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On C; (k) and the Juhdasz—Kunen Question
Mohammad Golshani and Saharon Shelah

Abstract We generalize the combinatorial principles Cp(k), C;(k), and
Princ(k) introduced by various authors, and prove some of their properties
and connections between them. We also answer a question asked by Juhdsz
and Kunen about the relation between these principles, by showing that Cj, («)
does not imply C,41(x) for any n > 2. We also show the consistency of
C(k) + —=C5(k).

1 Introduction

In this paper we study two types of combinatorial principles which are consequences
of the continuum hypothesis and all hold in the Cohen-real generic extensions. One
type are homogeneity axioms which say that given a long sequence of reals, we can
find many reals from the sequence which look alike. The other type are elementary
submodel axioms which say that for all large enough regular cardinals y, we can find
many elementary submodels N of H () of size X; such that N N P (w) captures
P(w).

Juhész, Soukup, and Szentmiklossy [5] initiated the study of such principles.
Among other things, in particular they introduced the combinatorial principles
C?(k), C(k), and their restrictions C;;, (k) and Cy, («), for m < . They also derived
several combinatorial and topological consequences from these principles.

Juhész and Kunen [4] have continued the work by introducing some extra princi-
ples. In particular they introduced the combinatorial principle SE P, and explored
its connection with the above combinatorial principles by showing that SE P implies
C; (R3), while the reverse inclusion does not hold and indeed even the stronger prin-
ciple C*(R,) does not imply SEP. The question of the difference between C; (k)
and C,, (k) remained open by Juhdsz and Kunen [4], and was asked by Juhdsz
during the Beer-Sheva 2001 Conference.
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In [7], Shelah introduced a new combinatorial principle Princ(x), which is
weaker than SE P, but still enough strong to imply C* (k).

It turned out that these combinatorial principles are very useful, and have many
applications, in particular in topology and the study of cardinal invariants (see, e.g.,
Brendle and Fuchino [1], Fuchino [3], and Juhdsz, Soukup, and Szentmiklossy [6]).

In this paper, we present some generalizations of the above principles and prove
some of their properties and the connections between them. We also address the
above-mentioned question of Juhdsz and Kunen in Section 5, and give a complete
solution to it. In the last section, we discuss the relation between C* (k) and C(x),
and show the consistency of C (k) + —C*(x).

2 On Princ(k) and Its Generalizations

In this section, we consider the combinatorial principle P rin(x) introduced by She-
lah [7], and present some of its generalizations.

Definition 2.1 Let « be regular uncountable, A 2 «, and let D be a filter on
[A]=*. D is called normal if

(1) foralla € [A]=*,{b € [A]~* :a C b} € D, and
(2) ifforx € A, Ay € D,then AxcqAx € D, where

AxeaAx = {a €e[A]™  :Vx€a,ac Ax}.

It is easily seen that if D is a normal filter on [A]~*, X # @& mod D, and if F :
X — A is regressive, that is, for all nonempty a € [A]™*, F(a) € a, then there
are Y € X,Y # @ mod D, and x € A suchthat foralla € Y, F(a) = x. To
see this, assume on the contrary that for each x € A, there exists Y, € D such
that Yy N{a € X : F(a) = x} = 0. LetY = AyeaYyx. ThenY € D and
soYNX # 0@(as X # @Pmod D). Leta € Y N X and F(a) = x. Then
a€YyN{a e X : F(a) = x}, a contradiction.

Definition 2.2 Let « be regular uncountable. © is a «-definition of normal fil-
ters if

(1) foreach A 2 k, D(A) is a normal filter on [A]<*, and
Q) ifk CA; C Ap,then D(A)) ={{aNAi:ae X}: X € D(A)}.

Definition 2.3 Let « be regular uncountable, § < A < «, and let y > « be large
enough regular. Then

(a) N;,A,x consists of those N < (H (), €) such that:
(1) IN| < NNk €k,and
(2) for all ¢ € P(w), there exists P € N, such that P € P(w), |P| <
min{|N|T,A},andforallb € P(w)NN,aCh=3Icec P,aClcCh
(such a P is called an N -witness for a).

(b) Ni, 1.0, Consists of those N € N;, A such that for any 6-sequence (ag : § <
0) of subsets of w, there is some P € N, P C P(w), |P| < min{|N|*, 1},
such that P is an N-witness for all a¢, § < 6 simultaneously, namely, for any
be € P(w) N N, & < 0, such that ag C b, there are ¢ € P, £ < 0, such
that ag C cg C bg forall § < 6.
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(©) Ni 1.0, consists of those N € Nli A such that for each Y € [N ]0, there
exists some Z € N, |Z| < min{|N|", A} suchthatY C Z.

We now state our generalization of Princ(x).

Definition 2.4 Let & < A <k and © be as above.
(@) Princy(x, A, D) states: for all large enough y > «,

Ny 7 @ mod D(H(y)).

(b) Princrg(k, A, D) (for [ = 2,3) states: for all large enough y > «,
N. ;6. # @ mod D(H(y)).

Remark 2.5

(a) Let k be regular uncountable, and for A D «, let D(A) be the club filter on
[A]=¢. Then our Princy(k, A, D) is just Princ(x,A) from [1]. Also note
that Shelah’s Princ(k) is Princ(k, k).

b)) If6 < A < A < k, then Princi(k,A,D) = Princi(x,A,D) and
Princip(k,A, D) = Princg(k, A, D) (forl = 2,3).

(©) If0 < 0" < A <k, then Princ;p(k,A,D) = Princpg(k, A, D) (for
[ =2,3).

(d) If A = u™ is a successor cardinal, then we can replace min{|N|*, 1} by A.

