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FAILURE OF SINGULAR COMPACTNESS FOR Hom
MOHSEN ASGHARZADEH, MOHAMMAD GOLSHANI, AND SAHARON SHELAH

ABSTRACT. Assuming Goédel’s axiom of constructibility V. = L, we construct an
almost-free abelian group G of singular cardinality, such that for any nontrivial sub-
group G’ C G of smaller size, we have Hom(G’,Z) # 0, while Hom(G,Z) = 0. This
provides a consistent counterexample to the singular compactness of Hom.

§ 0. INTRODUCTION

Hill [5] proved that if an abelian group G has a singular cardinality with cofinality
at most wy and every subgroup of smaller cardinality is free, then G is free. This result
serves as a cornerstone for the Singular Compactness Theorem by Shelah [8], where
he introduced an abstract notion of freeness and get ride of the cofinality restriction.
Shelah extended this result by proving that if an abelian group has a singular cardinality
with cofinality x, and every subgroup of smaller cardinality is free, then the group
itself must also be free. For more details on singular compactness, see [2] [3], and for
its applications, we refer to the book [4].

Compactness (and its counterpart, incompactness) is a central theme in contempo-
rary research. This concept broadly asserts that if every smaller subobject of a given
object possesses a particular property denoted by Pr, then the object itself must also
exhibit Pr. In this paper, we are interested in the compactness property for the nontriv-
ial duality with respect to the hom-functor Hom(—,Z) at singular cardinals. Namely,
we study the following property:

Pry: If G is a group of size A, and if for any nontrivial subgroup G’ C G of size less
than A\, Hom(G’,Z) # 0, then Hom(G,Z) # 0.

For a given p < A, recall that S) = {a < A | cf(a) = p} is a stationary subset
of A. For any stationary set S C A, let {g denote Jensen’s diamond (see Definition
1.3). Now, assuming A > Ng is a regular cardinal and g holds for some stationary,
non-reflecting set .S C SZQ\O, one can construct a A-free abelian group G of size A\ such
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that Hom(G,Z) = 0 (see [2]). Note that any subgroup G’ of G with size less than A is
free, implying that Hom(G’, Z) # 0. Thus, Pr) fails for such A\. However, this argument
does not extend to singular cardinals.

In this paper, we investigate the consistency of the failure of Pry for some singular
cardinal A and show that this can occur in Gédel’s constructible universe L. The main
result of this paper is as follows:

Theorem 0.1. Suppose that:

(a) (N 11 < K) is an increasing sequence of reqular cardinals with limit X,
(b) Wo < k = cf(r) < Ao,

(c) N\i = cf(N;),S; C S(;\fi(u) is stationary and non-reflecting,

(d) &g, holds,

(e) there is no measurable cardinal < \.

Then there is a Ao-free abelian group G of cardinality X which is counterexample to
singular compactness in A for Hom(—,Z) # 0.

Our work is closely related to the Whitehead property Extz(G,Z) = 0, which is
arguably more significant but also inherently more complex. In our forthcoming work
[1], we investigate singular compactness in the context of Ext. Note that if Godel’s
axiom of constructibility V = L assumed, this has an easy solution. By Shelah’s work
[, for A > Ny and an abelian group G of size A, the group G is free if and only if
Extz(G,Z) = 0. Hence, by Shelah’s singular compactness theorem for free groups [§],
singular compactness holds for the property Extz(—,Z) = 0.

In this paper all groups are abelian. For all unexplained definitions from set theoretic
algebra see the books by Eklof-Mekler [2] and Gébel-Trlifaj [4]. Also, for unexplained
definitions from the group theory see Fuchs’ book [3].

§ 1. PRELIMINARIES

In this section, we set out our notation and discuss some facts that will be used
throughout the paper and refer to the book of Eklof and Mekler [2] for more informa-
tion. For abelian groups G and H, we set Hom(G, H) := Homy(G, H).

Notation 1.1. For an index set u, let Zy,) := @, Z&a, so that (z, : a € u) is a basis
for Zp,. For n € “Z, let fi; € Hom(Zy,,Z) be defined as fi)(>° aaa) = Y aan(a),

acv acv
for finite v C w.

Definition 1.2. An abelian group G is called Ri-free if every subgroup of G of cardi-
nality < Ny, i.e., every countable subgroup, is free. More generally, an abelian group
G is called A-free if every subgroup of G of cardinality < A is free.

