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0. INTRODUCTION

Recall AECs (abstract elementary classes); were introduced in [She87a]; and
their (orbital) types defined in [She87b], see on them [She09b], [Bal09]. It has
seemed to us obvious that even with £ having amalgamation, those types in general
lack some good properties of the classical types in model theory. E.g. “(\ k)-
sequence-locality where,

Definition 0.1. 1) We say that an AEC £ is a (A, k)-sequence-local (for types) when
k is regular and for every <p-increasing continuous sequence (M; : i < k) of models
of cardinality A and p,q € /(M) we have (Vi < k)(p | M; =q | M;) = p = q.
We omit A when we omit “|M;|| = \”.

2) We say an AEC ¢ is (), k)-local when: x > LST(¥) and if M € ¢, and p1,ps €
(M) and,

(%) for every N we have, N <¢ M A ||N|| < k= p1[N = pa[N then p; = po.

3) We may replace A by < A, < A, [, A] with the obvious meaning (and allow A to
be infinity).

Of course, being sure is not a substitute for a proof; some examples of failures
of being local were provided by Baldwin-Shelah [BS08, §2]. Also note our using:
“Abelian groups without zero” is similar to e.g., the work [HS90]. Now [BS08] gives
an example of the failure of (A, k)-sequence-locality for ¢-types in ZFC for some
A, k, actually k = Rg. This was done by translating our problems to abelian group
problems; using Abelian groups which are not Whitehead. While those problems
seem reasonable by themselves, they may hide our real problem.

Here in §1 we get ¢, an AEC with the class {x : (< 00, k)-sequence-localness fail
for ¢} being maximal, with amalgamation and the JEP. see Theorem 1.4; here the
cardinality of its vocabulary as well as its LST number is @ for any given 6 = %0,
we intend to deal with the other 6 later. Also we deal with “compactness of types”,
getting classes with amalgamation; in [BS08], in some cases this was done there
only in some universes of set theory; see §2.

We rely on a criterion from [BS08] to prove that £ has the JEP and amalgamation.

Question 0.2. Can {x : £is (< kT, k)-local} be “wild”? E.g. can it be all odd
regular alephs? etc?
Similarly for (< oo, k)- sequentially local.

In §2 we deal with sequence-compactness of types.

Mostowski [Mos57] initiated the quest to find strengthenings of first-order logic
that still have a “good model theory”. Usually, one may add generalized quantifiers
(e.g., (32%1z)) and/or allow certain infinitary operations (e.g., A,y %a). There
is much to be said on this topic; see the collection [Bar85] and, later, VAané&nen’s
book [V11].

In particular, Lindstrém proved that one cannot expect too much: either the
downward Lowenheim—Skolem property to Xg fails, or Xg-compactness fails.

Now, abstract elementary classes (AECs) continue this, trying to deal directly
at the model theory. E.g. concerning “a theory T in logic IL(3281)”, we define the
AEC ¢ = ¢tr, by:

e K is the model of T,
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e M <¢ N iff in addition to M <r@Emy N, which is naturally defined, we
demand that, if M = (3= x)(x,a) then not only N = (35%0)p(z,a) but
N E plb,a] = be M.

Similarly, for e.g. the logic L+ x,-

This work is part of the attempt to sort out which properties of first-order logic
hold for AECs, particularly when ¢ is an AEC with amalgamation, in §2 the amal-
gamation property was added lately. This work was submitted to Jouko Vaananen
in October 2009 for a volume in honor of Andrzej Mostowski, and deposited in the
arXiv. Later and independently, Boney [Bon14] investigated such things mainly for
compact cardinals, in particular, has results close to 1.8 (and 2.8).

We are grateful to the referees for their helpful comments and to Will Boney for
pointing out a correction, and to Santiago Pinzdn for corrections.

It is my pleasure to dedicate this to the memory of Andrzej Mostowski, who
contributed so much to mathematical logic and particularly to starting other logics
and generalized quantifiers in [Mos57].

1. AN AEC WITH MAXIMAL FAILURE OF BEING LOCAL

Claim 1.1. Assume

®1 (a) k=cf(k) >0 >Ny and o = o™,

+

(b)  there is no uniform ot -complete ultra-filter D on k

(¢) 79 is the vocabulary
{E,,El,:nc2,w)}U{F.:c€lo]™}U{R.:e €} U{Ry,Ri}

where each R, is two-place predicate, each F, is an unary function sym-
bol, Ry, Ry are two-place and unary predicates respectively and E!,, E,, are
(2n)-place predicates for n > 2,

(d) 75 isTo\{R1}.
Then

B there are I, To, Myo (for £ =1,2 and o < k), and go (for o < k) satisfy-

1., a set of cardinality o, is C-increasing continuous with o.

Mpy.o, a T9-model of cardinality < 0%, is increasing continuous with o
T 18 a function from My, onto I, increasing continuous with «,
Tt} <o fort€l,,a<rk and {=1,2,

if t € Ins1\Io then w3 {t} C My oi1\Mo.a,

which means a € My o = Ta(a) = 7o (g9a(a)),
(g9) for a = K there is no isomorphism from M o onto Mz, respecting
-
Proof. Follows from 1.2 which is just a fuller version explicating the unary function

F, for ¢ € G; anyhow we shall use only 1.2. O 1

Claim 1.2. Assuming ®1 of 1.1 we have:

See https://shelah.logic.at/papers/932/ for possible updates.
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B there are In, Aa, Ta, Mpo (for £ =1,2,a < k) and go (for o < k) and G
such that:
(a) G is an additive (so abelian) group of cardinality o,
(b) I, is a set, increasing continuous with «, |I,| = o,
(¢) My is a Tp-model, increasing continuous with «, of cardinality 0"
with universe Ag,

(d) mq is a function from My o onto I, increasing continuous with o,

(e) FMee (c € G) is a permutation of My ., increasing continuous with «,

(f) Tala) = ma(Fe""*(a)) for a € Meq,
(9) Fol™=(Fey=(a)) = Fp'te (a),

c1tcr
My, o
(h) Tala) =ma(b) & V Fe""(a) =0,
ceG
(1) for a < K,gq is an isomorphism from My o onto Ma o which respects
T which means a € My o = 7o(a) = 7o (9a(a)),

~

(j) there is no isomorphism from M .. | T9 onto M, | T respecting my,
(k) Miolty = Moolty, for a <k.
Discussion 1.3. We shall try to shed some light on 1.2 on how we intend to use

[?] in the proof of [?], see Discussion 1.9. Note that, the models M; o, My, are
almost the same.

