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Abstract. Let κ, θ < λ be cardinals, with λ and κ regular. Concentrating on

a simple case, we say that the triple (λ, κ, θ) has a Super Black Box when the
following holds.

For some stationary S ⊆ {δ < λ : cf(δ) = κ} and C = 〈Cδ : δ ∈ S〉, where

Cδ is a club of δ of order type κ, for every coloring F = 〈Fδ : δ ∈ S〉 with

Fδ : Cδλ → θ, there exists 〈cδ : δ ∈ S〉 ∈ Sθ such that for every f : λ → θ, for

stationarily many δ ∈ S, we have Fδ(f � Cδ) = cδ.
In an earlier work, it was proved (along with much more) that for a class

of cardinals λ this holds for many pairs (κ, θ). (E.g. κ < ℵω is large enough

and iω(θ) < λ.) However, the most interesting cases (at least with regards to
Abelian groups) are κ = ℵ0,ℵ1, which have not been covered there.

Here we restrict ourselves to the case where F is a so-called continuous

coloring, which includes the case where Fδ is computed from some〈
F ′δ,β(f � (Cδ ∩ β)) : β ∈ Cδ

〉
.

This covers the cases we have in mind. We mainly prove results without any
other caveats: e.g.

• For every θ and regular κ there exists such a λ.

We also deal with having multiple C-s, and the existence of quite free
subsets of κµ.
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2 S. SHELAH

E.g. if µ is strong limit singular and λ ∈ (µ, 2µ), then there is a
µ+-free set Λ ⊆ cf(µ)µ of cardinality λ. Earlier, this result was
known for almost all such µ-s.
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§ 0. Introduction

We continue (but do not rely on) [She05] and [She13b],1 while [She20] presents
another direction we could pursue. Compared to [She05], we restrict ourselves to
the so-called continuous colorings, but the conditions on κ are greatly weakened.

Recalling the BB Trichotomy Theorem from [She13b, 1.22=Lh.7], Case (B) there
will be expanded upon in §2 here, and §3 will examine cases (C) and (A).

For the Trivial Dual Conjecture on abelian groups, see [She20], [She07], and
[She13b].

We believe:

Thesis 0.1. Proving theorems with assumptions on cardinal arithmetic is better
than just giving consistency results (usually via forcing). Another candidate for
such hypotheses in V is of an inner model close to it.

The most famous cardinal-arithmetic assumption is the GCH, as it resolves many
questions and makes many theorems easy to prove. But we believe that assuming
some failures of GCH at specific cardinals can be illuminating as well.

Results related to this have applications for constructing Abelian groups and mod-
ules. Hopefully we will be able to apply the present results in [AGS] and [S+].

Definition 0.2. 1) Let Λ be a set of sequences of length κ. We say that Λ is free
when there exists a function f : Λ→ κ such that〈

{η(i) : f(η) ≤ i < κ} : η ∈ Λ
〉

is a sequence of pairwise disjoint sets.

(This definition is easily adaptable to (e.g.) Λ ⊆ [µ]κ.)

2) We say Λ is µ-free if every subset of Λ of cardinality < µ is free.

We would like to construct (e.g.) suitable λ-free Abelian groups. For this we
may use the following fact:

�1 Suppose µ is strong limit singular and

κ ..= cf(µ) < µ < λ = cf(λ) < 2µ < 2λ.

Then there exists a µ-free subset of κµ of cardinality λ.

[Why? If cf(µ) > ℵ0 this is proved in [She94, Ch.II, §3]. Note that the proof there
has been extended to many cardinals with cf(µ) = ℵ0. In §4 we shall prove this for
all strong limit cardinals of cofinality ≥ ℵ0.]

Also recall (e.g., from [She13b]):

�2 Suppose µ and κ are as above, and there is χ < χ<κ = 2µ. Then there
exists a µ-free subset of κµ of cardinality 2µ.

We have reasonable Black Boxes (see [She05], [She13b]) and more here. The
proofs in [She05] cover many specific cases (e.g. the result mentioned in the ab-
stract). Say, if λ ..= cf(2µ) > iω, then for every large enough regular κ < ℵω we
have a black box on some C = 〈Cδ : δ ∈ Sλκ〉. We shall prove it here for all such κ.
(See 0.4 below.)

1 Well, except for quoting one result of [She13b] in §3.
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Convention 0.3. 0) For ∅ ∈ D ⊆ P(λ), let D+ ..= {A ⊆ λ : λ \A /∈ D}.

Note that if J is an ideal on λ, then J+ = P(λ) \ J .

1) Let up(λ) be the set of non-empty upward closed D ⊂ P(λ).

E.g. a filter on λ is an example of such a set.

2) cof(κ) is the class of ordinals {δ : cf(δ) = cf(κ)} and cof(<κ) ..=
⋃
θ<κ

cof(θ).

(Usually κ is a regular cardinal.)

3) For κ regular, Sλκ
..= λ ∩ cof(κ) = {δ < λ : cf(δ) = κ} and Sλ<κ

..= λ ∩ cof(<κ).

* * *

We shall aim to state our results concisely, rather than with maximum possible
generality. A major one is the following.

Theorem 0.4. ‘If (A) then (B),’ where:

(A) (a) µ ≥ θ = θ2κ , κ is regular, and α < µ⇒ |α|κ ≤ µ.

(b) λ ..= cf(2µ) and S ⊆ Sλκ is stationary.

(c) For each δ ∈ S, we have C ′δ ⊆ δ = sup(C ′δ) with otp(C ′δ) = κ.

(d) For all β < λ we have C•β ⊆ β such that 2|C
•
β | ≤ 2µ.

(B) There exists C = 〈Cδ : δ ∈ S〉 with Cδ ⊆ C ′δ and sup(Cδ) = δ such that if

Fβ : C
•
β (2µ) → θ for β < λ then there exists 〈cδ,β : δ ∈ S, β ∈ C ′δ〉 with

cδ,β < θ such that for every η ∈ λ(2µ), for stationarily many δ ∈ S, we
have

β ∈ Cδ ⇒ Fβ(η � C•β) = cδ,β .

The proof can be found on page 24.

Theorem 0.5. 1) In 0.4(A)(a), we can weaken the demand (∀α < µ)
[
|α|κ ≤ µ

]
to

“Uκ(µ) = µ > θ.” (See Definition 1.4(1).)

2) We can replace clause 0.4(A)(d) via the use of p as in 2.1(1).

An additional result is as follows. (See §3-4 for context — specifically, 3.1 and 3.2.)

Theorem 0.6. Assume µ is strong limit singular, κ ..= cf(µ),

κ+ θ < µ < λ = cf(λ) < 2µ < 2λ,

and S is a stationary subset of Sλκ .

Then we can find C = 〈Cδγ : δ ∈ S, γ < λ〉 such that:

•1 Cδγ ⊆ δ = sup(Cδγ)

•2 otp(Cδγ) = κ

•3 C is a µ+-free sequence.
By this we mean: if u ⊆ S × λ is of cardinality < µ+, then there exists

some sequence 〈βδγ : (δ, γ) ∈ u〉 with βδγ ∈ Cδγ such that

〈Cδγ \ βδγ : (δ, γ) ∈ u〉
is a sequence of pairwise disjoint sets.
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•4 If Fδγ : C
δ
γ (2µ)→ θ for (δ, γ) ∈ S × λ, then we can find a

c̄δ = 〈cδγ : γ < λ〉 ∈ λθ

such that for any δ ∈ S and f : δ → 2µ, for some (even ‘many’) γ < λ, we
have

Fδγ(f � Cδγ) = cδγ .

We may rephrase Theorem 0.4 as follows:

Theorem 0.7. Suppose the assumptions in 0.4(A) all hold. Then for some C =
〈Cδ : δ ∈ S〉 with Cδ ⊆ δ = sup(Cδ) and Cδ ⊆ C ′δ, we have

BB∗(λ,C,C
•
, 2µ, θ, κ).

By this we mean (κ is regular, and) clauses (A)(b)-(d) and (B) of 0.4 all hold.
I.e.

� (a) κ is regular.

(b) λ ..= cf(2µ) and S ⊆ Sλκ is stationary.

(c) For each δ ∈ S, we have Cδ ⊆ δ = sup(Cδ) with otp(Cδ) = κ.

(d) For all β < λ, we have C•β ⊆ β such that 2|C
•
β | ≤ 2µ.

(Without loss of generality β ∈ λ \
⋃
δ

Cδ ⇒ C•β = ∅.)

(e) If Fβ : C
•
β (2µ)→ θ then there exists 〈cδ,β : δ ∈ S, β ∈ C ′δ〉 with cδ,β < θ

such that for every η ∈ λ(2µ), for stationarily many δ ∈ S, we have

β ∈ Cδ ⇒ Fβ(η � C•β) = cδ,β .

We also prove an analogous result for Double Black Boxes.

Theorem 0.8. We have ‘(A) ∧ (B)⇒ (C),’ where

(A) (a) θ + κ < µ < min{λ, λ∗} ≤ λ∗ + λ ≤ 2µ

(b) κ ∈ Reg ∩ λ
(c) S ⊆ Sλκ is stationary, and δ ∈ S ⇒ µ2

∣∣ δ.
(d) C = 〈Cδ : δ ∈ S〉 with Cδ ⊆ δ = sup(Cδ), otp(Cδ) = κ, and

α ∈ Cδ ⇒ µ
∣∣α.

(e) Dδ is a filter on λ∗. (The default is the club filter if λ∗ is regular,
{A ⊆ λ∗ : |λ∗ \A| < λ∗} if it is singular, and {λ∗} if it is finite.)

(B) (a) µ is strong limit singular, and µ∗ ≤ µ+.

(b) λ∗ ..= min{∂ : 2∂ > 2µ} ≤ cf(λ) ≤ 2µ

(c) λ < 2µ ∧ µ∗ ..= µ+, or there is a µ∗-free subset of κµ of cardinality λ.

(C) We can find C
•

such that

DBB∗(λ,C,C
•
, 2µ, θ, κ)

holds. This means
(a) Clauses (A)(a)-(d) are satisfied.

(b) C
•

= 〈Cδγ : δ ∈ S, γ < λ∗〉, where Cδγ ⊆
⋃

β∈Cδ
[β, β + µ) and

β ∈ Cδ ⇒
∣∣Cδγ ∩ [β, β + µ)

∣∣ = 1.
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6 S. SHELAH

(c) C
•

is µ∗-free (as defined in 0.6•3).2

(d) If F δγ : C
δ
γ (2µ)→ θ (for (δ, γ) ∈ S × λ∗) then for some

〈cδγ : γ < λ∗, δ ∈ S〉 with cδγ < θ, for every f : λ→ 2µ and stationarily

many δ ∈ S, some3 γ < λ∗, we have

F δγ (f � Cδγ) = cδγ .

Claim 0.9. 1) If 0.8(A) holds and λ∗ ..= 1, then DBB∗ is equivalent to BB∗.

2) In 0.8 (as in 0.6) we may change clause (C)(d) to use Fδγ : C
•
δ (2µ) → θ, where

C•δ
..=

⋃
β∈Cδ

[β, β + µ).

Definition 0.10. 1) For a regular uncountable cardinal λ, let

Ǐ[λ] ..=
{
S ⊆ λ : some pair (E, ā) satisfies part (2) below

}
.

2) We say that (E, ā) is a witness for S ∈ Ǐ[λ] when (S ⊆ λ and):

(A) E is a club of the regular cardinal λ.

(B) ā = 〈aα : α < λ〉, aα ⊆ α, and β ∈ aα ⇒ aβ = β ∩ aα.

(C) For every δ ∈ E ∩ S, aδ is an unbounded subset of δ of order-type < δ.

3) For κ < λ, we define Ǐκ[λ] ..=
{
S ⊆ λ : S ∩ Sλcf(κ) ∈ Ǐ[λ]

}
.

By [She79], [She93] and [She]:

Claim 0.11. Let λ be regular uncountable.

1) We have S ∈ Ǐ[λ] iff we can find a witness (E, ā) for it which satisfies:

(a) δ ∈ S ∩ E ⇒ otp(aδ) = cf(δ)

(b) If α /∈ S then otp(aα) < cf(δ) for some δ ∈ S ∩ E.

2) S ∈ Ǐ[λ] iff there is a pair (E,P) which is a weak witness for it. By this we
mean:

(a) E is a club of the regular uncountable λ.

