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CONSISTENCY OF SQUARE BRACKET PARTITION RELATION

SAHARON SHELAH

ABSTRACT. Characteristic earlier results were of the form CON(2R0 — [)\EL’Q),
with 280 an ex-large cardinal, in the best case the first weakly Mahlo cardinal.

Characteristic new results are CON((2%0 = R;,,) + Ry — [Nk]i,z)’ where
k < £ < m. So we improve in three respects: the continuum may be small (e.g.
not a Mahlo weakly inaccessible), we use no large cardinal, and the cardinals
X involved are < 20 after the forcing.

§ 0. INTRODUCTION

In their seminal list of problems [EH71], Erdés and Hajnal posed the question
(15(a)): does 2% 4 [N,]3?7 Recently, Komjéth [Kom21] provided a comprehensive
update on this topic.

We continue here works which start with the problem above:[She88, §2], [She92],
[She89], [She95] [She96], [She00] and the work with Rabus [RS00].

The simplest case of our result is (recall 0.3 below):

Theorem 0.1. Assume GCH for transparency. Then for some ccc forcing notion
of cardinality Ng in the universe VF, we have 28 = Vg and for any n > 3, N5 —
[R1]7 -

Proof. Choose (u, 6,0, \) as (Ng, N5,R1,Rg) and apply Theorem 0.2 Oo.1

The general case is:

Theorem 0.2. Assume A = A* < 9 < 0 < p = p® and 297" = 9H+1 for
¢ =0,1,2,3 and 0t* < 6. Then for some \*-cc, (< X)-complete forcing notion
P (so the forcing does not collapse any cardinal and preserve cardinal arithmetic
outside [\, 1)) of cardinality u, in the universe VE we have, 2* = u and for every

o< 0= [0]2,.

Proof. All this paper is dedicated to provingthis theorem. Pedantically Hypothesis
1.1 holds (see Fact 1.12) so we can apply Concusion 1.11. 04 11

We may replace 6 — [J]2 , by (V01 < 9)(301 < 0)[61 — [91]2 5] and change the
assumption on cardinal arithmetic accordingly.
Recall,

Definition 0.3. For possibly finite cardinals 6,0, o and &, let 6 — [0]% . mean:

K
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e if ¢ is a function from [0]? := {u C 6: |u| = K} into o, then there exists
some subset % of 6 of cardinality @ such that {c(u): u € [#]?} has at most
K-many members.

§ 0(A). Preliminaries.
Notation 0.4. cof(9) is the class of ordinals of cofinality cf(d).

Notation 0.5.

(1) P, Q and R are forcing notions.

(2) p,q,r called conditions are members of a forcing notion.

(3) q is as in Definition 1.3, some kind of (< A)-support iterated forcing with
extra information.

Notation 0.6. We may write e.g. N[q, 5, u] instead Ng s, to help with sub-scripts
(or super-script).

Definition 0.7. Let 6,0,k and X be infinite cardinals. We say that 6 —, (9))?
when 6 > 0 > k > X and:

B If (a) then (b), where:
(a) Z is an expansion of (- x(1), €, <), where <, is a well-ordering of
Hon(p), ut > 0, and its vocabulary 74 has cardinality < A.
(b) Thereis atuples = (%, N, 7) solving p = (6,9, k, \, #), which means:
Bp.s for u,v € [0]=2,
o, N = (Ny:u € [%]§2>,
ey % C 0 is such that otp(%) = 0,
o3 Ny < B, [N,* C Ny,
o, ¢[s] == min(%),
o N, N = u,
o ||[Nu|| =k and K +1 C N,
o7 Nu ﬁ]\/vv = Nuﬂv7
o5 T = (Tyup: u,v € [Z]=? and |u| = |v|) such that if |u| = |v],
then 7, , is an isomorphism from N, onto N, mapping v
onto wu,
o if u3 C uy and vy C we all from [#]=? and |ug| = |vg]
1"

Ty up (U1) = U1 then Ty, o, Ty, 4, are compatible functions.

<2

§ 1. THE FORCING
Our aim here is to prove the consistency of the following configuration:
2<o<A=A"<9=0 < pu=pl =2*,

and having 6 — [9]2 ,.

