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Abstract. Assume κ = κ<κ (usually ℵ0 or an inaccessible).
We shall deal with iterated forcings preserving κ>Ord and not collapsing

cardinals along a linear order L. A sufficient condition for this, which we

will focus on, is for the forcings to have support < κ and the κ+-cc, and be
strategically < κ-complete. The aim is to have homogeneous forcings, so that

the iteration has many automorphisms.

In addition to the inherent interest, such iterations are helpful for consider-
ing some natural ideals on κ2, in order to get a model of ZF+DCκ + “modulo

this ideal, every set is equivalent to a κ-Borel one.”

But here we only have many automorphisms of the index set L and therefore
of the iteration of iterands Q; we do not necessarily have homogeneity of Q,

and we do not have automorphisms mapping other names of Q-reals onto each

other. However, for some reasonable forcing notions, there are no other Q-
reals! This was the reason for introducing and investigating saccharinity in

earlier works with Jakob Kellner and with Haim Horowitz.
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2 SHELAH

§3 From M and P to N and Q (label d) p.22

Now we have Wq ⊆ Lq (for iterations q ∈ Q) such that for t ∈
Wq, the memory At = Bt behaves as in P. (It even bounds the
cardinality, and they are not changed for ≤Q-larger iterations.)

But for t ∈ Lq \Wq, we have two kinds of memory Bt ⊆ At,
where the Bt-s behave as above under the order on L (and are used
to show q1 <Q q2 ⇒ Pq1

l Pq2
).

§4 Homogeneity (label g) p.25

§5 Variants, and the Theorem (label i) p.30

The theorem says that saccharinity of Qo is sufficient to prove the
consistency promised in §0A-B.
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§ 0. Introduction

§ 0(A). Aim. We fix κ = κ<κ and consider homogeneous (<κ)-support iterations
of (<κ)-complete forcing notions, with a version of κ+-cc, preserving those prop-
erties. However, throughout this section we will concentrate on the classical case
κ ..= ℵ0.

To get homogeneity we intend to iterate along a linear order which is quite
homogeneous (and therefore very much not well-ordered).

Ever since Solovay’s celebrated work [Sol70], we know about the connection
between the following two issues:

•1 Forcing notions P with lots of automorphisms. E.g. for small P′ l P and
two relevant P-names η

˜
1, η

˜
2 of reals, generic for the same relevant forcing

Q over VP′ , there is an automorphism of P over P′ mapping η
˜

1 to η
˜

2.

•2 Models of ZF+DC+ “every set of reals is equivalent to a Borel set modulo
the null ideal (or other reasonable ideal)”. (The most central forcings were
Random Real forcings for the null ideal. The second prominent case was
Cohen forcing, for the meagre ideal.)

Concerning the classical case of Lebesgue measurability, another formulation is “no
non-measurable set is easily definable,” formulated1 as ‘definable in L[R].’ See the
history and more in [RS04], [RS06].

This applies to other ideals id(Q, η
˜

) for a definable forcing notion Q (mainly a ccc
one) and a Q-name η

˜
of a real. Generally, it was not so easy to build such forcing

notions: it required one to prove the existence of amalgamation in the relevant
class of forcings. In Kellner-Shelah [KS11] it was suggested to look at so-called
saccharine pairs (Q, η

˜
), where Q is very non-homogeneous. (E.g. forcing with Q

adds just one (Q, η
˜

)-generic, so we have few cases we need to build automorphisms
for. The forcing notion here is proper but not ccc.)

Here we prove the existence of sufficiently homogeneous κ+-cc (<κ)-complete
iterated forcings (so, along a linear order with (<κ)-support).

Notation 0.1. 1)

• κ, λ, µ, ∂, θ, σ are cardinals (infinite, if not explicitly said otherwise). λ+ =
λ(+) will denote the successor of λ.

• α, β, γ, δ, ε, ζ will denote ordinals; δ will be a limit ordinal if not stated
otherwise.

• k, `,m, n were originally natural numbers, but now just ordinals < κ.

• i and j have been used for indices < κ throughout.

2) Sλκ
..= {δ < λ : cf(δ) = κ}.

3) Recall that Lκ,σ is defined like first-order logic, but allowing
∧
i<α

ϕi for α < κ

and (∃ . . . xi . . .)i∈I with I of cardinality < σ.

4) P,Q,R will denote forcing notions.

1 That is, •2 holds for an inner model L[P(κ)]V with V |= ZFC, so in V all ‘reasonable’ sets
are ‘measurable’ for this ideal.
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4 SHELAH

Definition 0.2. 0) For κ a cardinal, the family of κ-Borel sets is the smallest family
of subsets of 2κ containing all basic sets of the form {ν ∈ κ2 : ν(α) = i} and closed
under complements and unions of ≤κ-many sets.

1) For Q a forcing notion, η
˜

a Q-name of a member of 2κ, and ∂ a cardinal, let
id<∂(Q, η

˜
) be the ideal consisting of the unions of <∂-many κ-Borel sets B such

that 
Q “η
˜
/∈ B”.

