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FAILURE OF SINGULAR COMPACTNESS FOR Hom
MOHSEN ASGHARZADEH, MOHAMMAD GOLSHANI, AND SAHARON SHELAH

ABSTRACT. Assuming Goédel’s axiom of constructibility V. = L, we construct an
almost-free abelian group G of singular cardinality with the property that for every
nontrivial subgroup G’ C G of smaller cardinality, Hom(G’, Z) # 0, while Hom(G,Z) =
0. This provides a consistent counterexample to the singular compactness of nontriv-
ial duality with respect to the functor Hom(—,Z).

§ 0. INTRODUCTION

Hill [6] proved that if an abelian group G has cardinality a singular cardinal with
cofinality at most wy, and every subgroup of G of smaller cardinality is free, then G
itself is free. This result forms one of the foundations of Shelah’s Singular Compactness
Theorem [9], in which he introduced an abstract notion of freeness and removed the
restriction on cofinality. In particular, Shelah showed that if an abelian group G is of
size a singular cardinal A, and if every subgroup of GG of cardinality < X is free, then GG
must be free. General references on singular compactness may be found in [3, 4], while
applications are discussed in [5].

Compactness principles, and the corresponding phenomena of incompactness, occupy
a central place in modern set-theoretic algebra. Broadly, a compactness principle
asserts that if every small subobject of a given object satisfies a property Pr, then
the object itself satisfies Pr. At the ASL Annual Meeting in Irvine (2008), Shelah
[T0] announced several theorems concerning singular incompactness, although these
results were not published. The aim of this paper is to provide a systematic analysis
of incompactness for abelian groups with respect to the duality functor Hom(—,7Z),
focusing on singular cardinals. In particular, we verify a prediction from [I0]. The
property of interest is:
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Pry: Let G be a group of cardinality A. If every nontrivial subgroup G’ C G of
cardinality < A satisfies Hom(G', Z) # 0, then Hom(G,Z) # 0.

For i < A we recall that S = {a < A : c¢f(a) = p} is stationary in A. Given a
stationary set S C A\, we write {g for Jensen’s diamond on S (see Definition [1.6)).
When A > N is regular and ¢ holds for some stationary non-reflecting S C S;}O, it
is known (see [3]) that one may construct a A-free abelian group G of cardinality A
such that Hom(G, Z) = 0. Any subgroup G’ of cardinality < A is then free, and hence
Hom(G’,Z) # 0. Thus Pr) fails for such A\. These assumptions entail that A is not
weakly compact, since weak compactness implies reflection of stationary sets, whereas
we require a non-reflecting stationary subset. In fact, the non—weak compactness of A
is necessary for the property Pry; see Fact [[.5] However, the argument above does not
extend to singular cardinals.

Our main contribution is to show that the failure of Pr) at singular cardinals is
consistent with Godel’s axiom of constructibility. Although the main theorem is estab-
lished in a more general setting, the following special case suffices for the purposes of
the introduction.

Theorem 0.1. Assume V = L and that:

a) (\; 11 < K) is an increasing sequence of reqular cardinals with limit \;

At ' ' ' f l dinals with limit \
(b) each \; = p; is a successor cardinal, where ; is reqular and not weakly compact;
(c) Rg < kK < x < Ao, where k and x are regular.

Then there exists a x-free abelian group G of cardinality A which is a counterexample
to singular compactness at A for the property Hom(—,Z) # 0.

In fact, the assumptions of Theorem can be weakened as follows:

(a) (N : ¢ < k) is an increasing sequence of regular cardinals with limit A\, with
each \; = u;';

(b) Vg < k < x < Ao, where k and y are regular;

(c) for each i < k, there exist stationary, non-reflecting sets .S; C S§0 and T; C Sﬁo
such that $g, and {7, hold;

(d) there is no measurable cardinal < \.

