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Assuming Godel’s axiom of constructibility V = L, we present a characterization of those groups K for
which there exist arbitrarily large groups H such that Aut(H) = K. In particular, we show that it suffices
to have one such group H such that the size of its center is bigger than 2/X1+%o,

0. Introduction

The representation problem from group theory asks:
Problem 0.1. For a given group K, is there a group H such that Aut(H) = K?

There are a lot of interesting research papers in this area. Here, we recall only a short list of them. The
study of automorphism groups of finite abelian groups started with Shoda [11]. Hallett and Hirsch [6]
and Corner [3] classified finite groups which are the automorphism group of some torsion-free group. For
infinite groups, Beaumont and Pierce [2] studied automorphism groups of torsion-free groups of rank
two. May [8] has more results on abelian automorphism groups of torsion-free groups of countable rank.

A related problem is the classical problem of establishing whether two algebraic structures are iso-
morphic when their automorphism groups are isomorphic. Thanks to [7], the answer is yes for abelian
p-groups, when p #2. Also, by the work of Corner and Goldsmith [4], the answer for reduced torsion-free
modules over the ring J, of p-adic integers, where p # 2, is affirmative. The question of whether two
abelian 2-groups are isomorphic when their automorphism groups are isomorphic is still an open problem.
For an excellent survey on these and related topics; see Fuchs [5].

Despite lots of work, the study of the automorphism group of groups is not documented very well, and
there is no universal solution to Problem 0.1. There are several examples of groups that can never be the
automorphism group of some abelian group, so that Problem 0.1 reduces to characterizing those groups
K that can be the automorphism group of another group.
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Throughout this paper, we work with arbitrary groups, so they are not required to be abelian. In order
to study Problem 0.1, we study the structure of the automorphism group and inner automorphisms of a
given group. It may be worth noting that Baer [1] studied the normal subgroup structure of Aut(H) for
infinite p-groups H. For more details on this and further achievements; see again the book of Fuchs [5].

We suggest a version of the problem:

Problem 0.2. Characterize the groups K such that for arbitrarily large cardinals A there is a group H of
cardinal A such that Aut(H) = K.

We approach Problem 0.2 as follows. Given groups K and H and a monomorphism F : K — Aut(H),
our aim is to find a group H' 2 H and an isomorphism F’: K — Aut(H’) in such a way that for each
k € K, F'(k) is an automorphism of H’ which extends F (k). Thus, we have to find H' in such a way
that, for each k € K, F (k) extends to an automorphism of H’, and such that if 2 € Aut(H) is not in the
range of F, then h cannot be extended to an automorphism of H'; furthermore, any automorphism of H’
must result from extending an automorphism of H. We show that, under some extra assumptions on our
initial setup, this is always possible.

Let us recall that the group H in general is not assumed to be abelian. So, we consider its center Z(H),
which leads to the following exact sequence:

0—— Z(H) H N 0

We also consider a map h*, which assigns to each b € N := H/Z(H) a preimage under %, but we do not
require it to be a homomorphism. We assume that N is a normal subgroup of K, and that it determines
the inner automorphisms of H in the sense that, for a € H, if we define a* as a* := F(h(a)), then
a*(x) =axa ' forall x e H,and N = F(N) = Inn(H) C Aut(H). Putting all these things together will
lead to the definition of a class Cy,y; of tuples

C = (KL'v NC7 HC’ hC7 h;kv FC)'

Our main purpose is to furnish ¢ with some additional structures. This leads us to defining various
versions of Cy,y, Which may serve as a framework for solving Problem 0.2. In Section 1, we point out the
right version to use. In fact, the most advanced versions of Cy,, which appears in this work is denoted by
C$ .. which consists of elements (¢, G). In particular, the nonexplained notion G consists of a family of
certain tuples g which assign some torsion-free abelian groups G,. For more details, we refer the reader

to see Definition 1.8(4). One version of our main conclusion is:

Theorem 3.6. Assume (¢, G) € Cgut, Hom(N,, Gg) =0 forall g € G, and F, : K, =5 Aut(H,). Let
A = cf(h) > 21l and suppose <>;.(S) holds for some S C SQ() which is stationary and nonreflecting. Then

there is m € C8,, such that the following hold:

a

(a) Hy 2 H, has size . and Hy, / H, is A-free.
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(b) If g € Aut(Hy,), then for some k € K. and f € Hom(N,, Z(H,,)), we have g = F,f, o g, where the
automorphism g y of Hy, is defined by

gr(x) = f(hm(x)) - x.

Here, SQO = {a < A | cf(a) = Rg}, and < (S) is the Jensen’s diamond; see Definition 3.5. Also, the
mysterious condition Hom(N,, Gg) = 0 is slightly stronger than the trivial dual condition Hom(N,, Z) =0;
see Remark 3.4(2). In fact, modulo the consistency of the existence of large cardinals, it is proved in [10]
that consistently X, may hold for A = R,,,.,,, where

(X5) If G # 0 is any A-free abelian group, then Hom(G, Z) # 0.

According to [9], Ky, fails for k¥ < w, and, by [10], &wa fails as well for all n < w. So, we expect that
Theorem 3.6 holds in ZFC for A < X, .,, but this result has to wait.

In Section 1, we give a systematic study of the representation framework C,,;. We start by defining
C:h ., the class of tuples (K, H, F) where F : K => Aut(H). We introduce seven other versions and

aut»
compare them, as a weak version of Cf . Their relation to each other is as follows:

c’ <cl <Cc* <C3 <Cct < <

aut — aut — aut — aut — aut — aut — aut?

with the convention that C!, < Céf{tl means C;f;l is constructed from C! . In Section 2, we present a
systematic study of explicit automorphisms in Aut(H). This includes g and its variations. In Section 3,
we prove Theorem 3.6 via presenting a connection between Problem 0.1 and the trivial dual conjecture,
which searches for the existence of almost free groups with trivial dual; see [9; 10]. Namely, we show that
if m € M, is auto-rigid, i.e., Fy, : K,, — Aut(H,,) is an isomorphism, and |H,,| > | K.|, then Hom(N,, Z)
is trivial, see Lemma 3.1. We then use Jensen’s diamond principle to complete the proof of Theorem 3.6.
This enables us to present the following solution to Problem 0.2:

Corollary 3.16. Assume Godel’s axiom of constructibility V = L, and let K be any group. Then the
following are equivalent:

(a) For every cardinal } = cf()) > 21KI%%0 there is a group H such that |H| = |Z(H)| = A and
Aut(H) =K.

(b) There is ¢ € C,, such that K. = K, Aut(H,) = K and |Z(H,)| > 2K+,

1. Finding the right framework

In this section, we introduce several classes of objects which will serve as a formal framework for realizing
a fixed group K as an automorphism group.

Notation 1.1. For a group K, by ex we mean the unit element. We denote the group operation by -, so
that for two elements k1, k; € K, their product is denoted by kj - k> or simply k1 k>. By k! we mean the
inverse of k € K. As usual, if K is abelian we use the additive notation (K, +, —, 0).

