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We show that it is relatively consistent with ZFC that there is a non-meager set of reals
X such that for every non-meager Y C X, there exist distinct z,y, z € Y such that z is
computable from the Turing join of x and y.
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1. Introduction

Many natural questions about the global structure of Turing degrees (D, <r) are
undecidable in ZFC. For example, in [2] Groszek and Slaman showed that the
statement “Every maximal Turing independent set of reals has size continuum” is
independent of ZFC. Another such result due to Slaman and Woodin in [5] says
that the statement “(D, <r) is w-homogeneous” is independent of ZFC. For more
examples, see [I Chap. 9].
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Definition 1.1. We say that X C 2% is n-Turing independent iff for every ' C X
of size |F'| < n, the Turing join of F' does not compute any real in X\ F. X is Turing
independent iff it is n-Turing independent for every n > 1.

In [4], we investigated some Ramsey-type problems about Turing independent
sets of the following type: Does every large set of reals have a large n-Turing inde-
pendent subset? In this work, we will deal with this question when large = non-
meager. It turns out that when n = 1, the answer is yes in ZFC: Every non-meager
set of reals has a non-meager 1-Turing independent subset [4, Theorem 1.4]. How-
ever, the situation is more complicated when n > 2. Under Martin’s axiom, every
non-meager set of reals has a non-meager Turing independent subset [4, Lemma
4.2]. On the other hand, assuming the consistency of a measurable cardinal, it is
consistent that there is a non-meager set of reals all of whose 2-Turing indepen-
dent subsets are meager [4, Theorem 1.5]. The proof given there was based on the
following result of Komjath [3]: Assuming the consistency of a measurable cardi-
nal, it is consistent that there exists a non-meager Y C 2“ such that the graph of
every function from Y to Y is meager in 2* x 2“. The consistency of this latter
fact requires some large cardinals since Komjéath [3] also showed that the existence
of such a Y implies that there is an inner model with an inaccessible cardinal. It
follows that this approach cannot avoid the use of large cardinals.

Nevertheless, using a new forcing notion, we show the following.

Theorem 1.2. [t is consistent relative to ZFC that there is a mon-meager set
X C 2% such that every 2-Turing independent Y C X is meager.

This answers [4, Question 4.9] in the case of Baire category. We expect that the
techniques used in the proof of this theorem will be useful for similar problems.

On notation: If J is an ideal on a set X, then JT = P(X)\J denotes the
family of all J-positive subsets of X. w<% is the set of all finite sequences in w. For
o, 7 € w<¥, we write 07 to denote the concatenation of ¢ and 7. For o € w<¥,
define [o] = {z € w* : 0 < x}. We say that T C w<“ is a nowhere dense subtree
if and only if T is a subtree of w<* without terminal nodes and [T] = {z € w* :
(Vn)(x | n € T)} is nowhere dense in w*. For F' = {zg,21,...,2p—1} C w*, the join
of F, denoted @,,_,, T, is the real y € w* satisfying y(nj+k) = zx(j) for every
k <n and j < w. For a set of ordinals X and a function F with dom(F) C [X]?, we
will sometimes write F(a, 3) instead of F({«, 5}). Recall that (V> k) abbreviates
“For all but finitely many k”.

2. Ingredients of the Forcing

To simplify the presentation of our forcing, we will work in w* (Baire space) instead
of 2¥ (Cantor space). It is easy to lift our result to the Cantor space in view of the
following fact.
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Fact 2.1. There exist a countable D C 2¢ and a homeomorphism H : w¥ — 2\ D
such that for every z € w®, x and H(x) have the same Turing degree.

Proof. Let D = {z € 2¥ : (V> k)(x(k) = 0)} and define H : w* — 2¥\D by

H(zx) = 07O~ 1~pr)~ 1@~ 1~ L O

Fact 2.2. Let E C w”. Suppose there exists y € w* such that

EC{zew”: (v k)(x(k) #y(k)}

Then E is meager.

Proof. For each n < w, define D,,, = {x € w¥ : (VEk > n)(z(k) # y(k))}. Note
that for every o € w<“, there exists 7 € w<* such that ¢ < 7 and [7] N D, , = 0.
So each D, , is nowhere dense in w* and therefore

EC | Duy = {z ew : (¢ K)((k) # y(k)))

n<w

is meager. O

2.1. Strong colorings

2
m

means the following: There exists a coloring F : [u]> — p such that for every
X € [p]*, range(F | [X]?) = p. Todoréevi¢ [6] showed that wq - [wi]?,. In the
same paper (see Sec. 5), he also generalized this to larger cardinals as follows.

For an infinite cardinal p, the negative square bracket partition relation p - [u]

Fact 2.3 ([6]). Suppose p is a regular uncountable cardinal that has a non-
reflecting stationary subset. Then p - [u]?.
2

It follows, for example, that if 4 = 6+ where 0 is regular, then y — (1l

Definition 2.4. Let pu, \, F, I, and A be as follows:

(1) p is a regular uncountable cardinal satisfying p - [u]% and A = p*.
(2) For each 1 < & < A, fix a function F¢ : [u]?* — & x u satisfying: For every
X € [u]*, range(F¢ | [X]?) = & x p. Such Fy’s exist because pu - [u]2. Define

F=(F:1<E<N).

