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ABSTRACT. The paper settles the problem of the consistency of the existence
of a single universal graph between a strong limit singular and its power.
Assuming that in a model of GCH « is supercompact and the cardinals 0 < &,
A > k are regular, as an application of a more general method, we obtain a
forcing extension in which cf(x) = 6, the Singular Cardinal Hypothesis fails at
r and there exists a universal graph at cardinality A € (k, 2").
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INTRODUCTION

0(A). Background.

The existence of universal graphs at infinite cardinalities has received extensive
investigation (where we mean that the graph G is universal at cardinality |G| if
every graph of the same cardinality is isomorphic to some induced subgraph of
G). According to the classical result [Rad64], the so called countable random
graph is a universal graph at Ry (which is also unique, up to isomorphism). A
classical result (which now follows as a standard induction argument) establishes
the existence of a k*-saturated graph on the set 2% [CK73]. Consequently, there
exists a graph on 2% into which every graph on k™ embeds (and we can replace
k1, 2% kT-saturated with &, 2<%, k-special). Therefore, assuming GCH, there
exists a universal graph at every infinite cardinality. (However, concerning certain
proper classes of graphs the situation is more intricate, even for the countable
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case, see [FK97], [Kom99], [KS95], [CS16], [KS19].) Regarding the problem of
universal objects in more complex theories (i.e., beyond graphs) and the relevance
of the present work in model theory, readers may consult the survey [She21] or
earlier works such as [Dza05]. See also recent publications such as [She20] and
[Sheb]. Another related question, the existence of universal Aronszajn trees has
been extensively studied as well, see [Tod07], [DS21], and most recently [BNMV23].

However, without assuming GCH, it is generally much more challenging to
construct universal objects. Furthermore, after adding ™+ Cohen subsets to a
regular «, there are no universal graphs on s, as shown in [KS92].

Regarding positive results, for regular cardinals k < A, there consistently exists a
universal graph of size A, while 2% > \ [She90]. Moreover, the argument presented
in [She90] also provides a universal w-edge colored graph on w; assuming —CH.
Features of this method will be used in this paper. However, a recent study [SS21]
proved that assuming ~CH, the existence of a universal graph on w; does not imply
the existence of a universal w-edge colored graph on w;. Furthermore, it should
be noted that when considering specific classes of graphs, there are both negative
[Ko0j98] and positive results [Mek90] for universal objects and weak universal fam-
ilies. (Given a class Ky of models each of which is of cardinality A\, K < A < 2%,
we say that the family F C K is a weak universal family for ICy if every G € K
embeds into some G, € F, and |F| < 27.) It is also consistent that there exists a
singular x, 27 > T, and there is no universal graph on s [FT10, Theorem 3.3]
(and it follows from their proof that x is strong limit). For more consistency results
in the absence of GCH, see [She93| and [DS04]. It is worth mentioning that dealing
with the case A\ = kT was considerably easier in all the aforementioned cases.

In this paper, we investigate universal graphs in the interval between a strong
limit singular cardinal and its power. The motivation for this question stems from
the following observations. Recall that the cardinal exponentiation 280 can be quite
large and at the same time relevant forcing axioms such as M A may hold. Similarly,
for g =Ny = 2% 2 can be large, or for u = p<#, parallel results hold for forcing
notions that are, for example, < p-complete and satisfy a strong form of -cc (the
strong form is necessary, see [Shear]). On the other hand, much less is known for
strong limit singular cardinals p, and thus the existence of universals serves as a
central test problem for examining the consistency of forcing axioms at p.

In this paper, we continue the work of Dzamonja-Shelah in [DS03|, which demon-
strated the consistency of the statement () assuming the existence of a supercom-
pact cardinal.

(x) (a) p is strong limit singular and pt+ < 2#,
(b) there is a graph G, of cardinality g™ which is universal for graphs of
cardinality u* (equivalently there is a sequence G = (G, : @ < utT) of
graphs each of cardinality u*, universal for the family of such graphs).

for the case cf(u) = Np, and later Cummings-Dzamonja-Magidor-Morgan-Shelah
proved this for arbitrary cofinality in [CDM™17]. Earlier, Mekler-Shelah [MS89]
had proved such consistency results replacing (b) with uniformization principles;
also starting naturally with a supercompact cardinal. Later, [(x)| was proved to be
consistent for small singular u’s too, see [CDM16], [Dav1T].

Our goal is to address the naturally arising problem by replacing weak universal
families (in the sense of [(*)[(b)) with single universal objects and by considering

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



Sh:1185

UNIVERSAL GRAPHS WITH THE FAILURE OF SCH 3113

A in the range of (u,2*) instead of restricting it to p*. Thus, we formulate the
following assertions:

(x)* (a) p is strong limit singular and pt+ < 2#,
(b) there is a universal graph G, in u*, i.e. universal for graphs of cardi-
nality pt, G, itself is of cardinality puT,
(b)* as (b), but changing u* for some cardinal in (u,2").

To initiate our proof, we consider a supercompact cardinal x as our starting
point. We demonstrate, as part of a more general axiomatic framework, that a
stronger version of a universal on A >  (e.g., A = k™) is sufficient to guarantee
the existence of a universal graph on \ even after forcing with a P that satisfies the
axiomatic requirements. We first establish a general framework for the preparatory
forcing, followed by the construction of a strong universal graph suited to the
present framework, as in [She90]. (It is worth noting that certain large cardinal
hypotheses are essential, as the failure of the Singular Cardinal Hypothesis itself
implies the existence of an inner model with the Mitchell order o(x) = k*+ for a
measurable cardinal x; in fact, these are equiconsistent [Git91].)

The organization of the paper is as follows. In {I] we introduce the concept of
(A, k) —i (1 = 1,2) systems, and in Claim we prove that extending a ground
model already admitting some strong version of universal using such a (A, k) — i
system results in a model with the desired universal object. In §2 we prove that
Prikry forcing, Magidor forcing and Radin forcing give rise to a (A, k) — 1 system
provided the relevant filters satisfy some reasonable directedness assumptions. In
83(A)| we prepare the ground, in Claim build the framework to force (A, k) —
1 systems using a supercompact cardinal. In we construct a forcing for
obtaining the strong universal, that fits in the framework in Claim

In works in preparation we intend to replace graphs by more general classes;
much of our work is not specific to graphs. Also for consistency of for a small
singular p, e.g. p =X, =3, [PS].

0(B). Preliminaries. We are interested in universal objects in the class of graphs,
i.e. models of the first order language admitting no functions, only a single sym-
metric, non-reflexive binary relation. Under ordinals we always mean von Neu-
mann ordinals, and for a set X the symbol |X| always refers to the smallest
ordinal with the same cardinality. If f is a mapping with dom(f) 2 X, then
f“X ={f(x) : = € X}, i.e. the pointwise image of X. For a set X the symbol
Z(X) denotes the power set of X, while if « is an ordinal we use the standard nota-
tion [X]" for {Y € 2(X) : |Y| = }, similarly for [X]<", [X]<", etc. By a sequence
we mean a function on an ordinal, where for a sequence 5 = (s, : «a < dom(3))
the length of 5 (in symbols £g(35)) denotes dom(s). Moreover, for sequences s, ¢ let
5~ t denote the natural concatenation (of length ¢g(3) + £g(%)). For a set X, and
ordinal a we use “X = {5: lg(3) = «, ran(s) C X}, and for cardinals A\, k we use
the symbol A\* = |*)| (that is, the least ordinal equivalent to it).

We call aset T C <*X a tree (where « is an ordinal), if T is downward closed,
i.e. whenever t € T, v < {g(t), we have t|y € T. We call ¢ a leaf, if there is no
5 €T for which t C s.

Regarding iterated forcing and quotient forcing we will mostly use the terminol-
ogy of the survey [Bau76]. However we adhere to Conventions [Tl and
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Convention 0.1. Regarding forcing we follow the convention that “p < ¢” means
that ¢ is stronger, i.e. giving more information.

Convention 0.2. A notion of forcing P is <u-directed closed (<u-closed, resp.), if
for any directed (increasing, resp.) system {p, : @ < v < u} there exists a common
upper bound p, in P.

A filter F C (X)) is s-complete, if for each {F, : a <v < k} C F we have
Na<, Fo € F. A partial order P is < p-directed, if for each {p, : o <v < pu} C P,
there exists a common upper bound p, € P. (For example, if F C #Z(X) is a k-
complete filter on X, then F is < k-directed with respect to the relation D.)

1. THE FRAMEWORK AND DEDUCING THE CONSISTENCY RESULTS

1(A). What we do. In the present paper we introduce a general framework and
apply it for the class of graphs.
We shall start with a large cardinal, such as a Laver indestructible supercompact,
or with forcing a relative of it. We then have a two step forcing.
First, a forcing P with the following three properties:
(a) preserving the largeness of &,
(b) moreover, in V¥ there is a normal x-complete filter D on x such that (D, *2)
is AT-directed for a suitable cardinal A < 2%,
(c) preparing the ground for the results we like to have on A, e.g. has a strong
version of “there is a universal graph in A, A < 257,

Second, a forcing Q (in VF) such that:

(d) Q makes k singular,
(e) preserves k is strong limit and 2" large.

Thirdly,

(f) to get the desired property of A, we use Q that fits in the framework in
Definition [[.2]
(g) then prove the existence of a universal object using the framework
In Definition defines the family of (A, k)-systems fitting (f), then we
deduce the existence of universal graphs in A (a case of (g)).
In §2] we shall prove that classical forcings for making « singular fit our frame-
work, i.e. satisfy (d)-(g).
In §3] we shall deal with finding P as in (a), (b), (c), so we have to combine the
specific forcing (say forcing a universal graph in A, i.e. clause (c¢)) and guaranteeing

the existence of e.g. a normal ultrafilter of which is AT-complete in a suitable sense
(i.e. clause (b)).

1(B). (A, k)-systems. The following is standard, but we have to include these
definitions in order to avoid ambiguity, thus clarify what we mean under x-Borel
sets.

Definition 1.1. Assume that u is a cardinal, Y is a set.

(1) Welet B, C 2(¥2) denote the set of u-Borel subsets of Y2, i.e. %,,(¥2) C
(Y 2) is the smallest family that satisfies

e for each function f : dom(f) — 2 with dom(f) € [Y]<®¢ the basic
open set (w.r.t. the product topology)

[fl:={ge Y2: g2 f} e B.("2),
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e whenever (B; : i € p) is a sequence with (Vi < p) B; € %,(¥2),
necessarily (J;c, Bi € B,(Y2),
e VB e %,(Y2): (Y2\B) e ZB.(V2).
(2) we say that the tree

TC <{U,~[f]: f:dom(f) = 2,dom(f) € [Y]<7}

is a code for a set in %,,(¥2) (in symbols, T € code,(Y)), if
o T\ {()} is non-empty, moreover, it has a stem s € T of length 1
(i.e. Lg(s) =1, and for each t € T with £g(t) > 1 s Ct),
e T is well-founded, and
o for each t € T'\ {()} we have that

tisaleaf of T <= t(¢g(t) — 1) = [f] for a partial function f above,

o for each t € T'\ {()}, if t(¢g(t) — 1) = —, then neither does T branch
at t, nor is ¢ a leaf (that is, ' € T, Lg(t') = Lg(t) + 1, t C t’), and

e for each t € T\ {()} with ¢({g(t) — 1) # —, t has at most p-many
immediate successors, that is,

{seT: t s, lo(s) = Lo(t) + 1}] < p

(equivalently, |T'| < u),

(3) we can define the evaluation By for T' € code,(Y") in the obvious fashion,
by induction on the rank of T. If T = {{[f])}, then we let Br = [f].
Otherwise, T necessarily has a stem s = (s(0)) = (U), or s = (—). For each
t €T, Lg(t) = 2 we can naturally define the tree T; below ¢, i.e.

T, ={u: (s(0)) ~ueT, s(0))~uDt}.
Now if s(0) is the symbol U, then we let

Br= |J B
teT Lg(t)=2

Otherwise, if s(0) = —, then there exists a unique t € T, £g(t) = 2, and we
let

Br = Y2\ Br,.

(4) Using the natural identification between ¥ 2, and Z(Y'), we can talk about
p-Borel subsets of 2(Y'), 8,(#(Y)), and so about codes for p-Borel sub-
sets of Z(Y).

Definition 1.2.

(1) Wesayrisa (A, k)—1-system when r = (R, X, <1, %) = (Ry, X, <p prs 75)

satisfies the following

(a) k is strongly inaccessible,

(b) X € [rkT,27),

(¢) R is a forcing notion preserving “s is strong limit”,

(d) X is an R-name of a subset of k,

(e) <pr C <g is a quasi-order,

(f) for each p € R we have ., C {7 € "R : p <, ¢e for every € < k},
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(g) whenever p € R, T are such that p IF “z € {0,1}” (a truth value), then:
(%) there are § € .%,,Y = (Yo : e < k) € "V, i = (e : € < K) € "k
and T = (T. : € < k), where
e, each T. € V is a code for a p.-Borel set B, € %, (Z(Y:)) (in
the sense of Definition [LTI[(2)] [(4)),
o ¢lFT=1 <= XNY.e€Br";
(h) for each p € R, and for each sequence (G, : o < A) with Va < A g, € %,
there exists ¢, € R such that for every a < A there exists ¢, < k such that
Qoeq <R ¢«-

(2) Wesay ris a (A, k) —2-system when above in clause (g) we restrict ourselves
to 7’s that are R x-names, where Rx <R is the complete subforcing adding only
X[G] (in other words, if G C R is generic over G, then letting Z = X[G], V[Z] is
an R x-generic extension of V);

(2A) We may omit the 1 in “l-system”, so that “(\, k)-system” is always meant
as “(\, k) — l-system”.

(3) We say r is nice when the forcing R, does not collapse any cardinal.

Discussion 1.3.

(1) Here we only deal with the question “when is there a universal graph in the
cardinal A?”.

(2) Of course, in Definition [[.2] we are interested in the case IFg, “x is singular”.

(3) There are such r’s: Prikry forcing, Magidor forcing, cases of Radin forcing,
see Claim 2] and onwards. (In the specific case of Prikry forcing can be
simplified, as Y. will be an ordinal below k, and the name 7 will depend on the
finite set in which the Prikry generic set meets the ordinal Y;.)

The following notion is necessary to phrase the framework for the main result
(Claim [LH]).
Definition 1.4. Suppose that k, A are cardinals.

(1) We let K,; denote the class of edge colored graphs with the set of colors
indexed by &, so formally it is defined as follows. The model M belongs to
K, iff

(a) M = (|M|7Réw)6<m
(b) RM is a symmetric irreflexive two-place relation on |M]|,
(c) (RM : e < k) is a partition of {(a,b) : a # b € |M|}.

(2) (Kx)a is the class of graphs in K, that have A-many vertices, i.e. for M €

K., we have
Me (Ky)y <= |M||=

Claim 1.5.
(1) Assume that

(i) ¢ €{1,2},
(ii) K, A are fixed cardinals, K < A < 2%,
(iii) r € Vis a (\, k) — t-system, and let V, = V& if 1 = 1; V, = V[X,]
in case of 1 = 2.
(iv) there is a universal member of (K,)y (in V),
Then

V, |E “there is a universal graph of cardinality \”.
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(2) Moreover, in general, if |(1)| hold, and
(iv)X (in V) there is a weak universal family of size y in (Kj)y, i.e. a system
(M; : i < x), for which for each M € (K,;), there exists ig < x such
that M can be embedded into M;, (in the sense of K),
then
V.E 3HG;i:i<x):
©1 (Vi < x) G; is a graph on A,
@2 and for every graph G of size A there is iy < ¥,
s.t. G can be embedded into G, .

Proof. (Claim [LH) First note that it suffices to prove as is just a special
case with x being equal to 1.

