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Abstract

We prove that superclub implies s = w;. More generally, if « is weakly compact then
superclub implies 5, = «T. Based on this statement, we separate tiltan from superclub at
successors of supercompact cardinals. We also use the Galvin property in order to separate
tiltan from superclub at both successors of regular and successors of singular cardinals.
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1 Introduction

One of the cornerstones of modern set theory is the diamond principle, discovered by Jensen
in [16]. A sequence of the form (A, | ¢ € w1) is a diamond sequence if A, < « for every
o €wyandif A C w then Sqp = {o € w1 | AN« = Ag} is a stationary subset of ;. More
generally, if k = cf (k) > R and S is a stationary subset of « then an S-diamond sequence
is a sequence of sets (Ay | @ € S) such that Ay, € « whenever @ € S and if A C « then
Sa={aeS|ANa = A,}is astationary subset of k.

One says that diamond holds (resp., diamond holds at S) if there is a diamond sequence
(resp., an S-diamond sequence). This statement is denoted by ¢ (resp., {s). Jensen proved
that ¢ s holds in the constructible universe at every stationary S C « = cf(k) > Ro.

A related combinatorial principle was discovered by Ostaszewski at nearly the same time.
This is the club principle which is used in [20] to build a certain example of a topological space.
For avoiding ambiguity we shall call this principle tiltan. A tiltan sequence is a sequence of
the form (75 | § € lim(w)) such that every T is an unbounded subset of § and for every
A € [w]*" the set T4 = {§ € lim(wy) | Ts € A N 4§} is a stationary subset of w;. Tiltan
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holds if there exists a tiltan sequence, and this statement is denoted by &. Once again, if
k = cf(k) > Np and S is a stationary subset of x consisting of limit ordinals, then &g means
that there is a tiltan sequence (As | § € S). That is to say that for every A € [k]* the set
To={6€S|ANJS D As}is stationary in k.

It follows directly from the definitions that { g implies &s.! However, &g is strictly weaker
than {g. This fact is non-trivial. Maybe the simplest way to separate tiltan from diamond (at
81, for example) is to notice that one can force &y, with 2 > w; and in such models Oy,
necessarily fails.

A reasonable program in this context would be a systematic comparison of diamond and
tiltan, by listing combinatorial upshots of diamond and checking whether tiltan is consistent
with the failure of these statements. A classical example is the continuum hypothesis which
follows from diamond. Shelah proved in [23] that tiltan is consistent with 2¢ > w;.

Let us try to understand the difference between these combinatorial principles. It seems
that there are three basic features in which tiltan differs from diamond:

(RX) The prediction of tiltan is based on inclusion, while the prediction of diamond is based
on equality.

(3J) Diamond applies to every subset of its domain, while tiltan guesses only unbounded
subsets.

(J) A sequence of guesses of diamond is coherent, while coherency need not exist in a
sequence of tiltan guesses.

It is helpful to analyze various statements in the light of these features. Let us consider a
few examples. If (Ay | @ € w) is a diamond sequence and A € w then A is bounded in
w1. Hence, if § > w satisfies AN J§ = As then A = A;. It follows that every element of
[@w]® appears in the diamond sequence (A4 | @ € wy), thus 2® = w;. The consistency of
tiltan with 2% > @ shows that the crucial difference here is (3), that is the fact that bounded
subsets are not predicted by tiltan.

Let us consider another example. Galvin proved that if 2 = w; then every family C =
{Co | @ € wy} of clubs of | contains a subfamily {Cy, | i € w1} so that ﬂiewl Cq; is aclub
of wy, see [3]. Since 2 = w; follows from diamond, we see that diamond implies Galvin’s
property.

It was shown in [9] that tiltan is consistent with the failure of the Galvin property. Since
this property concentrates on unbounded subsets of wy, it seems that (3) is not the main factor
which separates tiltan from diamond with respect to Galvin’s property. The point here is (J),
namely the coherency of the guesses, as explicated in [9]. This means that if (A4 | @ € w1)
is a diamond sequence, A C w1,8 < ¢ < w1 and both ANJ = As and A Ne = A, hold,
then A, N§ = As. Butif (T5 | § € lim(wy)) is just a tiltan sequence and Ts, T € A then
there is no necessary connection between Ty and 7. In fact, Ts N T, = & is possible.