(3) T is the Fubini product of the ideals [\]<* and [u]<* on A and u respectively.
So Jx,,. consists of those A C A x u that satisfy

HE<X:{i<p: (&) e A =p}[ <A

Note that 7y, is a p-complete ideal on A x p and |Jy .| = 2*. Let A = (A, :
a < 2*) be an injective enumeration of 7y ,.
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Definition 2.5. We say that a subset U C X x p is F-closed iff for every & > 1
and i < j < p, if (&,4) and (&, j) are in U, then F¢(i,j) € U. The F-closure of
U C X x p, denoted clp(U) is the intersection of all F-closed sets that contain U.

Lemma 2.6. Let U C A x p be finite. Then clp(U) is finite.

Proof. We can assume that U # (). By induction on v = max(dom(U)), we will
show that clz(U) C (y+1) x p is finite. If v = 0, then ¢lz(U) = U and the lemma
holds. So assume 1 <~y < A. Define

V=A{F(,5): (v,i) €eUN(7,§) €UNi<j}

Puwt U = (UUV)N(yxp) and U” = ({v} x u)NU. By the inductive hypothesis,
cp(U") C v x pis finite. Since clz(U) = clp(U') U U”, it follows that clz(U) C
(v 4 1) x u is also finite. m|

2.2. A sequence of highly surjective Turing functionals

Before describing the final ingredient of our forcing @, let us explain how Q will
work.

Remark 2.7. Let u, A\, J»,, and F be as in Definition 241

(A) Q will add a (A x p)-indexed set of reals X = {we; : (§,1) € A x pu} C w®.
(B) In V@, the meager ideal restricted to X is isomorphic to Ix,u- More precisely,
for every A C A X p,

Ae Ty <= {xei: (§1) € A} is meager.

(C) If {(&,4),(&,7), (¢, k)} € A xpand Fe(i,j) = (¢, k), then z¢y is computable
from x¢ ; @ x¢ 5.

Note that Clause (C) and the properties of the sequence of colorings F imply
that for every [J\ ,-positive set A C A X p, the set {x¢; : (§,9) € A} is not 2-
Turing independent. Together with Clause (B), this guarantees that every 2-Turing
independent subset of X will be meager. The Turing functionals witnessing Clause
(C) will be carefully chosen in order to ensure that Clause (B) is not violated. It
turns out that it is enough to ensure that each of these functionals be chosen from a
countable family {®,, : n < w} of “highly surjective” Turing functionals in the sense
made precise by Clause (iii) in Definition This will become clear in the proof
of Clause (B) (Lemma below). The following lemma will be used to construct
such a family of Turing functionals.
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Lemma 2.8. Let S = {(n,no,m) :n € wA{no,m} C w<“ A |no| = |m|}. There
exists a computable function F : S — w<% such that the following hold:

(0) For everyn < w, F(n,(),()) = () where () is the empty sequence.
(1) For every (n,no,m) € S, [F(n,no,m)| = |nol-
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(2) If (n,mo,m), (n,00,01) € S, no =X o9 and m = o1, then F(n,no,m) =
F(?’L,Uo,al).

(3) For every no,n1,p € w<¥, if Ino| = |m| = |p| > 1, then there exists n < w such
that F(n,no,m) = p.

(4) If F(n,mo,m) = p and |no| = [m| = [p| = 1, then F(n,no™0,m0) = p~0.

(5) Assume that Clauses (a)—(d) below hold.
(a) ix,m, K, N <w and N > 1.
(b) h: [N +1)? - w.

(¢) I={lj:j<k<N) where each lj} € w.

(d) 7=(m;:J<N)and p=(pjr:Jj<k<N) are sequences in "w.
Furthermore, suppose for every j < k < N, F(h(j,k),n;,n%) = pjk. Then

there exists an injective sequence i = (ij : j < N) such that

(1) 10 = Uy

(ii) for every1 <j<N,i; > K and

(iii) for every j < k < N,

F<h<]7 k)vninjvnkAik) = pj7k/\lj»k'

Proof. Let T = {(no,m1,p) : {no,mjp} Cw<YAlnol = |m| =|p| > 1}. Let W be
the set of all tuples (iy,m, K, N, h,1,7,p) satisfying Clauses 5(a)-5(d) above. Fix
computable sequences d, £ and w such that

(i) d = (dy : k < w) is an injective enumeration of S,
(ii) ¢ = (tx : k < w) is a an injective enumeration of 7" and
(i) @ = (wy, : k < w) lists each member of W infinitely often.

Inductively, construct F' = J,_,, Fs as follows. Note that dom(F1)\dom(Fy)

will be finite for every stage s > 0.

Stage s =0. Define Fi(n,(),()) = () for every n < w where () is the empty
sequence. This ensures Clause (0).

Stage s = 3k where k > 1. Let di, = (n,n0,m). If d, € dom(Fs_1), define Fy =
F,_;. Otherwise, fix the largest j < |no| with (n,no [ 7,7 | j) € dom(Fs_1). Put
Fy1(n,no | 4,m | §j) = p and define Fy(n,no | k,m | k) = p~0%J for each
Jj <k <|no|. Note that Clauses (1)—(4) are preserved.