Our investigation is closely related to the classical Whitehead problem, concern-
ing the vanishing of Ext(G,Z) := Ext}(G,Z), a property of considerable interest but
greater complexity. In our forthcoming work [I], we study singular compactness in the
context of Ext. Under the additional assumption V = L, the situation becomes sim-
pler: by [§], an abelian group G of cardinality A\ > X is free if and only if Ext(G,Z) = 0.
Hence, by Shelah’s singular compactness theorem for free groups [9], singular compact-
ness also holds for the property Ext(—,Z) = 0.

Throughout the paper, all groups are abelian. For standard terminology from set-
theoretic algebra, we refer to Eklof-Mekler [3] and Gébel-Trlifaj [5]. Background from
group theory may be found in Fuchs [4].
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§ 1. PRELIMINARIES

In this section we establish the notation and conventions used throughout the paper,
and recall several basic facts from set-theoretic algebra. All groups are abelian and
written additively.

For abelian groups G' and H, we write Hom(G, H) := Homy(G, H).

Notation 1.1. Let u be an index set, and define Zy, := €
is a basis for Zy,).

Lz, so that (z, 1 « € u)

acu

Definition 1.2. Let s be an infinite cardinal and G be an abelian group.

(a) The group G is called k-free if every subgroup of G of cardinality less than & is
free.

(b) The group G is said to be strongly s-free if it is k-free and in addition every
subset of G of cardinality < & is contained in a subgroup H of G of cardinality
< K such that G/H is k-free.

Remark 1.3. We note that if x is a singular cardinal, then G is x-free if and only if G
is A-free for every regular cardinal A < k.

Recall that a ring R is said left-perfect if every flat left R-module is projective. Since
Q is flat but not projective, it follows that Z is not left-perfect. Moreover, the following
result shows that for a weakly compact cardinal k, every k-free group of cardinality x
is free.

Fact 1.4. (See [3| Theorems VI.3.2 and VII.1.4].) Let A be a weakly compact cardinal.
If M is a < \-generated module which is A-free, then M is free.

We now verify that Pry holds whenever )\ is weakly compact.

Fact 1.5. Assume )\ is a weakly compact cardinal and G is a group of size A such
that Hom(G',Z) # 0 for every nontrivial subgroup G’ C G of cardinality < A. Then
Hom(G,Z) # 0. In particular, Pry holds.

Proof. Let 8 > X be sufficiently large and regular, and let M be an elementary submodel
of (H(#), €) of cardinality A such that

M*C M and A\, G e M.

Since \ is weakly compact, there exists a model N of cardinality A\ with N<* C N and
an elementary embedding 7 : M — N such that

J, M €N, j(a) = a for all a < A, JA) > A

In N, the group j(G) has cardinality j(A), and G is a subgroup of j(G) of size
A < j(A). By elementarity,

N = “Hom(G,Z) #0”.
This implies Hom(G, Z) # 0 in the ambient universe, and the claim follows. O



Sh:1264

4 M. ASGHARZADEH, M. GOLSHANI, AND S. SHELAH

Definition 1.6. Suppose A > > N are regular cardinals, and let S C A be stationary.

(1) Jensen’s diamond {,(S) asserts the existence of a sequence (S, | a € S) such
that for every X C )\, the set

{aeS | XNa=5,}

is stationary.

(2) A useful consequence of $5(S) is the following. Let A = |J,., As and B =
Ua<y Ba be two AMfiltrations with [A,|, |Ba| < A. Then there exists a sequence
of functions (g, : Aa — Ba | @ < A) such that, for any function g : A — B, the
set {a € S| gla,= ga} is stationary in A.

(3) S is non-reflecting if for every limit ordinal § < A of uncountable cofinality, the
set S N9 is non-stationary in 9.

(4) We set S == {a < X | cf(a) = p}.