Our last example in this context is related to a question of Larson from [18]. The subject
belongs to graph theory, and it is based on the following notation. For a type t let us say
that T — (z, infinite path)? if every graph G of type T admits either an edge-free subset
of type T or an infinite path. Baumgartner and Larson investigated several types of graphs
in the light of this relation, and one of them is w* - w;. They obtained the negative relation
w* - w| -+ (0* - w1, infinite path)? from the diamond principle (at }), see [4].

Motivated by the (still open) problem whether the continuum hypothesis yields this
negative relation, even if diamond fails, Larson asked whether tiltan implies ®* - w1 -
(w* - w1, infinite path)2. It is shown in [10] that tiltan is consistent with the positive relation

! The implication is quite easy, but notice that it is based on the fact that if A € [«]* then the set {@ € « |
a=JANw}isaclubofk.

@ Springer



Sh:1236

Superclub, splitting, separating...

o* w1 — (0™ - wy, infinite path)z. Presumably, the gist of the matter here is (R), that is, the
fact that tiltan predictions are based on inclusion only.

To see this, let us define the concept of a sofinal set.2 Let § be a limit ordinal in w;. A
subset S of § X w is sofinal in § if for unboundedly many « € § there are infinitely many
n € w so that (o, n) € S. A subset S of w; X w is sofinal if the relevant § is w;. A crucial
component in the proof of the negative relation under diamond from [4] is the prediction of
sofinal subsets by a diamond sequence. But the main point is that sofinal sets are predicted
by sofinal subsets of § for stationarily many § € w;.

The fact that sofinal sets are predicted by sofinal subsets is a key point within the proof.
This feature of a diamond sequence fades away when the prediction is based on tiltan. Suppose
that S is sofinal and X is the preimage of S under /. Let (T | § is a limit ordinal of @) be a
tiltan sequence, and let Y be the union of all Tss which are contained in X. The set A”Y is of
size N1, but it need not be sofinal. Actually, if tiltan holds and 2 > ®; then there must be
sofinal subsets for which the relevant 2”Y is not sofinal. Thus, the fact that the prediction of
tiltan is based on inclusion is the real reason for the difference between tiltan and diamond
with respect to infinite paths in graphs.

These observations lead to the formulation of an intermediate predicting principle, similar
to diamond in some sense but resembling tiltan in other features. The principle superclub
was defined by Primavesi in his excellent dissertation [21].

Definition 1.1 Let « be regular and uncountable. A superclub sequence for « is a sequence
(Sq | @ € k) such that S, € « for each « € « and for every A € [«]* there exists B € [A]€
for which Sp = {@ € « | BN« = Sy} is stationary in x. We shall say that superclub holds
at « and this will be denoted by &,? if there exists a superclub sequence at k.

As before, « can be replaced by a stationary subset S of «, in which case &g means that
there is a superclub sequence for S. A comparison between superclub and its elder siblings
shows that Og = 4? = &gs. Considering the difference between tiltan and diamond as
depicted above, superclub is more akin to tiltan. Indeed, the prediction of superclub applies
only to unbounded subsets of «, and if A € [k]* is predicted by some S, then S, € A N«
and possibly S, # A N «. However, a sequence of superclub guesses is coherent. Thus,
if A € [k]“, B € [A]“ and Sp is the set of guesses, then y,5 € Sp with y < § implies
SsNy =(BN§HNy =BNy =S,. The point is that superclub acts like diamond once
restricted to the set B.

Therefore, a study of the relationship between diamond and superclub on the one hand
and superclub and tiltan on the other hand can be guided by the above features. It turns out
that tiltan (at R1) is strictly weaker than superclub, and superclub is strictly weaker than
diamond. For example, Chen proved in [7] that superclub is consistent with 2® > w;. Given
the fact that superclub extrapolates only unbounded subsets of w, this result is expected.
Likewise, it was shown in [9] that superclub implies Galvin’s property at clubs of 81, and
this result is expected as well since the guesses of superclub are coherent. It shows, however,
that superclub is strictly stronger than tiltan.

