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Abstract. Let λ > κ, θ be cardinals, with λ and κ regular. We say that the

triple (λ, κ, θ) has a Super Black Box when the following holds.

For some stationary S ⊆ {δ < λ : cf(δ) = κ} and C = 〈Cδ : δ ∈ S〉, where

Cδ is a club of δ of order type κ, for every coloring F = 〈Fδ : δ ∈ S〉 with

Fδ : Cδλ→ θ, there exists 〈cδ : δ ∈ S〉 ∈ Sθ such that for every f : λ→ θ, for

stationarily many δ ∈ S, we have Fδ(f � Cδ) = cδ.
In an earlier work, it was proved (along with much more) that for a class

of cardinals λ this holds for many pairs (κ, θ). E.g. κ < ℵω is large enough,

and iω(θ) < λ. However, the most interesting cases (at least with regards to
Abelian groups) are κ = ℵ0,ℵ1.

Here we restrict ourselves to the case where F is a so-called continuous
coloring, which includes the case where Fδ just codes f � Cδ for some f ∈ λθ.
We mainly prove results without any other caveats: e.g.
• For every regular κ and θ there exists a λ.

§ 0. Introduction

We continue [She05] and [She08], while [She20] presents another direction we
could pursue. Compared to [She05], we restrict the coloring (to the so-called con-
tinuous colorings) but the restrictions on κ are greatly weakened.

Recalling the BB Trichotomy Theorem from [She13b, 1.22=Lh.7], Case (B) there
will be expanded upon in §2 here, and §3 will examine cases (C) and (A). Hopefully
we shall apply this elsewhere.

For the Trivial Dual Conjecture on abelian groups, see [She20] and [She07].

Convention 0.1. p will be as in Definition 1.1(1).
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2 S. SHELAH

§ 1. The framework

We will open with definitions and basic results from [She05] and expand on them,
concentrating on the main case that was presented in that paper.

Definition 1.1. Assume λ > κ are regular cardinals, and let χ ≤ λ. Let

S ⊆ {δ < λ : cf(δ) = κ}
be a stationary subset of λ.

1) We say p =
〈
(Cδ, C

′
δ) : δ ∈ S

〉
is a (λ, κ, χ)-BB-parameter when

(A) Cδ ⊆ δ with sup(Cδ) = δ and |Cδ| < χ (or just otp(Cδ) ≤ χ).

(B) C ′δ ⊆ δ, sup(C ′δ) = δ, and otp(C ′δ) = κ. (We do not require that Cδ or C ′δ
be closed in δ.)

(C) For all α < λ, the set{
Cδ ∩ α \ sup(C ′δ ∩ α) : δ ∈ S, C ′δ 3 α

}
has cardinality < λ.

1A) We say p is good when in addition,

(C)+ For all α < λ the set1
{

(Cδ ∩ α,C ′δ ∩ α) : δ ∈ S, C ′δ 3 α
}

has cardinality
< λ.

1B) We say that p does D-guess clubs, where D is a filter on λ, when for every club
E ⊆ λ,

{δ ∈ S : C ′δ ⊆ E} ∈ D+.

1C) For p as above,

(a) 〈βδ,i : i < κ〉 will list the elements of C ′δ in increasing order.

(b) βδ,<i = β(δ,< i) ..=
⋃
j<i

(βδ,j + 1).

1D) We will write λp, κp, βp
δ,i, etc. whenever there are multiple BB∗-parameters

under discussion, or the identity of p is otherwise unclear from context.

1E) If (∀δ ∈ S)[Cδ = C ′δ], then we may write p = 〈Cδ : δ ∈ S〉. We may omit χ
when χ ..= min{θ : δ ∈ S ⇒ otp(Cδ) ≤ θ}.

2) We say that F = 〈Fδ : δ ∈ S〉 is a (p,Υ, θ)-coloring if θ ≥ 2, Υ ≥ 2, and
Fδ : CδΥ→ θ.

3) Let F be as above, and D be a filter on λ. (The default choice will be the club
filter.)

We say c̄ ∈ Sθ (or ∈ λθ) is a p-D-F -BB-sequence if for every η ∈ λΥ the set
{δ ∈ S : Fδ(η � Cδ) = cδ} is a member of D+ (and in the default case, a stationary
subset of λ).

4) We may omit p if both C and C
′

are clear from the context.

5) We say C = 〈Cδ : δ ∈ S〉 is (λ, κ)-good when

1 Cδ ∩ α will suffice.
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(A) S is a stationary subset of {δ < λ : cf(δ) = κ} and a member of Ǐκ[λ].

(B) Cδ ⊆ δ = sup(Cδ)

(C) otp(Cδ) = κ

(D) For every β < λ the set {Cδ ∩ β : β ∈ Cδ, δ ∈ S} has cardinality < λ.

Claim 1.2. Assume λ > κ are regular cardinals and χ ∈ [κ, λ].

1) If S is a stationary subset of Sλκ
..= {δ < λ : cf(δ) = κ} then there exists a

(λ, κ, χ)-BB-parameter p with Sp = S.

1A) If χ = λ then we may set Cp,δ
..= δ for all δ ∈ S.

2) If S is a stationary subset of Sλκ and a member of Ǐκ[λ], then we may also add
“p is good.”

3) If λ > κ+ then there exists a good (λ, κ, χ)-BB∗-parameter.

Proof. Easy.

E.g. for part (1), use [She93, §2]. Part (3) follows by [She91, 4.4]. �1.2

Definition 1.3. Let κ ≤ µ.

1) We define Uκ(µ) to be

min
{
|U| : U ⊆ [µ]κ, (∀v ∈ [µ]κ)(∃u ∈ U)

[
|u ∩ v| = κ

]}
.

2) Let U′κ(µ) mean

min
{
|F| : F ⊆ κµ and (∀g ∈ κµ)(∃f ∈ F)(∃κi < κ)

[
f(i) = g(i)

]}
.

3) If J is an ideal on κ then we let

UJ(µ) ..= min
{
|F| : F ⊆ κµ and (∀g ∈ κµ)(∃f ∈ F)

[
{i < κ : f(i) = g(i)} ∈ J+

]}
.

Obviously,

Observation 1.4. 1) If µ ≥ 2κ then Uκ(µ) = U′κ(µ).

2) If µ = µκ (or just α < µ⇒ |α|κ ≤ µ) and cf(µ) 6= κ, then Uκ(µ) = U′κ(µ) = µ.