2) We say id<∂(Q, η
˜

) has measurability when for every Y ⊆ κ2 there exists a κ-Borel
set B such that Y 4B ∈ id<∂(Q, η

˜
).

3) Let id≤∂(Q, η
˜

) be id<∂+(Q, η
˜

).

§ 0(B). Background.

Discussion 0.3. 1) Comparing the forcing Q from [KS11] to the older results (such
as Solovay [Sol70]), the forcings are Borel definable, proper, and of cardinality 2ℵ0 .
In addition:

•1.1 The forcing Q collapsed no cardinal (provided that CH held), but was not
ccc; this2 we consider a drawback.

•1.2 The model, as in those older results, does satisfy ZF + DC.

•1.3 The iteration was along a homogeneous linear order.

•1.4 We get only a somewhat weaker version of measurability, the ideal being
id≤ℵ1

(Q, η
˜

) instead of id<ℵ1
(Q, η

˜
).

Alternatively (e.g. starting with the universe L),

•′1.4 Use id<ℵ1
(Q, η

˜
)+X, where X is the set {η

˜
[G] : G ⊆ QL is generic over L}.

2) The next step was Horowitz-Shelah [HS], where:

•2.1 The forcing is ccc, which we consider a plus.

•2.2 The model only satisfies ZF; we do not get DC or even ACℵ0
— not so good.

•2.3 Again, the iteration is along a homogeneous linear order.

•2.4 The ideal is again id≤ℵ1(Q, η
˜

) (or as in •′1.4 above).

Our intention is to regain both ccc (as in •2.1) as well as DC (as in •1.2) for the
ideal id≤ℵ1(Q, η

˜
). Moreover, we can demand DCℵ1 (or more; see §1) which is a

significant plus.

* * *

We continue [She04], [She], but do not rely on them. Instead of defining iterations
we introduce them axiomatically and allow κ > ℵ0 (referenced in the completeness
and the support). Unlike [She04], the present paper does not address forcing a > d.
Earlier continuations of [She04] and [She] were the parallel papers, in preparation,
with preliminary numbers F2009 and F2029 (and later, their descendants F2330
and F2329). In [She04] the set Pm

s (see Def. 1.9) may be the whole power set, and
we use more general definable forcing notions.

2 Note that Solovay uses Levy collapse of an inaccessible, but the later versions use ccc ones
(mainly for the meagre ideal).
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HOMOGENEOUS FORCING 5

In our iteration we are allowed to replace ℵ0 by some κ = κ<κ, so the forcing
notions are (<κ)-complete κ+-cc. For the κ = ℵ0 case we intend to use the forcing
notion Q2

n from [HS]. But we still need an analogue which works for any κ.

Explanation of the path chosen

(The reader may skip this subsection for now, as it will only make sense after
reading §1-2.)

Consider a family K of κ+-cc (<κ)-complete forcing notions, ordered by some
≤K. There are two natural ways to do this.

The first way:

We build a directed family 〈Pt : t ∈ I〉 such that s <I t⇒ PslPt and P ..=
⋃
t∈I

Pt

is in K and has enough automorphisms.

Presently, this requires

(A) Start with (P,≤P) with the entire partial order <pr
P , as in the present

version of §2. (So no Bq!)

(B) We define Q as the set of q which consist of:
(a) Wq ⊆ Lq such that for every s ∈ Lq we have A◦q,s ⊆ Aq,s with λos

members, which are pairwise disjoint sets all of cardinality ≤ λos , and
are dense in some suitable sense.
(Alternatively, allow 2λs -many such that all possible isomorphism types
appear.)

(b) For each s ∈ Lq \Wq we have an ideal Is on A◦q,s such that

A ∈ Aq,s ⇒ {B ∈ A◦q,s : A ∩B 6= ∅} ∈ Is.

(c) If s ∈Wq then
⋃
Aq,s ⊆Wq.

(d) If q1 ≤Q q2 and s ∈Wq1
, then Aq1,s = Aq2,s.

The wrong way:

Let χ = χ<χ > θ = cf(θ) > κ = cf(κ) such that κ = κ<κ and α < θ ⇒ |α|κ < θ.
We force by (K<θ ∩H(χ), <K), where K ..= P and K<θ

..= {P ∈ K : ‖P‖ < θ}.

To deal with L[R<θ], it is enough to prove that there are enough amalgamation
bases in (K<θ,≤K), which is not so hard. (It is enough to have “the union of a
≤K-increasing chain of length ∂ is a lub,” for some ∂ ∈ [κ, θ) ∩ Reg.)

A suspicious point is how to define when a (not overly long) increasing sequence
in (P,≤P) has an upper bound, even in the case κ ..= ℵ0. However, for (P,≤MP )
this is not a problem.

Too good to be true? No; just that for homogeneity we need to return to the
first way.

* * *

We thank Shimon Garti, Miguel Cardona, Martin Goldstern, and Jakob Kellner
for doing much to improve this paper.