The purpose of this paper is twofold. Firstly, we shall separate tiltan from superclub at
cardinals larger than 8. This will be done by analyzing the Galvin property at normal filters
over k = cf(k) > N1. Secondly, we shall prove that superclub at 8 implies s = w;, where
s is the splitting number. It is an interesting open problem whether tiltan implies s = ;.
Hence, we cannot be sure that this property separates tiltan from superclub. Nevertheless, if

2 The term sofinal is an abbreviation of strongly cofinal from [4].
3 The question appears in [5, Question 9.3(i)].
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k is supercompact then one can force tiltan at x ™ with 5, > « ™. Since superclub implies in
this case that 5, = « T, we obtain another separating property between tiltan and superclub
for large successor cardinals.

Our notation is mostly standard. We employ the Jerusalem forcing notation, thus we force
upwards. We mention here (a simple instance of) the polarized partition relation. Let (g) —

(’g) express the statement that for every coloring ¢ : « x B — 2 thereare A € [«]”, B € [/3]‘S

so that ¢ | (A x B) is constant. Other notation will be introduced as the need arises.

2 Prediction principles and the Galvin property

In this section we wish to separate &% from &,+. Let Z,+ be the club filter of « ™. Our first

theorem shows that &?Jr implies Galvin’s property at Z,+. This assertion will be denoted by
Gal(De+, kT, k).

Ahead of the proof we quote a basic lemma from the work of Primavesi. Since we wish
to apply this lemma to cardinals above Ry, we spell out the proof (in the original form it is
phrased only at 81). In the proof below we enumerate the elements of the superclub sequence
by the limit ordinals of . There is no loss of generality here since the prediction is done
over a stationary set, so we may safely assume that all of its elements are limit ordinals.

Lemma 2.1 Assume 4’%. There exists a sequence (Bs | 8 € lim(k ™)) such that Bs C § is a
club subset of § for every § € lim(k™), and for every club C C k™ one can find a set D € C
that is a club of k™ such that the set {§ € lim(k™) | D N8 = Bs} is a stationary subset of

kt.

Proof Let (As | 6 € lim(x™)) be a superclub sequence. For each § € lim(x™) let By =
cl(As). Fix aclub C C «*. Apply &f{ﬁ to find A C C, |A| = k™ for which {§ € lim(k™) |
A NS = Ag}is a stationary subset of k7. Let D = c£(A), so D € C and D is a club subset
of k™. Suppose that y € {§ € lim(x™) | AN§ = As}. Notice that A, C y and A, C A.
Hence, B, = cl(A,) C cl(A) = D. Moreover, B, Ny = cf(A) Ny = D N y. Thus,
{y €lim(x") | DNy = B} is a stationary subset of ", as required. |

Based on the above lemma, we proceed to the following:
Theorem2.2 &%, implies Gal(Z+, k+, k).

Proof Let (Bs | § € lim(k ™)) be a closed superclub sequence as guaranteed by Lemma 2.1.
Suppose that C = {Cy | @ € kTT} € P +. For every a € k™ choose D, € Cy such that
Dy € D+ and Sy = {8 € lim(k™) | Dy N8 = Bs} is stationary in k™.

Foreverya € k™" andevery § € k™ let Hys betheset {8 € « ™+ | DgN§ = B} provided
that D, Né = Bs, and & otherwise. Thus, if Dy N§ = Bsand B € Hy;s then DgN§ = Dy NS.
Observe that Hys # @ for a stationary set of § € k™, since D, N § = By implies (trivially)
that @ € Hys, which means in particular that Hys is not empty. Furthermore, if y < § and
both Hy,, , Hys are not empty then Hy, 2 Hys. Indeed, if B € Hys then Dg N8 = Dy N 6.
Hence, DgNy = (Dg NNy =(DyNS) Ny =B)y,s0 B € Hyy.

