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Abstract

For which (first-order complete, usually countable) 7 do there exist non-isomorphic
models of 7 which become isomorphic after forcing with a forcing notion P? Neces-
sarily, IP is non-trivial; i.e it adds some new set of ordinals. It is best if we also demand
that it collapses no cardinal. It is better if we demand on the one hand that the models
are non-isomorphic, and even far from each other (in a suitable sense), but on the
other hand, .Z-equivalent in some suitable logic .Z. In this part we give sufficient
conditions: for theories with the independence property, we prove this when P adds
no new w-sequence. We may prove it “for some P," but better would be for some
specific forcing notions, or a natural family. Best would be to characterize the pairs
(T, P) for which we have such models. The results say (e.g.) that there are models
M, M> which are not isomorphic (and even far from being isomorphic, in a rigorous
sense) which become isomorphic when we extend the universe by adding a new branch
to the tree (9>2, <1). We shall mention some specific choices of P: mainly =2, <)
with @ = #<. This work does not require any serious knowledge of forcings, nor of
stability theory, though they form the motivation. Concerning forcing, the reader just
has to agree that starting with a universe V of set theory (i.e. a model of ZFC) and a
quasiorder PP, there are a new directed G C [P meeting every dense subset D of P and
a universe V[G] (so it satisfies ZFC) of which the original V is a transitive subclass.
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We may say that V[G] (also denoted V) is the universe obtained by forcing with P.
This is part of the classification and so-called Main Gap programs.
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Mathematics Subject Classification Primary 03C45 - 03E45; Secondary 03C55.

Contents

0 Introduction . . . . . . . . . .. e e e e e e 752
0.1 A panoramic picture — the long-range view . . . . . . . . . . ... oL 753
0.2 Firstapproach . . . . . . . . .. . 755
0.3 Second approach . . . . . . ... 757
0.4 Theresults . . . . . . . . . e e 759
0.5 Preliminaries . . . . . . . . e 759

I GEMmodels . . . . . . . . e 762

2 Toward P-twins . . . . . . . . 766
2.1 TheFrame . . . . . . . . . 766
2.2 Examples . . . ... e 771
2.3 How ‘nice’ are the classes Kx? . . . . . . . . . o 0 i i i e e e 776

3 OnExistence Forindependent 7 . . . . . . . . . .. . . e 777

References . . . . . . . . 789

0 Introduction

We are interested in classifying theories (or classes of models — i.e. structures) by
the possible existence of models which are very similar but not isomorphic.

Definition 0.1 1) For a forcing notion P, we say the models M and N are P-
isomorphic when they become isomorphic after forcing with P.

2) For X a set or class of forcing notions, we say M and N are strongly X-isomorphic
when they are P-isomorphic for every P € X.

3) Weakly X-isomorphic (or simply ‘X-isomorphic’) will mean*“for some P € X."
E.g. ‘weakly ccc-isomorphic’ means “for some ccc forcing notion."

Definition 0.2 1) We say two models are P-fwins when they are P-isomorphic but
not isomorphic. We say they are (P, .£)-twins when they are P-twins and .Z-
equivalent, for .Z a logic.

2) Wesay M and N are (P, )-twins (or (P, £, 1)-twins) when in addition, ||M| =
NI = 2.

3) Similarly for X-twins and strong X-twins.

4) We may say a theory T [or a class K of models] ‘has P-twins.’

Baldwin-Laskowski-Shelah [1] and Laskowski-Shelah [12] investigated the case
of weak ccc-twins (i.e. X is the class of ccc forcings).! Lately, Farah raised a similar
question, for [P the Random Real forcing and 7" an unstable theory.

' There, twins were called ‘potentially isomorphic.’
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0.1 A panoramic picture - the long-range view

Thesis 0.4 [The Classification Thesis] We would like to classify the theories 7': nat-
urally, at first all complete first-order (maybe countable) ones, but later try for more
—e.g. for every AEC.

Like Janus, the thesis has two faces:

(A) Set theoretic test questions which will shed light on the complexity of 7', leading
to constructing ‘complicated’ models of a theory 7', when T itself is complicated.
(B) Finding dividing lines among the family of theories, such that

e Above the line, we have results as in (A).
o> Below the line we develop structure theory, and can analyze models of T
to some extent.

(C) The thesis is that those two sides of the program are strongly connected, because
if we succeed in proving a case of the so-called main gap, we get complementary
results. So we know that the assumptions in each are the best possible, and with
this aim in mind one is driven to discover inherent properties of 7'.

(D) Even if you are only interested in clause (B) 7, this thesis tells you that having
(A) and (B) in mind is a good way to advance each of them.

(E) For a given test question, a ‘Main Gap’ theorem will describe how the theories
are divided into ones with complicated models (the non-structure side), and ones
with a ‘structure theory.’

But naturally, along the way we may come across other properties which could
be of interest, possibly more than the original question (e.g. whether 7 is stable).

(F) Having the two sides gives us more than the sum of their parts; it proves that both
are maximal (in the chosen context), and that those properties are natural dividing
line.

(Of course, not all interesting properties are like this: you may be able to say
something about binary functions on a set which is not a group, but this is not the
animating question on the class of groups. Closer are o-minimal theories.)

The classical case was first-order complete countable theories, but there are others;
e.g. universal classes up to AEC.
In [22] and [31], the set theoretic test questions were:

e [ (A, T):= the number of isomorphism classes of models in EC; (T') (= models of
T of cardinality A).

e [ E(), T):=the maximal number of pairwise-non-elementarily embeddable mod-
els in EC, (T).

In this case, the thesis was that this classification characterizes answers to the question
“Is Modr (the class of models of 7)) complicated?", along a significant number of
measures.
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With regards to those test questions, the situation can be seen in the following
trichotomy; the uninitiated reader may concentrate on H,, Hs.
This theorem is the original case: the Main Gap Theorem of [31].

Theorem 0.3 [The main gap Trichotomy] 1)

H1 The countable complete first-order theories T can be divided into three classes:

(A) Unstable or stable but unsuperstable or superstable with OTOP or superstable
with DOP. (The last two cases tell us some non-first-order formula defining many
graphs in some models of T .)

(B) T isnotin (A), but it is deep.

(C) Neither (A) nor (B). (The antonym of deep is shallow.)

2) The classification in part (1) is by the inside properties of these theories; this is
not meaningful if you do not know them.
Let us move to the other side of the coin.

B, If T is of type (B) or (C) it is called classifiable, and satisfies the following:

(a) A model M of T can be described by a tree T with w levels. That is, it is a
set of finite sequences, closed under initial segments (and countably many unary
predicates).

(b) More fully, there is a tree (M, : n € T) of countable submodels,
<-increasing with n, “freely joined" (i.e. this tree of models is non-forking), and
M is prime over | M.

ne7l

(c) Another aspect is: models of T can be characterized (up to isomorphism) by their
theory inthe logic £ = Lo n,, enriched by “cardinality quantifiers on dimension
by definable dependence relations" (see [31, Ch.XIII], [3], [36]).

3) Continuing in this fashion:

B3 If T satisfies (A), then a strong negation of the above holds. The class of mod-
els is non-classifiable: e.g. models (pedantically, isomorphism classes of models)
code stationary sets. Specifically, for a model M of T of cardinality A (A regular
uncountable) we can find an invariant inv(M) = inv(M /=) of the form S/club,
for some stationary S C A N cof(Rg), so that every such S/club occurs (see [28,
2.4, 2.5(2), pp.296-7]).

4) More on H; —
Hs

(a) If T satisfies B1(A) or (B), then for every cardinal A, T has 2*-many pairwise
non-isomorphic models of cardinality A (the maximal number possible).

(D) If T satisfies B (C) then I (Ry, T) < Iy, (|a]) for every ordinal «. So it fails
the conclusion of clause (a) when (e.g.) GCH holds.

(c) Suppose T satisfies By (C). If (My : o < Dy, ) is a sequence of models of T,
then for some o < B < 3, there is an elementary embedding of My into Mpg.
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(d) Suppose T satisfies H1(A). Then for every A > Rq there exists a family of
2*-many models of T, each of cardinality X, with no one elementarily embeddable
into another.

(e) For T that satisfy B (B), their behavior is in the middle — for some cardinal
K (the first so-called beautiful cardinal®) we have:

o1 If L € (R, k) it behaves as in clause (d) above.
o If (My : a < k) is a sequence of models of T (of any cardinality), then for
some o < B < « there is an elementary embedding of My into Mg.

(We may say k = oo when no such cardinal exists.)

But of course, there are other worthwhile measures:

Problem 0.4 What if we ask for which T-s do we have a weaker version of 0.3H,,
where we replace 7 with a tree with wlevels? I.e. 7 consists of sequences of countable
length: say, subtrees of (71, ).

This calls for a finer discussion of stable theories.

0.2 First approach

Very similar, but not the same.

True dividing lines (and measures of complexity) discussed above are relevant for a
significant set of questions which are not a priori connected. A major case is the Keisler
order, resolved for stable 7. (See a recent survey by Keisler [11] on this.) Another
measure is the number of R1-resplendent models in EC, (T'), up to isomorphism (see
[21], which characterizes stable 7'). Still another direction is building somewhat rigid
models (see [20] and references there).

There are also works on unstable theories — simple, dependent, and NTP, — but
here we concentrate on dividing lines among stable 7.

We may ask for the number of |T|"-saturated models of 7 (or complete metric
spaces) — see [19]. But closer to our problem is the following way to strengthen our
non-structure side:

Question 0.5 When do there exist models of a theory 7T (that is, an elementary class)
which are very similar but not isomorphic? This question can serve as a yardstick for
the complexity of 7', and thus makes for a good test problem.

One interpretation of “M and N are very similar" is
e M and N are of cardinality A, and are equivalent for a ‘strong logic’ .Z.

We call this the first approach.

Discussion 0.6 We provide references for some relevant works (including those earlier
ones asking a more basic question: are there such models not restricting 7'?).

2 A beautiful cardinal is a large cardinal which is compatible with ‘V = L,” but whose existence cannot
be proved in ZFC.
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(A)1 Existence of L 3-equivalent but non-isomorphic models of cardinality A:

— For A regular uncountable, this is an unpublished result of Morley.
— [26] covers singular A = AN,
- [33, ChIl, 7.4-5, p.111] proves it for almost all

A0S A > ef(L) > Ro.