Definition 1.3. Suppose A > u > Nj are regular and S C )\ is stationary.

(1) The Jensen’s diamond {,(S) asserts the existence of a sequence (S, | a € 5)
such that for every X C A the set {aw € S| X Nav = S5, } is stationary.
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(2) We use the following consequence of 3 (5): let A =, Ae and B =, ., Ba
be two A-filtrations with |A,|,|Bs| < A. Then there exists a sequence (g, :
Ay — B, | @ < A) such that, for any function g : A — B, the set

{a€eS|gla, =9a}

is stationary in .

(3) S is non-reflecting if for any limit ordinal 6 < A\ of uncountably cofinality, the
set SN ¢ is non-stationary in 9.

(4) We set Sy = {or < A | cf(ar) = pu}.

Definition 1.4. Let K be the class of objects k := (uy, 6k, Kx) consisting of:

(a) px is a limit ordinal, and 0y < pu,

(b) K is an abelian group with the set of elements fy, and Ox, = 0,

(c) if 0 # K; C K is a subgroup, then we can find (Hg g, , ¢k k, ) such that:
(a) Hy g, is an abelian group of size py extending (Ky)
(B) Hir, /(Kx) g 1s puc-free,
(V) P, € 1%(K1),
(0) there is no homomorphism f : Hy j, — K such that f(z,) = ¢x k, (a) for

(1]

a <
c c
(K [{ay) — (K g —= Hix,
¢ .
Ky

where ¢(zq) = drx, (a).
Let us address the existence problem of K.

Fact 1.5. Let p be a limit ordinal and ¢ : g — Z be such that ¢(§) # 0, for all £ < p.
Then there is a free abelian group H equipped with the following three properties:
(i) H 2 Zy, is of size p,
(it) H/Zy, is p-free,
(7i) there is no homomorphism f : H — Z such that f(z,) = ¢(«) for a < p.
In particular, identifying the universe of Z with w, we have k = (u,w,Z) € K.

Proof. Let Gy = Zj,) ® Zz, and let G| be the Z-adic completion of Gy. We define
f:Go— Z by f(z,) = ¢(a) for a < pand f(z) = 1. For any d@ := (a, : n < w) €YZ,

¢ <pand f < w, we set

n!
Yaer = ﬁ(xf — an2).
n>0

It is easily seen that for all £ as above,

(1) : (0 + 1V)yaer1 = Yaee — (Te — as2).
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Let Ggz¢ be the subgroup of Gy generated by Go U {yzen : n < w}. Let £ < p. We
claim that for some @, f does not extend to a homomorphism from Gg, into Z. To
this end, we look at

Ae ={d € “2: f has an extension in Hom(Gg¢,Z), ap = a; = 0}.
For @ € A¢ let hze € Hom(Gge, Z) extends f. For t € Z set
Are =1{d € Ac : hag(Yago) = 1}
Clearly, A¢ = U,y Ate. Now, we bring the following claim.

Claim 1.6. For eacht € Z, |A¢| < 1.

Proof. Suppose by the way of contradiction that for some ¢t € Z we have |A;¢| > 1.
Let @ # b be in A; ¢ and let n be such that @ [ n = b | n and a,, # b,. Note that n > 2.
By induction on ¢ < n we have

hae(Yaee) = hg,g(yz?,g,e)-

Indeed, the equality holds for £ = 0 by the choice of @,b € Ae. For £+1 <mn, by (1)
and a, = by, we have

(04 Dhae(yaeerr) = hae(yaee) — (f(ze) — a)
hl?,g(yz?,g,e) - (f(ig) — by)
=((+ 1)h5,5(y5,§,2+1)'
Hence, on the other hand, we have hg¢(yaget1) = hge(Y5e041). On the other hand,
by revisiting (1), and eventuating it with the maps {ha¢, h;.}, we lead to the following
equations:

(e1): (n+ Dhae(Yagnt1) = hag(aen) — (f(xe) — an).
(e2): (n+ DhgeWsensr) = Pie(Wsen) — (f (@) = bn).
(

Subtracting (es) from (e1), and noting that hag(Yaen) = hye(Y5e,) We get
(n+1) (htZE (Yaen+1) — hl;,g (yl;,ﬁ,n-i-l)) = ap — bn.