The next lemma follows from the definition, and the fact that we can code an w-
sequence of subsets of w into a subset of w.
Lemma 2.6 Let 0 < A <k and ® be as above. Then
(@ Princzg(k,A,D) = Princyg(k,A, D) = Princi(k,1,D).
(b) Princao(k,A, D) & Princi(k,A, D).
Proof (a) is by definition; let’s prove (b). It suffices to show that

2 _ !
NK,)L,w,x - NK,)L,X‘
Let I' : @ x w — w be the Godel pairing function. Let N € Nllc P and suppose
that (a, : n < w) is a sequence of subsets of w. Let

a* = {F(i,n):n <w,i ea,,}.
Let P* € N be an N -witness for a®. Let
P={{i:T@.n)eb}:n<wbe P*}

We show that P is an N-witness for all a,,n < w, simultaneously. Clearly P € N,
P C P(w)N N, and |P| < min{|N|",A}. Now letn < w, b € P(w) N N and
assume a, C b. Let b"l = {T'(i,m) : i,m < wandm = n = i € b}. Clearly
plrl ¢ P(w) N N and a* C bl Hence by the choice of P*, there is ¢ € P* such
that a* C ¢ C b Let ¢l = {i : T'(i,n) € ¢}. Then ¢/ € P, and we can easily
see that a,, C c¢"l € b. We are done. O
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3 On C? (k) and Its Generalizations
Recall that for a filter D on aset I, DV is defined by
Dt ={XCI:I\X¢D).
Itisclearthat D € D,

Definition 3.1 Suppose « is regular uncountable, D is a filter on k, J is an ideal
on w, and T is a subtree of §=%.

(a) The combinatorial principle C%) (k, J) states: for any (k x §)-matrix A =
(aae 1o <k, & < 8) of subsets of @, one of the following holds:
(@) : There exists S € D™ such that for alln € w, allt € T N 6", and all
distinct g, ..., @p—1 € S,( i< Ga; 1) 7 9 mod J.
(B) : Therearet € T N 6", forsome 0 < n < w, and Sy, ..., Sy_1 € DT
such that for all distinct o; € S;, i < n, we have (), _,, dq, (i) = ¢ mod
J.
() CPk,J)is C%)(K, J) for all trees T C 0=,
(¢) For m < w, the combinatorial principles Cﬁm (k,J) and CP(x,J) are
defined similarly, where we require T C 6=".

i<n

Remark 3.2 Suppose that « is regular uncountable and m < w.
(a) If D is the club filter on k, and J = {@}, then CD(K, J), CmD(/c, J) are
respectively the principles C*(k), C;;, () from [5].
(b) If D is the filter of co-bounded subsets of «, and J = {@}, then CP (k, J),
CP (i, J) are respectively the principles C (i), Cp, (k) from [5].

Theorem 3.3 Assume 0 < x < 280k js regular, J is an ideal on w, and T is a
subtree of 0<%, and suppose that Prin, g(k,k, D) holds, where ® is a definition
of k-normal filters. Then Cf («x, J) holds, where D is any filter on k satisfying: for
XeDand N eNi,A,e,XwithD EN,XeN=8N)=NnNkeX.

Remark 3.4 If D is the club filter on k or the filter of co-bounded subsets of «,
then D has the above-mentioned property.

Proof Let A = (age o < Kk, & < 0) be a (k x §)-matrix of subsets of w. Let
¥ > 280 be large enough regular. By our assumption

N2, o, 7 O mod (D(H (1)) ™.

Hence by normality of the filter,
N={(NeN2, , :D AeN}edDH()" .

Kk,k,0,x
For N € N, set §(N) = N Nk € k. By our assumption, for each N € N, we
can find Py € N such that Py is an N-witness for each agy) ¢, § < 0, simultane-
ously. Then the map N + Py is regressive on N, so by the normality of the filter
D(H(y)), we can find N, € N and P, such that N, € D(H(y))™, and for all
N € Ny, Py = Py. Let

S ={8(N): N € M}

Claim 3.5 SeDT.
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Proof  Suppose not; so k \ S € D. But then for all N € N,
k\SeN=68N)eck\S.
On the other hand, by normality of the filter ©(H (y)), we have
Nax ={N € Nu 11\ S € N} e D(H(p) ",

in particular Nyx # 0. Let N € Nyx. Then we have x \ S € D, which implies
8(N) € «\ S. But on the other hand, N € N, (as Nyx C Ni), which implies
8(N) € S, a contradiction. O

If forall £ € T N 6" and all distinct o, ..., 0,1 € S, we have ();_, do; 1(i) # 9
mod J, then case (&) of Definition 3.1(a) holds and we are done. Otherwise, we can
findf € T N 0" and distinct &g, ..., p—1 € S, such that (");_,, @o; 1) = @ mod J.
For each i < n, let N; € N, be such that o; = §(N;). We also assume without
loss of generality that g < +-+ < ap—1.
Claim 3.6 There are cy, . . .,cn—1 € Py such that:
(D) Nj<pti =D mod J,
(2) i <n = ay i) CcimodJ.
Proof = We construct the sets ¢;,i < n by downward induction on i, so that for all
i<n,
ﬂaaj’t(j)ﬂ ﬂ c; =@ mod J. (*);
j<i i<j<n
For i = n, there is nothing to prove; thus, suppose thati < n and ¢;+1 € P is
defined, so that (x); 1 is satisfied. It then follows that

Ao (i) S bi =w)\ (ﬂ Ao 1(j) n ﬂ Cj) mod J.
Jj<i i+1<j<n
It is easily seen that b; € N;, so as Py is an N;-witness for ag, ;(;), we can find
¢; € Py so that

Ag; 1) € ¢i S by mod J.
It is easily seen that ¢y, ..., c,—1 are as required. ]
Fori < n, set
Si ={a €k :agi) ScimodJ} e N;.
Claim 3.7 Foreachi <n, S; € DT.

Proof  Suppose not; then k \ S; € D. Butas k \ S; € N;, we have o; = §(N;) €
&\ S;, which is a contradiction. O

Now if 8; € §; are distinct, then
ﬂ ag; 1) € ﬂ ¢i = @ mod J,
i<n i<n
and hence case () of Definition 3.1(a) holds and we are done. The theorem follows.
O

Corollary 3.8 Assume k < 280 is regular uncountable. Then Princ(x) implies
C* (k).
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4 Forcing Princy(k,k, D)

In this section we consider the principles Princy(k,A, D) and Princy g(k, A, D),
where 8 < A < k = ¢f(k) and ® is a k-definition of normal filters, and discuss
their consistency. In fact, we will show that in the generic extension by the Cohen
forcing Add(w, k), the above principles hold. We prove the result for Princ(k), as
the other cases can be proved similarly.