A continuation is in preparation [ST], aiming to further develop the directions
explored here, particularly for the case of superscript n > 2, as dealt within [She92].
We also show there that we can weaken the demands on the cardinals.

Hypothesis 1.1. The parameter p = (6,0, 0, A\, &) consists of the following:

(a) A=A <9 <0< pu=pb,

(b) 0 —4q (8)3’2 (see Definition 0.7, a variant of [She89, 2.1]).

(¢) o will vary on the cardinal numbers from [2, A) and the “nice” p are such

that v < pu = |7|? < p.
(d) e A is a model expanding (% (1), €, <x,7, P, c), where <z is well-
ordering of % (1),
e 7(%A) is a vocabulary of cardinality < A.
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We intend to use (< \)-support iterated forcing of quite a special kind but first,
we define the iterand.

Definition 1.2.
(1) Let A be the set of objects a consisting of (so v = Ya, Ny = Nay):
(a) e ~y<pandoe€(2,N),

e P is a forcing notion such that:

p € P = dom(p) € 4]} A (Vo € dom(p))[p(a) € [w U~

e Pis AT-cc and (< \)-complete,

e the order <p is: p <p ¢ iff:

dom(p) C dom(q) A (Var € dom(p))[p(a) C g(a)],

(b) e cisaP-name of a function from [#]? to o (we may write c(«, 3) instead
c{a, B} for a # 5 < 6).
(c) Thereis a triple (%, N, ) solving p = (0,9, 0, \, ) (see Definition 0.7H(b),
1.1) such that ¢ € N, for every u € [%]=?.
(1A) In the context of Definition 1.2(1), a = (v, %8,P,c, %, N,7) = (Ya, Ba, ---);
50 e.8. Ng o = Ny.
(2) We say that the pair (p,7) is a solution of a € A, denoted by (a,p,7) € AT,
when,

(a) 7= (t1,t2) €0 X 07,
(b) p € Pan Na (c[a)}s
(c) if p<q€Pan Ny (efa)) and (1 < (2 are from % then there are g1, 2, 71,72
such that for £ = 1, 2, we have:
* q <p, qu,
o1 q¢ € PaN Ny qefay and q1 [ (Nap N1g(q)) = g2 [ (Nap Nlgla)),
o €PN N&{Cl@z}’

o3 7o lFc(Cr, G2) = w7,
o1 70 | Najgc,y is <p,-below 7.y« ay (20),
o Ty fNa,{Q} is <p,-below 7T{ac2},{8[a]}(qC34).
(3) If b = (a,p,7) € A™ then let Qp be the P-name of the following forcing
notion:

(x) For G C P generic over V,
(a) the set of elements of Qp, = Qp[G] is:

{u €| if ¢ < G in %, then ¢{C1,(}[G] € {11,19}, moreover

for some q1, g2, 71,72 as in Definition 1.2(1)(c)(e1)-(e5), we have r1 € G or ro € G},

(b) the order of Qp[G] is the inclusion,
(c) the generic is Vy = | Gg,-

Definition 1.3.
(1) Let Q := Qp be the class of q which consist of (below, o < lg(q) and
B <lg(q) and e.g. Py =Pq q):
) 1g(q) is an ordinal < p,
) (P, Qp: a <lg(q), 8 <lg(q)) is a (< A)-support iteration,
) Ps satisfies the AT-cc,
) Qp is Qp,, where:
o1 bg = (ap,pj,75) € AT, and
®2 ag = (75"@57}?57957%&]\75’%[3) €A,
3 P} is equal to Pé(ﬁ) for some §(8) = §q(B) < B (on P, see below).
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(e) P/, is a dense subset of P,, where,

o P =P, [{p€Py: if B €dom(p) then p(B) is a member of V (not
just a Py-name) and if ¢; < {2 are in p(8) N %3, then there are g1, g2,
r1, r2 as in Definition 1.2(2)(c)(e1)-(e5) with ag, bg here standing for
a, b there and

2

\/ (¥ € dom(re))[y € dom(p) Are(y) € p(7)]}-
=1
(f) 7q = v(q) =sup{1q,s: B <lg(a)}, so P ) C H#xx\(7q); let Pq = Piy(q)