(b) P = 〈Pα : α < λ〉, where Pα ⊆ P(α) has cardinality < λ.

(c) If α < β < λ and α ∈ u ∈Pβ then u ∩ α ∈Pα.

(d) If δ ∈ E ∩ S then some u ∈ Pδ is an unbounded subset of δ of order type
≤ cf(δ). (We may restrict ourselves to the case where δ is a limit ordinal.)

3) Suppose (S,E,P) are as in part (2) and C is another club of λ. Then the triple

(S∗, E∗,P∗), defined below, satisfies part (2) as well.

• S∗ ..= S ∩ C

2 I.e. for all u ⊆ S × λ∗ of cardinality < µ∗ there exist 〈βδγ : (δ, γ) ∈ u〉 such that〈
Cδγ \ βδγ : (δ, γ) ∈ u

〉
is a sequence of pairwise disjoint sets.

3 As in 0.6, it may be possible to strengthen this to ‘many γ < λ’ for some definition of many.
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• E∗ ..= {δ ∈ S : δ = sup(E ∩ C ∩ δ)}
• P∗ = 〈P∗

α : α < λ〉, where P∗
α

..= {{sup(E ∩ C ∩ β) : β ∈ C} : C ∈Pα}

4) If λ is regular then Sλ
+

<λ ∈ Ǐ[λ].
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§ 1. The framework

We will open by quoting some definitions from [She05] (although that paper is
not a prerequisite). We investigate the notion of Sep(−) and define some relatives
which we will need.

In §2 we will use only Sep3 (although Sep2 would actually be sufficient for proving
0.4, 0.5).

Convention 1.1. What we call BB here will be denoted as BB0 in later sections.

Definition 1.2. Assume λ > κ are regular cardinals, and let χ ≤ λ. Let

S ⊆ {δ < λ : cf(δ) = κ}
be a stationary subset of λ.

1) We say p =
〈
(Cδ, C

′
δ) : δ ∈ S

〉
is a (λ, κ, χ)-BB-parameter when:

(A) Cδ ⊆ δ, with sup(Cδ) = δ and |Cδ| < χ, or just otp(Cδ) ≤ χ.

(B) C ′δ ⊆ δ, sup(C ′δ) = δ, and otp(C ′δ) = κ. (We do not require that Cδ or C ′δ
be closed in δ.)

(C) For all α < λ, the set{
Cδ ∩ α : δ ∈ S, C ′δ 3 α

}
has cardinality < λ.

1A) We say p is good when in addition,

(C)+ For all α < λ the set4
{

(Cδ ∩ α,C ′δ ∩ α) : δ ∈ S, C ′δ 3 α
}

has cardinality
< λ.

1B) If p just satisfies (1)(A)-(B), we call it a weak (λ, κ, χ)-BB-parameter.

2A) We say that p does D-guess clubs, where D is a filter on λ, when for every club
E ⊆ λ,

{δ ∈ S : C ′δ ⊆ E} ∈ D+.

2B) For p as above,

(a) β̄δ = 〈βδ,i : i < κ〉 will list the elements of C ′δ in increasing order.

(b) βδ,<i = β(δ,< i) ..=
⋃
j<i

(βδ,j + 1).

2C) We may write λp, κp, βp
δ,i, etc. whenever there are multiple BB-parameters

under discussion, or the identity of p is otherwise unclear from context.

2D) If (∀δ ∈ S)[Cδ = C ′δ], then we may write p = 〈Cδ : δ ∈ S〉. We may omit χ
when χ ..= min{θ : δ ∈ S ⇒ otp(Cδ) ≤ θ}.

3) We say that F = 〈Fδ : δ ∈ S〉 is a (p, ∂, θ)-coloring if θ ≥ 2, ∂ ≥ 2, and
Fδ : Cδ∂ → θ.

4) Let F (and p, ∂, θ) be as above, and D be a filter on λ. (The default choice will
be the club filter.)

4 Cδ ∩ α will suffice.
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We say c̄ ∈ Sθ (or ∈ λθ) is a p-D-F -BB-sequence if for every η ∈ λ∂ the set
{δ ∈ S : Fδ(η � Cδ) = cδ} is a member of D+ (and in the default case, a stationary
subset of λ).

5) We may omit p if both C and C
′

are clear from the context.

6) We say C = 〈Cδ : δ ∈ S〉 is (λ, κ)-good when

(A) S is a stationary subset of {δ < λ : cf(δ) = κ} and a member of Ǐκ[λ].

(B) Cδ ⊆ δ = sup(Cδ)

(C) otp(Cδ) = κ

(D) For every β < λ the set {Cδ ∩ β : β ∈ Cδ, δ ∈ S} has cardinality < λ.

Claim 1.3. Assume λ > κ are regular cardinals and χ ∈ [κ, λ].

1) If S is a stationary subset of Sλκ
..= {δ < λ : cf(δ) = κ} then there exists a weak

(λ, κ, χ)-BB-parameter p with Sp = S.

1A) If χ = λ then we may omit “weak,” and set Cp,δ
..= δ for all δ ∈ S.

1B) If λ ..= κ+ and S ⊆ Sλ<κ is stationary, then we can add “for some club E ⊆ λ,

there exists a a good p with Cp = 〈Cδ : δ ∈ S ∩ E〉 such that each Cδ is a club of
δ.”

2) If S is a stationary subset of Sλκ and a member of Ǐκ[λ], then in part (1) we may
also add “p is good, with Sp

..= S ∩ E for some club E of λ.”

3) If λ > κ+ then there exists a good (λ, κ, χ)-BB∗-parameter.

4) Every good (λ, κ, χ)-BB-parameter is a (λ, κ, χ)-BB-parameter, and every (λ, κ, χ)-
BB-parameter is a weak one.

Proof. Easy.

E.g. for part (3), use [She93, §1]. Part (1B) follows by [She91, 4.4]. �1.3

Definition 1.4. Let κ ≤ µ.

1) We define Uκ(µ) to be

min
{
|U| : U ⊆ [µ]κ, (∀v ∈ [µ]κ)(∃u ∈ U)

[
|u ∩ v| = κ

]}
.

2) Let U′κ(µ) mean

min
{
|F| : F ⊆ κµ and (∀g ∈ κµ)(∃f ∈ F)(∃κi < κ)

[
f(i) = g(i)

]}
.

3) If D ∈ up(κ) then we let

UD(µ) ..= min
{
|F| : F ⊆ κµ and (∀g ∈ κµ)(∃f ∈ F)

[{
i < κ : f(i) = g(i)

}
∈ D

]}
.

4) Accordingly, if J is an ideal on κ (or an ideal on some set X containing [X]ℵ0)
then we may write UJ(µ) as shorthand for UJ+(µ), to keep notation consistent
with [She05] and others.

Obviously,
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10 S. SHELAH

Observation 1.5. 1) If µ ≥ 2κ then Uκ(µ) = U′κ(µ).

2) If µ = µκ (or just α < µ⇒ |α|κ ≤ µ and cf(µ) 6= κ), then Uκ(µ) = U′κ(µ) = µ.

Definition 1.6.

1) When we write Sep(χ, µ, ∂, θ,Υ), we mean that there exists f̄ = 〈fε : ε < χ〉
such that:

(A) fε : µ∂ → θ

(B) For every % ∈ χθ, the set5 Sol% ..=
{
ν ∈ µ∂ : (∀ε < χ)

[
fε(ν) 6= %(ε)

]}
has

cardinality < Υ.
(The reader may assume Υ ≤ ∂µ, as the condition is vacuous otherwise.)

Such a sequence f̄ will be called a witness for Sep(χ, µ, ∂, θ,Υ).

1A) If ∂ ..= θ, we may omit it.

2) We write Sep(µ, ∂, θ) to mean that Sep(µ, µ, ∂, θ,Υ) holds for some regular Υ ≤
2µ.

As in part (1A), Sep(µ, θ) ..= Sep(µ, θ, θ).

2A) Sep(<µ, θ) will mean that Sep(σ, µ, θ, θ,Υ) holds for some σ < µ and Υ as in
part (2).

3) We may write Sep1 instead of Sep, to distinguish it from Sep2 in 1.8 and Sep3

in 1.14.

In [She05, 1.11=Ld.7] we showed Sep(µ, θ) holds for many values of µ and θ. The
following is a generalization of that theorem.

Claim 1.7. If at least one of the following holds, then we have Sep(µ, µ, 2µ, θ,Υ):

(a) µ = µθ and Υ ..= θ.

(b) Uθ(µ) = µ and Υ ..= (2<θ)+ ≤ 2µ.

(c) We have U[σ]<θ (µ) = µ and Υ ..= (2<σ)+ ≤ 2µ for some σ ≥ θ such that

σθ ≤ µ.

(d) θ = cf(θ) < µ, µ is strong limit singular of cofinality 6= θ, and (e.g.)
Υ ..= (2θ+cf(µ))+.

(e) Υ ..= iω(θ) ≤ µ.

Proof. Let η̄ = 〈ηβ : β < 2µ〉 list µ(2µ) without repetition. Let χ ..=
(
22µ
)+

, and let

N ≺ (H(χ),∈) be of cardinality µ such that (µ+1)∪{η̄} ⊆ N . Let f̄ = 〈fε : ε < µ〉
list all the functions from µ(2µ) to θ which are members of N . It will suffice to
prove

�1 For every % ∈ µ(2µ), the set

Sol% ..=
{
η ∈ µ(2µ) : (∀ε < µ)

[
fε(η) 6= %(ε)

]}
has cardinality < Υ.

For this it will suffice to prove

5 ‘Sol’ stands for solution.
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�2 For every Λ ⊆ µ(2µ) of cardinality Υ, for some ε < µ, we have

{fε(η) : η ∈ Λ} = θ.

(That is, fε � Λ is a surjection onto θ.)

So for some u ∈ [2µ]Υ (with otp(u) = Υ, for simplicity), let {ηα : α ∈ u} list the
elements of Λ without repetition.

Case 1: µ = µθ and Υ ..= θ.

For α 6= β ∈ u, choose ζα,β ∈ µ such that να(ζα,β) 6= νβ(ζα,β). Let

v ..=
{
ζα,β : α 6= β ∈ u

}
.

So clearly v ∈ [µ]≤θ and g : v2 → θ both belong to N , where g is the function
which maps ηα � v 7→ otp(u ∩ α) for each α ∈ u and sends all other elements of v2
to zero. Let f : µ(2µ) → θ be defined by η 7→ g(η � v); clearly this is a member of
N as well. Hence f = fε for some ε < µ.

Now check.

Case 2: Uθ(µ) = µ and Υ ..= (2θ)+ < 2µ.

This is simply a special case of Case 3.

Case 3: 2θ ≤ µ, and U[σ]<θ (µ) = µ and Υ ..= (2<σ)+ for some σ ∈ [θ, µ].

We will try to choose (αi, βi, ζi) by induction on i < σ such that:

• αi 6= βi are members of u.

• αi, βi ∈ u \ {αj , βj : j < i}
• ζi < µ

• ηαi(ζi) = 0 and ηβi(ζi) = 1.

• If j < i then ηαi(ζj) = ηβi(ζj).

Subcase A: We succeed.

Let W0
..= {ζi : i < σ} (so W0 ∈ [µ]σ). Now, using ‘U[σ]<θ (µ) = µ,’ there exists

W ∈ [W0]θ which belongs to N , and we continue as in Case 1.

Subcase B: We get stuck at stage i∗, for some i∗ < σ.

As |u| = Υ > 2|i∗|, there are α 6= β from u such that

ηα � {ζj : j < i∗} = ηβ � {ζj : j < i∗}.
This is an easy contradiction.

(Note that we can actually use Υ ..=
∑
i<σ

(2|i|)+ instead of (2<σ)+.)

Case 4: θ = cf(θ) < µ, µ is strong limit singular of cofinality 6= θ, and Υ ..=
(2θ+cf(µ))+.

This is also a special case of Case 3.

Case 5: Υ ..= iω(θ) ≤ µ.

By [She00], this is also covered by Case 3. �1.7
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12 S. SHELAH

We introduce the following relative of Sep = Sep1 which will be used in this work.

Definition 1.8. 1) Let Sep2(χ, µ, ∂, θ, κ,D) mean that there exists a sequence
f̄ = 〈fε,i : ε < χ, i < κ〉 witnessing it. By this, we mean that the following clauses
hold.