(*)1 Let (in V) ((Ug, &9, Zg) : ¥ < &) list

{(U,£,2): Z €V, £€<kisa cardinal,
U is a code for an £ — Borel subset of Z}.

(1.1)

Assume that
(%) there is a sequence M = (M; : § < x) in (K,), that forms a universal
sequence for (K, )y (in the universe V, of course) i.e. M witnesses
where Ms = (\,...,RMs5 .. )..,.. It is enough to prove that V, satisfies (L.
Now we define the sequence of R.-names G5 (§ < x) for graphs as follows.
(*)s
(a) the set of nodes of Gy is A (and so RZ® C X x ),
(b) for a # 8 < A let the truth value of “(a, 8) € R be defined as follows.

For the unique ¥ < k with («, 8) € Rfy“ we demand

V. E (a,8) e R® < XNZye<By,.

So clearly

(x)4 for each 6 < x Gy is an R,-name for a graph with set of nodes .

Hence it suffices to prove:

(x)5 IF “V, = (Gs: § < x) is a universal sequence in the class of graphs of size
AV

So why does ()5 hold? Assume

(%)5.1 plF “Gx € V, is a graph with set of nodes \”.

Let ((ay,By) 1 v < A) € V list the set of pairs (e, §) such that o < § < A. For
each v < A (considering the R,-names 7, for the truth value of (a,, 8,) € RE")
clause (g) of Definition [LA(1) gives Gy = (gy,c : € < k) € S, ¢y = ((e: € <K) €
"k and T, = (T, : € < k), (Y4 : € < k) such that for each y < XA and ¢ < K

o, T, . is a code for a (, .-Borel subset of (Y, .) (in the sense of Definition
L) [(£))
o ¢ lFr (a,,8,) € RS & XNY,.€Br .

Now by clause (h) of Definition[[2(1), there are ¢, € R, (g, =e(7) : v < A) € *x

such that:

®3 ¢ is above g, () for every v < A,
and recalling the enumeration from ()1, there exists (9, = 9(y) : v < \) € *k
such that

4 (Tye2)s Cre)s Zre(n) = W) €o(r), Yoy)) holds for every 7 <A

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



Sh:1185

3118 MARK POOR AND SAHARON SHELAH

Now we define the model M, € (K,)x NV as follows:
(x)5.3 (a) M, = (A, (RM),.,), where
(b) for every ¥ € k we have
RY = {(082) 5 (1< 2) A (9) = 0)}
Clearly
(%)5.4 M, € (Ki)x (with the underlying set of nodes being \), M, belongs to V.
Now choose a suitable § < x and a function f so that:
(*)5.5 f: M* — My is an embedding, f € V
[which exists by (*)2]. Finally it remains to check that
(*)5.6 g« IF “f is an embedding of G, into Gs”.
Recall that q. > gy c(,) for each v < X by e3. Fix v < A. Using ey and e4 we get

(1.2) Gy,e(v) <q.lF (afy,ﬂ,y) eR~ & XN Zg(fy) S BUQ("{)'
Also, note that by (x)5.3 the color of the pair (a., 84) in M, is 9(v), i.e. (ay,8,) €
Rf;/ffy), and as f: M* — M; is an embedding, clearly

(Fle), F(5,)) € B

Recalling (*)3, we obtain
(1.3) F [(f(any), f(By)) € RS <= XN Zy € Bu,.,).
Finally, combining ([2]) and(3]) we obtain

¢ Ik [(ay,B,) € RS = (f(ay), [(B,)) € R],

as desired. Uclaim

Naturally we can ask:

Question 1.6.

(1) What can we say about universals in (K,),?

(2) An old open problem concerns the case of the theory of triangle free graphs
[Mek90], and similarly it is open for Tieq (equivalently Tieq, see [Sheb]). On Tieq we
refer the reader to [She93], or [DS04], and on consistent instances of non-existence
of universals in case of Tieq see [Sheb].

(3) Moreover, what can we say about (Modr, <) for T simple? Or even NSOP5?
(Of cardinality < k.) We have to be more careful because of, e.g. function symbols.

A work in preparation deals with [[L6[(2), (3). Concerning [[6(1) we have the
following negative result (note that this does not reflect on Claim [[H):

Claim 1.7. Assume £ is strong limit singular and x < A < 2%. Then in (K,), there
is no universal member.
Proof. By [She06, Thm 1.13 and 1.14 (2) on RGCH]

(¥)o there is a regular o € (cf(k), k) such that Al7<] = )| i.e. there is 2’ C {u C
A |u| < k} of cardinality A such that every u C A of cardinality < k is the
union < o members of &',
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Therefore, as o = cf(o) > cf(x), replacing each u € &’ with a collection u,, € [u]<"
(a < cf(r)) satisfying u = U, < cf(n) Ua We obtain

(%)1 there is & C {u C X : |u| < k} of cardinality A such that every v C A of
cardinality < k is the union < ¢ members of &2.

Fix M, € (K,)x and we shall prove that it is not universal; without loss of
generality the universe of M, is A\. Now for each u € & and a < A let

v(a,u, M,) = {e < k : for some 3 € u we have (a, ) € RM+},
so v(a, u, M,) C k has cardinality < k. Let
Py ={w € [v(a,u, M) 0 we 2 e},

)

()2 Py C [r]SC),

Now

(¥)3 | 21| < | 2| +2<F < A < 25 = gef(R),
Hence

(¥)4 we can find v C & of cardinality cf(x) which is not in 47, moreover, u €
P = Junu| < cf(k),
which is justified by the following argument: Let (v, : v < 2") be a sequence of
members of []°1(*) with any two having intersection of cardinality < cf(k), hence
for every u € 21,{y < 2% : lunw,| = cf(k)} has cardinality < 2¢1(%) < k, so all
but < X of the v,’s are as required.
Now consider the following N:
()5 (&) N = (AUB,...,RN,...).<. belongs to (K),et(x), where |A| = o,
Bl = o). AN B — 0,
(b) RN £0iff e € v,
(c) letting (g; : @ < cf(k)) list v (from (x)4), for every sequence & = (o :
i < cf(k)) in A with no repetitions there is 8 = f(@) € B such that
(o, B) € RY for i < cf(k).
Now if g embeds N into M, then since |Rang(g [ A)| = o < k, by ()1 it is the
case that for some {u. : € < 9 < 0} C &, we have Rang(g [ A) = U{u. : ¢ < 9}.
Now as |A| = o = cf(o) but 9 < o, there is ¢ < 9 such that |u. N Rang(g |
A)| > o > cf(k) so we can choose pairwise distinct «; € A (i < cf(k)) such that
{g(a;) 1 i < cf(k)} Cu.. Let B = B(&) € B given by (x)s5(c). So g(8) is well-defined
and we get an easy contradiction by (x)4.
This shows that N cannot be embedded into M,, hence we are done. Uz

Remark 1.8. In fact, the argument above could be modified so that it works with
weaker assumptions: the conditions J,,(cf(k)) < #, and (a < & — |a|f) < k)
together are sufficient.

2. PROVING KNOWN FORCINGS FIT THE FRAMEWORK

2(A). Near a large singular. Here we do not collapse cardinals, just change
cofinalities.

Claim 2.1. There is a nice (A, k)-system r such that R, = P when the following
hold:

(A) (a) kK <X < 2" are cardinals,
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(b) D is a normal ultrafilter on &,

(¢) if & C D has cardinality < A, then for some B € D we have
(VA € o/)(B C A mod [k]<F) (e.g. D is generated by a C¥-decreasing
sequence of length of a regular cardinal > \),

(d) P is the Prikry forcing for D (so P changes the cofinality of x to Rg
and adds no bounded subset of x and satisfies the xk¥-c.c).

Proof. Recalling the definition of Prikry forcing for D:

[ ()1 ](a) P 6@19’ iff p = (w, A) = (wp, Ay), where wj, € [x]<* and A, € D and
0, maxw,| N A =10,

(b) p <pqiff w, Cw, Cw,UA, and A, D A,.

We define the system r by letting:

e) <pr = <ppr is defined by p <, q iff w, = wy A A, D A, (and p,q € R,),

f) forp e Ry =P let ) =S :={G: 7= (¢ : € < k) and for some B € D
we have B C A, and {4, :e <k} list {A: AC A, and A= B mod [k]<"}.

We still have to prove that r is as required, namely, that r satisfies conditions
listed in Definition [[2(1).

Now clauses (a)-(f) from Definition [2(1) hold trivially. For clause (g) fix p, T,
with p Ikp “7 € {0,1}”. Recall the following well-known fact:

(x)3 if pe P, plkp “z € {0,1}”, then for some A’ C A,, A’ € D we have:

if @ € k and u C Ay N« is finite then (w, Uu, A"\«a) forces a value for 1.

[For the sake of completeness we prove (x)s: by the Prikry-lemma, for each
s € [A,]<R0 there exists A; C A, \ ((maxs) + 1), As € D, such that (w U s, Ay)
decides the value of 7. Now let A’ be the diagonal intersection of Ay’s (s € [A,]<M°),
pedantically Aq<w((ye(ap1)<r0 As), it is straightforward to check that A" works.]

So given p € P,y and 7 as in clause (g) from Definition [[.2] let A’ C A, be as in
()3 and let § = (ge : € < k) be defined by: ¢. € P,w,. = w, and {4, : e < x} list
{ACA,: A=A" mod [s]<"}.

We still have to choose the Yz, T.. For each € choose (. € A,, such that A, \(. =
A\(.. Clause (*)3 ensures that there is a function f : [A, N ¢]<N° — {0,1} in V
such that ¢. IF 7 = f(XN¢.). This means we can let Yz = 7., and choose a v.-Borel
code T, such that whenever w € Br, necessarily w € [y.]<*°, and

¢lF(r=1) < (XnN¢)e€ Br.

Lastly, for clause (h), assume p € R, =P and § = (Gn : o < \) satisfies g, € 7.
So for each o < A there exists B, C A, such that {4, . : e < w} lists {A €
D:ACA, A= B, mod [k]<"}, hence by clause (A)(c) of the assumption of
the claim, there is B € D, a subset of A, such that B C B, mod [k|<" for each
a € A and let ¢, = (wp, B) so clearly p <p; ¢.. Also for each a < A, for some
¢ < k we have B\( C B,. Finally, because g, € .#}, we have that for some ¢ < &
AQQ,E = (Ba\C) U (A;D N C) 2 B hence Goe < Qs

We still have to prove that r is nice but as P satisfies the x*-c.c., and by the
Prikry lemma this is obvious. ([l
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Claim 2.2. There is a (A, k) — 1-system R, with V& = ¢f(k) = 6, when (B) holds:
(B) (a) 0=cf(f) <b. <k <A<2°,

(b) D = (D; : i < ) is a sequence of normal ultrafilters on k, increasing
in Mitchell order, i.e. i < j = D; € Mos Col(*V/Dj),
(c) each D; (i < 6) is < AT-directed mod [k]|<", i.e. satisfies the condition

(A)(c) from Claim 211
Moreover, the forcing R, changes the cofinality of x to 6, preserves each cardinal

and the function p — 2#, satisfies the x™-c.c. Moreover, we can prescribe that in
VP there is no new subset of 6,.

Proof. Using [Kru07, Proposition 2.1], condition [(b)] implies the following.

Subclaim 2.3. If D = (D; : i < ) is an increasing (w.r.t. the Mitchell order)
sequence of normal ultrafilters on k, 6 < k, then there exists a coherent sequence
(U.: e<r+1),U.={U(a): a<0Y(e)) for some function oV : k + 1 — & such
that D = U,, which means:
(T)a for each € < k, a < 0Y(e) U.(a) is an e-complete normal ultrafilter on ¢,
(T)» moreover, for each e <r and a <0V (g), letting je o : V—Mos Col(°V /UL )
be the associated elementary embedding, we have

(js,a(U rE))e = <UE(/B) : p< 05>7
(Te (Us(a): a<oY(k)) =(Dy: a<b).

Now we define the forcing P to be the Magidor forcing associated with the

sequence D = U, = (U () : a < 6), (see also [Mag78|, or [Git10]), here we use the
definition from [Git10, Definition 5.22].

Definition 2.4. Define P;r to be the following (auxiliary) poset.
(*1) Let p= <d0, d}, ey dn, dn+1 = <Ii,A,§>> S ]P’ﬁ, if
(a) Ax € NUk = Naco Ux,as
(b) each d; (j < n) is of the form
e cither (g, A.) for some € < K, where oY () > 0, moreover,

A e(U.= () Uy

y<oY(e)

(this case we define k(d;) = ¢),
e or dj = ¢, when oY (g) = 0 (and we let k(d;) = d; = ¢).
(c) k(do) < k(dr) < -+ < k(dn) < K(dpt1) =K,
(d) moreover, for each j < n, if d;; is a pair, then £(d;) < min A, 4
(%2) We define

j+1)

p={do,d1,...,dn,dns1 = (K, Ax)) < qg={€0,€1,--sEm,ms1 = (K, By)),
if
(a) m > n, and
(b) there exists a sequence 0 < ig < i3 < -+ < iy, < jnt1 = m + 1 such
that for each j < n 4+ 1 we have
e x(dj) = r(e;;), and
® Byy) © An(ay)
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(c) moreover, for each k& < m not of the form ¢; (j < n+1), if iy =
min{i; : j <n+1, i; >k}, then

Bn(ek) U {H(ek)} c Aﬁ(d'

74+ ) °
(x3) Now if we define the pairwise disjoint sets Y, (a < 0) as
feY, < /() =a,
then
{pePr: p> (k[ Ya))}
a<f
is the Magidor forcing changing the cofinality of k to max{w, cf(0)}.

Definition 2.5. We define p <, ¢ to be true iff p < ¢ and £g(p) = g(q).

We define the system r by letting:
(xa) (a) Kr =5,
(b) Ar = A,
(©) Re={pePy: p=((KUsco Yol },
(d) let X, be the generic sequence, i.e.
Xe=U{{r(d;) : j <Lg(p)}: p=(do,d1,...,dgp)—1) € Gp} \ {K},
() <pr=<ypr is defined by p <, q iff p <, ¢,
(f) for p = (do,dx,...,dn,dnt1 = (K, Ap ) E Ry =P, let
d:q={qe: e < k), where
( 1) = <d0,d1,.7..,dn,</€,AqE),§>>, and
Sp = Frp = [ for some B € (U, we have
(e2) BC A, ., and
(o3){ Ay n:e<w}lists {A.: A, CA, ANA. =B mod [5]<"}
It is known that X is a club of & of order type 6, moreover, if condition ({3), (x, A))
is in the generic filter (for some 8 < k, oV (B) = 0, then the forcing adds no new
subset to B. Therefore (it is not difficult to see that) by the set {8 < & :
oY(B) = 0} € U,p, and so we can limit ourselves to the subposet consisting of
conditions above ((3), (x,{J,¢ Yo)) for some 3 > 0,. In order to finish the proof of
Claim it suffices to verify that the forcing defined in is a (\, k) — l-system.

Subclaim 2.6. If {UE : & < K+ 1) is a coherent sequence, where the ultrafilters
{Us(a) : a < oY(k)} are < At-directed mod [k]<*, then the forcing Py from
Definition 24l is a (A, k) — 1-system.

Proof. Now we have only to check the requirements of Definition [[.2(1). Recall the
following properties of the Magidor forcing, see [Git10, Sec. 5.1 and 5.2].

Fact 2.7 (Prikry lemma). For each p € P and each formula o(zo,...,Zm) there
exists ¢>.p, ¢ || o(zo, - - ., zm) (Le. either gl-o(zo, ..., Zm), or g IF =0 (20, ..., Zm))-
Notation 2.8. If p = (do,d1,...,dn,dny1 = (K, Apx)) € Pr, and i < n + 1, then
q | (k(d;) + 1) refers to the condition (dg,dy,...,d;).