Definition 1.5. 1) When we write Sep(χ, µ, ∂, θ,Υ), we mean that there exists
f̄ = 〈fε : ε < χ〉 such that:

(A) fε : µ∂ → θ

(B) For every % ∈ χθ, the set Sol% ..=
{
ν ∈ µ∂ : (∀ε < χ)

[
fε(ν) 6= %(ε)

]}
has

cardinality < Υ.

2) We write Sep(µ, θ) to mean that Sep(µ, µ, θ, θ,Υ) holds for some Υ = cf(Υ) ≤ 2µ.

2A) Sep(<µ, θ) will mean that Sep(σ, µ, θ, θ,Υ) holds for some Υ = cf(Υ) ≤ 2µ

and σ < µ.

3) If ∂ ..= θ, we may omit it.

4) We may write Sep1 instead of Sep, to distinguish it from Sep2 in 1.7.
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4 S. SHELAH

Quoting [She05, 1.11=Ld.7], Sep(µ, θ) holds for many values of µ and θ:

Claim 1.6. If at least one of the following holds, then we have Sep(µ, θ):

(a) µ = µθ

(b) Uθ(µ) = µ ≥ 2θ

(c) We have U[σ]<θ (µ) = µ for some σ ≥ θ with σθ ≤ µ.

(d) θ = cf(θ) < µ, and µ is strong limit of cofinality 6= θ.

(e) µ ≥ iω(θ).

We introduce the following relative of Sep = Sep1 which will be used in this work.

Definition 1.7. 1) When we write Sep2(χ, µ, ∂, θ, κ), we mean that there exists a
sequence f̄ = 〈fε,i : ε < χ, i < κ〉 such that the following hold.

(A) fε,i : µ∂ → θ

(B) If Pi ⊆ µ∂ has cardinality < ∂µ (for i < κ), then we can find a sequence
%̄ = 〈%i : i < κ〉 such that:
(a) %i ∈ µθ

(b) If ν̄ = 〈νi : i < κ〉 ∈
∏
i<κ

Pi then there exist ε < µ and u ∈ [κ]κ such

that
i ∈ u⇒ fε,i(νi) = %i(ε).

2) Sep2(µ, θ, κ) will mean Sep2(µ, µ, θ, θ, κ).

Recalling Definition 1.1,

Definition 1.8. 1) We say that p has the (D,Υ, θ)-F -BB-property when there
exists a p-D-F -BB-sequence, where:

(A) p is a (λ, κ, χ)-BB-parameter.

(B) D is a filter on λ.

(C) F is a (p,Υ, θ)-coloring.

2) We say that p has the (D,Υ, θ)-BB-property when it has (D,Υ, θ)-F -BB-property
for every (p,Υ, θ)-coloring F .

3) If D is the club filter on λ, we may omit it.

We now quote the main claim of the previous paper – [She05, 1.10=Ld.6] – but we
will not use it here.

Claim 1.9. Assume

(a) λ ..= cf(2µ)

(b) D is a µ+-complete filter on λ extending the club filter.

(c) κ = cf(κ) < χ ≤ λ
(d) p =

〈
(Cδ, C

′
δ) : δ ∈ S

〉
is a good (λ, κ, χ)-BB-parameter, where S ∈ D.

(e) 2<χ ≤ 2µ and θ ≤ µ.

(f) α < 2µ ⇒ trpκ(|α|) < 2µ (By this we mean that every tree with |α|-many
nodes and κ levels has < 2µ-many κ-branches.)

(g) Sep1(µ, θ).
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Then p has the (D, 2µ, θ)-BB-property. (Note that this means that possibly θ > 2;
i.e. we have more than two colors.)

Remark 1.10. 1) If µ is strong limit singular, κ + θ < µ, and λ ..= cf(2µ), then
the only assumption which does not follow is clause (f), which does hold for many
regular κ < µ by [She00]. (For more, see [She06].)

Our aim here is to cover more cases of κ, and construct relatives of this property
which are easier to use and have more applications.

2) By [She93, §1], there are are many S as required: still, S ∈ Ǐκ[λ].

3) ‘Good p’ is a restriction on us, as the result covers fewer S-s.

4) But we would like to have parallel results using Sep2. (This will be done in §2.)

Claim 1.11. Assume κ is regular and µ > θ = θ<κ. If at least one of the following
holds then we have Sep2(µ, θ, κ).

(a) κ 6= cf(µ), α < µ⇒ |α|κ < µ, and Sep1(µ, θ).

(b) U′κ(µ) = µ ≥ iω(θ + κ)

(c) U′κ(µ) = µ and Sep1(µ, θ).

(d) We have U[σ]<θ (µ) = µ for some σ ≥ θ with σθ ≤ µ.

Proof. Case (a):

Let f̄◦ = 〈f◦ε : ε < µ〉 witness Sep1(µ, θ) (hence f◦ε is a function from µθ to θ).
Let

F ..= {ν ∈ κµ : rang(ν) is a bounded subset of µ}.
Recalling Definition 1.5(2), let Υ be a regular cardinal ≤ 2µ such that
Sep1(µ, µ, θ, θ,Υ) holds.

By the assumption ‘α < µ⇒ |α|κ < µ,’ clearly |F| = µ. Let 〈νε : ε < µ〉 list the
members of F , and we shall define

~1 f̄ = 〈fε,i : ε < µ, i < κ〉, where fε,i ..= fνε(i).

It will suffice to prove that f̄ witnesses Sep2(µ, θ, κ). So let Pi ⊆ µθ be of
cardinality < 2µ = θµ for i < κ, and we need to construct %̄ as in 1.7(1)(B).

Fix i < κ, so by 1.5(1)(B), for every ρ ∈ µθ the set

Solρ ..=
{
ν ∈ µθ : (∀ε < χ)

[
f◦ε (ν) 6= ρ(ε)

]}
has cardinality < Υ. As |Pi| < 2µ and Υ = cf(Υ) ≤ 2µ, the set Λi ..=

⋃
ν∈Pi

Solν

has cardinality < 2µ, so we can choose %i ∈ µθ \ Λi.

It will suffice to prove that 〈%i : i < κ〉 is as promised. So let ν̄ = 〈νi : i < κ〉 ∈∏
i<κ

Pi, and we have to find ξ < µ and u ∈ [κ]κ as promised in 1.7(1)(B)(b).

For each i < κ, by our choice of %i we know %i /∈ Solνi . This means that there is
εi < µ such that

f◦εi(νi) = %i(εi).

As cf(µ) 6= cf(κ), there exists ζ < µ such that the set u ..= {i < κ : εi < ζ} has
cardinality κ (and even order type κ). Let ν ∈ κζ list u in increasing order, and let
ξ < µ be such that ν = νξ. Clearly ξ is as required.
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6 S. SHELAH

Case (b): Assume Uκ(µ) = µ ≥ χ ..= iω(θ + κ).