In particular, n + 1 | (a,, — by), contradicting the fact that |a, — b,| = 1. Chg
Let us proceed the argument of Fact [I.5 In view of Claim [I.6, we deduce that Ay is
countable. Take any @ € “2\ A¢. Then @ is as required. Finally, note that the group

Gl is generated by B := {yaz e : { € N}¢U{z}, because x¢ = yzeo— ((+1)Yze o1+ arz.
Since no relations involved in {yz¢,} U {2}, we see B is a base. O

We also need the following well-known result of Kurepa.

Fact 1.7. Assume cf(\) > R and 7 is a tree of height A, all of whose levels are finite.
Then 7T has a cofinal branch.
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§ 2. CONTROLLING Hom(G,Z)
In this section, we prove our main result (see Theorem [2.6]).

Discussion 2.1. Recall that a cardinal x is called measurable if it is uncountable and
there exists a non-principal k-complete ultrafilter D on k, meaning that for every subset
S of D with cardinality < s, the intersection (]S belongs to D. It is known that the
existence of measurable cardinals cannot be proven from ZFC.

Definition 2.2. Let G be an abelian group. The dual of G is the abelian group

Hom(G,Z), which we denote by G*. Let g € G, and define ¢, : G* — Z by the

evaluation v,(G AN Z) = f(g). The assignment g — 1), defines a canonical map

Y G — G**. We say that G is reflexive, if ¢ is an isomorphism.

Fact 2.3. (Los-Eda, Shelah; see [2,9]). Let pt = g5 be the first measurable cardinal.
The following hold:

(a) For any 0 < u, Z® is reflexive. In fact, its dual is Z°.
(b) For any A > p, Z™W is not reflexive.
(¢) There exists a reflexive group G C Z* of cardinality pu.

Let Pr be any property of abelian groups and A be a cardinal. Recall that compact-
ness for (A, Pr) means that for any group G of cardinality A and any “G' C G N |G| <
A = G’ has Pr” then G has Pr. In this paper we are interested in the following fixed
property of abelian groups:

Notation 2.4. By Pry we mean the following property: If G is a group of size A, and
if for any nontrivial subgroup G’ C G of size less than A\, Hom(G',Z) # 0, then
Hom(G,Z) # 0.

Let’s now turn to the primary framework.

Definition 2.5. (1) Let M, 4 be the class of objects
m = Am, (G2 : @ < ), (fm,s : S € Sm))

consisting of:
(a) () Am = cf(Am) > N,
(B) Am = am = fg(m), the length of m,
(b) (o) (G™ : «a < ayy) is an increasing and continuous sequence of abelian
groups,
(B) |G| < A for o < ayy,
(c) G /Gy is free,
(d) {8 < am : GF,/GF is not free} is a non-reflecting stationary set,
() () Sm is a set of cardinality < 6,
(B)  fm,s € Hom(G%: ,Z) for s € S,
(f) (fm,s : 5 € Sm) is a free basis of a subgroup of Hom(G%! ,Z).
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(2) My is defined as above, where item (a)(5) is replaced by am = Am, and we
further require that:
() if f € Hom(G™ ,Z) then for some h € Hom(*~Z, Z) we have

r e Gy = f(r) = h((fms(x) : 5 € Sm)),
(h) the mapping = +— (fm,s(2) : s € Sm) defines a homomorphism from G2

onto ™7,
(i) for any 0 # G’ C G2 with a < ay,, we have Hom(G', Z) # 0.

We are now in a position to state and prove our main result:

Theorem 2.6. Assume that:
(a) (N\; 11 < R) is an increasing sequence of reqular cardinals with limit X,
(b) k= cf(k) < A, and Rg < Ao,
(c) \i = cf(N;),S; C SA is stationary and non-reflecting,

(d) $s, holds,
(e) there is no measurable cardinal < \.

Then there is a Ag-free abelian group G of cardinality X which is counterexample to
singular compactness in A for Pry.