By a p-group, where p is a prime number, we mean an abelian p-group, i.e., a group G such that, for
all x € G, there exists some n > 0 with p"x = 0.



Sh:1049

254 MOHSEN ASGHARZADEH, MOHAMMAD GOLSHANI, DANIEL HERDEN AND SAHARON SHELAH

Notation 1.2. Let H be a group which is not necessarily abelian:
(1) By Z(H) we mean the center of H.

(2) Suppose a € H. This induces an inner automorphism a* € Inn(H) defined by a*(x) := axa™" for
all x € H. Thus Inn(H) = {a* |a € H} C Aut(H).

(3) The notation tor(H) stands for the full torsion subgroup of Z(H).

(4) A group G is pure in an abelian group H if G € H and nG =nH NG for every n € Z. The common
notation for this notion is G C, H.

We will pay respect to the fact that the center Z(G) of a group G is abelian by giving preference to
the additive notation on this specific subgroup of G.

Definition 1.3. Let C;[n be the class of all tuples ¢ = (K, H,, F,.) such that K., H, are groups and
F.: K. — Aut(H,) is an isomorphism. Let also ||¢|| := | K| + |H,]|.

Given a suitable group K, we are going to find when suitable arbitrarily large groups H exist such that
for some isomorphism F : K — Aut(H), the triple (K, H, F) isin C;;t. For this reason, we define several
new classes of objects, which in a sense weaken the above notion of C\, and will be better understood in

the sequel. The main object in the following definition is the class C2,.

Definition 1.4. (1) Let C be the class of all triples ¢ = (K., H, F.) such that

aut
(a) K., H, are groups, and
(b) F.: K, — Aut(H,) is a group embedding.
We set F‘f‘ := F.(k) fork € K. and N, := H./Z(H,).
(2) Let C,,, be the class of all tuples ¢ = (K., N, H, he, F¢, Qi) with (K., H., F,) € Cgut such that:
(a) N, is a normal subgroup of K.
(b) h¢: H. — N, is an epimorphism with Ker(h.) = Z(H,).
(c) If a € H,, then F,(h.(a)) = a* is the inner automorphism of H, defined by a*(x) = axa™' for
all x € H,, thus N, = F.(N.) = Inn(H,) C Aut(H,).
(d) Foralln >0,5 =(sq1,...,s,) €Z7", Qﬁ is an n-ary relation on K,.
(e) For s € 7", we have (by,...,b,) € Qﬁ if and only if ZZ:] schb‘ lzH,) =0.

(3) Let C2,, be the class of all tuples ¢ = (K, N¢, He, he, h%, Fe, Q) such that (K, Ne, He, he, Fe, Q5) €
C;ut and h} : No — H. is amap with heoh} = id.!
Definition 1.5. (1) Forc € C}, UC2, letreso(c) := (K, H, F.) € C,.

(2) For ¢ € C2,,, letres| (¢) := (K¢, Ne, He, he, Fe, Q%) € C},.. Tn other words, C2, € CL < C2,.

aut? aut*

1
aut

Notation 1.6. (1) The m-power torsion subgroup of G is
Tor,,(G) :={g € Z(G) | In > 0 such that m" g = 0}.

With the convenience that Tor,, (G) = @{Tor,(G) | p is a prime factor of m}.

(2) Let P denote the set of all prime numbers and let p € P. Recall that J, := 2p, the ring of p-adic
integers, is the completion of Z in the p-adic topology.

IS0, the map h assigns to each b € N¢ a preimage under A, but may not be a homomorphism.
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Definition 1.7. (1) Let £ € {0, 1, 2} and H be a group. We define Prime,(H) as the following subset of
the set of prime numbers:

(a) We say p € Prime (H) if and only if Tor, (H) # 0.
(b) We say p € Prime;(H) if and only if there is an embedding (J,, +) < Z(H).
(c) Primeg(H) := Prime; (H) U Prime, (H).

(2) We say H is P,-divisible, where P, is a set of prime numbers, if Z(H) is p-divisible, for all p ¢ P,.

Definition 1.8. (1) Let Csut be the class of all ¢ = (K¢, N¢, He, he, b, Fe, i, H}, P.) such that the
following properties hold:

(a) resa(c) := (K, N¢, He, he, b, Fe, Q%) € C2,.
(b) Z(H,) is reduced.
(c) HY € H, is a subgroup, H, = | J{Hx | x € Z(H,)}, and Z(H}) = Z(H,) N H}, hence H} is a
normal subgroup of H.,.
(d) P, := Primeg(H,), and we have:
(dy) If p € Prime (H,), then Tor,(H/}) # 0, and
(do) if p € Prime,(H,), then (J,, +) embeds into Z(H}).

(2) Let Cjut be the class of all tuples ¢ € Csut such that H,/H} = Z(H,)/Z(H[) is a torsion-free abelian
group which is P.-divisible.

(3) Let C3,, be the class of all tuples (c, g) such that ¢ € C2, and g := (G, Fé‘)keKc is defined by the
following:
(a) Gg is a reduced torsion-free abelian group.
(b) Fg‘z € Aut(Gg) such that for alln > 0,5 € Z" and (by, ..., b,) € (Ko)": if (by,...,b,) € Qﬁ,
then Y ,_, SgFé’e 6, =0.
(c) For all primes p, J, does not embed into G.
(4) Let €8, be the class of all tuples (¢, G) with ¢ € Cj,, such that:

(a) G is a nonempty set, and each member g € G is such that (¢, g) € C >

aut*

(b) If g € G and x € Gg, then glcl{x} € G, where cl{x} is the smallest pure subgroup of G,
containing x that is closed under all F/ é’f’s for k € K.

(c) If (c,g) € Cfut, g is embeddable into (Z(H,), Fck)ke[(c, and there is some x € Gg so that
g = gl cl{x}, then g is isomorphic to some member of G.

(5) Let [[(¢, DIl := K|+ [He| +Ro + X{ligll | g € G}

Lemma 1.9. The following assertions are valid:
(1) I.f (C, g) = (c7 (Gg7 Fg)kEKc) € C:ut’ then n = (c @ (Gg’ Fg)kGKc) € Cgup Where Z(Hn) =
Z(H.) ® Gg, and F,lf is the unique extension to an automorphism of H, extending Fck U Félf.

(2) Similarly, if (¢, G) € Coy, then n := (¢ ® P yeg(Gg, Fiiek,)) € Cay» where Z(Hy) = Z(H,)
@geg Gg, and F,I; is the unique extension to an automorphism of H,, extending Fck U Ugeg Fé‘.

(3) Ifd € Cly, then there is ¢ € C2 with resy(c) = d and |H}| < (|K.| + Ro)™.
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Proof. (1) It is enough to set F,’; (a,b) .= (F ck (a), F gf (b)). This fits in the following commutative diagram:

C C
H, —— Hy +—— Gy

k
C )

H, —— Hp +—— Gy,

and the desired claims follow easily.
(2)+(3) These are easy. Il

Definition 1.10. (1) Let j € {2, 3, 4,5, 6}. For any ¢ € C..,, let M, C C.,, be the class of all m € C,,
such that the following hold:

(a) Ky =K, and N, = N,.