By Case (e) of 1.6 this implies Sep1(µ, θ) so we can apply case (a). Let F ⊆ κµ
be of cardinality µ witnessing U′κ(µ) = µ.

The rest should be clear.

Case (c): Like Case (b).

Case (d): [End of Line] �1.11
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§ 2. The Black Box property

Definition 2.1. 1) We say F = 〈Fδ,i : δ ∈ S, i < κ〉 is a continuous (p,Υ, θ)-
coloring when (S = Sp and)

(A) Fδ,i : Cδ,iθ → θ for δ ∈ S and i < κ, where Cδ,i ..= Cδ ∩ βδ,i+1 \ βδ,<i.
(B) For β < λ, the set Fβ ..= {Fδ,i : δ ∈ S, i < κ, βδ,i = β} has cardinality

< λ. (Note that Fδ,i depends only on Cδ,i.)

1A) For F , Υ, and θ as above, we say c̄ = 〈cδ,i : δ ∈ S, i < κ〉 ∈ S×κθ is a

p-D-F -BB1-sequence when for every η ∈ λΥ the set{
δ ∈ S : (∃κi < κ)[Fδ,i(η � Cδ,i) = cδ,i]

}
is a member of D+ (and in the default case, a stationary subset of λ).

1B) For F (and Υ, θ) as above, we say c̄ ∈ S×κθ is a p-D-F -BB2-sequence when
for every η ∈ λΥ the set{

δ ∈ S : (∀i < κ)[Fδ,i(η � Cδ,i) = cδ,i]
}

is a member of D+.

This is the default case; if we write ‘BB-sequence’ we mean BB2.

2) We say that γ, δ ∈ S are p-similar when:

• otp(Cγ) = otp(Cδ) (Recall otp(C ′γ) = otp(C ′δ) = κ.)

• If α1 ∈ C ′γ , α2 ∈ C ′δ, and otp(C ′γ ∩ α1) = otp(C ′δ ∩ α2), then

otp(Cγ ∩ α1) = otp(Cδ ∩ α2).

3) We say F = 〈Fδ : δ ∈ S〉 is a uniform (p,Υ, θ)-coloring when the implication
‘(A) ⇒ (B)’ holds, where:

(A) (a) δ1 and δ2 are p-similar.

(b) f` : Cδ` → θ for ` = 1, 2.

(c) If γ` ∈ Cδ` for ` = 1, 2, then

otp(γ1 ∩ Cδ1) = otp(γ2 ∩ Cδ2)⇒ f1(γ1) = f2(γ2).

(B) Fδ1(f1) = Fδ2(f2).

4) ‘〈Fδ,i : δ ∈ S, i < κ〉 is uniformly continuous’ is defined similarly, but we replace
(3)(B) with the demand

(B)′ i < κ⇒ Fδ1,i(f1 � Cδ1,i) = Fδ2,i(f2 � Cδ2,i).

5) When we write σ-uniform instead of uniform, this means that in clause (3)(A)(a)
we replace ‘p-similar’ by ‘E-equivalent’ for some equivalence relation E with ≤ σ
equivalence classes satisfying

γ E δ ⇒ [γ is p-similar to δ].

Remark 2.2. 1) On the one hand, we can choose Cδ ..= δ (in which case λ = χ and
Cδ,i = [βδ,<i, βδ,i]). On the other hand, we may choose Cδ ..= C ′δ; in this case each
Cδ,i+1 is a singleton {βδ,i}.

In both cases

β < λ⇒
∣∣{Cδ,i : δ ∈ S, i < κ, βδ,i = β}

∣∣ < λ.
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8 S. SHELAH

This will be used in clause (∗)4(d) in the proof of 2.4.

2) Uniformity (defined in 2.1(3)-(5)) is only used in 2.14.

Definition 2.3. For ι = 1, 2, we say that p has the continuous (D,Υ, θ)-BBι-
property when it has the (D,Υ, θ)-F -BBι-property (see 2.1(1A)) for every contin-
uous (p,Υ, θ)-coloring F .

By this, we mean that the implication ‘(A) ⇒ (B)’ holds, where:

(A) (a) p is a (λ, κ, χ)-BB-parameter.

(b) D is a filter on λ.

(c) F is a continuous (p,Υ, θ)-coloring.

(B) There exists a p-D-F -BBι-sequence.

Again, if D is the club filter on λ plus Sp, then we may omit it.

The next claim is related to 1.9, modified to fit this new definition. (Note that this
is in some sense a stronger result: in addition to demanding continuity, we omit
demand 1.9(f). Also, if λ = λ<λ (hence λ = 2µ) then we may choose χ ..= λ.)

Lemma 2.4. We have ‘(A)⇒ (B)’, where

(A) (a) λ ..= cf(2µ)

(b) D is a µ+-complete filter on λ extending the club filter.

(c) κ = cf(κ) < χ ≤ λ
(d) p =

〈
(Cδ, C

′
δ) : δ ∈ S

〉
is a (λ, κ, χ)-BB-parameter, where S ∈ D.

(e) θ<χ ≤ 2µ and θ ≤ µ.

(f) Sep2(µ, θ, κ).

(B) p has the continuous (D, 2µ, θ)-BB1-property.

Proof. (∗)1 Let F be a continuous (p, 2µ, θ)-coloring.

Recall that assumption (f) means that we have Sep2(µ, µ, θ, θ, κ) (see Definition
1.7(2)).

Hence,

(∗)2 Let f = 〈fξ,i : ξ < µ, i < κ〉 exemplify Sep2(µ, θ, κ).

Let h : λ→ 2µ be increasing and continuous (hence injective), with unbounded
range, such that α < λ ⇒ µ

∣∣h(α). (If 2µ is regular, then we may choose h to be
the function α 7→ µ · α, recalling λ ..= cf(2µ) in assumption (A)(a)).

(∗)3 (a) Let cd : µ(2µ)→ 2µ be a bijection satisfying

cd(〈αε : ε < µ〉) ≥ sup{αε : ε < µ}.

(b) For each ε < µ, let cdε : 2µ → 2µ be defined such that the following
diagram commutes:
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SUPER BLACK BOXES REVISITED 1268 9

µ(2µ) 2µ

2µ

cd

cdε
πε

where πε is the function which sends 〈αζ : ζ < µ〉 7→ αε.

Now let us introduce some notation.