(A)2 For M, a model of cardinality A, what can be said about the value of

nu(M,):=|Ky, /=],

where Ky, :={M : M| =X, M =L, Mi}?

(a) Palyutin [13]: If V = L and A = 81, then nu(M,,) € {1,281}

(b) By [23]:if V = L and A is regular uncountable but not weakly compact, then
nu(M,) € {1,2*}.

(c) By [24], the ‘V = L’ in clause (b) is necessary. (That is, it cannot be proved
in ZFC.)

(d) By [25], if A is weakly compact and 6 € [1, A], then there exists a model M
with cardinality A and nu(M) = 6.

(A)3 Loo,5-equivalent but not isomorphic models, for 7 unsuperstable; see

[28]. .

(A)s Let & :=L§$T) , where the ‘(dim)’ means that we add quantifiers saying “A
is the dimension of a definable dependence relation satisfying the Steinitz axioms
(e.g. like linear dependence in vector spaces)." By [31, Ch.XIII, Th.1.4], for a

(countable complete first-order) T we have the following:

o If T satisfies H; (B) or (C) of 0.3(1), then any .Z-equivalent models of cardinality
A are isomorphic. (See also 0.3H;(c).)
o, If T satisfies 0.3(1)H;(A) then the conclusion of e fails badly (see [28]).

To give more details, what we really have is a separation into three classes (recall
0.3(4)H4(e)).

e (B); Game quantifier-equivalent but not isomorphic models of cardinality A:> see
[38]. See earlier [5] with Hodges; also [34], [9] with Havlin, and [35].

e (B), For t-models M and N, let EE, 5 (M, N) denote the Ehrenfeucht-Fraissé
game with ¢-many moves (« an ordinal), each move adding < A elements.
Like (B); for ‘dividing line’ T-s: see Hyttinen and Tuuri [10], and Hyttinen and
the author [6], [7], [8].
By [10], if T is unstable and A = ASH, then there are non-isomorphic models
M, N € EC,(T) which are Di;o(M, N)-equivalent for all ¢ < A. (Le. the I1SO

3 So this is stronger than L  -equivalence.
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player has a winning strategy: see Definition 0.19(2).) This also applies to the
version using a tree 7 C *>) with no A-branches.

Moreover, “T has OTOP or is superstable with DOP" will suffice.

For unsuperstable 7" the results are weaker.

By [6], if T is a complete first-order theory which is stable but not superstable
and A:=p ™", where u = cf(u) > |T, then there are EF .0, 5-equivalent but non-
isomorphic models of T (and even in PC(T7, T)) of cardinality A.

See more in [7], [8].

e (C); The present work continues [36], in a sense. In the second part, we intend to
deal with a logic suggested there, suitable to be an analogue of 0.3(3), towards 0.4.
We also suggest that a family of stable theories strictly containing the superstables
is relevant.

0.3 Second approach

The immediate impetus for this work is

Conjecture 0.7 [The Farah Conjecture] For a (first-order countable) unstable 7', there
are non-isomorphic models M, N which become isomorphic when we extend the
universe by adding a random real; that is, they are Random-twins.

Farah has proved this for linear orders.

The background behind this question can be found in Baldwin-Laskowski-Shelah
[1] and a work with Laskowski [12]. There, ‘similar’ was defined as “ccc-isomorphic"
(see Definition 0.1).

Our aim here is to try to sort this out.

For both approaches, a natural dream is to characterize the theories (for now, first-
order complete countable) for which this occurs. The Main Gap Theorem of [31] had
done this for a different test question.

So Baldwin-Laskowski-Shelah [1] and Laskowski-Shelah [12] pose (and partly
answer) the following problems.

Problem 0.9 e Characterize the (countable) T with no ccc-twins.
e Characterize the (countable) T such thatforsome 77 2 T, ‘ccc-isomorphic implies
isomorphic’ holds in PC(77, T). (See 0.14(5).)

To explain the choices in [1], recall the classification made in 0.3. The thesis was
that this classification characterizes answers to the question “Is Modr (the class of
models of T') complicated?", along a significant number of measures: e.g. for I (1, T
(the number of isomorphism classes of models of T of cardinality A) or I E(X, T') (the
number of pairwise non-elementarily embeddable models of T of cardinality 1).

Clearly there is a connection between the two approaches.

X, If M and N are non-isomorphic, have different .Z-theories (for some logic .%),
and forcing with P preserves the .Z-theory of a model, then M and N cannot be
P-twins.

(Ie Wp“M=N")
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Now the class of ccc forcings is a natural choice, as it preserves much of what we care
about; e.g. if IP collapses cardinals then every T has (trivial) twins — this motivated

[1].
There it is proved that:

X,

(a) If T is from subclass H;(A) of 0.3(1), then it has ccc-twins.
(b) However, some theories from H;(C) have ccc-twins as well.

More fully (quoting [12]):

If T [is superstable and] has only countably many complete types yet has a type
of infinite multiplicity, then there is a ccc forcing QQ such that in any Q-generic
extension of the universe, there are non-isomorphic models M and N which can
be forced to be isomorphic by a ccc forcing. We give examples showing that the
hypothesis on the number of complete types is necessary.

So we still do not have the answer to our questions:

Question 0.10 1) Can we characterize the class of T which have ccc-twins?
2) Can we characterize the class of T which have P-twins, where P is ®1-complete
and collapses no cardinals?

The motivation for 0.10(2) was the following.

Observation 0.11 [f P is a forcing notion which collapses no cardinal and adds no
w-sequence, then forcing by P preserves the £-theory of a model (where £ is as in
0.6(A)4 from §0(B)).

Here we mainly tried to deal with 0.10(2), but after [1] and [12] further work
was delayed. However, Farah’s Conjecture gives us new inspiration to look at these
questions again, for one specific ccc forcing.

This conjecture remains open. In general, we may ask these questions for any fixed
forcing notion PP: compare to [1] and [12], where we asked about “there is a ccc P."
(Instead of ‘(3P)’ or P being specified in the question, we may even try (VP).)

Note that

Xy

() Ifo = 0<% > R then Coheny:=(?>2, <) is a forcing as in 0.10(2).
(b) Any Suslin tree 7 is a ccc forcing as in 0.10(2).

Anyhow, if P is an NNS* forcing then 0.12 answers 0.10(2).

M5 If & = 6<Y > R then after forcing with Coheng, ‘0 = 0<¢ > R’ still holds,
so we have existence theorems (see below).

This is the approach taken in [12] for the class of ccc forcing notions.

4 NNS means “adds no new w-sequence.”
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0.4 Theresults

In this part, we concentrate on independent (first-order) 7' and the forcing Coheng
(for & = 0<Y > V), because that is where the statements and their proofs are most
transparent.

In §1-3, we will prove

Theorem 0.12 /) Assume T is a complete countable first-order theory which has the
independence property, and P is R1-complete (or just is an NNS forcing.) Then T
has models M and N which are P-twins. (Le. M 22 NA lFp “M = N".)

2) Moreover, M and N are far from each other, as defined in 1.10.

3) If T\ 2 T is also first-order countable, then we can add “ PC(Ty, T) has P-twins."
(Specifically, M and N can be expanded to models of Ti.)

In Part IT of this work [15], we shall deal with unstable 7 (e.g. for P:=Coheng with
0 = 6= > Ry) and with ccc forcing notions (e.g. Random Real) for some of those
T -s. However, some stable but unsuperstable theories fail the conclusion of 0.12.

We will continue both approaches, using the relations from [2] (e.g. weaker versions
of entangledness). Definitions here will be phrased so as to apply to Part IT as well.

0.5 Preliminaries

Notation 0.13 We will try to use standard notation.

1) 6, k, A, v, x will denote cardinals (infinite, if not stated otherwise). A+ will denote
the successor of A.

2) a,B,y,8,¢,¢,&, i, and j will denote ordinals. § will be a limit ordinal unless
explicitly said otherwise.

3) k, £, m, n will denote natural numbers.
(We may abuse this somewhat and use them as indices for ordinals < «, in state-
ments where the default case or usual formulation is k:=8g; if so, we will mention
it explicitly.)

4) ¢, ¥, and v will be formulas; first-order, if not said otherwise.

5) For cardinals k < A = cf(}), let

Se={8 < 1 :cf(8) = cf(k)}
and
SEe={8 < A cf(8) < cf()}.
6) cof(u) will denote the class of ordinals with cofinality equal to cf(u).
7) AT may be written A(+) (and e.g. ; may be written a[i]) when they appear in a
superscript or subscript.
8) )E[u]:z(x,- S u)

9) Forcing notions will be denoted by IP and Q. We adopt the Cohen convention that
‘p < q’ means that g gives more information (as conditions in a forcing notion).
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10) < means ‘is an initial segment,” and < means it is proper.

11) 7 is a partial order or quasiorder, not necessarily a tree.
(Originally they were trees, but we later found it better to drop this — see the end
of §2A. But it would be no problem to resurrect it in the future.)

12) We use p to denote rwinship parameters (see Definition 2.2) and m for forcing
examples: see §2B.

Notation 0.14 1) t will denote a vocabulary: that is, a set of predicates and function
symbols of finite arity (that is, a finite number of places). Functions and individual
constants are treated as predicates.

2) For models or structures, T(M), T(I), etc. are defined naturally, as their vocabu-
laries.

3) £ will denote a logic. LL is first order logic, L, the usual infinitary logic.
Z(7) is the language: that is, a set of formulas ¢(x) for the logic . in the
vocabulary 7.

4) T will denote a theory; complete first-order in the vocabulary 17 = t(7), if not
said otherwise. For simplicity, it will have elimination of quantifiers. (Particularly
in §0, we may forget to say ‘countable.”)

5) Forsuch T,

EG(T)={MET: M| =2}

EC(T):= U EC,(T).
LeCard

ForT) 2T,

PCA(Tl, T)Z= {M [ Tr M € EC)L(Tl)}

PC(T1. T):= | ] PCu(T1. T).
reCard

Definition 0.15 For P a forcing notion, we define:

(A) k(P):=min{k : IFp “there isanew A C «"}
(B) spec(P):=

{(K, A, T) : T is a subtree of “”A of cardinality A such that
forcing with [P adds a new n € lim(7° )}
K

(Ie.ne“A\Vwithe <k =>nleeT.)
(C) “(k, 1) € spec(P)" will be shorthand for (37 )[(k, A, T) € spec(P)].