(A) D ∈ up(κ)

(B) fε,i : µ∂ → θ

(C) If Pi ⊆ µ∂ has6 cardinality < ∂µ (for i < κ), then we can find a sequence
%̄ = 〈%i : i < κ〉 such that:
(a) %i ∈ µθ

(b) If ν̄ = 〈νi : i < κ〉 ∈
∏
i<κ

Pi then there exist ε < µ and u ∈ D such

that

i ∈ u⇒ fε,i(νi) = %i(ε).

2) If D ..= [κ]κ we may omit it. Sep2(µ, θ, κ) will mean Sep2(µ, µ, θ, θ, κ).

Recalling Definition 1.2,

Definition 1.9. 1) We say that p has the (D, ∂, θ)-F -BB-property7 when there
exists a p-D-F -BB-sequence, where:

(A) p is a (λ, κ, χ)-BB-parameter.

(B) D is a filter on λ.

(C) F is a (p, ∂, θ)-coloring.

2) We say that p has the (D, ∂, θ)-BB-property when it has (D, ∂, θ)-F -BB-property
for every (p, ∂, θ)-coloring F .

3) If D is the club filter on λ, we may omit it.

We now quote the main claim of the previous paper – [She05, 1.10=Ld.6] – but we
will not use it here.

Claim 1.10. Assume

(a) λ ..= cf(2µ)

(b) D is a µ+-complete filter on λ extending the club filter.

(c) κ = cf(κ) < χ ≤ λ
(d) p =

〈
(Cδ, C

′
δ) : δ ∈ S

〉
is a good (λ, κ, χ)-BB-parameter, where S ∈ D.

(e) 2<χ ≤ 2µ and θ ≤ µ.

(f) α < 2µ ⇒ trp+
κ (|α|) ≤ 2µ (By this we mean that every tree with |α|-many

nodes and κ levels has < 2µ-many κ-branches.)

(g) Sep1(µ, θ).

Then p has the (D, 2µ, θ)-BB-property. (Note that this means that possibly θ > 2;
i.e. we have more than two colors.)

6 We may let this sequence be constant in i— if so we may write P instead of P = 〈Pi : i < κ〉.
7 Later, we will write ‘BB0-property.’
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Remark 1.11. 1) If (e.g.) µ is strong limit singular, κ ..= cf(µ), λ ..= cf(2µ), and
κ + θ < µ, then the only assumption in 1.10 which does not follow is clause (f)
(which does hold for many regular κ < µ by [She00]). For more, see [She06].

Our aim here is to cover more cases of κ, and construct relatives of this property
which are easier to use and have more applications.

2) By [She93, §1], there are are many S as required (usually from Ǐκ[λ]). Still, this
restricts our choices.

3) ‘Good p’ is also a restriction, as the result covers fewer S-s. In fact, if S /∈ Ǐκ[λ]
then there is no good p with Sp

..= S (as we cannot find 〈C ′δ : δ ∈ S〉). Another
one of our goals is to eliminate this assumption.

4) But we would like to have parallel results using Sep2 or Sep3. (This will be done
in §2.)

5) An earlier definition of Sep1(µ, θ) used ‘Υ < 2µ ∨ Υ ..= 2µ ∈ Reg’ instead of
‘Υ ≤ 2µ ∧Υ ∈ Reg.’

This was a natural generalization, because the notation is tailor-made for proofs
which rely on induction on Υ ≤ 2µ. As the Υ argument is an upper bound for the
cardinality of some specific set, clearly Sep1(. . . ,Υ) implies Sep1(. . . ,Υ+). More-
over, as every successor ordinal is regular, if Υ < 2µ then Υ+ < 2µ ∨ Υ+ ∈ Reg.
However, we would have to rewrite existing proofs to match this new definition,
and that would be more trouble than it’s worth.

Claim 1.12. Assume κ is regular, µ > θ = θ<κ, and ∂ ∈ [2, 2µ]. If at least one of
the following holds then we have Sep2(µ, µ, ∂, θ, κ).

(a) κ 6= cf(µ), α < µ⇒ |α|κ ≤ µ, and Sep1(µ, ∂, θ).

(b) U′κ(µ) = µ ≥ iω(θ + κ)

(c) U′κ(µ) = µ and Sep1(µ, ∂, θ).

(d) We have U[σ]<θ (µ) = µ for some σ ≥ θ with σθ ≤ µ and (2σ)+ < 2µ.

Proof. Case (a):

Let f̄◦ = 〈f◦ε : ε < µ〉 witness Sep1(µ, ∂, θ) (hence f◦ε is a function from µ∂ to
θ). Let

F ..= {ν ∈ κµ : rang(ν) is a bounded subset of µ}.

Recalling Definition 1.6(2), let Υ be a regular cardinal ≤ 2µ such that
Sep1(µ, µ, ∂, θ,Υ) holds.

By the assumption ‘α < µ⇒ |α|κ ≤ µ,’ clearly |F| = µ. Let 〈νε : ε < µ〉 list the
members of F , and we shall define

~1 f̄ = 〈fε,i : ε < µ, i < κ〉, where fε,i ..= f◦νε(i).

It will suffice to prove that f̄ witnesses Sep2(µ, µ, ∂, θ, κ). So let Pi ⊆ µ∂ be of
cardinality < ∂µ = 2µ for i < κ, and we need to construct %̄ as in 1.8(1)(C).

Fix i < κ, so by 1.6(1)(B), for every ρ ∈ µθ the set

Solρ ..=
{
ν ∈ µθ : (∀ε < χ)

[
f◦ε (ν) 6= ρ(ε)

]}
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14 S. SHELAH

has cardinality < Υ. As |Pi| < 2µ and8 Υ = cf(Υ) ≤ 2µ, the set Λi ..=
⋃

ν∈Pi

Solν

has cardinality < 2µ, so we can choose %i ∈ µ∂ \ Λi.

It will suffice to prove that 〈%i : i < κ〉 is as promised. So let ν̄ = 〈νi : i < κ〉 ∈∏
i<κ

Pi, and we have to find ε < µ and u ∈ [κ]κ as promised in 1.8(1)(C)(b).

For each i < κ, by our choice of %i we know %i /∈ Solνi . This means

~2 There is εi < µ such that f◦εi(νi) = %i(εi).

As cf(µ) 6= cf(κ), there exists ζ < µ such that the set u ..= {i < κ : εi < ζ} has
cardinality κ (and even order type κ).

~3 Let ν ∈ κζ be the sequence

ν(i) ..=

{
εi if i ∈ u
0 otherwise,

and let ε < µ be such that ν = νε.

Now ε is as required.

Why? For every i ∈ u, we have

~4 fε,i(νi) = f◦νε(i)(ν∗) = f◦εi(νi) = %i(εi).

[The first equality is the definition from ~1, the second holds by the choice of ν in
~3, and the third by the choice of εi in ~2.]

Case (b): Assume Uκ(µ) = µ ≥ χ ..= iω(θ + κ).

By Case (e) of 1.7 this implies Sep1(µ, θ), so let f̄◦ = 〈f◦ε : ε < µ〉 be a witness.
Let F ⊆ κµ be of cardinality µ witnessing U′κ(µ) = µ.

The rest is as in the proof of Case (a), except that in the end we choose u ∈ [κ]κ

and ε < µ together such that

(∀i ∈ u)
[
νε(i) = εi

]
(which is possible by our choice of F).

Case (c): Like Case (b).

Case (d): Similarly, using 1.7(c). �1.12

Claim 1.13. 1) µ = µκ+θ implies Sep2(µ, µ, 2µ, θ, κ, {κ}).

2) Suppose Uκ(µ) = κ and U[σ]<θ (µ) = µ for some σ ≥ θ with σθ ≤ µ and

(2θ)+ < 2µ.

Then we have Sep2(µ, µ, 2µ, θ, κ, [κ]κ).

Proof. 1) Like the proof of Case (a) of 1.12, using F ..= κµ.

2) Use 1.12 Case (d) and the proof of Case (a). �1.13

8 Recall that we permit Υ ..= 2µ if it is regular.
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Definition 1.14. Assume λ, χ, µ, ∂, θ, κ are cardinals (with ∂ and θ possibly finite),
and D ∈ up(κ).

1) Let Sep3(λ;χ, µ, ∂, θ, κ,D) mean that there exist

f̄ = 〈fε,i : ε < χ, i < κ〉

and P = 〈Pξ : ξ < λ〉 such that the following all hold.

(A) fε,i : µ∂ → θ

(B) Pξ ⊆ µ∂, and P is strictly ⊂-increasing in ξ with union µ∂.

(C) If ξ < λ then we can we can find a sequence %̄ = 〈%i : i < κ〉 such that:
(a) %i ∈ µθ

(b) If ν̄ = 〈νi : i < κ〉 ∈ κ(Pξ) then there exist ε < χ and u ∈ D such that

i ∈ u⇒ fε,i(νi) = %i(ε).

2) Sep4(λ;χ, µ, ∂, θ, κ,D) is defined similarly, except that P is redefined as a cov-
ering of κ(µ∂) (so each Pξ ⊂ κ(µ∂)). Clause (C) remains the same, except that
the antecedent to (C)(b) becomes “If ν̄ = 〈νi : i < κ〉 ∈Pξ . . .’ for consistency.

3) Again, the default value of D is [κ]κ. For ι = 3, 4, Sepι(λ;µ, θ, κ) will mean
Sepι(λ;µ, µ, θ, θ, κ). (That is, χ ..= µ and ∂ ..= θ.)

Observation 1.15. 1) [Monotonicity:] If χ1 ≤ χ2, µ1 ≤ µ2, ∂1 ≥ ∂2, θ1 ≥ θ2,
and D1 ⊇ D2, then

Sep3(λ;χ1, µ1, ∂1, θ1, κ,D1)⇒ Sep3(λ;χ2, µ2, ∂2, θ2, κ,D2).

1A) Similarly for Sep4.

1B) Similarly for Sep1; i.e. if χ1 ≤ χ2, µ1 ≤ µ2, ∂1 ≥ ∂2, θ1 ≥ θ2, and Υ1 ≤ Υ2 ≤
2µ1 ,9 then

Sep1(χ1, µ1, ∂1, θ1,Υ1)⇒ Sep1(χ2, µ2, ∂2, θ2,Υ2).

2) [Connection to Sep2:] Assume χ, µ, ∂, θ,D are as in 1.14, and cf(∂µ) > κ.10

Then

Sep2(χ, µ, ∂, θ, κ,D)⇒ Sep3(cf(∂µ);χ, µ, ∂, θ, κ,D)⇒ Sep4(cf(∂µ);χ, µ, ∂, θ, κ,D)

Proof. 1) Read the definition. (1A) and (1B) are similar.

2) The first implication:

Let 〈ηα : α < ∂µ〉 list µ∂, let 〈Υζ : ζ < λ〉 be an increasing sequence of ordinals
with limit ∂µ, and let Pζ

..= {ηα : α < Υζ}.

Now check.

The second implication:

Let
〈
Pξ : ξ < cf(∂µ)

〉
exemplify

Sep3(cf(∂µ);χ, µ, ∂, θ, κ,D)

(that is, it is as in Definition 1.14(1).) Now
〈
κ(Pξ) : ξ < cf(∂µ)

〉
is as required in

1.14(2). (Note that here we need the assumption ‘cf(∂µ) > κ.’) �1.15

9 Again, with equality only if 2µ1 is regular.
10 This is needed in the second ⇒.
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16 S. SHELAH

Conclusion 1.16. We have Sep3(λ;µ, µ, 2µ, θ, κ,D) when

(A) κ = cf(κ)

(B) The triple (µ, 2µ, θ) satisfies at least one of the conditions in 1.7.

(C) UD(µ) = µ

(D) λ ..= cf(2µ).

Proof. By the conclusion of 1.7, we have Sep1(µ, µ, 2µ, θ,Υ) for some Υ. Using
clause (C) and repeating the proof of 1.12(a), we have Sep2(µ, µ, 2µ, θ, κ,D). With
that and 1.15(2), we get our conclusion. �1.16

-

Remark 1.17. 1) We may need to sort out when ‘χ 6= µ’ is actually needed in Sepι.

2) We may also consider the definition below.

Definition 1.18. Let κ ≤ µ and S ⊆ P(P(κ)).

1) We define US(µ) to be

min
{
|U| : U ⊆ [µ]κ, (∀g ∈ κµ)(∃A ∈ S)(∀u ∈ A)

[
rang(g � u) ∈ U

]}
.