Proof. Let

(%)1 (a) let G = ([0]<N0,A), i.e., the family of finite subsets of o with the
operation of symmetric difference. This is an abelian group satisfying
Va(z + 2 = 0), but we may identify e < o with {e}, so treating ordinals as
atoms,

(b) let (afau: f € o,a < k,u € G) be a sequence without repetitions,

(c) for B < klet Ag ={afau:f€ 0,a<1+panduec G},

(d) for B <k let I = ("o) x (1 + P),

(e) ms be the function with domain Ag such that, we let mg(afau) = (f, @)
when a <1+ 8 <k,

(f) for each 8 < k we define a permutation gg (of order 2) of Ag by gs(as.a.u) =
af.0ut+c{f(8)} hence a € Ag = mg(gs(a)) = mp(a).

Note that

(x)2 (a) |G =0,

(b) (Ag: B < k) is a C-increasing continuous, each Ag a set of cardinality
K

g,
) (Ig: B < k) is C-increasing continuous, each Iz of cardinality o”,
) ™ is a mapping from Ag onto Ig,
e) ift € I, C Ig then wgl{t} = 7 }{t} has cardinality |G| = o,
) if t € In1\Lo then 7,1 {t} C Ans1\Aa,
) if @ < 8 < k then gg maps A, onto itself and gg o gg is the identity.



Paper Sh:932, version 2025-12-05. See https://shelah.logic.at/papers/932/ for possible updates.

MAXIMAL FAILURES OF SEQUENCE LOCALITY IN AEC SH932 5

For each n € [2,w) and 3 < k we define equivalence relations £}, 5, Ey, 5 on "(Ap):

(%)3 ELE;Lﬁi)iﬁ. 75(a) = m5(b) where of course ms({a; : £ < n)) = (mg(as) : £ < n).

(%)4 ZLEn’BB iff dE;L”Bl; and there are kK < w and ay, ..., ax such that:
(i) ae € "(Ap),
(ii) a = ao,
(iii) b= ay,
(iv) for each £ < k for some a1, ap < K we have g3} (ga, (@¢)) is well defined
and equal to Gpy1 OF ga, (95, (ar)) is well defined and equal to gy q.

(¥)2.1 (a) the two possibilities in (x)4(iv) are one as g, ' = g, so the first one is
equal to the second,
(b) go does not preserve a/E, g!, in fact, a, g, (a) are never E, g equiva-
lent,
(c) clearly in (x)4(iv) for £ < k, the terms are well defined iff a, €
"(Amin{as,as}) because if a < 3 then gg maps A, onto itself,
(d) if « < f,a € A,, then gg maps a/E, g onto itself
(e) if o, B < K, then g4, g3 commute (on the intersection of their domains,
Amin{a,ﬁ})'
[Why? Easy, e.g.

Clause b: Why? Let a = ay, y,,u,, 0 = Gfy y5,u,- Now, on the one hand, if
da(a) = b then f1 = fo, 71 = v2 and u; +¢ us = u3Aus has cardinality 1, in fact is
equal to {fo(7)}. On the other hand, if (a)E, g(b) then (by induction on k in the
definition), we can prove f1 = fa, 71 = 72 and uy +¢ us = u;Auy is a set of even
cardinality.

Clause (e): Just recalling that G is a commutative group.]

Note,

()5 For n € [2,w), we have:
(a) E,, g, Enp are indeed equivalence relations on ™(Ag),

(b)
(c) if @ € "(Ap) then a/E], 5 has exactly o members,
(d) if a < B <k then E] 5 | "(Aa) = B}, , and Eyp [ "(Aa) = Ena

n,o

By, p refine B 5,

(read (x)4(iv) carefully!),
(e) if a < B < Kk,a€"(A,) and b € a/E, 5 then bem(Ay),
(f) if go(@e) = by for £ = 1,2 then: @1E;75@2 iff blE;,L,ﬂbQ.
Now we recall the vocabulary 7y of cardinality 2¢ from 1.1®(d) and for o < k we
choose a Tp-model M, , such that:
(¥)¢ (a) Mi,q increasing with o and has universe A,,

(b) e let RY™™ = {2(Aa): if @ = (af,.apm,: £ < 2), then u; = us},
and
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Ml,oc

o let By " ={YAn): ifa=(afauu:l<2),
then u has even number of elements},
(¢) 79 = 7(M 4) is defined in ®;(c) from 1.1,
(d) for every function e € %o
Ml [e
Re ™" = {(afl,ﬁl,unafz,ﬁmug) € Aa X Aq i fi = eo fp and
if i <o thenie€wu
HF ({j € us : e(j) = i}] is odd)}
recalling f, € "o,

(e) . E,lyl"" =B, forn <w,

o (B, )Mo =E]  forn<w
o3 FMie — F, is defined by F. : Ay, — A, satisfies Fe(afa,4) :=
af autqe for c € G.
(f) ifa < By < kfor £ =1,2 then 9521gg1 [A, is an automorphism of M
(8) gao is almost an automorphism of M ,, it miss preserving Ry.

[Why is this possible? The universe of M; , is defined in clause (a), its vocabulary
in clause (c), the interpretation of the predicates in clauses (b), (d), (e)e1, o2 and
the interpretations of the functions symbols in clause (e)e3. So we are done with
clauses (a)-(e), except concerning M; , being increasing with «, see (a). Also,
we have to prove clauses (f) and (g). Of course, every g, (hence gg; 0ggp,) is a
permutation of A,, the universe of M 4.

Now, to finish the proof of (*)s(a), notice that there is no problem in proving
the Mi o’s are increasing, e.g. by (x)s5(d), just check that.

We now prove clause (g) of (x)g. Toward this, first, we shall show that for each
a < K, o Maps RM > onto itself.

Assume we are given a pair (ayf, g, uy,@f, Ba.u,) from Ay X Ay s0 f1, 82 < 1+«
Clearly, f1 # e o fy implies that

(af17517u1’af2,52,u2) ¢ Ré\/ll’a and (ga(af1,ﬁ1,u1)vga(afzrﬁz,ufz)) ¢ Rc]aV[La’
hence without loss of generality fi = eo fs so,
Mo
(*)6.1 (afl,ﬂhulva’fz”@muz) € Re " iff
up = {e(4) : j € up and (3°% € ug)(e(r) = e(4))}.

[Why? Read (x)g(d) carefully, in particular note that if i ¢ {e(j) : j € ua} then
) ¢ Ul.}

Mo i

(*)62 (ga(a'fhﬂhm)agtx(afzﬁzauz)) € Re 1

Mo .
(@111 +{1(0)}> U B izt { a(e)y) € Be ™" il un +6 {fi(a)} is equal to
the following set:

{e(§) :j € uz +¢ {f2()} and [3°¥% € (uz +¢ {fa()}][e(e) = e(5)]} -

[Why? Straightforward but we shall elaborate, Inside ()g.2 the first “iff” holds by
the definition of g,, the second “iff” holds as in (x)g.1.]
But fi = eo f5 hence

(*)6.3 f1(a) = e(fa(a)).
Next
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(*)6.4 letting x = fo(a) < o the following statements are equivalent:
(a) ur={e(j) : j € uz and (3% € ua)(e(r) = e(j))}
() u(1 —)l—)i; {e(z)} = {e(j) : § € ug +¢ {x} and 3°4 € (ug +¢ {z})(e(r) =
e(4))}.