Question: will spec(PP) be interesting? Do we use 7 or just use a “new" directed
GcP?
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Convention 0.16 If not stated otherwise, we assume P is such that

(Vp € P)[k(P=)) = k(P)].

Definition 0.17 The following definition will be used mainly in 3.2.

(a) T(u, k) = Ty, is the vocabulary with function symbols
{(Fi,j:i<p, j<k},

where F; ; is a j-place function symbol and « is a regular cardinal.
(b) My, (I) is the free 7, -algebra generated by /.
(c) We may write M, (1) when k = Ro, and M (/) when u = k = Ro.

Remark 0.18 Concerning the first approach (see §0B) we will define some games
which witness the equivalence of two models in some strong logic.

Definition 0.19 1) We say the models M and N are cofinally (., §)-equivalent when
there exist C-increasing sequences M = (My : @ < A)and N = (N, : @ < A)
satisfying the following.

(A) M= | Myand N = | Ny.

a<A a<i

(B) The pro-isomorphism player 1SO has a winning strategy in the game
D‘;O(M , N) defined below.

A play of the game E)?"(M , N) between the players ISO and ANTI lasts £ -many moves.
In the ™M move, the ANTI player chooses o, € ( U e, A) and the ISO player responds

E<e
with an isomorphism f; : My, — N, extending |J fe.
E<e
2)If |M|| = |IN|| = A (and for transparency, both have universe 1) then we may

define the isomorphism f; as a function from o, onto c.

3) In part (1), we may replace the ordinal ¢ by a tree 7 with A-many levels and no
A-branch.

By this we mean: in the ™ move of a play of 9175—0(]\7 , N), ANTl starts by choosing a

e from the & level of 7 which is <t-above #; forall§ < &, and then e € ( | e, A).
E<e
Then ISO chooses f; : My, — N, as before, losing if no legal move exists.
Note that «; chosen exactly as in part (1), and does not depend on 7.. The tree
simply functions as the game’s ‘clock:” if ISO chooses a valid f, and ANTI has no
valid t,41, then ISO wins the play.

E.g. we have (in other variants we get equivalence):

Claim 0.20 If M and N are two models of cardinality .. € Reg and are cofinally
(A, w)-equivalent, then they are L 3 -equivalent.

The following property of linear orders will be used for proving that models are
not isomorphic.

@ Springer



Sh:1261

762 S. Shelah

Definition 0.21 A model J (usually a linear order) has the A-indiscernibility property
when:

If i, € ©>J for ¢ < A, then for some A € [A]", the sequence (7, : ¢ € A) is
indiscernible for the quantifier-free formulas.

Fact0.22 If X is regular uncountable, then any well-ordered set has the A-indiscern-
ibility property.

1 GEM models

Below, the reader may concentrate on Kor, Korg, the order property, and the indepen-
dence property.
Recall

Notation 1.1 1) Let K denote a class of index models (i.e. structures) which have the
Ramsey property. (See [29, 1.10, p.330], [18, 1.15-|c2].) Members of K will be
denoted by / and J; we shall use them for constructing generalized Ehrenfeucht-
Mostowski models GEM(7, ). ® (or W) is called the blueprint, and a = (a; :
s € I) will denote the skeleton.

2) We may write Ky for (e.g.) x € {or, org, org(n), tr(w), tr(x), tr(n), 0i(d)}.

In this case K}:={I € Ky : [|I|| = A}.

Now we can define GEM models (Generalized Ehrenfeucht-Mostowski models) for
K. On this, see [29, Ch.III, 1.6, p.329] (revised in [18, §1B, 1.8_ g, p.9D).

This usually requires generalizing Ramsey’s theorem. Some examples of relevant
classes:

Example 1.2(A) K = K the class of linear orders.
(B) K = K = Kg(e): trees with w + 1 levels. We have P; for i < w, < the tree
order, and <jex the lexicographical order. (See [18, 1.9(4)_1p11].)

B) K = Kff = Kiy(c): similarly, but with k¥ + 1 levels (so we have restriction
functions [; ;). (See [29, 1.7(4), p.328], [18, 1.9(d)-1p11].)

(C) Korg: linearly ordered graphs. (See 2.6, and more in [18, 1.18(5)-Lc14].)

(D) Kyorg (directed ordered graphs). Like Ko, but the graph is directed. (We may
also consider it as an undirected graph.)

(BE) Korgm) forn € [2, w] (see [15]).

(F) Kpit(o) and Ky forn = (n; 1 i < o) € Yo)are asin [17, 1.1-11.1, 1.2-11.2],
respectively.
(Also called K ny; see more in [16, Def. 5.1-157, p.30].)

(G) Koi(y); see §9, and more in [36, Def. 2.1_5p1].

(H) For any Ky such that E, F, , ¢ ©(Kx) for n € 7y and ¢ = %1, we define K%L —
the main case in this paper — in 2.6(1),(2).

Definition 1.3 1) For T a theory (not necessarily first-order), K as in 1.1(1), and « a
cardinal, we define Y [T, k] = Y[T, k, K] as the class of K-GEM blueprints ® (see
[29, Ch.III, 1.6, p.329], [18, 1.8_pg).
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H Forl € K, M = M; = GEM(I, ®) is a t¢o-model with skeleton a.
Pedantically, (M, a) € GEM(/, ®) satisfies

(a) T is a vocabulary, and M is a tp-model.

(b) t¢ 2 7 and GEM., (I, ®) = GEM(, ®) [ 17 =T.
(c) 1 is of cardinality < «.

(d) @ is a function with domain

QFTy:={tp, (5.2, J): J € K, 5 € “7J},

and CD(tqu(E , 9, J )) is a complete LL(7o)-quantifier-free type.
(‘qf’ means quantifier-free.)

(e) a= (ay :s € I) is the so-called skeleton of M.

(f) €g(as) = ko (So members of the skeleton are k-tuples. For simplicity, we will
usually have k¢:=1.)

(g) M is the closure of {a, : s € I}.

(h) aisgf-indiscerniblein GEM(/, ®), where ‘qf-indiscernible’ is defined as in clause
Dqt below.

(i) If5 €I thena; = (.. Jag.” . )e<e- (Soif k=1 then as = (as, 1 ¢ < ¢).)

Dqt If (s0,...,8n—1), (fo, ..., t4—1) € "I realize the same quantifier-free type in

I, then ay,”..."%a,, | and a;" ... a,,_, realize the same quantifier-free type in
GEM(/, ®).

1A) Of course, we are really interested in GEM,. (/, ®) = GEM(/, ®) | 7.

1B) As implied above, we define GEM; (I, ®):=GEM(Z, ®) | t for t C 1¢.

2) We may write T,f(T) of Yx(T,«), and we may write Y (T) for K:=Kx
(e.g. TX(T), YT, T,Er(w)(T) for K:=Kor, Korg, Kir(w), respectively).

The following definition also applies to non-first-order 7' (and/or ¢, or replace
EC(T) by a class of models). When both are first-order, by the compactness theorem
it suffices to use pu:=R.

Definition 1.4 1)

(A) We say that ¢(xi, yx) witnesses that T has the (<A) -order property (not
necessarily first-order) when for every u < A, there is M € EC(T) and
(@y 1 @ < p) € *(*M) such that M = glag, aglt@<P.

(B) Let T be first-order complete. We say ¢ witnesses that T is unstable if ¢ is
first-order and T has the Rg-order property as witnessed by ¢.

2)

(A) We say that ¢(Xk, yx) witnesses that T has the (< \)-independence property (not
necessarily first-order) when for every u < A and graph G = (u, R) on u, there
are M € EC(T) and (@y : o < ) € FM such that

a<B<pu=[MEylay.agl & GE“aRB"|.
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(B) Let T be first-order complete. We say T is independent (or has the independence
property) when some first-order ¢ (X, ¥) € IL(tr) witnesses the Rg-independence

property.
Remark 1.5 For all the examples in 1.2, for the relevant (first-order) T, ¢, or @, there

exists a suitable ®. (Usually we need that K satisfies the Ramsey property; see [29,
1] or [18, §11.)

E.g.

Claim 1.6 1) If T is first-order unstable (as witnessed by ¢ = ¢(x,y))and T} 2 T,
then there is ® € Yo (T1) such that:

(@) |tol =T
(b) ko = Lg(x) = £g(y)
(¢) GEM(I, ®) |= glay, a,]"=1")

2) Let > J(2MHH). If Ty C L)+ n,(71) is of cardinality < )\ and has the (< j)-
order property, as witnessed by ¢(Xk), Y[k]), then the conclusion in part (1) holds.
(See more in [18].)

Note that the definition below formalizes the statements in 1.5-1.6.

Definition 1.7 1) For ® € Y, [K], we say ® represents (¢, R) when:

(A) R € t(K) has arity n.
B) ¢ = (X0, --.,X,—1) € Z(t9) for some logic .Z, with £g(x;) = k.
(C) If I € K, (M,a) = GEM(I, ®), and 7 € "I, then

M = glag, ... a, 1< (to, ..., ta1) € R

2) We may write ¢ instead of (¢, R) when R is clear from the context. (E.g. it is
‘x <y’ for Kor,and x Ry in Korg.)
3) Similarly for “® represents (¢, R)," where @ = (@ (X0, ..., Xmo—1) 1 & < K).

The following definitions are natural ways to make demands even stronger than
“M; and M, are not isomorphic."

Definition 1.8 1) For t-models M, M, and ¢ = ¢(xg, ..., x,—1) € Z(t), we say
My is (A, @)-far from M, when there is a witness (ay : @ < A) € MMy).
By this, we mean:

If U € [A]* and (Vo € U)[by € M>], then for some ag < ... < oy_ from U,
we have

M Eolagy, ..., a4, |1 My = —¢[byy, ..., ba, ]

) If o = p(xg, ..., X—1) € ZL(r) with (V€ < n)[lg(x;) = k] for some k < w,
then above we will write d, € *M,, by € M.

3) We say M| and My are (A, ¢)-far when My is (A, ¢)-far from M, and M> is
(A, @)-far from M.
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4) For a logic ., T-models My, M, and ¢ = ¢(x) € Z(1), we say [ is a
@-embedding of My into M> when for every a € ©®M| we have

M = gla]l & M = ol f(@)].