(∗)4 (a) Let C ′ ..=
⋃
C
′

=
⋃
δ∈S

C ′δ.

(b) Let Cβ ..= {Cδ,i : δ ∈ S, i < κ, βδ,i = β} for β ∈ C ′.
(c) Let C ..=

⋃
β∈C′

Cβ .

Note that β < λ⇒ |Cβ | < λ ≤ 2µ by 1.1(1)(C).

(∗)5 (a) Let Tα ..=
⋃

C∈Cα

C(2µ). (Note that C ∈ Cα ⇒ |C| < χ by 1.1(1)(A).)

(b) T ..=
⋃

α∈C′
Tα

(c) For δ < λ, let T<δ ..=
⋃
{Tα : α ∈ C ′, α < δ}.

(∗)6 For β < γ < λ and u ∈ Cβ , let

Pβ,γ,u
..= uh(γ) ∩ Tβ ∩ {ηε : ε < h(γ)}.

(∗)7 (a) For δ ∈ S and i < κ, let β ..= βδ,i and define

Pδ,i
..=
⋃{

Pβ,γ,u : u ∈ Cβ and γ ∈ C ′δ \ β
}
.

(b) For δ ∈ S, we define

Pδ
..=
{
η ∈ Cδθ : i < κ⇒ η � Cδ,i ∈Pδ,i

}
(recalling 2.1(1)(A)).

Now,

(∗)8 δ ∈ S ∧ i < κ⇒ |Pδ,i| ≤ h(δ) < 2µ

[Why? Because Pδ,i ⊆
{
ηε : (∃γ < δ)[ε < h(γ)]

}
=
{
ηε : ε < h(δ)

}
.]

(∗)9 For each η ∈Pδ,i and ε < µ, we define νη,ε ∈ Cδ,ih(δ) as the function which
sends α 7→ cdε(η(α)).

[Recall (∗)5(d) and our choice of h (between (∗)2 and (∗)3).]

(∗)10 For each η ∈Pδ,i, obviously ρη ..= 〈Fδ,i(νη,ε) : ε < µ〉 ∈ µθ.

(∗)11 Clearly Rδ,i ..= {ρη : η ∈ Pδ,i} ⊆ µθ is of cardinality ≤ |Pδ,i| (which, as
said above, is ≤ |h(δ)| < 2µ).

Now, as we are assuming Sep2(µ, θ, κ) in clause (A)(f), recalling 1.7(1)(B)(b),

(∗)12 For δ ∈ S, there exist 〈%∗δ,i : i < κ〉 such that:

(a) %∗δ,i ∈ µθ
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10 S. SHELAH

(b) If ρ̄ = 〈ρi : i < κ〉 ∈
∏
i<κ

Rδ,i then for some ε < µ we have{
i < κ : fε,i(%

∗
δ,i) = νδ,i(ε)

}
∈ [κ]κ.

Let ε < µ. Recall that %∗δ,i ∈ µθ for δ ∈ S. Hence we can consider the sequence

c̄ε = 〈fε,i(%∗δ,i) : δ ∈ S, i < κ〉 ∈ S×κθ as a candidate for being a p-D-F -BB1-
sequence. If one of them is, we are done. So:

(∗)15 Assume towards contradiction that for each ε < µ there is a sequence
ηε ∈ λ(2µ) that exemplifies the failure of c̄ε to be a p-D-F -BB1-sequence.

So for each ε < µ there is a Eε ∈ D such that:

(∗)16 If δ ∈ S ∩ Eε then
∣∣{i < κ : Fδ,i(ηε � Cδ,i) = fε,i(%

∗
δ,i)
}∣∣ < κ.

Define η∗ ∈ λ(2µ) by η∗(α) ..= cd(〈ηε(α) : ε < µ〉). Now as λ is regular uncount-
able and β < λ⇒ |Cβ | < λ, it follows by choice of h that

E ..=
{
δ < λ : (∀α < δ)

[
η∗(α) < h(δ)

]
and

γ ∈ S ∧ i < κ ∧ βγ,i < δ ⇒ η∗ � Cγ,i ∈ T<δ
}

is a club of λ. (See the choice of T and T<δ.)

By clause (A)(b) in the assumption of our claim, the filter D includes the clubs
of λ, so clearly E ∈ D. Also, D is µ+-complete hence E∗ ..=

⋂
ε<µ

Eε ∩E belongs to

D.

Recalling S ∈ D+, we can choose δ ∈ E∗ ∩ S and fix it for the rest of the proof.
Clearly

η∗δ,i
..= η∗ � Cδ,i ∈Pδ,i

for each i < κ; just check the definitions of Pδ,i, E, and E∗.

Fix ε < µ for the next two paragraphs (until the end of (∗)17). Now recall that
νη∗δ,i,ε is the function from Cδ,i to h(δ) defined by

νη∗δ,i,ε(α) = cdε(η
∗(α)).

But by our choice of η∗, clearly α ∈ Cδ ⇒ cdε(η
∗(α)) = ηε(α), so

i < κ ∧ α ∈ Cδ,i ⇒ νη∗δ,i,ε(α) = ηε(α), so νη∗δ,i,ε = ηε � Cδ,i.

Hence Fε(νη∗δ,i,ε) = Fε(ηε � Cδ,i). As δ ∈ E∗ ⊆ Eε, clearly∣∣{i < κ : Fε,i(ηε � Cδ,i) = fε,i(%
∗
δ,i)
}∣∣ < κ,

and as η∗δ,i ∈ Pδ,i ⊆ µθ (recalling (∗)10) clearly ρη∗δ,i ∈
µθ is well defined. Now

easily ρη∗δ,i(ε) = Fε(νη∗δ,i,ε) by the definition of ρη∗δ,i , so we have

(∗)17
{
i < κ : ρη∗δ,i(ε) = fε,i(%

∗
δ,i)
}
∈ [κ]<κ.

As this holds for every ε < µ, it follows by (∗)11 that 〈ρδ,i : i < κ〉 ∈
∏
i<κ

Rδ,i,

and so by the choice of 〈%∗δ,i : i < κ〉 and (∗)12(b) there exists ε < µ such that

(∗)18
{
i < κ : Fε,i(ηε � Cδ,i) = fε,i(%

∗
δ,i)
}
∈ [κ]κ.

Now (∗)17+(∗)18 give a contradiction, so by (∗)15 we are done. �2.4
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Definition 2.5. 0) For p a (λ, µ, κ)-BB-parameter let C•δ,i = C•p,δ,i
..= Cδ ∩ βδ,i.