Stage s = 3k + 1 where k > 0. Let ¢, = (no,m1,p) and m = |no| = |m| = |p|. If
there exists n < w such that Fs_1(n,no,n1) = p, define Fy = F;_;. Otherwise, we
must have m > 1. Choose the least n satisfying

(Voo,01)[(n,00,01) € dom(Fs_1) = ¢ = 01 = ()]

and define Fg(n,no | k,m1 | k) = p for every k < m. Note that Clauses (1)—(4) are
again preserved.
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Stage s = 3k + 2 where k > 0. Let w, = (ix, m, K, N,h,ljﬁ,ﬁ). If for some j <
k < N, either (h(j,k),n;,n) ¢ dom(Fs_1) or Fs_1((h(4,k),nj,nk)) # pjk, then
define Fy = F5_1. Otherwise, choose the lexicographically least injective sequence
i=(ij : j < N) such that

(a‘) 'L'():?;*,
(b) forevery 1 <j <N, K <i; <w and
(c) for every j <k <N, (h(j,k),n; " tj,m " ix) ¢ dom(Fs_1).

This is possible because dom(Fs_1)\dom(Fp) is finite. Now for every j < k < N,

define
Fo(h(G, k) mi ™ i, me ™ ik) = pjk” Lik:
Since i is injective, there is no ambiguity here and Clauses (1)—(4) continue to hold.

This concludes the description of F'. It should be clear that F' is computable
since in order to compute F(n, 1o, 1), we just have to run the construction described
above for s = 3k stages where d, = (n, 10, 71). It is also easy to check that F satisfies
Clauses (0)—(4).

Finally, to see that Clause (5) also holds, suppose w = (i., m, K, N,h,l,7,p)
satisfies Clauses (5)(a)-5(d) and for every j < k < N, F(h(j,k),n;.m%) = pjk-
Choose a stage s = 3k + 2 large enough so that wy = w and for every j < k < N,
(h(j,k),m;,m) € dom(Fs_1). Now observe that an ¢ witnessing Clauses (5)(i)-5(iii)
must exist by the end of stage s. O

Definition 2.9. Let (®,, : n < w) be a sequence of Turing functionals in two real
variables x,y € w* defined as follows:

Op(z,y) = |J Flnz 1 k,y 1 k).
k<w

Here, F': S — w=% is the computable function from Lemma 2.8 From now on,
we will write ®,,(no,n1) = p instead of F(n,n9,m) = p. So (P, : n < w) satisfies
the following;:

(i) For every ng,n1,p € w<¥, if |no| = |m| = |p| > 1, then there exists n < w such
that ®,,(no,m) = p.
(i) If @5 (no,m) = p and [no| = [m| = [p| = 1, then @y, (10”0, 70) = p~0.
(iii) Assume the following;:
(a) iy, m, KN<wandN21.
(b) h: [N+ 1%
() I={lxr: ]<k<N> where each [, € w.
(d) 7=(®m; :j <N)and p=(pjr:j<k<N) are sequences in "w.
(e) For every j < k <N, Qi k) (N5, MK) = Pj k-
Then there exists an injective sequence i = (i; : j < N) such that
(1) i = iy,
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(2) for every 1 < j < N, i; > K and
(3) for every j <k <N, ®pjm(m; "5, i) = pir Lk

3. Forcing

From now on, we fix u, A, F, J, and A as in Definition 24 and (®,, : n < w) as
in Definition

Definition 3.1. Define the forcing poset Q as follows. A condition p € Q is a tuple
p = (Mp, Up, Up, Tp, Pp, Tp) satistying the following:

(i) mp < w.
(ii) up € X x p is finite and F-closed.
(iii) v, C 2" is finite.
(iv) 7p = (Mpei : (§,%) € up) where each n, ¢; € ™rw.
(v) pp = (Pp,a : @ € vp) where each pp o € Mrw.
(Vi) Bp = (Npeij: (€,0) €Eup A(E,J) € up A1 < j) where each ny ¢ ;5 < w.
) If (&,1) € up, (§,7) € up and @ < j, then @ (Np.cisNpej) = Mp,c,k Where

n="mnNpc¢ei,;j and (C, k) = FE(Z,])

For p,q € Q, define p < ¢ if and only if the following hold:

(vii

) mg < my,.
) ug C up.
) vg C vp.
(iv) For each (&,1) € ug, Ng.e.i = Mpei-
) For each a € vy, pg.a = ppa-
) g C 7y

) If @ € vy and (€,1) € ugN Ay, then for every n € [mg, mp), pp.a(n) # Np.e.i(n).
Recall that, through Q, we are trying to add a set of reals {we; : (§,4) € A x u}
satisfying Clauses (A)—(C) in Remark [Z7l To ensure Clause (B), we would like to
add another sequence of reals (y,, : a < 2*) such that each y,, is eventually different

from every real in {z¢,; : (§,7) € A} (see Fact[22). So we can think of a condition
p € Q to be promising the following:

(1) For each (&,1) € up, Mpei = Tei-

(2) For every a € vy, po < Yo and if (£,i) € u, N Aq, then for every n > my,

zei(n) # ya(n).
(3) Whenever {(,4), (£, ), (¢ k)} C up, Fe(i,j) = (¢, k) and n = ny e ; 5, we have
Py (e is e j) = T¢ k-

Note that in the definition of Q, the requirement that u,, be F-closed is to ensure
that the choices of 7, and 7, are consistent with Definition B1] Clause (vii).

Lemma 3.2. The following sets are dense in Q:

(1) {p e Q:my, > m} for each m < w.
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(2) {peQ:(&,i) €up} for each (§,i) € A x p.
(3) {p€Q:a vy} for each a < 2*.

Proof. (1) Fix m < w and ¢ € Q. We will construct p € Q such that p < ¢ and
mp, > m. We can assume that m, < m. Define p as follows: m, = m, ug = up,
Vg = Up, Tip = g, Tp = Mpei : (§,7) € up) where each n, ¢ = Ngei 07",
Pp = {Pp,a : @ € vp) where each pp o = pg.o 17" To see that p € Q, we invoke
Definition Clause (ii). It is clear that p < g.