5) “@-far" is defined similarly, for ¢ = (¢, : n € [2, n]).
Remark 1.9 1) In 1.8(1)-(5), if My and M, are P-twins and

A = cf(h) = max([|M ], IM2]),

then M and M cannot be ‘far’ in any of those definitions. So Definitions 1.10(1),(2)
below are an attempt to formulate notions of being ‘far’ for which we might try to
build examples.

2) In clause 1.10(3)(C), we may demand that ¢; is increasing with i.
3) They will be used in 3.6 and its relatives.
4) Sometimes negation is not so handy. Then we may replace ¢ by (@pos, ¢neg) in
1.8+1.10, where @pos = @pos (X0, - - ., X4—1) (and similarly for neg).
‘What this means is that, in all occurrences,
o) It M = ¢poslao, - . -] then M = (Ppos[f(ao)v N
o) If My = ¢neglao, . . .] then My = @negl f(ao), .. .].
o3 Fornof e 1,2andag,...a,—1 € kMg do we have

My = @poslao, - . ., an—11 A ¢neglao, . . ., an—11.

Definition 1.10 1) For t-models M, M and ¢ = ¢(xg, ..., x,—1) € Z(1), we say
My is (A, o, @)-far from M, when there is a witness (a; : i < o), where a; = (a; o :
o < A) € M(M)).

By this, we mean:

IfU; € [A]* fori < o, then there does not exist a function
fi{aig:i<o, ael} - M

preserving the satisfaction of ¢.

2) Similarly for ¢ = ¢(xo, ..., X,—1) € Z(1) with €g(Xg) = ... = lg(X,—1) = k.
3) We may replace ¢ by A € Z (1), or by (A, : u € [0]=0), with the natural
meaning:
(A) Ay C {(0( e Xy Dieu 1@ € j(t)}
(B) €g(aia) = Lg(xi) =ki
(C) There are U; € [A]* and bia € ki (M) (fori < o and @ € U;) such that if
uelo]l ™, o(...,%i,..)ieu € Ay,and o; € U; fori € u, then

MiEol....G 4, - diecw & M2 =0l...,bi g, - icu-

4) We may add (n; : i < o) withn; < w, so ¢ € A, may have < n; copies of X;
in our block of arguments.

@ Springer



Sh:1261

766 S. Shelah

2 Toward P-twins

The idea below is that ’Zi, is a forcing notion. However, sometimes we do not use the
forcing notion we are interested in, but rather a derived one (e.g. for Sacks forcing, we
may use 7p:=(“~2, <1)). Even if 7}, is the forcing notion which interests us, B, (see
2.2) will not necessarily be the family of all dense open subsets of 7j,.

2.1 The Frame

Convention 2.1 If not stated otherwise, p is a fixed weak twinship parameter (as in
Definition 2.2), although we will sometimes have different definitions for the tree-like
and non-tree-like version.

Earlier we thought it necessary to assume 7 is a tree; now it seems this is not
necessary, but neither option would be harmful to us so far.

Definition 2.2 1) We say p is a weak twinship parameter (or simply ‘a twinship param-
eter’) when it consists of:’

(A) A partial order 7 such that any two elements 7, v € 7 have a maximal lower
bound® (call it n A v).

(B) 0 =cf(0) = No

(C) B, afamily of subsets of 7 satisfying the following.

(a) B is closed under finite intersections, and each D € B is dense in 7.

(b) If n € 7T then{v € 7 : n <7 vorn L v} € B, orat least contains a member
of B.

(c) If6 > R then the intersection of < § many members of 153 will always contain
some other member of 5.

1A) We say p is a strong twinship parameter when we add the following to clause

(©):
(d) No directed G € 7 meets every D € B.
2) We say p is tree-like when in addition,

(A) 7 is a tree with 6-many levels.
B) YneT)Ve <0)@v e T)[n <7 v Alevr(v) > ¢].
(C) IfneDeBthenn <7 v=veD.

3) We say p is well-founded when 7T, has no infinite decreasing sequence.

Remark 2.3 0) We would like to add the following demand to 2.2(2), but it would
hinder 2.23:

(D) (Ve < 0)(3AD € B)(Vn € D)[lev(n) > ¢].

5807 = Tp, etc.
6 Many of the usual forcing notions fail this, but it will not be a problem to fix this.
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1) Originally the main cases were K, (the class of linear orders), Ki(e) (trees with
o + 1 levels), and most importantly Ko (ordered graphs), but now it appears Kir(w)
is of limited importance.

2) Our aim, for a given p, is to find non-isomorphic models (preferably far, as well)
for (e.g.) a suitable complete first-order theory 7 such that if a forcing adds a new
directed G € 7 meeting every D € By, (and if 7 is a tree, then a new 6p-branch of 7
meeting every D € Bp) then they become isomorphic.

Of course, if the forcing collapses some cardinal then this is trivially true (e.g. for
first-order countable 7). We can rectify this by restricting ourselves to ‘interesting’
P-s (e.g. ccc, Coheny, assuming CH, or (< #)-complete 6T -cc for a suitable § =
6<%) or requiring the models to be equivalent in some suitable logic. At any rate,
to get something non-trivial, 7 has to be somewhat complicated. This leads us to
classification theory, so this is part of the classification program.

Definition 2.4 1) We say G C 7, solves p when it is a directed subset meeting every
D € By.
2) We say M and N are p-isomorphic when for any forcing notion P,

IFp “if some G C 7, solves p, then M = N".

3) We say p witnesses the forcing notion P when in any forcing extension V' of V, p
is solved in V' iff in V' there exists a subset of IP generic over V.

4) We say ‘M and N are p-twins’ when they are p-isomorphic but not isomorphic.

5) For p a weak twinship parameter, we say the models M and N are strictly p-
isomorphic when for any forcing notion P we have

IFp “if some downward closed G € 7 solvespand G ¢ V,then M = N".
Definition 2.5 1) We define
Qpi={o= (e, 1) : L <k):k <w, ne €Ty, 1y ==£1}.

We may also denote o by the pair (77, 1) = (¢, Lo) = ((ng l<k), {1yl < k)).
As always, n¢ = no.¢, te = lo.¢, and k = ko:=Lg(0).

2) Foro € Qp and {F;, ,, : £ < ko} a family of partial permutations of some set I/,
satisfying F) _, = we define F, naturally by induction on £g(0):

”7’[ ?
o Fy=idy (le. F(y(a) =aiffa elU.)
e If 03 = 01((n, 1)) then Fo,(a):=Fy, (Fy,.(a)).

3) For o and Fy, , as above, the 0-orbit of a € U is the sequence a = (a¢ : £ < k),
where ay:=a and ag:=F), ,, (a¢+1).
(Note that this sequence may not exist, as we do not require that dom(F;, ,,) = U.)
4) We say that the orbit a is reduced when a; # a,, forall ¢ < m < {g(a).
5) We say that 0 = ((n¢, 1) : £ < £g(0)) € Qp is formally reduced when

e If £+ 1 < £g(o) and ny = ny+1, then tp = tp41.
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6) Qf = Qg will denote the set of 0 € 2, which are formally reduced.
7) Qg and Qg are defined similarly, replacing 7, by any set S.

We first give a special case of the main definition, combining Ko with p.

Definition 2.6 [Main Definition] 0) 7,o:={<, R}, where < and R are two-place pred-
icates, and

Korg:={I = (|1, <", R") : <" is alinear order and (||, R") is a graph}.
1) Let torg::{<, E,R,F,,:n €Ty, t ==%l1}, where

p

e < and FE are two-place predicates.
e [, is a unary function symbol (interpreted as a partial function).

1A) However, “x € dom(F} )" is considered an atomic formula, and even “x €

dom(Fy)" for 0 € Qp.
2) Let K %rgo be the class of r;,)rg-structures I such that:

(A) <y isalinear order on /.

(B) Forn e 7T, F,, = ,)I’l is a partial automorphism of (|/|, <y, R, increasing

with 7, satisfying the following:

@ Fp_.=F"

(b) Ifa € I and ¢ = %1, then D! ;:={n : dom(F,,) > a} € B.
(If t = 1 we may omit it.)

(c) F(f is well-defined and a partial automorphism for all 0 € Q).

(d) [Follows:] If ¢« = =1, FnIN(Sg) =ty for £ = 1,2, and n1, n are <7-
compatible, then

S1 R! R R! B.

(C) (|I], R) is a graph.
(D) E! is the closure of

{(a. F} (@) :a e dom(F] ). n € T, t = +1}

to an equivalence relation.

3)Let K%, be the class of I € K7 such that if 0 € Qpr, £g(0) =k > 1, ax € 1,
and ag, . .., ax is an o-orbit, then ax # ap.

4)For I,J € K"Tr?o, let 7/ € J  mean <; = <y | |I|, R® = R’ | |I|, and

FOI = Foj | I forall o € Qp.
Similarly, we can define

Definition 2.7 Let K = Ky be asin 1.1(1A) and E, F;,, ¢ ©(Ky), where {F;,, : 1 €
7T, « = £1} are unary function symbols and E a binary predicate.

1) Let tri=t(Kx) U{F;,:n €T, 1 = £1}U{E}.

2) Ké’,o is the class of structures J such that:
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(A)

(a) J is a t-model.

(©) J [ T(Kx) € Kx

(d) Every Fnj , 1s a partial automorphism of J | 7(Kx) € Ky, increasing with
neT.

(B) Clauses 2.6(2)(B)(a)-(c) all hold, but (d) is replaced by:

(d)’ For R any predicate from 7 (Ky), if FUINZ (s¢) = ty for £ < arity(R) and

{ne : £ < arity(R)} has a common upper bound, then

(s¢: € <arity(R)) € R = (1, : £ < arity(R)) € R'.

(Recall that we are assuming 7(Kx) has only predicates: function symbols and
individual constants will be treated as predicates.)
(C),(D) As in Definition 2.6(2)(C),(D).

3-4) As in 2.6(3),(4).
Definition 2.8 1) Let <q be the following two-place relation on 2.
® 01 <gq 02 iff (01, 02 € Q2p and)

(a) £g(o1) = {g(02)
(b) 1! =12 (where o; = (77¢, 1%)).
(©) ng <z nj forallk < £g(01) = £g(02).

2) 01 |l 02 will be shorthand for “0; and 0, are compatible" (i.e. have a common
<gq-upper bound).

Definition 2.9 1) For J € KX  ands € J,let Q/:={o € Qlf,r : dom(Fy) > s}.
2) For D € B (see 2.2(1)(C)), let

Qp:={0€ Q) : {nor: ¢ <g(0)} € D}.