Recall that the Cohen forcing Add(w, I') for adding |/ |-many new Cohen subsets
of w is defined as

Add(w. 1) ={p:wxI —2:|p| <R},

ordered by reverse inclusion.
For a nice name ¢ = |J
Add(w, )), set

supp(a) = {Ol eAd:dn<w,Ap € Ay, Fk c o, (k,a) € dom(p)}.

n<will} X Ay, where each A, is a maximal antichain in

Note that, by the countable chain condition property of Add(w, 1), supp(a) is a
countable set, and g can be considered as an Ad d(w, supp(a ))-name. The following
lemma follows easily by an absoluteness argument.

Lemma 4.1 Assume U C A, ay,...,a, are Add(w,U)-names, ¢(vy,...,vy,)
is a A€ -formula, and p € Add(w, X). Then

P Faddwn “e(ar.....an)" <= ptoxUlFgg40uv) “0(@1,....an)".
We also need the following simple observation.

Lemma 4.2  Let D be defined by D(A) = the club filter on [A]=*. The following
are equivalent:
(@) Princ(x).
(b) Forall large enough y > k and x € H(y), there exists N € N/cl,/c,)( such that
x €N.

Proof Itisclearthat (a) = (b). To show that (b) implies (a), let y > « be large
enough regular, x € H(y) and let C € [H(x)]™* be a club set. We need to show
that le,x,x NC # @. Weassume [M| < M Nk forall M € C. Take y’ > y large
enough regular. By the assumption, we can find N’ € NKI’K’X, such that x,C € N'.

Let N = N’ N H(y). Then by elementarity, N € N!, _ and N = [J(N' N C).

K.k, X
Since C is closed, N € C andso N € NKI’K’X N C, as required. O

We are now ready to show that Princ(x) holds in the generic extension by Cohen
forcing. We follow the proof in Fuchino [2].

Theorem 4.3  Assume A > k = cf (k) > 280, Then IFadd,r) “Princ(k)”.
Proof Let y > Aand p € Add(w, A) be such that
P IF4dd(w.2) “X has transitive closure of cardinality < x”.

Let (N; : i < §) be a sequence of elementary submodels of (H (), €) such that:
(1) 8 <k, cf(8) > R,
(2) (N; :i < §) is increasing continuous,
3) NNk €k,
4 (Nj:j =i)€Nitr,
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(5) each Nj41,i < 6, is closed under countable sequences,

6) [Ni| <k,

7 p,/\,{ € Ny, and

(8) |N; N Al is constant, fori < §.

Let N = |J; .5 Ni. Ascf(8) > Ry, it follows from clause (5) that N is closed under
countable sequences.

We show that p I-<{J; _s N [G] € NKI,K’X”. Let G be Add(w, A)-generic over V
with p € G, N = N;[G], i < §,and N* = J;_5 N*. Note that N* is closed
under countable sequences and X[G] € N*. We show that N* € (NKI,K’X)V[G]. This
will complete the proof by the previous lemma.

Thus assume that a € P(w)"[¢] and let a be a nice name for a. Let U =
supp(a ).

SetUy =UNNand U, = U\ N. ThenU; € N. Leti < § be sufficiently large
such that Uy € N; and [N NA| = |N; N A|' and set M = N; 4. It follows from (5)
that Uy € M.

Let ¥ : A >~ A be a bijection such that z[U] € M, n |} Uy = id | Uy,
and w[A N N] € M. Using the homogeneity of the forcing Add(w, A), extend
to an isomorphism 7 : Add(w,A) >~ Add(w,}). Note that this also induces an
isomorphism of the class of all Add(w, A)-names, Y Add@.2)  that we still denote it
by 7. Note that 7 [U],m(a) € M, as M is closed under countable sequences. Let

P={c,[G]:reAddw. AN M\U)},
where forr € Add(w, A N M \ U),
Fp“c, =o\{n€w:3g € GNAdd(w,Ur), rUq I+ “n ¢ n(a)”}”.

Notethat ANM\NU =ANM\UNM € N,so Add(w,ANM\U) € N. Also
Uy € N so Add(w,U;) € N. It easily follows that P € N*. It is also clear that
P C P(w)V% and |P| < |Add(w, ANM\U)| = M| < «.

To show that P is an N*-witness for a, let b € P(w)"I1N N* and b D a.
Let b € N be a nice name for b and let W = supp(b). Let p* < p be such that
p* I=“b 2 a”. By Lemma 4.1, we may suppose that p* € Add(w,U U W). Let

r = n(p* [‘a) X (A\Ul))

Then r € Add(w,A N M \ U). We complete the proof by showing that a C
,Qr[G] C b.

a C ¢ r[G]: assume by contradiction thatn € a \ ¢ ,[G]. Letqg € G,q < p* and

qgl=“nea”.
Again we can suppose that ¢ € Add(w,U U W). Asn ¢ c¢,[G], we can find
q* € G N Add(w, Uy) such that
rug*l-“né¢n(a)”.
This implies
'y Ur @) - n ¢ a”.

Note that 77 '(r) U~ 1(g*) = p* t o x A\ Uy) Uq*. Asq*.,q } o x U €
G N Add(w, Uy), they are compatible, and we can easily conclude that ¢ and p* |

wx(A\Uy)Ug™ are compatible, which is a contradiction, as they decide the statement
“n € g¢” in different ways.
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¢ »[G] € b: suppose by contradiction that there is some n € ¢,[G]\ b. Let
q € G,q < p*besuchthatg I-“n ¢ b”. We can suppose that g € Add(w,UUW)
and g | Uy = p* | Up. As p* IF“b D a”, we have ¢ I="n ¢ a”, and hence
q MU I="n ¢ a”. Applying r, we have

w(g MU)IE“n¢m(a).
Hence
q M UiUn(g | Up) I="n ¢ m(a)”,
which implies
g tUiUn(p* t Uz) I="n ¢ m(a)”.
Now observe that 7 < w(p* | U,) and r is compatible with ¢ | Uy, so
ruqg U IE*n¢n(a)”.

Thus, r Ug | U; witnesses n ¢ ¢ ,[G], which is a contradiction.
The theorem follows. O

The next theorem can be proved as in Theorem 4.3.

Theorem 4.4  Assume 0 < A < k = cf (k) and D is a k-definition of normal
filters. Then &= gq4(0.0) “Princi(k, A, D) + Princy g(k, A, D)”.

Remark 4.5 In V[G], © is defined as follows: for any large enough y >
Kk, D(HIC](y)) is the filter generated by {N[G] : N € X}, where X € D(H()).
Note that N < H(y) = N[G] < H(y)[G] = H(x)"!, and so the above
definition is well defined.