Proof. We are going to present a Ag-free abelian group G of cardinality A so that
for any nontrivial subgroup G’ C G of smaller size, we have Hom(G',Z) # 0, while
Hom(G,Z) = 0. We present the proof is several stages.
Stage A: We define a tree 7 of height x, whose i-th level 7; is defined as follows:
(%)% : T; is the set of n such that:
(a) n is a sequence of length i + 1,

(b) for j <@ we have 7(j) = (n(j,1),n(j, 2)),
c) for j <i,n(j,1) < A\; and n(j,2) < K

)
(c)
(d) if j1 < j2 < i then n(j1, 1) < n(j2,1), and n(j1,2) < n(j2,2),
(e) Im(n) is finite,
(f) if j1 < jo < i and (n(4,1) : j € [j1,72]) is constant then js < n(Jj1,2).
Let T = {U,.,. Ti, where T is ordered by end-extension relation <. Then it is easily seen
that (7,<) is a tree with  levels whose i-th level is 7; and that if n € T;,1 < j < &,
then there is v € T; such that n<v (son =v[(i +1)).
Also, we need to introduce the corresponding truncated trees, as follows:

Tia :=4{n €T :n(i,1) < a},
where o < \;. In particular, 7; = 7, »,.
Claim 2.7. (7,<) has no k-branches.

Proof. Assume by the way of contradiction that b = (n; : i < k), where n; € T, is a
branch of 7, hence the sequence (n; : i < k) is <-increasing. It follows that (n;(i,1) :
i < k) is a non-decreasing sequence of ordinals. As, by clause (e), every initial segment
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has finitely many values and x = cf(k) > Ng, necessarily (n;(i,1) : ¢ < k) is eventually
constant, so for some i, < k, the sequence (n;(i,1) : i € [ix, k)) is constant. By (x)’(f),
n(is,2) > i for all i < k, but on the other hand, n(i.,2) < k, a contradiction. O

Stage B: We shall choose m; by induction on 7 < x such that:

(*)ZB : (a) m; = ()‘mz‘v <G211 ra < ami>7 <fm7i75 1S € sz>) € Ml)\i?
(b) Am, = am, = A;, and the set of elements of Gf\f is A,
(c) G<z U{GY 1 j < i} u{o},
(d) Gg" =G,
) Sm; = Ti = Tins
(f) if j < ¢, then m; < m; which means that

NETANVETIANIV= fm;n C fmiw

This can be expressed by the following diagram:

m; C m,
0 G, — GAZ-Z

J

fmj7nl /n-.i’u

Z

(2) (fmim :m € Ti) is an independent subset of Hom (G, Z),
() ({Ker(fmey) - 1 € T} = {0,
(i) if f € Hom(GY",Z), then for some h, a we have:

(@) a <\,

(8) h € Hom("e2)Z, 7)),

() if 2 € G, then f(z) = h({fumn(#) : 7 € Tra)).

Remark 2.8. The cardinality of 7;, is less than A; for any o < \;. This will be helpful
to show |Ga”| < Am, for a < Am,, see subsequent paragraph of (x) below.

For 1 = 0, we set
® 1Ny = (/\0, <Ggl0 e S /\0>, <fm075 CHS Sm0>>,
[ J ngo — @7767—0’& an,
L4 Smo - 76,0(7
o for n € To.a, fmoy : GR° — Zx, is the projection map.

Note that by Los theorem [2, Corollary III. 1.5],
Hom (", Z) =~ @5 Hom(Z, Z) = P Za,,

n€To n€To

from which we can easily conclude (x);(i). The reason we take G} free is to make
sure at the end of the construction, all our groups are at least A\g-free, as for the next
steps @ < K of the construction, we only get a bit more than i< Aj-freeness, which
for i = 0 is not well-defined.
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Now assume that 0 < 7 < sk and (m; : j < 7) has been defined. Fix a diamond
sequence (F;5:0 € S;) with F;5:0 — Z.

Notation 2.9. Let (8;(7) : v < A;) be an increasing and continuous sequence of ordinals,
cofinal in \; with ;(0) = 0.

We proceed by setting:

[ ] G<i = U]<z G;:J U {O} (SO G<i = {0}’ lf ’L - O)’
o forn e 7 set foip = Uj<7j Jmj nrj+1, hence foiy: Gy — Z.