3) Let K%‘— ) = Kl’)‘ , be the class of J € K’T‘— | such that
(A) (Vs € J)@ED € B)[Q! = Qp]
B) If FO] (s) = t then there exists 0’ <gq 0 such that FOJ, (s) =t and

(Vo' <q o)[s ¢ dom(Foj,/ ]-

Note that

Fact2.10 1) If p (i.e. 7;) is well-founded, then clause (B) of 2.9(3) always holds.
2) If p it tree-like then it is well-founded.

Proof 1) This follows immediately from p being well-founded — {0’ : 0’ <g o} has
no infinite decreasing sequence for any o € €.
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2) Easy as well.
]

Remark 2.11 The assumption that p is well-founded is not a serious hindrance, by
2.23.

Claim 2.12 1) <gq is a partial order on S2p.

2) o1 |l 02 iff tg(01) = £g(02) and for £ < €g(01), to, .6 = loy,e and 1o, ¢, Noy ¢ are
<7 -compatible.

3) Assume p is tree-like.
(a) If Bp:=Ro, then for all 0 € Qp, the set {0’ : 0’ <q 0} is finite.
(b) There is no infinite decreasing sequence in (2, <g).

4) Any 01,02 € Qp have a maximal common <gq-lower bound; we will denote it by
01 N\ O0).

Proof Easy. (E.g. part (4) follows from 2.2(A).) O

Claim2.13 1) If J € K7 and Vi:=VF¥ (or an extension), then (A) = (B), where
(A) G € V) solves p: that is, it is a directed subset of T, such that

(YD € B,)[GN D # o).

(B) Fg:=UJ F,’J1 is an automorphism of J | Torg. (So in the proof of 3.6(1), it will
neG ’
induce an isomorphism from one distinguished subset of J | Torg to another, and
hence from Mfr to M2+.)
2) If p is tree-like, then clause (A) is equivalent to

Ay

o 7, C O>)isatree, Vi |=“n € 1", and (Vn < O)[n | ¢ € T).
o G:={n [ e:¢e <0} solvesp.

Proof First,

(%)1 Fg is a well-defined function. [Why? As G C 7, each Fnj is a function. Fur-
thermore, if n, v € G then there is p € G such that n <7 p A v <7 p (because
G is directed) and F,;| € F) A F; € F]] (recalling J € K} and 2.6(2)(B)(¢)).]

(x)2 Fg is a partial automorphism of J | . [Why? Similarly to the proof of (x);.]

(%)3 dom(Fg) = J.[Why? Recall 2.6(2)(B)(b), and that G meets every D € Bp.]
Lastly,

(¥)4 rang(Fg) = J.
[Why? Like ()3, recalling dom(F,il) = rang(F,;”_l).]
Together we are done. O

Observation 2.14 For every D € By there exists I € K;rgz such that:

(a) Q£ = Qp foreverys € I.
(b) Foreverys eI, 1 ={Fl(s):0e€ Qp}.

Proof Straightforward. O
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2.2 Examples
First we present examples of p with 6, = R (so they do not fit the theorems in §3).

Claim 2.15 [Example / Claim] 1) The following example is a strong twinship param-
eter witnessing the Cohen Real forcing.
Let p = pconen = PLCohen] consist of:’

(a) Ty = (P72, <) (soitis tree-like, and 6 = No).
(b) By, the set of open dense subsets of “~2.

2) If A:=cov(meagre), then for some B C Bpiconen) of cardinality A, the pair
((w>2, <), B) satisfies Definition 2.2.
3) Let T be (®>2, 1), or a subtree of (°>2, <) for some 8 such that

VneT)Ve <8)GFv e T NY)v<dnvn vl

Define p = p[T1 by T,:=T and By:={T \ 72 : ¢ < §}.
Then p is a weak twinship parameter.
4) All of the examples above are well-founded.

Proof 1) Covered in the proof of part (2).
2) Let(Z, : @ < 1) beasequence of meagre subsets of ®2 suchthat | ] Z, = “2.Let

a<i
Zy € U Zgy.n, where Z, ,, is a closed nowhere dense subset of “2, C-increasing
n

with n. Let B:={D,,, : u € [\]=™, n < o}, where

Du,n:z[n €®2:=(3Fp e U Zan)[n< ,o]}

237

Now check.
3-4) Easy.
O

Claim 2.16 [Example / Claim] The following example is a strong well-founded twin-
ship parameter which witnesses the Random Real forcing.
Let T, be the set of sequences T = (7, : n < w) such that:

(A) 7, is a subtree of *~2.
(B) Leb( |J 1im7,) =1 foreverym < w.
nelm,w)
(C) Let ny:=tr(1y,) (the trunk of T, ). The sequence (n, : n < w) is without repetition,

and

M <m & Tn = 3p € "2\ T) N < p < .

7T S07T = Tp. etc.
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Let T::{(’ZM m<ow)ia< A} C T, be such that

ﬂ U lim7y, =@

a<in<w

(e.g. with A:=cov(null)).
Let p = Prandom = PRandom(T) consist of:

(a) T, = (972, <) (500 = Ro).
(b) Bp:={Dy :u € [A\I™™, n < w}, where

Du,nzz{n €972 dg(n) > n. (Y € u)@m)[tr(Typ) I € 7;,,,,]}

Proof Similar to the proof of 2.15. O

The following wide family of examples cover Random Real forcing, Cohen forcing,
and virtually every forcing which adds a new set of ordinals (even e.g. Prikry forcing).

Definition2.17 1) Wesaym = (1,60, 7,P, n) = (Am, 6m, . . .) is a forcing example
when:

(A) A >2and 0 = cf(0) > Ry.

(B) T is a subtree of (”A, <1) (so it is closed under initial segments).
(C) Pis a forcing notion which preserves “0 is regular.”

(D) 7 is a P-name of a member of ;.

(E) Fp “n ¢ Vand (Ve < 0)[ne € T1", where n.:=n [ & € ‘A,

(F) For transparency, we demand (Vv € T)(3p € P)[p IF “v <1 n"].

2) For m as above, let p = pp, = (Zm, Bm, 0m) be defined as follows.

(A) Tp:=Tm, Op:=6m.
(B) Bm:={Dry €T : (I f) € set(P)}, where

(a) set(P) is the set of pairs (I, f) such that:

e I is a maximal antichain of PP, or its completion.
o f:1->T
o3 f(p)=v=plp“van"

(b) Drys:={veT:@peDlf(p) v}

3) For a forcing notion IP, we define p[IP] as 7,:=IP, B, the dense open subsets of IP,
and Op:=min{f : forcing with P adds a new functionf € ?0rd).

Remark 2.18 In 2.17(1), we can use py, = (Zm, B}, 6m), where B, is a subset of

Bm containing {7 \ *Z2 : ¢ < §}, closed under finite intersections and satisfying the
demands in 2.2, with no solution. (See 2.4.)
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Claim 2.19 0) If P is a forcing notion, and ) and k are minimal such that
lFp “there is a new branch of 1)V,
then there exists T C “ZA and a forcing example m such that
Qs Om> T, Pi) = (0, 1, T, P).

1) If m is a forcing example then p,, is a tree-like strong twinship parameter.
2) If m is a forcing example and Py, is (< R1)-complete (or at least adds no new
w-sequence of ordinals), then necessarily 6,, > R (and the previous clause applies).
3)Ifm=(,0,T,P n)is aforcing example and D € B, , then
o IFp (Ve < 0)[n | € € D]
) Py, has a solution in V.

4) If P is anon-trivial forcing then p[IP] (see 2.17(3)) is a strong twinship parameter
and IFp “p[P] has a solution.

5) If T is a Suslin tree, then there exists a forcing example m with Pp,:=T and
Om:=N1.

6) All of the p-s defined above are well-founded.

Proof Easy.
E.g. in part (1), to verify Definition 2.2(1)(C)(c), use
IFp “6 € Reg"
from 2.17(1)(C). O

Remark 2.20 In2.19(3) e, we may use a smaller B’ C Bpp) as in previous examples.

Claim 2.21 1) Assume m is a forcing example.
(a) If Py, is Cohen forcing then 6, = Ry.
(D) If Py, is (< Ry)-complete then 6, > N1.
(¢) If Py adds no new w-sequence of ordinals then 6y, > Ry.

2) Assume P is a non-trivial forcing (i.e. above every p € P there are two incom-
patible members). Let k (P) be as in 0.15, 0.16.

Then for some A < |P|, there is a forcing example m with P, = P, 6, = k (P), and
Am = A

Proof Easy. O

Claim 2.22 Assume m is a forcing example with 6, > N.

1) Py, # Sacks. In fact, Sacks forcing adds no solution to p.

1A) Similarly for the forcing notions from Rostanowski-Shelah [14] (and [4]).

2) If Q is a definition of a forcing notion, is non-trivial and ccc, and the truth values
of“p <0 q",“p Lo q", and “Qis ccc" are preserved in V@, then P,y # Q. Moreover,
Q adds no solution to p.

2A) If Oy > R then the preservation assumption may be omitted.

3) Py, fails the 6y,-Knaster condition (e.g. Random).
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Proof Let p:=p,,, P:=Pn, etc.
Towards contradiction, suppose

IFp “v € lim 7, is a new 6p-branch".

DLetn € “?2 be the generic real for Sacks forcing. By a suitable game, for a dense
set of p € Sacks, p forces that for some u = u, € [#1™ we can compute 7 from
vlup.

So, letting {,:= (J « + 1 for every p in this dense set, we have p IFp “v [ ¢, is
(XEMP

a new sequence". This gives us our contradiction.

1A) Similarly — see more in [15].

2) Toward contradiction, assume p € Q and p kg “n solves py," (so it is a Om-
branch of 7, meeting every D € Bp ).

For every ¢ < 6, let

Ae:={v € Tp_:lg(v) = ¢, and some g € Q above p forces “v <1 n"}.
As Q) satisfies the countable chain condition, clearly A, is countable and
Ve <t <OvelAr=v]eeAl
Also,
(Ve < ¢ < 0p, )YV € Ae)(Fp € Ag)lv < pl;

moreover, as 1 solves py,, we have IFg “n ¢ V", hence

(\7’8 < me)(‘v’v € Ag)(EI{ € le, 0pm))(EIp1, 0 € A;)[pl £, AV<pl Av < ,02].