Paper Sh:1257, version 2026-03-12. See https://shelah.logic.at/papers/1257/ for possible updates.
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§ 0(C). Preliminaries.

Hypothesis 0.4. 1) κ = κ<κ (mainly ℵ0 or an inaccessible).

2) ∂ is a regular cardinal > κ.

3) D is a normal filter on κ+ such that Sκ
+

κ
..= {δ < κ+ : cf(δ) = κ} ∈ D.

For more on the condition defined below, see [She22].

Definition 0.5. 1) For D a normal filter on κ+ containing Sκ
+

κ , we say the forcing
notion Q satisfies ∗0κ,D when:

∗0κ,D Given a sequence p̄ = 〈pi : i < κ+〉 of members of Q, there is a set3 C ∈ D,

a sequence p̄+ = 〈p+
i : i < κ+〉 satisfying (∀i)[pi ≤ p+

i ], and a regressive
function h on C such that

α, β ∈ C ∧ h(α) = h(β)⇒ ‘p+
α and p+

β have a lub.’

2) For κ and D as above, we say Q satisfies ∗1κ,D when ∗0κ,D holds with p̄+ ..= p̄.

3) We say a forcing notion Q is Knaster+ when:

If pi ∈ Q for i < ω1 then there are A ∈ [ω1]ℵ1 and 〈p+
i : i ∈ A〉 ⊆ Q,

with each p+
i ≥Q pi, such that for every i, j ∈ A the conditions p+

i

and p+
j are compatible and have a least upper bound.

Notation 0.6. 1) p will be a member of P as in Definition 2.2.

2) q, r will denote ATIs (abstract template iterations); i.e. members of Qpre (the
weakest version — see Definitions 3.4, 4.1).

3) L is a linear order (usually L ⊆ Lm) and r, s, t ∈ L.

L+ is derived from L, with ∞ and t, t(+) ∈ L+ for each t ∈ L. (See below in
1.9(2).)

4) Lm or Lq will be the relevant linear order for m or q, etc.

5) P,Q,R denote forcing notions as in Definition 0.5 (which means quasi-orders).

Definition 0.7. 1) We say TR is a κ-trunk controller when it consists of:

(A) A partial order ≤TR on a set |TR| of cardinality ‖TR‖.
(Abusing notation slightly, we may write ‘s ∈ TR’ instead of s ∈ |TR|.)

(B) A partial function plusTR : κ>|TR| → |TR| giving a lub.

(C) Any increasing sequence of length < κ belongs to dom(plusTR) (and hence
has a lub).

(D) If ζ < κ and xα,ε ∈ TR for α < κ+ and ε < ζ, then for some α < β we
have ∧

ε<ζ

[
〈xα,ε,xβ,ε〉 ∈ dom(plusTR)

]
.

(E) ∅ ∈ TR, and (∀x ∈ TR)
[
∅ ≤TR x

]
.

3 Yes! Not just ‘C ∈ D+;’ see [She22].
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HOMOGENEOUS FORCING 7

(F) STR ⊆ H<κ(Ord) and

valTR : |TR| × STR → 2

is a partial function.
Specifically, for each x ∈ |TR|, val(x) = val(x,−) is a partial function

from STR to {0, 1}, increasing with x.

1A) We call TR a simple κ-trunk controller when:

(A) TR is a κ-trunk controller.

(B) (∀x ∈ TR)
[
|x| ≤ κ

]
(We usually have |TR| ⊆ H(κ), or at least H<κ(λ) for

some λ.)

(C) ≤TR
..= ⊆

(D) If δ < κ is limit and 〈xα : α < δ〉 is ≤TR-increasing, then

plusTR(〈xα : α < δ〉) ..=
⋃
α<δ

xα.

(E) STR
..= |TR|, and for each x ∈ TR, we define the function valTR(x) by

demanding that valTR(x)(y) is 1 if y ≤TR x and is 0 if x and y are incom-
patible (and is undefined otherwise).

2) We say TR is a (κ,Θ,Υ)-trunk controller when:

•1 Θ is a set of regular cardinals < κ.

•2 κ > ℵ0 ⇔ Θ 6= ∅
•3 Υ ∈ [2, κ].

•4 If Θ = Reg ∩ κ then we may omit it; similarly if Υ = 2.

(A), (B), (C), (E) As above.

(D)′ Any ≤TR-increasing sequence 〈xi : i < j〉 with j < κ has an upper bound,
but if j ∈ Θ then it has a lub plusTR(〈xi : i < j〉).

(F) If j < 1 + Υ, ζ < κ, and xα,ε ∈ TR for α < κ+ and ε < ζ, then for some
increasing sequence of ordinals 〈αi : i < j〉 bounded above by κ+, for each
ε < ζ, we have

〈xαi,ε : i < j〉 ∈ dom(plusTR).

3) For 〈TRs : s ∈ I〉, with each TRs as in (1A) or (2), we define TR =
<κ∏
s∈I

TRs, the

(<κ)-support product, as follows.