Fact 2.9. Suppose that G C Py is generic over V, p = (do,dy,...,dy,dpt1 =
(k, Ap k) € G, i <n+1,d; = (k(d;), Ax(a,)), then the filter G [ (k(d;) +1) :={q |
(k(di) +1) : g € G} is V-generic over the Prikry forcing Pry(;(4,)41) associated
with the coherent sequence (Us = (Us(7y) : v < oY (8)) : § < k(d;)).
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The Prikry Lemma and the subforcing ]P’ﬁ[( 5+1) together give the following.

Fact 2.10. For each 6 < k, p = (do,d1,...,dn,dny1 = (6, 4p5)) € P 541 and
each formula o (o, ..., %) there exists q € PF 1541y

q >+« p (in the sense of PU[(6+1))7

such that for some A € U, we have
q~ <"{7A> H]PU U(QO; s agm)
Lemma 2.11. Suppose that o(zg,...,ZTm) is a formula, 6 < k, p = (do,d1,...,dy,)
€ G | (k(dn) + 1), § = k(dy), the filter G C P is generic over V (so that
p=p [ (6+1) for somep’ € G, and p' I+ € X).
Then there ezists g € G | (0+1), Poi(s+1) E q > p, such that for some A € (U

letting " = q ~ (k, A) we have ¢ € Pz and
(2.1) ¢ =q" (kA llpy o(zo,- - Zm)-
Proof. This is a standard density argument: First using Fact G| (+1) C
Pz (s511) is generic, and so by Fact 210 there exists g € G | (§ + 1),

g > p (in the sense of PUF(HI))’

such that for some A € U, the condition ¢ ~ (k, A) € Py decides about o.
|:lLemmam]

Similarly to the case of Prikry forcing, this has the following consequence.

Claim 2.12. For each p = (do,dy,...,dp, (K, Apk)) € Py and 7 (with p IF 7 €
{0,1}) there exists a set A’ € U, A" C A,,, such that the condition p’ =
(do,d1,...,dn, (K, A)) satisfies the following:

Whenever o € A, 1, ¢ = (€0, €1, -1 €m, (K, Agr)) =P = {do,d1,...,dn,{(k, A))
are given with x(e,,) < «, and ¢ forces a value to 7, then so does

q/ = <60a €ly--+Em, <K’5 A/ n (aa I{)>> )
i.e.
q/ ||Pﬁ “I — 1’7.

Proof. For each a € A, define B, C A, . so that whenever

qg={eg,€1,---,emsemi1 = (K, Agr)) > P
(with k(eg), k(e1), ..., k(em) < «) decides the value of 7, then so does
qd = (e, €1, emi1 = (K, Ba)).
This can be done easily: first for each possible e, e1, ..., ey, choose aset Beg c;.....c..
C (a, k) with
(€0, €151 €m, (K, Beger,....en)) deciding the value of T,

if such a Beg e, ,....e,, €xists, otherwise just let Beg e, ,...c., = Ap.xN(e, ). Second, let
B, = ﬂeo’elw’em Beyer,....en, - Now it is easy to check that the diagonal intersection
A" = Aqea, . Ba € N U, works (note that the intersection of normal measures is a
normal filter). Oclaim 213
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Claim 2.13. For every p € Py and 7, if p IF £ € {0,1}, then we can choose
G=1{q:: e<R) € Py, (Ve: e<rk), (T.: e <r), (Yo: € <k), where each T is a
code for a v.-Borel subset of Z(Y;) such that

¢:F =1 <= (XN~)€Br.
Proof. First if p = (do,d1,...,dpn, (k,Apk)) € P, T are in the Lemma, let A" =
A'(p,1) C A, . be given by Claim 2.12] and

(x5) let = {gc : e <K) €.%, be defined by: ¢ €P,q. =(do, d1,...,dn, (K, Ag. )
where {A,_ . e <rk}lists {A, CA4,,: A=A mod [s]<F}.
We still have to choose ve, ¢, Yz. For each € choose (. € A, « \ k(dy) such that

(2.2) Ag.r \ (CE + 1) =A \ (CE + 1)-
Now we claim that ¢. forces that 7 only depends on G | ({: + 1) in the following
sense:

Subclaim 2.14. 1f g. € G, then for some ¢* € G with ¢* > ¢. and 0 < (.,
IO+~ (kA \(C+1) | “z=1"

Proof. First observe that if ¢ € G, then by genericity there is some § < (., and
q > qe, ¢ € G, such that

(2.3) ¢k max(X 0 (G +1) =),

ie.

(2.4) qd = {eo €1,y em,emi1 = (K, Ag)),

and for some k < m we have

(2.5) [kex) =) A [Ag w(eri) N (G +1) =0

Now by Lemma 2.11] there is some ¢* € G, A* € (U, with

(2. G~ AT | =1,

w.l.o.g. ¢* > ¢ > ¢.. But then by the construction of A" = A(p, 1) we have
(2.7) CE+H1) s A\ G+ 1) | 5x=1".

Therefore, as Ag, . \ ((c+1) = A"\ ((c+1) by (Z2) (and ¢ < ¢ by 23)),
AN@E+1) C AN (G+1) = Ag o\ G+ 1),

thus

(28) ¢ 1E+D) (AN +D) g [ (6+1)~ (k Ay \ (G + 1),

This means that by (2.7
FE+1)~ (5 Ag o\ G+ 1) || 2 =17,

so recalling that ¢. < ¢*, and ¢* € G, we are done. Usubelaim B3

Now we claim that
(2.9) ¢ =2q" 1 (6+1) (K Agw \ (& +1)).
To this end first recall that
q* = <d(>;7 ds{u sy d;u d2+1 = <"<‘-'7 Aq*>> Z CI/ Z qe = <d07 d17 ey d’rH dn+1 = <"<‘-’7 Aqg,ﬁ>>7
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where k(d,) < (. (by the choice of (), and ¢’ is from ZI0). Moreover, (23]
implies that
q/ = q/ f (5 + 1) - <ek+1a €42y Emy Em1 = <’%7Aq'>>7
where
Aq’,n(ek_H) N (CE + 1) = (Z)
Now by ¢’ < ¢* necessarily (for some j < /) r(dj) = d, and

(2.10) F=q¢"1(6+1)~( 1 Doy -y dy,diyy = (K, Agr)),
and
(2.11) Age iz, ) N (G +1) = 0.

Then one the one hand,
A= | (Ag e U () N (G +1) =10,
i€(4,0+1]
and on the other hand,
A** g AQE,K,

since ¢* > ¢., so A** C A, . \ (¢ + 1), and recalling (2.I0) we can conclude that
[23) holds, indeed.

By Subclaim 214 ¢. € G implies that there is always a ¢* € G and ¢ < (. such
that ¢* [ (6 +1) ~ (K, Aq. .« \ ((c + 1)) decides the value of 7, and by (2.9)

¢ T(E+1)7 (kA r\(+1) €G.
It is not difficult to check (using the definition of the partial order) that for every

* 3k

¢ = {eg,€1,...,em) € U5§Cs PU(((SH)’
e G = ({r(e;) :i<m}
C XN (G +1) € {rles) i SmPU(U{Ageeuien + S m}))
Therefore, for any ¢** > ¢. with
¢ (R A s NG+ D) I =1,
fix the forced value j -+ € {0,1}:
¢ (R Agow \ (G + D) I T = Jiges,
and fix the code T}« for the 2%-Borel subset of Z((.) with
¢ €G <= XN(C+1)€ Br,...
Finally, let 7. be the code for the 2¢-Borel subset of Z((.) defined as
Br, = U{Br,.. 1 ¢ > ¢, jor = 1}.

Then
¢k (=1 <= ((XOCE) € BTE)7

and choosing 7. = 2%, Y. = (. works, which completes the proof of Claim [ZI3l
DClaimm

Usubelaim
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Finally it remains to verify clause (h) from Definition Fix p e P and g, =
(qae: € <K) € S (@< A). Now recall [(+oT)] and let A, € U, = Np<o Us,p
the set corresponding to the sequence G, i.e. (if do,d1,...,dn,dnt1 = (K, Ap)
denote the components of p)

Jo = (qa,e : € < k) where go.c = (do,d1, ..., dn, (K, Aq, . .x)) and
{Ag,.n: e <nk}lists {A,: A, C Ay, and A, = A, mod [k]<"}.
Then for each fixed 8 < 6 as A, € U, (Va < X), using |(B)(c)| there is a
pseudointersection in U, g, i.e. a set Bg € Uy g such that Bg C Ay, and
(x5) for each o < A |Bg \ AL | < k.
Now taking the union of these pseudointersections, clearly
(*6) B* = U6<9 Bﬁ S mUK
Therefore implies (recalling 6 < k)
(#7) for each oo < A: | By \ AL| < k, and we can infer that for some (, < k:

B.N (o, k) C AL

At this point we are ready to define g.. We let ¢, = (do, d1,...,d,, (k, Bs)), clearly
p < g« as B, C A, .. Moreover, for any fixed o < A by (ZI2) there exists some
€ < k with the property that

(¥1) A Gor,e N (Car k) = Ay N (Car k) 2 Bi N (Cas k), and

(*2) Agaen N (Ca+1) = BN (Ca+1),
so B, C Ay, . x, thus concluding gq, <s« gx. (W)

(2.12)

Next we will give another example of a (), k)-system, the Radin forcing, provided
the measure sequence satisfies a similar < A*-directedness condition.

Definition 2.15. In order to state the following claim we need to prepare and
introduce the notions below.
(i) Let k be a cardinal, j : V — M be an elementary embedding (into a
transitive inner model M) with crit(j) = k. We call the sequence F =
(Fla): a< dom(ﬁ)} a j-sequence of ultrafilters, if
(a) F(0) =
(b) F(a) C 32( x) for every a < dom(F),
(c) and for each 0 < o < dom(F), VX C V,: [X € F(a) iff (F | a) €
J0L ~
(ii) for each ultrafilter sequence F' that is a j-sequence witnessed by some suit-
able j we let x(F) denote the critical point of the witnessing j, thus the
Fy’s are concentrated on V5. For each ordinal a we mean k(o) = a.
(iii) for an ultrafilter sequence F that is a j-sequence witnessed by some suitable
j we reserve the notation [ F' for the intersection of all F(a)’s but F(0),

ie.:
NF := ﬂ F.(a).
0<a<dom(F)

Therefore, for each o < dom(F) F(«) is a k-complete normal ultrafilter on V,,
where under normality we mean that for each sequence (X3 : § < k) in F(a) the
diagonal intersection

ApeXpg={f: Vy<k(f): feX,} €F(a).
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We will work with ultrafilter sequences F, according to that almost every element
of V, .y is itself an ultrafilter sequence, i.e. the F\ (a)’s are concentrated on the
following classes:

(iv) Let A" (n € w) be the following sequence of classes

AO = {F: F is a j-sequence of ultrafilters for some j : V. — M},

and
A = (F e A™ Yo € dom(F) \ {0} Ve N A™ ¢ F(a)}.

Finally let
A=()Am.

new
(v) For any set X C A©® and a set I of ordinals let
X[ I={FeX: w(F)el}.
Claim 2.16. There is a (A, k)-system such that R, = P when the following hold:
(C) (a) 0. <k <A<28,

(b) F. is an ultrafilter sequence consisting of x-complete ultrafilters on
Vi, F. € A.
(c) there exists f : kK — & such that

{F: dom(F) < f(r(F))} € Fx = N F

0<a<dom(F.,)

(i.e. when for a witnessing j for F, the inequality j(f)(x) > dom(F,)
holds, for instance this holds if dom(F,) < (227)M),

(d) NF« = No<a<dom(F,) Fx(a) is <At-directed in the following sense.
For every sequence (X, : @ < A) in (| F, there exists X, € (| F, such
that

Va<A3IB<kr: Xil(B,k) C X,

(e) P =Pz _is the Radin forcing for F, (see Definition ZI7)), so preserves
the function p + 2*, moreover, we can prescribe that in VT there is
no new subset of 8., and [P satisfies the x'-c.c.

Proof. We will use the definition of the Radin forcing from [Git10, Definition 5.2].
Observe that the definition only depends on (] F.

Definition 2.17 (|Git10, Definition 5.2]). For an ultrafilter sequence F, € A
we define the Radin forcing PP to be the collection of finite sequences of the form
p={(do,dx,...,dp,dns1 = (Fs«, Ap ), where
(*1) (@) Apx €NFs = Nocacdom(®.) Fx(a), Apr € A,
(b) each d; (j < n) is either of the form

o (Fg;,Ag,;) where Fdj € A, Ay; € A, moreover,

Ad]. S mfd]. = m Fd]. (’y)

O<'y<dom(fdj )

If e = k(Fq,) we may refer to (Fy,, Aq,) as (Fp., Apc), and we
also define x(d;) = k(Fq,).
e or d; = ¢ for some ¢ < k (when we let k(d;) = ¢).
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(¢) k(dp) < K(dy) < -+ < k(dn) < K(dpt1) = K,
(d) moreover, for each j < nif d;;; is a triplet, then Ay, (4, ,)"Vi(a,) = 0.
(x2) For the sequences

b= <d03d17 s ,dnadnJrl = <F*7Ap,li>>’

q= <607 €ly-+9€n,Cmy1 = <F*7 Aq,ﬁ>>’
we let p < q, if
(a) m > n, and
(b) there exists a sequence 0 < ig < i1 < -+ < iy, < jpt1 = m such that
for each j < n+ 1 we have
e r(d;) = r(ey;),

e and
either Fyu(a,) = Fon(es,) and Aguie;) S Apn(d;):

or dj = e;, = r(d;) = k(ey;),
(c) moreover, for each I < m not of the form ¢; (j < n+1), if 4 = min{i; :
j<n+1, i; > 1}, then

Agnier) UF gmien} € Apnidr)-
Definition 2.18. We define p <, ¢ to be true iff p < g and £g(p) = £g(q).

We define the system r by letting:
(8) (a) kr =k,
(b) Ar = A,
(c) Ry =P,
(d) let X, be the generic sequence, i.e.

Xy =U{{r(d)), Fprea 3 <Llgp)}: p=(do,du,...,degppy-1) € Gp} \ {s},
() <pr=<ypr is defined by p <, q iff p <, g,
(f) fOI' p= <d03 d17 e 7d7l; dn+1 = <F*7Ap,l€>> € Rr = I[D let’
q:q={qe: € < kK), where
(.1)(]&‘ = <d07 d17 MR dn7 <F*7Aq5,li>>7 and
Sp=Srp:=1 for some B € mf* we have
(e2) BC A, ., and
(o3) {Aq. ke <k} lists {A,: A, CA, c ANA.=B mod [r]<"}
Now we check the requirements of Definition
It is known that if a condition ((8), (F's, As)) is in the generic filter (for some
B < k) then the forcing adds no new subset of 3. This implies that as (| F. C F.(0),
which is concentrated on the ordinals, i.e. on itself, w.l.o.g. we can assume that
(B, (F4, A)) € G for some 8 > 6,.

Now we have only to check the requirements of Definition Recall the follow-
ing properties of the Radin forcing, see [Git10, Sec. 5.1].