(2) Suppose (§,i) € A x p and ¢ € Q. We can assume that (§,7) ¢ ug. Let
uy € A % p be the F-closure of u, U {(£,4)}. Define p € Q as follows: m, = my,
Up = U, Vp = Vg, Tp = (Mpe,i © (§,1) € uy) where npe; = 0geqi if (§,7) € uy and
Npei = 0™ if (€,1) € uy\uq. Define 71, = (npeij: (€,1) € ux A (E,5) € ux Ni < j)
where np ¢ i = ngeqi; if both (€,4) and (€, j) are in u,; otherwise using Definition
Clause (i), choose n,¢;; = n < w such that @, (Np.ei,Mp.e.j) = Np.c.x Where
(¢, k) = Fe(i, 7). It is easy to see that p € Q, p < ¢ and (&,1) € uyx = up.

(3) Fix a < 2*, ¢ € Q and assume « ¢ v,. Choose p € Q such that m, = m,,
up = g, vp = vgU{a}, Ny = g, flp = Mg and pp = (pp,s : B € vy) Where py g = pgs
if 8 € vy and pp . : Mg — w is arbitrary. Then p < g and o € v,. |

The following lemma will be used to show that Q satisfies ccc (Lemma [B.4)).

Lemma 3.3. Suppose p,q € Q. Assume the following:

(1) my =mg=m.

(2) For every (§,1) € up NUg, Mpe,i = Ng.c.i-

(3) For every o € v, Ny, Pp.a = Pg,a-

(4) If (&), (&,7) are inup Nug and @ < j, then np e = Ngei;-

Then there exists r € Q such that r < p and r < q.

Proof. Let u, be the F-closure of up Uug. Define r € Q as follows:

(1) my =m, up = Uy, vp = v, U,

(ii) pr = pp Y Pq-

(i) Put w = ux\(up U uq) and for each (§,7) € w, define 7, ¢; = 0™. Define
e =1p Ulg U (Nre,i : (€,0) € w).

(iv) Finally, define n,. as follows. Suppose (§,4) € u,, (§,7) € u, and @ < j. If (£,4)
and (&, j) are both in uy,, then n,¢; ; = ny, ¢, ; and if (£,4) and (¢, j) are both
in ug, then n, ¢ ; ; = ng.e.q ;. Otherwise, using Definition 2.9 Clause (i), choose
Nrg,i; = 1 such that @ (¢, 7re5) = e,k Where (€, k) = Fe(i, j).

It should be clear that » € Q and it is a common extension of p, g. |

Lemma 3.4. Q satisfies ccc. Hence forcing with Q preserves all cofinalities.
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Proof. Let A C Q be uncountable. Using the A-system lemma we can find {p- :
v < w1} C A such that the following hold:

1) my, = m, does not depend on vy < w;.

2) (up, : v < wq) forms a A-system with root w,.
3 (va v < wq) forms a A-system with root vy.
Fo

)
)
4) For every (&,4) € s, Np, ¢ = Ne,i does not depend on 7 < w;.
)
)

y

5) For every a € vy, pp, .o = pa does not depend on v < wy.
6) If (£,7), (£, ) are both in u, and i < j, then n,_ ¢, ; = ne,; does not depend
on vy <wi.

P

Now Lemma[33limplies that any two conditions in {p, : v < w1} have a common
extension in Q. It follows that Q is ccc. O

A similar argument shows that Q has w; as a precaliber. We leave the details
for the reader as we will not be needing this fact.

4. The Model

Let G be a Q-generic filter over V. By Lemma [34] all cofinalities and therefore
cardinals are preserved in V[G]. Next, by Lemma Clauses (2)+(3), we must
have U{u, : p € G} = A x p and U{v, : p € G} = 2*. In V[G], define the following:

(a) For each (£,i) € A X p, wei = U{mpei:p € GA(E,1) € up}.
(b) For each o < 2*, define yo, = U{ppo : P € G A € vp}.
(c) For each {(£,4),(€,7)} € A x p with ¢ < j, ng;j = npei; where p € G and

{(£,4),(&,9)} C up.

By Lemma B.2] Clause (1), the empty condition forces that both Z¢; and g, are
in w*. Next, we would like to show that the meager subsets of {z¢; : (§,4) € A x u}
are indexed by members of 7, (Lemma below). The following lemma will be
used in its proof.

Lemma 4.1. Suppose p,q € P, (&,1x) € AXp andn : mg — w satisfy the following:
(a) my < my.

) Let up Nug = uy. For every (§,1) € Ux, Mpe,i = Ng.e.i-

) Let v, Nug = v. For every a € vy, pp.a = Pg.a-

) If (€,4) € up\us and (€',7) € ug, then & < &.

e) If a €y, (§,7) € ux N Ay and n € [my, my), then ng.¢.:(n) # pg.a(n).

) If (§,4),(&,7) € ux and i < j, then np e = Ngeij-

) (Exrin) € up\uw and npe, i, <.

) If a € vy, then (§4,i4) ¢ Aq.

Then there exists r € Q such that r < p, r < q and nr¢, ;, =10.
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Proof. Let B = U{range(pq,a) : @ € vy} and K = max(B) + 1. Define r € Q as
follows:

(1)

(2)
3)

My = My, Uy = Up Uug and v, = v, Uv,. Note that Clause (d) implies that u,
is F-closed.