(A) f ∈ TR iff f ∈
∏
s∈J

TRs for some J ∈ [I]<κ.

(B) f ≤TR g iff (f, g ∈ TR and)
(a) dom(f) ⊆ dom(g)

(b) f(s) ≤TRs g(s) for all s ∈ dom(f).

(C) Let f̄ = 〈fε : ε < ζ〉, with ζ < κ.

We have plusTR(f̄) = g when
(a) fε ∈ TR for all ε < ζ.

(b) dom(g) =
⋃
ε<ζ

dom(fε)

(c) For all s ∈ dom(g), if u = uf̄ ,s
..=
{
ε < ζ : s ∈ dom(fε)

}
, then

g(s) = plusTRs(〈fε(s) : ε ∈ u〉).
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8 SHELAH

(D) (a) STR
..=
{

(s,x) : s ∈ I, x ∈ STRs

}
(b) For f ∈ TR, define val(f) as the function with domain{

(s,x) : s ∈ dom(f), x ∈ dom(val(f(s)))
}

which sends (s,x) 7→ valTRs(f(x)).

Remark 0.8. 1) For TR a (κ,Θ,Υ)-trunk controller, the function plusTR will not
really be used for sequences of length j ∈ κ ∩Reg \Θ; only the existence of such a
value will be necessary. (See more on this in §5.)

2) If TRs is a κ-trunk controller for s ∈ I, then
<κ∏
s∈I

TRs is not guaranteed to be a

κ-trunk controller, as 0.7(1)(D) may fail.

Example 0.9. We define an explicit κ-trunk controller TR = TRκ as follows.

(A) The set of elements is {f ∈ H(κ) : f is a function}.
(B) ≤TR

..= ⊆
(C) plusTR(〈fi : i < j〉) ..= g iff

∧
i<j

[fi = g ∈ TR].

(D) STR
..= |TR| and

dom(valTR(f)) ..=
{
g ∈ |TR| : dom(g) ⊆ dom(f)

}
with

valTR(f)(g) ..=

{
1 if g ⊆ f
0 otherwise.

Claim 0.10. 1) Assume κ = κ<κ. If I is a set and TRs is a κ-trunk controller

for each s ∈ I, then TR ..=
<κ∏
s∈I

TRs is a κ-trunk controller iff
<κ∏
s∈J

TRs is a κ-trunk

controller for all J ∈ [I]<κ.

2) Above, if TRs is constant in s then the product is also a κ-trunk controller.

3) TRκ from Example 0.9 is indeed a κ-trunk controller.

4) Every κ-trunk controller is a (κ,Reg ∩ κ, 2)-trunk controller.

Proof. Straightforward. �0.10
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§ 1. The frame

To explain our framework, we shall first concentrate on the most simple version:
every member of TR is simple (see 0.7(1A)) and each At is a family of pairwise
disjoint sets.

Hypothesis 1.1. For the rest of this work, we shall assume the following:

1) κ = κ<κ

2) TR is a non-empty set (or class) of definitions of κ-trunk controllers, such that
the product of any < κ of them is a κ-trunk controller.

3) TR is simple; that is, every member of TR is a simple κ-trunk controller (see
0.7(1A)).

But we may use STR (or So) and valo below (see 2.5).

4) TR+ = TR(+) is the closure of TR under products of length < κ.

5) If (∀s ∈ I)[TRs ∈ TR] then
<κ∏
s∈I

TRs is a κ-trunk controller. (Note that this is

an easy consequence of part (2) above.)

6) O is a subset (or subclass) of OTR — see Definition 1.2.

Definition 1.2. OTR is the class of objects o which consist of:4

(A) TRo = TR[o] = (|TRo|,≤o, pluso) is a κ-trunk controller from TR (and
hence is simple, per our hypothesis).

(B) The atomic forcing Qat
o = (Qat

o ,≤at
o ), which is a definition of a forcing

notion (i.e. a quasiorder).

(C) (a) A function tro : Qat
o → |TRo|.

(b) A non-decreasing function σo : |TRo| → [2, κ]Card.

(c) A function A = Ao with domain Qat
o and range ⊆ P(TRo). We may

write Ao,p in place of Ao(p).
(So again, these are definitions of functions.)

(D) [Notation:]
(a) Let σo(p) ..= σo(tro(p)) for p ∈ Qat

o .

(b) λo ..=
(
|Qat

o |+ ‖TRo‖+ κ
)κ

(c) For O ⊆ OTR, let λO ..=
( ∑
o∈O

λo
)κ

.

In addition, we make the following demands that the constituents of o must satisfy.

(E) (a) Each p ∈ Qat
o is a subset of H(κ) (or just ⊆ H<κ(λo)).

(b) If p ≤o q then tr(p) ≤TR[o] tr(q).

(F) (a) Let us say that a sequence p̄ is σo-truly increasing when

i < j < g̀(p̄)⇒
[
σo(pi) < σo(pj) ∨ σo(pi) = σo(pj) = κ

]
.