(b) H, € H,, and h, C hy,.

(c) hy, =hy.

(d) Fck - F,’,‘l for all k € K. Let us depict things:

Fom R, Ft

Hy, Nm Hy, Hp
he hy Ff

H, N, H, H,

(e) 05, = Qs foralls e, 7"

(f) The group H,, is generated by the set Z(Hy,,) U H,.

(2) Z(He) = Z(Hw) N H..

(h) If j > 3 then P, =P, and H,;, = H}.

@) If j =5, then g, = g

() If j =6, then G, = G,.
(2) Letc e Cé{ut and m € M,.. We call m auto-rigid, if Im(F,,) = Aut(H,,).

Definition 1.11. Let j € {2, 3,4, 5, 6}. For c € szut let relation <, on M, be defined by m| <, m if and
only if Hp, € Hmy, hm, € hmy, and Fy C F forall k € K..

We have the following easy observations.
Remark 1.12. Let j € {2,3,4,5,6} and c € Cz{ut:
(1) The pair (M., <.) is a poset, ¢c € M, and ¢ <, m for all m € M,.
2) fmy,my e M, with m| <, my, then Z(Hp,) = Z(Hm,) N Hpy, .

(3) Suppose § is a limit ordinal and (m, | & < §) is a <.-increasing sequence from M,. Then there
exists m = | J,_s mo € M, which is the <,-least upper bound of the sequence (m | « < §).



Sh:1049

ON GROUPS WELL REPRESENTED AS AUTOMORPHISM GROUPS OF GROUPS 257

2. Some explicit automorphisms

Let j €{2,3,4,5,6},ce C/ . and take m M.. Also, let f € Hom(N,, Z(H,,)). In this section we

aut»
study the induced map g ¢ (x) and its variations. This map plays a crucial role in our main theorem.

Definition 2.1. Let j € {2,3,4,5,6},c € Cl,, and m € M,:
(1) Let Ay, be the set of all homomorphisms g € Aut(H,,) such that g[zy ) =1id and g(x) € x - Z(H,,)
for all x € H,,.
(2) Set Fi, :=Hom(N,, Z(Hy,)).
(3) Letx € Hy, and f € Fy,. The assignment x > xf (h,,(x)) defines a map gy : Hy, — Hp.

Proposition 2.2. We have A,, ={gy | f € Fm} forall c € CE{m andm € M,.

Proof. First suppose that f € F,,. We show that g is in A,,. Clearly, the map g/ is a homomorphism, as
f(hm(x)) € Z(H,,) and the equalities

gr(x)gr(y) = xf (hm (X)) yf (hm(¥)) = xyf (hm (X)) f (hin (y)) = xyf (him (xy)) = g ¢ (xy)

hold for all x, y € Hy,. Furthermore, for all x € Z(H,,), we have hy, (x) =ey,, thus g ¢ (x) =xf (hm(x)) =x,
and hence g¢ | z(y,) = id. Finally, we note that g is an automorphism. To show this, we claim that its
inverse is g_ r:

g f(&r)) =g s (xf hm () =gy ()& (f rm(X)) =8 (x) f (hn (X)) =5 (i (X)) " f (B (X)) =x.

Similarly, gr(g—r(x)) = x for all x € Hy,. This proves gr € A,,. To see the reverse inclusion, we
assume g € A,,. We must show that g = g, for some f € F,. Define the map f : N — Z(Hp)
by f(a) := x1g(x), where a = h;,(x). But, this may depend to the choice of x. To show this is a
well-defined map, assume that A, (y) = a for any y € H,,, and we need to check f(a) = y~! g(y). Indeed,
[Am(x) = hy(y)] implies that xy~! € Ker(h,,) = Z(H,,). Thus, in view of Definition 2.1(1) we observe
that g(xy~!) = xy~!. In other words, x 'g(x) = y~'g(y), i.e., the map f is well-define. In order to
show f is a morphism, let a, b € N, and choose x, y € H, so that h,,(x) = a and h,,(y) = b. Then
hm(xy) =ab, x"'g(x) € Z(H,,) and also

flaby=@ygy) =y x7g) g0 =x7"g() yTIg () = fl@) f ().
Consequently, f € F,. Clearly, g = gr. The proof is now complete. U

Notation 2.3. The notation Xz := X, ,, 5 5 - stands for the following hypotheses:

(1) ce Cgut for some j € {2,3,4,5,6} and m € M,.

2)s=C(s1,...,8,) €2 and5=(b1,...,b,,) € (K.)" for some n > 0.
(3) m € End(N,).
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Definition 2.4. Letd := (¢, m, s, b, ) and assume X .
(0) We define h, :=hjom.
(1) Let Af,;f;ﬂ be the set of all homomorphisms g € End(H,,) such that

n

8z =Fy" =Y st(Filzm,). and gx) € hy (hm(x))  Z(Hp)
=1

for all x € Hy,.
(2) Let F3:“_ be the set of all functions f : N. — Z(H,,) such that for all a, b € N, we have f(a) f(b) =

5,b

Y m,m

FSP@y - (")~ - f(ab), where t',t" € Z(H,) C Z(H,,) are uniquely determined by t'h¥(ab) =
hi(@)hi(b), and t"h}} (ab) = h}} (@)h}, (b).

(3) For any f € ]—',2,[’” let gi’@ (x) : Hy — Hp, be the map defined by the assignment x — F,%l;(t) .
fhm(x))- h/g':n (hm(x)) for all x € H,,, where t € Z(H,,) is uniquely determined by x = th}; (hp(x)).
Proposition 2.5. Ford := (¢, m.5, b, ) let Ry. Then A, = (g" | f € Fib).

Proof. First, assume f € ]:,S;I’f;n. We shall prove that gi’@ € Af;;l}n. Let x1, x» € H,, and choose t; € Z(H,,)
for i € {1, 2} such that x; = t;h}(h,(x;)). We observe that h,,(x;) € N, and in view of Definition 2.4(2),
there are t’, t” € Z(H,) such that

(2-1) hg(hm (X)) g (b (x2)) = t'hy (hm (x1X2)),

(2-2) b (R )Ry (M (02)) = 1B (i (x1X2))

(2-3) S (hm (x1)) f (hm (x2)) = Frf[l;(t/)(t//)_lf(hm(XIXZ))-
(2-4) X152 28 1 1o (i (x1%2)).

Keeping in mind that
(2-5) Rang(F5P) + Rang(f) € Z(Hy)

We deduce the following identities

gf,bf (x1 )gf_,’,@- (x2)
= F5P () f (i oD RS (B (61))- Fig? (02) f (i (x2)) L% (i (x2))  Definition 2.4(3)
= Fy (11) Fyy? (02)- f (han (60)) f (i (22)) 13 (o )V (i (22)) (2-5)
= F5P (1) F5P (@) (@)™ f (i (1262)) 1R (i (x162)) (2-3)
= F5P () Fy (t112)-(t") 7' f G (102))h Y (i (6132) (2-5)
= F32 (' 112) f (hn (1 x2)) L% (i (x162))
= gf,’f} (x1x2). (2-4) and Definition 2.4(3)
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This shows that gi’f} is a homomorphism. Next, observe that for any x € H,,, we have h}(hy,(x)) =
et Mg (hm(hy(hm(x)))) and

(2-6) & W () = Fi et,) - f o (Wi (0))) - 1 i (B (g (1))
= f G QO (i ().
Let us plugging x := th}(hp,(x)). This implies that
&85 (Wi (h () = 857 (h (0))) = 57,(0) = Fi?(0) f (I (i ()
DEP ()85 (W (i (x))).