For each (&,1) € ugq, define n,¢; = ng.¢.i.

Choosing (nr.¢; @ (§,7) € up\ux): The main constraint here is that we have
to satisfy Definition Bl Clause (vii). This is where we use the fact that “®,,’s
are highly surjective”. Let (£, : n < ny) be an increasing enumeration of {¢ :
(30)[(&,4) € (up\uy)]}. For each n < ny, let I, = {i : (&,,i) € up} be the nth
“column” of up\u,. We will extend 7, ¢ ;’s columnwise. More precisely, we will
define (ny¢,.: : @ € I,,) by induction on n < n,. Assume that (n,¢, . ;% € L)
has been defined for every m < n and we would like to define (¢, ;17 € I,).
We have the following cases:

(i) If |I,| = 1 and &, = & (so I, = {i.}), then define n, ¢, ;, = n.

(ii) If |I,| = 1 and &, # &, then define n,¢, ; € ™w (where I, = {i}) by
Npeni = Nre, i and for every my, <m < mg, nre, i(m) = K.

(iii) Now assume |I,,] = N +1 > 2 (so N > 1). By induction on m, <1 < my,
define (¢, ; [1:4 € I,,) as follows. Start by defining 1, ¢, i | mp = npe,. i
for each i € I,,. Assume that (n.¢, ; [ | :4 € I,,) has been defined for some
1 € [my, mg) such that for every i < j in I,,,

@i i T Mg, g 10 =mrerin T, (1)

where (¢,1") = F, (i, ) (so ¢ < &,). Note that this condition is satisfied
at | = m,, because p is a condition and therefore satisfies Definition [B.1]
Clause (vii).

We will now choose (1, ¢, (1) : @ € I,) while ensuring that the above condi-
tion () continues to hold at [+ 1. This will be done using Definition 229 Clause
(iii) as follows.

Let I,, = {i; : < N} be an injective enumeration of I,, where ig = i, if §,, =
& (and hence i, € I,,). Recall that for every o € v,, K > max(range(pq.qa))-
Let b : [N +1]*> — w be defined by h(j, k) = npe, i, - Define p = (pj : j <
k< N> and [ = <lj,k g < k< N> by Pj.k = Nre i [l and lj7k = ’I]r,5/7i/(l)
where (¢',i') = Fe, (i, k).

Now observe that, by Definition Clause (iii), we can choose an injective
sequence (m; : j < N) such that

(@) & =& = mo =1(1),

(B) &n # & = mo > K,

() for every 1 <j < N, m; > K and
(0) for every j <k <N,

@1y (i [0 7m0, Mgy [0 m0) = pjn Lk

2450008-10



Sh:1235

J. Math. Log. 2025.25. Downloaded from www.worldscientific.com

by THE HEBREW UNIVERSITY OF JERUSALEM on 05/11/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

Turing independence and Baire category

Define 7,.¢, i,(1) =m; for each j < N. It is clear that ({]) continues to hold at
I+ 1. Together with (2), this concludes the description of 7, = (1. ¢, : (§,7) € uy).

(4) Choosing (po : @ € v,): First define p, o = pg.a for o € vy. Next, choose
S € [w]<¢ such that S contains the ranges of n,¢; for all (£,i) € u,. Now
choose (pra 1 @ € vp\vy) such that ppo = pra and p,o(l) € w\S for every
l € [myp, mq) and o € vp\v,.

(5) Choosing n,¢,; ;’s: Suppose (£,1), (&, ) are in u, and i < j. Note that Clause
(d) implies that (£,7) and (&,J) are either both in ug or both in u,. Define
Npgij = Ng,c,i; 10 the former case and n, ¢4 ; = np¢,i; in the latter. There is
no ambiguity by Clause (f).

Let us check that Definition [B] Clause (vii) holds for r. Suppose (£,4) and
(&,7) are both in w, and i < j. Put ((,k) = Fe(i,j) and n = n,¢,; ;. We must
show that @, (Nr.ciMrej) = Mrck- I {(£,4),(&,7)} C ug, then this is clear as ¢
satisfies Definition 3] Clause (vii). By Clause (d), the only other possibility is that
{(&,1),(£,7)} C up\us. In this case, the construction of 7, ¢; and 9, ¢ ; in Clause
(3)(iii) guarantees this.

It follows that r € Q. It should also be clear that » < ¢ and 7, ¢, ;, = 1. Finally,
to see that r < p, it suffices to check the following: If o € vy, (£,1) € u, N A, and
n € [my,m,), then n,.¢ ;(n) # pro(n). Fix a € vy, (§,1) € upNA, and n € [my, m,).
We have the following cases.

Case 1. « € v,. By Clause (h), (£,1) # (&, i4). Next, if (£,7) € uy, then Clause
(e) ensures that 7, ¢ i(n) # pr.o(n). Finally, if (£,7) € up\(ux U {(&4,14)}), then the
choice of 7,.¢ ;(n) in Clauses 3(ii)-3(iil) ensures that ¢ :(n) > K > pyo(n).