2) U′S(µ) means

min
{
|F| : F ⊆ κµ and (∀g ∈ κµ)(∃A ∈ S)(∀u ∈ A)(∃f ∈ F)[f � u = g � u]

}
.

Question 1.19. Can we prove existence results for Sepι(λ;µ, θ, κ) for (ι = 3, 4 and)
λ ∈ (µ, 2µ] \ {cf(2µ)} regular? Can we disprove them?

Well, as in many cases, we have independence results. E.g.

Claim 1.20. 1) Assume µ = µ<µ < χ = χµ. Let P ..= Cohenµ,χ (i.e. the forcing
adding χ-many µ-Cohens).

Then in VP, for ever regular λ ∈ [µ+, χ] \ {cf(χ)}, we have Sep3(λ;µ, θ, κ).

2) If θ ≤ µ < λ = cf(λ) ≤ 2µ and η̄ = 〈ηξ : ξ < λ〉 ⊆ µθ is a µ-Luzin sequence, then
Sep3(λ;µ, µ, 2µ, θ, κ, {κ}).

Recall that ‘η̄ is a µ-Luzin sequence’ means that for every meagre µ-Borel set
B ⊆ µθ there exists α∗ < g̀(η̄) such that

α∗ < α < g̀(η̄)⇒ ηα /∈ B.

Proof. Straightforward. �1.20

Claim 1.21. Let µ = µ<µ < λ = cf(λ) < χ ≤ 2µ and assume (e.g.) the forcing
axiom Axµ,χ((1)+

c , (2)εc) from [She22]. Let S ..= {δ ∈ Sλκ : µκ
∣∣ δ}.11

Then

(A) For κ = cf(κ) < µ, there exists C = 〈Cδ : δ ∈ S〉 such that:
(a) Cδ is an unbounded subset of δ of order type κ.

(b) C is µ+-free (see 0.2).

11 Here we mean µκ as exponentiation of ordinals.
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(I.e. if u ∈
[
Sλκ
]<µ

then there exists f ∈
∏
δ∈u

Cδ such that 〈Cδ \f(δ) : δ ∈ u〉

is a sequence of pairwise disjoint sets.)

(B) Any C as in part (A) has µ-uniformization.
That is, if f̄ = 〈fδ : δ ∈ Sλκ〉 with fδ ∈ Cδµ then there exists f ∈ λµ such

that
(∀δ ∈ Sλκ)

[
fδ ⊆∗ f

]
.

(By this we mean
∣∣{α ∈ Cδ : fδ(α) 6= f(α)}

∣∣ < κ.)

Proof. Clause (A):

Choose 〈C◦δ : δ ∈ S〉 such that:

(∗)δ If δ ∈ S (hence µκ
∣∣ δ) then C◦δ is an unbounded subset of δ of order type

µκ.

Now we define a forcing notion Q.

(∗)Q (a) p ∈ Q iff p is of the form 〈Cδ : δ ∈ u〉, where:
•1 u ∈ [S]<µ

•2 Cδ ⊆ C◦δ is also unbounded in δ.

•3 otp(Cδ) = κ

(b) Q |= ‘p ≤ q’ iff up ⊆ uq and Cp,δ = Cq,δ for all δ ∈ up.

Clearly Q is strategically α-complete for all α < µ (i.e. [She22, 0.3(A)(1)c=Lx2]).
Moreover, this still holds for α = µ, and we have version (2)b of the µ+-cc (from
[She22, 0.3(B)=Lx2]).

Clause (B): Similarly. �1.21

The following observation will give us some bounds.

Definition 1.22. For θ ∈ κ ∩ Reg, let

invσ(κ) ..= min
{
|A| : A ⊆ [κ]κ and (∀h ∈ κσ)(∃i < σ)(∃A ∈ A)[rang(h � A) ⊆ i]

}
.

Observation 1.23. 1) If σ = cf(σ) < κ = κ<κ < λ = λκ and Q is the forcing
which adds κ-many σ-Cohens, then 
Q “invσ(κ) = λ = 2κ”.

2)If σ = cf(σ) ≤ ∂ = ∂κ and Q is a (<∂)-complete forcing notion with calibre µ

which does not collapse cardinals, then in VQ we have invσ(κ)V
Q ≤ (2κ)V.
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§ 2. The Black Box property

Definition 2.1. 1) We say p = (
〈
(Cδ, C

′
δ, Cδ) : δ ∈ S

〉
,D) is a (λ, κ, χ)-BB1-

parameter when

(A) (a) λ > κ are regular.

(b) S is a stationary subset of Sλκ .

(B) Cδ ⊆ δ with sup(Cδ) = δ.

(C) (a) C ′δ ⊆ δ, sup(C ′δ) = δ, and otp(C ′δ) = κ. (We do not require that Cδ or
C ′δ be closed in δ.)

(b) Let β̄δ = 〈βδ,i : i < κ〉 list C ′δ in increasing order.

(D) (a) Cδ = 〈Cδ,i : i < κ〉
(b) Cδ,i ⊆ Cδ ∩ βδ,i
(c) |Cδ,i| < χ

(E) For all α < λ, the set{
Cδ,i : δ ∈ S, i < κ, βδ,i = α

}
has cardinality < λ.

(F) D ∈ up(κ).

1A) Above, replacing BB1 by BB2 means strengthening clause (1)(D)(b) to

(b′) Cδ,i ..= Cδ ∩ βδ,i \ βδ,<i.

1B) Replacing BB1 by BB3 means strengthening clause (1)(D)(b) to

(b′′) Cδ,i ..= Cδ ∩ βδ,i.

2) We say F = 〈Fδ,i : δ ∈ S, i < κ〉 is a continuous (p, ∂, θ)-BB1-coloring when
(S = Sp and)

(A) Fδ,i : Cδ,i∂ → θ for δ ∈ S and i < κ (recalling Cδ,i ⊆ Cδ ∩ βδ,i).
(B) For β < λ, the set Fβ ..= {Fδ,i : δ ∈ S, i < κ, βδ,i = β} has cardinality

< λ.

2A) For F , ∂, and θ as above and D a filter on λ, we say c̄ = 〈cδ,i : δ ∈ S, i < κ〉 ∈
S×κθ is a p-D-F -BB1-sequence when for every η ∈ λ∂ the set{

δ ∈ S : (∃Di < κ)[Fδ,i(η � Cδ,i) = cδ,i]
}

is a member of D+ (and in the default case, a stationary subset of λ).12

3) We say that γ, δ ∈ S are p-similar when:

•1 otp(Cγ) = otp(Cδ) (Recall that we only demanded otp(C ′γ) = otp(C ′δ) =
κ.)

•2 i < κ⇒ otp(Cγ,i) = otp(Cδ,i).

4) We say F = 〈Fδ : δ ∈ S〉 is a uniform (p, ∂, θ)-coloring when the implication
‘(A) ⇒ (B)’ holds, where:

(A) (a) δ1 and δ2 are p-similar.

(b) f` : Cδ` → θ for ` = 1, 2.

12 Naturally, (∃Di < κ)ϕi is shorthand for (∃u ∈ D)(∀i ∈ u)ϕi.
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(c) If γ` ∈ Cδ` for ` = 1, 2, then

otp(γ1 ∩ Cδ1) = otp(γ2 ∩ Cδ2)⇒ f1(γ1) = f2(γ2).

(B) Fδ1(f1) = Fδ2(f2).

5) ‘〈Fδ,i : δ ∈ S, i < κ〉 is a uniformly continuous (p, ∂, θ)-coloring’ is defined
similarly, but we replace (4)(B) with the demand

(B)′ i < κ⇒ Fδ1,i(f1 � Cδ1,i) = Fδ2,i(f2 � Cδ2,i).

6) When we write σ-uniform instead of uniform, this means that in clause (4)(A)(a)
we replace ‘p-similar’ by ‘E-equivalent’ for some equivalence relation E on S with
≤ σ equivalence classes satisfying

γ E δ ⇒ [γ is p-similar to δ].

Remark 2.2. 1) Regarding BB2 — the idea is that Cδ and the Cδ,i-s are defined in
terms of C ′δ and βδ,i (recalling C ′δ = {βδ,i : i < κ}).

On the one hand, we can choose Cδ ..= δ, in which case χ = λ and we may choose
Cδ,i ..= [βδ,<i, βδ,i].

On the other hand, we may choose C ′δ
..= Cδ and

Cδ,i ..=

{
{βδ,i−1} if i is successor

∅ otherwise.

In both cases we get clause 2.1(1)(E); that is,

β < λ⇒
∣∣{Cδ,i : δ ∈ S, i < κ, βδ,i = β}

∣∣ < λ.

This will be used in clause (∗)4(d) in the proof of 2.5.

2) Uniformity (defined in 2.1(4)-(6)) is used only in 2.12.

3) Note that in Lemma 2.5 we may choose D = Dp
..= {κ} — the best, the desired

case.

But then the assumption on Sep3 is stronger, so it is better to apply it to
D ..= [κ]κ; then we shall be able to upgrade the conclusion in 2.10, 2.11.

4) For the BB1 version, we may omit 2.1(3)•1.

Definition 2.3. 1) We say that p has the continuous (D, ∂, θ)-BB1-property when
it has the (D, ∂, θ)-F -BB1-property (see Definition 2.1(2A)) for every continuous
(p, ∂, θ)-coloring F .

By this, we mean that the implication ‘(A) ⇒ (B)’ holds, where:

(A) (a) p is a (λ, κ, χ)-BB-parameter.

(b) D is a filter on λ.

(c) F is a continuous (p, ∂, θ)-coloring.

(B) There exists a p-D-F -BB1-sequence.

2) Again, if D is the club filter on λ plus Sp, then we may omit it.
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Discussion 2.4. The next claim is related to 1.10. We restrict ourselves to contin-
uous colorings, but we gain by omitting demand 1.10(f), which restricted κ (that
is, the cofinality of members of S). Also, if λ = λ<λ (hence λ = 2µ) then we may
choose χ ..= λ.

Lemma 2.5. We have ‘(A)⇒ (B)’, where

(A) (a) µ < λ = cf(λ) = cf(2µ)

(b) D is a µ+-complete filter on λ extending the club filter.

(c) κ = cf(κ) < χ ≤ λ
(d) p = (

〈
(Cδ, C

′
δ, Cδ) : δ ∈ S

〉
,D) is a (λ, κ, χ)-BB1-parameter, where

S ∈ D+.

(e) θ ≤ µ and θ<χ ≤ 2µ.

(f) Sep3(λ;µ, µ, ∂, θ, κ,D).

(B) p has the continuous (D, 2µ, θ)-BB1-property.

Remark 2.6. 1) If Cδ1,ε1 = Cδ2,ε2 ⇒ Fδ1,ε1 = Fδ2,ε2 , then in the proof below, we
can replace Fβ by Cβ ..= {Cδ,i : δ ∈ S, i < κ, βδ,i = β}.

2) The main case is ∂ ..= 2µ.

Proof. First,

(∗)1 Let F = 〈Fδ,i : δ ∈ S, i < κ〉 be a continuous (p, 2µ, θ)-coloring. It will

suffice to show that there is a p-D-F -sequence.

Now by assumption (A)(f),

(∗)2 Let f = 〈fε,i : ε < µ, i < κ〉 and P = 〈Pξ : ξ < λ〉 exemplify

Sep3(λ;µ, µ, ∂, θ, κ,D).

(∗)3 For each δ ∈ S, choose %̄δ = 〈%δi : i < κ〉 ∈ κ(µθ) as in Definition 1.14(1)(C).
(Recall that δ ∈ S ⇒ δ < λ, so the δ here corresponds to the subscript

ξ in the definition.)

Now for every ε < µ we suggest a possible p-D-F -sequence c̄ε:

(∗)4 c̄ε = 〈cε,δ,i : δ ∈ S, i < κ〉, where cε,δ,i ..= fε,i(%
δ
i ) ∈ θ.

(∗)5 Let Fβ ..= {Fδ,i : δ ∈ S, i < κ, βδ,i = β}, so

• dom(Fδ,i) = (Cδ,i)(µ∂) (That is, the set of functions f : Cδ,i → µ∂.)

• rang(Fδ,i) ⊆ θ
• If F = Fδ,i ∈ Fβ , then we may write CF as a well-defined shorthand

for Cδ,i.

(∗)6 Let C′ ..=
⋃
δ∈S

C ′δ.