Consequently, gi”if (t)=F, b (t). Letting ¢ range over all of Z(H,,), we have gi”i (1) = F,fl'l; (¢) for all

S

t € Z(H,,). This proves g 7€ Af_,;f’n. For the reverse inclusion, assume g € Af,;{’n. We must show

that g = gi”l} for some f € ]—",S;;f’n. To this end, we define a map f : N, — Z(H,,) as follows. For any
a € N, set f(a) := g(hj(a))h’c"jn (a)~'. With Definition 2.4(1) we have f(a) € Z(Hy). Leta, b € N,
and t’, 1" € Z(H,) be chosen as in Definition 2.4(2). We then have

f@ fb)=ghi@)h) (@) ghi b)) (b)Y = g(hi(a)g(hi b)) (b)Y h) (@)~
= g(h (@hiB) (M) (@hy, (b)) = g(t'hi(ab))(t"h}} , (ab))™
=g(t"g(hi(ab)) -} (ab) ' (") =gt - g(hi(ab)h} , (ab) ™!
= FSP @)@y~ f(ab).

Thanks to the definition, f € ffn’ﬁr follows. Next, let x € H,, and t € Z(H,) be chosen as in
Definition 2.4(3). We then have

g(0) = g(th:(hm(x)) = (g (s (hm () = Fi? (1) - gy (hm O (h (X)) ™" - i (i (X))
= Fy (0) f (hm(2)) - B (i (%)) = g37 (),
which shows g = g;l} This ends the proof. U
Proposition 2.6. The following assertions are valid:

(1) Let f € Hom(H,,, Z(Hy)) with Im(f) C Ker(f), and take x € Hy,. The assignment x +— g]lc(x) =
x - f(x) defines an automorphism g} : H, — Hy,.

(2) Assume Ky holds with g € AP . Then h € A" if and only if h(x) = g(x) - f(x) for all x € Hp,
and for some f € Hom(Hy,, Z(H,,)) with Z(H,,) C Ker(f).

Proof. (1) The map g} is a homomorphism as f(x) € Z(H,,) and

gr0gr(y) =xf@)yf(y) =xyf () f(y) = xyf (xy) = g} (xy)
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holds for all x,y € Hy. Since Im(f) C Ker(f) we have f(f(—)) = ep,. Furthermore, g} is an
automorphism with inverse g' ,:

grel ;) =grxf ) ) =xf @) O SFET) =xf )T f )T
=xfO) T f@FFET) =xf ) f()en, = x.
Similarly, glf (g}'(x)) = x for all x € H,,.

(2) This is easy as well. O

b

We close this section by presenting situations for which Afn i

is nonempty.

Definition 2.7. An abelian group G is called R;-free if every subgroup of G of cardinality < Ky, i.e.,
every countable subgroup, is free. More generally, an abelian group G is called A-free if every subgroup
of G of cardinality < A is free.

Remark 2.8. Letd := (¢, m, s, b, ), assume Xy, and let m, m, € M, be such that m; <, m,. Then
the following assertions hold:

(1) fi,g CJT_'E,B

my,7r =Y my,m*

(2) Let f € ]-",f;f;ﬂ be given and define the following groups:
(@) 1) := (', F¥b(¢') | 1 = h¥(ay)hi(a)h (ayaz) ™" for some ay, ay € Ne)z(m,)-
(b) L= (L, Im(f)) € Z(Hp,).
Also, let ¢ € Hom(Iy, Z(Hpu,)) be such that ¢ | I; = id. Then g o f € Fi:b

my,mw*
(3) If 50 £, then A0 £ 0.

my,m my, 7
(4) Suppose A‘f,;fﬂ # @ and let Z(Hp,)/Z(Hmp,) be an (R -|N|")-free abelian group. Then Af',;[iﬂ #* .

Proof. (1) This follows from Definition 2.4(2) and Remark 1.12(2).

(2) We just need to check Definition 2.4(2), keeping in mind that F,‘f;l;(t’) = Fc‘”;(t’) and Ff’g(t’), t"el.

(3) This is a consequence of (1) and Proposition 2.5.

(4) Let f € F5b . Then

(Z(Hm,), Im(f))/Z(Hm)| < Ro - [Ne| < ®p-[Ne| "

Thus (Z(Hp,), Im(f))/Z(Hn,) is a free abelian group, and we define ¢ to be the projection onto the
direct summand Z(Hy,) € (Z(Hm,), Im(f)). We have o f € FSbwith (2), and even go f € Fob

myp,w m,,w

as Im(¢) € Z(H,y,). This implies that A%? = & In view of Proposition 2.5 Af,’,}l’ﬂ # . O

m\,w

3. The structure of large auto-rigid representations

In this section we present the proof of Theorem 3.6 and Corollary 3.16. The next lemma gives conditions
under which Hom(N,, Z) is trivial.

Lemma 3.1. Let j €{2,3,4,5,6}. Letc € Ca{ut, and suppose that there is some auto-rigid m € M, with

\m|| > |c|l, or just | Z(Hp)| > |K.|. Then Hom(N,, Z) = 0.
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Proof. Suppose for the sake of contradiction that there is a nonzero f, € Hom(N,, Z). For each
x € Z(Hy), the assignment a — fy(a) := x/+(@ defines a map f, € Hom(N,, Z(Hy,)). It then follows
that by Proposition 2.6, the map g, : H,, — H,, defined by g7, (1) =1 - f;(hm(?)) is in Aut(H,,). Now, by
the auto-rigidity, we have K. = Im(F,,) = Aut(H,,), hence |K.| = |Aut(Hp)| > | Z(Hp)| = |Hm| > | K|,
which is impossible. This contradiction shows that Hom(N,, Z) is trivial, which gives the desired
conclusion. O

Definition 3.2. Suppose G is an abelian group and k = (G, (Fé | k € K.)) is an expansion of G, where
each Ff is an automorphism of G. Let ¢ € C},, and m € M,

(1) We say k is c-correct if foralln <, § € Z" and b € (K)" with b € Q5 holds >_)_, F5 =0€End(G).

(2) If k is c-correct, we definen =m ® k € M, so that Z(H,) = Z(Hp,) ® G, and F,’,‘ is the unique
extension of FX UF, g to an automorphism of H,.

5
aut

(3) Suppose (¢, g) e C; . andm € M,.