Fact 2.19 (Prikry lemma). For each p € P and each formula o(zo, . . ., ) there ex-
istsq >« p,q | o(zo,...,zm) (i.e. either ql- o(zo,...,2m), or ¢IF —o(zg,...,2Tm)).
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The following claims, which complete the proof of Claim have the same

proofs as in the case of Magidor forcing. In Claim 220 condition (c)|is essential
for the argument.
Claim 2.20. For each p = (dp,dy,...,dns1 = (F.,Apy)) € P, 7 (with p IF
7 € {0,1}) there exists a set A’ € ((F., A’ C A,,, such that whenever ¢ =
(€0y €15 vy my (FayAgi)) > 0 = (doydiy...,dn, (Fi, A')), a > k(ey) are given
and ¢ forces a value for 7, then so does

q = <eo, €1y eslmy (Fay A | (a Ii)>> )
Claim 2.21. Suppose p = (do,d1,...,dnt1 = (Fi, Ay ) € Pz , 7 (withpl- 7 €
{0,1}), and a > k(d,). If p € G, G C P _is generic over V, then there exists
q= <60a €1, Emt1 = <F*7Ap,n>> S Pf*a
1€ G,
where k(en) < a, Agx N Vair = 0, and there exists A C A4, ., A € (F,, such
that
q | (slem) +1)~(F, A) || T=1.
Claims 2:20] 22Tl imply the following.
Claim 2.22. For each p = (do,ds,...,dpt1 = (Fu,Apk)) € P, 7 (with p I 7 €
{0,1}) there exists a set A’ € (F., A’ C A, ., such that whenever o < r, and
Pr=plla+)~(F, A, (@+1)UA | (a,r) € G,
G C Pz is a generic filter, then there exists ¢ € G, ¢ is of the form

g=q| (a+1)~(F., A" | (o, K))),
and
qll =1

Claim 2.23. Suppose that p € P and 7. If p IF 7 € {0,1}, then there exists
G=(¢:: e<K)E€Sp, (Ve: e<k)E "k, (Yo: e<kr) € "V, (T, : € <k), such
that each T; is a code for a 7.-Borel subset of Z(Y), and

@ (1=1) <= (XNY.)€ By,
|:lClaLim

3. THE PREPARATORY FORCING

3(A). The general framework. This subsection is devoted to the preparatory
forcing, in Claim we provide a general framework to force a (\, k) — 1 system.

First we are going to define a variant of Mathias forcing, for which we need to
recall the notations from Definition soif I C Kk, AC Vg, then

AlT={rx e A:k(z)el}

where k(o) = a if « is an ordinal, x(F) = crit(j) for the elementary embedding
j if F is a j-sequence (and for every other z, we can let x(x) = —1). Using this
convention we will have Mathias forcing for filters in the context of Radin forcing,
too, not only filters concentrated on x.
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Definition 3.1. For D a < k-centered system (i.e. generating a k-complete filter
D*)onUD C V, (so D* C Z(UD)) we let Q = Qp be the following forcing notion:

(A) peQiff
(a) p= (w,A) = (wp, Ap), and for some o, < Kk we have
(

b) wp C Vi, wp = w, | [0,0,) (so w, € V,; holds, too)
(c) A, CUD, A, € D* and A, = 4, | [0p, K).
(B) QFp<qiff
(a) p,q €Q,
(b) wp Cwy C wy, U A,
(c) 4p 2 Aq,

Claim 3.2. Tf (A) and (B) hold, then so does (C), where:
(A) v=(Vo,k,h,p,G,, V) satisfies:
(a) Vj is a universe of set theory,
(b) in Vg k is supercompact and h : K — (k) is a Laver diamond,
(c) p is the Easton support iteration (Ppo,Qpp @ o < K,8 < k) =
(P2,Q% : @ < K, < k) built as specified in Definition BAe) -
[(e);;l and [(e),H{(e)s| using h (essentially as in Laver [Lav78]) and let
Pp = Py (hence for a < k also PO € V,.Yo),
(d) G = Gp,x CPp is generic over Vg and V = V1 = V[G,].
(B) (a) k<A< x=x" (in Vg, of course),
= , ta < x,B <x) € Viis an iteration with < x support
b) PL = (PL,Q} 8 V, is an iteration with

such that ]P’%< is AT-c.c. and <k-directed closed, preserving cardinals,
(c) for each a < x

1
Vit E QL <x
(d) for the set S* C x there is a system (Ds : 6 € S*) € Vq, Ds is a

1
P}-name of a subset of PV (Vi), and if

(3.1) VIIP% E Ds generates a k-complete filter, satisfying
(Va < k) (UDs) | af < &,

then the forcing @(1;, d € S* is of the form Qp,, the forcing from

pl
Definition Bl Moreover, we assume that each D € [2V1" (V)]
that satisfies (B.I]) appears as a Dj for some § € S*, i.e.
]Pl
(#) Vi* | VD € [2(V,)]N
[if D generates a < k-complete filter, and
Va < k: |(UD) | af < kK,
then (D = Dy for some § € S*).]
1
in we have 2" is y, and the following.
C) in V;* we have 27 i d the followi
(a) There is a x-complete normal ultrafilter U, which is < A*-directed
mod [k]<". B
(b) (Setting for Magidor forcing:) There is a sequence U = (U; : i < k) of
normal ultrafilters on k, strictly increasing in the Mitchell order, i.e.
i < j= U; € Mos Col("”"(VP;)/Uj), such that each U; is < A*-directed
mod [k]<".
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(c¢) (Setting for Radin forcing:) For any T > x and 7 there is a k-complete
fine normal ultraﬁlter W on [Y]<* such that for the elementary em-

bedding jw of V1 with critical point & we have (letting U denote the
measure sequence associated to_ jw): o
(x) for every o < min(dom(U,n)) if the filter (U [ o) =, ., U,

concentrates on a set X C V,; with (Va < ) |X | a] < &, then
N | o) is < At-directed in the following sense: Whenever
(Ai + i < A) (Vi < XA € (U | o)) is given, there exists
A, € (U | o) such that

In particular k is supercompact.

Remark 3.3. This continues Dzamonja-Shelah [DS03].

Proof. First we have to construct the iteration P? using the Laver function h : k —
A (k) € V. The construction PO = (P (@% : a < K, < k) goes by induction,

we follow [Lav78|, only with a slight technical modification which we will need in

the proof of |(C) -

Let h be as in [Lav78] (i.e.

(o)1 for each A > k, x € (A1) there exists a k-complete fine normal ultrafilter
U on [A]<% such that for the associated elementary embedding ji

ju(h)(k) = z).
Definition 3.4. We define P° = (P}, Qf : o < k,8 < k) and (us : a < k) by
induction. If (PY, Q% : a <, B <7) are already defined, then
()7 if v is strongly inaccessible then }P’g is the direct limit (i.e. we use bounded

support),
()11 otherwise let PJ be the inverse limit of P%’s (5 < ) (i.e. for a function p

with dom(f) =~ p € P iff (V8 <) p | B € PY).
Second,

(0)q if sup{us : @ < v} < =, and ~ is strongly inaccessible, moreover, h(~)
happens to be of the form (Q*,u*, U), where Q. is a Pg—name for a <y-
directed closed notion of forcing, p, is an ordinal, U is a (possibly trivial)
PY-name, then let

Q@ =Qus sy =pa

(), In the remaining case let @g be the trivial forcing, p, = 7.

Recall GY C P9 is generic over V so that Vo[GY] = V1, and let G} C P} be
generlc over Vi, let Vo = V1[G}] = V([GY + G}]. Note that as [P)| = s and
K<\ implies that

(1)1 V1 =Vo[GY E x* = x*" = x, thus cf(x) > X is preserved, too. Since
K is strongly inaccessible, and P° is an Easton support iteration, where Q% is < a-
closed for o < 3, and for stationarily many o’s |PY| = « (actually for each strongly
inaccessible cardinal ), by standard arguments

()2 PY has the s-cc (so forcing with it preserves the regularity of %), moreover
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(<1)3 PO preserves  to be strongly inaccessible. Also note that as ]P’%< is < k-
closed

()4 V.V2 = VY1 and Vy |= “k is still strongly inaccessible.”

First observe that because of our cardinal arithmetic assumptions y* < x* = x
in and as [P%| = &, not only do we have (xXMVt = x** = x, but by
an easy induction (and by the A*-cc) [P}|V' = x, so

(>)5 [P +PL| = x up to equivalence (and so obviously x*-cc). Recalling x* =
again, clearly

()6 VoGO + G1] = 2% = (2)Ve

()7 VolGO + Gl] |- 25 = .

Definition 3.5. We have to introduce the following objects.

(e)2 Let j : Vo — M be an elementary embedding with critical point x such
that (j(h))(x) = (By, x* ,0) (0 = 0 is the canonical name for the empty
set) and j(k) > x, XM C M,

(¢)3 Let (P, Q3 : o < j(k), <) = J(P2,Qf : a < K, B < K)) so QY =P,
and

()4 let ]EJ{(X) :J(Ei)y Le

(a IE";-J xy-hame for a < j(x)-directed closed notion of forcing)™
(Recall that P} is a P-name for the iteration (P}, @é ta<x,f<x)E
0
Vo)

Similarly to recalling XM C M,

0
() Ve ol = IS

From now on we will identify P + P} with the (x -+ 1)-step iteration P9, and
also

()9 G2,y = G * Gy is a generic subset of P),, = P9 « P} (over Vy).

= VY2 and (k is strongly inaccessible)M[G?cH].

Remark 3.6. Having completed the requirements of Claim [3.2] we remark that given
a scheme for an iteration fitting all our assumptions except perhaps [(B}(d)} it is

easy to adapt it to have [(#)| using x* = x

Now we can prove the statements in B:2(C).

Case 1. First we verify B2(C)(a).

We would like to find an appropriate x-complete ultrafilter in Vo[GY x Gi], for
which we will use the basic trick: using the elementary embedding j : Vo — M,
then extending Vo with G * G}, and extending M with G, (= Gg * G} ), and
finding a single condition in P9 ) * % X)/GH+1 compatible with {j(p [ {x}) =j(p) |
{i(k)} : pe GLxG} giving us sufﬁment information (just as if there existed some
lifting j : Vo[GY % G)] - MH}

/
IP)'( ) * ]PJ(X

ey * H )]) of j extending it). (Here the quotient

/GY, , is formally

Pj(m) *PE(X)/GQH = {(pf("%.i(ﬁ))’g) : (pvg) € PJQ(N) *PJ{(X)}y
and
]P)_(])(K,) *Ps(x)/Gngl ': (Pf(’ﬁJ(“))v‘I) < (P/f("%j(“))an%
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if there exists p, € GOJr1 such that
Py ¥ Pl (0 2 2I(5,3(K)), ) < (P« ~ P 1(5,§(K)), ))
We will need the following facts.
Fact 3.7. The filter GK +1 is generic over M as well, and the forcing notions

H)/GK+1 and (IP’O PL)/GP iy (v <i(x)) are well-defined and < x*-directed
closed in M[G? ,].

Proof. Note that G2, is generic, as P9 ; C M C V.

For the second assertion we first recall that a pair (p7 q) € (IP’?(H) *P(x)) /Gy
iff p=po | (k,j(x)) for some py € PY (> and (H—Po ST YM. We only have to
refer to the construction of the iteration Deﬁmtlon BZI, i.e. recall that

(i) IFpo “IE; is a < k-support iteration of < k-directed closed forcing notions”,
and
(ii) for each o < 8 < Kk we have that IFP% “@% is < B-directed closed”, and is

the trivial forcing if 8 < sup{u, : ¢ < B} (in particular, if § < sup{u, :

0 <a}),
(iii) for each a < 8 < Kk, where § is limit and cf(8) < p4 the iteration IP’% is the

inverse limit of PY’s (6 < ).
So using [Bau78, Thm. 5.5], for each o < 8 < & the quotient (P) xP})/GY, (of
the 4 1-long iteration P « P}, = P9, ) is < f-directed closed in V[GY] provided
B < sup{p, : 0 < a}, and Pg has the fS-cc. (In typical applications Qg is the
trivial forcing.) Thus by elementarity (letting o = k + 1, 8 = xT = p,, recalling
PY ., has the x*-cc by [[<)s} and (x 7)™ = x* by XM C M):

M[G! | E “(PJ(K) Pi(x /G2, is < xT-directed closed.”

DFactB:Zl

Fact 3.8. V; “(]P’? «PL)/GY, is < x*-directed closed.”

Fact 3.8 follows from Fact [3.9
Fact 3.9. V[G) « G| F XM[GY,,] C M[G!, ,].
Proof. For, pick a name [ for a function f : x — M[GY_,], and observe that
w.lo.g. we can assume that f : y — ORD, ie. for each a < x, f(a) is an
ordinal, in particular ran(f) € M. Now for each « there exists a maximal antichain

={a?: i <|A4|} CPY, 4, and {2 : i <|A4|} CM, s.t. af IF I(a) =z As
IP’Q+1 PO ]P’1 is of power X, we have |A,| < x trivially, therefore as M is closed

under sequences of length x Definition BA) ((z$,a$) : a < x, i < |Aa|) €
M, which means that there is 1ndeed a name g € M, such that IFpo +PL =y

DFactBﬂ
Definition 3.10. (In V,[GY_,]) for ¢ € 5* we let
(1) ¢ € V[GY * G}, denote the generic subset of V.Y (or just x) given by
@%7 ie.
Froupr,, gc=U{e: 34: (g, 4) € Ggi}

(after identifying P) + P{,, = P) x (Bf x Q}) with (P) * B{) Q7).
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2) Define A¢ to be a set of PO «Pl-names of subsets of V,; containing exactly one
¢ KTRC
name from each equivalence class, i.e.no A # B € /¢ satisty IFpo P A =B,
but each set in the extension is represented.

Observe that (as (P, * Pp) * Q¢, P + PL € M) we can assume that
()10 A CM,
and as |V,Y2| = k, and by the AT-cc [[B)}(b)]
()11 [AC] < P =P = x,
so by XM C M:
(D<l)12 e/VC €M, and j fJVC € M.
(3) Using the notation

42{@2 ={AeA: (g,4) € GQ} for some g},

note that ,52%@1 € M[G), « G} 4] (so %Q’é is a P x P;, -name for a set of

PO % EC -names). Now similarly
Jeoly = {i(4): A€y} € MG+ GL,,] € MIGY, ]

is a set of IP’J(H

P}, + P¢/GY | -name, we can define the P, * P . /G}, -name A}, € M
for a Subset of Vj(,) so that

. 0 . ! _ s .
(in M[G; 4] 2) ”‘Pg’(n)*g(()/c;g“ Ao = Ni(4): Ae %Q}}'

) * P i (¢)-hames, and each of which collection corresponds to a

Claim 3.11. There is a sequence (g¢ : ¢ < x) € V[GY x G}] such that:

()11 (a) g € (]P);)(,g) ~](X))/Gn+1, and if € < ¢ < x, then ¢- < ¢,
(b) ¢ € (PJ(,.;) )/GnJrl (ie. g [J(r )”_]P’(’ CIC( (k) € By
(c) whenever p € G 041N (PY «Pf) then

(i) * Pi))/ G E3(p) < gc

(ie. j(p) < g¢ in the order of the quotient forcing (5, *]B;(X )/GY4),
(d) whenever A is a P? *Eé—name of a subset of k (so j(4) is a IP’J(K) * P

~i©)”
name for a subset of j(x)) then for K €ORD
a Il <2 . r/c0,, #€I(A):

(e) if ¢ € S* (from of[(d)) then we have the following: If D := D¢[G{]
generates a k-complete filter on Vi (in V1[G}] = Vo[G),  G}]) then
(in M[G?,,] in the poset P A ’.(X)/GQH)

(33)  (aer1(00) GO = (2 U (Afie) 1Y) Ay T (6 + 1K)

(In this generality this will be relevant for the proof For D.’s for
which D, C &(k) it is enough to ensure that if for each A € D, we have
k € j(A) (forced by q¢), then gci1 IF & € j(ec).)
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Proof. Working in Vo = V[Gy1] we can define the ¢,’s (n < x, ¢, € (]P’JQ(K) *
P 77))/Grgﬂ) by induction on 7. Assume that g¢’s (£ < 1)) are chosen and |(a)H(e)]
hold. First we choose qé satisfying@ @Which we will then further strengthen
to get q¢ > qé.

Recalling Fact B8] let ¢f € (IP’J(.J(K) * EE(O))/G2+1 = J(H /G 41 be the empty
condition.