We shall choose m,, by induction on 7y < A; such that:

(%)&: (a) myy is defined as
) Lg(m;p) =0,
) Amio = SUP;<; Am,
) Gmlo =Gy,
) sz‘,o = 7;,31'( 0)>
(¢) for n € 7Ti,:(0) Jmiom = f<im,
.~ 17 < A;) is an increasing and continuous sequence from M, , with
. = Tigi() and Lg(m; ) = o, , < A;, which means:
(a) if p <, then m; , < m, .,
(8) if 7 is a limit ordinal, then m, , ={J,_, m;,, ie.,
(1) iy = sUp, oy i,
(B2) Goy = U, Gailf’
(B) Sm,, = T
(64) ifne 7:@(7 then fmm n fi,<n U Up<7 fmi,p,merla

Ga,” has set of elements an ordinal ordinal &;(v) < \;,
f) Recall that (F;5:d € S;) is the diamond sequence. Suppose we have the
following list of notations and assumptions:

(@) v=aiy €5

(B) the set of elements of Gu,”" is 7,

0

(v) Im(F;,) C Z is non-zero. In particular, Im(F; ) = nZ = Z for some
nonzero n € 7,

(8) F;, is a homomorphism from Gg.”” onto Im(F; ),

(€) Fiy & (fminm * 1 € Tigi(y)), where (fm, . 1 € Tigy) is the
subgroup of Hom(Ga,"", Z) generated by {fm, .., : 1 € Tipiy)}-

) iy [ Ga!
d; ﬂ{Ker(fm” n) i€ Ti6:(v) } {O}
)
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Then, we shall choose m; 4, such that F;, has no extension to a homo-

morphism from G&o,"7" into K;. Namely, we have

Gmi,w < Gmi,w-s-l
Qg ,ry Qg y+1

o
Im(Fm) ; Im(Fm)
For notational simplicity, we set

o G, =G forany p <,

i -
i fi,%n = fmi,'yvn for alny 7 < 7;761 ()>
° Gi'y = Gg:"j.

The case y = 0 is trivial, and can be defined as in (x)/,(a). Note that by the induction
hypothesis and the way we defined f; g ,:
e the sequence (f;o, : 1 € Tig,0)) is an independent subset of Hom(G;, Z),
e cach f;o, extends f;, and
o ({Ker(fiom) 11 € Tipo} = {0}
If 7 is a limit ordinal, set c;, = sup,_., a; , and define m;, as in clause () (a).

c
Suppose we have defined m; ,. Assume one of the following hypotheses hold:

(h1) = v ¢ S; or at least one of the hypotheses (x)/(1)(c)-(0) are not satisfied, or
(hg) : v € S;, the hypotheses in ()/(1)(«)-(d) are all satisfied, but either
— (G~ doesn’t have domain v, or
F,, ¢ Hom(G, ,Z) or
= Fiy € (fim 11 € Tipita)-
Then, we define m, 4, as the following table:

(

—_

) v+1 = Qiy + 1,
(2) my, < my,
(3) m; 41 7;,,31'(’Y+1)7
(4) Giyr1 = Gigtrai,41 = Giy © Zpy, o), Where iy = Ti g, (41),

(5) for n € Tipg,(v+1), fins1m = finm D™y, where 7, : Zyy, | — Zx, is the projection
map, and for n € T; g,,), we demand f;,, is the zero-map.

Finally, suppose that m;, is defined, v € S; and the hypotheses in (x)/(i)(a)-(9)

are all satisfied. Also, suppose that G; , has domain ~, and F;, € Hom(G, -, Z) is such

that F;y & (finm i1 € Tipyy))- In this case, we define m; 1 so that the cgiiclusmn of
(%)% (1) is satisfied.
Let a; 41 = o + 1, and naturally set
Girp = G;ni’wl = Gp““’”(z Gi,%p) Vp < iy
We have to define
° Gi,y—l—l = Gg::t:ll and

® finiiy= fmi,’y-i—lﬂ? : Giyp1 — Z for n € 7;7/3@-(7“)'
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For every 5 < \;, set
GV ={zeGiyineTiAn(i,1) < B = fiy,(z) =0}

Then the sequence (Ggﬁ ,]y : B < \;) is increasing, hence as |G, 5| < A;, there is 5, , < A
such that
qlB G[ﬁm]’ VB € (Bins M)

Ly Ty
Let K;, =Im(F;, | Gi[fi;’”]), and define
Hin = DN | Tipl +Ro < A
j<i

Set ki := (iisy, w, Z). According to Fact [L.5] we know k;, € K. This gives us

(Hy, ¢0) = (Hy, K, Pxi Ko )
so that:

o My, k. is afree abelian group of size y; , which extends (K, ), .}, by recall-
ing that u;, = 7;’52.(7+1),

® Ou = Pk, K, Uiy — Ky,

o My, K, /(Kiy)p.,) is pin-free,

e there is no homomorphism f : Hy,  r,., — K;, such that f(z,) = éx, k(1)
for 0 € Toprin)

Also, for every /3, with 8;, < 8 < A;, and b € K, ., there is y, 3 € G|, such that

($)pp (&) n € Tinn(,1) <B= fiyn(yes) =0,
(b) Fiy(yp5) = 0.
Since |G 5| < A, for each b € K , as above, there exists some fixed y, € G, such that

the set
Xo={B<XNi:Biy<PBand ypp=1us}
is stationary in ;.