[Why? We shall prove it for any uj,us € G and z < o, By “G is of order two”, it
suffices to prove the “only if” so assume the equality in (%)g.4(a) and we have to
prove the equality in (x)g.4(b).

If e(z) ¢ uy and x ¢ us then and the equality is clear: we just add e(z) to both
sides of (x)g.4(a) to get (x)g.4(D).

Now assume e(x) ¢ u; and = € ug then the left side in clause (x)g.4(b) is the
disjoint union of the left side of (x)g4(a) (which is u1) and {e(x)}. As we are
assuming e(x) ¢ uq, necessarily 3°V" € (ug +¢ {z})(e(¢) = e(j))}, hence the right
side of (*)g.4(b) is the disjoint union of the right side of (x)g.4(a) and {e(z)}. As we
are assuming the equality in (x)g.4(a), the last two sentences implies the equality
in (%)g.4(b).

Next assume e(z) € uy and = ¢ us. Then the left side in clause (x)g.4(b) is the
result of subtracting {e(x)} from the left side of (x)g.4(a) (which is u;). As we are
assuming = € ug necessarily 3°49; € (ug +¢ {7})(e(t) = e(4))}, hence the right side
of (x)g.4(b) is the result of subtracting {e(z)} from the right side of (x)g.4(a). As we
are assuming the equality in (*)g.4(a), the last two sentences implies the equality
in ()g.4(b).

Lastly assume e(z) € u; and x € ug. Then the left side in clause (*)g.4(b) is the
result of subtracting {e(x)} from the left side of (*)g.4(a) (which is u;). As we are
assuming e(z) € uy, necessarily 3°4; € (up +¢ {7})(e(t) = e(j))}, hence the right
side of (x)g.4(b) is the result of subtracting {e(z)} from the right side of (¥)g.4(a)
and {e(x)}. As we are assuming the equality in (x)g.4(a), the last two sentences
implies the equality in (*)g.4(b).

So together we get equivalence, hence (for proving (*)g(f)) the “first” holds.
Second, we prove that g, preserves “a,b are E,, o-equivalent”, “a,b are E;La—

equivalent” and their negations. That is, @,gq(@) are not E, ,-equivalent, but
as (VB)(gs = ggl), a,b being E, ,-equivalent means that there is an even length
pass from @ to b, in the graph {(¢,gs(¢)) : B € [y,x) and & € "(A,)} where
v = min{y:a,b € "(A,)}. This proves another part of clause (g) of (¥)s.
Third, , g, commutes with FMue for ¢ € G because G is an Abelian group; thus
completing the proof of (x)g(g).
Fourth,it maps Réwl’“ to itself by the definition of g, (in (*)2(f)) and of Réwl"" (in
(*)(b)e2) and of G.
Lastly it does not preserve Riw{"’“ onto itself by the definition of Riw{“’ in (%)g(b)es
and of g, in (x)(f).

This complete the proof of clause (g) of (x)g.

Next, we should check clause (x)g(f). Now ggzlggl [Aa = (98, [A40) (95, [Aw) by
(%¥)2(g) and it has order 2 because G is of order 2.

By clause (g) of (x)2 wet have to prove that 9521951 [ A, maps Ré\/[m onto itself,
which can b verified by definition of M, 4.

So we are done proving (x)g.
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()7 for a < K let My, be the Tp-model with universe A, such that g, is an
isomorphism from M; , onto My 4.

Now we note

(x)s for a < B < K, My o C My g, that is, M , is a submodel of M, g.

[Why? By (x)g(b) 1 +(*)7 we have just to check that Riwz'“‘ = Ri\b’ﬁ [ M3, which
holds because for a € A, we have a € R\ iff g=1(a) € RM™* iff g7 (a) € RY™?

iff g5(g51(a))) € R)™. This clearly suffice.

(x)g let My, .= U{Ms, : @ < K},

(¥)10 Ma, . well defined by (%)s,

(¥)11 Tq is well defined by (x)1(f),

(%)12 except clause (j) the demands in the conclusion of B of 1.2 were proved.

[Why? Just check.]
Note

(913 1 (0 0uy-0f ) 18 By p-equivalent 10 (af.a,,as.00,) then G = “uy —
Ug = V1 — 1}2”.

[Why? By induction on the k from (x)4.]
So, to finish, we assume toward contradiction:

X h is an isomorphism from M, , onto M, , which respects m, hence m, for
a < K, 1.e. h[Mj o respect Ty, see clause H(i) of Claim 1.2.

So trivially

®1 if & < K, then h(af~u) € {af o :v € G} for vy <1+ a,and a € "(Ay) =
h(a) € a/Ej, -

[Why? As h[M; o respect my see (x)1(e) and (x)s(g) + (%)7 + (*)s + (*)g clearly
h(a) € a/Ej, o]
Hence,

@9 for f € "o and a < klet uy, € G be the u € G such that h(ay.qp) = af.au

@3 for f € Fo,a < k and v € G we have h(ar.ov) = Qfavteur . -
fra, fra,vtguya

[Why? For ¢ € G, we know that h maps FMie onto FM** which is equal to F2=.
Apply this to ¢ = v.]

®4 we define a partial order < on "¢ as follows:
f1 < fo iff there is a function e € ¢ witnessing it; which means f; =
eo fo
®s5 if a1, < k and f1 < fo (are from “o) then |uf, o, | < [Ufy.a,]

[Why? This follows from ®¢ below.]

®g if e €90, fo € "o and f1 = eo fy € "o and a1,y < K then
Ufy,0n - {6(2) S uf2,0t2}'
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[Why? Choose a < & such that o > ai,a > a3 80 af, o,.0,08,.0,,0 € Mo for
¢ =1,2. Recall that h maps Révh’“ onto Réwz’“ by X and Révb’a = Révh’a because
g maps R onto itself (by (%)6(g) or see the proof of (x)g above, the “first”
in that proof). Now, let * € o \ uy, .y, 50 see (x)g(d), i.e. the definition of

R obviously (At 01,05 0f.00,{a}) € R 50 as h is an isomorphism from M,
onto Ms . we have (h(ay, o,.0), h(af, 0, 2})) € RY>* $0 by the previous sentence
and by ®3 and the definitions of uy, o, (¢ = 1,2) in @2 letting vi = uy, o,, and
Vo = Vp,.ar +a {2} we have (af, 01,015 Cfo,an00) € RY™* which by the definitions of
R in (*)6(d) implies uf, o, € {e(i): i € uf, a,} U{x}, which by the choice of x
implies that uy, o, € {e(4) : 7 € Uy, q,} as promised.]