If for some ε < µ the sequence c̄ε is as required (i.e. it is a p-D-F -sequence) then
we are done. So toward contradiction, assume

�6.1 For all ε < µ we can choose ηε ∈ λ(µ∂) and Eε ∈ D such that

δ ∈ Eε ⇒
{
i < κ : cε,δ,i = Fδ,i(η � Cδ,i)

}
/∈ D.

(∗)7 For every β ∈ C′ and F ∈ Fβ , let
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• ρβ,F ..= 〈F (ηε � CF ) : ε < µ〉 (so ρβ,F ∈ µθ).

• jβ,F ..= min{ζ < λ : ρβ,F ∈Pζ}
• ζβ ..= sup{jβ,F : F ∈ Fβ} < λ

[Why can we do this? Because |Fβ | < λ = cf(λ) by 2.1(2)(B).]

(∗)8 Let E∗ ..= {δ < λ : δ limit, and β < δ ⇒ ζβ < δ}.
(a) E∗ is a club of λ.

(b) E ..= E∗ ∩
⋂
ε<µ

Eε ∈ D

[Why is this in the filter? We declared each Eε ∈ D by �6.1, and clause (a) holds by
our construction. By assumption (A)(b), D contains all clubs and is µ+-complete.]

(∗)9 For every δ ∈ E there exists ε = εδ < µ such that

{i < κ : Fδ,i(ηε � Cδ,i) = cε,δ,i} ∈ D.

[Why? By the choice of %̄δ — that is, by the definition of Sep3 — because
ε < µ⇒ ηε ∈Pδ.]

(∗)10 For some ε < µ,

Aε ..= {δ ∈ E ∩ S : εδ = ε} ∈ D+.

[Why? By (∗)9 and the fact that D is µ+-complete.]

But this is a contradiction. �2.5

Remark 2.7. It is nice to successfully predict the values of 〈Fδ,i(η) � Cδ,i : i ∈ u〉
on some u ∈ [κ]κ, but it would be better to succeed for u = κ.

One possibility: what if we just assume θ = θ<κ, and for each u ⊆ κ we define
p[u] by (Sp[u]

, Cp[u]
) ..= (Sp, Cp), but

C ′p[u],δ
..= {α ∈ C ′p,δ : otp(C ′p,δ ∩ α) ∈ u}?

Or use a regressive function h : u→ κ? Something close is done below.

Definition 2.8. Let p be a (λ, κ, χ)-BB1-parameter.

For A ∈ [κ]κ, we define a (λ, κ, χ)-BB1-parameter

pA = p[A] = (
〈
CA,δ, C

′
A,δ, CA,δ : δ ∈ S

〉
,DA)

by

• CA,δ ..= Cδ

• C ′A,δ ..= {β ∈ C ′δ : otp(C ′δ ∩ β) ∈ A}.
• CA,δ = 〈CA,δ,i : i < κ〉 is defined by CA,δ,i ..= Cδ,h–1

A (i), where hA : A→ κ is

the function i 7→ otp(A ∩ i).13

• DA ..= {κ}

Observation 2.9. 1) pA, as defined above, is indeed a (λ, κ, χ)-BB1-parameter.

2) If p is good then so is pA.

13 Note that this function is invertible as it is strictly increasing.
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Claim 2.10. Assume p is a (λ, κ, χ)-BB1-parameter, Dp
..= [κ]κ, D is a (2κ)+-

complete filter on λ, ∂ = ∂2κ , and θ = θ2κ .

Then p has the continuous (D, ∂, θ)-BB1-property iff pA has the continuous

(D, ∂, θ)-BB1-property for some A ∈ [κ]κ.

Proof. The⇐ implication is obvious, so we concentrate on⇒. Let p be a (λ, κ, χ)-
BB1-parameter and D be as above.

~1 Toward contradiction, assume that pA fails the continuous (D, ∂, θ)-BB1-
property for all A ∈ [κ]κ.

~2 (a) So for A ∈ [κ]κ, let

F
1

A = 〈FA,1δ,i : δ ∈ S, i < κ〉

be a continuous (pA, ∂, θ)-coloring witnessing this failure.
(I.e. there is no pA-D-FA-BB1-sequence c̄ ∈ S×κθ.)

(b) Now FAδ,i : Cδ,i∂ → θ is defined as follows:

•1 If i ∈ A then FAδ,i
..= FA,1δ,otp(i∩A).

•2 If i ∈ κ \A then FAδ,i is the constantly zero.

Naturally, we choose

~3 (a) cd : ([κ]κ)θ → θ and cd∗ : ([κ]κ)∂ → ∂, both bijections.

(b) For B ∈ [κ]κ, let cdB : θ → θ be defined so that the following diagram
commutes:

([κ]κ)θ θ

θ

cd

cdB
πB

where πB is the function which sends 〈ζA : A ∈ [κ]κ〉 7→ ζB .

(c) cd∗B : ∂ → ∂ will be defined analogously.

Next,

~4 Choose F = 〈Fδ,i : δ ∈ S, i < κ〉 as follows:
dom(Fδ,i) ..= Cδ,i∂, and for η in the domain we define

Fδ,i(η) ..= cd
(
〈FAδ,i(η) : A ∈ [κ]κ〉

)
.

By our assumption,

~5 There exists a p-D-F -BB1-sequence c̄ = 〈cδ,i : δ ∈ S, i < κ〉 ∈ S×κθ.

Next,

~6 For every A ∈ [κ]κ, we choose c̄A ..=
〈
cdA(cδ,i) : δ ∈ S, i < κ

〉
.

If c̄A is a pA-D-FA-BB1-sequence for some A, then we get our contradiction.

Therefore, assume:
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~7 For each A ∈ [κ]κ there exist ηA ∈ λ∂ and EA ∈ D such that

(∀δ ∈ S ∩ EA)(∃i < κ)
[
FA,1
δ,h–1

A(i)
(ηA � Cδ,h–1

A(i)) 6= cAδ,h–1
A(i)

]
.

(Equivalently, (∀δ ∈ S ∩ EA)(∃i ∈ A)
[
FAδ,i(ηA � Cδ,i) 6= cAδ,i

]
.)

Now,

~8 E ..=
⋂

A∈[κ]κ
EA ∈ D.

[Why? Because we assumed D is (2κ)+-complete.]

Next,

~9 Define η ∈ ([κ]κ)∂ as the function

α 7→ cd∗
(
〈ηA(α) : A ∈ [κ]κ〉

)
.

Now we can finish as in the proof of 2.5. �2.10

Conclusion 2.11. Assume clause (A) of Theorem 2.5. Also suppose Dp = [κ]κ,

2κ ≤ µ, and θ2κ = θ.

For some A ∈ [κ]κ, pA has the (D, 2µ, θ)-BB1-property.

Proof. By 2.5 we know

(∗)1 p has the continuous (D, 2µ, θ)-BB1-property.

Let ∂ ..= 2µ. We would like to apply 2.10, so let us check its assumptions. First,
p is a (λ, κ, χ)-BB1-parameter by 2.5(A)(d), one of our assumptions.

We also assumed Dp = [κ]κ and θ2κ = θ, so we don’t have to worry about those.

‘D is a µ+-complete filter’ was assumed in 2.5(A)(b) and we added 2κ ≤ µ, so
D is also (2κ)+-complete.

Lastly, ∂2κ = ∂ holds because we defined ∂ ..= 2µ; hence (2µ)µ = 2µ, and again
2κ ≤ µ.

Therefore the conclusion in 2.10 holds, giving us our desired conclusion. �2.11

Conclusion 2.12. 1) We can add the following to the conclusion of 2.5.

If λ∗ = cf(λ∗) ≥ λ, then there exists a p∗ such that

(a) p∗ is a good (λ+
∗ , κ, χ)-BB∗-parameter.

(b) p∗ has the continuous λ-uniform (D, 2µ, θ)-BB0-property.

2) If p is a (λ, κ, χ)-BB0-parameter with the (D, 2µ, θ)-BB0-property, then (p, {κ})
is a (λ, κ, χ)-BB1-parameter with the (D, 2µ, θ)-BB1-property.

Proof. 1) By [She91, §4], as in [She05, §2].

2) Easy, by the definitions. �2.12

Remark 2.13. We can say more in 2.12, replacing λ+
∗ by λ′ weakly inaccessible or

successor of singular: see [She05].
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* * *

We are now ready to prove Theorem 0.4 as promised in the introduction.

The reader would be well-advised to keep the statements of The-
orem 0.4 on page 4, Definition 2.1(1) on page 18, and Lemma 2.5
on page 20 close at hand while reading this proof.

Proof of 0.4: Let us define a BB1-parameter p (as in Definition 2.1) as follows:

•1 (λp, κp) ..= (λ, κ) from 0.4(A)(a)-(b) (so λ > κ are regular, and so 2.1(1)(A)(a)
holds).

•2 χ ..= min{σ : 2σ > µ} (so χ ≤ µ).

•3 Sp
..= S, the stationary subset of Sλκ from 0.4(A)(b)

(so 2.1(1)(A)(b) holds).

•4 C ′p,δ
..= C ′δ from 0.4(A)(c). They satisfy 2.1(1)(C)(a), and so we let β̄δ =

〈βδ,i : i < κ〉 list its elements as in 2.1(1)(C)(b).

•5 Let Cp,δ
..=
⋃
i<κ

C•βδ,i , where 〈C•β : β < λ〉 was given in 0.4(A)(d).

•6 If β ∈ C ′δ ∧ otp(C ′δ ∩ β) = i then we define Cδ,i ..= C•β .14

(a) Clearly each Cδ,i ⊆ Cp,δ ∩ βδ,i, giving us 2.1(1)(D)(b).

(b) Also, |Cδ,i| < χ as 2|Cδ,i| ≤ 2µ by 0.4(A)(d), hence 2.1(1)(D)(c) holds.

•7 Dp
..= [κ]κ.

Now,

�1 p is indeed a BB1-parameter.

[Why? The only demand we have not already checked off our list is clause 2.1(1)(E).
For a given α < λ, the set defined there is a singleton {C•βδ,i}, and so this easily

holds.]

Let D be the club filter on λ.

�2 All the assumptions in Lemma 2.5 have been satisfied.

Why? 2.5(A)(a) holds by 0.4(A). (We defined λ ..= cf(2µ) in 0.4(A)(b).)

Clause (A)(b) holds by our choice of D above.

For (A)(c), χ ≤ µ by •2. Recalling θ = θ2κ and θ < µ, clearly κ < χ. As
λ ..= cf(2µ) (> µ), we have λ ≥ χ.

Clause (A)(d) demands that p is a BB1-parameter, which we have just proved.

For (A)(e), note that θ ≤ µ by 0.4(A)(a). Let σ < χ; necessarily, 2σ ≤ µ by our
choice of χ, so as θ < µ we have θσ ≤ 2µ. Therefore θ<χ ≤ 2µ as required.

Lastly, we have to prove (A)(f):

Sep3(λ;µ, µ, ∂, θ, κ,D).

[Why is this true? We shall prove it using 1.16, recalling D ..= [κ]κ. Now we need
to verify that demands 1.16(A)-(D) hold. Clauses (A) and (D) were among our

14 Note that this is well-defined, as the sequence 〈otp(β ∩C) : β ∈ C〉 is strictly increasing for
any set C of ordinals.
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assumptions, and ‘UD(µ) = µ’ holds because this is equivalent to Uκ(µ) = κ (as
D ..= [κ]κ), which holds because α < µ⇒ |α|κ ≤ µ.

The last of the four clauses is 1.16(B); if we have this, then we will be able to
conclude Sep3(λ;µ, µ, ∂, θ, κ,D).

Flipping back to page 16, it says “The triple (µ, 2µ, θ) satisfies at least one of
the conditions in 1.7.” Of the options, 1.7(b) holds by 0.4(A), and so we are done.]

We obtain the conclusion of 1.16, giving us 2.5(A)(f), and �2 has been proven.

Now by the conclusion of Lemma 2.5, p has the continuous (D, 2µ, θ)-BB1-
property, and so by 2.10, we know

�3 For some A ∈ [κ]κ, pA (as defined in 2.8) has the continuous (D, 2µ, θ)-
BB1-property.

Now to finish the proof we need to provide a C = 〈Cδ : δ ∈ S〉 satisfying 0.4(B).
Let us choose 〈CAδ : δ ∈ S〉, where

CAδ
..= {β ∈ Cp,δ : otp(Cp,δ ∩ β) ∈ A}.