4 In the future, we may demand that o has a sufficiently absolute definition from the parameter
v ∈ W (o)2 — but for now, W (o) ..= ∅ is enough.
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(b) If δ < κ is a limit ordinal and p̄ = 〈pε : ε < δ〉 is σo-truly increasing,
then p̄ has a ≤o-lub⋃

p̄ ..=
(
pluso(〈tr(pε) : ε < δ〉),

⋃
ε<δ

pε
)
.

(c) Ao,p ⊆ {tr(q) : q ≥o p}
(G) Case 1: [TRo ⊆ H(κ) for all o ∈ O.]

If x ∈ TRo and tro(pi) = x for all i < i∗ < σo(x), then {pi : i < i∗} has
a common upper bound q with tr(q) ∈

⋂
i<i∗

Eo,pi .

Case 2: [Holds in general.]
If xi ∈ TRo, 〈σo(xi) : i < i∗〉 is constant, tro(pi) = xi for all i < i∗ <

σo(x0), and 〈xi : i < i∗〉 ∈ dom(pluso), then {pi : i < i∗} has a common
upper bound q (again with tr(q) ∈

⋂
i<i∗

Eo,pi).

(H) [Absoluteness:] If R1 l R2 such that R1 and R2/R1 are strategically
(<κ)-complete κ+-cc forcings, then
(a) In VR2 , the definitions in o satisfy clauses (A)-(G).

(b) In VR2 we have QV[R1]
o ⊆ QV[R2]

o , tr
V[R1]
o = tr

V[R2]
o , σ

V[R1]
o ⊆ σ

V[R2]
o ,

and A
V[R1]
o ⊆ AV[R2]

o .

(c) If p1 ∈ QV[R1]
o , p2 ∈ QV[R2]

o , QV[R2]
o |= ‘p1 ≤ p2’, and y ..= tr(p2), then

there is p3 ∈ QV[R1]
o such that tr(p3) = y and QV[R1]

o |= ‘p1 ≤ p3’.

(A) η
˜
o is the Qat

o -name of the function{
(s, ι) ∈ So × 2 : (∃p ∈ G˜ Qo)[val(tr(p), s) = ι]

}
.

The following definition will make more sense when used in our iterations.

Definition 1.3. For o ∈ OTR, we define Qo = (Qo,≤o) as follows.

(A) We let tro(p) ..= tr(p) and σo(p) ..= σo(trp).

(B) Each p ∈ Qo is of the form (trp,Fp), where trp = tr(p) ∈ TRo and Fp
is a set of members of Qat

o of cardinality < σo(trp) such that (recalling
1.2(F)(c))

q ∈ Fp ⇒ tro(q) ≤TR[o] tro(p) ∈ Ao,q.

(C) For p, q ∈ Qo, we say p ≤o q iff tr(p) ≤TR tr(q) and5 Fp ⊆ Fq.
(D) When we say ‘〈pi : i < δ〉 is ≤o-truly increasing in Qo,’ we mean it is

increasing in Qo and σo-truly increasing as defined in 1.2(F)(a).

(E) We define η
˜
o as in Definition 1.2. (Abusing our notation slightly, we will

not distinguish between the two uses.)

Claim 1.4. Assume o ∈ OTR.

1) Qo is a strategically (<κ)-complete κ+-cc forcing.

2) Assume (∀o ∈ TR)
[
TRo ⊆ H(κ)

]
( or just that for every µ < κ, the set

{s ∈ TRo : σo(s) ≥ µ} is equal to
⋃
ε<κ

Yε such that6 t̄ ∈ µ>Yε ⇒ t̄ ∈ dom(pluso)).

5 Why not just “for every r1 ∈ Fp there exists r2 ∈ Fq such that r1 ≤o r2?” Then we would

only get (<κ)-strategic completeness.
6 A typical case is when tr(p) is a function from some u ∈ [2κ]<κ to H(κ) and s ∈ TRo ⇒

σo(s) = min
{
σo(s � {α}) : α ∈ dom(s)

}
.
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For every µ < κ, there exists a dense open subset of Qo which is the union of
κ-many sets such that any < µ members of any one set has a common upper bound.

3) If δ < κ is a limit ordinal and p̄ = 〈pi : i < δ〉 is truly ≤o-increasing in Qo, then
p̄ has a ≤Qo-lub (call it pδ) such that

• tr(pδ) = plusTRo
(〈tro(pi) : i < δ〉)

• Fpδ =
⋃
i<δ

Fpi .

4) If pi ∈ Qo, tro(pi) = xi for i < i∗, 〈xi : i < i∗〉 ∈ dom(pluso), and i∗ < σo(x0),
then there is a y ∈ TRo such that

(
y,
⋃
i<i∗

Fpi
)
∈ Qo is a common upper bound of

{pi : i < i∗} in Qo.

5) The set {p ∈ Qo : |Fp| ≤ 1} is dense in Qo.

Proof. Straightforward. E.g. for part (1),

1) [(<κ)-complete:] Obvious.