Case 2. a € v,\v,. In this case, the choice of p,, in Clause (4) guarantees that
Nr.¢,i (TL) 7é pr,a(n)~ -

Remark 4.2. With the possible exception of Clause (d), it should be clear that
all the hypotheses of Lemma [£.1] are necessary. To see why Clause (d) cannot be
dropped, consider the following situation:

i) G<G <G <E<A
(ii) 41 <2 < iz < pand j < p.
ii) Fe(iv,iz) = (C1,7), Felin,iz) = (G2, ) and Fe(iz,i3) = (¢3,7)-

(iV {(67 Z'1)’ (67 Z'2)’ (Cl?j)? (C?aj)a (CS?])} g Ugq-
(V) Mp.giirsis = T, iasi-
(vil) mq =myp + 1, Ngeis = Tge,i, a0 1,55 7 TgCa,5-

)
|
(V§ {(fvil)’ (€7i2)’ (§7i3)7 (Claj)? (<2aj)7 (CS»])} c Up-
)
)

vg =vp = 0.

Now use Clauses (vi)+(vii) to conclude that p,q must be incompatible. Note
that the (&, i) and 7 in Clauses (g) and (h) do not play a role here.

We are now ready to show the following.
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Lemma 4.3. For every A € P(Ax p)NVE,
VP = {Gei: (&,0) € A} is meager if and only if A € Top-

Proof. First suppose that p € Q, A € VEn P(A x p) and p - Ae Ta,pu- We will
show that p IF {Z¢; : (£,7) € A} is meager. Recalling the definition of 7 ,,, we have

pIEHE <N [{i<p:(&i) € A} = p} < A
Put W = {& < X:|{i < p:(€i) e A} = pu}. Since X is regular, p I sup(W) < A.

Choose {(qn,&n) : n < w} such that (Vn)(g, I sup(W) = &,) and {g, : n < w}
is a maximal antichain below p. Put & = sup({&, : n < w}). Then & < X\ and
p - sup(W) < &..

As 1 is regular, for each & < & < A, p Ik sup({i < p: (§,4) € A}) < . So
by repeating the previous argument, we can find j(§) < p such that p Ik (Vi <
w)((&,0) € A= i < j(€)). Define B = {(¢,i) € Axp: (€ <&)or (€ > & Ni <
7(€))} and note that p IF A C B. Since B € V N T, We can choose v < 2* such
that B = A,. Now observe that for every (§,7) € Aq, p Ik (V°n) (e (n) # ya(n))
and hence p IF {d¢; : (€,i) € A} is meager (Fact 2Z2).

For the other direction, towards a contradiction, assume that for some p’ € Q
and S € VENP(A x p),

PIFSe ._7;“ and  {ie,: (£,i) € S} is meager.

Choose a P-generic filter G over V with p’ € G. Working in V[G], choose a
sequence (C), : n < w) such that each C,, is a closed nowhere dense subset of w*
and {z¢; : (§,9) € S} CU{Cy : n <w}. Put S, = {(§,7) : z¢; € Cyn}. Since T,
is a o-ideal, S € j;:# and S C U{S, : n < w}, we can fix some n, < w such that
Sp, € j;:#. Define T ={y[n:(yeCp,)A(n<w)} and A =S5,,. It follows that
VIG]) E T C w<¥ is a nowhere dense subtree, A € j)f# and (V(&,1) € A)(xe,; € [T]).
Therefore we can choose a condition p € G that forces

Ae ._7; u and T C w<¥ is a nowhere dense subtree and

(V(&.4) € A)(deq € [T]).

Define W = {(&,i) € Ax p: (3¢ < p)(qIF (&,7) € A)}. Since pIF A C W, we get
W e Jy,. Define B ={¢ < X: [{i < p:(&i) € W}| = p}. Clearly, |B| = \. For
each & € B, let Ce ={i < p: (§,7) € W}. So |C¢| = p. For each £ € B and i € C,
fix pe,; < p such that pe; IF (€,9) € A and (€,7) € up, .

Since p is regular uncountable, for each & € B, using the A-system lemma, we
can choose D¢ € [C¢]* such that the following hold:

(i) myp,, = me does not depend on i € Dg.

(ii) (up,, :i € D¢) forms a A-system with root ue. Note that ug is F-closed.
(iii) (vp,, : @ € Dg) forms a A-system with root ve.
)

(iv) For every (C,J) € ue, N ;.c,j = Ne,c.; does not depend on i € Dg.
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(v) For every o € ve, pp ;.0 = pe,a does not depend on i € De.
(vi) If (¢,4), (¢, k) are both in ue and j < k, then ny, , ¢ jrx = nec jr does not
depend on i € Dkg.
(Vii) npe..ei = ne does not depend on i € De.

For each £ € B, define pe € Q as follows:

(a) Mpe = Mg, Up, = Ug and Upe = V¢-

(b) For every (€, J) € ue, Mpe,c.j = Nec.j-

(c) For every a € ve, ppe.a = Pe,a-
)

(d) If (¢,j) and (¢, k) are both in ug and j < k, then n,. ¢ jx = ne ¢ jk-

It is easy to check that p¢ < p and for every i € D¢, pe; < pe. Next, choose
B, € [B]* such that the following hold:

= my does not depend on £ € B,.

(i (upg ¢ € B,) forms a A-system with root u,. Note that u, is F-closed.
(iii) (vp, : € € By) forms a A-system with root v,.
For every ((,7) € ux, Mpe,c,j = Nc,; does not depend on & € B,.

i) m
)
)
(iv)
(v) For every o € v, pp. .o = pa does not depend on & € B,.
(vi) If (¢, ), (¢, k) are both in u, and j < k, then ny, ¢ jx = n¢ j,x does not depend
on ¢ € B,.

(vii) ne = n, does not depend on & € B,.
Define p, € Q as follows:

(a) mp, = my, up, = u, and vp, = v,.