Definition 1.7. Let K be the class of objects k := (py, 6k, Kx) consisting of:

(a) pu is a limit ordinal, and 0y < pu,

(b) Kx is an R-module with the set of elements 6y, and Ok, = 0,

(c) if Ky C K is an R-module, then we can find (Hg k,, Nk x,) such that:
(a) Hy g, is an R-module extending (Ky)
(ﬁ) Hk,Kl/(Kk)[#k} is (Mkv Kk)'freev
(7) e, € M(K1),
(0) there is no homomorphism f : Hy i, — K; such that f(z,) = nx k, (a) for

a < g

(k]

c c
(Ki)[{ay) — (K g —= Hix,

K
where 7(z4) = Nk K, (@).

In order to establish the existence of a framework k € K;, we first record the
following result of Eklof-Mekler, see [2].

Fact 1.8. Let i be an uncountable regular cardinal. Assume that S C Sﬁo is stationary
and non-reflecting, and that g holds. Then there exists an indecomposable, strongly
p-free abelian group H of cardinality pu.

Lemma 1.9. Assume (R, K) = (Z,7). There exists k € Ky with p = p provided
that:

(a) p=ct(p) > Ro;

(b) S C Sy, is stationary and non-reflecting;

(c) &g holds.
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Proof. By Fact [1.8] there exists an indecomposable, strongly p-free abelian group H of
cardinality p. We first note that Hom(H,Z) = 0. Indeed, if 0 # f € Hom(H,Z), then
Im(f) =2 Z is free, so the exact sequence

0 — ker(f) — H — Im(f) — 0

splits. Since H is indecomposable, this forces ker(f) = 0, hence H embeds into Z,
contradicting |H| = pu > N,.

As H is strongly p-free, there exists a subgroup K C H of cardinality < p such that
Z C K and H/K is p-free. Without loss of generality, write K = €, _,
0 < p. Fix a partition p = (J;_, I; such that the I; are pairwise disjoint, |I;| = ¢ for

7, for some

all ¢ < p, and I; < I; whenever ¢ < j.

Define
G¢=a,
i<p
where each G; = H and G;/Zy, is p-free. Since H is torsion-free, we have Z C H, and
hence
Zy CEPGi=G.
<p
Moreover,

Hom(G, Z) 2 Hom (@ G, Z) ~ [[ Hom(H,Z) = 0.
i<p 1<p

We next verify that G is p-free. Let L < G with |L| < p. There exists I C p with
|I| < p and subgroups L; < G, each of size < p, such that L C
L; is free, so is @,.; Li, and hence L is free.

Finally, note that G/Z,) = ,., Gi/Zr,, and each summand on the right-hand side
is p-free. Thus G/Zy, is p-free. Therefore k = (1, Ry, Z) € K;. For any K, C Z, set
(Hx iy, Mx.x,) = (G,m), where n: p — K is arbitrary. If Ky # 0, then K; = Z, and
hence Hom(G, K;) = 0, which verifies (§) from Definition [L.7(c). O

ser Li- Since each

We also need the following well-known result of Kurepa.

Fact 1.10. Assume cf(\) > Ry and let 7 be a tree of height A whose levels are all
finite. Then 7 has a cofinal branch.

§ 2. CONTROLLING Hom(G,Z)

In this section we prove our main result (see Theorem [2.6]).

Discussion 2.1. Recall that a cardinal  is measurable if it is uncountable and there
exists a non-principal k-complete ultrafilter D on k, meaning that for every subset
S C D of cardinality less than k, the intersection (]S belongs to D. It is a classical
result that the existence of measurable cardinals cannot be established within ZFC.
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Definition 2.2. Let G be an abelian group. The dual of G is the abelian group
Hom(G,Z), denoted by G*. For g € G, define ¢, : G* — Z by evaluation

be(f) = [flg), [feGm

The assignment g — 1, defines a canonical map ¢ : G — G**. We say that G is
reflexive if ¢ is an isomorphism.

Fact 2.3. (Los-Eda, Shelah; see [3, Corollary II1.1.5] and [I1]). Let p = g be the
first measurable cardinal. The following hold:

(a) For any # < y, the group Z( is reflexive; in fact, its dual is Z°.

(b) For any A > p, the group Z™ is not reflexive.

(¢) There exists a reflexive group G C Z* of cardinality pu.