/
and IP = Plg(q)

(1A) We may write either Pq o or P, whenever q is clear and (tq,8,1,tq,8,2) is
Zb/g )
(2) Let <p be the following two-place relation on Qp:

d1 <p q2 iff g1 = q2 [ 1g(q1), see below.
(3) For g2 € Qp and a. <lg(qz), we define q1 :=qa | . by:

(a) lg(ai) = o,
(b) ( Q1’OH]P)::11 a) - (PQ2’Q7Pq2 a) fOI‘ «Q < Qs
(C) (@qmﬁ? quﬁ) = (@m,ﬁ? Q2,B) for B < a..
(4) We say that two conditions p, q € P/, are isomorphic, when:
a) otp(dom(p)) = otp(dom(q)), and
b) if f € dom(p) N dom(q) then:
e1 otp(p(B)) = otp(q(B)),
o2 if £ € p(B) N q(B) then otp(e N p(B)) = otp(c N q(B)),
o3 if £ € p(B),( € q(B) and otp(e N p(e)) = otp(¢ N ¢(B)) then

T5,{ch e} (P [ Nogey) =0 [ Ny q¢3-
Remark 1.4. If we prefer in clause (d) (e3) of Definition 1.3 (1) to have £(5) = 3,
Le, P} = P, we need to add, e.g. “u is regular and force with ({q € Qp: 1g(q) <
p} <)
Claim 1.5.
(0) For q € Qp, we have: Py =“p < q” iff {p,q} C Py, dom(p) C dom(q), and

B € dom(p) = p(B) € q(B).
(1) For q € Qp, any increasing sequence of members of length < \ of IE”Q1 has

a lub, in fact, if 6 < A\, p={(pi:i <) € 5(]1”:1) is increasing, then the following
fhe Py, is a lub of p; defined by: dom(p) = J{dom(p;): i < d}, and if B € dom(p)
en

(
(

B) = U{pz(ﬁ) i <d and B € dom(p;)}.

We denote this p by lim(p).
(2) For q € Qp, we have:
o p € P iff:
(a) p is a function with domain € [lg(q)]<*,
(b) if B € dom(p) then p(B) belongs to [%z)<*
(c) If B € dom(p) and (t1,t2) = (tq,8,1, Lq,3,2) then for every (1 < (3 from
p(B), (1 B) I Nas,gci,cay Fpq s “€{C1, ¢} € {11, 02} ”. Moreover, there
are qi, qa, 1, ro as in Definition 1.2(2)(c)(e1)-(e5) and
2
\/ (¥y € dom(ry))[y € dom(p) N B A Te(7) € p(v)].
=1
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(8) If g € Qp and a <l1g(q) then q | o € Qp.
(4) <p is a partial order on Qp.
(5) Ifa={(q,: j < d) is <p-increasing then it has a <p-lub, im(q).
(6) If B <1g(q), a=aqs, u € %= and N, = Na., then:
o, if p € Py and vy € dom(p) N Ny, then p(y) € Ny, and
o ifpe Py thenp | (BN Ny) € Ny.
(7) If (A) then (B), where:
(4) (a) ie <A,
(b) pi € Py fori <i.,
(c) if i < j < iy, then p; and q; are essentially compatible, i.e.:
e if § € dom(p;) Ndom(p;) then p;(B) C p;(B) or p;(B) C pi(B).
(B) (a) {pi: i <i.} have a common upper bound in P,
(b) moreover, p is the least common upper bound when:
e dom(p) = ([J{dom(p;): i < i},
e if 5 € dom(p), then

B) = U{pi(ﬁ): i < . satisfying f € dom(p;)}.

Proof. Part (2) is crucial but easy to verify. Parts (0), (1), (3), and (4) are also
easy.
(5) For this, define q := lim(q) naturally, but we elaborate.
() (@) lsfa) = Ulg(an)s i < o, , |

(b) if i <0 and a <lg(q;), then (Pq.q,Pq ) = (Pg; 0, Pqa);
(c) if i <0 and B < lg(q;), then (Qq s 8q,8, bq,p) = (QQi»ﬁ’aQi1ﬁ7binﬂ)7
(d)
()

(P, 1g( q),IP’q la( 01)) is (U{Pq,: i < 0}, U{Py, : i < 0}) when cf(d) > A,
e) if cf(6) < A, then (Pg 14(q), ng(q)) are defined as inverse limit. Then,
o P, = }P’ng(q) is dense in Pq because by Definition 1.2(3), for
each B < lg(q;) with j <, Qpg,q,) is closed under increasing
unions of length < A.