For 7 limit we choose ¢ € (P§ * B},
increasing sequence (g¢ : & < n) satisfying Now it follows from standard
arguments that q; satisfies even if PU x IP’,I7 is bigger than the direct limit of
P) +Pi’s (€ < n) (in the case P + B}y = U, P * B it is automatic), but for
completeness we elaborate:

Ifpe GQH is fixed, p € P *IE%, then for each £ < 7 let pe € P *IE% C ]P’gﬂ be
such that plx IFpo p(k)[€ = pe(k). Now if cf(n) < &, then sup{j(§) : £ <n} =j(n),
and so j(p)(j(x)) is the least upper bound for the system {j(pe(k)) = j(pe)(§(x)) :
& <n}, and

* P, )/G2,, to be an upper bound of the

(P§y * By /GRi1 = 3(pe) < ge

ik
by our hypothesis. If cf(n) > &, then by the k-cc of P¥ - there exists a & < n
such that

P p(k) = p(K)IE,

and so p € P x }E% (remember, ]P’}< is a < k support iteration). This in turn implies

(Bl * B) /G (p) < ge < q-
If n=¢& 41 is a successor and
o if £ & 5™
then using simply the <(2X)*-directed closedness of P, + Pj ))/G}l,; (by Fact
B.8) define ¢, € (IP’O(K) *Pern) )/G2,, to be an upper bound of g¢ € IP’;J( ) * I

i)
and the set {j(p) : p € (P} *Pg, ) NG) 4}
Otherwise,

o if £ € 5%,
(where n = £ + 1) then recall that by the definition of Q£+1 each p € (P? % P(£+1))

the coordinate (p(k))(€+1) is a (P),  P¢)-name for a pair (¢, A) with e =€ [ (0,7)

for some v < k, and where A C VVO (GrxGel , A=A [y,k). Note that D, generates

a <k-closed filter on Vi, therefore j(D¢) generates a <j(r)-closed filter on V().
We claim that
(3.4)

M[Gngl] ':P?(n)*Pg(&l)/Gg+l lzqg (557 A (e ))>J( ) whenever pEIP’g*IP’I&HOGQH,

where g; ~ (55,413(5)> denotes the condition that agrees with g; on coordinates

below j(£), and (e¢, 4])) at j(§). Note that by our hypothesis it suffices to check
that

vp € P? *IP’%H N G2+1 : (Ef,ég(g)) i(p)((8))-

But a contradiction may only arise if for some z = j(x) € V,Y! it were the case that

I®) e e 3(@) €J(ee) (= 3(0)j6))s

J(R) i)+
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equivalently,
p “_]P’(;*Pé+1 T e 65,
while
Qg (agaéj(g)) “_IF’J(K) Plleyn)/Goy ¥ =Jj(z) ¢
(or the other way around). However, this is impossible as clearly x €eebype€
Go_s_1 and the very definition of ¢, and by the fact that q,E (65,43(5)) forces

Ik = e¢.
Having the claim established we can choose g¢ ,; so that ¢;,, (j(x))(j(§)) satisfies

B3) (with ¢ = &), hence|(e)| as well.

Finally, for @ first note that we can assume A € .47, so there are at most x-
many such names. Now choosing an increasing sequence of conditions (g7 : v < x)
in (]P’J(K) * ]Ej(n))/GQH with g = ¢;, we can decide for each name X the statement

k € j(X). So using the < xT-directed closedness of ( J(N)*Ifj;(n )/G2, 1 inVo[GY, ]

(Fact B.8)), we can choose g, to be an upper bound of the sequence (¢ : v < x),
yielding @ as desired.
Finally, ¢, is defined to be an upper bound of the ¢,’s (n < x).

UClaim BIT
Fact 3.12. By the definition of P}, x P}, and the way ¢, was constructed, we have:
()13 For each 6 € S*, if Ds generates a k-complete ultrafilter on Vj;, then

Fpo VA€ D5 Ja<rst (g (ar) C A),

(1)14 moreover, (in M[GY_,]) by [(e]]

o Fe s o, Y [ k(@) =k A de (1) (4)] = (d€ile))
A€Ds
(where x(d) is defined in Definition ZZTH(ii)).
()15 If § € S*, then g5 is a pseudointersection of Dy.
j and g, define the normal ultrafilter
(¢)s D* ={AGR ] lrpo  AC K, g IF “x € §(A)"} C P(k),
(D<1)16 and if Ds C D*, then es € D*.
This together with |(#)| completes the proof of |(C)(a)
Case 2. For B2(C)(b) we proceed as follows.

In V1 we have to find a sequence U = (U, : a < k) of normal measures
on k increasing in the Mitchell order, such that each U, satisfies our closedness
properties, namely, whenever (X, : v < ) is a sequence in U,,, there exists X’ € U,,
| X"\ X,| < & for each v < A. Let Uy be the normal ultrafilter provided by appealing
to |(C)(a)| which we have already proved.

Working in V1[G}] = V[GY + G} ] we will construct the sequence by induction,
so fixing a < Kk, we assume that Ug’s are already defined for 8 < a. So we

(o) let U be a PY « Py = PY, -name for (Us : § < a) € Vo[G) * G|, where

lpo | forces that U (Up : B < a) is an increasing sequence of k-complete
normal ultrafilters w.r.t. the Mitchell-order of length «, each Ug is <A™-
directed modulo [k]<".
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And fix an elementary embedding j. : Vo — M, with critical point x, XM, C M,
with

(3.5) o) (k) = (B3, x ", U)

(recall the definition of h this is possible). We are going to define a normal
ultrafilter U, associated with j., above the Ug’s w.r.t. the Mitchell-order.

Defining P, = j.(P'), and letting (P));, ) = j«(PY), observe that by the defini-
tion of PO (Definition B.4))

3P BY) = (P, (m) * (BL)j. 00)
and
(Pg)ﬁ+1 = Pg * Ei

Now our fixed G, ; CPY, is generic over Vi and also over M,.

With a slight abuse of notation (in the proof of Case 2 from now on, in order to
avoid notational awkwardness) we will refer to (PY);, (. as P?*(K), and to (IP);, () as
Pg* ()} Mmoreover, observe that all the preceding facts and claims hold in this setting,
we only used that j(h(k)) = (P}, x™,z) for some name x, which obviously holds
for j. as well (where z is not arbitrary anymore). In this new setting we appeal
to Claim B.IT] obtaining the condition ¢} € ]P)_?*(K)-i-l/Gg"rl’ and the k-complete
normal ultrafilter

(3.6) D! ={AGY,,]: ML[GY, ] = “ay Ibpo

J Jx(x

/G, R €J«(4)"}

K+1

(which is a x-complete normal ultrafilter over Vo[GY_,], belonging to V([G2,,])
and < AT-directed w.r.t. D*. We only need to prove Claim B.13] implying that the
filter D$ dominates {Us : 8 < a} w.r.t. the Mitchell order:

Claim 3.13. For each 8 < « there exists a sequence (W, : v < k) € Vo[GY_,],
where

e for D}-many v < x the set W,, is an ultrafilter over -,
e for each X € 2(k) N V(|G ]

XelUs <= {y<k: (XNvy)eW,}eD;.
Proof. Using (reinterpreting) (3.5

y<k: h(y)=(2y, iy Yyy), Where y, is a PJ -name
for a sequence of subsets of & () of length ), € D; N'V,.

— o
Lo = Yoo

Now suppose that 8 < «a is fixed. Since gz~ is name for a sequence of length «, we
can easily get a name for its 5’th coordinate. This way, we can fix Y € D? NV,
and the sequence (W, : v < k) such that

(A1) for each v € Y, W, is a P9, -name for a subset of #(v) (the 3’th coordi-
nate of x.), and
(A2) Ju((Wy : v <r))(K) = Up.
In what follows, we will prove that the natural candidate W, = W, [G2_ ] (v < k)

works (utilizing standard arguments, so a reader familiar with this kind of proofs
can jump to Case ).
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For a fixed P) * P)-name X € Vy (for a subset of ) define the P}, * P}-name
Zx € Vj as follows.
(3.7) lpopr IFZx ={y<r: X [yeW,}
We only have to verify that
(3.8) X[Gy] € UplGRy,] iff Zx[G) 4] € D2.
But the latter is defined (by ([34])) as

Zx[GY,,] € D2,

)

(in ML[G] 1)) a5 H_IPJ -

Therefore, as j.(W)(k) = U by 1), and
M.[G) * G\ F (a3 Fk €ju(Zx) <= ayIFj(X) [ x€Up)

(since j«((W, : v < k))(k) = Ug), we observe that in order to get ([B.8) it suffices
to show the following

(3.9) X[GY] € UplGRyy] iff ¢ I ju(X) | 5 € Up.

*IF’J*( )/G,iJrl EJ*(ZX)

But then by the elementarity of j. (and crit(j.) = &)

Va<rVpeP)xPy: plrpop a€X <= ju(p) Fpo o, & € (X)),
KT Jx(K) ~Jx (X

and recalling pe GY, | implies ¢ >j.(p) in the quotient forcing IP’?* () * 5. (X)/Ggﬂ)
we get that

(¥)1 (in ML[GY *G}]) the condition ¢} forces j.(X) | & to be equal to X[GY, ,].
This yields (B]), completing the proof of Claim 3.13 and Case OClaim ET3

Case 3. For BEI(C We fix T > k, and 7, and we would like to define the
r-complete fine normal ultrafilter W on [Y]<* that satisfies [*)] from [(c)} First we

redefine the elementary embedding j from Definition B3] (as well as IP’J( ) Eﬁm)

Definition 3.14.
(o)1 Let p=[2(TX)" 4 p|, and
()2 define j : Vo — M to be an elementary embedding with critical point
such that (j(h))(x) = (B}, p* ,0) (0 = 0 is the canonical name for the empty
set) and j(k) > p, ‘M C M,
(0)s Let (Pq,Qf : o < j(k), 8 <3(R) = J(P2, Q5 : o <k, B < K)) so Q) =P,
and let P5 ) =j(Py}).

Similarly as in Facts 3.7, B.8] we can get the following.

Fact 3.15. The filter G° 41 is generic over M as well, and the forcing notions
PY )/ Ghp1 and (P9, + P))/GRLy (v < J(x)) are well-defined and < 12T + n|*-

dlrected closed in M[G? ,].

Fact 3.16. Vi |= “(P§

Fact B.§] follows from Fact B.17]

Fact 3.17. V|G * Gl = 2" +"M[GY, ] € M[GY,,].

* P /G2, is < |27 + n|*-directed closed.”

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



Sh:1185

UNIVERSAL GRAPHS WITH THE FAILURE OF SCH 3139

Using this new j, we will extract the ultrafilter W C Z([Y]<*) (in the sense of
Vo[G2,,]), and the sequence of ultrafilters U as well from the information provided

by GO, = GYxGl, and ¢, € (]P’?(K) *]P’;(X )/G2,; (given by ClaimBIT]), and then

we will prove that 1t is indeed a measure sequence corresponding to the elementary
embedding jy . Obviously,

(@1) j(k) > x, XM € M.
Observe that Claim B I1]is true in this setting as well, and let the master condition
ax € (IP’JQ(N) * IP’;(X))/GQH be given by it. First we claim that by possibly extending
Gy, We can assume that
(@2) Foreach A € Z([Y]<")NVj the condition ¢, € (IP’(.)( )<y )/G‘;H decides
about (the truth value of) “(j*“Y € j(A))” (in M[Gm—l])
To this end we first count the possible A’s. Recall that P} is < -closed [(B)}[(D)]

D" N Ve = <" NV = <" NVo[GY),
and as |PY| = &,
(3.10) [X]=" N V| < (T x)".
Second, as [P}, * P} | = x, we have
(3.11) Vo = Vo[G) + Gyl E 2(] ") < X )Vo < p.
Now using Fact B.8 we can extend ¢, to another condition g, in (at most) p-many

steps (in (B§.) * P} o))/ GP41) so that

(@3) for each name A for a subset of [x]<"

M[G ] E g || J“T € 4,

and so (by possibly replacing ¢, by g.)|(@2)|holds, indeed. Now we can define the
k-complete, fine, normal ultrafilter

(3.12) W ={A[G) * G,] € [Y]=": ¢y IFj“T € j(4)} € V2.

Now let jw : Vo — My = MOS([T]<K¥2/W) be the corresponding elementary
embedding, and let U = (U, : a < dom(U)) be the ultrafilter sequence of maximal
length associated to jy, that is, the following hold in V5.
(81) Uy = &, and for each a € dom(U), a > 0 the set U, C Z(V,) is a &-
complete normal ultrafilter satisfying
VACV,: AeU, < Ulacjw(A)

(therefore for each a < dom(U), U | o € Myy),
(B:) U ¢ Myy.
Claims B.I8 and [319 complete the proof of as we study the ultrafilter
sequence U [(min(dom(U),n).

Claim 3.18. For every ultrafilter sequence F' € My, with x(F) = & there exists a

}P’(.J( ) * P -name F' €M for an ultrafilter sequence with H(F/) = k such that for

Vo[G)+G]]

each name A for a subset of Vj, we have

Fejw(AlG)«GY)) <= MIGL, ] E ¢ FE €j4).
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Claim 3.19. Suppose that o < min(dom(U, 7)), and assume {F; :i < o} C M is a
set of (Pj,;) * P}, -names for) ultrafilter sequences with (L) = r (i < o).
If the filter
Fo=(HACVY?: ¢ IFEi €j(A)}
<o

satisfies (Vo < k) : |U Fy | @] < k, then F, is < AT-directed in the sense that for
any system (X, : @ < A) in F, there is a set X' € F, s.t. for each o < X there
exists § < k with X' | [§,k) C X,.

Proof. (Claim BIR)) Instead of factoring through our elementary embeddings (after
forcing) we provide a direct calculation. Fix the ultrafilter sequence F' € My, and
pick a function f € Vy, dom(f) = [Y]<*, jw (f)(jw “Y) = F, where we can assume
that

(3.13) Vz € dom(f) f(x) is an u.f. sequence with k(f(x)) = otp(k N x).
Now we can fix a P}, * P-name [ € Vo of f, such that 1po,p: forces 3.13). Now
as f € Vg is a P x P} -name for a function with dom(f) = [Y]<*, by elementarity
i(f) isa P?(n) * 5 ,-name for a function with domain [H(T1)]<9). Now, as j“T €
M N [j(T)]=*, there is a name F’ € M such that
. su !
(3.14) M = ”‘PJ}(K)*PJ{(X) JHGT) =
It only remains to check that for each X C V.V2 the conditions “F € ju (X)”
and “g. IF F' € j(X)” are equivalent. More precisely, we prove the following.
(o) For every fixed P}, * P} -name X for a subset of V,Y2
FejwX[Gr+G]) < a.IFE € j(X).
As F = jw (f)(w “Y) we can reformulate the lhs. of the statement as
VIGI =G {y e [Y™": f(y) e X} eW,
i.e. for some p € Vo[G} * G| ]
plrposp {y € (X]=": fly) e X} eW.
Now for the P} * P}-name C := {y € [Y]<" : f(y) € X} we have (by and
B.12))
(3.15) CIGY+GleW <= ¢ IFj*T €j(C).
(Recall that g, decides this by as C is a name for a subset of [Y]<".) Now

(rpg ey ) 3(0) =y € (Y15 : f(y) € X))

= ({y € (OO 2 5(Hy) €3(X)}),

so the rhs. of I3 is equivalent to

(3.16) g IF3(£)G*T) € 3(X),
so recalling the definition of F”, IF j(f)(G“Y) = F' by .14) (B.186) is clearly equiv-
alent to ¢, IF F’ € j(X), therefore @ holds, as desired. Oclaim BEI
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Proof. (Claim BI9) Fix (F} : i < o) as in Claim B.I8

We only have to recall how we constructed g,, which ensures the existence of
the desired pseudointersection. Fix a sequence (X, : & < A) in the filter F,. Now
let D' = {X, : « < A}, which is equal to D, for some { < x by from our

assumptions Now by our assumptions

(Vi<o) (VX € D¢) ¢y IF E; € j(X),
so since AJ'.( 0 is the name for the intersection of the j(A)’s, where A runs over the
< k-complete filter generated by D, (Definition B10) AE(C)

Finally, recalling Definition B0 and 3] from Claim BII] we get that for the
generic sequence e (which is a pseudointersection of the D' = D)

Ge+1 IF3(ec) [ (k+1) = ec U (A I [k, 5 + 1)),
which means
(Vi< o) g lFF; €j(ec),
and we are done.
Uctaim E191

|:l(jlaim

3(B). The preliminary forcing for obtaining (k,\) — 1 systems together
with a universal in (K,),. This subsection deals with the application of Claim
B2 we show that it is possible to force a universal object in (K;), with a notion
of forcing satisfying requirements from Claim

Conclusion 3.20. Assume
e « is supercompact,
E<A<x =X,
A is regular,
(V9)(0 € Card Ak < 0 < A= 2 = 01), and
o =cf(o) < k.
Then for some forcing extension VT preserving cardinals > & and cofinalities

> k and < o, we have that in VF:

(1) 27 =x,

(2) & is a strong limit singular of cofinality o,

(3) and there is a universal graph in cardinality A.