Let Pr be any property of abelian groups, and let A be a cardinal. Recall that
compactness for (A, Pr) means that if G is a group of cardinality A and

“for all G C G with |G'| < A\, G’ has P17,

then G itself has Pr. In this paper, we focus on the following specific property of
abelian groups:

Notation 2.4. For a cardinal A, let Pr) denote the property: If G is a group of size A,
and if for any nontrivial subgroup G’ C G of size less than A\, Hom(G’,Z) # 0, then
Hom(G,Z) # 0.

We now turn to the primary framework for our construction.

Definition 2.5. Let 6 be a cardinal.
(1) Let M, 4 be the class of objects

m = (A, (G™: @ < ), Sy (fms © 5 € Sim))

consisting of:
(@) () Am = cf(Am) > Ny,
(8) Am = am := fg(m), where g(m) denotes the length of m.
(b) (a) (G2 : o < ay,) is an increasing and continuous sequence of abelian
groups,
(B) |G < Am for a < am.
(c) G /GH is free.
(d) The set
{B < am : GF,,/GF is not free}
is non-reflecting and stationary.
(e) (a) Sm is a set of cardinality < 6,
(B) fm,s € Hom(G2 ,Z) for each s € Sp,.
(f) The family (fm.s : s € Sm) is a free basis of a subgroup of Hom(G%! ,Z).
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(2) The class Myy is defined as above, with the modification that in item (a)(8)
we set am = Am, and we further require:
(g) For every f € Hom(G: ,Z), there exists h € Hom([[g 7Z,Z) such that

f(x) = h((fms(x) : 5 € S)) forall x € G} .
Namely, h is a factorization of f through
7 € Hom(G™ ,Z°™),
defined by m(z) := (fm,s(2) | s € Sm).
(h) The homomorphism from G2 into “~Z, defined by  — (fm,s(z) : s € Sm)

is surjective.
(i) For any nonzero subgroup G C G2 with o < auyy, we have Hom(G', Z) # 0.

We are now in a position to state and prove our main result:

Theorem 2.6. Assume that:

(a) (N\i : 1 < K) is an increasing sequence of reqular cardinals with limit A\, and
\i = p, for some regular cardinal p;,

(b) Wo < k < x <\ and K, x are regular,

(c) S; C S;}O is stationary and non-reflecting, and g, holds,

(d) T; C S is stationary and non-reflecting, and {r, holds,

(e) there is no measurable cardinal < \.
Then there is a x-free abelian group G of cardinality X which is counterexample to

singular compactness in A for Pry.

Proof. We construct a x-free abelian group G of cardinality A endowed with the fol-
lowing property: for any nontrivial subgroup G’ C G of smaller cardinality, we have

Hom(G',Z) # 0,

while Hom(G,Z) = 0.
The idea of the construction is to equip the cardinals A\; with an underlying tree
structure 7;, which allows precise control of homomorphisms from the building blocks

G of the group

1<K
The proof is organized in four stages. Stage (A) defines the tree structure 7;. Stage
(B), which is more involved, constructs by induction a system of x-free groups together
with homomorphisms from them to Z. Stage (C) verifies that subgroups of smaller
cardinality have nontrivial duals, and Stage (D) shows that there are no non-zero
homomorphisms from G to Z.

Stage (A): We define a tree T of height x, whose i-th level 7; is defined as follows:
(%)%, : T; is the set of all sequences 7 satisfying:
(a) n has length i + 1,
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(b) for each § < i, n(j) = (n(j, 1), (5, 2)).

(c) for each j <1, n(j,1) < A; and 7(4,2) <

(d) if ji < j2 <4, then n(j1,1) < n(ja, 1) and n(j1,2) < 1(j2,2),

(e) the range of 7 is finite,

(f) if j1 < jo < i and the sequence (n(j,1) : j € [j1,72]) is constant, then
Jj2 < n(j1,2).

Set T := U, Ti, ordered by the end-extension relation <. Then (7<) is a tree of
height x, whose i-th level is 7;. Moreover, if n € 7; and i < j < k, there exists v € T;
such that n<v; that is, p =v | (i + 1).