(a) We say m is free over (c, g), if we can find (f; |§ < ¢) such that Z(H,,) = EBg<; fe(Gg)®Z(H,),
where f; : (Gg, (Fé‘)keKt) > (Hg, (FX)rek,) is an embedding. We assume that the embedding
respects structures, which means f; Fy = Fy, fz.

(b) We say m is A-free over ¢, if for any subgroup G’ of Z(H,,)/Z(H,) of size < A, there ism’ € M.,
m’ <, m which is free over ¢ such that G’ C H,,.

(c) We say m is strongly L-free over ¢, if free wins the following game for which a play lasts w
moves: in the n-th move, nonfree chooses X, € [H,,]=*, free chooses &, < A and (fnelé <
&,), where each f, s : G, — Z(H,,) is an embedding, and ngn,g<§n fme(Gg) + Z(Hp) =
@m5n§<§n fine(Gg) ® Z(H,), and it includes X,,. The free player wins if he always has a
legal move.

(4) Similarly, if (¢, G) € Cgut and m € M., we say m is strongly A-free over (¢, G), if free wins the
following game for which a play lasts @ moves: in the n-th move, nonfree chooses X, € [Hy]<",
free chooses §, < A and (f, ¢ | § < &,), where each f, ¢ : g, — Z(Hy) is an embedding,
and D, s ¢, fme(8me) + Z(Hm) = D,y s <t, fint (8m,e) ® Z(Hp) for some g, ¢ € G, and it

includes X,,. The player free wins if he always has a legal move.

Lemma 3.3. Suppose (c, g) € C>  Hom(N,, Gg) =0, and m is |N|*-free over (c, g). Then

aut?

Hom(N,, Z(H;,)) € Hom(N,, H,).

Proof. Let f € Hom(N,, Z(H,,)). Suppose for the sake of contradiction that f ¢ Hom(N,., H.). This
means that Im(f) ¢ H,. In other words, the following compositions map

Fi=N.-Ls Z(Hp) = Hpw —> Hyp/H,

is nonzero and Im(f_) C Hp/H, is of size at most | N.|. Thus, by our assumption, we can find (f: [§ < ¢)
such that f; : G, — Z(H,) is an embedding and Im(f) - @éq _fé (Gg). Hence, for some & < ¢, the
natural projection g :_69$<§ f:(Gg) — fe(Gy) satisfies that ¢ o f € Hom(N, f:(Gg)) is nonzero. We
proved that f: omz o f : N — Gg is nonzero, a contradiction. O
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Remark 3.4. The above proof shows that:

(1) Suppose (c, g) € C> . m is A-free over (c, g), and Gg is A-free. Then H,,/H, is A-free.

aut?

(2) Let (c,9) € Cgut. Then Hom(N,, Gg) = 0 for some g € G if and only if Hom(N,, Z) = 0.
Definition 3.5. Suppose A > Ry is regular and S C X is stationary:

(1) Jensen’s diamond <>, (S) asserts the existence of a sequence (S, | @ € ) such that for every X C A
the set {o € S | X N = S, } is stationary.

(2) We use the following consequence of <>, (S): let A=, _, Ay and B=|],_, B, be two A-filtrations.
Then there are {gy | Ay — By | @ < A} such that, for any function g: A — B, the set{a € S| g[4, = 8a}

is stationary in A.
(3) S is nonreflecting if for any limit ordinal § < A of uncountably cofinality, the set SN 4§ is nonstationary
in §.
(4) We set S = {a < A | cf(@) = Ro}.
Recall that g 7 (x) := x - f(h,(x)). The following is the main result of this section:
Theorem 3.6. Let (¢, G) € C8,, A = cf(A) > 21l and assume that:
(1) Hom(N,, Gg) =0forall g € G, and F, : K. — Aut(H,.) is an isomorphism.

2) SC Séo is stationary nonreflecting such that <, (S) holds.
Then there is some m € CS, N M, of size A such that the following holds:

(@) m is A-free over c.
(B) Hom(N¢, Z(Hp)) € Hom(N,, H,).
(y) If g € Aut(Hy,), then for some k € K, and f € Hom(N,, Z(H,;)), we have g = F,’;, ogf.

Proof. Without loss of generality, G consists of pairwise disjoint elements. Let g := (g, | @ € S) be
such that g, : @ — « and it is a diamond sequence for S, in the sense that for each g : A — A, the set
{d € S| g | a=g,}is stationary in A. Without loss of generality, we assume in addition that the set
of elements of H, is an ordinal, which, by our assumption, is < A. For y < A, we define the set A,
consisting of sequences m = (my, | « < y) of length y and a set Up(m) C y such that:

(*%)1 (a) my € M, has universe an ordinal less than A.
(b) mg =rc.
(c) my is free over c, in particular, H,,, /H, is free.
(d) The sequence (m, | @ < y) is increasing and continuous at limit ordinals, i.e., my = _J p<a MB>
for all limit ordinals o < y.
(e) If B<aand B ¢ S, then m, is free over mg.
(f) Up(m) C y is defined by § € Uy(m) if and only if:

(f;) 6 € S, the set of elements of H,,;, is §, and g5 € Aut(H,,;).
(f2) gs # (F,’,’,a og¢) IH,,, forany b € K. and f € Hom(N,, Z(H,)).



Sh:1049

ON GROUPS WELL REPRESENTED AS AUTOMORPHISM GROUPS OF GROUPS 263

(g) fa=pB+1, where 8 € y \ Up(m), then Hy,, is defined such that

Z(Hp,) = Z(Hny) ® P fug(Gy),
geg

where f, , embeds (Gg, (Fé,’)beKc) into (Hy,, (F,f’,a)beKc), so that Lemma 1.9(2) holds.
(h) If « = B+ 1, and B € Up(m), then for any n < w and g € G we have the embeddings
fﬂgﬂ : Gg — Hy,,, such that:
(1) Hp,/Hm, = B(f5,(Gg)/Hm, | g €G).
(ho) n!f, () = f§,(0) € Hn, C Hp, for any y € Gy.
(h3) the following diagram commutes:

Tin
0 —— Gy =, Hp,

k k
FgT TFma
8

fﬂ.n

0 —— Gg —— Hp,

(i) Suppose Fcb ogf= ch for some b,d € K, and f € Hom(N,, Z(H,)). Then F,’,’la ogf= F,fla,
where gr(x) =x - f(hm(x)).

(*)2 Supposem € A,,. Let U(m) C y be the setof all § € SNy such that there are n:= (ny | < 1), x, h, B

such that:
(a) n € Ay, setalsony, =J,_; na, so that n, € M, and its universe is A.
b)ynld=m]Jéd.

(c) h € Aut(H,y,).
(d) h |8 # (F2 ogg) | Hyy, forany b € K and f € Hom(N,, Z(H,)).
(e) x > 2" isregular so that iz, h, (¢, G) € H#(x).
®) B<((x),€), IB| <i,and BNA=3.
(g) n,h,(c,G)eBand h | § = gs.
We shall prove the theorem in a sequence of claims; see Claims 3.7-3.13.