(Recall that QQ satisfies the ccc.) This implies U@ A is a tree with no 6p-branches.
e< P

Let G € Q be generic over V and contain p. Now in V[G] we have a 6),-branch 7,
and for every ¢ < 0 there exist { = ¢, € (¢, 6p) and o; € A \ {1 [ ¢}. So for some
unbounded A C 6, (0. : € € A) are pairwise <l-incomparable.

For every € € A, there exists p, € G such that

V= [pe IF “0e <n"],
soforalle #¢ € A,
V = “0. and g, are incomparable in Q",
hence
V = “p. and p; are incompatible in Q",
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Note that each p, belongsto Q¥ C V,but p4 = (p. : &€ € A) may not be in V (just in
V[G]). So pa contradicts our assumption that forcing with Q preserves “Q satisfies
the ccc and p L ¢" (i.e. p and g are incompatible).

2A) Similarly.

3) For ¢ < O, let p. € Py force a value to n, (call it v,). If Py, satisfies the
Om-Knaster condition, then there exists a set U € [0m]’™ such that (pe : € € U) are
pairwise compatible. Hence

e<teU= v, Qg

and v:= [J v is a branch of 7, .
eeld
Replacing pe by pmin@s\e) forall & € Oy \ U, without loss of generality ve = v [ &

for every ¢ < k. It suffices to prove that
VD € Bpm)[D N{ve e <k} # @].
Forevery D € By and each ¢ < k, there exists g; € P above p, forcing g, <11 for
some o, € D, and we let ¢.:=max{e, £g(0:)}.
Now there necessarily exist €1, &2 < « such that &;;, < & and g, g¢, have a

common upper bound. Let r be such an upper bound. So

r |- “0g,, Vg, are both <

13

hence o, and v, are <-compatible. But as £g(0¢,) < {;; < &2, necessarily 0¢; < v,.
But g¢; € D € By, , which is an open dense subset of 7, hence v, € D. Therefore
DN{vs:e <k} #O.

As D was an arbitrary member of B, the set {v; : ¢ < «} solves p,, — a contra-
diction. O

The demand ‘p is well-founded or tree-like’® may seem unreasonable, but
Claim 2.23 Assume p is a [weak/strong] twinship parameter.

(a) Forn €Iy, let
s(n,p)= sup{ot +1:3v e *T,)[V is increasing A vo = r)]}.
(b) Let I be a maximal antichain of T, such that
(Yn e DY =1 n[8(n,p) = 5(v, p)].

(¢) Forr el letp, = (1, B, 6)) be defined as follows.

o 7, is the set of <7-increasing sequences of length a successor ordinal.
o) <7.:=<(is an initial segment of . . .’).

8 See2.2(2),(3).
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o3 B,.:={Dy1: D € B}, where
Dp={peT: pND #a}.

o4 0,:=0.
Then for eachr € I:

(d) p, is a [weak/strong] twinship parameter.

(e) p, is well-founded, and even tree-like (except that the set of levels of Ty is §(r, p),
which is not necessarily a cardinal).

(f) 1Bp, | < 1Byl

(g) Forany forcing extension V2 of V, p has a solution iff there exists r € I such that
P, has a solution. o

Note: If (—, p) is constant and 0 is the minimal element of Iy, then we can always
choose I.={0}.

Proof Straightforward. O

2.3 How'nice’ are the classes K, ?

(Note that 2.24-2.26 will not be used later.)

Observation 2.24 1) Each of the classes from 1.2 is an AEC (see 2.27) with the JEP
(“Joint Embedding Property") and amalgamation, see e.g. [27, Def. 2.5]. (For Ky,
recall that the unique member of PI is an individual constant, so identified.)

2) This also applies for K7 and KTg (fort=0,1,2).

Proof Straightforward. O

Definition 2.25 1) Let S%E be the class of I € K%r such that for any s € I,
{Fl(s): 0 € Qp, Fl(s) is well-defined}

is equal to the set of elements of 7.
2) For S C ST, let KF[S] be the class of I € K5 such that for every s € /,

I T{F(s):0eQp, FJ(s)is well-defined}

is isomorphic to some member of S.
3) Sorg and K Org[S] are defined similarly.

4) For any K, we can define K7, Sg, and K7[S].

Claim 2.26 K,/ Korg, KT o and K’T y are universal classes. That is, if M is a T(K5)-
model and every finitely generated submodel belongs to K, then M € Ks.

Proof Obvious. O
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Quoting [37, 1.2 55]:

Definition 2.27 We say £ is a AEC with LST number A(¥) = LSTg if:
Ax.0: The truth of ‘M € K’ and ‘N <¢ M’ depends on N and M only up to
isomorphism; i.e.

MeKAMZEN=NEeK

and ‘if N <¢ M, f is an isomorphism from M onto the t-model M’, and f | N is an
isomorphism from N onto N’, then N <¢ M’.

AxI:if M <¢ Nthen M C N (i.e. M is a submodel of N).

Ax.II: My <¢ M| <¢ M> implies My <¢ M> and M <¢ M for M € K.

Ax.III: If A is a regular cardinal, M; is <g-increasing (i.e. i < j < A implies
M; <¢ M;) and continuous (i.e. for § < A, Ms = |J M;) fori < A then

i<$

Mo <¢ | M.

i<A

Ax.IV: If A is a regular cardinal and M; (for i < X) is <g-increasing continuous
and M; <¢ N fori < Athen | J M; <¢ N.
<A
AXV:If Ngo C Ny <¢ M Ellnd No <¢ M then Ng <g¢ Nj.
Ax.VI: If A C N € K and |A| < LSTy, then forsome M <¢ N,wehave A C |M|
and ||M|| < LSTe (and LST is the minimal infinite cardinal satisfying this axiom
which is > |7|; the > |7] is for notational simplicity).

3 On Existence Forindependent T
Convention 3.1 p is a (weak) twinship parameter (that is, as in Definition 2.2).

Definition 3.2 Assume A > k +Rg and k > 2 suchthat@ < A = |a|<F < A.
1) We say a graph G is (A, k)-entangled when we have (A) = (B), where

(A) (a) e <k
(b) ay = (aq,c 1 ¢ <€) € °G, and each a, is without repetition
(fora < A).
(c) Forall o # B8 < A, the sets {aq,; : ¢ < &} and {ag ¢ : ¢ < €} are disjoint.
(B) For every X C ¢ X ¢, there exist @ < < A such that

(V¢,& < &)[an; RCaps & (£.) € X].

2)Wesay I € Kgfgo (of cardinality > A) is (A, k)-entangled when we have (A) =
(B), where:

(A) As above, but adding:
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(d) If¢, 6§ <e,0e Qp,anda < B < A, then

F(f (ao,c) = age & F(f (apc) = ape.

(e) fa < B <Xtandy <8 < A, then

V¢, & < e)lan <1 ape & ayr <1 asel.

(B) Forevery X C ¢ x ¢, there exist « < 8 < A such that

(V{,S < 8)[aa,; RC ags & (£,8) € X]

provided that

e lfy <X o0 €, Foll(ay,g) = ay, for ¢ = 1,2, and 01, 0, have a common
<gq-upper bound, then

G, 0)eX & (6,&) e X.

3) If we omit « and simply write ‘A-entangled,” we mean x:==Ry.

We will state the following for a cardinal «, but as in [18] x:=R¢ if not stated
otherwise.

Definition 3.3 Assume K is asin 1.1, 7, . is as in 0.17 (quoting from [18]), and X is
asetof T, ,-terms o (), where X = (x; : { < ¢) forsome ¢ < «. Further assume that
|Z| < p. (df p = w=, this is automatic. If in addition X is the set of all 7, ,-terms,
then we may omit X.)

Then for I, J € K, we say that [ is strictly (u, «)-I'-X-unembeddable into J (we
may write ‘u’ instead of (u, Rg)) when we have ‘(A) = (B),” where:

(A)

(a) M, «(J)isarty, c-structure as in 0.17.
) F:I—> M)
(c) F(s) is of the form oy (f;), where

e o, € X (which is a set of 7, ,-terms).
) ?g(ts) =¢(os) =65 <k
o3 fy=(ts 16 < &) €.
o4 If K has a linear order and
Kk > 8o = J is well-ordered,

then 7; is < -increasing.
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(d) T isasetof pairs (p;(X), p2(¥)) such that forsome ¢ < «, I’ € K,and 7y € *(I')

(for £ =1, 2), we have

PE g tqu(flfv @, I/)

(B) There exist e < k, 51,52 € ¢I, and (p, p2) € T such that:

(@) p1 S tpge(s1, I, I) and po € tpye(52, &, D).
(b) Os1; = Osy, forall ¢ < e.
(c) Thesequences (f5, " ... 5 " .. Jr<eand (fy, ... L5, .~ . . .)¢ <¢ Tealize the same

quantifier-free types in J.

Claim 3.4 Suppose A is regular, i € [Ro, ), p is a strong twinship parameter, 6, > R,
and |TP|+ + Byl < A. Let ¥ be as in 3.3.

Then we have ‘B = H,’, where:
B

(a) J € K,(Z)f’gz (see Definition 2.9(3)) is of cardinality .
(b) Torg:={(p1(x0. x1), p2(x0. x1)) }, where

pi(xo, x1):=[xo < x1 A x0Rxi]

and

pa(x0, x1):=[x0 < x1 A —=(x0 Rx1)].

(c) X € [JV* is well-ordered and maximal such that x # y € X implies y ¢
cly({x}) (equivalently, =[x E’ y]).

(d) I:'=(J | Torg) andl | X € Korg is A-entangled.

(e) For £ =1, 2, we define

Xe={F(a):ae€X, 0eQ), and (g(0) = ¢ mod 2}.

f)

o If D € By then |Yg| > A, where Yg::{s e X: Qg] = Qp}(recalling Definition
2.9).
o) X is the disjoint union of(Yg :D e By).

(g) Ip:=I | Xy fort =1,2.
(W R ={(F] (), F] (1) :0€Q, s #1 € X Ndom(F}), (5,1) € R}
(i) For sy #s2 € X, ifog € Qsjzforé = 1,2, then

s1<y 52 Fjl(s1) <y Fjl(s2).

@ Springer



Sh:1261

780 S. Shelah

() Ift,v e X and 01,07 € Q] = Q, then
Fl () <y Fl (1) & Fj (v) <; F}(v).

B 1y is strictly pu-Dorg- X -unembeddable into 1.