For truncated trees, we define, for a@ < \;,

Tiw={n€Ti:n(i,1) < a}.
In particular, 7; = T; .
Claim 2.7. The tree (T,<) has no branches of length .
Proof. Assume, towards a contradiction, that there exists a branch
b:=(n i <K)
of T. Then (n; : i < k) is <increasing. It follows that the sequence

mi(i,1) 11 < K)

is non-decreasing in the ordinals. By clause (x)%(e), every initial segment takes only
finitely many values, and since k = cf(k) > N, the sequence must eventually stabilize.

That is, there exists i, < k such that
ni(i,1) = n;. (ix, 1) for all i € [ix, k).
On the one hand, by (x)%(f), we have
n(is,2) > for all i < &,
while on the other hand, n(i.,2) < k. This is a contradiction. U

Stage (B): We define m; by induction on i < s such that:

(%)% : The sequence m; satisfies:

(a‘) m’L - ()\mm <Granl e’ S ami>7 Smia <fmi,s .S 6 Sml>> E Ml,/\i’

(b) Am; = am, = A;, and the set of elements of GY* has cardinality A;,
(c) Gai:=U{GY, +j < i} U{0},

(d) Gg" == Gy,

(€) Sm, =T =T,

(f) 1f] <1, then m; < m;, ie,

neTiAveTiANAv = fum;n C fmiws
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which can be depicted as:

m; g m;
0— Gy =G

fmjﬂni /H‘i’u

Z

(2) (fm;n:n € 7T;) is an independent subset of Hom (G}, Z),

(h) N{Ker(fm,n) :n € Ti} = {0},

(i) for any f € Hom(GY",Z), there exist a < \; and h € Hom(HneTm Z,7)
such that h is a factorization of f through m; € Hom(Gg:;i,ZSmi), defined
by 7i(2) = (fime,s(x) | 5 € Sm;)-

Remark 2.8. For each a < \;, the cardinality of 7;, is less than A;. This fact will be
useful to show that

?

|GRY| < Am; for a < Ay,

see the subsequent discussion in (f) below.

Assume that ¢ < x and that the sequence (m; : j < i) has been defined. Fix a
diamond sequence
(Fis:0€8;), Fos:0—1.

Notation 2.9. Let (B;(y) : v < A\;) be an increasing, continuous sequence of ordinals

cofinal in \;, with 53;(0) = 0.

We proceed by setting G; := Uj<l. GK;”U{O}. Also, forn € T;, define f;, : Go; — Z
by
Feim = fnymiGian)-
1<t
In particular, G = {0} and f., : G<o — Z is the zero map. We shall choose m, ,
by induction on v < \; such that:

(¥)&: (a) myg is defined as

Smi, = Tip,() and Lg(m;,) = a;, < A;, which means:
a) if p <, then m; , <m, ,,
)

) if v is a limit ordinal, then m, , :=J, __ m;,. In particular, we have

p<
the following equalities:

(ﬁl) O~ = SUP -~ O p,
p<~

(BQ) Gg;?:yﬂ{ = Up<»y ngl',i;pa
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(/83> mzw = Tvﬁ’b( )
(/84> fm’b ’Y7n fl <'r] U Up<'y fmz pvn P+1 for any n E T:Bz
c) If p <, and p & S;, then G, /Gar? is free.

Qg Qip

)
d; MKer(fm, ,n) 11 € Tipi) b = {0}
)

T~ o~

e) Ga,” has set of elements an ordinal &;(y) < ;.
f) Recall that (F;5:§ € S;) denotes the diamond sequence. We now collect
the following notatlons and assumptions:
(o) vy =a; €5,
(8) The underlying set of Ga,"" is 7,
(7) Im(F; ) € Z is nonzero; in particular, Im(F;,) = nZ = Z for some
nonzero n € 7,
(8) F;, is a homomorphism from Gg,”” onto Im(F; ),
(€) Fiy & (fmiym i1 € Tipy(y)), Where (fm, 5 : 1 € Tip,y) denotes the
subgroup of Hom(Ga,"', Z) generated by {fm, .., : 1 € Tipiy)}-
We then define m; ,;, so that F;, has no extension to a homomorphism

—

from Go,"7" into K. Namely, we have the following commutative diagram:

Gy = Gl

Qi Qi1

.