Recalling that in Definition 1.3(1)(c), we use 8 and not «, “Pq satisfies the A*-
cc” is not required for proving 1.5 (5), only “if 5 < lg(q) then Pq g satisfies the
AT-cc”, which is clear.

(6) For @1, as v € Ny, and q [ £q,5(7) € Ny necessarily, %, € N, so recalling
that [N,]<* € N,NO+1C N, A |%a,| = O, we have that %, C Ny, [OZ/aWF’\ C N,
and p(7) € [%,]<*, hence p(y) € N,.

For e,, use e; and “[N,]<* C N,”.

(7) Follow by (6) and our definitions. Ois

Still,
Crucial Claim 1.6. If q € Qp then Py satisfies AT -cc.

Proof. It suffices to prove that P, = P, (Ig(q)) satisfies the A*-cc, so assume:
(#)1 (a) Let p= (pe: & < A1), where pe € P,
(b) it suffice to prove that for some ¢ < & < A*, pc and pg are compatible.
[Why? By the definitions.]

(%)2 For some stationary set S C cof(\) N AT, we have:
o; (dom(pe): £ € S) is a A-system with heart w, € [lg(q)]<*, and
o, if B € w, then (pe(B): £ € S) is a A-system.
[Why? By the Delta system lemma, the proof using Fodor’s lemma recalling
A=A
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()3 Without loss of generality, (p¢: £ € S) are pairwise isomorphic (see Defini-
tion 1.3(4)).
[Why? Easy.]
()4 We fix £(1) # £(2) from S and we shall prove that pe(1) and pe(2) have a
common upper bound; this suffices for proving Crucial Claim 1.6.
Let 3 = (B;: i <i,) list the closure of {a, a+1: a € w,}U{0,1g(q)} in increasing
order so necessarily i, < A and clearly it suffice:
(¥)s5 To choose ¢; € P 5 a common upper bound of {pe1) [ Bi,pe(z) [ Bi} in-
creasing with ¢ < z* by induction on i < i,.
Let us carry the induction.
Case 1: i = 0. Clearly, this case is trivial.
Case 2: i is a limit ordinal.
In this case, let ¢; == lim(g;: j < 7), so by Claim 1.5(1), ¢; is well-defined
and is as required by the definition of the order.
Case 3: i =j+ 1 and §; ¢ w,.
In this case, dom(pg(1y) N dom(pez)) N B; € B, hence the condition

g = q; U (Per) 1 185, Bil U (Pecay 1 (85 Bil))
is as promised.
Case 4: i =j+ 1 and B € w..

By the choice of 3, clearly 8; = 3, + 1.

In this case, for £ € {1,2}, consider the sequence (¢ : € < €4) listing
the set pe (e (BJ) in increasing order (the two sequences have the same length
because pe(1), pe(2) are isomorphic, see Definition 1.3(4) (e1)). Let .7 :=
{e <ex: ag(l # Qg(2),c }, 80 by Definition 1.3 (4) 5 the sets {ae(1),: € €
Z}, {ag) e € € F} are disjoint and disjoint to {ae1): € € e \ L} =
{065(2)’52 SISO \y}

Recalling 1.3(1)(d) and 0.7(b)(eg), we have:

(¥)6 ap, = aq,3, determine:

(a) Tg, = (Tuw: u,v € [%p,]=? and |u| = |v]),

(b) N = (Nu: u € [%,]=?),

(c) for e(1),e(2) € 7, let:

o v[e(1),e(2)] = {agm).c1), @1).c1)}, and
o ule(1),e(2)] = {aer) 1) Ae(2) e(2) )
', let vle] = {ag)e}, ule] = {ag).}

+ e 13 (1) (d) (o1).