(b) For every ((,7) € U, Mp, c.j = Nc¢.5-

(c) For every a € vy, pp,.a = Pa-

(d) If (¢,7) and (¢, k) are both in u, and j < k, then np, ¢ jx = nc j k-

It is clear that for every £ € B, and i € D¢, pes < pe < pe < p. Since
Py < p, it follows that p, IF T C w<¥ is a nowhere dense subtree. So we can choose
((gn, ) : m < w) such that the following hold:

(i) {gn : n < w} is a maximal antichain below p,.
(ii) For every n < w, 0, € w< and 1, < ny,.
(iii) For every n < w, q, It [n,] N [T] = 0.

Put U, = U{ug, : n <w}and V, = U{v,, : n < w} and note that U, € [Axpu]<“
and V, € [2)]<“1. Define A, = U{A, : a € V,}. Since p > w; and T s a p-
complete ideal, we must have A, € J ,. So we can choose §; < A such that for every
& <E<N i <p: (&) € A} < p. Since (ug\uy : £ € By) and (ve\vy : € € By)
consist of pairwise disjoint sets and |By| = \ is regular uncountable, we can fix
&« € By such that

(a') é-* > 517
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(b) (f,Z) el =& > ¢,
(¢) (ue,\ux) NU, =0 and
(d) (ve,\vs) NV, =10.

As|{i < p: (&, i) € Ay} < p, we can choose i1 < p such that for every i1 < i <
sy (€x,1) ¢ Ay Since the sequences (up,, \ue, : i € De,) and (vp,, \ve, 14 € Dg,)
consist of pairwise disjoint sets and |Deg,
1. € D¢, such that

= p is regular uncountable, we can fix

(a) Ty > il,

(b) (Vare Vi)((§xrix) ¢ Aa),
c) (upe, ,, \ug,) VU, =0 and

(d) (vpe, 5, \ve,) N Vi = 0.

Note that Clause (b) follows from Clause (a) and the choice of i;. Furthermore,
Ui Ny, ., = Uy and Vi Nvp,, . = v,. Since {gn : n < w} is dense below p, and
D¢, i, < P«, one of the ¢,’s is compatible with p¢, ;,. By reindexing ¢,’s we can
assume that go and pe, ;, are compatible. Now we come to our key claim. O

Claim 4.4. There exists r € Q such that r < qo, v < pe, 5, and 1o = Mg, i, -

Let us first see why this is enough to get a contradiction. Fix a common extension
r of qo and p¢, ;, such that ng = 7r¢, 4,. Since v < pe, 4,, it also forces that
(&.,ix) € A. Furthermore, r < qo < p, < p and p I (V(¢,4) € A)(ie; € [T]). Tt
follows that r I no < @, 5, € [T] and therefore I+ [no] N [T] # 0. But r < gy and
g F [n] N[T] = 0. A contradiction.

Proof of Claim [4.4l Fix a common extension r, of gy and pe, ;,. By possibly
extending 1y and 74, we can assume that 79 € ™ w. For if |ng| < m,,, then we
extend 79 to any 7} € ™aw. This is okay because qo I+ [75] N [I] = 0. On the other
hand, if |no| = m > m,,, then we extend r, to a condition in r, € Q such that
my. =m (as in the proof of Lemma[B.2(1)). So we can assume |no| = m, .

Now there is no reason for n,, ¢, ;, to extend 79 but we are going to correct r,
using Lemma 1] as follows. First, shrink 7, to a condition ¢ € Q defined as follows:

(1) mg =my,, ug =ur, N (& x p) and vg = vy,
(2) For each (£,4) € ug, Ng.gi = Tr. &,
(3) For each a € vy, pg,a = pr, a-
(4)

4) If (&,1), (&, 7) are both in u, and ¢ < j, then ng e j =N, ¢4

Now ug, C Us C & X ppand i < qo. So ¢ < go. We claim that g, p = pe, 4,
and 7 = 7o satisfy all the hypotheses of Lemma [£1] To see this, note that Clauses
(a)—(c) and (e)—(f) follow from the fact that r. < pe, ;,. Clause (d) holds since
Upe, ;. N (& x 1) € ug € & x p. Clause (g) holds as (&,ix) & ug Nuy,, ,, and
Npe, :, = Nx = no- Finally, Clause (h) follows from the fact that v,Nv,,, , =v. C Vi
and (Vo € V) (&, ix) ¢ Ay. Therefore, we can apply Lemma [£1] to get a common
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extension r € Q of ¢ and pe, ;, such that 9, ¢, ;, = no. This establishes Claim [£.7]
and the proof of Lemma 3] is complete. O

Lemma 4.5. Suppose {(&,14), (£,7),((, k)} C Axp wherei < j and Fe(i, j) = (¢, k).
Then VF |= @ (i, &) = Tc k-

Proof. Fix {(£,4),(&,7), (¢, k)} € X x p such that i < j and Fe(i,j) = (¢, k). Let
p € P. Choose ¢ < p such that {(£,4),(&,7)} € uy and hence (¢, k) € u,. Put

n = ngge,,;. By Definition Bl Clause (vii), ¢ IF n¢;,; = n and @, (T¢ 4, T¢ ) = Ty k-
O

Lemma 4.6. For every A € P(A x )N VE,

VP = If {e,: (€,4) € A} is 2-Turing independent, then it is meager.

Proof. In view of Lemma [£.3] it suffices to show the following: If p € Q, A e
PAxp)NV@%andpl- A € J/\fu, then there exist r < p and (£,4),(£,5) € A X p
with ¢ < j such that letting F¢(¢,5) = (¢, k), we have that

ri-{(6), (6), (¢ R)} C A.