Proof This is a special case of 3.5 proved below, where we choose Y:=X and Z:=X>.
(So I:=I | X, hereisequalto I [ Z there,and I1:=1 | X here contains I | Y from
there, hence the conclusion of 3.5 implies H; here.)

Now we have to verify that the conditions of 3.5 hold. This is straightforward, noting
that in clause (d) e3, the A-indiscernibility property follows from J being well-ordered,
by 3.4H;(a) (recalling 0.22). O

What we really need is the following: it will be used in 3.6(2).

Claim 3.5 Like 3.4, but
Hi

(a) J € K;r’gz

(b) As there.

(¢) X C J is maximal such that x #y € X implies y ¢ clj({x})
(equivalently, =[x E’ y]).

(d)

o Y € [X]Z* (So in clause (c) we have | X| > A.)

o [:=(J] Torg)

o3 (I [ X) | {>} has the \-indiscernibility property. (See 0.21.)
oy I [ X € Kopg is A-entangled.

(e) Z:=
{Foj(a) ta e XNdom(F)), 0 € QF, anda € Y = tg(0) =1 mod 2}

(f)

o If D € B, then |Yg| > A, where Yg::{s eyY: QSJ = Qp} (recalling Definition
2.9).
e, Y is the disjoint union of(Yg : D € By).

(h), (i), (j) As there.
B I |Y is strictly u-Tor-X-unembeddable into I | Z.

Proof First,

(x¥)o Let F and {o(f;) : s € Y) (where t; € “~Z) be as in 3.3(A), with I | Y and
I | Z here standing in for 7, J there.

9 Le. we do not demand that X is well-ordered.
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It will suffice to find 51, 5, € 2Y asin 3.3(B), recalling our choice of I' in clause Hj (b).
Assume, for the sake of contradiction, that there are no such 5y, 5.

()1 Fors €Y, let (7], 05) be such that

(a) 1, € X

(b) €g(t;) = €g(d5) = ns = n[s]:=Lg(t;) and 05 ¢ € Q.
) b <ng =ty = J (tA ), noting

01€<nS=>t/KGX/\tM€Z
02€<m/\t ZeY:>Eg(0Ag)—l mod 2.

(d) Leteg:={(t,k): b,k <ng, 1, , =1}
(e) (050 : 4 <ng) CQp satlsﬁes

0 <q 050 = 1, ¢ dom(Fy).
[Why? For clause (e), recall the definition of K ;fg and see 2.9(3)(B). (This is guaranteed
when p is well-founded, recalling 2.10.)]
(*)2 Choose x large enough, and choose N < (H( X), e) of cardinality < A such that:

(@ J,I,F,u,p, X,Y,Z, ®, and (0o,(f5) : s € Y) all belong to N.
) [IN] <A
(c) NN ei(soB, t(dP), 2, and ® are all C N).

Next,

(x)3 If s € Y\ N then there are sets vy 1, vs,2, Vs, 3, and U (the first three being finite)
such that:

(@ vs,1 S (NNZ)U{oo}and vy C ny.
b) sels e [Y*andU; NN = &.

(c) The sequence ((ar, lg(ty),er,0,) 1 € Z/ls) is constant.
(d) (V€ € vs2)(Vr € Z/{S)[t;’e ¢ N Aty ¢ N]and

(Vﬁ € ng \vsﬁz)(‘v’r € Mg)[tr’[ =I5 ¢ € V51 N t;,e = ts/,/é]'

€ (tre:€ <ng, r €Uy, tgp ¢ Nyand (t, , : £ < ng, r € Us, t,, ¢ N) are
without repetition (except for #’ , =1/, when (£, k) € e;).

) ts”e € vy forevery £ € ng \ v 2.

(@) vsz={lev:t;, =5, €<ng CSvso

[Why? Easy.'?]

10 Earlier, we had also demanded that

(h) For every ¢ € vy 5 there exists te € vy,1 such thatif r € U then te is the <’ -minimal member of

{se XNN:s>y t 5} (If there are no members of X N N above ¢’ .00 We say ’z :=00. This is why
we allowed 0o € vy 1 in clause (a).)
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(*¥)4 Recall that we defined
Ypi={s eV :Q! =Qp}

(so by assumption B, (f) we know YD € [Y]Z*).
(x)5 For each D € B, we can choose op, ep, vp,, (for t = 2, 3),
(t;;j : 4 €ng\vs2),and op = (0p ¢ : £ < ng) such that |Y11)| > A, where

Yll):z{s €Yy :op=oa 0p=0s, vp, =uvy, fort=2,3,

and 1, , = ts”l for £ € ng \vsﬁz}.

[Why does this exist? As |Y8| = Aisregular and > ||[N|| > |t;| + |Zpl, there exists
s € Yg NY \ N, and we can use the same argument as for (x)3.]

(x)¢ If D1, Dy € B, then there exist { = {p, p, € vp, 3 and k = kp, p, € vp,3
such that op, ¢ and op, x have a common <gq-upper bound.
Why? First:

(x)6.1 We can choose 51 ¢ € Y$1 and s ¢ € Yll)2 for ¢ < A such that

€< <A=SleFS1g AS2e 520

Second, by Hj (d) e3, without loss of generality

(%)6.2

(a) <(s1,8, §2.¢)" t_s’l,; t_s/z,g e < A) is a qf-indiscernible sequence for the linear

order <.

(b) All the individual sequences in clause (a) realize the same quantifier-free type
in /.
(That is, the type tpye({s1,e, $2,¢)" t_;l ; t_éz .+, I) does not depend on ¢.)
Third,
(*%)6.3 ((sl,g, §2.¢)" t_sl_; t}u e < A) is a qf-indiscernible sequence for <7 as well.
[Why? By ()2 and By (i), (j), recalling (x)s.] That is,

($)6.4
o F Mlet WO = ot It
1 Fore < ¢ < A, etWe,{.—{(Z,k) €np, xnp, 1) , R tsu’k}.
[ 3) W*ZZ{(E, k) €np, Xnp, :0p; ¢ = ODz,k}

(%)65 Ife; < ¢ < A and ey < & < A are such that WSI’CI = WSQ,Q,

then

e; The sequences (sl,gl,sz,gl)Atsl’glA Iy, and (sl,gz,sz,gz)Atsl’ng Isre, realize the
same quantifier-free type in J | {<}.

o> The sequences f;, "Iy, ., and f5, . "1y, ., realize the same quantifier-free type in
J.
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o3 If
J J
[Sl,sl R Sl,{]] < _'[SZ,Sl R S2,§'1]

then we get the desired contradiction.

[Why? For ey, first recall (x)6.2(a) for the order on (s; ¢, 52.¢)"(fg, N t_Afz.g ;& < A). For
=m0

e, recall (x)g.2(b) and our assumption W 2,82 for the graph relation. Lastly,

o3 follows from our choices.] o
()66 (Ve <& <MW, S W]
[Why? Holds by assumption Hj (4).]
(x)6.7 If Wy and vp, 3 x vp, 3 are disjoint, then we get a contradiction.

[Why?Because I [ X € Ko is A-entangled, and get a contradiction by (x)6.5+(*)6.6.]
Soforsome o € Qand £ < np,,k <np,,foralle < ¢ < A, we have Fy(s1¢) =

Is) .0 and FO(SQ,g) = tsz,{,k-
org

Now J € K5, € K;fgl (see 2.6(2),(3)). Therefore, recalling ()1 (e), we conclude

that op, ¢ and 0p, x have a common <gq-upper bound.
This proves (x)g.
Now we recall 2.2(1A):

B 6p > Ro, and the intersection of countably many members of B will always
contain some other member of B.

Hence
(*)7 There exists n such that
Bn:={D € B:np =n}
is <p-cofinal in (B, <p).
(#)8 Letmp:=((fg(op,¢) : £ <m),vp2,vp3).
(x)9 Let E be an ultrafilter on 3 which includes By, such that for every D € B we
have

(D'eB:D C D})ek.

[Why does such an [E exist? Because (Bp, 2) is directed and By is cofinal. ]

()10

(a) For each D € B, there exist £p, kp < n such that
XDZZ{D/ S Bn : ED = ED,DU kD = kD,D/} e E.
(b) There exist £, ky, < n such that

B.:Z{D S Bn : ZD = (*, kD = k*} c E.
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[Why? Obvious: there are only finitely many possibilities (clause (a) gives < n and
clause (b) gives < n?), and E is an ultrafilter. We may add more, but this is not
necessary. |

11 (YEDy € Bo)(YED, € Bo)[€g(op, ¢,) < €8(0p,.1,)]

[Why? By clause (C)(b) of Definition 2.2(1), for any D € B, there is D, € Bp such
that

{n: nappearsinop, ¢,} N D) = &.

(Thatis, n € rang(7]p,¢,) Where op, ¢, = (77,1) = (D¢, IDy,¢,)-)
Now any D, C D), from B, will work.]
()12 Ifk < wand D; € B, fori < k, then {op, ¢, : i < k} has a common <gq-upper
bound.
[Why? Recalling (x)10(a)+(x)11, choose any D, € (| Xp, such that {g(op, x,) >
i<k
Lg(op, ¢,) foralli < k. Then op, , is a common upper bound.]

()13 For D € B,, let np € T denote the O™ n-term in op.¢,-

(@) G:={np : D € B,} is directed under <7.
(b) GN D # @ forall D € B,.

[Why? Clause (a) holds by our choices. Clause (b) holds because for every D € B,
there exists D’ € B, such that D’ € D.]

So G contradicts clause 2.2(1A)(d) in the definition of ‘strong twinship parameter,’
and we are done. m|

Now at last we have arrived at Theorem 0.12.

Conclusion 3.6 Assume P is a forcing notion adding no new w-sequence of ordinals,
but does add some infinite sequence (so necessarily of length > w1).
Assume T C Ty are complete first-order theories, and T is independent as witnessed
by ¢ = ¢(Xk), Yik)) € L(zr).
1) Then there are models M, N such that:
(a) M and N are models of Ty of cardinality A::(Z"P” + |T1)" (or some larger
regular cardinal ' > ).
B) Fp“M [t =N | 7", and even lFp “M = N".
(¢) M | tr and N | tr are not isomorphic.
(d) Moreover, M is (A, 2P p)-far from N (see 1.10(1)).

2) We may strengthen clause (d) to
(d)t M and N are (1, 2IF1, p)-far from each other.