[κ+-cc:]

For each p ∈ Qo, choose ν = νp ∈ TR such that tr(p) ≤TRo xp and σo(xp) >
µ · |Fp|. Suppose 〈pα : α < κ+〉 is a sequence of members of Qo and xα ..= xpα for
α < κ+.

By the demand on TRo, there are α0 < . . . < αn−1 (for n ≥ 2) such that
pluso(〈xα` : ` < n〉) is well defined so easily {pα` : ` < n} has a common upper
bound q such that tr(q) is a lub of 〈xα` : ` < n〉. �1.4

Claim 1.5. 1) If o ∈ O then any σo-truly increasing sequence of length < κ has a
lub. (See 1.2(G)(c),(d).)

2) If os ∈ O (or just os ∈ O+) for s ∈ I, then o ..=
<κ∏
s∈I

os, naturally defined,

belongs to OTR(+), and TRo =
<κ∏
s∈I

TRs.

3) Assume o ∈ O.

(A) (x,F) ∈ Qo iff
(a) x ∈ TRo

(b) |F| < σo(x)

(c) f ∈ F ⇒
(
x, {f}

)
∈ Qat

o .

(B) (x1,F1) ≤o (x2,F2) iff
(a) (x1,F1), (x2,F2) ∈ Qo

(b) F1 ⊆ F2

(c) f ∈ F1 ⇒
(
x1, {f}

)
≤o

(
x2, {f}

)
.

Proof. Easy. �1.5

Example 1.6. 1) Let n and Q2
n be as in [HS, Def. 2.5].
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12 SHELAH

(A) We define an ℵ0-trunk controller TR = TRn = TR[n] as follows.
(a) κ ..= ℵ0

(b) TRn has set of elements Tn (as in [HS]).

(c) σTRn will be the function η 7→ µη (again, see there).

(B) We define On
..= {o : Qo = Q2

n} (so it is a singleton), and O1067 will be
the union of all On-s for n as in [HS, Def. 2.5].

2) Let κ be inaccessible and Qλ̄ be defined similarly to that in [She23, 0.2=Lz23] (but
there λη ..= θ g̀(η)). It will be of the form Qo, where o = oλ̄ ∈ OTR.

More fully,

•1 λ̄ = 〈λη, λ0
η, Dη : η ∈ T 〉

•2 T ..= {η ∈ κ>κ : ε < g̀(η)⇒ η(ε) < λη�ε}
•3 If η 6= ν ∈ T then λη 6= λν .

•4 If g̀(η) < g̀(ν) then λη < λ0
η ≤ λν < κ.

•5 If η ∈ T then cf(λη) ≥ λ0
η = cf(λ0

η) >
∏

λν<λη

λν .

•6 Dη is a λ0
η-complete uniform filter on λη

(and naturally A ∈ [λη]<λη ⇒ λη \A ∈ Dη).

Now let us work towards defining o = oλ̄.

(A) TR = TRλ̄ = TR[λ̄] is defined as follows.
(a) κTR

..= κ

(b) |TR| ..=
{
η ∈ κ>κ : ε < g̀(η)⇒ η(ε) < λη�ε

}
(c) σTR(η) ..= λ0

η.

(B) p ∈ Qat
λ̄

iff
(a) p is a (<κ)-complete subtree of TR.

(b) tr(p) is the trunk of p.

(c) If tr(p)E η ∈ p, then {α < λη : ηˆ〈α〉 ∈ p} ∈ Dη.

(C) p ≤Qλ̄ q iff p ⊇ q.

3) Assume κ is inaccessible, and suppose T = Tλ̄ is a subtree of (κ>κ,C) (so it is
closed under initial segments and includes 〈 〉). Further suppose T has no maximal
node, and is closed under unions of C-increasing chains of length < κ.

Let λ̄ = 〈λη, λ0
η, Dη : η ∈ T 〉 be such that ‘η ∈ T ⇒ (A)η ∨ (B)η’ holds, where

(A)η λη = λ0
η = 1 and Dη = {0}.

(B)η λ0
η is an infinite regular cardinal ≤ λη < κ, and Dη is a λ0

η-complete filter
on λη.

Furthermore, we demand that clause (2) •2 holds.

Now define oλ̄ as in clause (2).

We say that λ̄ (or Tλ̄, or oλ̄) is a κ-candidate when it is as above.

4) We say that λ̄ (and oλ̄) is κ-active when, in addition to the above, we have the
following:
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• For every η ∈ lim(T ), the set{
δ < κ : λη�δ > 1 and (∀ν ∈ T ∩ δκ)[ν 6= η � δ ⇒ λη�δ < λν ∨ λν = 1]

}
is stationary.

• If η, ν ∈ T with g̀(η) < g̀(ν), then λν 6= 1⇒ λη < λ0
ν .

Observation 1.7. If κ is inaccessible (or weakly inaccessible) and ♦κ holds, then
there is a κ-active λ̄.

Remark 1.8. We will return to this example in §3.

Definition 1.9. 0) Let M be the class of combinatorial templates (defined below).