The assignment z,, + Y4, ;) induces a morphism g; , : (K ), ] — Giy- Recall that
id : (Kiy)u,,] = Hy, ., K, is the natural inclusion. Let us summarize these data with
the following notation

Hy, k.,

idT
gi,’y
(Ki,v) [wi,A] E— Gi,"/?

The group that we were searching for it, is the pushout of the above data. Namely,

Gipﬂrl = Gi,’Y @(Ki,w)[ui’,y] Hki,v»Kiﬁ'

In other words, G; 41 has the following presentation:

G . Gia"f X Hki,’y,Ki,'y (*)
i, y+1 — .
" <(1d(/€), _gi,v(k)) ke (Km)[ui,ﬂ>
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Recall that Hy, K, is of size p;, = >, ; Aj + [Tig,(+1)| + Ro < Ai. We combine this
with an inductive argument along with (x), to concluded that group G .41 is of size
less than A;.

Notation 2.10. For h € Hy,_ k. and g € G;,, let [(h, g)] € Gi,41 denote the equiva-
lence class of [(h, g)].

This push-out construction, gives us two embedding maps h;, : Gi, — G; 41 and

ki : Hy, . k,, — Giyy1 s0 that h; , 0 g;, = k; . Let us depict all things together:
Hki,’nyi,'y U GZ,’Y-‘,—l
ldT Thi,'y
9i,y
(Km)[um] Gm

We now show that h;, : G;, — G, 41, is an embedding. Indeed, the assignment x €
Gi~ +— [(0,2)] defines h;,. Suppose 0 = h;,(x) = [(0,z)]. By the above equivalence
relation, there is a k € (Kj,)j,.) so that (k,g;,(k)) = (0,z). Hence k = 0 and
z = ¢;,(0) = 0. This shows that h;, is an embedding, as desired. Thus, by simplicity,
we may assume that G; , C G 41 and h;,, is the inclusion map. We now show that Fj ,
does not extend to a homomorphism from G, 41 into K . Indeed if F' : G, 11 — K,

extends F;, then f: Hy, x, - Z defined by f = F o k; . satisfies

flay) = Fokiy=Fo(hiyogiy)(ag) = Fiy 0 gin(zy) = ¢u(n),
for all € u; . This contradicts the choice of (Hy, _ x, ., ¢k, .k, ) and Definition (5)
Now, by the following well-known diagram

0 0

Hy, s/ (Ki) i) — Gt /Gy

— Gi,'y+1 — COkGI‘(l{?Z’ﬁ) — 0

Z’Y’Ki«’*/
0o —— (K ) s ] —_— Gy —— coker(g;,) —— 0
0 0,

we are able to deduce that
Gint1/Gin = Hy, ki /(Ko s

which is p; ,-free.
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We next define the map f; 1. Take any n € T; g,(y41). For any h € Hy,  k, and
g € G, -, the assignment [(h, g)] — fi.(g), defines a morphism

figtrn = fmipirm - Gign — L

Let us show that f; 1, is well-defined, by arguing that f;.,, o gi, = 0. Given any
n € Tigi(v+1), choose B € Xy () such that n(i,1) < 8. In view of (¥)g4, ) (a), we have

firym© gm(%) = firvm (%*(n)) = fimn(yqﬁ*(n),ﬁ) = 0.

Clearly, (fiy+1 : 1 € Tip,(v+1)) are independent and also

ﬂ{Ker(ferLn) i1 € Tipren} = {0}

Having finished the construction, for n € 7; we set f;, := U'Y</\i finm- Now, we are
ready to bring the following claim.

Claim 2.11. (fi,, : n € T;) generates Hom(GY",Z).