1) We say F = 〈Fδ,i : δ ∈ S, i < κ〉 is a continuous [p,Υ, θ]-coloring when (S = Sp

and)

(A) Fδ,i : C
•
δ,iΥ→ θ for δ ∈ S and i < κ.

(B) For β < λ, the set Fβ ..= {Fδ,i : δ ∈ S, i < κ, βδ,i = β} has cardinality
< λ.

1A) For F as in 2.1(1), we say c̄ ∈ S×κθ is a p-D-F -BB3-sequence if for every
η ∈ λΥ the set {

δ ∈ S : (∃κi < κ)[Fδ,i(η � C
•
δ,i) = cδ,i]

}
is a member of D+.

1B) For F as above, we say c̄ ∈ S×κθ is a p-D-F -BB4-sequence if for every η ∈ λΥ
the set {

δ ∈ S : (∀ < κ)[Fδ,i(η � C
•
δ,i) = cδ,i]

}
is a member of D+.

2) For ι = 3, 4, we say that p has the continuous (D,Υ, θ)-BBι-property when it
has the (D,Υ, θ)-F -BBι-property for every continuous [p,Υ, θ]-coloring F .

We might like an analogue of Lemma 2.4, to replace BB1 by BB3. (That is,

replace Fδ,i : Cδ,i(2µ)→ θ by Fδ,i : C
•
δ,i(2µ)→ θ.)

Lemma 2.6. Let p be a (λ, µ, κ)-BB-parameter. We have ‘(A)⇒ (B),’ where

(A) As in 2.4, but we add
(g) For every β < λ, the set

{C•δ,i : δ ∈ S, i < κ, βδ,i = β}

has cardinality2 < λ.

(B) p has the continuous (D, 2µ, θ)-BB3-property.

Proof. Like the proof of 2.4, replacing Cδ,i by C•δ,i. �2.6

As an alternative to replacing Cδ,i by C•δ,i, we may instead place additional
demands on p.

Claim 2.7. Let p be a (λ, µ, κ)-BB-parameter.

1) We have ‘(A)⇒ (B),’ where

(A) As in 2.4 (giving us the BB1-property), but we add
(g) θ = θ<κ

(h) p is good.

(B) p has the continuous (D, 2µ, θ)-BB3-property.

2) For ι = 1, 2, we have ‘(A)⇒ (B),’ where

2 Note that this clause implies the analogous statement for Cδ,i, as for each β < λ we have∣∣{Cδ,i : δ ∈ S, i < κ, βδ,i = β}
∣∣ ≤ ∣∣{C•

δ,i : δ ∈ S, i < κ, βδ,i = β}
∣∣ · |β|.
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12 S. SHELAH

(A) (a) θ = θ<κ

(b) There exists a good (λ, µ, κ)-BB-parameter p′ with the continuous
(D, 2µ, θ)-BBι-property such that (Sp′ , Cp′) = (Sp, Cp).

(B) p has the continuous (D, 2µ, θ)-BBι+2-property.

Proof. 1) Follows by 2.4 and 2.6.

2) First note

The existence of p′ is not used anywhere in this proof.

(∗)0 If E is a club of λ then we can replace p by p � (Sp∩E) without consequence.

We define p∗ = 〈Cp∗,δ, C
′
p∗,δ

: δ ∈ Sp∗〉 as follows. First, let us write up(α) ..=∑
β<α

β. Now,

(∗)1 (a) Sp∗
..= {up(δ) : δ ∈ Sp} (so Sp∗4Sp is not stationary).

(b) Cp∗,δ
..=
{

up(α) + γ : α ∈ C ′p,δ, γ ∈ Cp,δ ∩ α
}

(c) C ′p∗,δ
..=
{

up(α) : α ∈ C ′p,δ
}

(∗)2 p∗ satisfies all the demands in 2.4(A)(d).

[Why? To show p∗ is a (λ, κ, χ)-BB-parameter, we have to check Definition 1.1(1).

Clause (A): Let δ∗ ∈ Sp∗ , so for some δ ∈ S we have δ∗ = up(δ). Hence obviously
Cp∗,δ∗ ⊆ δ∗, and easily sup(Cp∗,δ∗) = δ∗.

Also, otp(Cp∗,δ∗) ≤ χ because

i < κ⇒ |Cp∗,δ∗ ∩ βδ∗,i| < χ

because
|Cp∗,δ∗ ∩ βδ∗,i| <

∑
j≤i

∣∣Cδ ∩ βδ,j∣∣ ≤ |i+ 1| · |Cδ ∩ βδ,i| < χ.

Clause (B): Obviously C ′p∗,δ∗ ⊆ δ∗, otp(C ′p∗,δ∗) = otp(C ′δ) = κ, and sup(C ′p∗,δ∗) =
δ∗.

Also, Cp∗,δ∗ ⊆ δ∗, otp(Cp∗,δ∗) = otp(Cδ) ≤ χ, and sup(Cp∗,δ∗) = δ∗.

Clause (C): Note that if β∗ < λ then∣∣{Cp∗,δ∗,i : β∗ = βδ∗,i}
∣∣ ≤ ∣∣{Cδ,i ∩ β : δ∗ = up(δ), β∗ = up(β), and β = βδ,i}

∣∣ < λ.

Why? The first inequality holds by the choice of p∗, and the second because p is
good.

This gives the desired inequality in 1.1(1)(C).]

(∗)3 Therefore p∗ satisfies the conclusion in 2.4(B).

Now to prove the desired conclusion,

(∗)4 Let F = 〈Fδ,i : δ ∈ S, i < κ〉 be a (p, 2µ, θ)-coloring.

It will suffice to prove there is a p-D-F -BBι+2-sequence.

We now choose a (p∗, 2
µ, θ)-coloring 〈F ∗δ∗,i : δ∗ ∈ Sp∗ , i < κ〉.
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(∗)5 We define F ∗δ∗,i as follows:

•1 The domain of F ∗δ∗,i will be Cδ∗,iθ, and the range will be ⊆ θ. For η∗
in the domain, we define

F ∗δ∗,i(η∗)
..= Fδ,i(η),

where η is defined in the next bullet.

•2 η : Cδ ∩ βδ,i → θ is the function which sends

α 7→ η∗(up(βδ,<i) + α)

for all α ∈ Cδ ∩ βδ,i.
(∗)6 (a) 〈F ∗δ∗,i : δ∗ ∈ Sp∗ , i < κ〉 is indeed a (p∗, 2

µ, θ)-coloring.

(b) Hence there is a p-D-F -BBι-sequence c̄∗ = 〈c∗δ∗,i : δ∗ ∈ Sp∗ , i < κ〉.