®7 (a) |ufa,| = |ufa,| for ai,as <k, f € "o,
(b) n(f)=|uyq|is well defined for o < &,
(¢) if fi < fo then n(fy) < n(fa).

[Why? For clause (a) use ®¢ twice for the function e = id, and f; = fo
Clause (b) follows. Clause (c) holds by ®¢ equivalently by ®s;.]

I
e

®g there are f, € "o and a, < k such that:
(i) if fo < f € "o and o < K then |uy, o, | = |Uf,a
(#3) moreover if f, = eo f where e € 0 and f € "o, < K uy, o SO
n(f*) = Il(f)
(191) f a < K, f1 = eo fo,fx =e10 f1,fx = ex0 fa 80 e,e1,es € 70, then
eluyf, o is one-to-one onto uy, q.

[Why? First note that clause (ii), (iii) follows from clause (i)+®g. Second, if claus
then e [ uy, is one-to-one from uy, ontoe (i) fails, then we can find a sequence
((fn,am,en) 1 n < w) such that

() an < K, fn € "o forn <w
(B) fn < fos1 58y fn=e€no fny1 and e, € 70

(7) (en, fnt+1, @nt1) witness that (f,,a,) does not satisfy the demand (i) on
(fx; o) hence n(fn) < n(fpy1)-

Recalling we assume o = o0, there are functions pr, and " € %o for n < w
such that pr,: Yo — o is 1-to-1, onto and pr (&) = BANn < w = e"(f) = an.
Now, define f € "o by f(8) = pr,({fn(8): n < w)), clearly f € "o and f, =e"o f

So there is a sequence (e : n < w) satisfying e” € o and f € "o such that
fo =€ o fforeachn < w. Son < w = f, < f which by ®7(c) implies
n(f,) <n(f). As (n(fn) : n < w) is increasing, easily we get a contradiction.]

®9 n(fy) >0, ie. a<k=uys o #0.

[Why? If (Vf € "o)(Va < k)(ufo = 0) then (by ®3) we deduce h is the identity,
a contradiction because R{VI]‘“ # Rf/jm. Otherwise assume uf, # () hence as in
the proof of ®g there is f’ such that f, < f’ A f < f’ so by ®; and ®s we have
0 <lufal < lupal = luf a.l]

®10 if f € "o and o, B < K, then uy o = uyg.
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[Why? Recall (x)g(b)e1, hence (afqp,ar50) € Réwl"", so as h maps Réwl‘“ onto

My Mo, o . .
Ry " we have (af,u, ., 0f au,5) € Ry ", hence uf o = uy g is as promised.]

®11 Now fix f,, o, as in ®g for the rest of the proof, without loss of generality
f+ is onto o.

[Why? Clearly, Range(f.) is a non-empty subset of o, and as k > o is regular,
there is i < o such that f1({i}) has cardinality > o, (see 1.1. ®;(a). Let f € "o
be such that a < k A fu(a) # i = f(a) = f.(a) and fI(f71({i})) is onto 0. Let
e € %0 be such that j € Rang(f.) = o(j) = j and j ¢ Range(f.) = o(j) = i.
Easily, f. =eo f, hence f, < f and f is onto o, and so we can replace f, by f, so
indeed without loss of generality €17 holds.]

Let uys, o, = {3} : £ < l(x)} with (i} : £ < £(*)) increasing for simplicity. Now
for every f € "o such that f. < f and a < k by ®3(ii), (19¢) we know that if
ec Nfe"oNf.=eo fthen eus, is a one-to-one mapping from uy, onto
Uf, a,; Dut so e [ uy o is uniquely determined by (fx, s, f, @) so let i o0 € ug o be
the unique 7 € uy o such that e(i) = ij (equivalently (Jo)(f(o) =i A fu(a) = 1i})).

Let

A={ACk: forsome f, f. < f and a < k we have f*{ifo}\a C A}

01 A C PR\ = [A)".

[Why? As k is regular, this means A € A = A C k A sup(A) = k which holds by
®10-}

Ll k€ A
[Why? By the definition of A.]
[z if Ae Aand A C B C k then B € k.
[Why? By the definition of A.]
[y if Ay, A € A then A =: A1 N As belongs to A.

[Why? Let (fo,ee,a¢) be such that f. = ejo fp and f; € "o,a¢y < Kk and
fo i 0 \ae € Ag for £ = 1,2 and let oy = max{a,az}. Let prio x 0 — o
be one-to-one and onto and define f € “o by f(a) = pr(fi(@), fo(a)). Clearly
fo < ffor £ =1,2hence iy is well defined and i o = pr(is, 0,%s,.,0). Now for every
ack\ag, fla)=1ipo= fila) =i oA fola) =if,, >a€e i Nac Ay = ac
AiNAs=aeAso f~Hifo} C Ahence A€ Al

s if AC kthen A€ Aor k\A € A
[Why? Define f € "o

) 2fi(@) ifae A
f(a)_{2f*(a)+1 if o € #\A.

Let e € 70 be defined by e(2i) = e(2i + 1) = i so f.(i) = e(f(4)) for i < o} so
f« < f. Let i = iy so by the definition of A we have f~'{i} = f~ {iso} € A
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But if i is even then f~1{i} C A and i is odd then f=1{i} C k\A so by [J3 we are
done.]

[l A is a uniform ultrafilter on k.
[Why? By [y — [5.]
7 A is o -complete.

[Why? Assume B, € A fore < o and let B=nN{B. : e < g}.
Define A, C k for € < o as follows:
o A.= | B\Beife=1+¢>2,
(<€
e A.=k\Byife=1, and
e A.=Bife=0.
Clearly (A. : € < o) is a partition of k, let f € "o be such that f [ A, is
constantly €. Let f € *6 be such that f < f' A f. < f'. Now (') Hip o} € A
is included in some A.. If ¢ = 0 this exemplifies (| B. € A as required. If

e<o
e =1+¢ < o, then (f)"Yip o} € A C k\Be, contradiction to [Jg because
B. € Aand (f)"Hip o} € Al
So by the assumptions of 1.2, that is, ®1(b) of 1.1 we get a contradiction, coming
from the assumption “toward contradiction, clause (j) of B of 1.2 fails”, so it holds,
and the other clauses were proved so we are done. Oi9

Theorem 1.4. For every 6 there is an € = €, such that

® (a) €is an AEC with LST(€) =0, |1e| = 0

(b) & admit intersections,

(¢) ¢ has amalgamtion,

(d) if K is a regular cardinal and there is no uniform 0% -complete
ultrafilter on k, then: € is not (< 2%, k)-sequence-local for types,
i.e., we can find an <g-increasing continuous sequence (M; : i < k)
of models and p # q € Se(M,;) such thati < k=p | M; =q | M;
and My is of cardinality < 2%.