(d§
) 75 = &a(B)); see 1.3(1)(d) (es3).
a.
)

for € €
(e) 1=15,
(f

We shall now define pe(1).c(2) for £(1),£(2) € . such that:
(x)7 (a) Per)e@) € Pry; N Nufe(r),e(2)0le(1),e(2)), hence dom(per,e(2)) S
Vi N Nufe(1),e(2)]0]e(1),e(2)]» ' '
(b) Pe(1),e(2) | (v N NU[E(1)])7 Pe(1) | Nyje(1)) are essentially compati-
ble; see 1.5(7)(A)(c),
(€) Per)e@) [ (7 N Nyje2)]), Pec2) [ Noje(2)) are essentially compati-
ble,
(d) peqr),e(2) satisfies 1.3(1)(e)(e) with (v;,£(1),€(2)) here standing
for (/Ba Clv CQ) there7
(e) {a; I No} U{pe(1),e2) [ No: (1),e(2) € ./} are pairwise essen-
tially compatible,
(f) llf ;( ) # €(2) then po1yc2) | Nicoyy < peey | Nyeoyy for £ =
We have to show two things: H; and Hs. The first saying we can choose
them (the p.(1),c(2)-8), the second that this is enough.
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B: we can choose pe(1),c(2) for £(1),£(2) € . as required in (x)7.

We consider two possible cases:

Case 4.1: (1) # £(2).

Let pery,e2) = m(Peqr) [ Ngey,e(2)y), where T = mufe(1),c2)],0le(1),2(2)-
Case 4.2: ¢(1) = ¢(2).

In this case, we deal with all those pairs together; so we pick some
sequence (pec: € € %) by choosing p. . by induction on ¢ € .. Now,
Pee € Plﬁ n Nu[s(l),s(2)] is such that:

(¥) () pee is §p;ﬁ—above Pe1y | Nyje and above the restriction peay |
Nu[e]7
(b) (pec I No: € € (e+1)NF) is <p,, -increasing, and
(c) there are gi1,q2,71,72 as in Definition 1.3(2)(c) (e1)-(e5) with
bg,s standing here for (a,p,t) there such that:

2
\/ (Vv € dom(re)) [y € dom(pe,e) A7e(v) C pee(7)]-
=1
We can choose p . by the properties of bg,.
Having defined all the p.(1),.(2)-s we can proceed.
B2 The following set of members of Pg, has a common upper bound g,:
® Dg(1): Pe(2), and
° pe(l),E(Q) fOI' 5(1)75(2) S y
[Why? Recall Claim 1.5(2) and 1.2(1)(c)(e1) by 1.5(7), clause (A) there holds,
in particular sub-clause (A)(c). The main point is that:
() (NV{aw e MG\ N ey NV {ae ey .y ) F €(1),€(2) € ) is asequence
of pairwise disjoint sets.
Why? As “N, NN, € Nyny for u,v € [%3,]19 by 0.7(e7)].]
So g« from By is a common upper bound of pe¢ (1), pe(2), as promised. s

Remark 1.7. No need so far, but we may add in ()4 of the proof of Crucial Claim 1.6
the following item:

(d) if B € wy and (¢ i @ < t¢,p) list in increasing order the members of pe(5)
for ¢ € S, then:
o (1cp: (€ S)is constant called ig,
e for i < ig, the sequence (a¢ g,;: ¢ € S) is constant or increasing,
e if 4,5 < ig the sequence of truth values

(Truth value(a¢ g < agp,;): ¢ < & are from S)

is constant, and
o if 3,5 <ig, ¢ #& are from S and a¢ g; = ¢ p,; then i = j.

Claim 1.8. If (A) then (B), where:
(A) (a) a€ Gy,
(b) o <A,
(c) ¢ is a Py-name of a function from [0]* into o.
(B) There is some b € AT such that Py, = Py and cp, = c.

Proof. Recalling Hypothesis 1.1(b), on the one hand it is clear how to choose a € A
such that P, = IP’; and ¢, = ¢. On the other hand, the choice of py, and 7y, is similar
to the proof of [She88, 2.1], but we elaborate.

First, we can find a such that:

(x)L (a) a€ A,

a

(b) Pa =Pq,
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(c) v=1lg(a),
(d) ca=c.