5 On a Question of Juhasz and Kunen

In this section we answer a question of Juhdsz and Kunen [4] by showing that for
n>2C,(Ry) & Cny1(R). In fact we prove the following stronger result.

Remark 5.1 The results of this section are stated and proved for the ideal J =
[@]=%, but all of them are valid if we also assume J = {@}.

Theorem 5.2 Assume:
(1) o <0 =00 <k =cf(k) < yandVa < y(la|<¢ < y),
(2) D is the filter of co-bounded subsets of k, or D = {S C k : SU{cf(8) < 0}
contains a club},
3) J = [w]~%, and
@) 2 <n(*) <.
Then there is a cofinality preserving generic extension of the universe in which

CP (i, J) holds if n < n(x), and fails ifn = n(x).”

The rest of this section is devoted to the proof of the above theorem. The forcing
notion we define is of the form [P, * Qy, 4, where [Py, is a suitable iteration of length
«, which adds a set A C [k]<N0, which has nice enough properties. Then we use this
added set # to define the forcing notion Q4.

In Section 5.1 we define the notion of having the A-system 0-property for a filter
D, and show that under suitable conditions, some filters have this property. In Sec-
tion 5.2 we define the forcing notion IP,, and prove its basic properties. Section 5.3
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is devoted to the definition of the forcing notion Q4. Finally in Section 5.4 we
complete the proof of the above theorem.

5.1 Filters with the A-system @-property In this subsection we prove a generalized
version of A-system lemma that will be used several times later.

Definition 5.3 Let D be a filter on «, and let 6 < k be a cardinal. D has the
A-system 6-property if for any ¥ C «, Y # @ mod D, and any sequence (B, :
a € Y) of sets of cardinality < 6, there exists Z € Y, Z # 0 mod D such that
(By : o € Z) forms a A-system, that is, there is B* such that for all « # S, both in
Z,By N Bg = B*.

The following is essentially due to Erdos and Rado; we will present a proof for
completeness.

Lemma 5.4 Suppose k is regular uncountable and Vo < k(|a|<? < k).
(@) If D is a normal filter on k and {8 < k : cf(§) > 0} € D, then D has the
the A-system 0-property.
(b) If D is the filter of co-bounded subsets of k, then D has the A-system 0-
property.
©) If D ={S Ck:SU{cf(8) < 0} contains a club}, then D has the A-system
0-property.

Proof (a)LetY C «k,Y # 0 mod D, and suppose that (By : ¢ € Y) is a
sequence of sets of cardinality < 6. As |{J,cy Ba| < &, we can assume that all
By’s, « € Y, are subsets of k. Alsoas {§ < k : ¢f(8) > 0} € D, we can assume
that Y € {§ < k : ¢f(§) > 6}. Define the function g on Y by g(a) = sup(By N ).
Then foralla € YV, g(a) < « (as |By| < 6 and ¢ f(«) > 0), so by normality of D,
wecanfind Y1 C Y, Y; # 0 mod D, and § < « such that for all @ € Y1, g(a) = £.
Then

@€Y = ByNa=ByNE.

As there are only |£|<% < k many subset of & of cardinality < 6, and since D is
normal, there are Y, C Y7, Y> # @ mod D and a set B* such that for all « € Y5,

By Na=ByNE= B* Let
X ={a <k:VEeYsNa(sup(Bg) < a)}.

X is aclub of k, and hence X € D (as D contains the club filter by its normality).
SetZ=XNY,.ThenZ CY,Z # @mod D, and (B, : @ € Z) forms a A-system
with root B*.

(b) and (¢) follow from (a). O

The following lemma will be used in the proof of Theorem 5.2.

Lemma 5.5 Let D be the filter of co-bounded subsets of k, or D = {S C « :
S U{cf(§) < 0} contains a club}. Then “D has the A-system O-property” is
preserved under 0-closed 0 -c.c. forcing notions in the following sense:
Suppose P is a 0-closed 0% -c.c. forcing notion and G is P-generic over V,
and let D € V be a filter on k > 6 which has the A-system 6-property. Let
D be the filter generated by D in V[G]. Then in V[G], D has the A-system
0-property.
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Proof  This is trivial using Lemma 5.4 and the fact that D will be of the same kind
of filter in V[G]. O

5.2 On the forcing notion P, Fix n(x), 0, k, y, and D as in Theorem 5.2. We
describe a cofinality preserving forcing notion [P, which adds a set A C [A]<Ro
which has some nice properties.

Definition 5.6 P, = ((P; : i < x),(Q; : i < y)) is defined as a (< 6)-support
iteration of forcing notions such that:
(1) (Qo, <) is defined by:
(1-1) p € Qqiff p = (w?, AP), where w? € [k]<? and A C [w]"™).
(1-2) p<q © w? Cw? and A7 = AP N [wW7]"™),
Also let A = (J{A : p € Gy )-
2) Assume_O < i < y, and IP; is defined. Then for some IP;-names Y ; and
(wy, (wg : @ € Y;)) we have:

~i

(2-1) IFp,;“Y; isasubsetof k,Y; # @ mod D.”

(2-2) II—pi“(}gL ca € Y;)is a A-system of subsets of x with root w7, each
of cardinality < R.”
(2-3) IFp,"“Qi ={u CY; : Jul < @andif m < n(*),ap,...,an-1 € u are
distinct, then for all y € A, y C Ui<m wy, = A <m,y Cwp )
(2-4) IFp,“<gq;=2"
(3) If Y and (w*, (we : @ € Y)) are P;-names of objects as above, then for some
J € (i, x), they are of the form Y ; and (%’;, (Qé ta €Y ).

Remark 5.7 (a) (3) can be achieved by a bookkeeping argument, and using the
fact that the forcing IP, satisfies the 9t -c.c. (see below).

(b) Tt also follows from the 6 -chain condition of the forcing that under the same
assumptions as (3), I-p; “Y # @ mod D”, so Q; is well defined.