We shall prove 1.4 below. As in [BS08, 1.2,84] the aim of the definition of “admit
intersections” is to ensure types behave reasonably.

Definition 1.5. We say an AEC £ admits intersections when there is a function
clg such that:

(a) cle(A, M) is well defined iff M € K¢ and A C M

(b) cle(A, M) is preserved under isomorphisms and <g-extensions; that is:

e h is an isomorphisms from M; € K, onto Ms and A; C M; then
cle({h(a): a € A1}, M) = {h(b): b € cle(A, M)}, and
o if A g M1 Se MQ then O&(A,Ml) = CEE(A, Mg)

(c) for every M € K, and non-empty A C M the set B = cly(A, M) satisfies:
M|B € K¢, M|B <¢ M; noting that for every My, N we have A C My <;
NAM<¢N= BC M;

(d) we may use clg(A, M) for M [cle(A, M).
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Claim 1.6. Assume  is an AEC admitting intersections. Then ortpg(aq, M, N1) =
ortpg(ag, M, Na) iff letting My = Nolcle(M U {as}), there is an isomorphism from
My onto Ms over M mapping a1 to as.

Proof. Tt should be clear from the definition. Oy
Remark 1.7. In Theorem 1.4 we can many times demand | M| = &k, e.g., if
(3N (k = 2%).

Note we now show that 1.4 is the best possible.

Claim 1.8. 1) If ¢ satisfies clause (a) of 1.4, (i.e. € is an AEC with LST-number
<0 and || < 0) and k is regular and fails the assumption of clause (d) of 1.4, that
is, & > 0 and there is a uniform 07 -complete ultrafilter on k, then the conclusion
of clause (d) of 1.4 fails, that is € is k-sequence local for types.
2) If D is a 0T -complete ultrafilter on k and € is an AEC with LST(8) < 0 then
ultraproducts by D preserve “M € € “M <¢ N7, i.e.

X if M;, N;(i < k) are 7(R)-models and M = [[ M;/D and N = [[ N;/D

<K 1<K
then :

(o) MeKif{i<k:M; €t} €D
Proof. Recall that if D is §+-complete, then it is oT-complete where o = 6% (and

much more, it is 6’-complete for the first measurable ' > ).
1) So assume

B (a) (M;:i<k)is <g-increasing
(b) M, = Ny <¢ Ny for £ =1,2
(¢) pe = ortpg(ag, No, N¢) for £ =1,2
(d) i < k= p1[M; = p2| M;.

We shall show p; = po, this is enough.
Without loss of generality

()1 (a) a1 = ag call it a,
(b) e CH(0).

By (d) of B we have:

(d)* for each i < r there are even m; < w and (N, ,, : n < m;) such that:
(@) Nio= Ni,
(8) Nim, = Nz or just h; is an isomorphism from N; ,,, onto Ny such that
hil(M; U {a}) is the identity,
(7) @ € N and M; <¢ Ny,
(0) if 2m + 2 <m; then N; om11 <¢ N; 2m, Niomt2.

As k = cf(k) > Vg without loss of generality i < x = m; = n.. Let x be such that

(M; i < k), ((Nijn :n <ny) i < k) and € gr(e) all belongs to H(x); concerning
trgr(e) this means 7¢ and LST(€) belongs to H(x) and as usual without loss of
generalityre has cardinality at most 27 hence {M € K, : M € H(LST{)} and
<¢ [H(LSTY) belongs to H(x); those hold by (x);(b). Let B be the ultrapower
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(H(x),€)"/D and jo the canonical embedding of (H(x), €) into B and let j; be
the Mostowski-Collapse of B to a transitive set H and let j = j; 0 jo. So j is an
elementary embedding of (H(x), €) into (H, €) and even an Lg+ o+-elementary one.
Recall that by (x);(b) we are assuming without loss of generality 7. C H(#) hence
j(me) = 7 hence by part (2), j preserves “N € K", “N' <; N?” and “h is an
isomorphism from N’ onto N”.

So j({(M; : i < k)) has the form (M} : i < j(k)) but j(k) > ke := U j(@) by

i<K

the uniformity of D and let j(((Nipn : n < n.) 1@ < k) = ((Nf, :n <n*) i < j(k))
and j((h; 17 < k) = (b} 13 < j(k)).

So

(a) JIM, is a <¢-embedding of M, into M, , hence even into My ,
) My <¢ N7, and j(a) € N7, for i < r,n < n.,
) Ni*,o :j(Nl)a
) Ay, is an isomorphism from N, ,, onto j(Nz),
(€) NZ omy1 e NZ o NE, omoo for 2m+1 <mn,,
) j(a’) € Nﬁ*,m for m < n,,
«. is an isomorphism from N, ,, into j(N2) over U{j(a)}. Hence,
By, | i hism f Ny, n, 1 j(INV. M: U{j H
) M:* S?j(N2)7
) ortp(j(a)), M, J(N1) = ortp(j(a)), M, J(N2),
Also,
ettin = Ja):a € My}, we have <e¢ M, and j[M, is an
i) letting M® = M _[{j M, have M?* <¢ M, and jIM, i
isomorphism from M, onto Mg,
(k) For £ =1,2, let N} =j(N¢)I{j(a): a € Ny}, we have M2 <¢ NP <¢ j(Ny).
Hence (by (i) and monotonicity),
(1) ortp(j(a), Mg, N?) = ortp(j(a), M2, N3).
By preservation under isomorphisms,
(m) ortp(a, My, Ni) = ortp(a, My, Na).

Together, we are done.
2) By the representation theorem of AEC, see [She09a, §1]. (.8

Discussion 1.9. We try to help the reader by pointing out some things in the
proof of Theorem 1.4.

(1) If the reader do not mind having 7¢ to be of cardinality 2(6™) then we can
replace Ry essentially by the R. (e € %0) and omit S and {d;: ¢ < 6}. This
simplifies somewhat, so in 1.9 we follow it.

(2) We rely on the conclusion in 1.2. There we have two increasing continuous
sequences of models M, = (Mpo:a<k)forl=1,2.

Now M o, M3 o are very similar:

(¥) For @ < K, they are not just isomorphic but have the same universe, and
the difference is only in the interpretation of R;.

Here we define M{m by Restricting ourselves to I, @4, S where S cde G, %0 and
Q« code "o and for each t € J attached is something like a copy of My .,

Now, for £ = 1,2 we shall define Mé’a adding a new element ¢}, which code the
Rl, ie.

R = {a~(t;): a e R}



Paper Sh:932, version 2025-12-05. See https://shelah.logic.at/papers/932/ for possible updates.