[Why? Because we have chosen P, as in (x).(b), it is A*-cc by Claim 1.6;
also 7,c, are as is required in Definition 1.2. Next, it is easy to choose %, as
required and lastly we can choose (%, N) as is required because 6 — (8)3’2 holds
by Hypothesis 1.1 clause (b). We are left with choosing some appropriate (p,7) and
then b = (a, p,7).]

Let

Y = {(QI7 q2): q1,q2 € PaN Na,{e[a]} and g1 | (Na,Q) N lg(q)) =q | (Na,Q) N lg(q))},
and let <y be the following two place relation on Y:
(¥)2 (p1,p2) <v (q1,¢2) iff:
(a) (p1,p2) €Y and (q1,92) €Y,
(b) p1 <p, ¢ and p2 <p_ q2.
Clearly,
(%)3 (Y,<y) is a (< A)-complete partial order.
[Why? Recalling 1.5(1).]
(¥)a For (p1,p2) €Y, let
(a) solv(py,p2) be the set of pairs (tg,¢1) such that for any ¢; < (5 from
% , there are 71,75 such that for / = 1,2 clauses e,-e5 of Defini-
tion 1.2(2)(e) holds.
(b) solv™ (p1,p2) = N{solv(q1,q2): (p1,p2) <y (q1,42) € Y}
(*)s (a) if (p1,p2) <y (q1,¢2) then:

solv(p1, p2) 2 solv(qi, g2) 2 solvt (g1, qa) 2 solvT (p1,p2),

(b) if (p1,p2) € Y then solv(py,p2) # 0.
[Why? The first inclusion in Clause (a) holds because <p, is transitive. The
other inclusions are clear, and Clause (b) is easy t00.]
(*)¢ If (p1,p2) € Y then for some (g1, ¢2) and 7, we have:
(a) (p17p2) SY (qlqu) € Ya
(b) if (q1,92) <y (q},q5) then T € solv(¢}, q}), moreover, solv(q,qz) =
solv (g3, gb) = solv (1, g5) = solv™ (g1, g2).-
[Why? Recalling o < A, hence |0 x o] < A and (Y, <y) is A\-complete by (*)s.]
(¥)7 For p € Pa N Ny (c[a)}, let solv(p) be the set of © € o x o such that if
q € PaN Ny gc[ay is <p,-above then there is (q1,¢2) € Y
® ¢ <p, 1, ¢ <p, q2 and
(P (Q1a(12) S Y7
o3 i€ solvt(qr,qo),
o, solv(qi,q2) = solvT (g1, q2).
(x)s (a) ifpePan Na,{e[a]} then solv(p) # 0,
(b) if p <p, q are from P, N N, {.[ay then solv(p) 2 solv(q),
c) 1L p € P4 N Ny serapy then for some ¢ and ¢, for every ¢, we have
if Pa N N {c[a)} then fi d 7, f ! h
g < Pg A q €P.nN Na,{e[a]} = 7 € solv(q).
y? Clause (a) follows by (x)g, Clause y the definitions, an ause (c
Why? Cl foll b Cl b) by the definiti d Cl
holds as Py and even P, N N f.[a} is A-complete and |0 x o| < ]
Now, (*)s(c) finish the proof of 1.8. O s

Claim 1.9. If (A) then (B), where:

(A) (a) g€ Qp and qo <p q,
(b) v(q) < p, solg(q) < p,
(c) be Ay and Py, =Py, .
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(B) There exists some qi such that:
(a) q Sp qi1,
(b) lg(ar) = lg(a) + 1,
(C) blg(q) [(h] =b.

Proof. Easy. Uho

Lastly, before arriving at the main conclusion, we have to prove the following.