Lemma 5.8 Leta < y.
(a) % is a dense subset of Py, where P, consists of those p € Py, such that:
(1) i € dom(p) = p(i) is an object (and not just a P;-name),
(2) 0 € dom(p) and for some w, we have w?©® = w, and
(3) ifi € dom(p), then forall j € p(i),p | i decides w}, w
(b) Ifa < g, then IFp, “Qq is 0% -Knaster.”
(c) Each P, satisfies the 0™ -c.c.

i.
L

Proof (a) follows easily by induction on o, and using the fact that I-p, “Q; is 8-
closed.” Let’s present a proof for completeness. ~

Case 1. a = 0: there is noting to prove.

Case 2. a + 1 is a successor ordinal: thus assume that I’} is a dense subset of
Py, and let p € Pyyg. Then p | o € Py, so for some p; € Py, p1 <p,
p | a. Since IFp,“Qy is 6-closed and |p(a)| < 8,” we can find ¢; such
that p; IF“p(a) = ¢1.

)

As |q1| < 6, and again using IFp,“Qy is 6-

closed,” we can find p, <p, pi1, p2 € Ps, g2 <q, 91, and w;, wj-‘ for

J € gz such that for all j € g2, p» I wy; = wy and w? = wf.” Then
(P2.42) € PGy and (p2.42) <poy, P-
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Case 3. « is a limit ordinal, cf(¢) > 6: let p € Py. Then as |dom(p)| < 6,
we can find B < « such that dom(p) C B, so p € Pg, and the induction
applies.

Case 4. « is a limit ordinal, cf(a) < 6: let (a¢ : § < cf(x)) be a normal
sequence cofinal in «. Let p € P,. By induction and the #-closure of
forcings, we can find a decreasing sequence (g¢ : § < c¢f (o)) of conditions
such that: g¢ € PZ& and g <Py, P Pag. Let pr = Ug<cs(q) 9¢- Then
p1 € P and py <p, p.

(b) can be proved easily by a A-system argument. To prove (c), it suffices, by (a),
to show that P satisfies the 0 -c.c. Let {pg : B < 07} C P%. We can assume that
(1) (dom(pp) : B < 67) forms a A-system with root A, and
(2) foreachi € A, (pg(i) : B < 67) are pairwise compatible in Q; (using the
fact that I-p, “Q; is 61 -Knaster™).
Now let 81 < B> <OF. Let q be defined as follows:
e dom(g) = dom(pg,) U dom(pg,).
e ¢(0) = (wPsr U wPb2, APBL U APB2), and
e foralli € dom(g), q(i) = pp, (i) U pg, (i) (Where we assume pg, (i) = 0,
ifi ¢ dom(pg,)).
Clearly ¢ € P, and it extends both pg,, pg,. So {pg : B < 67} is not an antichain.
O

5.3 On the forcing notion Q, .4 In this subsection we describe a forcing notion
Qx..4, which depends on a parameter 4 C [A]<80. For 4 C [A]<N0, set

AT = {u € [A]"™ : u includes some member of 4}.

Definition 5.9  Assume A is a cardinal and A C [A]<%0. We define the forcing
notion (Q)_4, <) as follows:

(@) p € Qy 4 iff p is afinite partial function from A to 2P for some n(p) < w.
(b) For p,q € Qx, 4, p < q (p is stronger than q) if and only if:
(b-1) dom(g) < dom(p),
(b-2) @ € dom(g) = g(a) < p(«), and
(b-3) if u € A, u C dom(q) and n(q) < k < n(p), then for some o € u,
pla)(k) =0.
We also define the following @ 4-names:
@ 7o =Uip@) € dom(p) and p € Go, .
(B) Gu =ik < nalk) = 1), and
(r) Qan = Awatn-
Remark 5.10 Given any w C A, let A [} w = {u € A : u € w}. Then we
define Q) 4 | w tobe Q) 4}y Which is defined in the natural way. Then for disjoint
w,v CAif
Vue Alu CwUv=uCworu Cv),

then we have a forcing isomorphism Qy 4 [ (w Uv) ~ {(p.q) € (Qr,4 |
w) X (Qa,4 [ v) : n(p) = n(q)}. Butin general the above forcing isomorphism
may not be true, if w, v do not satisfy the above requirement, as (b-3) may fail.

We have the following easy lemma.
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Lemma 5.11 Let Q = Q4. Then

(a) Qisac.c.c. forcing notion,
(b) Fo“neg €2%and agn C w,” and

(©) IFQ“(i<n Qa;.m is finite” if and only if {w -a; +m i <n} € AT

Proof (a) follows by a simple A-system argument and (b) is clear. Let us prove
(c). First assume that {@ -o; +m : i < n} € AT. Then for some u € o,
u C{w-o; +m:i < n}, and since -9, Ga;m S [Ngew Gam’> We can
assume without loss of generality that {w -o; +m : i < n} € A. Now let p € Q. By
extending p, if necessary, we can assume that {w.c; +m : i < n} € dom(p). But
then by clause (b-3), any ¢ < p forces “();_, do;,m S n(p)”. The result follows
immediately.

Conversely suppose that {w -o; +m :i <n} ¢ AT. Let p € Qand k < w. We
findg < p and k" > k such that ¢ I-“k" € (");_, @;,m”. By extending p we may
assume that dom(p) 2 {w-a; +m :i < n}and n(p) > k. Now define ¢ < p as
follows:

dom(g) = dom(p).

n(g) =n(p) +1.

Ifa € dom(p) \ {w-a; + m :i < n}, then g(a) = p(a)”((n(p),0)).
Ifi <n,theng(w-a; +m) = p(w-a; + m)~{(n(p),1)).

q is easily seen to be well defined and clearly

gk <k'e()aam™

i<n

where k€’ = n(p). Let us show that ¢ < p. It suffices to show that it satisfies clause
(b-3) of Definition 5.9. Thus let u € 4 be such that u € dom(p). We are going
to find some o € u such that g(a)(ny) = 0. As{w-o; +m : i < n} ¢ AT,
ul\{w-o; +m:i <n} #0. Leta € u\{w-«a; +m : i < n}. Then by our
definition, g () (1) = 0, as requested. O

We now consider the combinatorial principle CYL") (x, J) in the forcing extensions by
Q4..4, and show that the truth or falsity of it depends on the choice of D and +4. For
the rest of this subsection, let J/ = [w]=%, the ideal of bounded subsets of w. In
the next lemma we discuss conditions on D and 4 which imply —-C}? («, J) in the
forcing extensions by Q4.