14 SAHARON SHELAH

So this translate “M; o = My o <= a <K’ to
otp(tI,M{m,M{,Q) = otp(tS,M67a,Mé7a) = a<k
where Mg , is obtained from M; , by omitting @, J

Proof. Proof of 1.4
Recall o = 6%, Let G = ([o]<®°, A) and let {c; : i < o) list the members of G.
We define 7 = 7¢, by:

H, 7= T;U{S, S0, 51,5, JJ, 1, A, m,Q, Ry, Rs, R3, }U{Hnl n < w}U{Fl,FQ}U
{d;: i < o}, so of cardinality o, where:
(a) 79 ={En,E,: n <w} U{Ro},
(b) Ry, Rs are binary predicates, E,,, E}, are (2n)-place predicates for n €
2,0),
c) S,80,51,52,Q,J,I, A are unary predicates,
d) 7 is an unary function symbol,
e) Ry, Ry are two place and three place predicates respectively,
f) F» H, is an unary function symbol,
g) d; is an individual constant for i < o.
h) H is a two place function symbol.
i) Fi,+ are two-place function symbols.

N~ o~ —~

—~

We define K as a class of 7-models by (note that the function symbols are
interpreted as partial functions):

Xy M € K iff (up to isomorphism):

(a) (SM,SM SM QM 1M JM A) is a partition of |[M|, (recall that they
are unary),
(b) SM =8MuSsMuysM.
(c) (E/)M C 27(AM) is an equivalence relation on "(AM), and EM an
equivalence relation on "(AM) refining it, for n € [2,w),
) Ry is a binary relation C AM x AM|
) RM is a binary relation C AM x JM|
) #M is a function from AM into 1M,
) Ry C AM x AM x SM (play the role of R.’s in 1.2).
) {dM: i < o} are pairwise distinct elements of S},
) o; +M is a two place function on S{V[ ,
o, HM: S} — SM is one-to-one
o3 G = (SM.4+M) is an Abelian group satisfying (Vx € G)(z + 2 =
0c) and rng(H™) is a basis of G.
() (o) RY C AM x J and for t € J, define:
RM[t] = {a € Ap: M = R3la,t]},
(B) o (E)M CU{BxB: B € BM}, where BM = {R}[t]: t € J}
is a partition of AM,

o BN C(E)M,

e the domain of FM is AM x SM and it maps B x SM
onto B for B € B; also if a € AM and ¢1,co € SM then
FM(FM(a,c1),c0) = FM(a,c1 + c2);

(it play the role of the F,-s in 1.2),

eifa = (a :i < n) € "(AM) then a/(E!)M is equal to

(M (i) s c € 811,
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e M is a function from AM onto Q™

o if a € AM then {(b,b) : (b,b)(E!)™(a,a)} is equal to
{{b,b) € AM x AM : F5(b) = FM(a)} and to {(b,b)}: b =
FM(a,c) for some c € SM.

X3 We define <; as being a submodel, in particular M <¢ N = 7V M = M,
FNIM = FM | etc.

Easily
Ky t = (K, <) is an AEC where < is the two place relation on K of being a
sub-model.

X5 We define the closure operation ¢/ = ¢y with domain {(A,M): AC M €
K} such that for every (A, M) from the domain of ¢f(A, M), is the minimal
set B such that:

e BC M,

e, AC B,

o3 B is closed under the functions 7™, FM +M

oy dlM € B for i < o, hence S{V[ C B,

o5 for ¢ € SM we have if F{¥(a,c) = b then all of them a € B iff b € b.

X Indeed cf witnesses £ admit intersections.
[Why? Just check.]
X, € has disjoint amalgamation.

[Why? So assume My C M, are from K and without loss of generality My N My =
My and we shall find a member M of K extending all of them. We define Mas
follows:

e ac€ Mifaée M;orac M,

o, if P is a predicate from 7 not equal to E, or E,, for some n € [2,n) then
PM — pMyy pMz

o3 if F' is a function symbol from € then FM = FMi y Mz

o, if n € [2,w) the (E!)M is the closure of (E/,)M1 U(E!)M2 to an equivalence
relation; similarly for F, .

Obviously M, C M for £ = 0,1,2 so we just have to check that M € K. This is
straightforward. So X; holds indeed.

Assume k is as in clause (d) of 1.4, we use the My (¢ =1,2,a < k) as well as
I, 7o constructed inside the proof of 1.2 (the main relevant properties are stated
in 1.2). They are not in the right vocabulary and universe, so let Mé’a be the
following 7-model:

Xs (a) elements: The universe of the model Mj , is the disjoint union of the

- M, My oMia | oMia
following sets (and we have S™¢a = S U S] “* U S, “):
M/
° SO L, =0
M;
o []<Ro .
d Sl ¢ = [U] 0 )

M
o 5, be =94,

See https://shelah.logic.at/papers/932/ for possible updates.



Paper Sh:932, version 2025-12-05. See https://shelah.logic.at/papers/932/ for possible updates.

16 SAHARON SHELAH

o [Mia — 1,
o JMia = {tx} where £} is just a new element,
o AMio = {0} x |[Myq| = {1} x Aq,

(we assume disjointness)

(b) for ¢ = 1,2 the mapping a — (i,a) for a € M, is an isomorphism
from (M o[A%)IT) onto (MZQFAMEQ)[T' S0 (E;L)M“*,Eﬁh’a,Rim’“
are defined.

(¢) IMia =1,

(d) 7Mia is deﬁned by w((4,x)) = m(x)

(e) (i) Ry Mia i the set of (£, o), £3) such that (az) € R,

(i) Ry ={(a,t}) : a € AMee},

My o

d, =1 fori <6,

R, " ={((t,a),(£,b),e): e € °0, and (a,b) € RY“},

)

) M,

h) HM is the function mappmg d; to {d;},
)
)

(i) B

FlM“’ maps (a,c) € AMia x S Mia to F2' (a)
(k

My o,

F, s AMio QMM maps (af,au, 0 U) 10 Gf q-

Let My, = M, | (SMLQ U IMea gy QMea U JME,Q> for £ =1,2 and o < K (we
get the same result for ¢ = 1,2).

Note easily
Xy My, =M, N0 M,

X109 (Méa : a < K) is <g-increasing and continuous for £ = 0, 1, 2,
[Why? Easy to check.]
llel Ortpé(tT7 M(/),cw M{,a) = Ortpé(t§7 M(l),om MZ/,a) for oo < k.

Why? By the isomorphism g, from M; , onto Ms . respecting 7, in 1.1. That is
we define h such that it is the isomorphism for Mj , onto M3 , over Mg , mapping
t1 to t3 and mapping (1,z) € AMi« to (2, go()).

Now, check.