Claim 3.7. Suppose y < A is an ordinal. Then the following assertions hold.:

(@) If y is a limit ordinal, my € Ay for a <y, and (mg | o < y) is <-increasing, then m, = Ua<y my €
A, and it end extends all my’s, a < y.
(b) Ifme A, and y' €y, 1), then there is it € A+ such that m < n.

Proof. (a) It is enough to show that m,, is free over m.. To this end, let C be a club of y which is disjoint
to S, which exists as S is nonreflecting. By clause (x);(c), m, is free over ¢, for all & in C, and by clause
(*¥)1(e), my, is free over mg, for all B <« in C. So clearly m,, is free over m..

(b) We prove something stronger in the following. For y < A we define €2, as the class of all m € A,
such that:

()3 fa=8+1<y and § € U(m), then g; is unextendable, which means if m [ o« + 1 <. n € Ag with
B € [y, A, then g5 cannot be extended to an automorphism of Hj.

(x)4 It is enough to prove that 2, # &.
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In order to argue these, suppose €2, is nonempty and drive the theorem. To this end, we take m € €2, and
let m =, _, my. We show that m is as required. It is clear that m € M, and ||m|| = A. Furthermore,
any subgroup of Hy,/H, of size less than A is included in some H,,, /H,, for some o < A and H,,,/H, is
free, hence m € M, is A-free over c. Since Hom(N,, Gg) is trivial for all g € G, by Lemma 3.3, clause
(B) of the theorem holds. Here, we show the clause (y) of the theorem holds as well. If b € K, and
f € Hom(N,, Z(H,,)), then F,’,’, is an automorphism of H,,, and by Proposition 2.2, g € Aut(H,,). By
combining these, we deduce that g = F,f, o gy is an automorphism. Now, let g € Aut(H,,). We claim that g
is of the form g = F,Z ogy,forsome b € K. and f € Hom(N,, Z(Hy)). Suppose not, so in particular, for
all b € K. and for all f e Hom(N,, Z(H,,)), we have: g #~ Fnblogf. As Hom(N,, Z(H,,)) CHom(N,, H,),
we have | K| + [Hom(N,, Z(Hp))| < |K.| + [Hom(N,, H,)| < 2!l < A, so we can find some o, < A
such that for all ¢ > «,, and all b, f as above, g | m, # (F,f’,(y ogy) [ my. Choose x large enough
regular and let B = (B, | @ < A) be an increasing and continuous sequence of elementary submodels
of (#(x), €) such that for each a < A, B, has cardinality <A, m, ¢, g € B, and (B, | y <) € Byy1.
Set C := {6 > a, | ms has universe § and Bs N A = §}. Then C is a club of A, hence by the choice of the
sequence (gs | € S),theset S'={ € CNS|g|8=gs}is stationary. Let § € S’. We conclude that
gs cannot be extended to an isomorphism of H,,. But, this is a contradiction, because g 2 g5 is such an
extension. O

In order to prove that 2, # @ we define

Ut(m) = {8 € U(m) |thereis iy suchthatm [ § <,ni € As11 andif ny <. n € Ag with g € [y, A],
then gs cannot be extended to an automorphism of Hj }

We now prove the following, which in particular, implies that 2, # &, for all y < A.
(*)s There exists m of length A such that, forally <A, m [y € Q,.

To this end, we define m = (mg | § < 1) € A, by defining m¢ by induction on &. The only nontrivial
caseiswhen £ =6+ 1 <A and § € U(m | §€). Thus suppose that we are given & and § as above and m | §
is defined. We have to define mg. Form € As, « < <8 and g € G, let T be the family of all embedding
f: & < Z(Hm,) where mg is A-free over my, f(Gg) N H; =0 and (f(Gg) + H)/H; S« Hm,/H,'
Now, we define:

(@) Jo'¥:=1{f | f embeds g into Z(Hy,)}.

®) FE=(f1feT)
Here, by an embedding of g into Z(Hp,) we mean an embedding from the structure g = (Gg, F, ;f)ke K.
into the structure (Z(Hm,), F,’,‘,ﬁ)ke k.- To continue the proof, we split the argument into several subcases.
Indeed, we may assume that clause (x)(f1) holds and 6 € U (m [ §), as otherwise, we do nothing and let
mz = mgs. We are going to furnish any g € G with three versions of activities with respect to § € U (m [ §).
First of all, we say g € G is 1-active with respect to (§, m | §), when there are n, x, h, B witnessing

8 € U(m | §) such that for some nonzero x € Gy, for arbitrarily large o < §, there are B € (o, §) \ S and
ms,g .
f €8y p " such that:

(1) h(f(x)) ¢ Z(Hpm,) +Im(f).
(2) Z(Hm,) NIm(f) =0.
(3) h maps Hyp, (resp. Hm,) into Hy,, (resp. Hp,).
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Claim 3.8. If g is 1-active with respect to (§, m | §), and § = § + 1, then for some mg, m [ £ +1 € Agyg
and 8 e Ut (m [ € +1).

Proof. As cf(8) = Ry, there is an increasing sequence (a,? | n < w) € 5 with limit 8. Letn, x,h, B
witness 6 € U(m [ §) and let x € G, be as guaranteed by definition of 1-activity. Choose (a, B, fn) by
induction on n so that:

M) @ a, €@, 8)\S,and B, <a, < B, form <n.
(b) If n =m + 1 then Im(f;,) € Z(Hpm,,)-
©) (g,x,au, Bu, fn) :=(g,x,a, B, f), where (g, x,«, B, f) is taken from the definition of 1-
activity.
We are going to define 1) € As42 and f," such that:

(H* @ m [+ 1) =m[@S+1).

(b) f, embeds g = (Gg, (Fp)kek,) into (Huy,,,» (Ff,, ), kek.)-

(c) If y € Gg then f,  (y) — £, () = —n!fu(y).
Let Z(H(m)a)A denote the Z-adic completion of Z(Hy),). Note that in Z (H(m)S)A, £, is defined as
o) =Y o m!fu(y). Set& =Y, _ n!, and define y,, y, € Z(H(,,,)(S)Aby Yn = fH(x) and y, =
yn +Efo(x). Recall that 4 [ § = g5 extends to an automorphism gs over Z(Hm),). We show that either

£5(30) & (Z(Hm,) U{ym | m < w}) or §s(30) ¢ (Z(Hm,) U{Im | m < @}), and then we choose zo € {yo, Jo}
such that g5(z0) & (Z(Hm;) U {Zm | m < w}) and set

Z(H(n1)5+1) = (Z(ng) U {Zm | m < Cl)}) - Z(H(m)g)

This easily gives us n; € As4o, and it will be as required. Let us depict things:

c c ~
Z(Hms) — Z(H("1)5+1) E— Z(H(m)a)

A

c c ~
Z(Hmy) — Z(Hny)s.y) — Z(Hm),)

So, suppose by way of contradiction that gs(yo) € (Z(Hm,) U {ym | m < o}) and gs (o) € (Z(Hm,) U
{ym | m < w}), and we search for a contradiction. As gs(yo) € (Z(Hm,) U {ym | m < w}). There
are z € Z(Hy;), n < w and {¢; € Z};-, such that gs(yo) € Z(Hy,) + > _,_, Liyi. It is easily seen that
Y oicnlivi € Z(Huy) + (Q -, Li)yn. Set £ :=) . _ £;. Hence gs(yo) = Ly, +z where z € Z(H,,). By
definition,

g5(¥0) = &5 (yo +&f0(x)) = Ly, +z+ &85 (fo(x)).