Now check. �0.4

Proof of 0.5. Similar. �0.5
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§ 3. The DBB Property

The following result relies on [She13b, 2.2=Ld.6].

Theorem 3.1. We have ‘(A)⇒ (B)’, where

(A) (a) λ ..= min{∂ : 2∂ > 2µ} (so λ > µ is regular).

(b) Let D be a µ+-complete filter on λ extending the co-bounded filter.

(c) C = 〈Cγ : γ < λ〉, where Cγ ⊆ µ.

(d) θ ∈ [2, µ]

(e) Sep1(µ, µ, θ, θ,Υ) for some Υ < 2µ (or possibly Υ ..= 2µ ∈ Reg as
before).

(B) If Fγ : Cγ (2µ)→ θ for γ < λ then we can find a

c̄ = 〈cγ : γ < λ〉 ∈ λθ

such that for any f : µ→ 2µ, for D+-many γ < λ, we have

Fγ(f � Cγ) = cγ .

Proof. By [She13b, 2.2(β)=Ld.6]. �3.1

Definition 3.2. Suppose λ = cf(λ) > µ ≥ κ = cf(κ) and µ∗ ≤ µ+.

1) We say that p is a (λ, λ∗, µ, µ∗, κ)-DBB-parameter15 when:

(A) (a) λ ≥ λ∗ > κ are regular cardinals.

(b) S ⊆ Sλκ is a stationary subset of λ.

(B) p consists of C = C0 = 〈Cδ : δ ∈ S〉 and C1 = 〈Cδγ : δ ∈ S, γ < λ∗〉 such
that
(a) 〈Cδ : δ ∈ S〉 is as usual (that is, Cδ ⊆ δ = sup(Cδ) and otp(Cδ) = κ),

but we add the demand

α ∈ Cδ ⇒ α > µ ∧ µ
∣∣α.

(b) Cδγ ⊆
⋃

α∈Cδ
[α, α+ µ) such that∣∣Cδγ ∩ [α, α+ µ)

∣∣ = 1

for all δ ∈ S, γ < λ∗, and α ∈ Cδ. (So otp(Cδγ) = κ.)

(c) C1 is a µ∗-free sequence.
By this we mean: if u ⊆ S×λ∗ is of cardinality ≤ µ∗, then there exists
some sequence β̄ = 〈βδγ : (δ, γ) ∈ u〉 with βδγ ∈ Cδγ such that

〈Cδγ \ βδγ : (δ, γ) ∈ u〉
is a sequence of pairwise disjoint sets.

2) We say that p has the (λ, λ∗, µ, µ∗, θ, κ)-DBB-property when in addition to the
above,

(C) If Fδγ : C
δ
γ (2µ)→ θ for γ < λ∗ and δ ∈ S, then we can find sequences

c̄δ = 〈cδγ : γ < λ∗〉 ∈ λ∗θ

such that for any δ ∈ S and f : δ → 2µ, for some γ < λ∗, we have

Fδγ(f � Cδγ) = cδγ .

15 DBB stands for Double Black Box.
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3) If we say p guesses clubs, we mean Cp does.

If λ∗ ..= λ then we may omit it. Similarly if µ∗ ..= µ+.

Remark 3.3. 1) In Definition 3.2, we can make the following changes:

•1 In clause (1)(B), we add
(B)(d) D = 〈Dδ : δ ∈ S〉, with each Dδ a filter on λ∗.

•2 Then in clause (2)(C), we replace “for some γ < λ∗” by ‘for Dδ-many
γ < λ∗.’

2) Adopting this change, we would add an additional clause to Claim 3.4(1)�:

�(f) •1 D = 〈Dδ : δ ∈ S〉, with each Dδ a filter on λ∗.

•2 λ• ∈ Dδ

•3 Dδ � λ• is a µ+-complete filter on λ• extending the co-bounded filter.

3) The proof of 3.4 would not change.

Claim 3.4. 1) If � below holds, then there exists a p with the (λ, λ∗, µ, µ∗, θ, κ)-
DBB-property.

� (a) κ = cf(µ) < µ

(b) λ• ≤ λ∗ ≤ λ, where λ is regular and λ• ..= min{∂ : 2∂ > 2µ}.
(c) •1 ppJbd

κ
(µ) > λ and µ∗ ..= µ+,

or
•2 µ∗ ≤ µ and there exists a µ∗-free subset of κµ of cardinality λ

(see §4).

(d) θ ∈ [2, µ]

(e) Sep1(µ, θ).

1A) If (1)� holds and S ⊆ {δ < λ : cf(δ) = κ and µ2
∣∣ δ} is stationary in λ, then

there exists a p with the (λ, λ∗, µ, µ∗, θ, κ)-DBB-property and Sp = S.

1B) If we assume S ∈ Ǐκ[λ] then16 we can add “Cp is (λ, κ)-good” (see 1.2(6)) and
“Sp

..= S.”

1C) Moreover, in (1B) we could replace ‘Sp
..= S’ by ‘Sp

..= S ∩ E for some club
E ⊆ λ’ and add ‘if β ∈ Cp,δ1 ∩ Cp,δ2 then Cp,δ1 ∩ β = Cp,δ2 ∩ β.’

1D) In both (1A) and (1B), we may add “Cp guesses clubs.”

1E) Note that if µ is (e.g.) strong limit singular, then (1)�(c) holds even if cf(µ) =
ℵ0.

2) In part (1), we may replace clause � (c) by

(c)′ •1 ppJ(µ) > λ for some ideal J ⊇ [κ]<κ.

•2 µ = µ<κ

16 Recall that such an S exists because λ and κ are regular with λ > κ+ (as λ > µ > κ), and
so we can apply [She93, §1].
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2A) We can adopt •1 above if we weaken clause 3.2(1)(B)(c) to “(µ∗, J)-free.”

3) Alternatively,

(c)′′ •1 As above.

•2 2µ
<κ

< 2µ.

Remark 3.5. 1) Concerning the Double Black Box property in Definition 3.2(2), we

may allow Fδγ to have domain C
δ
γ (2µ), where Cδγ ..=

⋃
β∈Cδγ

[β, β + µ), and range ⊆ θ.

(Alternatively, we may use Cδγ ..=
{
β : (∃β′ ∈ Cδγ)[β + µ = β′ + µ]

}
.)

[Why? Because
∣∣µ(2µ)

∣∣ = 2µ.]

2) Assume λ ..= 2µ /∈ Reg. Then the proof still works for a weaker version of the
DBB property, where ‘λ is regular’ (in 3.2(1)(A)(a)) is replaced by ‘cf(λ) > κ.’ (Of
course, we still demand that λ∗ and κ are regular.)

3) By §4, if µ is strong limit singular above then we can have µ∗ ..= µ+.

Proof. 1) First, choose a stationary S ⊆ Sλκ such that

δ ∈ S ⇒ µ2
∣∣ δ.

Next, choose C as in 3.2(1)(B)(a); this is possible by our choice of S. Third, by
�, choose a µ+

∗ -free sequence

〈ργ : γ < λ〉 ⊆ κµ.

[Why can we do this? In subclause �(c)•1, this follows from [She94, Ch.II, §3]; if
•2 holds then this is obvious.]

Without loss of generality γ < λ ⇒ ργ(i) = i mod κ. Let 〈ρ∗δ,γ : δ ∈ S, γ < λ〉
list 〈ργ : γ < λ〉 without repetition: we can do this because |S × λ| = λ.

Let 〈βδi : i < κ〉 list Cδ in increasing order, and let

• ρδ,γ ..= 〈βδi + ρ∗δ,γ(i) : i < κ〉
• Cδγ ..= rang(ρδ,γ).

Let D be the club filter on λ. So

p ..= (λ, κ, S,D, 〈Cδ : δ ∈ S〉, 〈Cδγ : δ ∈ S, γ < λ〉)
is well-defined.

Next we have to check that p is indeed a (λ, λ∗, µ, µ∗, θ, κ)-DBB-parameter: that
is, all clauses of 3.2(1).

First, the demands on the cardinals in the beginning of the definition hold, as
does clause (A).

Clause 3.2(B)(a): Holds by the choice of 〈Cδ : δ ∈ S〉.

Clause (B)(b): Holds by our choice of the Cδγ-s.

Clause (B)(c):

Let u ∈ [S × λ]<µ∗ . By the choice of 〈ργ : γ < λ〉, we can find a function
h : u→ κ such that
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(∗)1 If (δ1, γ1) 6= (δ2, γ2) are from u and i ≥ max
(
h(δ1, γ1), h(δ2, γ2)

)
, then

ρ∗δ1,γ1(i) 6= ρ∗δ2,γ2(i).

Hence

(∗)2 If (δ1, γ1) 6= (δ2, γ2) are from u and i` ∈
[
h(δ`, γ`), κ

)
for ` = 1, 2, then

ρ∗δ1,γ1(i1) 6= ρ∗δ2,γ2(i2).

[Why? If i1 6= i2 then recall γ < λ ⇒ ργ(i) ≡ i mod κ. The i1 = i2 case is just
(∗)1.]

So clause (B)(d) does indeed hold. Together we have proved that p is a
(λ, λ∗, µ, µ∗, θ, κ)-DBB-parameter.

Lastly, why does it have the (λ, λ∗, µ, µ∗, θ, κ)-DBB-property?

Let 〈Fδγ : γ < λ∗, δ ∈ S〉 be given, as in 3.2(2)(C). To finish we need to produce

c̄δ = 〈cδγ : γ < λ∗〉 as required there.

Fix δ ∈ S, and let hδ : µ→ δ be such that

ε < µ ∧ ε ≡ i mod κ⇒ hδ(ε) ..= βδ,i + ε.

As 〈βδ,i : i < κ〉 is increasing and µ
∣∣βδ,i for all i < κ, we know hδ is well-defined

and one-to-one.

Let C
′
δ = 〈C ′δ,γ : γ < λ•〉 be defined as

C ′δ,γ
..=
{
ε < µ : hδ(ε) ∈ Cδγ

}
.

For γ < λ•, define Fδ,γ : C
′
δ,γ (2µ)→ θ as the function

f 7→ Fδγ(f ◦ hδ).

By 3.1 applied to C
′
δ and 〈Fδ,γ : γ < λ•〉, we get a sequence of ordinals 〈cγδ : γ < λ•〉

as guaranteed there.

As λ∗ may be any cardinal in the interval [λ•, λ], we need to pad out this sequence
with extra terms. Simply let cγδ

..= 0 (and Fδ,γ be identically zero) for γ ∈ [λ•, λ∗),
and we reader may check that the resulting sequence is as desired.

1A) Similarly.

1B-C) By the definition of Ǐκ[λ] and Claim 0.11.

1D) Use [She94, Ch.III, §1] and 0.11(3).

1E) By §4.

2) Similarly, but when choosing ρ̄ = 〈ργ : γ < λ〉 we only require that it is (µ+, J)-
free.

Then we let cd : κ>λ→ λ be a bijection.

3) Similarly as well. �3.4

Discussion 3.6. Let µ be strong limit singular of cofinality κ < µ, and λ = λ∗ ..=
min{∂ : 2∂ > 2µ}.

(A) (a) If λ < 2µ and κ > ℵ0, then 3.4� holds (see [She94]).
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(b) What about λ < 2µ and κ ..= ℵ0? Still, we knew 3.4� held in many
cases (e.g. for a club of µ < µ∗, where µ∗ ..= iδ > κ ..= cf(µ∗) > ℵ0).
In §4 we shall prove that it always holds.

(c) 3.4 would seem to be helpful for constructing (e.g.) µ+-free Abelian
groups.

(B) But what about the λ = λ∗ = 2µ case? In this case we have λ = λ<λ,
a condition which is again helpful in constructions. Can we construct an
entangled linear order of cardinality λ+? Recall that by [She00] or [She06]
we have (D`)∗Λ. Can we use several pairwise disjoint subsets of λ?

Alternatively, find a subset of λθ for some regular θ (e.g. cf(2ℵ0))?

(C) Again, if λ = 2µ then we may try to use

d ..=
{
θ ∈ µ ∩ Reg :

(
∃µ′ ∈ (µ, λ)

)[
cf(µ′) = θ ∧ ppθ-comp(µ′) =+ λ

]}
as in [She13b] whenever d ..= {κ} does not work. The new proof is as in
[She20], using [She13a].