The above observations mean that every @ € «* induces a sequence (Hys | § € k™)
which behaves like a tower over a stationary set of 8 € k. The main point now is that for
some @ € k7 this tower consists of large sets, that is, | Hys| = «* for stationarily many
Sek™.
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For suppose not. Forevery « € k* T let §(«r) € k™ be the first ordinal for which Hys(y) #

@ and |Hyjs()| < k. By the pigeonhole principle there is a set A € [k™]*"" and a fixed
ordinal § € k* such thata € A = 8(a) = 8. Thus, |Hys| < kT for every o € A, but also
Hys # @. Since Hys # @, it does not depend on « but only on Bs. Since the number of Bjss
isktand |A| = k++, thereis a fixed B and some T € [A]€" " suchthata € T = Hys = B.
Consequently, Ua <1 Hys = B and, in particular, | UaeT Hys| < k. On the other hand,
a € Hys forevery @ € T, hence T C | J, .1 Hys- Since |T| = «+T, one concludes that
| Uyer Hasl = k7, a contradiction.

Fix, therefore, an ordinal « € k™ such that | Hy5| = « whenever H,5 # &. Enumerate
the non-empty Hyss by {Hye | € € k7). By induction on & € «+ choose B; € Hyey1 such
that B; ¢ {B; | ¢ € &}. This is possible since |Hyet1] = k7.

We claim that (),c.+ Dg, = Ageet D, N Dy. This is sufficient since (¢, + Cp, 2
Meee+ Dg.- So let us prove the above equality by double inclusion. For the easy direction,
suppose that y € (),c+ Dg,. Certainly, y € Ag¢e+Dg,. Pick ¢ > y. Notice that y €
Dg, N (e 4+ 1). But Dg, N (¢ + 1) = Bse+1) = Dy N (¢ + 1), where §(¢ + 1) corresponds
to ¢ + 1 in the enumeration of the H,ss which are not empty. Thus, y € Dy, as sought.

Assume now that y € A+ Dg, N Dy. We must show that y € Dg, for every € € Kt
Now if ¢ < y then y € Dg, by the definition of diagonal intersection. If ¢ > y then
y <e+1,s0y € DyN(e+1) = Bseq1) = Dg, N (e + 1), hence once again y € Dg, .
This completes the proof. O

aeT

In order to separate &% from &+, we shall prove that &, + is consistent with the failure
of the Galvin property at k™. We consider two cases. The simpler is the case of a successor
of a regular cardinal. In the other case, a successor of a singular cardinal, we need a bit more.
In particular, we will make use of the following lemma. We are grateful to Yair Hayut for a
very helpful discussion concerning the proof of the lemma.

Lemma 2.3 Let k be a measurable cardinal and suppose that &s holds where S = S(’f,+. Let
P be Prikry forcing at k and let G C P be generic over the ground model. Then &g holds in
VIG].

Proof Fix a tiltan sequence (75 | § € S) in V. We may assume that orp(Ts) = w for every
8 € S. Let A be an unbounded subset of ¥ in V[G], and let A be a name of A. Fix a
condition p = (s?, AP) e Psothat pI- A € gl

Forevery o € kT let Dy = {g € P | p < g and q I By = min(A — «)}. Each
D, is a dense open subset of P. By the strong Prikry property, for each & € « there is
a pure extension p <* p, = (s”, AP*) and there is n, € w such that for every sequence
(V05 - -+ Vny—1) € AP« one has p7>(vo, ..., Vy,—1) IF By = min(A — @). Forevery o € «™
we have n, € w, hence without loss of generality n, = n for each « € «™ and some fixed
new.

Let B = {By | @ € k™). Forevery v € [k]" let B; be the set {8 € «* | 3¢, p~ (V) <*
q,q - B € BY. Since |[«]"| = k < kT, there is some D € [«]" such that |B;| = k™. Since
B; € V, thereis é§ € S for which Ts € Bj. Suppose that Ts = {y,, | n € w}. Foreveryn € o
let g, be such that p <* g, I y,, € A. Denote each g, by (s”, A%),andlet A? = (), A?".
Verify that ¢ = (s”, A7) e Pand p <* g I Ts C A, so we are done. ]

There is an alternative proof of the preservation of tiltan under Prikry extensions. Let %

be a normal ultrafilter over «, and let (M; | i € w) be the associated sequence of iterates,
starting from the embedding ; derived from % . Let M, be the direct limit of the sequence
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and the embeddings generated from % . Finally, let k = (x; | i € w) be the sequence of
critical points.