In other words, g5 (30) — (¥, +2) = £(gs fo(x) — £fo(x)). We now recall that
(Z(Hmy) U{Ym | m < 0}) NE(Z(Hpy) U {Ym | m < 0}) =0.

Finally, due to our assumption, gs(¥0) € (Z(Hm,;) U {Im | m < w}), thus we have g5 fo(x) — £fo(x) =0,
but this is absurd by the choice of fj. O

For § e U(m | §), we say g € G is 2-active with respect to (5§, m | §), when there are n, x, h, B

witnessing 8 € U (m | §) such that there are nonzero x € Gg, @ < Bin 8\ S, f1, f2 € 30{';"/[38@, and y; # y»
in G4 such that:
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(@ h(fe(x)) € Z(Hm,) + fe(ye), for £ =1, 2.
(b) h maps Hy, (resp. Hp,) into Hp, (resp. Hpy).

Claim 3.9. If g is 2-active with respect to (5, m | §), and § =5+ 1, then for some mg, m | (§+1) € Ag g
and 8 e U (m | (€ +1)).

Proof. Let a B, f1, f2, y1, y2 be as above. For each o’ with B < &’ < §, we can find 8’ € («/, §) \ S and
fr € Sa ¢ such that Z(Hm,,) NIm(f3) =0 and h(f3(x)) = f3(y3) for some y3 € G,. Then for some
Lefl, 2} y3 # ye. Let us suppose w1thout loss of generality that y3 # y;. Define f : Gg — Z(Hm, ) as
f@) = fi(2) — f3(z). Then f € 3 5% is such that h(f (x)) ¢ Z(Hpm,,) +1m(f), Z(Hm, )ﬂlm(f)

and h maps H,, , and Hy, 5 into themselves It follows that g is 1-active with respect to (8, m [ 8), and
&€ =6+ 1, and we are done by Claim 3.8. U

For § e U(m | §), we say g € G is 3-active with respect to (§, m | §), when there are n, x, h, B
witnessing ¢ 8 e U(m [ §) and there exist (y, x, 2) € Gy X Gg X Z(Hp,) withx, 2z #0, ¢ <46, B €[, )\ S
and f € S £ such that h(f(x)=z+ f(y). Also h maps Hy,,, (resp. Hp,) into Hpy, (resp. Hpy).

Claim 3.10. Ifg is 3-active with respect to (8, m | 8), and & =5+ 1, then for some mg, m | (§+1) € Ag g
and§ e Ut (m | (§+1)).

Proof. According to Claim 3.9 it is enough to show that g is 2-active with respect to (5, m [ §). Let
n, x,h, B witness § € U(m | §), and fix y, x,z,¢ < B and f as in definition of 3-activity. Thanks
to the 3-activity assumption, we have h(f(x)) = z + f(y). First we claim that y # 0. Otherwise,
h(f(x)) =z € Z(Hy,). Following the choice of h, we have f(x) € Z(Hp,). ButIm(f) N Z(Hp,) =0,
hence f(x) =0 which implies x = 0, and this contradicts the assumption x # 0. Consequently, y # 0.
Now, we set f; := f, fo:=2f, y1 :=y and y; :=2y. Since y # 0, y; # y,. This witness g is 2-active
with respect to (8, m [ §), as claimed. O

We say 6 € U (m | §) is nice if there is no g € G which is £-active with respect to (§, m [ §), for some
tell,?2,3}.

Claim 3.11. Let 5 € U(m [ 5) be mce Then there is a sequence h = (hg | g € G) such that for o < § large
enough, and for any f € U{Sa & | B €la, )}, the following implication is valid:

x € Gg = g5(f (X)) = f(hg(x)).

Proof. Let g € G and x € Gg. Since g is not 1-active with respect to (8, m [ §), and followmg its definition,
we can find some o < § such that gs(f(x)) € Z(Hp,) +1Im(f) forall f e U{S £ ela,d)}). Hence
there is some z € Z(H,,,) and y € G, so that gs(f(x)) =z + f(y). Recall that g is not 3-active. This
forces z = 0. Applying this in the previous formula, gives us gs(f(x)) = f(y). Since both of g5 and f
are injective, y is uniquely determined via 4 and g, so let y = hg(x). Then hy is as required. O

Let a, < § be such that Claim 3.11 holds for all & > «.
Claim 3.12. If§ € U(m | §) is nice, then:
(a) Foralla < and f € U{Szg’g | B €la,8)}, we have gs(f(x)) = f(hg(x)) for x € Gg.

(b) Let g € G and f an embedding from (Gg, Fé‘)keKc into (Z(Hm;), F, )keKc and let x € Gg. Then there
is a sequence (k;,s; | i <n) withk; € K, and s; € Z\ {0} such that gg(f(x)) Z:’ 1 Si Fms(f(x)) €
Z(Hp,,).
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Proof. (a) Suppose not. Let @ < § and f; € 3?’[;3"" be a counterexample, where 8 > «, a,. Thus for
some x € Gg, we have gs(f1(x)) # fi1(hg(x)). We may further assume that o, > o (as Claim 3.11 works
for any ordinal in (a*, 8) as well). Let f, € 3 F%g be such that Z(Hy,, ) NIm(f2) = 0. It turns out that
f=A+fre S’a ﬂ , thus by Claim 3.11, g5(f(x)) = f(hg(x)). This means that

gs(f1(x)) + g5 (f2(x)) = fi1(hg(x)) + f2(hg(x)).
Hence as g5(f2(x)) = f2(hg(x)), we have gs(f1(x)) = f1(hg(x)), a contradiction.
(b) This is true as gs(f (x)) € (Z(Hpm,,) U {F,’;,a(f(x)) |k € K.}). O

Claim 3.13. Let 6 € U(m [ §) be nice. Then there is a sequence (b}, s; | i < n) where b} € K. and
s* € Z\ {0} such that for all g € G, and any embedding f : (Gg, Féf)ke[(c — (Z(Hmpy), F,I,‘”)keKc we have

b
X € Gy = g5(f(X) = Y _ 5] Fuy (f (%)) € Z(H,)-
i<n
Proof. Fix g, € Gg and x, € Gg. Due to Claim 3.12(b) applied to g, [Cl{ x,)» We can find a sequence (b, s;" |
i <n) as there. Let g € G and suppose f is an embedding from (Gg, F;f)keKc into (Z(Hpy), Ft/;zg)kEKc
and x € Gg. By replacing g by g[.,), we may assume that Gg = cl{x} is one-generated (see
Definition 1.8(4)(b)). Let ¢ : cl{x.} — cl{x} be such that ¢(x,) = x, and set f = f o¢. Note

that ¢ is an embedding from the structure (Gg* et F. ;‘* )ke K, into (G . F )kE k, and f is an
embedding from the structure (Gg, ;| lxe)® )kE K. 1nto (Z (Hmy), I, )ke K, and x € G,. Following
our assumption, it implies that gs( f(z.)) — 27 15 ‘ i (f(22)) € Z(Hip, .)- Recall that f, f and ¢ are

embeddings that respect the structures. So,
b¥ =~ ~ b b¥ b¥ b*
Fuy(FG) = F(Fg G = F@(F, @) = f(Fg, ()= Fg (F()).