Claim 1.10.
(1) Assume q € Qp, a <lg(q) and b = bq,o = (a4, Pa,la) = (a,p,7), then:
o IFp, . Vo, € [%,)? and for every o # B € Va,,: €a, {a, B} € {t1,12}".
(2) If b= (a,p,1) € AT, c¢f(9) > A, and in VF=, Qy, satisfies the AT -cc, then for
some p € QbMNPaNNy (c[a)y we have p lkg, Vo, € [%.)° and for every o # B € Vo, s
cafa, B} € {1,102}

Proof. (1) The second phrase in both conclusion holds by the definitions of Qy,.
By the proof of “Pq satisfies the AT-c¢”, we can show for ¢ < 9, the density of
the set

Se = {p € Py: a € dom(p) and there is 3 € p(a) such that e < otp(Za, N )}

(2) Easily, for every 8 € %, we can choose p% ={0}, qs = {(B,p%)}. Clearly,
qp € Po x Qp for B € %a. So by the AT-cc for some 8 € %a, q3 F“{c € Ya: q- €
Qb} € [%a)? well assuming cf(6) > A. O1.10

Conclusion 1.11. There exists a forcing notion P satisfying the following condi-
tions:
(a) P is At -cc of cardinality .
(b) P is (< \)-complete; hence, it collapses no cardinals, changes no cofinalities,
and preserves cardinal arithmetic outside the interval [\, p).

() ke 2 = 1.
(d) IFp 9 — 0257 for every o € (2, ).

Proof. Choose a <p-increasing continuous sequence (qq: o < p1) € #(Qp) such that
lg(qa) = @, Pq, has cardinality < (Ja|+ A)<* and,
o if a < pand lkp, “c: [0]* — o7, then for some 3 € [a, ), Cqy,, 5 = C-
The existence of bg[gg+1] with ¢[bg[gst1]] = ¢ as required hold by Claim 1.8

and Claim 1.9.
Clearly J{Pq,: B < u} is a forcing notion as is required. Oy .11

Conclusion 1.11 is meaningful because:

Fact 1.12. Assumethat \= A< <9 <0 <pu=p’, a<pu=|a <u, 0> 2140)
and @ = 9<*. Then the demands in Hypothesis 1.1 hold.

Remark 1.13. To justify the assumption, notice that:

(A) Omitting 9 = 9<* does not help.

(B) 0 —4q (9)y =" implies § — (9)2, hence 0 > 227

With stronger lower bound on 6, see [She89] and anyhow just § < 97* and GCH
in [0, 0] would suffice for me.

The main point is proving 0 — (8)3)"2. For this, see [She89], § = 3,,(9) for
some small m suffice, we intend to return for better bound, see [ST].
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Proof. The point is to prove 6§ — (8)3’2. Let 2 be as in 0.7(a).

For u C A, let N be the minimal N < % such that u C N, 9+ 1 C N and
[N]<* C N, which exists as <Z is a well-ordering.

We define c: [0]> — 29 such that from c(u) we can compute the isomorphism

type of (Ny

,@)acy- By Erdés-Rado theorem, 34(9)" — ((2°)7)3, there is % C 0

of order type (29)* such that c | [#]? is constant and otp(%;) = (29)F
Clearly, if v < # < 7 are from %, then x € N7, 5, N N{, |, implies § < ~v(1) €
U =z € N{a,ﬁ} N N{a,’y(l)}a and

So,

a < B(1) <y(1) A {BQ). (1)} S % = 2 € N{, s01)y N N{ar1)}

e Xy = {z: for some B, from %, a < § <y and z € N {05} {a"/}}

have cardinality 0 and it includes N} {a}-

Similarly, X1, X5 has cardinality 0, where:
e X :={x: forsome 8,y € %,wehave f < a<~vyandz € Nfa ﬁ}ﬂN{*‘aﬁ}},

and

o Xy :={x: forsomef,y € %,wehave f <y <aandz € NN {av}}'
Let X = Uz o X¢. For a € %, let Niq) == N, so Nk has cardinality 0.

Now,

(¥)1 The sets (N7, 5, \ (N{a} U Nggy): a < B are from %) is a sequence of

pairwise disjoint sets.

(¥)2 If v € 21 then Ay == {{, B}: a < B are from % and (N{, 5, \ (N{a} U

Nysy)) N Nyyy # 0} has cardinality < 0.

So for some % C 7 of cardinality (27)%, we have:

(*)3

(a) (Ngy): v € %) is a A-system with heart called Ny,
(b) The Ny, for v € % are pairwise isomorphic over Ny.

Lastly choose Ny, gy for a # 8 € % as N, {a 4} Replacing % by % C % of
order type 9, we are done. 0112
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