It was discovered by Bukowsky in [6] and, independently, by Dehornoy in [8] that
Nico Mi = M,[k]. Many statements concerning Prikry forcing can be proved using the
above equality; see, e.g., [15]. The preservation of tiltan can serve as another example. Sup-
pose that there is a tiltan sequence over S in the ground model, where S = §, Zf and « is a
measurable cardinal. If A € [« T]* " isanew setin M, [k ] then each element of A comes from
some M;. Hence, for some B € [A]'(Jr there will be i € w so that B € M;. An appropriate
embedding of the tiltan sequence at S will guess B and hence A as required.

We need an additional lemma about the preservation of tiltan, this time under &;-complete
forcing notions. It seems that this lemma is interesting in its own right, and it will also come
in handy in the proof of our next theorem. We mention here the preparatory forcing of Laver
from [19] to make a supercompact cardinal indestructible under «-directed-closed forcing
notions.

Lemma 2.4 Let k be an infinite cardinal. One can obtain &g for the set S = SZ)++ so that
every further extension of the universe by any Ri-complete forcing notion which preserves
kT will preserve &g. Moreover, one can get this setting, where « is a Laver-indestructible
supercompact cardinal, while preserving supercompactness and indestructibility.

Proof The statement is proved in [23, I, §7] and in [9] in the case of k = Ny, that is
S = S;:g. The general case is identical, and since this forcing is «-directed-closed, one
obtains a preservation of supercompactness and Laver-indestructibility. O

We can prove now the consistency of tiltan with the failure of the Galvin property at
arbitrarily large successor cardinals.

Theorem 2.5 If « is a regular cardinal then one can force &,.+ with =Gal(Z,+, kT, kTT).
If there exists a supercompact cardinal k then one can force k to be singular with &+ and
—Gal(Z+, kT, k).

Proof Fix aregular cardinal ¥ and suppose that k ™ carries an indestructible tiltan sequence
at S = SZH with respect to 8{-complete forcing notions. Such a sequence can be forced by
virtue of Lemma 2.4. We may assume that 2¢ = x+ and 2" = k.

Apply the forcing of Abraham and Shelah from [1] to «*™, and call the generic extension
V[G]. Thus, in V[G] there is some A > «*+ and a family C = {Cy | @ € A} € D4+
such that C witnesses =Gal(Z,.++, kt1, k™3). Since the forcing of Abraham and Shelah is
R (-complete (and much more), we see that &g holds in V[G].

Let Q be the collapse of kT to « as defined in V[G] and let H € Q be generic over V[G].
Denote SL‘(()Jr as computed in V[G] by T. Observe that both =Gal(Z,+, k™, k™) and &7
are true in V[G][H], as proved in [9, Theorem 2.7]. This completes the proof of the first
statement of the theorem as &7 implies &, +.

Assume now that k is supercompact in the ground model. Force « to be Laver-
indestructible. Apply Lemma 2.4 to obtain a tiltan sequence at S = S| ZH which is indestruc-
tible under X-complete forcing extensions. As a second step, force =Gal(Z+, kT, kT)
with &7 at T = S§,+ as done in the first part of the proof. Notice that « is supercom-
pact in V[G][H] since both the Abraham-Shelah forcing and the collapse of k™ to « are
k-directed-closed.

Let P be Prikry forcing into « as defined in V[G][H], andlet K € Pbe V[G][H ]-generic.
From [2] we know that =Gal(Z,+, k™, k ™T) holds in V[G][H][K]. From Lemma 2.3 we
infer that &7 holds in V[G][H][K]. Thus, the proof is accomplished. O
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We can phrase now the main result of this section:

Corollary 2.6 The principles &+ and &% are separable for every k = cf(k), and consis-
tently they are separable at successors of singular cardinals. The latter statement is proved
under the assumption that there are large cardinals in the ground model.

It is plausible that &,+ and &f{l are separable in a global sense. This will be especially
interesting at successors of singular cardinals, as dictated in the following problem.

Question 2.7 Is it consistent that &, + holds and &% fails at every singular cardinal A simul-
taneously?

