) N fsupp(pam) C Mpy
and similarly for the second part of condition (2). By the induction hypothesis
and O, g0 o s SiCE Yo, < 905 there is a common upper bound p), € Py,
for po, and 9),.. Since fsupp(gh,,) N fsuppp(pam) € My and m is wide, WLOG
fsupp(ph,,) N fsupp(gh,,) € Mp, and similarly with the second part of condition (2).
Now define p,, = pl,.., @n = Qo Yn = V5,,. Obviously O, . 4, holds, pay, < pomia
and gam < Gomi1. U s € Dom(pay) N My, then s € Dom(gh,,) = Dom(q,) and
tr(pam(s)) = vs C tr(gh,,(s)) = tr(¢.(s)). This completes the induction step for odd
stages. If n = 2m + 2, the proof is the same, alternating the roles of the p’s and the
¢’s. Now choose p, and ¢, as the upper bounds of (p, : n < w) and (¢, : n < w),
repsectively, such that:

1. Dom(p.) = nngom(pn).
2. Dom(q.) = nngom(qn).

3. If s € Dom(py,) then tr(p.(s)) = u tr(pe(s)).
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4. If s € Dom(qy,) then tr(q.(s)) = ngktr(qk(s)).

Claim: py, ¢, € Py, satisfy the following conditions:

1. Dom(p,) N Dom(q) C Mp,.

2. Dom(ps) N My, = Dom(qs) N Mp,.

3. If s € Dom(p) N My, then tr(p.(s)) = tr(q.(s)) (so p. and g, are strongly
compatible).

Proof: 1. Since (p, : n < w) and (g, : nw) are increasing, then so are (Dom(p,,) :
n < w) and (Dom(q,) : n < w). Since fsupp(p,) N fsupp(q,) C Mp, it follows that
Dom(p.) N Dom(q.) C M.

2. If t € Dom(p.) € My, then t € Dom(p,) for some even n. By the inductive
construction, t € Dom(gn+1) € Dom(q.), therefore Dom(p.)NMpy € Dom(q.) M,
and the other direction is proved similarly.

3. Suppose that s € Dom(p.) N My, then by the previous claim, s € Dom(p.) N
Dom(q.). Let n < wsuch that s € Dom(p,)NDom(qy), then tr(p.(s)) = gktr(pk(s))

and tr(g.(s)) = gktr(qk(s)). By conditions 4+5 of the induction, it follows that

tr(p«(s)) = tr(g.(s))-

By the above claim, p, and ¢, are compatible in Py,. Asp =pg < p, and ¢ = ¢ < ¢,,
it follows that p and ¢ are compatible in Py, as well. [

5. The existence of #-projections for Py,[L]

Remark: 1. The results of this section are used in the proofs of 4.2-4.4.

2. Note again that the notion of projection to be introduced in the next defini-
tion is not the same as the one previously used (hence the distinction between
"s-projection" and "projection").

Definition 5.1: Let ¢ € Ppy[Li]. ¥ € Pm[L] will be called the *-projection of ¢ to
Pm[L] if the following conditions hold:

1. If P[L] E 4 <0, then 6 and ¢ are compatible in Ppy,[Lyy,).
2. If Y* € Py [L] satisfies (1), then P [L] = ¢ < 9"

Claim 5.2: Let L C Ly,. For every ¢ € Py,[L] there exists ¢ € Py,[L] which is the
x-projection of ¢.

Proof: Given ¢y,1y € Py[L], obviously they're compatible in Py,[L] iff they're
compatible in Py[Ly]. Let A; be the set of ¢ € Py,[L] that contradict ¢ and
let Ay be the set of ¢ € Pp[L] such that ¢ contradicts all members of A;. Let
W € Py[L]. If ¥ is compatible with some ; € Ay, let ¥, be a common upper
bound, so 1, € Ay. If ¥ contradicts all members of A, then 1 € Ay, so Ay U Ay
is dense in Py, [L]. Note that if ¢); € A; and 1y € Ay, then 1, contradicts 5. Let
{1; :i < i(x)} be a maximal antichain of elements of Ay. By AT — c.c., i(x) < AT.
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Define 1, = ﬂ(‘</'\( )—wﬂi) € Pm[L]. We shall prove that v, is a *-projection as
desired. Suppose that 1, < 6 € Py,[L] and suppose towards contradiction that
6 is incompatible with ¢, then § € A;. Let G C P, be a generic set such that
0[G] = true, then for some i, ¥;|G| = true, hence 1; and 6 are compatible. Now
recall that v; € Ay and 6 € Ay, so we got a contradiction. Therefore 1), satisfies the
requirement in (1).

Suppose now that y € Py[L] satisfies part (1) in Definition 5.1. Suppose towards
contradiction that 1, < x does not hold, then for some x < y,, x: contradicts 1,.
Since A U Ay is dense in Py, [L], there is § € A; U Ay such that x,. < 6. Since y < 6,
necessarily 6 € Ay. Therefore, for some i < i(x), 6 is compatible with 1;, hence this
1; is compatible with x,. Recall that ¢, < ;, hence x, and v, are compatible,
contradicting the choice of y,. Therefore, 1, < y.

Observation 5.3: If ¢y, ¢ € Py,[L] are *-projections of ¢ € Py, [Lm], then Py [L] =
V1 S Yo Nhy < ipy. O

Observation 5.4: If ) € P,[L] is the #-projection of ¢ € Pyy[Lm], then ¢ < ¢. O
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