Lemma 5.12 Assume:

(D) o<k =cfk) <A;
(2) D is a filter on k with the A-system Ro-property;
(3) A C [A]"N0 and T is a subtree of w=®;
(4) there exists some Y* € DT such that:
(@ IfY CY* Y # @ mod D, then there aret € T N w" and distinct
g, ...,0p—1 €Y such that {w.a; +t(i) : i <n} € A.
(b) Ift e TNw" and fori <n, Y; CY* Y; # @ mod D, then there are
a; €Yy, fori <nsuchthat{w.a; +1(i):i <n} ¢ A.
Then I-q, “—|C79 (x,J)".
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Proof Let Q = @) 4, and suppose H‘Q“—'CYP (x,J)’. By Lemma 5.4,
lFo“(dan : @ € Y*,n < ) is a (k X w)-matrix for D (ie., Y* € D) so
by our assumption one of the following holds.

Case 1. There are p € Q and X such that:

pIF*X CY* X # @mod D,”
P I-For everyt € T'No" and distinct g, ..., an—1 € X, (Ni<n Qa; 1G) 7
¥ mod J.”

Let X* ={a € Y*: p K« ¢ X”}. Then X* € V and p I-“X C X* C Y*”
so X* # @ mod D. For any o € X, let P < p be such that Pa <o e X
As D has the A-system Ry-property, we can find X; C X*, X; # @ mod D such
that {dom(py) : @ € X;} forms a A-system with some root, say, A. Let A =
{Bo,--.,Br*+—1}, and for each @ € X, let

dom(py) ={Ba,j : J <ka},

where for j < k**, B4,; = B;. By shrinking X, and using the A-system Ro-
property of D, we can further suppose that

(1) there is some k* < w such that ¢ € X1 = ko = k™,

(2) a,pe X1 = po | A=ppg | A and

(3) {pa(Ba,;) 1 @ € X1} is constant, for each j < k*.

Now by (4-a), there are t € T N " and distinct , ...,®,—1 € X; such that
{w.o; +1(i) : i < n} € A. Let g be acommon extension of p,,,i < n, which exists
by our above assumptions. Then ¢ - oy, ..., 05— € 2(’,” and by Lemma 5.11(c),
q == ﬂ Ao, () 18 finite”,
i<n

which is a contradiction.

Case 2. Thereare p € Q,t € T N w" and Xo, ..., Xn—1 such that

pIF“X; CY* X; # @mod D” foralli <n,
p I-+Tf o € X ‘are distinct, then (Ni<n Qo 16y = 9 mod J.”

Fori <n,set X ={a€Y*:p Ko ¢ X;”}. Then X" € V and p I-*X; C
XF S Y*”so X! # @ mod D. We now proceed by induction on i < n and find
Pia < p fora € X* so that

(1) pinlFa e X;,” and

(2) ifa e X NX7, fori <j <n,then pig = pja-

Now proceed as in case 1, and shrink each X i* to some X; 1 so that

(3) Xi1 #9Ymod D.

(4) {dom(piy) : @ € X; 1} forms a A-system with root, say, A; = {Bi.0,--.,

ﬂi,k;"*—l}-

(5) For some k < w, dom(pi,q) = {Bia,j : J < k['}, where for j < k¥,

Biw.j = Bi.j-

6) a.BeXi1 = pia t Ai=pig | A

(7) {pia(Bia,;) : & € X; 1} is constant, for each j < ki*.

We again use the A-system argument successively on X; ;’s to shrink them to some
Xin,i <n,sothatforalli, j <n:

(8) Xi2 # @ mod D.
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(9) Foralla € X;5, B € X5, dom(p; o) Ndom(p;g) = A, j, for some fixed
set Ai’j.
(10) For alla € Xi,z, ﬂ [S Xj,z, Dia [‘ Ai’j = DB r A,"j.
Now by (4-b), there are o; € X; 2,1 < n, such that {w.o; + (i) : i <n} ¢ 4. Let
g be a common extension of p;q;,i < n, which exists by our above assumptions.
Then g IF<ag, ..., an—1 € X" and by Lemma 5.11(c),

q = m A g, ¢ () is infinite”,
i<n

which is a contradiction. The lemma follows. O

We now discuss conditions on D and 4 which imply C%) (k, J) in the forcing exten-
sions by Q4.

Lemma 5.13 Assume:
(1) D is a k-complete filter on k, where k = cf(k) > Ro and Va < k(a0 <

K).

(2) T € 0" is a subtree, where n(x) < w.

(3) A >k and A C [A]=No.

4) IfY Ck, Y # @ mod D, and if (wg : o € Y) is such that wy € [A]=X, for
a €Y, then there exists X C Y, X # @ mod D such that:

(@) (wgy : @ € X) forma A-system with root, say, w* such that for all @« # 8
in X, we Nwg = w*, and forall y € w*, otp(wg Ny) = otp(wg) Ny,
and

(b) ifag, ..., 0nw—1 € X are distinct, then

Vu(u € Aandu C U Wy, = 3i <n(x),u C wai).

i<n(x)
Then I-q, “C}? (x,J)".

Proof Let Q = Q, 4, and suppose G is Q-generic over V. Assume on the con-
trary that V [G] |:“—-CTD (k,J)".Letp € G, X and (Do : @ € X,n < w) be such
that

pIF*X Sk, X # @ mod D” and

p I (ban ae X.n < w)” is a counterexample to C (k, J).

Let X1 = {a <« :p Ko ¢ X”}. Then X; € V and p IF*°X € X7, s
X1 # @ mod D. For any o € X1, let 7 Pa < p be such that p, IH o € X” We may
further assume that ¢ € dom(p).