Let us indicate, with regard to this question, that we have used large cardinals in order to
separate tiltan from diamond at successors of singular cardinals. We do not know, however,
whether this separation has some consistency strength. A tentative positive answer to the
above question is plausible, and we believe that it requires large cardinals in the ground
model.

3 Superclub and the splitting number

In this section we show that superclub implies s = w;. More generally, if k is weakly compact
then the statement s, = «+ follows from &f{l . Letus commence with the pertinent definition.

Definition 3.1 The splitting number.
Let « be an infinite cardinal.

(R) For B, S € [«]“ one says that S splits Bif [BN S| =|BN(k — S)| =«.

(3) A family {Sy | @ € A} C [«]* is a splitting family if every B € [«]* is split by some
Su-

(3) The splitting number s, is the minimal cardinality of a splitting family for [«]¥.

As usual, if k = R then s, is denoted by s. The splitting number belongs to the family of
cardinal characteristics. All of them stabilize at w; under the continuum hypothesis, a fortiori
under diamond. Hence it is a good test problem to check the possible value of any cardinal
characteristic under tiltan.

For small characteristics the value is w1, e.g., tiltan implies p = w;. For large characteris-
tics, tiltan is consistent with a large value, e.g., one can force tiltan with @ > wy. In fact, one
can even force cov(M) > w; with tiltan. Baumgartner indicated that Shelah’s model from
[22] satisfies =CH+MA (countable) 4 &, 4 Since MA (countable) implies cov(M) > w1,
one obtains this statement along with tiltan at w;.

Medium characteristics are more interesting and, in particular, it is open whether tiltan is
consistent with s > ;. Our primary goal in this section is to prove that superclub implies s =
wi. Let us indicate that, for some characteristics, a large value is consistent with superclub,
see [14]. In this light, the small value of the splitting number becomes more interesting.

Inasmuch as we do not know whether s > w; is consistent with tiltan, we cannot separate
tiltan at 8 from superclub at & on the grounds of the splitting number. However, we can do
this at larger cardinals. It was shown by Suzuki in [24] that s, > « iff ¥ is weakly compact.
We shall see that &3, implies s, = k™ for weakly compact cardinals. On the other hand,

41 appeared in an unpublished note of Baumgartner, as indicated by Komjath in [17].

@ Springer



Sh:1236

S. Garti, S. Shelah

&+ is consistent with 5, > «T for sufficiently large cardinals, as proved in [9, Theorem
4.5]. Thus, another way to separate tiltan from superclub (at successors of large cardinals) is
obtained.

Theorem 3.2 Superclub implies s = w;.

Proof From [12, Claim 2.4] we know that if s > w; then (‘Z}‘) — (‘Z}')S We shall prove
that superclub implies the negative relation (“;1) — (‘Z}l) and conclude that s = ;. Let
(Ss | § € wy) be a superclub sequence. For every £ € {0, 1} let st = {6 € w1 | Va €
Ss)(a@ = £ mod 2)}. Notice that ¢ # @ for £ € {0, 1}, since the set of even ordinals is
predicted by the superclub sequence, as well as the set of odd ordinals.

By induction on @ € w; we choose a set Ay, € w such that

(@) |Ag] = o — Ag| = Ro;

(b) if§ € an S and BY = N{(w — Ap) | 2B € Ss} is infinite, then there are n), n} € BY
such thatnd ¢ Ay, n} € Aq;

(¢) if € anS' and Bal = ({Ag | 28+ 1 € Ss} is infinite, then there are ng, né € Bg1 such
that ng ¢ Aa,né € Agy.

The choice is possible since for every o« € w; one has o N SO0, la N S'| < Rg. Thus, the
number of st to consider is at most 8¢ and by induction on w one can pick two new distinct
elements from Bf and send them to A, and w — A, respectively.