For then, Lemma implies that z¢ is computable from z¢; @ x¢ ; via the
Turing functional ®,, , ;. Hence r I {Z¢; : (§,7) € A} is not 2-Turing independent.
SofixpeQ, and A € P(A x 1) N V@ such that p I- Ae j)f#. Then

pIF{E <A [{i < p:(&i) € A} =p}| =\

By repeating the A-system argument in the proof of Lemma 3], we can find B, €
[NA, (De : € € By), {pei : € € By and i € D) such that pg; IF (€,4) € A, me, Ug,
Vg, Dg, My, Uk, Vs and p, are as there.

Fix any ¢ € B, and k € D¢. Recall that (u¢ : £ € B,) and (ve : € € B,) form
A-systems with roots u, and v, respectively. So we can choose £ € B, such that
§> ¢, u¢ Nug = up, , Nug = uy and ve Nvg = vy, N Ve = v, Next, recall that
(upe, 11 € De) and (vp, , : i € Dg) are A-systems with roots uge and ve, respectively.
It follows that for all but finitely many i € D¢, we have u¢Nuyp, ; = up. , Np, . = Uy
and ve Ny, ; = Vp. , NV, = Vs. Let X¢ be the set of all such i € Dg. Then [ X¢| = p.
As range(F¢ | [X¢]?) = € x p, we can fix i < j in X¢ such that Fe(i, ) = (¢, k).

Claim 4.7. There exists a common extension r € Q of pe i, pe,j and p¢ k.

Proof. Define r as follows:

—~
—_

~—
3

r =My Up = Clp(Upe , Utipe ; Utlp ), v = Vpe , U tpe ; Up -

(2) Pr = ﬁpg,i Uﬁpg,j Uﬁpg,k'

(3) Let w = u,\ (up, , Utp, , Uuy, ) and for each (¢, 1) € w, put 1, ; = 0™+. Define
r = Mpe.s Y Tpe ; U lpe e U <77T767l : (6’1) € w>

]
I
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(4) Finally, choose i, as follows. Suppose {(e,i1), (€,i2)} C u, and i1 < io. If (€,i1)
and (e, 42) are both in u, for some ¢ € {p¢ i, pe j, Dc,i}, then define n, ¢, 5, =
Ng.e.ir,ip- Otherwise, using Definition Clause (i), choose ¢ i, i, = n such
that @, (1r.c i1 Mroe,in) = Trv,is Where (v,i3) = Fe(i, i2).

It is easy to see that r € Q and r extends each one of p¢ ;, pe ; and p¢ . O

It follows now that r I+ {(,4), (¢, ), (C,k)} C A. This completes the proof of
Lemma (4.6 O

Remark 4.8. The referee made the following observation. The standard colorings
witnessing p — [u]i are quite absolute in the sense that they remain so in any
forcing extension that preserves all stationary subsets of u. Therefore, if we use
such colorings to obtain F' in Definition 24l then Lemma easily follows. In
fact, we get the following: If {z¢; : (§,i) € A} is 2-Turing independent, then
{e<A:l{i<p:(&i)e AY=p}[ <2 )

Now our proof of Lemma [£.6] does not depend of the choice of F and one should
note here that not all witnesses to u - [u]?,
example, let ¢ : [u]> — p satisfy range(c | [X]?) = p for every X € [u]*. Let Q be
the forcing for adding d : [u]?> — 2 using finite conditions (so Q is the forcing for
adding p Cohen reals). Observe that in V@, the product cd : [u]?> — p continues to
satisfy range(cd | [X]?) = p for every X € [u]*. In V©, let R be the forcing whose
conditions are finite s C p satisfying range(cd | [s]?) = {0}, ordered by reverse
inclusion. In V&% define H = UGg. Then Q xR is ccc and V&R |= H € [u]* and
range(cd | [H]?) = {0}. It follows that V@*® is a ccc extension of V@ in which cd is

no longer a witness for u - [u]?.

remain so in any ccc extension. For

Proof of Theorem Let G be a Q-generic filter over V' where Q is as in
Definition Bl In V[G], define X = {z¢; : (£,7) € A x p}. By Lemma 3] X C w®
is non-meager. By Lemma [£6 for every non-meager ¥ C X, Y is not 2-Turing
independent. To obtain such a subset of 2¢, take the image X’ = H[X] of X under
the map H in Fact 21l Since H is a homeomorphism from w* to a co-countable
subspace of 2*, X’ must be a non-meager subset of 2¢. To see that every 2-Turing
independent subset of X’ is meager, use the fact that « and H(z) are computable
from each other. |

5. Lebesgue Measure

For n > 1, let (x),, be the following statement: Every Lebesgue non-null set of reals
has a Lebesgue non-null n-Turing independent subset. In [4], the following was
shown. (%); is a theorem of ZFC, ()2 is consistent relative to ZFC (as it follows
from Martin’s axiom) and —(*)2 is consistent relative to ZFC plus “there exists a
measurable cardinal”. So we ask the following.
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Question 5.1. Can we prove the consistency of the following statement without
assuming the consistency of any large cardinals: There is a non-null set of reals all
of whose 2-Turing independent subsets are null.

Another open question is the following. Its category analogue was proved in [4]

(Theorem [L2)).

Question 5.2. Can we prove the existence of a Lebesgue non-null Turing indepen-
dent set of reals in ZFC?
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