In(F,.,) — Im(F,,).

where the right vertical arrow does not exist. To simplify notation, we let G, =
G™ ;.. We then define G;., := G, for any p < ;.. Also, we abbreviate the
function fiuiy,y, as fi,, for any index n € 7; g, (1)

The starting case 7 = 0 is trivial, since it can be defined as in (%)5(a). By the
induction hypothesis and the definition of f;,, we have:

o The sequence (f; o, : 1 € Tip,(0)) is an independent subset of Hom (G, Z),
o Each f;, extends f;,,
o ({Ker(fion) :n € Tip0} = {0}

If 7 is a limit ordinal, set a;, = sup,_., a;, and define m;, as in (x)5(b)(3).

Suppose that m; - has already been defined. We now proceed to define m; ;. First,
assume that one of the following cases occurs:

(h1) v ¢ S; or at least one of the hypotheses (x)/(f)(c)-(0) fails, or
(hy) v € S;, the hypotheses (%)% (1)(«)-(0) hold, but either
— @, does not have domain ~, or
F,, ¢ Hom(G,,Z), o
— Fiy € (fiamine 7;,&(7)>-
In this case, define m; ., as follows:
(1) Qjy41 = Oy + 1,
(2) m;, <m0,
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(3> sz‘,wl = 7;751'(%-1)7

(4) Ginsr = Gigrra0,+1 7= Giy @ Ly, ), where u;y := T g,(y11),

(5) For n € Tigi(y+1)> et fint1m = fiym © ™), where m, : Zp, | — Zx, is the
projection, and for n & T; 5,(y), fiqy is the zero map.

Then suppose that m; , is defined and the following holds:
(hs) v € Si, G~ has domain ~, hypotheses ()% (f)(a)-(6) hold, F;., € Hom(G, ., Z),
and Fiy & (finm 21 € Tipiy)-
In this case, we define m; 41 so as to satisfy (x)}(i). Let ;41 := o + 1 and set
Gyt =G =G

i VDS Qg

It remains to define
Gip1 = Go, 71 and  figiin = fumipiim t Gigrn = 2, 0 € Tipyr1).-
For each g < \;, define
G ={reGiyneTiAni1) <8 = fi(x)=0}.
Then (GEB ,1 . f < \;) is increasing, and since |G, 5| < A;, there exists §;, < A; such that

ﬂ [Bi,'y]
GP =GPl B e (B, M)
Set

K, = Im(F;, | G2,

iy
and note that
X+ DN+ Tosan| +Ro < A

j<i
Consequently,
X+ Z)\j + \7?,/31(w1)| +No < .
j<i
We set 1, := i; and
ki,'y = (,uza W, Z)
Combining Lemma with assumption (d), we obtain k; , € K. Using Notation ,

define
(i) i= @ K, x, for any index set u.
acu

Finally, set
(Hi, ¢s) = (ka,Km, ¢km,Ki,A,);
so that

o H, is a free abelian group of size p; . extending ([, )
¢} (;5* Uy Kiﬁ \ {O},

o H./(Kiq) ;) 18 piy-free,

o there is no homomorphism f : H, — K, such that f(z,) = ¢.(n) for all

N € Tipi(v+1)-

Ui ]
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Finally, for each § with 5,, < 8 < A\, and b € K;, = Im(F;, | Gi[’i‘”]), there exists
Y3 € G;ﬁ;”] C (4 such that
(*)gs (a) Ifn € T;iand n(i, 1) < B, then fi,,(yss) =0,
(b) Fiy(yn8) = 0.