For each o € X, we can find (qg.n,m k- ta,n,m : 1, M, k < w) such that:

D) topnm:w— 2,

(2) {qan,mk : m < w} € Qis amaximal antichain below p, and

(3) Qa,n,m.k % e ,Q(x,n”<:> ta,n,m(k) =1
We may note that then

p ”_Q “Qa,n = {(%x,n,m,k’k) tmk < wat(x,n,m(k) = 1}”

and so from now on we assume j& a,n is of the form. Let

wy = dom(py) U U{dom(qa,n,m,k) cn,m,k < a)} Uf{w.a+n:n<w}.
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Then each w, € [A]¥0. As D is k-complete and k > 250, we can find X5, g and 7
such that:
(4) X2 - X], X2 ;é @ mod D,
(5) t = {tam:n,m <w)andVa € Xa, ly n.m = tn.m
(6) Foralla, B € X5, otp(wy) = otp(wg),
(7) & = (g : @ B € Xa),
(8) ga,p : W = wy is an order-preserving bijection,
(9) ga,p(B) =, and
(10) ga,ﬂ“[CIﬁ,n,m,k] =Ya,nmk-
Consider (wg : @ € X3). By our assumption, we can find X5 and w* such that:
(11) X3 € X5, X3 # @ mod D,
(12) For all o« # B in X3, we N wg = w*, and forall y € w*, otp(wq Ny) =
otp(wg) Ny, and
(13) if ay, ..., ay)—1 € X3 are distinct, then

Vu(u € Aandu C U Wy, = 3i <n(x),u C wal.).

i<n(x)
Note that for o # B in X3,8,p | w* =id | w* (by (12)). As the conclusion of
the lemma fails, we can find ¢ < p, g € G,t € T and ay, ..., 0ux)—1 € X3 such

that
g -« ﬂ b i) = 9 mod J”.
i<n(x)

We may suppose that dom(g) C Ui<n(*) We; -
For 8 € X3 andi < n(x), set

9i,8 = 8B.0;(q | Wa;) € Q [ wg.
Let Y ; be such that

g “Y; ={B € X3:qip € Go)™.
Claim5.14  |-q“Y; # @ mod D"

Proof Assume not, so there are r € G, r < ¢, and X € D7 such that
ri=E“X NY; =@”. As dom(r) is finite, we can find B € X so that dom(r) N wg \
w* = @. But then r, ¢; g are compatible, and any common extension of them forces
“B € X NY,;”, whichis impossible. O

We show that if IFg“; € Y;” fori < n(x), then I=o™(); <y Dpici) = 9
mod J”. So assume V[G] E“B; € ¥; = Y;[G]". Then g = Ui<n(*) 8a;.B;
is an order-preserving bijection from | J; <n(x) Wg; onto U; <n(x) Wa;» and we can
extend it to an automorphism of A, in the natural way, so that its restriction to
AN (Ui <nisy W8 UU; <n(x) We;) is identity. We denote the resulting function still by
g. g easily extends to an automorphism g : Q =~ Q of Q, which in turn also extends
to an automorphism of nice names of Q.
Fori < n(x), q;p € Gg,so

g(qi,ﬂi) =dq r We; € g“[G]

Hence, ¢ = U;<yq | wo; € §7[G]. But it is easily seen that g(bg,..()) =
b a; 1Gi)» and so
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g - m b 1y =9 mod J”.

i<n(x)
On the other hand 7' (¢) € G, and the result follows. O

Remark 5.15 Condition (4-b) is implicitly used in the argument to guarantee that
the restricted conditions and their union which we defined are well defined. See also
Remark 5.10.

5.4 Proof of Theorem 5.2 Finally in this subsection we present the proof of Theo-
rem 5.2. Thus let n(x), 6, k, x, and D be as above and J = [w]=®. Consider the
forcing notion P = Py * Q. 4, where 4 C [k]=™0 is the set added by P,,. It follows

from Lemmas 5.8 and 5.11 that Pis a cofinality-preserving forcing notion.

Firs we show that CnD (x, J) holds for n < n(x). It suffices to show that in V¥,
the pair (n(x), D) satisfies the the demands in Lemma 5.12. Conditions (1)—(3)
from the lemma are clear. To prove (4-a), let ”_]px“’}: Sk Y # ¥ mod D, and
(wa : @ € Y) is a sequence of countable subsets of A.” Leti < x be such that Y’
and (wy : @ € Y) are P;-names. By the fact that in Vi, D has has the A-system
0-property (see Lemma 5.5), we can find PP;-names X and w* such that:

(1) IFp,“X €Y, X # @ mod D” and

(2) IFp,“(we : @ € X) forms a A-system with root w*.”

Then for some j € (i,x), X = Y and (w*, (we : @ € ¥)) = (gj(gé :

Y ;)). Now by our definition of Q;, we can find Z € VFi+1 such that:
3) IFp;,“Z S Y j, Z # 0 mod D” and
@ I, I oo, .. dpy)—1 € Z are distinct, then for all u € A, u C
Ul<n(*) ,@{t/ = 31 < l’l(*), u g w,‘xl 7
The result follows immediately, as then the above are also forced to be true by P, .

Now we show that C ,3*) (k,J) fails. Let T = "™ . We show that

”_P)(*QA,A “(aan:a <k,n < w)exemplify = ,ﬁ*)(/c, J)”,

where the names a4, are defined just after Definition 5.9. To this end, we check
conditions in Lemma 5.11. Conditions (1)—(3) from the lemma are clear. For (4-a),
assume on the contrary thatin Vx| Y # @, mode D is given and p € Py, p IF°Y is
a counterexample for (4-a).” In V,let X1 = {§ <« : p ¥“§ ¢ Y"}. Then X; € V
and X; # @ mod D. Forany § € Xy, let ps < p be such that ps I-“§ € ¥.”

As in the proof of Lemma 5.8(b), and using the fact that D has the A-system
property, we can find X, € X;, X5 # @ mod D such that (dom(pg) : § € X3)
form a A-system with root A and forall 6,y € Xo,ps ' A | py  A(ps | A
is compatible with p,, [ A). Now let ¢t € ®"™ and let &, .. ., 8n(x)—1 be in X
such that for each , 8,41 > sup{w??/ ©.
Ds;» 1 < n(x) such that:

t €™ = w8 +1(0): 1 <n(x)} € AT,

j < 1}. Let g be an extension of all

and
ue A0 k<n(x). v | J{wh il <n).0#k} = @) S wh.