Proof. We shall use[.2], but we have to justify it. That is, we need a forcing fitting
in the scheme in Claim with Vo = V, specifying the (< k)-directed-complete
iteration P} = (P}, Q%, ca<y,B<x)€EV= VP2 in which we are free to choose
Qg’s on B's outside S* C x. (And then conclusion [[C){(a)] or [(b)] with Claim
together with Claim 1] or 22 will give the desired consistency result.) Our task is
to construct (in V1) a suitable iteration IP’}(, and to check that IP’;

(1)1 is <k-directed closed,
T)2 is of cardinality x (up to equivalence),
T)3 has the AT-c.c.,
T)4 does not collapse any cardinals, and
T)s Vi = Ibpy “there is a universal graph in (K)\",

PRy
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(T)6 and we can choose S* € [x \ {0,1}]X, S* € Vi, |x \ S*| = x, and the
P}-names Ds (6 € S*) satisfying from Claim
We will do the same as in [She90], we define (in V)

(1) Q} to be the forcing of y-many stationary sets of A, any two intersecting in
a set of size smaller than x,

(2) Qf for B € x\ (S*U{0}) the main iteration from [She90] just with x-many
colors (i.e. in the class K, instead of simple graphs, which is just equivalent
to Ks): forcing a generic random graph, and the embeddings into it with
< k-support partial functions.

We need to check that the iteration is indeed A*-cc, which will be ensured by
showing that (in V1) Q} is AT-cc, and in (V1)@ the iteration of QL’s (0 < a < X),
i.e. P} /G] has the x*-cc .
First for future reference we have to remark that by the construction of P9
0
(¥); in V; = Vg" k is still strongly inaccessible (as we noted in |()s)). As
|PY| = K our cardinal arithmetic assumptions above  are also preserved.

Working in Vi, Lemma [3.21] concerns the first step Qf which we can define to
be Q(A, x, k) as in [Bau76l Sec. 6.], see @ in Definition 3.221

Lemma 3.21. In V; there exists a forcing poset Q} that is <r-directed closed, of
power x, having the AT -cc, preserving cardinals from (x, \], and

V¥ L 3(5.: a <y} C 20,
a system of stationary sets s.t. Yo < < x: |SaNSs| < k.
Proof.

Definition 3.22. First we define the following auxiliary posets.

(a) For aregular cardinal p we let Q' (A, x, i) be the set of functions f satisfying
(i) dom(f) € [x]<*,
(ii) for each o € dom(f) f(a) € [N\]<H,
with f < g, iff
(iii) dom(f) C dom(g),
(iv) Va € dom(f): (o) C g(a),
(v) for cach a # § € dom(f): f(a) 1 £(8) = gla) N g(B).
(b) Let Q(A, X, k) € I, eregns,n @ (A X, 1) be the collection of the following
functions f
(i) (Vi < v € Reg i, A), (Vo € dom(£,)): fu(a)  fy(a)
with the pointwise ordering inherited from the full product

II @txw.

nEReg N[k, A
Definition 3.23. We let Q) = Q(), x, k) € V.

For later reference we note the following. Recall that xy* = x holds by our
assumptions.

Observation 3.24. For each u € Reg N[k, A |Q" (A, x, p)| < x<H-A<F = x. Therefore
Qs = x-
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By [Bau76, Lemma 6.3], recalling (¢ € CardN[x,\)) — (29 = o) by our
premises, so A<* = X we have the following.

Claim 3.25. Q(\, x, k) is AT-ce, <r-directed closed, preserving cofinalities and car-
dinals.

Clearly

(1)1 every directed subset of power less than x in Q} = Q(), x, k) has a least
upper bound.

1
Now obviously, in V?”

(1)2 the generic subsets S, (a < x) defined by IFqy Sa = UW{fula) : f e G}
form a x-almost disjoint system, i.e. if & < 3, then IF|S, N Sg| < &,

we only need to verify that

(1)s for each a0 < x the subset
S, 1s a stationary subset of A,

which is a standard argument, but for the sake of completeness we elaborate. (In
fact, recalling [Bau76, Lemmas 6.3-6.5.] with the aid of the following it is easy
to argue that (S, N E2,) i.e. restricting S, to points of cofinality at least x is
stationary.) -

Claim 3.26 ([Bau76, Lemmas 6.3-6.5.]). The notion of forcing Q(A, x, ) is equiva-
lent to the two-step iteration Q(\, x, k1) x g/()\, X, K, F) where

V(fg(/\’x’ﬁ) = e F, (a€Y) is the generic sequence in [A]*(given by Q(), x, x)),
i Q/(Aa X5 Ky F) - Q/(A, X :‘i) defined by
[f € Q' (N x, K, E) <= VYa € dom(f) f(a) C Fal.

Moreover, Q(), x,x") is <kT-closed, (in V?()"X"ﬁ))7 and Q'(\, x, k, F) has the
kT —cc).

Looking at the definition of the forcing Q(\, x, k), if we are given a condition
p, and a Q(A, x, x)-name C, for a club set in A, first recall that Q(\, x, k) is <k-
closed (Claim B220), in particular < wj-closed, as & is strongly inaccessible. We
can define an increasing sequence p’ (j < w) in Q(\, x, ) with p® = p, and an
increasing sequence of ordinals g; (j < k) satisfying p/ I+ g; € C,, and if j < k,
then sup U{p’ (8) : B € dom(p’)} < gx. This is possible, as | dom(p;)| < A, as well
as |pj)\(ﬁ)| < A, and ) is regular. Then clearly any upper bound of the p’’s forces
0w :=sup{g; : j <w} € C,, but as the least upper bound does not say anything
about the statements o, € Sg (8 < x) we can extend it to a condition p’ with
0., € pl,(a) for each p € RegN[w, A] (thus p’ IF g, € So N Cy). This completes the
proof of Lemma [3.21] OLemma B21

As Q} as already defined in Definition B.23] we can define the iteration (P!, Qé :
a < x,B < x) for which we have to choose a suitable S*.

Definition 3.27. We let 0,1 ¢ S* C x be such that |S*| = x, [x \ 5*| = x.
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Definition 3.28. We let (P, Qp: o < x, < x) be the following < x-support
iteration. The definition of the ]P%—name @é goes by induction on S as follows,
distinguishing three cases. But first
® we have to remark that in steps with 8 € S* we will only assume that Dg
isa Pé-name for a system of subsets if V.V, where

Fpy Dg € [2(VY),

first we will deduce some properties of IP’; based on only this weak assump-
tion up until the end of the proof of Lemmas and [3:34] and then we will
verify that the Dg’s (8 € S*) can be suitably chosen (during the inductive
process of defining the iteration P!) so that the iteration fulfills all our

remaining demands from |(T)1H(T)sl This will be a standard bookkeeping
argument.

@® Similarly, for steps in x\S*\ {0, 1} up until the end of the proof of Lemmas
3.5 and [3.34] we only assume that ey Mg € (Kx)a, i-e. is a Ph-name for

a k-colored graph on \.
e For every M = (|M|,RM : o < k) € (K,)x we will use the notation
cu 1 [M\? — K denoting the color of the edge between i and j, i.e.
em(ij) =a <= (i,j) € RM.

1
Case 1 (B =1). Let Qi € V?O be the forcing for obtaining a random r-colored
graph on A\ with conditions of power < , i.e. ¢ € Q1 iff

(i) ¢ S {li By jl: 075 <A v <k},
(ii) Vi # j < X we have
([i By jl,i Ry Gl€q) — (v="7"),
(iii) lq| < &,
with the usual ordering. Then
(0)1 the generic object M, = (A, RM+ : «a < k) satisfies

Ipy (RM~ . o < k) is a partition of [\]%.

1
Case 2 (B € x \ S*\ {0,1}). In order to define Q} € Vlfﬁ (formally a Pj-name

1 1

Qf € Vi) we first need to work in V| = V?l(: V?O) as preparation. Let T
be a large enough regular cardinal, and define the continuous increasing chain
Ng=(Ngy: v <A € V] so that

o 3,Ps (Ny: yeB\S*\{0,1}), G} € Ng (the generic filter over Py),

e k+1C N/670,

e for each v < \:
o Noo < (#(T)VE€),
*)o |Ngyl <A
o). Ng -, NAis an initial segment of A
.)d Ngﬁ NnA< Ng77+1 nA,

Je for e < Alimit Ng. =, .. N,

(
(
(
(
(
(0)2 let Eg(7) = NgH NA (v < A).
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So the set {£(y) : v < A} is a club subset of A, and as Sp is stationary (Lemma
B2T)) the set Cp = cl(SgN{&a(y) : v < A}) (i-e. the smallest closed set containing
SgN{&s(y) : v < A}) is a club. Therefore the system (Ng ., : v <X A &5(7y) € Cg)
(after reparametrizing) clearly satisfies|(e),H(®)., hence we can assume that

(©)s {&p(v+1): v €A} C S,
and we let

(0)a Nj ={8s(7): v €A}
For later reference we remark that the x-almost disjointness of the S,’s and
together implies

(0)s if B# a < xthen [{€g(6+1): deA}N{&(d+1): J €A} <k.

1
Now the forcing Q}B € VTB is defined so that it shall give an embedding fsz of the

1
k-colored graph Mg € VIEB into M., formally defined by
(0)6 qc Qé, iff
(i) g is a set of elementary conditions of the following form
o [fs(i) = j], where j € {{g(v+ 1) : ki < v < k(i + 1)} (so
necessarily i < j),
o [j ¢ ran(fs)] for some j < A,
(this is necessary for the x-cc),
(ii) the collection ¢ corresponds to a partial injection, and free of any
explicitly contradictory subset of terms, by which we mean that
(a) there are no 4,5 € X s.t. [f3(?) = 4], [ ¢ dom(f3)] € q,
(b) there are no i,jo # j1 € A s.t. [f5(i) = jo, [fs(i) = 1] € ¢,
(c) there are no [fs(io) = jol, [fs(i1) = ji] € q s.t. cn,(do,i1) #

enm, (Jos 1)
Note that fg’s are automatically injective by
(iii) |gq| < &.

Case 3 (0 € S*). AsDgisa ]P%—name for a system of subsets of V.V! | if additionally
for each o < K |(UDg) | «| < & holds (and if Dg generates a proper k-complete
filter), then we define Q}B to be the Mathias forcing Qp, from Definition 3.1} oth-
erwise we can let Qé to be the trivial forcing. Note that this requirement ensures
that

()7 if (w, A) € Qp, then |w| < &.
This completes Definition [3.28§]

Now it is straightforward to check that each Q) is (forced to be) < r-directed
closed, so IE”; is a < k-support iteration of < k-directed closed posets, IP’; itself is

< k-~directed closed by [Bau78, Thm 2.7]. (In particular it does not add any new
sequence of length < k.) Since forcing M, goes by < k-approximations (H_Pi (g €

@%) — (|g| < ), we have:

1
Observation 3.29. For each € x \ $*\ {0,1} forcing with Qj over VIEB adds an
embedding fg : Mg — M,.

1
We already saw that P} = Q} is AT-cc (Lemma [B:21]), now we prove that in V]fl
the quotient forcing IP’; /G1 has the kT-cc (no matter how we choose the Pé—name
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Dg, or Mg, at first only assumed to satisfy [®]for 2 < S < x), after which not only
will the A*-ccness of P} + (P} /G1) follow (and of P} , too), but some easy calculation
will be sufficient for ensuring |(T)2H(T)¢l In order to prove the antichain condition
we will need some technical preparation, the same way as in [She90]. Recalling that
each P! is < k-closed (and is straightforward to prove (by induction on «)
that

()2 The set
D5, ={peP, : Vyedom(p) (BeS¥)
(6 ¢5%)
is a dense subset of PL.

(x)3 Therefore, in the quotient forcing P! /G1} (as defined in [BauT7g|, or see

below) the set

Do ={pePy/Gi: 30 €Gi: (g)Upe DL} €V]
is dense (where PL/Gi1 = {p | (dom(p) \ {0}) : p € PL} € V!, and
p <p1 a1 ¢, iff for some 7o € G} C Pj: (ro) Up <p1 (ro) Uq).

(x)4 With a slight abuse of notation (in order to avoid further notational awk-
wardness) we will identify each condition p € D% C P! /G with the func-
tion on the same domain, but for each v € dom(p)

e if 3 € S* then writing p(8) = (w, A) (instead of some Pj-name satis-
fying (go) Up [ B1Fpy p(B) = (w, 4) for some g € G}),

e if 5 ¢ S*, >0, then writing p(8) = s, where s is a set of symbols as
in Case[Il @in Definition B:28] (instead of (go) Up | B II—]P;}f p(B) = & for
some qg € G1).

Note that (as P} is < k-closed and D% C V)

(¥)5 for any @ < x, and increasing sequence p = (p¢ : ¢ < & < k) in DY if
p € VI, then p has a least upper bound in P! /G1, which we will denote by
lim¢ <. pe, and this limit is in DY. For the sake of completeness we include
the formal definition of lim¢.. pc. The limit of p = (p : ¢ < e < k) is the
function p*, where

(a) dom(p*) = U, . dom(pc),
(b) for g € §* N dom(p*) p*(B) = (Ucco wpe (), 4p), where pe(f) =
(wp 8y Ape(p)), and Ag is the P}B—name defined so that II—PE Apg =

mg<a Apg(ﬁ) holds,
(C) for 6 € X\S*a B > Oa set p*(ﬂ) = U(<5pC(B)
Definition 3.30. In V/ for each a < x, § < A, for each condition p € D9 we define
pl®! to be the function with dom(pl®)) = dom(p), and
(a) if 1 € dom(p), then pl% (1) = {[i R, j] € p(1): i,j < J},
(b) for 1 < B € dom(p) N S* we let plYl(B) = p(B3),
(c) otherwise (for 1 < 8 € dom(p) \ S*) we let
pPB) = A{[fs()) =4l €p(B) : i,j <max{€s(7): ¥ <A, &p(v) <0}
U
{lj ¢ ran(fg)] € p(B) : Jj <max{§p(7) : v <A, &(7) <6}
Observe that, because of each p and each p(8) (8 € dom(p)) has support of size
< K, and A > k is regular,

[Fwy Vst kg p(y)= (0
S

%
— [3sy €V st |FJP’§ p(v)=3,
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()¢ for each o < x, p € DY C (P! /G1) we have pl®l = p for every large enough
6, and
(#)7 clearly p?l [ 8 = (p [ 8)!*) (for B < ).
Note that for p € DY C P! /G1 the reduced function pl! is in V/ (even in V), but
is not necessarily a condition in PL/G1. Nevertheless,

(¥)g for p < g € DY with pl®l ¢l®) € DO (i.e. if they are conditions in P! /G1)
we obviously have pl® < ¢l9].
It is straightforward to check the following (by induction on «).
Observation 3.31. For each a <y, p € D% and § < \

(a) pl¥ is an actual condition (i.e. belongs to DO C PL/G1), iff for every

p € dom(p)
P | B € P}, and
e (letting 65 = max(N; N (0 +1))

(Vio, jo, i1, J1) if [fa(io) = Jol, [fs(i1) = j1] € p(B), then:

3.17 L Z . ..
(8:17) joj1 <65 — plo g Fp1/at ens (io, 1) = e (Jo, J1)-

(b) In particular, for limit «
PPl e Pl /Gl «— |(for cofinally many ¢ < a): pl¥ [ e e P,
(c¢) while fora =5 +1
PP ePl/G] <« pl¥ | ePL/G] and BIT) holds.
The following notion and lemma is of central importance.
Definition 3.32. In Vllpi for ao < x define
Dy ={peD): (V<)) p eP,/G}.