[Why? Clause (a) can be checked. Now clause (b) follows by our assumptions and
Theorem 2.4.]

(∗)7 Furthermore, c̄∗ is a p∗-D-F -BBι+2-sequence.

Now we are done. �2.7

Remark 2.8. It is nice to successfully predict the values of [ ] on some u ∈ [κ]κ,
but it would be better to succeed for u = κ.

One possibility: what if we just assume θ = θ<κ, and for each u ⊆ κ we define
p[u] by (Sp[u]

, Cp[u]
) ..= (Sp, Cp), but

C ′p[u],δ
..= {α ∈ C ′p,δ : otp(C ′p,δ ∩ α) ∈ u}?

Or use a regressive function h : u→ κ? Something close is done below.

Definition 2.9. Let p be a (λ, κ, χ)-BB-parameter.

For every A ∈ [κ]κ, we define a (λ, κ, χ)-BB-parameter

p[A] =
〈
CA,δ, C

′
A,δ : δ ∈ S

〉
by

• CA,δ ..= Cδ

• C ′A,δ ..= {β ∈ Cδ : otp(Cδ ∩ β) ∈ A}.

Observation 2.10. p[A], as defined above, is indeed a (λ, κ, χ)-BB-parameter.

Claim 2.11. Assume p is a (λ, κ, χ)-BB-parameter, 2κ < λ, Υ = Υ2κ , and
θ = θ2

κ

.

1) p has the continuous (D,Υ, θ)-BB1-property iff p[A] has the continuous (D,Υ, θ)-

BB2-property for some A ∈ [κ]κ.

2) p has the continuous (D,Υ, θ)-BB3-property iff p[A] has the continuous (D,Υ, θ)-

BB4-property for some A ∈ [κ]κ.

Proof. 1) The proof will be similar to that of part (2), but using Cδ,i instead of
C•δ,i.

2) The ⇐ implication is obvious, so we concentrate on ⇒. Let p be a (λ, κ, χ)-BB-
parameter and D be as usual.

Paper Sh:1268, version 2025-09-28 4. See https://shelah.logic.at/papers/1268/ for possible updates.



14 S. SHELAH

~1 Toward contradiction, assume that p[A] fails the continuous (D,Υ, θ)-BB4-
property for all A ∈ [κ]κ.

~2 So for A ∈ [κ]κ, let

FA = 〈FAδ,i : δ ∈ S, i < κ〉
be a continuous [p,Υ, θ]-coloring which witnesses this failure.

(I.e. there is no p-D-FA-BB3-sequence c̄ ∈ S×κθ.)

Naturally, we choose

~3 (a) cd : ([κ]κ)θ → θ and cd∗ : ([κ]κ)Υ→ Υ, both bijections.

(b) For B ∈ [κ]κ, let cdB : θ → θ be defined as in the proof of 2.4:

([κ]κ)θ θ

θ

cd

cdB
πB

where πB is the function which sends 〈ζA : A ∈ [κ]κ〉 7→ ζB .

(c) cd∗B : Υ→ Υ will be defined analogously.

Next,

~4 Choose F = 〈Fδ,i : δ ∈ S, i < κ〉 as follows.

dom(Fδ,i) ..= C•δ,iΥ, and for η in the domain we define

Fδ,i(η) ..= cd
(
〈FAδ,i(η) : A ∈ [κ]κ〉

)
.

By our assumption (of the BB3-property)

~5 There exists a p-D-F -BB4-sequence c̄ = 〈cδ,i : δ ∈ S, i < κ〉 ∈ S×κθ.

Next,

~6 For every A ∈ [κ]κ, we choose c̄A ..=
〈
cdA(cδ,i) : δ ∈ S, i < κ

〉
.

If c̄A is a p[A]-D-FA-BB3-sequence for some A, then we get our contradiction.

Therefore, assume:

~7 For each A ∈ [κ]κ there exist ηA ∈ λΥ and EA ∈ D such that

(∀δ ∈ S ∩ EA)(∃i < κ)
[
FAδ,i(ηA � C

•
δ,i) 6= cAδ,i

]
.

Now,

~8 E ..=
⋂

A∈[κ]κ
EA ∈ D.

[Why? Because we assumed 2κ < λ, and D is µ-complete.3]

Next,

~9 Define η ∈ ([κ]κ)Υ as the function

α 7→ cd∗
(
〈ηA(α) : A ∈ [κ]κ〉

)
.

3 Actually, it would suffice if D were (κκ)+-complete.
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Now we can finish as in the proof of 2.4.

3)

No part (3).

The point here is that for every continuous [p,Υ, θ]-coloring F , we define a
[pA,Υ, θ]-coloring FA as follows.

⊕1 If δ ∈ A, i ∈ A, and η ∈ C•δ,iΥ, we let cd : κ>θ → θ be a bijection, and then

cd
(
〈Fδ,j(η � C•δ,j) : j ≤ i〉

)
∈ θ.

The rest is clear. �2.11

Conclusion 2.12. Assume all clauses of Theorem 2.4(A). Also suppose 2κ ≤ µ
and θ2

κ

= θ.

1) For some A ∈ [κ]κ, p[A] has the (D, 2µ, θ)-BB2-property.

2) If p is good then for some A ∈ [κ]κ, p[A] has the (D, 2µ, θ)-BB4-property.

Proof. 1) By 2.4 and 2.11(1), letting Υ ..= 2µ. As 2κ ≤ λ, we have Υ2κ = Υ.

2) By 2.4, 2.5, and 2.11(2). �2.12

Claim 2.13. Let ι ∈ {1, 2}, λ ..= min{∂ : 2∂ > 2µ} (so λ > µ is regular), and let
p be a (λ, µ, κ)-BB-parameter with the (D, 2µ, θ)-BBι-property.

Then (in 2.1) we can replace Cδ,i and C•δ,i by C†δ,i
..=

⋃
α∈C•δ,i

Cδ,i ∩ α.

Proof. Let F be a (p1, 2
µ, θ)-coloring (in the current sense).

We choose a bijection cdβ : 2µ → β(2µ). We will define a (p, 2µ, θ)-coloring

F
′

= 〈F ′δ,i : δ ∈ S, i < κ〉 as follows.

F ′δ,i(η) ..=

Fδ,i ∪
⋃

α∈C•δ,i
cdα(η � α) if this union is a well-defined function,

0 otherwise.

Now there exists a (p, 2, θ)-F
′
-sequence c̄ = 〈cδ,i : δ ∈ S, i < κ〉.