(D) However, we can use BBk in clause (C). We consider µ0 < . . . < µ3n as
above (i.e. all strong limit of cofinality κ < µ0). For each ` we choose p`
as in 3.4, except that their free-ness (in the sense of [She20]) is such that
their “product” is ℵn·κ+ -free, and they have a Black Box as there.

Definition 3.7. 1) For Λ∗ ⊆ Λ• ⊆ κµ, we say that Λ• is (θ2, θ1)-free over17 Λ∗
when θ2 ≥ θ1 and for every Λ ⊆ Λ• \Λ∗ of cardinality < θ2 there is a witness (Λ̄, h).
By this we mean:

(A) Λ̄ = 〈Λγ : γ < γ∗〉 is a partition of Λ into γ∗-many sets, each of cardinality
< θ1 (so γ∗ is an ordinal < θ2).

(B) h : Λ→ κ.

(C) If γ < γ∗, η ∈ Λγ , and i ∈
[
h(η), κ

)
, then

η(i) /∈
{
ρ(j) : j < κ, ρ ∈

⋃
β<γ

Λβ ∪ Λ∗
}
.

2) For Ω ⊆
{

(θ2, θ1) ∈ Card×Card : θ2 ≥ θ1

}
, we say Λ• is Ω-free over Λ∗ when it

is (θ2, θ1)-free over Λ∗ for every (θ2, θ1) ∈ Ω.

3) Suppose λ = cf(λ) > µ ≥ κ = cf(κ) and Ω is as in part (2).

We say that p is a (λ, λ∗, µ,Ω, κ)-DBB-parameter when clauses (A) and (B)(a)-
(b) of Definition 3.2 hold, and

(B)(c)′ C1 is Ω-free.

Observation 3.8. Assume (for transparency) that Λ• ⊆ κ>µ is tree-like. (That is,
η 6= ν ∈ Λ• ∧ η(i) = ν(j) ⇒ i = j ∧ η � i = ν � i.)

If Λ• is of cardinality < θ and (θ, κ+)-free over ∅, then Λ• is free.

Proof. See [She20, §1]. �3.8

Claim 3.9. 1) If � holds then there exists a p with the (λ, λ, µ,Ω, θ, κ)-DBB-
property, where

17 We may omit λ∗ if it is empty.
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� (a) κ = cf(µ) < µ

(b) λ = λ<λ = 2µ

(c) pp+
Jbd
κ

(µ) > λ

(d) θ ∈ [2, µ]

(e) Sep(µ, θ,Υ) for some Υ ≤ µ.

(f) Ω ..= {(κ+κ, κ+4)}

2) Like part (1), but replacing clause �(f) by

(f)′ Ω ..=
{

(θ+κ, θ+4) : θ ∈ [κ, µ)
}

3) In parts (1) and (2), we my replace clause �(c) by

(c)′ •1 ppJ(µ) ≥ λ for some ideal J ⊇ [κ]<κ.

•2 µ = µ<κ

as in 3.4(2).

4) If S is a stationary subset of {δ < λ : cf(δ) = κ} then we can demand Sp
..= S,

and we can add “Cp = 〈Cp,δ : δ ∈ S〉 guesses clubs.” If S ∈ Ǐκ[λ] then we can add

“Cp is (λ, κ)-good.”

5) In part (2), we can replace µ = µ<κ by 2µ
<κ

< 2λ.

Remark 3.10. The λ = λ<λ is not necessary; just otherwise 3.4 gives us more.

Proof. 1) Like the proof of 3.4, but in the choice of ρ̄ (at the beginning of the proof)
we replace ‘µ+-free’ by ‘Ω-free.’

[Why is this possible? Use θ in the beginning of the proof of [She20, 1.26=La51]
(which relies on [She13a, 0.4-0.6=Ly19,y22,y40]).]

2) As above.

3) Similarly to the proof of 2.5(2).

4-5) Clear. �3.9
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§ 4. When do quite free subsets Λ ⊆ κµ exist?

We know that if κ ..= cf(µ) < µ < λ < ppJ(µ), where J is an ideal on κ, then
there exists a <J -increasing (µ+, J)-free sequence f̄ ∈ λ(κµ). This implies that if
µ is strong limit singular of uncountable cofinality and λ ∈ (µ, 2µ), then there is a
µ+-free subset Λ ⊆ κµ of cardinality λ. This also holds for many cardinals µ with
cf(µ) = ℵ0 (see [She94]). This has applications for (e.g.) the existence of µ+-free
Abelian groups with trivial dual (The TDCµ).

We intend to prove this for all µ-s.

This is an example of the thesis “assuming negations of GCH may help in proving
interesting results.” Above, we considered singular cardinals. What about regulars?
If 2θ = 2<µ < 2µ (hence θ < µ) then by an old result with Devlin [DS78] we have
Weak Diamond on µ. For results from this century, [CS16] with Chernikov showed
that by pcf considerations, for every µ there exist µ0

..= µ < µ1 < . . . < µn ..= 2µ

for n ≤ 6 such that trp+
κ`

(µ`) > µ`+1 for ` < n (where κ` ..= cf(µ`) < µ`). (See 4.2
below.)

Can we get freeness results? Here we see if we can get “for every ` < n there
exists a quite free subset Λ` ⊆ lim

κ`
T of cardinality µ`.”

A characteristic neat result (referenced in §0) is as follows.

Theorem 4.1. If µ is strong limit singular, κ ..= cf(µ), and λ ∈ (µ, 2µ), then there
is a µ+-free subset Λ ⊆ κµ of cardinality λ.

Recall:

Definition 4.2. 1) For κ = cf(κ) ≤ µ, let trp+
κ (µ) be the minimal λ such that

there is no sub-tree T ⊆ κ>µ of cardinality µ with ≥ λ-many κ-branches.

(trp stands for tree power.)

2) For J an ideal on κ < µ and Λ ⊆ κµ, we say Λ is (λ, J)-free when for every
Λ′ ∈ [Λ]<λ there exists f : Λ′ → J such that

η 6= ν ∈ Λ′ ∧ i ∈ κ \
(
f(η) ∪ f(ν)

)
⇒ η(i) 6= ν(i).

3) For J an ideal on κ and Ā = 〈Aε : ε < κ〉, let T+
J (Ā) be the minimal λ such that

there is no18 Λ ⊆
∏
ε<κ

(Aε ∪ {0}) of cardinality λ such that

η 6= ν ∈ Λ⇒
{
i < κ : 0 6= η(i) 6= ν(i) 6= 0

}
≡ κ mod J.

3A) Let T+
J (Ā) be the minimal λ such that there is no Λ satisfying �Ā,Λ below.

�Ā,Λ (a) Λ ⊆
⋃

a∈J+

∏
i∈a

(Ai ∪ {0})

(b) |Λ| ≥ λ
(c) η 6= ν ∈ Λ⇒

{
i ∈ dom(η) ∩ dom(ν) : η(i) = ν(i)

}
∈ J.

18 We add the {0} just so we don’t have to worry about Aε ..= ∅.
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3B) Above, if Ā is the constant sequence 〈B : ε < κ〉, then we may write T+
J (B)

and TJ(B).

3C) The default value of J is [κ]<κ. If we omit J , this is what we mean.

4) For χ ≥ λ ≥ θ ≥ σ, cov(χ, λ, θ, σ) means that there exists a P ⊆ [λ]<θ of
cardinality ≤ χ such that every u ∈ [λ]<θ is contained in the union of < σ-many
members of P.

Observation 4.3. 1) Without loss of generality we may strengthen 4.2(2) to

η 6= ν ∈ Λ′ ∧
[
i ∈ κ \ f(η)

]
∧
[
j ∈ κ \ f(ν)

]
⇒ η(i) 6= ν(j).

2) Similarly in 4.2(3).

3) If µ = µ<κ < µκ then trpκ(µ) = µκ (and even trp+
κ (µ) = (µκ)+). So if µ is

strong limit of cofinality κ then trpκ(µ) = 2µ.

4) If χ ≥ λ ≥ θ > σ and σ is regular uncountable, then cov(χ, λ, θ, σ) holds iff

χ ≥ sup
{

ppcf(µ)-comp(µ) : µ ∈ [θ, λ], cf(µ) ∈ [σ, θ)
}
.

5) Assume Ā = 〈Aε : ε < κ〉 with |Aε| ≥ 2κ and J an ideal on κ such that

u ∈ J+ ⇒ T+
J (Ā) = T+

J�u(Ā � u).

Then T+
J (Ā) = T+

J (Ā) or T+
J (Ā) = σ and T+

J (Ā) = σ+ for some σ of cofinality
≤ 2κ.

6) In part (5), if J ..= [κ]<κ then T+
J (Ā) = T+

J (Ā).

7) In parts (5) and (6), we may replace 2κ by cf(P(κ) \ J,⊆).

Proof. 1-2) As µ ≥ κ, we can define the function η′ ∈ κµ by η′(i) ..= pr(η(i), i) for
i < κ (where pr : µ× µ→ µ is some bijection), and then replace η by η′.

3) Classical.

4) By [She94].

5) Clearly T+
J (Ā) ≥ T+

J (Ā). To get the ‘≤’ direction, assume

~1 χ ∈
(
2κ,T+

J (Ā)
)

(or just
∣∣P(κ)/J

∣∣ < χ < T+
J (Ā)).

For α < χ, let ηα ∈
∏
i∈uα

Ai (where uα ∈ J+) witness ~1.

For each u ∈ J+, define Wu
..= {α < χ : uα = u}. If for some u the set Wu has

cardinality χ, then clearly T+
J�u(Ā � u) > χ and we are done.

So assume
u ∈ J+ ⇒ |Wu| < χ;

recalling χ >
∣∣P(κ)/J

∣∣, necessarily cf(χ) ≤
∣∣P(κ)/J

∣∣ and χ = sup
{
|Wu| : u ∈ J+

}
.

Now 〈ηα : α ∈Wu〉 essentially witnesses ‘T+
J�u(Ā � u) ≥ |Wu|,’ and we can easily

finish.

(Note that if T+
J (Ā) > χ+ then we could have used χ+ instead of χ.)
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6) for A ∈ J+ = P(κ) \ J , let hA : κ→ A be the inverse of the function

i 7→ otp(A ∩ i).
For each Ai ∈ Ā (that is, for each i < κ), let pri be a bijection between (Ai∪{0})×
J+ and Ai.

Beginning as in the proof of part (3), for each α < χ we define η′α ∈
∏
i<κ

Ai as

follows.

~α For α < χ and i < κ, we let η′α(i) ..= pri
(
huα(i), uα

)
Now 〈η′α : α < χ〉 witnesses ‘T+

J (Ā) > χ+.’

7) Left to the reader. �4.3

Now comes the section’s main results: 4.4, 4.5, 4.6. (The reader may concentrate
on the case ‘κ∗ ..= κ, µ∗ ..= µ’ and on part (1) of 4.4.)

Claim 4.4. 1) If clauses (a)-(e) below hold, then there is a (µ+
∗ , J)-free subset

Λ ⊆ κµ of cardinality λ.

(a) κ∗ ≤ κ are regular, and J is a κ∗-complete ideal on κ.

(b) κ ..= cf(µ) < µ∗ ≤ µ ≤ λ ≤ χ
(c) µκ ≥ χ+

(d) cov(χ, λ, µ∗, κ
+
∗ )

(e) α < µ∗ ⇒ |α|κ < µ

2) In part (1), we may replace clauses (c) and (e) by

(c)′ T+
J

(
µ
)
> χ+

(e)′ α < µ⇒ T+
J (|α|) ≤ χ+.

3) If we weaken ‘T+
J

(
µ
)
> χ+’ in clause (c)′ to ‘There exists a sequence of ordinals

α with µ =
⋃
j<κ

αj, each αi < µ, and T+
J (α) > χ+,’ then we may still conclude that

there is a µ+
∗ -free subset of

⋃
u∈J+

∏
i∈u

αi.

Proof. 1) We shall prove that part (1) follows from part (2). To that end, we need
to prove that assumptions (1)(a)-(e) imply (2)(c)′,(e)′.

Concerning clause (c)′: as cf(µ) = κ, there exists an increasing sequence
〈µi : i < κ〉 with limit µ. By clause (e), without loss of generality µi = (µi)

κ > 2κ.
By clause (1)(c) and basic cardinal arithmetic,∣∣∏

i

µi
∣∣ =

∣∣∑
i

µi
∣∣κ = µκ.