Proof. Suppose f € Hom(GY',Z) \ (fin : 1 € T;). Take v € S such that G, has
domain v, f [ v = Fi,, and f [ v & (fiyy :n € T;). Then by our construction, f [ v
does not extend to a homomorphism from G, 44+ into Z, a contradiction. U

Also note that clause (*) (i) holds by Claim , indeed, given any f € Hom(GY",Z),

we can find some 7, --- ,n,_1 € T; and some «q, - -+ , a1 such that
f = E ak’fi,nk'
k<n

Let us to pick @ < \; large enough such that for each k < n,n(i,1) < a. By Los’
theorem [2, Corollary III. 1.5],

Hom("*2,2) = € Hom(Z,Z)= € Za,

776(7; a) 776( za)

In particular, there is h € Hom({7#:*)Z, Z) such that

h(fin:n€T)) = Zakfimk‘
k<n

Clause (%)% (b) follows from the fact that S; is non-reflecting, hence for some club C' C
with min(C) = p, such that C' N S; = 0, hence G, /G, , is the union of the increasing
and continuous sequence (G;,/G;, : 7 € C), and by the induction hypothesis, each
Gi+/Gi, is free for all p < 7 from C, so easily G, /G, , is free.

Having defined (m;., : v < \;), set m; = U7 <, Miy. This completes the inductive
construction of (m; : i < k).
Stage C: In this step, we show that for each i, m; € M, ), (see Definition (2))
Items (a)-(e) of Definition [2.5(1) and am, = A; = Am, are obvious.
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For clause (i), suppose a < A; and 0 # G’ C G™:. Then for some v < \;, G’ C Ga,”.
Let 0 # 2 € G'. In view of (x)/(c), we have

({Ker(fi.) : s € T}y = {0}.

This in turns imply that f; (z) # 0 for some s € 7T;. In particular, f;s [ G' €
Hom(G’,Z) is non-zero.

Stage D: In this stage we conclude the proof of Theorem . for each 7 < K set
Gi = Gm,», and G; = |J{G, : j < i}. Then the sequence (G; : i < k) is increasing
continuous and for each i,G;/G; is 3, Aj-free (as for each v < Aj, piy > >
and each G ,41/Gi is pi,-free). Deﬁne the group

G:= U{G’ D1 < K}
From this, GG is an abelian group of size \.
We first show that G is A\g-free. Thus suppose that H is a subgroup of G of size less

than Ag. Then the sequence (HNG; : 0 < i < k) is increasing, continuous and for each
0<1<k,

]<Z

(HNG)/(HNG4) 2 (HNG) +G.)/G
is free as G;/G<; is Y ._; Aj-free and hence \g-free. It then easily follows that H =
Ui (HNG;) is free.

Next, suppose H is a non-zero subgroup of G of size less than A\. We show that
Hom(H,Z) # 0. Let i < k be such that H N G.; # {0} and |H| < A;. According to
Definition [2.5(2) (i), we must have Hom(H NG}, Z) # 0. Furthermore, by an argument
as above, (HNG;)/(HNG) = ((HNG;)+ G.) /G, is free. It then clearly follows
that Hom(H,Z) # 0.

Finally, let us show that Hom(G, Z) = 0. Suppose, by the way of contradiction that
f € Hom(G,Z) and f is non-zero. By (x)3(h), for each i < x, we can find some «o; < \;
and h; € Hom(7+2)Z, Z) such that

z € Gi = f(@) = hi({fmn(®) : 0 € Tia))-
Thanks to Los” theorem [2, Corollary III. 1.5], for each ¢ < k&,
Hom("*2,2) = @ Hom(Z,Z)= P Za,

n€(Ti,a) n€(Ti,a)

j<i

In particular, Hom({7:)Z, Z) is free, and it has a natural basis (f, : 1 € (Tia)). It
then follows from [2, Corollary III. 3.3], that for some finite set u; C 7T; 4, the following
holds:
z € G; and (V1 € ;) (fm; p(x) =0) = f(z) =
As k = cf(k) > Xy for some n, the set V; = {i < K : |u;| = n.} is unbounded in k.
For any i < j < k, we define the projection map prj, ; : 7; — 7T; in the natural way

by prj; ;(n) = n[(i +1). Clearly, pr, ; maps u; onto u;. By Kurepa’s theorem, see Fact
[1.7, 7 has a cofinal branch, which contradlcts Claim [2.7] O
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