But note that F ’ (f(x)) = F (f(x)) hence

G (F ) =Y 5T Fy (00 = 85(F (@) = Y57 iy (F(2)) € Z(Hm,),
i=l1 i=l
as claimed. Ol

Now, we proceed the proof of Theorem 3.6. Let us derive the desired presentation in the above nice case.
Recall that each element of Z(Hy,) is of the form f(x) for some f € 8';' 98 and x € Gg, and also recall
that h. : H. — N, is an epimorphism with Ker(h.) = Z(H,). These yleld an automorphlsm T € Aut(N,)
via the assignment /. ( f (x)) > hc(gs(f(x))). In view of Claim 3 13 we set FY Zf 1 s*Fk Thanks
to clause (1) from our assumption, for some k € K, one has F, K S, = Fc’ . By the way we extended
the functions, F,’,‘,(S = F,f:;"‘*, and following its definition, we have 7w (h.(f(x))) = hc(F,’,‘,(S (f(x))) for all
f and x as above. Let g; := (F,",‘,E)_1 o gs, and recall that g; TZ(H,,,&) =1id and g (t) € t - Z(Hy,) for all
t € Hy,. According to Proposition 2.2, there is some f € Hom(N¢, Z(Hp,)) so that g; = gr. Due to
clause (1) of the theorem and in the light of Lemma 3.3 we observe that f € Hom(N,, Z(H,)). It follows
that h [ § = g5 = F,l,’lls ogl = F;l;zs o g7. This is a contradiction to (%)2(d + g). In sum, we have proved
that 2, # &, completing the proof of in the nice case. Recall from clause (x)4 that this completes the
proof of the theorem. 0
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Lemma 3.14. Assume ¢ € C gut is such that |H,| > 2Kt Then we can extend ¢ to some (¢, G) € C gut.

Proof. 1t suffices to define G. First, we say g is one-generated, provided there is some x € Z(H,) so that
Gg/(H} N Z(H,)) is the smallest pure subgroup of Z(H,.)/(H; N Z(H,.)) to which x belongs and that is
closed under Fé"s for k € K.. Let G consist of all g such that:

(1) g =(Gg, (Fj)iek,), where G, € Z(H,).

(2) Gy is a torsion-free subgroup such that G, N H = 0.
(3) g is one-generated.

(4) |Ggl = K| + Ro.

(x); Denoting the isomorphic structures equivalence relation with =, we have:
(a) |G/ =| < 2K+,
(b) If G # @, then (¢, G) € CS,,.

(c) If g € G, then Hom(N,, G4) = 0.
()2 Assume |H,| > 2/Kel#%0 Then G # @.

Indeed, first, we note that | Z(H,)| > 2/l From this, we can find a sequence (xy | o < 2/Kel+%0) of
distinct elements of Z(H,) \ H}. For each «, let G, be minimal such that:

@ {xa) U(HF NZ(Ho) € G,
(b) G, is closed under the action of Fck ,fork € K,

(¢) Go/(H} N Z(H,)) is a pure subgroup of Z(H.)/(H} N Z(H,)),
(@) |Gal = K|+ Ro.

For each « let (xq4,¢ | £ < |Gg|) enumerate G, so that the elements of H} N Z(H,) are enumerated first.
Then for some o < B < 21K we have |G,| = |Gg| and {(xa,¢, Xp.¢0) | £ < |Gy} is an isomorphism
from G, onto Gg which is identity on H; N Z(H,) and commutes under Fck , for all k € K.. In order
to define g, we set Gg = {xq,¢ — xg,¢ | £ < |G|} and define Fé‘ = FL{‘ [Gg. It turns out that g € G. The
lemma follows. O

Corollary 3.15. Assume Gadel’s axiom of constructibility V. = L, and let K be a group. Then the
following are equivalent:

(a) For every cardinal A > 2K+ g5 in Theorem 3.6, there is a group H such that |H| = |Z(H)| = A
and Aut(H) = K.

(b) There is some ¢ € C;rn such that K, = K, Aut(H,) = K and |Z(H,)| > 2K+,

+
aut

Proof. (a) = (b) This is clear, as we can define ¢ € C
F : K = Aut(H) is an isomorphism.

(b) = (a) Letc € C,t, be such that K, = K and | H,| > 2/K1*%0_ Let also A > 2!K1#%0 be as in Theorem 3.6.
We combine Lemma 1.9(3) along with Lemma 3.14, and extend ¢ to some (¢, G) € C fm. We are going
to show that Hom(N,, Z) = 0. Indeed, this follows from the fact that the ¢ we construct is auto-rigid

and the center of H, has size bigger than the size of K. Thanks to Lemma 3.1, with m = ¢, we see

by ¢ = (K¢, H,, F.) = (K, H, F), where
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Hom(N,, Z) = 0. In fact, following the previous proof, Hom(N,, Gg) =0, for all g € G. Theorem 3.6
gives us an m so that | H,,| = A and

Aut(Hy) = {Ftog; |k € K., f € Hom(N,, Z(Hn))}.

We note that for any b, f as above, (F,Z 0g )|, € Aut(H,), hence for some d € K, we have (F,’,’l gy, =
Fd. Then Fbog; = F4. Thus Aut(Hy) C {FK | k € K.} € Aut(Hy,), so Aut(Hy) = K, =K. O

Similarly, we can prove the following.

Corollary 3.16. Assume Gaodel’s axiom of constructibility V. = L, and let K be a group. Then the
following are equivalent:

(@) For every A > 21K1¥%0 g in Theorem 3.6, there is a group H of cardinality ) such that Aut(H) = K,

and for some H, C Z(H) of cardinality <A, Z(H)/H, is a A-free abelian group.
(b) Thereis ¢ € C;;t such that K. = K, Aut(H,) = K and |Z(H,)| > 2/K4%_ and there is g € G such
that Gg is an abelian group.

Corollary 3.17. Assume Gadel’s axiom of constructibility V = L, and let K be an abelian group such
that F : K => Aut(H) for some abelian group H and some isomorphism F. Then for every cardinal
A > 21K+ there is an abelian group Hy, of size A and some F), such that:

(1) Fy: K => Aut(H)).
(2) Forevery k € K, F) (k) is an automorphism of H,, such that (F, (k) [ H) = F (k) € Aut(H).
Proof. Define ¢ € Cch by ¢ = (K, H, F). Since H is abelian, N, = 0. This shows the hypotheses of

aut
Theorem 3.6 are satisfied. The result follows immediately. (]

Note that the above results give a negative answer to the natural question of whether the automorphism
group of a group H can determine the group H.
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