1) A combinatorial template (or CT) m consists of:

(a) A linear order Lm (we could have used ‘partial order’; it does not really
matter for our purposes).

We may write s ∈m instead of s ∈ Lm, or s <m t instead of s <Lm t.

(b) •1 A = 〈At : t ∈ Lm〉 (called the memory), where At ⊆ P(Lm,t) for each
t ∈ Lm and Lm,t

..= {s ∈ Lm : s <Lm t}.
•2 We denote A ..=

⋃
t∈Lm

At.

(c) Each At is a family of subsets of Lm,t with ∅ ∈ At. We let A+
t

..= At \{∅}.

2) For m ∈ M, we add new objects t(+) for all t ∈ Lm, as well as ∞, and define
L+
m, Lm,x, L+

m,x, etc. as follows.

(a) L+
m

..= {t, t(+) : t ∈ Lm} ∪ {∞}
(b) Naturally, 〈t : t ∈ Lm〉ˆ〈t(+) : t ∈ Lm〉ˆ〈∞〉 is without repetition.

(c) <L+
m

is the closure, to a linear order, of the set{
t < t(+) : t ∈ Lm

}
∪
{
s(+) < t : s <Lm t

}
∪
{
t(+) <∞ : t ∈ Lm

}
.

(d) For t ∈ L+
m, let Lm,t

..= {s ∈ Lm : s <L+
m
t} and

L+
m,t

..= {s ∈ L+
m : s <L+

m
t}.

3) For L ⊆ Lm, we define m � L ∈M as follows.

•1 Lm�L
..= L

•2 Am�L
t

..= Am
t ∩ P(L).

4) For t ∈ L+
m, let m � t ..= m � L+

m,t.

5) We say π is an isomorphism from m1 onto m2 (for m1,m2 ∈M) when

π : Lm1
→ Lm2

is an order-preserving surjection mapping Am1
t onto Am2

π(t) for each t ∈ Lm1
.

Remark 1.10. If t ∈ Lm and L ⊆ Lm, we may abuse notation and write Lt in place
of L ∩ Lm,t.
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14 SHELAH

Definition 1.11. We define a two-place relation ≤M (obviously a partial order)
on the class of combinatorial templates by:

m1 ≤M m2 iff

(a) Lm1 ⊆ Lm2 as linear orders.

(b) m1 and m2 use the same ∞ and the same t(+) for all t ∈ Lm1 .

(c) t ∈ Lm1
⇒ Am1,t ⊆ Am2,t

Claim 1.12. 1) ≤M is indeed a partial order on M.

2) If 〈mε : ε < δ〉 is ≤M-increasing then m ..=
⋃
ε<δ

mε (naturally defined) exists, is

a ≤M-lub, and is unique. In particular,

�2 (a) t ∈ Lm iff (∃ε < δ)[t ∈ Lmε ].

(b) s <m t iff (∃ε < δ)[s, t ∈ Lmε
∧ s <mε

t].

(c) ζ < δ ∧ t ∈ Lmζ
⇒ Am,t =

⋃
ε∈[ζ,δ)

Amε,t.

3) There exists a ≤M-minimal element of M. (Specifically, it is an m with Lm =
∅.)

4) (M,≤M) has amalgamation, and hence the JEP. Moreover, if m0 ≤ m` for
` = 1, 2 and (for transparency) Lm0

= Lm1
∩Lm2

, then m1 and m2 have a canonical
amalgamation over m0 — call it m∗.

By this we mean

�4 (a) m∗ ∈M ∧m1 ≤M m∗ ∧m2 ≤M m∗

(b) s ∈ L+
m∗ iff s ∈ L+

m1
∪ L+

m2

(c) L+
m∗ |= ‘r <m s’ iff ‘•0 ∨ •1 ∨ •2,’ where
•0 Lm`

|= ‘s < t’ for some ` ∈ {0, 1}.
•1
(
∃t ∈ Lm0

)(
∃k, ` ∈ {1, 2}

)[
r ≤m`

t ∧ t ≤mk
s ∧ r 6= s

]
•2 r ∈ L+

m1
\ L+

m0
, s ∈ L+

m2
\ L+

m0
, and

(∀t ∈ L+
m0

)[t <m1
r ∧ t <m2

s].

(d) Am,s =

{
Am`,s if ` ∈ {1, 2} ∧ s ∈ Lm`

\ Lm0

Am1,s ∪ Am2,s if s ∈ Am0

Proof. 1) Obvious.

2) Straightforward.

3) Trivial.

4) We have to check all the clauses in Definition 1.9(1) to verify ‘m∗ ∈M,’ and all
clauses in 1.12 for m` ≤M m∗.

m∗ ∈M:

Clauses 1.9(1)(a),(b): Obvious: these were just definitions and notation.

Clause (c): Also a definition; obvious.
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m` ≤M m∗ (for ` ≤ 2).