Discussion 3.7 Recalling Definition 1.8, note that in 3.6 we cannot deduce that M and
N are (A, @)-far, as the partial isomorphisms F,{ , form a witness. Now clause H;(c)
in the assumptions of 3.4 is strong, but it is only talking about (J [ Torg) | X, so the
partial isomorphism F,{ , disappears.

However, the possibility of being (A, |Bpl, ¢)-far (see Definition 1.10) is not
excluded.
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Remark 3.8 The following are natural extensions of Claim 3.6. (Their proofs will be
delayed to [15].)
3) In parts (1) and (2) of 3.6, we may add

(¢) M and N are L ,-equivalent.

DHIfA =cf(r) > 21PN 4 |T1| and & < A, then we can find models M, N of Ty such
that

(@ M| =[Nl =

(b), (¢) Asin3.6(1).

(d) M and N are cofinally (X, §)-equivalent (see Definition 0.19).
() M and N are (A, 2Pl p)-far from each other.

5) It is enough to demand that X is regular, > |P|, and > the number of maximal

antichains in IP.

Proofof 3.6: 1) First, choose a strong twinship parameter p by Claim 2.19 (so 6 < ||IP||
and |Bp| < 2IF1,.

(*)1 We may require

(@) Op:=min{0 : IFp “there is anew n € f2m
(b) 1Byl = |{|Y| : Y is a maximal antichain of IP’}|.

Second,

(¥)2

(a) Choose A regular such that A > |t(T7)| + |Zp|, A > | Byl.
(b) c: [A\]? — w witnesses the property called Prg(A, 8¢) in [32, Th. 1.1] (later
called Pro(X, A, R, Ro)).

Recall

Pro(A, 8p) means that if » < w and (Ea ={ri<n:a< A) is such that
< <..<gf<iranda < B <= Co N {p = @, then for any
function & : n x n — p there exists &« < f < A such that { < g“lﬁ and

ko€ ell,n] = edef, el = hik, 0).

[Why does such a ¢ exist? By [32].]
Now choose!! J ¢ K;-rgz as in 3.4 H; such that:
()3

(@ X <€ J, (X, <y) = (A, <), and the pair (X, J) satisfies clauses (h),(i),(j) of
3.4H;.
(b) Fors,t € X, wehave (s,1) e R/ & s,teJAs ZtAc({s,t}) =1.

1 See2.7.
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[Why? For each D € By we can find Ip € Ko of cardinality | D| (which is infinite,
but < Ro+|7Zp| < A) such thats € Ip = QI = Qp by 2.8. Let sp = s[D] be some
member of Ip.

Let (Dy : o < A) € *By be such that (YD € Bp)(F*a < A)[Dy = D]. We define

J e K;ffgz as follows.

()

@ [J:={(a,s):ax <A, selp,}.
(b) (a1, s1) <y (€2, 52) iff

o (ag, 1), (a2, 82) € J
o] <V [ozl =y NS <Ip, Sz].

(© Fn{l(dl, s1) = (a2, 82) iff ¢y = a2 A D = Dy A F,fﬁ(Sl) = 5.
(d) X::{(a, Sp,) 1o < A}
(e) We choose

RY:={(F (@1,51), F{ (@2,52)) 11 £z < 1, e({a,cn)) =1, 0 € Qp,, N, }-

Now check. Note that (J, <) is not (A, <), but we get this by renaming.]
Choose ¢ = ¢(X,, yn) € L, witnessing the independence property for T (see
Definition 1.4(2)). Choose ® € Yk, [T1.|71|] such that

I € Koy = (V5,1 € I)[GEM(I, ®) = “plas, a1 < s R't"].

[Why can we do this? By 1.6.]
Now we finish by 3.4. That is, recall that for £ = 1, 2 we defined

Xp:={F] (s) :s € X Ndom(F,), 0 € Q. {g(0) = ¢ mod 2}

Let M Z be the submodel of GEM(J | Torg, @) generated by {as : s € X}, where
(as : s € J) is the skeleton.

Now (M, N) = (Ml+ [ 77y, M2+ I tTl) are as required. Moreover, M| and M, are
strictly p-isomorphic (see 2.4). We have to check all four clauses of the conclusion in
part (1).

Clause (a): M and N are models of 7 of cardinality ». Why? “Models of 7}:" this
follows from our choice of ® in (x)5(b) and of My in (x)g(b). Their cardinalities are
as required because they are the same as | X[, recalling (x)¢(a).

Clause (b): IFp “M [ t7 = N [ t7", and even IFp “M = N". Why? This follows
from IFp “(J | Torg) [ X1 = (J | Torg) | X2", which holds by 2.13(1).

Clause (c¢): M | tr and N [ tr are not isomorphic. This is the main point, and it
follows from 3.5.

Clause (d): M is (A, 2121 @)-far from N. Just repeat the proof of 3.5.

2) We intend to use 3.5 instead of 3.4 for £ = 1, 2. For proving clause (d)*, we
need a Y and Y», hence of Z{, Z>.
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SoletY), Y, € [X]* bea partition of X and let
Zy={F/(s) :s € XNdom(F;/), ands € Yy = fg(0) = ¢ mod 2}.
Also choose 1, € D! forall s € X. Lastly, let
Xo:={FJ](s):s € X ndom(F}), €g(0) = £ mod 2}.

We continue as in the proof of part (1). O

Claim 3.9 Like 3.6, when T is countable and superstable, with OTOP or DOP, and
Th=T.

Remark 3.10 1) For the existence of ccc forcings with T unsuperstable, this is proved
in [1, 1.1], building on [31, Ch.X, §2; Ch.XIII, §2]. Here we have to use & €
YI[T, Korg] (not just T[T, Ko]).

2) For T stable but not superstable, there is a more liberal version allowing infinite
sequences in the parameters; we will return to this in [15].

3) Concerning OTOP below, we will repeat [18, 1.28_| 417]-

4) This proof will require some knowledge of stability theory.

Proof Similar to the proof of 3.6.

The point is that those properties imply the existence of @ as in the proof of 3.6,
except that the relevant ¢ is not first-order.

Below, we will prove existence for the two possible cases.

Case 1: T has OTOP but fails DOP.

Recall the definition of OTOP from [31, Ch.XII, 4.1, p.608].

H1.1 We say that T has the Omitting Type Order Property (OTOP) if there is a type
p(x,y,2) (where x, y, 7 are finite sequences and £g(x) = £g(y)) such that for
every A and every two-place relation R on A, there exists a model M of T and
(ay : @ < A) € M such that

a<fB<r= [a R B < The type p(aq, ag, ) is realized in M].

Also, for the reader’s convenience we repeat [18, 1.28_; 417].

B, If T is first-order, countable, and has the OTOP, then for some sequence ¢ =
(pi(x,y,2) i < iy) of first-order formulas in L.(77) and a template ® proper
for linear orders, we have:

(@) tr C 19 and |to| = |T7| + No.
(b) GEM,, (I, ®) =T forall I € K.
() If I € Koz and s, t € I, then

[GEM,, (I, ®) = (3%) A\ ¢i(F, a5, a)] & [ ="sRr.

1<iy

O
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Proof H »

We would like to apply [18, 1.25(e)-_4g], but it requires us to assume enough cases
of a certain partition theorem generalizing Erd6s-Rado (with K, replaced by Kopg).
However, this theorem is proven to hold only after a forcing — in fact, for every infinite
cardinal « there is a k-complete class forcing which ensures that the analogous result
holds above « (by [30]).

Moreover, by [31, Ch.XII, §5], assuming 7 is countable, superstable, and has the
NDOP, if it has the (Rg, 2)-existence property then it satisfies clause (B) or (C) of
0.3(1)H;. This gives us a contradiction, so 7 fails the (Rg, 2)-existence property. This
is preserved by any «-complete forcing P, even for k:=R¢ (but X is more convenient
here).

By [31, Ch.XII, 4.3, p.609] T still has the OTOP in V]P, so we can apply [18,
1.25(e)-qg] to get ® as promised. But as we assumed «k > Ry we know ® € V, so
we are done proving Hj », and hence we have finished the present case.

Case 2: T has DOP (dimensional order property).

Here we shall use [31, Ch.X, 2.1-2, p.512] and [31, Ch.X, 2.4, p.515]. Without loss
of generality «:=|T|*.

H,.1 Wesay that T has the Dimensional Order Property (DOP) if there are « -saturated
models M, of cardinality < 2171 (for £ = 0, 1,2) such that My C M| N M>,
{My, M3} is independent over M, and the «-prime model M over M| U M3 is
not F¢-minimal over My U M.

M., Forany k > 271 (for transparency), for any x-complete forcing P, the relevant
properties of T are still preserved in V.

B, 3 In H, 1, we can find finite ag, ai, az, b, ¢ such that:

(a) a:g C Myfort=0,1,2.

(b) b (c) =M

(c) For_Z = 1,2, tp(ag, Mo, M) does not fork over ag and tp(a¢, ag, M) is stationary.
(d) tp(b™(c), M1 U M>, M) does not fork over a;"a», and

tp(b*(c), ar"az, M)

has a unique non-forking extension in S(M1, M>).

(e) tp(c,b, M) i§ stationary and ¢ € !, where I € M is infinite, indiscernible over
M U M3 U b, and based on tp(c, b, M).

[Why? Because T is superstable. (For clause (d), recall [31, Ch.XII, §3].)]

H> 4 Forevery A and R € A x A, we can find (f(f <A, £=1,2),

(fa,-Xap : (@, B) € R), and N such that:

(a) Mg < N

(b) fof is an elementary embedding of M, into N over M. We let a; o:= f(f (a) and
My i= fy (Mo).

(c) (My o :a <X, £=1,2) is independent over M.

(d) fu,p is an elementary embedding of M into N extending fo} U fﬂz. We let

bo, = fu.p(b) and cq, gi= fo p(c).
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(e) Iy,g is an indiscernible set over by based on tp(ca,,g,l;a) (equivalently, on

tp(ca, 8, by U M o U M3 g)) of cardinality A.

(f) N is|T|"-prime over

U MeaU U fas@enu | Lo

ea=<1,kz (o, B)ER (o, B)ER

(g) If (o, B) € A x A\ R, then we cannot find 1501,,3, Cq,p, Lu,p as above (in N).

As in Case 1, we can find a suitable ®. O

Problem 3.11 Can we eliminate “6p > Ro" in §3?
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