Since |G;,| < A;, for each b € K, as above, there exists some fixed y, € G, such
that the set

Xy ={B<\i:Biy <P and ypg =y}
is stationary in A;.
The assignment x,, — yg, ;) induces a morphism
iy - (Kiﬂ/)[ui,v] — Gy
Recall that u;, = 7; ,(v+1) and that
1d : (KZ}’Y)[W,V} — Hk'i,'vai,'y

denotes the natural inclusion.

(#) Define
Gi,fy X sz. Ky
Giyt1 1= : —— :
((giy(R), =id(R)) : k € (Kip)u,)
Recall that Hy, g, is of size ji; , < A;. Combining this with an inductive argument
along with (x), we conclude that |G; 41| < Ai.

Notation 2.10. For g € G and h € Hy,_k, , let [(g,h)] € Gi41 denote the equiva-
lence class of (g, h).

By the definition of the push-out construction, this gives us two maps
hiy : Giy — Gigr,  kiy: He ki — Gigg,

such that h;, 0 g;, = ki . In fact h;, is defined by h; (x) := [(x,0)]. The situation is
depicted in the following commutative diagram:

ki
Hy, k.., Giyt
id T T hi
i,y
(i) s 1] Giny

Claim 2.11. Let g € G;, and h € (Km)[uiﬁ]. Then there exists an element g € G,
such that [(g,h)] = [(9,0)] in G;y41.

Proof. Set g := g+ ¢;~(h) € G;,. Then
(ga h) - (Q,O) - (g - gv h) = (_gi,’y<h)7 h) € <(gi,”y(k)> _1d<k)) K € (KZ,’Y)[U/Z"{]>
Hence [(g,h)] = [(3,0)] in Gi 41 Dz
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Clearly, the map h;, : G; , — G; 41 is an embedding, and we may identify G, C
Giqg1 via ;. Let g € Gy and h € Hy,_ k, , and define

¥ Gigrn — Hig o, /(Kin)pu o) (9, W] = bt (K )

As consequences of well-known general facts, 1 is well-defined, surjective, and also

ker(¢) = {[(g,n)] : g € Gipy h € (K w)um]}-{[( 0)]:9€Giyp =G

S0, Giys1/Giy = Hy, . k,./(Kiq)u,,)- Since the latter quotient is y; ,-free by assump-
tion, the same holds for G; ,4+1/Gi . The next key observation is the non-extendability
property of F; . Suppose, toward a contradiction, that I : G; 41 — K, extends Fj ,.
Then the map

J=Fok,:Hg kB — K,
satisfies

flan) = Fokiy(zg) = Fiy 0 gin(y) = ¢:(n)
for all n € u;,, contradicting the choice of (Hy,_ x,_,®.).

Next, we define the map fi,11,. Let n € T g,(y41). For any h € Hy,_ ;. and g € G ,,
set

fi,7+1m([(hv 9)]) = fiyn(9)-

This defines a homomorphism

fl 'Y“Fl n fmz 411 G177+1 — Z

To verify that f; 41, is well-defined, it suffices to check that f;, o g;, = 0. Indeed,
for a given 1 € T; g,(v4+1), choose 5 € X, () with n(i,1) < 5. Then by (x)s.4., (),

finm© gin(zy) = fimn(y¢*(n)) = fimn(yaﬁ*(n)vﬁ) = 0.

Also, the family {fi 41, : 7 € Tig,(v+1)} is independent, and

ﬂ Ker(fi+1,,) = {0}.

n€Ti,8;(v+1)

Finally, for € 7;, define

= U fi,v,n

Y<A;
We are now prepared to state the following claim.