Having Observation B:3T]in our mind it is easy to check the following.

(¥)o Whenever (p; : ¢ < € < k) is an increasing sequence in D}, then
lim¢ <. pe € D%
This leads to the statements about how p € D} and p | 5 € Dy (8 < «) relate to
each other.

Observation 3.33. For each a <y, p € D?
(a) p € D, iff for every 8 € dom(p) and for every § < A
pl B € Dj,
and (letting 65 = max(Nz N (0 + 1))

(3.18) ('Wofjmh_yﬁ) if [{(g(io) = Jjol; [f(i1) = jﬂ EP(B% then:
Jo,gi <05 — P I BlFpLar e, (ios in) = ear, (Jo, j1)-
(b) In particular, for limit a
p € D! <= (for cofinally many e < «): p|e € DI,
(c) while fora =5+1

pe D, <= [plB e Djand [for each 6 < A ([BI8) holds for 3.].
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We are ready to state the two lemmas on which the correctness of the entire
construction depends. Lemma [3.35] makes it possible to enumerate and embed all
possible graphs on A into M., which can be proved relying on Lemma [3.34

Lemma 3.34. For a <y
(),

e}
1
Vllp1 = D7 is dense in P /G1.
Lemma 3.35. For every a < x
(W):

[}

V]fi = PL/G1 has the k™ -cc.

Proof. We proceed by induction, and prove Lemmas [3.34] and simultaneously:
More exactly we prove Lemma [B.34] for v provided that both Lemmas hold for
B’s less than «, and we verify the xt-cc property for P assuming that D is a
dense subset of PL/Gi. For a < 2 (when P}/G{ is essentially the forcing Qi
of the random graph Case [Il of Definition B:28)) the statement @ clearly holds,
moreover, @ holds recalling k<% = k.

Suppose we know that for each ¢ < « @ and @ hold. Assume first that a
is limit. If cf(e) > &, then P}, = .., PL, Di = U..,, D, so the latter is dense,
we are done.

Second, if « is limit, but cf(a) < &, then let (ny : 6 < cf(a)) be a continuous
increasing sequence with limit «, let p_; € DY be arbitrary. We will choose the
increasing sequence (pg : 6 < cf(a)) in D? with pg > p_1, and py | 79 € Dy, . This
would suffice as for each 6 < cf(k) the sequence p, | ng (0 < cf(c)) is eventually in
Dy, so for p* = lim,ct(a) Pp using we have p* [ g € D; , leading to

(V0 < ct(a)) p™ [ 19 € Dy,

so by @ we are done. For the construction of the pg’s, as DY and Dy,’s are < k-
closed we only have to ensure that ps € DO can be chosen so that not only py > p,
(0<8),but pg | m9 € Dy, . Now applying the induction hypothesis, we can find
py € Dy, such that it extends (limy<gp,) [ 79 (in P, /G1). Finally, let py be the
least upper bound of p} and (lim,<p p,) (in fact for # limit we did not even have to
appeal to the induction hypothesis if 7 is continuous).

Third, if o = 8+ 1, let p_; € DY be arbitrary and we will extend p_; | 3 to
p* € D} (using (I)é) in such a way that the right hand side of Observation
holds for p = p* U (p_1(B)) (so that p € D%, p > p_1).

For this, let {js : 6 < v} enumerate {j < A: [fs(i) = j] € p_1(B) for some i <
A} in increasing order, and we can fix the system {ig : 6 < v} so that

(®)1 {ig : 0 < v} is such that for each 6 [f3(ig) = jo| € p—1(B).

Note that by Definition B.28/Case B/(i)]

(®)2 for each 0: iy < jo,
and also we can choose 7y for each § < v such that £g(v9) = jg, thus

(®)s we have

<A 3i<Ala) =l €pa(B)} = Lo 0<v}={€alr): 6< v}
Now we construct the increasing sequence (pp : 6 < v) in D with the properties
(OC) pP-1 fﬁ §p07
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(B) for each 0 < v, for each g9 < &1 < 6

Ea(vey 1) . .
Py sy e, (g iey) = ear, (Gegs der):
This clearly suffices, as we can let p* = limg<, pg € D}, and then p = p* U (p-1(5))
belongs to D}, @5 follows, indeed. (To see that the condition p belongs to
Dy, recall jo, = €3(72,) s0 €5(7e, + 1) is the minimal § < \ with plés(=+DI(3)
containing the symbol [f3(ic,) = Jje,|, therefore by Observation B33(c) we are
done.)

Appealing to the induction hypothesis, let py € Dj, po > p—1. Using the < k-
closedness of D; it is enough to deal with the successor case, that is, for each
0 choose pgy1 such that pEﬂWH)] forces that the partial function i, — j. (e < 0)
is an embedding of Mg | {i. : € <6} into M, | {j.: € < 0}. Using again ()]

(®)e it suffices to show that for each € < 6 and ¢ > p_1 [ 3, where q € D7, there

exists ¢’ € D, ¢ > ¢
glés(vo+ 1) ”‘P}a/G% ey (ieyig) = ear, (Je, Jo)-

We will see that this follows from the following (formally) more general lemma,
stated here for later reference.

Lemma 3.36. For every 8 < x, ¢ € Dj, 6 <A, 7,1 < maX(Ng N(d+1)) there
exists ¢ € D, ¢’ > q such that

¢ forces a value to e, (7,37).
Moreover, if q satisfies
(Vv € dom(q) \ S*)(Vi,7) :
3.19)  [([fs(0) = 7)] € a(v) \q[‘; (7)) — (=max(NXN (0 +1)) Aj<9)]
and (q(1) = ¢¥)(1))
(hence 0 ¢ N for vy € dom(q) \ S*), then there exists q' for which additionally:

(Vv € dom(¢)\ S : ¢ (M) \ ¢ (7) = a() \ (7).
(Here we remark that lemma is for every 3, and uses the x*-cc property of
IP’%; /G1, but we will only apply it to our fixed 3, for proving that is, to
complete the proof of ((I)é A (I)é) M)

Proof. (Lemma B.36) So fix ¢ € D, let o be chosen so that {g(0) = max(Njz N

(6 4+ 1)), so i,i" < £5(0) < 8, and recall that for the model Ng, < (A#V1(Y), €)
we know that ¢',7”, Mz, P}, Gi € Np, (and thus Py/G] € Ng,). So we can find
A € Ng, such that A is a maximal antichain in D C IP’%,/G%, each p € A decides
the value of caz, (7',7"). But as P}/G}] has the xT-cc, and k + 1 C Np , we have
that A g Nﬁjg.

So

(B); let ¢’ € Dj; be a common upper bound of g and some q" € A.

We have to argue that not only ¢ Fp1 /a1 euy, (7',3") = e, (for some ¢, < k) but

(3.20) el Fesjar e, (7,3") = e
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For ([B.20) it is enough to prove that ¢”1®! = ¢, because then ¢’ > ¢l = ¢ (by
(*)g), which decides caz, (7/,4"), yielding [B.20), as we wanted. But as ¢ € Ng,,
and AN Ng, = £3(p) < 6, we have dom(q”) C Ng,,. Now for each ¢ € dom(qg”) \
S*\ {0,1} we have (N¢, : ¢ < A\) € Ng, (recall Case 2] from Definition B:28)), so
¢s(0) is an accumulation point of the &:(¢)’s. Hence we get that
(H)2 for each ¢ € dom(g”)\ S*\ {0,1} £5(0) = &¢(¢) for some ¢ < A (in fact, for
v =¢5(0)),

so ¢"lés(] =¢8] — ¢’ we are done.
Finally, for the moreover part, if v € dom(q) \ S*, let 67 = max(N,, N (d + 1))),
and define 77’ to be the unique ordinal s.t.

(3.21) [f5(i5) = 651 € 4()

(if there exists). Note that our conditions on ¢ imply that if i, is defined, then
i <65, and by our conditions (3.19)

5; <.

Now by induction and by the first part define ¢” > ¢ such that for every v €
dom(q”) \ S* with i defined

([f4 (i) = 4] € "' (7)) — " | v decides the value cy. (3, i i),

and
([f4(i) = 4] € ") (7)) — ¢"P(1) decides the value cy. (j,07)

(in fact this latter follows from j,07 < ¢ and ([3.21])). Now clearly ¢” 9] > ¢l and

we can define the condition ¢’ to be the least upper bound of ¢”! and ¢ (which
is just adding symbols [f, (i) = 6] € g(7)): this is possible, as for every v with

i~ defined we have that ¢" | v forces that ¢"1%(y) U {[f+(i5) = 6]} is indeed a
partial embedding. ULemma B30

Turning back to the statement from as je < jo = &a(v0) < €p(ve + 1) we
also have i.,ip < () (thus obviously i.,ip < £3(79+1)). Apply the lemma with

6= &3(’)/9 + 1), i = e, i = 19,
(@)7 let ¢’ € Dj; be given by the lemma, so

(322) q/ |FIP’}§/G% CMg (ig,ig) = CM. (jsva)

(which is obvious, as

(®)s ¢ > p_1 | B, and p_; is a proper condition in D% with [fa(ie) = Jol
[fs(ic) = je] € p-1(B), hence ¢’ ~ (p_1(B)), too).
It remains to argue that

(3.23) tes e+l Fp1jat e (iesig) = car, (Je, Jo)-

But ¢/l¢s(ve+1)] Fp1ja1 emp(ic,io) = co (for some ¢, < k) and if [jo Re, jo] ¢

q'é3eDI(1) (so does not belong to ¢'(1)), then adding [j. Re, 1 jo] to the first
coordinate of ¢’ would lead to a contradiction with ([8.22]). This verifies that assum-
ing the induction hypotheses for 3, the assertion@aholds, Le. theset Dj,, = D7,

. . 1 1
is dense in P, /G7.
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Now assuming that D7 is dense we are ready to prove that P /G1 has the k*-cc.
So let (py : v < k') be an antichain in D. By extending each p,

(®)9 we can assume that for each vy < k™
(i) for each 5’ €dom(p,), for each ig, i1, jo < j1 with [fa/ (o) = jol, [fa (1)
= j1] € p,(B) the condition pl1l | B’ decides the value e, (fo, 1),
(ii) for each v < k™ the condition p,(1) is a complete graph on some set
L., with its edges colored, i.e.
L,={i<X: 3/ <X3e<kl[i R.i]epy,(1)},
so (Vi,j € Ly) (30 < k) : [i Rs j| € py(1).

(iii) for each v < k™ and ' # " € dom(p,) \ S* \ {0, 1} we have
{€a(p+1): p<Atn{&pr(p+1): p<A}C L,

(recall that [{€s(p+1): p<AIN{&s(p+1): p <A} <k by[(0)s),
(iv) for each v < k™ and 8’ € dom(py) \ S*\ {0, 1}, for each j < X if either

[j ¢ ran(fs)] € py(B'), or [fa (i) = j] € py(B’) (for some i < A), then
Jj €L,

(v) for eaZh v < kT, f €dom(p,) and j < A, if j € L, then

either [j ¢ ran(fp)] € py(5)

or (for some 7) [fz (i) = j] € py(B'),

(vi) the set L, C X is closed, of limit order type.

(G e{p(p+1): P<>\}):>{

[This is possible, a simple induction using Lemma [B.30] and the fact
[f8(i) =l € py(B) — j€N;

(and D yield that there %s , Z’p7 in D}, with (p'7 i 6)[3'1]’ determining the value
ey (io, i) whenever [fg,(io) = jol € py(Bo), [f3,(i1) = j] € py(B1) (for some
Jo < j1, or if either of the i’s belongs to the universe of p,(1)). Now repeating this
w-many times we get a condition satisfying Then we can obtain an even stronger

condition satisfying |(ii)H(vi)| by only adding symbols of the form [j ¢ ran(fs )] at
coordinates 1 < 3" € x \ S* and extending also p/ (1).]

As k is strongly inaccessible in Vy (by , and in Vlf% (as P} is < r-closed),
we can apply the delta system lemma, so w.l.o.g. (dom(p,) : v < k™) forms a delta
system. By applying the delta system lemma again we can assume that for each
B € N{dom(p,) : v < k}\ S* each of the following systems of sets forms a delta
system:

i L’Y (7 < HJr)v
n_ i [fe)=4] € py(B) v j €€ (ri), Epr (ki + 1)) +
» i = [ ¢ ran(f)] € () po<w)

Therefore (recalling that each ¢ < A has x-many possible images) there are
¢ # ¢ < k', such that ps and pc has no explicitly contradictory terms on the
coordinates concerning the k-colored graphs, and agreeing in the first part of the
condition on the coordinates dedicated to Mathias forcing, under which we mean
the following (w.l.o.g. we can assume that £ =0, ( =1):

(®)10 for each i,j € Lo(1) N Ly (1) there exists some € < k s.t. [i Re j] € po(1) N
p1(1)7

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



Sh:1185

3152 MARK POOR AND SAHARON SHELAH

(®)11 for g/ € x\ S*\ {0,1} (if B’ € dom(py) N dom(py)) the set po(B') Up1(8)
determines a partial injection from a subset of A to a subset of A, i.e.

satisfies [(b)] (from Definition Case D)),
(©)12 for B € S*Ndom(pg) Ndom(p1) po(B) = (ws, Ao,s), P1(B) = (wg, 41,6) for
some wg € [V,Y1]<", and Pi-names Ao 5, 41
Now pg and p; appear as good candidates for a compatible pair in our supposed
antichain, but we cannot take just the upper bound coordinate wise, as for coor-
dinates 8’ > 1 outside S* it will not necessarily force that po(8’) U p1(8’) is an
embedding of Mg to M,. Although it is not immediate, Claim 337 shows that we
can construct a common upper bound, which will complete the proof of @ﬂ for
Q.

Claim 3.37. There exists a condition ¢ € D}, extending both py and p;.

Proof.  (e); By adding symbols of the form [j ¢ ran(fs)] to po(8), p1(8) we can

assume the following (not harming |(®)11))

(o)1 for 1 < 8 € dom(pg) Udom(py) if [f3(i) = jo| € po(5) U p1(B) holds
for no i then [jo ¢ ran(fs)] € po(B8) Np1(B),

()1, whenever 8/ # " € dom(pg) U dom(p1), j* € {&€g(p+1) : p <
ApN{&s(p+1): p<A}Nj, and there is no ¢ with [fg (i) = j*] €
Po() U po(B') then [j* ¢ ran(fg)] € po(5) N p1(F),

(o) Let {jc : € < o} be a continuous increasing sequence for which,

()2 whenever 8’ € dom(pg) U dom(p;) \ S*, and j is such that either
[ ¢ ran(f)] € po(8) Upa(8), o1 Lfa (i) = j] € po(') Upr(8) for
some i, then j = jy for some 6 < . (Therefore, Lo ULy = {j :
[1 Ry j'] € po(1)Upi(1) for some j' < A\, v <k} C{jo: 0 <p}.)