0P Ortpe(t’{, M(l),m M{,fi) 7é ortpe (t;v M(S,m Mé,m)'

[Why? By the non-isomorphism in 1.1; extension will not help.]
Uig

2. COMPACTNESS OF TYPES IN AEC

Baldwin [Bal09] asks “Can we in ZFC prove that some AEC has amalgamation
and JEP but fails compactness of types?”. The background is that in [BS08] we
construct one using diamonds.

To me, the question is to show that this class can be very large (in ZFC).

Here we omit amalgamation and accomplish both by direct translations of prob-
lems of existence of models for theories in L+ .+, first in the propositional logic.
So whereas in [BS08] we have an original group G, here instead we have a set
PM of propositional “variables” and '™ set of such sentences (and relations and



Paper Sh:932, version 2025-12-05. See https://shelah.logic.at/papers/932/ for possible updates.

MAXIMAL FAILURES OF SEQUENCE LOCALITY IN AEC SH932 17

functions explicating this; so really we use coding but are a little sloppy in stating
this obvious translation).

In [BS08] we have I set of indexes, 0 and H, set of Whitehead cases, H; for
t € I™ here we have I™ each t € IV representing a theory PM C PM and in JM
we give each t € I'M some models MM : PM — [true,false}. This is set up so that
amalgamation holds.

Notation 2.1. In this section types are denoted by p,q because p,q are used for
propositional variables.

Definition 2.2. 1) We say that an AEC ¢ has (< A, k)-sequence-compactness (for
types) when: if (M; : i < k) is <g-increasing continuous and ¢ < k = ||[M;|| < A

and p; € S"(M;) for i < k satisfying ¢ < j < k = p; = p;[M; then there is

px € L"(M,) such that i < Kk = p,[M; = p;.

2) We define “(= A, k)-sequence-compactness” similarly. Let (A, 8)-sequence-compactness
mean (< A, k)-compactness.

Question 2.3. Can we find an AEC ¢ with amalgamation and JEP such that {x : ¢
have (A, k)-compactness of types for every A} is complicated, say:

(a) not an end segment of the class of cardinals but with “arbitrarily large”
members

(b) any {x : k satisfies 1}, % € g+ g+ (second order) when LST, < 6.
Definition 2.4. Let 6 > Xy, we define ¢ = ¢ = £(0) as follows:

(A) the vocabulary 7 consist of F;(i < 0), Ry(¢ =1,2), P,T',I,J,¢c; (i < 0),F;(i <
), (pedantically see later),

(B) the universe of M € K is the disjoint union of PM , TM M jM g0 P T, 1,.J
are unary predicates,

(C) (a) PM aset of propositional variables (i.e. this is how we treat them)
() c—i an individual constant such that ¢ € PM are pairwise distinct
for i < 6, '™ is a set of sentences of one of the forms ¢ = (p), ¢ = (r = pA,

q9),¢=(¢=-p),p=(q= A pi),sop.qrp €PY,
<K
(¢)  the function FM : T™ — PM for i < § are such that for every
i < 0 and ¢ € I'M we have (below Fy(y) tell us how ¢ is composed,
Fi 41 give from what):
(o) if o= (p) and i < 0 then Fy;(v) = p, Fo(e) = o
(8) ife=(r=pAgq) then Fi(p)isc; ifi=0,ispifi=1,1is¢q
ifi=2,andisrifi >3
(v) if o=(g=-p)then Fi(p)isce if i =0,is pif i =1, and is ¢ if

(0) ifo=(g= A pj;) then Fi(p) is c3 if i =0,
j<6
isgifit=1andiscoq;if i =247
(d) I aset of theories, i.e. RM CT x I and for t € I let
M = {4y eTM . pRMt} CTM
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(e) Jis a set of models, i.e. R} C (I'UP) x J and for s € J we have
MM is the model, i.e. function giving truth values to (some)

pe PM ie.

(@) MM(p) is true if pR3 s; is false if —(pR3s)

(B) (p,s) € RM iff computing the truth value of ¢ in MM

we get truth
(f) FM:JM — IM such that s € JM = F%M(s) ={p eTM: (p,5) €
RM} ie. the set of sentences from I'™ which MM satisfies,
(9) (vteI™)(3se JY)(FM(s) =1)
(D) M <¢ N iff M C N are 7g-models from K.

Claim 2.5. t is an AEC and LST(¥) = k.
Proof. Obvious. Oa s

Claim 2.6. 1) ¢ has the JEP.
2) ¢ has the amalgamation property.

Proof. 1) Just like disjoint unions (also of the relations and functions) except for
the individual constants ¢; (for ¢ < 6), or see the proof of part (2).
2) So assume that My C M, for £ = 0,1 are in K, without loss of generality
M, N My = My and we shall find M € K¢ extending all of them.
(a) the universe of M is |M7|U |Ma].
(b) Similarly for the predicates.
(¢) As the functions are all unary, the situation is similar:
o fori <@ and (<2 FM:TMe DM and pMejTMo — Mo,
Clearly FM = FM U FM2 and we have:
® FM is a well-defined function from T'™ into P extending F*
fori < 6
(b) Similarly for i = 6.
It is easy to check then that { = 2 = M, C M and that all clauses of the
definition of “M € K;” hold. Oog

Claim 2.7. Assume My <¢ My for £ = 0,1 and |My| = PMo yTMo = pMe yTMe
for ¢ =1,2 and ap € I™* for ¢ = 1,2. Then ortpg(ai, Mo, My) = ortpg(az, Mo, M)
iff TMy Z s,

Proof. The if direction, <:

Let h be a one to one mapping with domain M; such that h| My = the identity,
h(a1) = ag and h(M;) N My = My U {as}. Renaming without loss of generality h
is the identity. Now define M3 as M7 U Ms, as in 2.6, now a; = ao does not cause
trouble because PMo = pMe Mo — T'Me for ¢ = 1,2.

The “only if” direction, =:
Obvious. Uo7

Claim 2.8. Assume \, 0,k are such that:

(a) 0 < Kk are regular < A
(b) (T'; : i < k) is C-increasing continuous sequence of sets of propositional
sentences in Lo+ w, such that [I'; has a model & i < k]
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(c) ITul <A
Then t fail (X, 6)-sequence-compactness (for types).
Remark 2.9. We may wonder but: for § = Xy, compactness holds? Yes.

Proof. Without loss of generality |T'x| = A. Without loss of generality (p} :e < \)
are pairwise distinct propositions variables appearing in T’y (but not necessarily
€Ty) and each ¢ € T'; is of the form (p) or r=pAgorr=-porr= A p;.