Claim 2.12. The set {f;, : n € Ti} generates Hom(GY",Z).
Proof. Suppose, toward a contradiction, that there exists
f € Hom(GY, Z)\ (fi, - m € Ti).
Choose v € S such that G;, has domain v, f [ v = F;, and
17 & {finm:n€Ti).
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By construction, the map f [ v cannot be extended to a homomorphism from G; 41
to Z, yielding a contradiction. Uy

We also note that clause (x)5(i) holds by Claim Indeed, given any f €
Hom(GY",Z), there exist n,...,n,-1 € T; and coefficients ag,...,a,1 € Z such

that f = ZZ;& ay fine- Pick oo < \; large enough so that 7;,(7,1) < o for all k < n. By
Fact [2.3(a), for each i < k we have

Hom | [[Z.Z | = €D Hom(Z,Z) = & Zx,.

Ti,a n€Ti,a n€Ti,a
In particular, there exists h € Hom([[;. ~Z,Z) such that
h({(fin:n€T)) = akfin,.

k<n

Clause ()} (b) follows from the fact that S; is non-reflecting. Hence there exists a club
C C v with min(C) = p such that C N S; = 0. Then G,,/G,, is the union of the
increasing and continuous sequence (G, /G, : 7 € C). By the induction hypothesis,
each G, /G, is free for all p < 7 in C, and therefore G, , /G, , is free as well.

Having defined the sequence (m;, : v < \;) with properties (%)}, we set
m; = U m;.,.
Y<A;
This completes the inductive construction of (m; : i < k) as required by (x)%.

Stage (C): In this step, we show that for each 7, m; € My ,, (see Definition (2))
Items (a)—(e) of Definition [2.5(1) and the equalities am; = A\; = A, are immediate.

For clause (i), let @ < A; and 0 # G C G%. Then there exists v < \; such that
G' C Ga'. Fix 0 # x € G'. By property (x)%(d),

(Ker(f;s) : s € T} = {0}.
Hence there exists s € 7T; with f; (z) # 0. In particular, the restriction f;s | G’ €

Hom(G’,Z) is non-zero, as required.

Stage (D): In this stage we conclude the proof of Theorem For each i < k, set
Gi = Gmi7)\i, G<i = U Gj.

j<i
Then (G; : i < k) is increasing and continuous, and for each ¢ the quotient G;/G;
is (X + > ;; Aj)-free. Indeed, for all v < A; we have p;, > x +3_;; A, and each
Gint1/Giny 1S pi-free.
Define

1<K
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Then G is an abelian group of size A. We first show that G is x-free. To this end, let
H < G be a subgroup of size < x. Then the sequence

(HNG; i< k)
is increasing and continuous. For each 7 < &,
(HNG)/(HNG) =2 (HNG;) +G)/G,

and this group is free since G;/G; is (x + >
H=,..(HNG,) is free.

j<i Aj)-free, and therefore x-free. Hence

Next, let H < G be a nonzero subgroup of size < A. Choose i < k such that
HNG.; #{0} and |H| < \;. By Definition [2.5(2)(i),

Hom(H N G;,Z) # 0.
Moreover,
(HNG)/(HNG,) 2 (HNG) +G)/Go
is free, and therefore Hom(H,Z) # 0.

Finally, we show that Hom(G,Z) = 0. Suppose, towards a contradiction, that
0 # f € Hom(G,Z). By (x)(i), for each i < k there exist a; < A; and

hi € Hom(H Z,Z)
such that
f(l‘) = hz<<.fmz7n($) 'n € 7;,0@-)), x € Gz

Hom(H Z,Z) ~ @B za,

Ti,a n€Ti, o,
By [3, Corollary II1.3.3], for each i there exists a finite set u; C 7,4, such that

By Fact [2.3](a),

fmn(z) =0foralnew, = f(x)=0, z € G
Since k = cf(k) > Ny, there exists n, such that the set
V) i={i<k:|u =n}

is unbounded in k.
For i < j < kK, define

PT;; : T, — Ti, Prz‘,j<77) =nl(@+1).
If n € uy, then n [ (i +1) € uy, since G; € G and fm, yiit1) S fmy,- Thus pr; ; maps
u; onto u;.
Let T be the tree of height x whose i-th level is u;. This is a well-defined tree

of uncountable height with finite levels. By Fact [1.10, 7 carries a cofinal branch,
contradicting Claim [2.7] U
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