Let j, = sup{jo : 6 < o}, let j,11 be an ordinal which is bigger than
min(Ng, \ j,) for any 8" € dom(pp) U dom(py) \ S*.

()3 We construct the increasing sequence (g. : € < g + 2) in D7, satisfying

gl > pil, pi,

()4 and also we require that for each € < p the strict inequality g.(8’)
q‘gja](ﬁ’) is possible if and only if 8/ € dom(po) Udom(p;)\ {1} and (67")~
max(N5 N (je + 1)) < je hold, and then for each such 3’ the difference

a:(8")\ aZ"(8)
Al @) = 8T i [ () = (82)7] € po(B) Ui (B),
{[62) ¢ran(fp)]}, i [(0) ¢ ran(f)] € po(8) Upi(8).
While otherwise, if neither [(§2)~ ¢ ran(fg )] belongs to po(8") Ups (8) nor

is there an i with [fg (i) = (62')7] € po(8')Up1(8), then ¢.(8') = ¢¥</(8").
(Since for the generic embedding fg ran(fs) C Nj, must hold, roughly
speaking ¢. contains all the information from py and p; strictly below j..)

IV

Now we claim that provided the sequence (¢ : ¢ < o+ 2) exists there is a
common upper bound of py and p;.

Observation 3.38. g,4+1 is an upper bound of py and p;.
Claim 3.39. There exists a sequence (g. : € < g+ 2) satisfying
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Proof. We define gg to be the upper bound of p([)j"] and p[lj‘ﬂ to satisfy
For g/ € S* if po(B') = (wpr,Ao,p), p1(B") = (wsr, A1 ) then we let so(8') =
(w, Bgr) (where Bg is the ]P’};,—name satisfying H_Pg, Bg = Ao g NA1p). Because
of o = q([)JE (by , and recalling [(®)ol(iv)| for v = 0,1, go(1) can only be the
empty condition. Furthermore, for 8’ € dom(pg) Udom(py) \ S*, 8 > 1 we let
(D)1 qo(B") =A{[j & ran(fp)] € po(B) Up1(B') : J <jo A j<sup(Nj Njo)}.

So qo, g € DY in fact belong to D}, and we obviously have
Now suppose that gp’s are already defined for 6 < e, and we shall construct ¢,
but we need to deal with limit and successor ¢’s differently.

Case A (e is limit). Let s, = limgpcc g9 € D}, we argue that we can choose a
suitable extension of s. to be ¢.. For ¢. we only extend s. on coordinates 3 €
dom(pg) U dom(py) \ ({1} U S*). So fix such a . First, if j. ¢ Nj, (hence N,
is bounded in jc) then we let g-(8') = s.(8'). Second, if jo € Nj, and it is an
accumulation point of Nj,, then again we do nothing, we just let g (8) = s:(8).

But if j. is a successor of (j5')~ = max(NNZ N je) in Nj,, then first note that

()2 P28 UpE(8) < i V(8 Upl B Ul ¢ ran(fa)] + o 2
G YUl (@) = GE) 7] i< ()Y

(in fact j’s between two consecutive elements of Nj, are irrelevant in terms of the

forcing and the embedding fg/). Moreover, as ¢ is limit (and (jo : 0 < o+ 2) is

closed by [(#)3) there is 6 € & with jg € ((j2')~, jc), and by [(#)4] we have (for

such 0)
(83 %é " C so(8) € ST (B) UG ¢ ran(f)], [ () = GE) )+ i <
G2}
Again

(A)4 55(6/) ) pé(jfl)_](ﬁ/) Up[l(jf/)_](ﬁ/)7 and
(8)s 5:(8)2 (po(B)U p (BN [G2)™ #ran(f): Lfi (6) = (i) i< (GE) .

So there is no problem adding {[jy ¢ ran(fs)] € po(8)Up1(8") : (7)™ < jo < j}
to se(8) obtaining g.(8’). In each of the cases it is also easy to check [(e)4}

Case B (e = 0+1). We summarize first which symbols the ¢.(5')’s (8’ € dom(pg) U
dom(p;)) would have to include in order for g. to satisfy q[JE] [JE},;D1 and-

Of course only the case ' ¢ S* is relevant.
(A)g for B/ =1 the set to cover is

(3.24)  pI(1) UPP(1)\ go(1) = {[jo R+ ] € po(0) Upi(0): j < jo, T < K}.

By
(A)7 for 1 < B/ € dom(pp) U dom(py) \ S* the set ¢-(8’) has to include the set
(3.25) {[f5:(i) = jol € po(B") Upr(B') : i € A}

(which is actually either a singleton, or the empty set) and

(3:26)  {lj ¢ ran(fp)] € po(B)Up(B) : 5 € ((07)7,02)7| U Lo} \ (e}
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(where (8] )~ = sup(Nj, 1 (jo + 1)), (02) = sup(Nj 1 (j. + 1)), possibly
(55/)* = (67")~ < jg). Recall that if [f (i) = js] € po(B)Up1(8) for some
i, then necessarily jg € Nj,, hence (55 )™ =Jo.
First we are going to extend gy to a condition q;r with q;r (1) including the set in
BZ9), and for 8’ € dom(po) Udom(p1) \ S* the condition g; (8') including the set
in (3.23)).
Subclaim 3.40. There exists q; > qp in D} with

(*)a q5 (1) 2 {ljo B+ j] € po(0)Upi(0): j <jo, T <k},
(%)p for each 0 < 3’ ¢ S*

ag (B) > [jo & ran(fs)], if [jo ¢ ran(fa)] € po(B') Up1(B'),
a5 (8') 2 {fa (1) = jo] € po(B") Upr(B') : i < o},

while

(e g (1) S a7 (W) UL Ry jol : G < o, v < K},
(¥)q and for each 1 < 8’ ¢ S*

g (8) € TG ULfw () = o)+ i < o} U {ljo & rem(f)]}.

Assuming Subclaim (which guarantees that g satisfies [()4]) we only have
to add symbols of the form [j ¢ ran(fs )] (sets in [B.26)) to the g, (8')’s to obtain

the condition gp1 = g. satisfying and therefore Subclaim [3.40] will finish
the proof of Claim

Proof. (Subclaim [3:40)
(A); For each fixed B where 8’ € dom(pg) U dom(py) with [fa (i) = je] €
po(B8") Upi(B') for some i let i’g denote this unique 3.
Now observe that
(A)g for each B with i’gl defined, for/each i < Je Wit;h [fs (%’) =j'] € qo(p') for
some i’ note that ¢/ < j' < (65 )~ = jo and ig < (65 )~ = jo, SO we can
apply Lemma and thus each condition ¢ in D}, can be extended to

’

¢’ € D}, with ¢’U¢] deciding the color em, (1 i/g ).

So enumerating all possible pairs (8’,’) (that are as in|(A)s)) and recalling we
infer that

()3 for some ¢* > gg the condition ¢*Vel | 8’ € D* decides the color em, (@ ig/)

for all such pairs from {(5’,7') : B’ € dom(pg) U dom(p1), 3j [fa (i) =

Jl € a0},
(A)4 repeat this for pairs in {(3,4') : 35 [fs (') = j] € ¢*Vel}, and let ¢** € D*
be the condition obtained after countable many such steps,

S0
(A)s the condition ¢** € D, ¢** > g with ¢**Usl | 3’ deciding the color
CM (i’,ig ) for all (8',4") € {(p',4") : ' € dom(po)Udom(py), Jj [fs (i) =
j] € grlel(s),
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Finally recall that by q0(1) = qéje](l), and for each 8’ € dom(gg) \ S* then
q0(B )\q[” (8") can only be non-empty if 8’ € dom(pg)Udom(p;) (and if it is indeed
non-empty then it is a singleton [jg ¢ ran(fs/ )] or [fg (i) = jg], where (55/)_ < jg)-
(A)s This means that after possibly replacing ¢;*(8') by ¢**1¢! (8")Uge (') using
[(4)5]it is easy to see that we get a condition ¢** € D¥ (which still satisfies
both |(e)4 and |(A)s).
Now we are at the position to construct the desired q; as an extension of ¢**
(In order to include the symbols listed in and for 3”’s with ((55')* = Jo,
but constructing a proper condition in D), our task is to determine the color
v(5*, o) = e, (5%, o) (i-e. add [j* Ry ;- j,) Jo] to ¢**(1)) for each j* and B’ such
that
o [for(ig) = ol € po(B) Upa(8),
e and for some i* [fg (i*) = j*] € ¢**170)(3"),

so that v(j*, jo) = e, (0%, i p ) (this latter value is the color forced by g**lel | g

by [(A)s)). Then adding also the symbols [fs (19 ) = jo] € po(B') Up1(B) will work.

So fix a pair j*, jg as above. Now we will make use of the preparations
and and show that there are no contradicting demands concerning the value
of v(j*, jo). We distinguish the following cases.

Case 1. For some v* < k we have [j* R, jg] € po(1) Upi(1). Then necessarily

j* = jn for some n < 0, and the only option is to

(3.27) put [j; Ru- jo] € ¢ (1),

i.e. define v(jy,,jo) =

B' € dom(pg) U dom(py

(i) = u] € 0 (). )
If 3’ € dom(po), then by Which implies that both [fs (ie ) = Jol, [fa (i%)

= jn] € po(8’), so by |(©)g [0] | B forces a value to cyr, (i* zg ) Hence,

g*lel 1 g > q[”] I B > pg"] | B’ forces the same value for CMB,('*,ZQ ) (by our

hypothesis on ¢ [(e)s]), which is v*.

Otherwise, assume that 5’ ¢ dom(pg) (so necessarily 8’ € dom(p1) and [fa (igl)

= jo| € p1(p’), and jo € Lq). Then again (by our construction and |(e)i|/(®)1a)
the only way that [fs (i*) = j,] € g¢ can happen for some ¢* is when [fg (i*) =

Jnl € p1(B"), but then [(©)o)|(iv)| implies that j, € L1, so [j, Ry~ jo] € p1(f’) is a

member of pi ('), too, and then we can proceed as in the case above (i.e. arguing
that p[”] 8" cen, (3 zg) v*).

v*. Note that this implies j,,j9 € Lo. Pick an arbitrary
) satisfying [fs (zg ) = Jjo] € po(B") Up1(8’) and for some i*

Case 2. For no v* < k do we have [j* R,~ jc] € po(1) Upi(1).

Case 2A. j* = j, for some n < 6 (so by necessarily [{j,,jo} N (Lo \ L1)| =
{jn,Jo} 0 (L1 \ Lo)| = 1). We can assume that j, € Lo \ L1, jo € L1 \ Lo. This
means that
(A)7 for no B’ does there exist ¢ such that [fg (i) = j,] € p1(8’), and similarly,
[fa (1) = jo] € po(B’) is impossible

by our assumption [(®)g}[(iv)] on po and p1. So by [(e)1)[(®)1d| [ [ (i) = jn] € qo(5')
is only possible for any 8’ € dom(py) U dom(py) if [fa (1) = jy] € po(8') Upi(B'),
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so this case necessarily [fs (1) = j,] € po(8’). Summing up, for each 5’ with the
prospective q;r forcing j, € Lo \ L1, jo € L1 \ Lo to be in the range of fz the only
possibility is that

(3.28) [fa (i ) = jo] € pr(B'), and

(3.20) for some i* [f(i*) = o] € po(8).

Now we argue that at most one such 3’ € dom(po) U dom(p;) may exist (then
by [(A)s] we can put [j* R, jc] € g (8') with v* < k defined by g*lel 1 g I
cMﬂ,( zg ) = v*, and we are done).

So assume on the contrary, let 5’ # 5" be such that (328), (329) hold. Then

clearly 8/, 8" € dom(po) Ndom(p1), and jg, j, € {{a/(p+1) : p < A}N{&sr(p+1):
p < A}, then by our assumption (on all the p,’s) contradicts |(A )]
Case 2B. j* is not of the form jp for any § < . This case we argue that at
most one S’ € dom(py) U dom(py) could exist with [fg (i’g/) = jo] € po(B8) Up1(B’)
satisfying that for some i* [fg (i*) = j*] € ¢**(8’). (Then again by we can
put [j* Ry« jo] € q;(ﬂ') with v* < &, q**[Je A IF CMﬂ/( zg ) =v*)

So if there are 8 # 8" € dom(pg) U dom(py) with
[fa(i*) = 7%] € qo(B') for some i*,

[far (i) = j*] € qo(B") for some i**

[ (le ) = Jol € (") Up1(H'),

[for (i) = do] € po(B") Upr(8"),

then again as in Case[2Alwe can get to an easy contradiction (i.e. 8/, 8” € dom(pg)U

dom(py), and j° € {€ar(p+1) : p< A} {Egn(p+1) : p < A}, hence [eT){(o]]
implies [* ¢ ran(f3)] € po(8’) Np1(F’), similarly for 8”. Now recall ¢** > ¢g and

[(e]a)-

USubclaim 320
DClaim

Uctaim B33

ULemmas B34 and

Having proven that IP’; (and each P, o < x) is the composition of a AT-cc and
a kT-cc forcing, so itself AT-cc, we have Moreover, recall Claim and that
Qp = Q(\, x, k), so Qg does not collapse any cardinal, while P}, /G1 is £T-cc, < k-
closed, so IP’)l< being the composition of the forcings preserving cardinals itself does
not collapse any cardinal, we get An easy calculation yields the following.

Claim 3.41. For each a < x we have Vllp‘l’ = |QL| < x. Therefore, up to equivalence
]P’}( is of power x.

Proof. For P} = Q} we already know |Q1| by Observation 324 We have to prove
the two statements simultaneously by induction on «. As }P’; is a < k-support
iteration, and xy<* < y* = x, by our premises it is enough to prove for the successor

1
case. So for each a < x it is enough to show that VIE" E QL <x. Fora=1as
Q1 is a forcing of a s-colored random graph on A\ with conditions of size < k we
get that |Q}| = A<% < x (in fact |Qi| = ).
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For a with 1 < o ¢ S* (so0 Definition B.28, Case[). Again, each condition in Q},
can be coded by a partial function of size < k on A to A+ 1, so |QL| = A< < x.
Finally, for o € S* (Definition B.28 Case ), QL = Qp, is the Mathias type

forcing from Definition Bl where D, is a system of subsets of V.V! generating a
1

Pl Pl )
r-complete filter, so |QL| < (2V=hVi* = (2%)V:" < x (because |PL| = x, Pl is
AT-cc, and we assumed (x*)V' = y).

|:lLemmam]

So now we are ready to complete the definition of IP’; by prescribing the names
Ds (6 € §*)and M (1 < 6 ¢ S*), which are standard easy bookkeeping arguments
(using [P} | = x and the A*-cc), but for the sake of completeness we elaborate. This
will prove and so complete the proof of Conclusion

Claim 3.42. The system of Ds’s can be chosen so that for every P;—name D with
Vi lbp D€ [2(V,;)]=* there exists a § € S*, such that for the Pi-name D; we
have H—p;( D = Ds.

Proof. Tt is obvious that by x* = x (so c¢f(x) > ) and the AT-cc for every such D
there is a nice Pj-name for some d < x. As forcing with the < s-closed PP}, does not
add new elements to V,, we get that for each & there are x** = y-many such nice
names. Also, as [S*| = x we can partition S* = ., Si with S;Na =0, |S;| = x,
we can let (Ds: 0 € S*) list the nice names for subsets of &(V},). Oclaim B2

A similar calculation yields the following.

Claim 3.43. The system of Ms’s can be chosen so that for every Pi—name for a
r~colored graph M on \ there exists a 1 < § ¢ S*, such that for the P}-name M
we have Ibp1 M = M.

Proof. Easy. Uctaim B3
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