We need to show that c̄ is as required. Given an η ∈ λ(2µ), define η′ ∈ λ(2µ) as
the function α 7→ cdα(η � α). Now check. �2.13

Conclusion 2.14. In 2.4, we can add the following.

If λ∗ = cf(λ∗) ≥ λ, then there exists a p∗ such that

(a) p∗ is a good (λ+∗ , κ, χ)-BB∗-parameter.

(b) p∗ has the continuous λ-uniform (D, 2µ, θ)-BB-property.

Proof. By [She91, §4], as in [She05, §2]. �2.14
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16 S. SHELAH

Remark 2.15. We can say more, replacing λ+∗ by λ′ weakly inaccessible or successor
of singular; see [She05, §1].
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§ 3. The DBB Property

The following result relies on [She13b, 2.2=Ld.6].

Theorem 3.1. We have ‘(A)⇒ (B)’, where

(A) (a) λ = cf(λ) ≥ λ∗ ..= min{∂ : 2∂ > 2µ} (so λ∗ > µ is regular) and S is a
stationary subset of λ.

(b) For each δ ∈ S, let Dδ be a µ+-complete filter on λ∗ extending the
co-bounded filter.

(c) For each δ ∈ S we have C
δ

= 〈Cδγ : γ < λ∗〉, where Cδγ ⊆ δ and∣∣ ⋃
γ<λ∗

Cδγ
∣∣ = µ.

(d) θ ∈ [2, µ]

(e) Sep(µ, θ,Υ) for some Υ ≤ µ.

(B) If Fδγ : C
δ
γ (2µ)→ θ for γ < λ∗ and δ ∈ S, then we can find a

c̄δ = 〈cδγ : γ < λ∗〉 ∈ λ∗θ

such that for any δ ∈ S and f : δ → 2µ, for D+
δ -many γ < λ∗, we have

Fδγ(f � Cδγ) = cδγ .

Proof. For each δ ∈ S we apply clause [She13b, 2.2(β)=Ld.6], with λ∗, Dδ, C
δ

here
standing in for λ,D,C there. (Pedantically, we can replace µ from there by any set
of equal cardinality — e.g.

⋃
γ<λ

Cδγ .) �3.1

Definition 3.2. Suppose λ = cf(λ) > µ ≥ κ = cf(κ) and µ∗ ≤ µ+.

1) We say that p is a (λ, λ∗, µ, µ∗, κ)-DBB-parameter4 when:

(A) (a) λ ≥ λ∗ > κ are regular cardinals.

(b) S ⊆ {δ < λ : cf(δ) = κ}, a stationary subset of λ.

(B) p consists of C0 = 〈Cδ : δ ∈ S〉, C1 = 〈Cδγ : δ ∈ S, γ < λ〉, and D such
that
(a) 〈Cδ : δ ∈ S〉 is as usual (that is, Cδ ⊆ δ = sup(Cδ) and otp(Cδ) = κ)

but
α ∈ Cδ ⇒ α > µ ∧ µω

∣∣α.
(b) Cδγ ⊆

⋃
α∈Cδ

[α, α+ µ) such that∣∣Cδγ ∩ [α, α+ µ)
∣∣ = 1

for all δ ∈ S, γ < λ∗, and α ∈ Cδ. (So otp(Cδγ) = κ.)

(c) C1 is a µ∗-free sequence.
By this we mean: if u ⊆ S×λ∗ is of cardinality ≤ µ∗, then there exists
some sequence v̄ = 〈vδγ : (δ, γ) ∈ u〉 with vδγ ∈ [Cδγ ]<κ such that

〈Cδγ \ vδγ : (δ, γ) ∈ u〉
is a sequence of pairwise disjoint sets.

(d) D is a λ-complete filter on λ which includes S and the clubs of λ.

(e) If α < λ then S≥α ..= {δ ∈ S : minCδ ≥ α} is stationary.

4 DBB stands for Double Black Box.
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18 S. SHELAH

2) We say that p has the (λ, λ∗, µ, µ∗, θ, κ)-DBB-property when in addition to the
above, clause 3.1(B) holds.

If we say p guesses clubs, we mean Cp does.

3) If λ∗ = λ and/or µ∗ = µ+ then we may omit them, as in earlier definitions.

Claim 3.3. 1) If � below holds, then there exists a p with the (λ, λ∗, µ, µ∗, θ, κ)-
DBB-property. Furthermore, 〈Cp,δ : δ ∈ Sp〉 is (λ, κ)-good (see 1.1(5)).

� (a) κ = cf(µ) < µ

(b) λ = cf(λ) > λ∗ ..= min{∂ : 2∂ > 2µ}
(c) ppJbd

κ
(µ) > λ

(d) θ ∈ [2, µ]

(e) Sep(µ, θ,Υ) for some Υ ≤ µ.

(f) µ∗ ..= µ+.

1A) If (1)� holds and S ⊆ Sλκ , then there exists a p with the (λ, λ∗, µ, µ∗, θ, κ)-
DBB-property and Sp = S.

2) In part (1), we may replace clause � (d) by

(d)′ •1 ppJ(µ) > λ for some ideal J ⊇ [κ]<κ.

•2 µ = µ<κ

3) Alternatively,

(d)′′ •1 As above.

•2 2µ
<κ

< 2µ.

Proof. 1) First, choose a stationary S ⊆ Sλκ such that S ∈ Ǐκ[λ] and

δ ∈ S ⇒ µω+1
∣∣ δ.

Such an S exists because λ and κ are regular with λ > κ+ (as λ > µ > κ), and so
we can apply [She93, §1].

Next, choose a (λ, κ)-good C as in 3.2(1)(B)(a); this is possible by our choice of
S. This will take care of the ‘Furthermore.’ (If we replace S by S ∩ E, where E
is a club of λ, we can also demand that C guesses clubs.) Third, choose a µ+-free
sequence

〈ργ : γ < λ〉 ⊆ κµ

as in [She94, Ch.II, §3]. Without loss of generality γ < λ⇒ ργ(i) = i mod κ. Let
〈ρ∗δ,γ : δ ∈ S, γ < λ〉 list 〈ργ : γ < λ〉 without repetition: we can do this because

|S × λ| = λ.

Let 〈βδi : i < κ〉 list Cδ in increasing order, and let

ρδ,γ ..= 〈βδi + ρ∗δ,γ(i) : i < κ〉.
Let D be the club filter on λ. So

p ..= (λ, κ, S, 〈Cδ : δ ∈ S〉, 〈Cδγ : δ ∈ S, γ < λ〉)
is well-defined.