Hence there is a sequence 〈ηα : α < χ+〉 of members of
∏
i<κ

µi without repetition,

and a one-to-one function cdi : i(µi) → µi for each i < κ. For α < λ, we define
να ∈ κµ by

i < κ⇒ να(i) ..= cdi(ηα � (i+ 1)).

Easily, α < β < χ+ ⇒
∣∣{i < κ : να(i) = νβ(i)

}∣∣ < κ. So by the assumption on J ,

the sequence 〈να : α < χ+〉 witnesses T+
J (µ) > χ+.
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As for clause (2)(e)′, it follows immediately from (1)(e).

2) First,

(∗)1 Let P ⊆ [λ]<µ∗ be the covering guaranteed by Definition 4.2(4), recalling
that we assumed cov(χ, λ, µ∗, κ

+
∗ ) in clause (1)(d).

(So in particular, |P| ≤ χ.)

(∗)2 Let Λ∗ ⊆ κµ witness T+
J (µ) > χ+ (as assumed in clause (2)(c)′). Note this

implies |Λ∗| ≥ χ+.

We shall try to choose ηα and āα by induction on α < λ such that

(∗)α3 (a) ηα ∈ Λ∗

(b) āα = 〈aαu : u ∈P〉
(c) aαu ∈ J
(d) if u ∈P, β ∈ u ∩ α, and i ∈ κ \

(
aαu ∪ aβu

)
, then ηα(i) 6= ηβ(i).

Assuming we have succeeded up to Stage α, for each u ∈P let

Sα,u ..=
{
ηβ(i) : β ∈ u ∩ α, i ∈ κ \ aβu

}
.

So Sα,u ∈ [µ]<|u|+κ; and as |u|+ κ < µ∗, we may say Sα,u ∈ [µ]<µ∗ .

For η ∈ Λ∗, let

Wα,u,η
..= η–1(Sα,u)

and

Λα,u ..=
{
η ∈ Λ∗ : Wα,u,η /∈ J

}
.

Now

•3.1 |Λα,u| < T+
J (Sα,u).

[Why? Because
∣∣{η �Wα,u,η : η ∈ Λα,u}

∣∣ < T+
J (Sα,u) by its definition.]

As |Sα,u| ≤ |u|+ κ, we may conclude |Λα,u| < T+
J (|u|+ κ), and therefore

•3.2 |Λα,u| ≤ χ.

[Why? By clause (e)′ of our assumptions.]

Therefore (recalling (∗)1)

(∗)4 Λα ..=
⋃
u∈P

Λα,u has cardinality ≤ |P|+ χ = χ < |Λ∗|.

So we can choose ηα ∈ Λ∗ \ Λα, and now:

(∗)5 For each u ∈P with u 3 α, we can choose aαu as required in (∗)α3 (d).

[Why? Because ηα /∈ Λα,u.]

Lastly, let Λ ..= {ηα : α < λ}.

(∗)6 Λ ∈ [Λ∗]λ is µ+-free.

Why? First,
⋃

P = λ by the definition of P in (∗)1. Hence if α < β < λ then for
some u ∈ P we have β ∈ u. But ηβ /∈ Λα,u by our choices, and hence ηα 6= ηβ .
Moreover, ηα 6=J ηβ (that is, {i < κ : ηα(i) = ηβ(i)} ∈ J). Hence |Λ| = λ.
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Second, let u∗ ∈ [λ]<µ∗ . Then by the choice of P (in (∗)1) there is a sequence

〈ui : i < κ∗〉 ⊆P

such that u∗ ⊆
⋃
i

ui. For α ∈ u∗, let iα = i(α) ..= min{i < κ∗ : α ∈ ui} and let

a∗α
..= aαui(α)

. Let

W ..=
{

(α, β) ∈ u∗ × u∗ :
(
∃j ∈ κ \ (a∗α ∪ a∗β)

)[
ηα(j) = ηβ(j)

]}
.

Easily, α ∈ u∗ ⇒
∣∣{β : (α, β) ∈W}

∣∣ ≤ κ∗. Hence (noting that W is a symmetric
relation on u∗) we can find an equivalence relation E on u such that (α, β) ∈W ⇒
α E β and every equivalence class is of cardinality ≤ κ∗.

For S an equivalence class of E, let 〈αSj : j < jS ≤ κ〉 list S without repetition.

For α ..= αSj ∈ S, let

aα ..= a∗α ∪
{
i ∈ κ∗ : (∃ε < j)

[
ηαSε (i) = ηα(i)

]}
.

This is a member of J because j < κ∗ and J is κ∗-complete (by assumption (1)(a)),
and by our choice of Λ.

So 〈aα : α ∈ u〉 witnesses the freeness demand in (∗)6.

3) Similarly, but in (∗)2 we choose Λ∗ to witness clause (c)′′. �4.4

Claim 4.5. If clauses (a)-(f) below hold, then there is a (µ+, J)-free subset Λ ⊆ κµ
of cardinality λ.

(a) J is a κ-complete ideal on κ.

(b) κ ..= cf(µ) < µ < µ• ≤ λ ≤ χ
(c) T+

J (µ) > χ+

(d) κ• ..= cf(µ•) ∈ [κ+, µ) and

∂ ∈ (µ, µ•) ∧ cf(∂) ∈ [κ+, µ)⇒ ppcf(∂)(∂) < µ•.

(e) λ+ < pp+
J•

(µ•), where J• is a κ+-complete ideal on κ•.
19

(f) α < µ⇒ |α|κ• < µ.

Proof. First,

(∗)1 There exists α• = 〈α•i : i < κ〉 ∈ κµ such that T+
J (α•) > χ+.

[Why? by assumption (c) there exists Λ ⊆
⋃

b∈J+

bµ witnessing T+
J (µ) > χ+.

Now let 〈µi : i < κ〉 be increasing with limit µ; so for every η ∈ Λ there is
an increasing function hη : κ → κ such that i ∈ dom(η) ⇒ η(i) < µhη(i). As∣∣{hη : η ∈ Λ}

∣∣ ≤ 2κ ≤ χ, clearly for some h ∈ κκ the set Λh ..= {η ∈ Λ : hη = h}
has cardinality ≥ χ+.

So let α•i
..= µh(i) witness (∗)1.

Second,

(∗)2 We can apply 4.4(2) for each λ′ ∈ (µ, µ•), with κ, κ, J, µ, µ, λ′, λ′ here stand-
ing in for κ∗, κ, J, µ∗, µ, λ, χ there.

19 Alternatively, maybe J• is just
(
κ+ cf(J,⊆)

)+
-complete.
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We have to check that all the assumptions hold.

Clause (a): Holds by clause (a) of our assumptions.

Clause (b): Holds by clause (b) of our assumptions, recalling µ < λ′ < µ•.

Clause (c)′: Holds by (∗)1.

Clause (d): Holds by the second phrase in assumption (d) and 4.3(4).

Clause (e),(e)′: Directly implied by assumption (f).

So we get

(∗)3 There is a (J, µ+)-free Λ ⊆
∏
i<κ

di of cardinality µ•.

[Why? Recalling κ• ..= cf(µ•) < µ < µ•, there exists an increasing sequence of
cardinals 〈λε : ε < κ•〉 with λ0 > µ and limit µ•.

Applying the conclusion of 4.4(1)+(2) which we just obtained in (∗)2, for each
ε < κ• there exists a µ-free subset Λε ⊆ κµ of cardinality λε. For each η ∈ Λε,
define νεη

..= 〈κ• · η(i) + ε : i < κ〉. Now Λ = {νεη : ε < κ•, η ∈ Λε} as promised.]

(∗)4 Let 〈η∗α : α < µ•〉 list the members of Λ without repetition.

Third, applying Definition 4.2(3) and clause (e) of the assumption, recalling
[She94, Ch.II, 3.1],

(∗)5 There is a <J• -increasing sequence f̄ = 〈fγ : γ < λ+〉 ⊆ κ•µ• (hence all
functions in the sequence are pairwise 6=J•).

By [She94],

(∗)6 Without loss of generality, f̄ � λ = 〈fγ : γ < λ〉 is a J•-free sequence and
γ < λ⇒ fγ < fλ.

(∗)7 For each i < κ, we choose a one-to-one function gi such that
(a) dom(gi) ..=

⋃
b∈J+
•

b(α•i )

(b) rang(gi) ⊆ µ

[Why does such a gi exist?

The set Wi
..=

⋃
b∈J+
•

b(α•i ) is a subset of
⋃

u⊆κ•

u(α•i ), which has cardinality |α•i |κ• ;

this is < µ by clause (f) of our assumptions. So clearly there is an injection from
Wi into µ; this satisfies (∗)7, and so it will be our gi.]

(∗)8 For each γ < λ we choose ηγ ∈ κµ as follows:
For each i < κ let νγ,i ..=

〈
η∗fγ(ξ)(i) : ξ < κ•

〉
∈ κ•(α•i ). Now let

ηγ ..=
〈
gi(νγ,i) : i < κ

〉
.

Lastly,

(∗)9 η̄ = 〈ηγ : γ < λ〉 is as promised.

Why? Clearly η̄ is a sequence of members of κµ, without repetition. Let u ∈ [λ]≤µ,
and we shall prove that η̄ � u is free.
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(∗)9.1 Without loss of generality |u| < µ.

[Why? By [She19].]

(∗)9.2 We can find 〈b∗γ : γ ∈ u〉 ⊆ J• such that if γ 6= ε ∈ u and j ∈ κ• \
(
b∗γ ∪ b∗ε

)
then fγ(j) 6= fε(j).

[Why? By (∗)6.]

(∗)9.3 Let W ..=
{
fγ(j) : γ ∈ u, j < κ•

}
(so W ∈ [µ•]

<µ). Hence there exists a

sequence 〈aβ : β ∈W 〉 ∈ WJ witnessing that f̄ �W is free.

(∗)9.4 We can choose 〈aγ : γ ∈ u〉 such that
• aγ ∈ J
• {j < κ• : afγ(j) ⊆ aγ} ∈ J+

• .

[Why? As bγ ∈ J+
• , b∗γ ∈ J•, and J• is κ+-complete.]

(∗)9.5 If γ 6= ε ∈ u and j ∈ κ \
(
aγ ∪ aε

)
then ηγ(j) 6= ηε(j).

[Why? Put clauses (∗)9.1-(∗)9.4 together.]

Now we are done. �4.5

Claim 4.6. If µ is strong limit, κ ..= cf(µ) < µ, and λ ∈ (µ, 2µ), then there is a
µ+-free λ ⊆ κµ of cardinality λ.

Proof. Let Θµ,κ
..=
{
χ ∈ (µ, λ] : cf(χ) ∈ [κ+, µ) and ppcf(χ)-complete(χ) ≥ λ+

}
.

If Θµ,κ is empty then we can apply 4.4.

[Why? Choose κ∗ ..= κ, µ∗ ..= µ, J ..= Jbd
κ , and we have to verify the assumptions

of 4.4. Clauses (a), (b), and (c) are obvious. Clause (e) says ‘α < µ ⇒ |α|κ < µ,’
and this follows from µ being strong limit. Lastly, clause (d) holds by 4.2(4).]

So assume Θµ,κ 6= ∅. Let µ• ..= min Θµ,κ, and apply 4.5.

[Why can we do this? We should check assumptions 4.5(a)-(f). Choose χ ..= λ,
κ• ..= cf(µ•), and J• a κ•-complete ideal on κ• satisfying ppJ•(µ•) ≥ λ

+.

Clauses (a) and (b) are obvious.

Clause (c) says ‘T+
J (µ) > χ+’, which holds because J ..= Jbd

κ and µ is strong
limit of cofinality κ.

In clause (d), the first statement (cf(µ•) ∈
[
κ+, µ

)
) holds by the definition of

Θµ,κ and choice of µ•. The second statement holds by the same reasoning.

Clause (e) holds as µ• ∈ Θµ,κ and the choice of J•.

Clause (f) holds as µ > κ• is strong limit.] �4.6

Discussion 4.7. 1) In 4.5, there is no harm in adding “J• is κ•-complete.”

2) Furthermore, if we add ‘κ• > 2κ’ then we can weaken clause 4.5(c) to ‘T+
J (µ) >

χ+.’

Paper Sh:1268, version 2026-01-18. See https://shelah.logic.at/papers/1268/ for possible updates.
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