For example, we can set
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4(0) = ( ) w?@Uw-8& +1():1 <n(x),
I<n(*)
U APO Ul s +1(1) it e w"(*)}>.
I<n(x)
Then g < p and g I=*Y can not be a counterexample to (4-a),” a contradiction.
For (4-b), again assume for some p € Py, 7 € T, and ¥;,i < n(x), we have
p IF“t,(Y; : i < n(x)) are counterexample to (4-b).” For each i < n(x), let
X ={<k:p WS¢ Y;”) Then X € V and X # @ mod D. For any
8 € X, let p;s < p besuchthat p; 5 -6 € Y;.” Now proceed as in the proof of
Lemma 5.11, case 2, to shrink each X i* to some X », such that
(5) Xi2 # 9 mod D,
(6) (dom(p;s): 8 € X;,) form a A-system with root A;,
(7) 8,y € Xip.pis I A piy A,
(8) forall § € X;»,y € Xjo,dom(p;s) Ndom(p;,) = A, ;, for some fixed set
A,”j, and
(9) forall§ € Xin,y € Xj2,pis | Aijj || Pjy | Aije

Let8; € X;5,1 < n(x). Let g be an extension of all p; s5,,/ < n(x), such that

q(O):< U wP U{w 8§ +n:n<wl<n(*))}, U ,A,PS/}>'

I<n(*) I<n(x)
Theng < pand {w.6; +t(l) : | <n(x)} ¢ A, so
gl-ws +1(): 1 <n(x)} ¢ A

Soq I=“t,(Y; :i < n(x)) can not be counterexamples to (4-b),” a contradiction.

6 On C?%(k) v.s. C(k)

In this section, we consider the difference between the combinatorial principles
C* (k) and C(x), and prove the consistency of “C (k) holds but C5.(«) fails for all
nontrivial 7'.”

Lemma 6.1 Assume that:

(1) k= cf(k) > Ro;
2) § * C k is a stationary subset of k;
(3) C = (Cs : 5§ € S*) is such that:
(a) each Cg is a club of §, and
(b) for every club E of k, the set {§ € S* : sup(Cs \ E) = 6§} is not
stationary;
4 2 <n(x) <o.
Then there is A < [k]"™) such that:
(o) If S; € S* is stationary for | < n(x), then we can find oy, B; € Sj, for

I < n(x)suchthat ag < -+ < Qp)—1 < Po <+ < Bpy—1 and {og 1 1 <

n(x)} e A, {Br: 1l <n(x)} ¢ A
(B) If Y C « is unbounded, then for some unbounded subset Z C Y we have
[Z1"®) N A € {0, [Z]"™).
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Proof Let

A = {{Oto, A ,Otn(*)_l} lp(x)—1 € S*
and ! < n(x) — 1 = otp(ey N Ca,,,_,) is 0dd}.
Let’s show that # is as required:
() should be clear; let’s prove (8). So assume Y C « is unbounded. So there
is Z; C Y ofsizek suchthat Z; C S*or Z;NS* =0. If Z; N S* = @, then

obviously [Zl]"(*) N A = @ and we are done; so assume Z; C S*. Define the
sequence {o; : 1 < k), by induction oni < k, such that

(1) a; € Zy, 0 > supfor; 0 j < i}, and
(2) sup(Cy; N Uj<l- o) is minimal.
Let E = {8 <« :8 = sup, 5 ; is a limit ordinal} so that E is a club of k. Set
Wiy ={8€ ENS*:8 <sup(Cos NS} S S*.

Then Wj is a stationary subset of «, as otherwise we can find a club C € E which
is disjoint from W) and we get a contradiction with (3-b). It follows from Fodor’s
lemma that for some o™ < «k, the set

Wa = {8 € Wy :sup(Cyy NS) =™ < 8}
is stationary. Again by Fodor’s lemma, there exists 6* < « such that the set
W; = {8 € W, i sup(Cys Nt™) = 8*}
is stationary. Let Z = {as : § € W3}. Clearly Z is an unbounded subset of Y. We
show that [Z]"™ N 4 € {@,[Z]"™}. Thus suppose that [Z]"™ N A # @. Let
8o <-++ <8p)—1 € W3. Thenag, ,, , € S* and for/ < n(x) — 1 we have
0tp(Cay, ,, , Nog) =o0tp(Coy,  Na™) + otp((Caan(*)_1 \a®) Nag,)

=5 + otp((Can(*)i1 \ Sn()—1) N 0551)

=8 +1(as Cos, oy \ Sn)—1) Nag, = {a™}),
which is odd. So {ap, ..., dy)—-1} € %A, as required. O

Remark 6.2 We can replace (3-b) with («) & (8), where
(o) For every club E of k, there exists a club E; € E of «, such that for every
8 € 8*N E,, wehave § = sup{a < 6 : 0tp(Cs N ) is even} = sup{a < § :
otp(Cs Na) is odd}.
(B) There is no increasing continuous sequence {o; : i < k) of ordinals < « such
that Co,, ., 2 {azj : j < i} (note that this holds if sup{Cs : § € §*} < «).

Remark 6.3 We can force the existence of such an S* and C by forcing.

Theorem 6.4  Assume k = cf (k) > Ro, Vo < k(|a|¥0 < &), and let A C [k]"™)
be as in the conclusion of Lemma 6.1. Then for any nontrivial tree T C w="™), we
have VA = “Cr ) (k) + —CF (0 ().

Proof That Cj (%) («) fails in V@4 follows from Lemmas 5.11 and 6.1 (). Also,

H

Cr.n(x) (k) holds in V.4 by Lemmas 5.12 and 6.1(B). O

The following lemma can be proved similar to the proof of Lemma 6.1.
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Lemma 6.5  Let S* and C be as in Lemma 6.1, and assume any § € S* has
uncountable cofinality. Then there is A C [kK]=% such that:

(@) If n(%) < w and S; C S* is stationary for | < n(x), then we can find
ar, Br € Sy, forl < n(x)suchthatog < -+ < tye)—1 < Po < -+ < Br)—1
and{a; 11 <n(x)} € A, {B;: 1l <n(x)} & A.

(B) If Y C « is unbounded, then for some unbounded subset Z < Y we have
[Z]7? N A € {0,[Z]=%}.

Finally, we have the following, whose proof is the same as the proof of Theorem 6.4,
using Lemma 6.5, instead of Lemma 6.1.

Theorem 6.6  Assume k = cf(k) > Ro, Va < k(|a[¥0 < k), and let A C [k]<
be as in the conclusion of Lemma 6.5. Then V@A |=“C(k)+ For any nontrivial
treeT C w~“,=CJ(k).”

Notes

1. Suchani exists as U = supp(g ) is a countable set and c f(§) > Ro.

2. When working in a forcing extension, we use D to denote the filter generated by D in
that extension.

3. This is because, by our representation of by ;(;), we can imagine each by, ;(;) as a
Q | wg; -name.
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