Now we have to check that p is indeed a (λ, λ∗, µ, µ∗, θ, κ)-DBB-parameter: that
is, all clauses of 3.2(1).
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First, the demands on the cardinals in the beginning of the definition hold, as
does clause (A).

Clause 3.2(B)(a): Holds by the choice of 〈Cδ : δ ∈ S〉.

Clause (B)(b): Holds by our choice of the Cδγ-s.

Clause (B)(c): Holds by our choice of D.

Clause (B)(d):

Let u ∈ [S × λ]<µ
+

. By the choice of 〈ργ : γ < λ〉, we can find a function
h : u→ κ such that

(∗)1 If (δ1, γ1) 6= (δ2, γ2) are from u and i ≥ max
(
h(δ1, γ1), h(δ2, γ2)

)
, then

ρ∗δ1,γ1(i) 6= ρ∗δ2,γ2(i).

Hence

(∗)2 If (δ1, γ1) 6= (δ2, γ2) are from u and i` ∈
[
h(δ`, γ`), κ

)
for ` = 1, 2, then

ρ∗δ1,γ1(i1) 6= ρ∗δ2,γ2(i2).

[Why? If i1 6= i2 then use γ < λ⇒ ργ(i) ≡ i mod κ. The i1 = i2 case is just (∗)1.]

So clause (B)(d) does indeed hold.

Together we have proved that p is a (λ, λ∗, µ, µ∗, θ, κ)-DBB-parameter, and so
it has the (λ, λ∗, µ, µ∗, θ, κ)-DBB-property by Theorem 3.1.

1A) Similarly.

2) Similarly, but when choosing ρ̄ = 〈ργ : γ < λ〉 we only require that it is (µ+, J)-
free.

Then we let cd : κ>λ→ λ be a bijection.

3) Similarly as well. �3.3

Discussion 3.4. Let µ be strong limit singular of cofinality κ < µ, and λ = λ∗ ..=
min{∂ : 2∂ > 2µ}.

(A) (a) If λ < 2µ and κ > ℵ0, then 3.3� holds (see [She94]).

(b) What about λ < 2µ and κ ..= ℵ0? Still, 3.3� holds in many cases.5

(c) 3.3 would seem to be helpful for constructing (e.g.) µ+-free Abelian
groups.

(B) But what about the λ = λ∗ = 2µ case? In this case we have λ = λ<λ,
a condition which is again helpful in constructions. Can we construct an
entangled linear order of cardinality λ+? Recall that by [She00], [She06]
we have (D`)∗λ. Can we use several pairwise disjoinst subset of λ?

Alternatively, find a subset of λθ for some regular θ (e.g. cf(2ℵ0))?

(C) Again, if λ = 2µ then we may try to use

d ..=
{
θ ∈ µ ∩ Reg :

(
∃µ′ ∈ (µ, λ)

)[
cf(µ′) = θ ∧ ppθ-comp(µ′) =+ λ

]}
as in [She13b] whenever d ..= {κ} does not work. The new proof is as in
[She20], using [She13a].

5 E.g. for a club of µ, when µ = iδ > κ = cf(µ) > ℵ0.
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(D) However, we can use BBk in clause (C). We consider µ0 < . . . < µ3n as
above (i.e. all strong limit of cofinality κ < µ0). For each ` we choose p`
as in 3.3, except that their free-ness (in the sense of [She20]) is such that
their “product” is ℵn·κ+ -free, and they have a Black Box as there.

Definition 3.5. 1) For Λ∗ ⊆ Λ• ⊆ κµ, we say that Λ• is (θ2, θ1)-free over6 Λ∗ when
θ2 ≥ θ1 and for every Λ ⊆ Λ• \ Λ∗ of cardinality < θ2 there is a witness (Λ̄, h). By
this we mean

(A) Λ̄ = 〈Λγ : γ < γ∗〉 is a partition of Λ into γ∗-many sets, each of cardinality
< θ1 (so γ∗ is an ordinal < θ2).

(B) h : Λ→ κ.

(C) If γ < γ∗, η ∈ Λγ , and i ∈
[
h(η), κ

)
, then

η(i) /∈
{
ρ(j) : j < κ, ρ ∈

⋃
β<γ

Λβ ∪ Λ∗
}
.

2) For Ω ⊆
{

(θ2, θ1) ∈ Card×Card : θ2 ≥ θ1
}

, we say Λ• is Ω-free over Λ∗ when it
is (θ2, θ1)-free over Λ∗ for every (θ2, θ1) ∈ Ω.

Observation 3.6. Assume (for transparency) that Λ• ⊆ κ>µ is tree-like. (That
is, η 6= ν ∈ Λ• ∧ η(i) = ν(j) ⇒ i = j ∧ η � i = ν � i.)

If Λ• is of cardinality < θ and (θ, κ+)-free over ∅, then Λ• is free.

Proof. See [She20, §1]. �3.6

Claim 3.7. 1) If � holds then there exists a p with the (λ, µ,Ω, θ, κ)-DBB-property,
where

� (a) κ = cf(µ) < µ

(b) λ = λ<λ = 2µ

(c) pp+
Jbd
κ

(µ) > λ

(d) θ ∈ [2, µ]

(e) Sep(µ, θ,Υ) for some Υ ≤ µ.

(f) Ω ..= {(κ+κ, κ+4)}

2) Like part (1), but replacing clause �(f) by

(f)′ Ω ..=
{

(θ+κ, θ+4) : θ ∈ [κ, µ)
}

3) In parts (1) and (2), we my replace clause �(c) by

(c)′ •1 ppJ(µ) ≥ λ for some ideal J ⊇ [κ]<κ.

•2 µ = µ<κ

as in 3.3(2).

4) If S is a stationary subset of {δ < λ : cf(δ) = κ} then we can demand Sp
..= S,

and we can add “〈Cp,δ : δ ∈ S〉 guesses clubs.” If S ∈ Ǐκ[λ] then we can add
“〈Cp,δ : δ ∈ S〉 is good.”

5) In part (2), we can replace µ = µ<κ by 2µ
<κ

< 2λ.

6 We may omit λ∗ if it is empty.
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Remark 3.8. The λ = λ<λ is not necessary; just otherwise 3.3 gives us more.

Proof. 1) Like the proof of 3.3, but in the choice of ρ̄ (at the beginning of the proof)
we replace ‘µ+-free’ by ‘Ω-free.’

[Why is this possible? Use θ in the beginning of the proof of [She20, 1.26=La51]
(which relies on [She13a, 0.4-0.6=Ly19,y22,y40]).]

2) As above.

3) Similarly to the proof of 2.4(2).

4-5) Clear. �3.7
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