Define ¢ : w; x w — 2 by letting c(o,n) = 1iff n € A,. Toward a contradiction,
suppose that there are Y € [w1]?!, Z € [w]® and ¢ € {0, 1} such that ¢’ (Y x Z) = {¢}. Let
Y ={a; | j € w1}, let Z be maximal with respect to the property that ¢” (Y x Z) = {¢} and
let X = (20 +4¢ |« € Y}).Let W e [X]™ be a set on which the superclub sequence acts
like diamond. Set 7 = {6 € w1 | W N§ = Ss}, so T is a stationary subset of w;. For each
o € w let Aé = Ay and Ag = w — Ay. Choose a sufficiently large § € T such that

(AL e ey} = )AL la ey ns).

There is such a § since the sequence of sets () Aflj | i € wy) is decreasing with respect to
<1
inclusion, and being a sequence of subsets ofja) it stabilizes after countably many steps.
Notice that ﬂ{Ag la e YN§} = Bf holds since W N 6§ = S5. We know that this set is
infinite since it contains Z, and we may assume that it equals Z by taking Z to be maximal
with respect to inclusion. Fix « € Y — (§ 4+ 1). By the construction of (Ay | @ € wy) there
are ng,ng € Bg = Z such that ng ¢ Ay and ng € Ag. By definition, c(«, ng) = 0 and
c(a, né) = 1, thus ¢’ (Y x Z) = {0, 1}, a contradiction. Since § > w; implies ("a’)') — (‘Z}l),
we deduce that superclub implies s = w1, as sought. O

The above proof generalizes to higher cardinals. Of course, it would be interesting only
if s, > «, namely in cases of weak compactness.

Claim 3.3 If « is a weakly compact cardinal, then &?Jr implies s, = k.

Proof From a straightforward generalization of the main theorem of this section we infer that
N . . + + . .

&’?Jr implies the negative relation (KK ) - (KK ), where « is weakly compact. From [13, Claim
. + + .

1.2] we know that if s, > « then () — (*_ ). Thus, under superclub at x* necessarily

s = kT, as required. O

5 But this statement was known earlier, as indicated by the referee. For a full description of the polarized
relation over @ depending on the value of the splitting number, see [11].
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We can derive now the following conclusion which gives an alternative way to separate
tiltan from superclub.

Corollary 3.4 If k is supercompact, then one can force &+ with —-&’?Jr.

Proof 1t is proved in [9, Theorem 4.5] that &,+ is consistent with s, > kT, where « is
supercompact. By Claim 3.3, 4?+ fails in this model, so we are done. O

One may wonder whether Galvin’s property and the splitting number are the only state-
ments which separate tiltan from superclub. Formally, suppose that &+ holds and &, fails.
Does it follow that either 5, > x+ or =Gal(Z,+, kT, k77)? We believe that the answer is
negative.

A possible strategy towards a negative answer would be as follows. Begin with a super-
compact cardinal «, force s, > k™ but keep the Galvin property. This is possible, at least
for some instances of the Galvin property. Moreover, &, + is forceable with this setting. In
such models &I?Jr necessarily fails, since it implies 5, = «, thus &% is separated from
&, +. Now force Prikry into «. By [2], Galvin’s property holds in the generic extension. By
Lemma 2.3, &+ holds as well. Since x remains a strong limit cardinal and becomes singular,
S = Scf(x) < k. The missing part is to show that Prikry forcing does not add a superclub
sequence. This is plausible, but it requires a formal argument.

4 Open problems

In this section we introduce some open problems which arise naturally from the results in
the previous sections. The first problem has a local flavor, but it is relatively old and it seems
quite stubborn. It belongs to Brendle, see [5, Question 9.3].

Question 4.1 Is it consistent that tiltan holds and s > w;?

This problem is strongly related to the question of possible consistency of tiltan with the
polarized relation (‘Z}‘) — (‘Z}) We indicate that s > w; implies (‘Z}‘) — (‘Z}'), but not vice
versa, so these statements are not equivalent.

Of course, diamond implies s = w; since diamond implies 2 = w;. However, s = w;
is a weaker statement than 2 = w;. Although s = wy is an assertion about sets of natural
numbers, superclub implies s = w;. Thus, it seems that the prediction of countable sets by
a diamond sequence is not the crucial factor with respect to the statement s = ;. We tend
to believe that s = w; does not follow from tiltan.

There are several interesting problems around tiltan and superclub with respect to other
cardinal characteristics, but we focus here on the splitting number. Let us introduce another
interesting problem in this context.