<6
Let P; be the set of propositional variables appearing in I';; without loss of
generality |P;| = A.
We choose a 7()-model M; for i < k such that:
Eﬂl (a) |MZ|:PZUPZ, and T(Mi):Tg7
(b) PMi = PpP;and I'M: =T,
() FMi (for ¢ < k) are defined naturally),
(d) 1M =0 =JM hence R¥ = R)M =0 =FM.
Clearly
Ho (a) M; € K,
(b) (M;: i < k) is <g-increasing and continuous.
Let M, : P, — {true, false} be a model of T};.
We define a model N; € K for i < & (but not for i = k!)
X (a) M; <¢e N,
(b) PNi= pMi,
() TNi=TM
(d) IM={t;:j<i},
(e) JM={s;:j<i},
(f) FXi(s;) =t
(9) RY' =U{L; x {t;}: j <},
(h) R is chosen such that MQJ is M.
Now
(*)1 P = ortpe(ti,Mi,Ni) S yl(Mz)
[Why? Trivial.]
(*)2 ’L<j <I€—)pi:p]ﬁMj.

[Why? Let Ni,j = Nj F(Mj U {Sj,tj}).
Easily ortp(t;, M;, N; ;) < p; and ortp(t;, M;, N; ;) = p; by the claim 2.7 above.]

(%)3 there is no p € 1 (My) such that i < k = p;|M; = p;.
Why? We prove more:

()4 there is no (N, t) such that
(a’) Mn <e Na
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(b) te IV,
(¢) (Vo € TM)[pR{"1].
[Why? As then I'), = I'™ has a model contradiction to an assumption. o g
So e.g.

Conclusion 2.10. If k > 0 are regular with no §+-complete uniform ultrafilter on &
and A = 2%, then € = ¢y is not (\, k)-sequence-compact.

Remark 2.11. Recall if D is an ultrafilter on 6 then min{o’ : D is not o’-complete}
is Ng or a measurable cardinal.

Proof. Not novel but we elaborate.
(x)1 Let M be the model with the following characteristics:

e, its universe is %, (), where J#%¢(\) considering ordinals as atoms,
and for any p

Hzp(p) = {z: trcl(z) and has cardinality < 6 and every ordinal from it is < u},
where trcl(z) is the transitive closure of x,

o PM=0,cM=ifori<6andcy=nr,

o3 RM =c [’ng()\),

o, <M is a well-ordering of H<g(N),

e; the vocabulary of M has cardinality x and has elimination of quanti-
fiers and Skolem functions.

(¥)2 Let M, be an expansion of M such that for some y > 2*, and N < (H(x), €)
of cardinality 0, |[IN|=6,0+1C N and M € N and M, is gotten from M
by:

for every ¢(¢) € Lo+, (Tar) N N so lg(z) finite we add PY = {a €

8@ N M = pfa]} so PM in a new lg()-place predicate.

(*)3 (a) Let 7 = 7(Me) U {cp: b€ M} U{c},

(b) Let M be the expansion of M, to a 7,-model with c{,‘ﬁ =bforbe M.

(¥)4 For ¢ < k, let I'; be the union of he following sets:

(a) T} is the set of quantifiers free formulas which M* satisfies will we
consider only those generated from the atomic by —¢, ¢ A 9, and
w= /\z 0 Pis

(b) T? = {;0(,0) AbjRe: j <i},

(c) T? ={o(d) = cc = Py(@y=c. : d € “7(IM|U;{c},0(—, —) a term for (M)}
(d) T = {to@ePr(0(d) APy(a)c: o(d), € as abovef},
(e) T? = {Gsigma(d) = Neco VP(o(@),c* N Po(d)e: 0(d) as above },

()5 If i < K then I'; has a model.

[Why? Expand M by interpreting ¢ as ¢;.]

(%)¢ I'x has no model.

[Why? If 'y has a model N, then without loss of generality, N|7(M™) extend
M+, and 1 et N’ be the restriction of N to the closure of {¢y: b € Mt} U {cN'}
under the Skolem functions. Easily N < N and D ={bC k: N’ |= “c € ¢}/ }. Now
check.]

(¥)7 Now 2.8, applied to (I';: i < k) gives the desired result.

Ua.10
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Conclusion 2.12. In Claim 2.8 if A = A" then we can allow (I'; : i < k) to be a
sequence of theories in Lg+ o+ (7), 7 any vocabulary of cardinality < A.

Proof. Without loss of generality, we can add Skolem functions (each with < &k
places) in particular. So I'; becomes universal, and adding propositional variables
for each quantifier-free sentence and writing down the obvious sentences, we get a
set of propositional sentences, and we get I'; as there. O 10

Note that:

Conclusion 2.13. 1) Let Cy = {k : k = cf(k) and for every A\ and AEC ¢ with
LST(¥) < 6,|me| = 6 have (A, k)-sequence-compactness of types } is the class {x :
k = cf(k) > 0 and there is a uniform 7 -complete ultrafilter on x}.

2) In Cy we can replace “every \” by A = 20 4 k.

Proof. Put together 2.10 and ?7. o153
Of course, a complementary result (showing the main claim is best possible) is:

Claim 2.14. If¥ is an AEC, LST(¥') < 0 and on & there is a uniform 07 -complete
ultrafilter on k and 6 is regular and \ any cardinality then € has (A, k)-compactness

of types.

Proof. We sha;; write down a set of sentences I'c from Lg+ g+ (T;_) for ¢ < 0 ex-
pressing the demands.

Let (M; : i < k) be <g-increasing continuous, ||M;|| < A, p; = ortpg(a;, M;, N;)
so M; <¢ N; such that i < j < k = p; = p;[M;. Without loss of generality
([ NG| < A

Let (N;j¢ : £ < nyj),m1 witness p; = p;[M; for i < j < k (i.e. M; <
Nije (without loss of generality |[[N;jell < A), Nijo = Ni,Nijn,; = Nj,a; €
Nid',g,e /\ (Ni7j7g Sg Ni,j,€+1 Vv Ni,j7g+1 Sg N@jﬁ) and Ti,5 be an isomorphism

<Ni,je
from N; ofjlto Ni jn,; ,; over M; mapping a; to a;.

Let 77 = 1 U{F., : ¢ < 0,n < w} be disjoint union, arity(F:,) = n. Let
(Mi+ : i < k) be C-increasing, Mi+ a 71-expansion of M; such that u C M;r =
M; FcéM;r (u) <¢ M;. Similarly for ¢ < k < k, we have (N;rjsz 0 <mnjee € {14}

such that Nt‘} is a 71-expansion of N; ;. as above such that (V¢ < n; ;,)(3e €

K
+, +, +, +,

{1 2N 7 € Niia V N jion S Ni7%).

Now write down a translation of the question, “is there p such that...”

Assume that D is a uniform §*-complete ultrafilter on k.

For each ¢ < x let U; € D be such that ¢ < j € U; = n;; = n}. Let moreover
ny, and % € D be such that for every i € % we have n; = n,. Let N;,, =
[T Nije/D. So (Nixye : £ < nj) are as above. Let M = [[ M;/D,m;9 =
JEU; i<k
[T mi;/D, ete. Ua.14
JEU;
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