Question 4.2 Let « be a supercompact cardinal and let § = Sf " Is it consistent that &g

holds and s, > «T?

We indicate that the consistency of &,+ with s, > k™ as proved in [9] comes from &g,
where § = Sé‘+ for some 0 € k. The difficulties in the case S = S,’f+ are similar to the
difficulty of tiltan at 8| with s > w;.

Finally, in this work we separate tiltan from superclub at arbitrarily large cardinals. One
may wonder about a possible separation of superclub from diamond in a similar fashion. We
strongly believe that superclub at «* is weaker than diamond at k™, where « is arbitrarily
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large. It is known that tiltan with 2 = w; implies diamond, and a fortiori for superclub. The
same is true in general, and for the sake of completeness we give here the proof (for the case
of Ry see, e.g., [23, I, Fact 7.3]).

Claim 4.3 Let S be a stationary subset of k™ which consists of limit ordinals. If 2 = k™,
then &s implies (.

Proof Let (T, | @ € S) be a &s-sequence. We elicit another sequence of sets (Dy | @ € S)
and we prove that this is a diamond sequence. Let (B; | i € «™) be an enumeration of
all the bounded subsets of ¥, where each bounded subset appears ™ many times in the
enumeration and B; C i for every i € k. For every a € S we define Dy = J;c 4, Bi- We
shall show that this is a diamond sequence.

Firstly, let X be a bounded subset of « ™. By the properties of our enumeration, the set
I ={i € k¥ | X = B;}is unbounded in « . Hence, there is a stationary subset Sy of S such
that T, € I for every a € Sp. For each o € Sp one has Dy = ;e a, Bi = Uica, X = X.
Pick any o > sup(X) from Sp. One can see that D, = X = X N « holds, thus for an
end-segment of Sp one has X N o = Dy, so we are done.

Secondly, let X be an unbounded subset of k™. We define f : k* — « by induction
on o € k™t as follows. Assuming that f(8) is already defined for every B € a, let f(x)
be the first ordinal i € k™t greater than every element of { f(8) | B € a} such that B; =
X Nsup({f(B) | B € a}). By induction one can verify f(a) > o for every a € «T. Let
C be a club of x*, closed under f, that is, if § € C then f(B) € § for every B € . Let
X' = {f(a) | @ € «T}. Since f is increasing, X’ is unbounded in ™ and hence there is a
stationary subset of ordinals § € S N C for which Ts € X’. We shall show that for each such
6 one has Ds = X N §, and this will accomplish the argument.

We shall prove the above equality by double inclusion. Let us begin with the easy direction,
namely Ds € X Né. Suppose, therefore, that y € Ds holds, and since Ds = Ui Ty B;, there
is some i € Ts for which y € B;. Recall Ty € X’, and this means that i € Ty is of the form
f(«) for some o € «*+. By definition, B; = X Nsup({f(B) | B € «}), and in particular
B; € X. Since y € B;, we conclude that y € X holds. Likewise, B; Ci = f(«) < & since
fla)=1i€Ts C6,s0y € X N4 and the first inclusion is established.

Let us prove the other direction, that is, X N € D;s. Suppose B € X N 4. Firstly we
show that there exists i € Ts sothati > f(B). Indeed, B € § and hence f(8) <daséd € C.
Likewise, T is unbounded in § and hence one can pick an ordinal y so that f(8) <y €6
and y € T;. Since Ts C X', there is an ordinal o such that y = f(«). Notice that 8 < «
holds since f(8) < ¥y = f(«), sochoosei to be y.

Now, the existence of such an ordinal i implies i = f(«) forsome a € «* since Ty C X'.
Observe that @ > B holds since f(8) <i = f(«) and f is an increasing function. Recall
B; = X Nsup({f(B) | B € «}) and conclude that 8 € B; C UieAa B; = Ds holds, and the
proof is accomplished. O

From the above claim we deduce that a separation between diamond and superclub at x
boils down to a model of &er with 2€ > . We expect a positive answer to the following
question.

Question 4.4 s it consistent that superclub holds at k™ and 2¢ > k™, where « is arbitrarily
large?
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