Clauses 1.11(a)-(c) are all obvious. �1.12
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§ 2. Investigating p ∈ P

Definition 2.1. Pm is the class of m-ATIs (see below), and

P ..=
⋃

m∈M

Pm.

(ATI stands for abstract template iterations.)

Definition 2.2. For m a combinatorial template, we say p is an m-ATI when it
consists of the objects

� (a) m ∈M (We may write Lp and Lp,t instead of Lm and Lm,t, etc.)

(b) Forcing notions P and Ps for s ∈ L+
p .

(c) ot ∈ OTR (an object, not a name), Q˜ t, and η
˜
t for t ∈ Lp. We let

St = S[t] ..= Sot .

(d) TRt = (TRot ,≤ot , plusot) = (TRt,≤t, plust) is from V.

We demand that the following conditions are satisfied:

(A)
<κ∏
t

TRot is a κ-trunk controller.

(B) (a) 〈Ps : s ∈ L+
p 〉 is l-increasing with s.

(b) Furthermore, we demand P = P∞.

(c) η
˜
t is a Pt(+)-name of a member of S[t]2,7 and η̄

˜

..= 〈η
˜
t : t ∈ Lp〉.

(C) We require that p ∈ P iff
(a) p is a function with dom(p) ∈ [Lp]<κ.

(b) For s ∈ dom(p), p(s) is a Ps-name of a member of Q˜ s of the form
(trp(s),Fp(s)).

(c) trp(s) ∈ TRt is an object, not just a Ps-name.

(d) Fp(s) ..= {ps,A : A ∈ Ap(s)}, where |Ap(s)| < κ But abusing our nota-
tion slightly, we allow A1 = A2 but ps,A1

6= ps,A2
(but still |Fp(s)| < κ

as well).

(e) Cp(s) ⊆ [As]<σ(trp(s)) (see clause (G)(b) below) and

ps,A = B(. . . , η
˜
t[j,ps,A](ε

ps,A
j ), . . .)j<jps,A

where t
ps,A
j = t[j, ps,A] ∈ κA and B = Bs,A = Bp,s,A, and we make

the following demands:
•1 t

ps,A
j ∈ A, ε

ps,A
j ∈ Stj and jps,A ≤ κ.

•2 B is a κ-Borel function8 from∏
j<jps,A

St[j,ps,A]

to Ss such that the image has cardinality ≤ κ.
More concretely, there is (in V) an S′ps,A ∈ [Ss]

≤κ which contains
the image of B.

•3 trps,A ≤TRt trp(s).

•4 If A ∈ Ap(s) then p � Ls 
Ps “trp(s) ∈ Eps,A”.

7 So in the simple case (which we have currently adopted), this will be equal to TRt2.
8 That is, a function where the pre-image of every element of Ss is a ≤κ-Borel set. (The point

here is absoluteness.)
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(f) S = Sp
..=

⋃
t∈Lp

St.

(D) (a) Given p ∈ P and s ∈ dom(p), let supp(p(s)) be the set of all coordinates
used in the Borel function p(s) (i.e. the t

ps,A
j -s). So

∣∣supp(p(s))
∣∣ ≤ κ.

(b) For p ∈ P, we define supp(p) ..= dom(p)∪
⋃

s∈dom(p)

supp(p(s)) ∈ [Lp]≤κ.

(c) Note that supp(p) ⊆ Lp,t if dom(p) ⊆ Lp,t (i.e. if p ∈ Pt).
(d) For L ⊆ Lp, we set

PL ..= P � {p ∈ P : supp(p) ⊆ L}

and Ps ..= PLm,s .

(e) If ` = 1, 2, s ∈ I, dom(p`) = {s}, and

p`
(
x`,
{
B(. . . , η

˜
t[y,(p`)s,A0

](ε[(p
`)s,A` ]), . . .)i<j(p`)s,A`

})
is as in clause (C)(e) above, then there exists some κ-Borel function

B = Bx1,x2,t(. . . , η
˜
t1,i(ε1,i), . . . ; . . . , η

˜
2,j(ε2,j), . . .)i<ι1

j<ι2

from {t`,i : ` ∈ {1, 2} and i < ι`} to {0, 1} which gives the truth value
of ‘p1 ≤Q˜ t p2’.

(E) For L ⊆ Lm and p ∈ P, we define p � L to mean
(a) dom(p � L) ..= dom(p) ∩ L
(b) For all s in the domain,

(p � L)(s) ..=
(
trp(s),

{
ps,A : A ∈ Ap(s) ∩ P(L)

})
.

(F) For t ∈ Lp,
(a) Q˜ t is the Pt-name of Q˜ ot .

(b) If p ∈ Pt then dom(p) ⊆ supp(p) ∈ [Lp,t]
≤κ. [This follows.]

(c) Pt (and PA and PL, for A ∈ Ap and L ⊆ Lm) is a (<κ)-complete
κ+-cc forcing notion.9

(d) η
˜
t is the generic of Q˜ t (which we may identify with the subset η

˜

−1
t ({1}) ⊆

St).

(G) (a) Note that a PA-generic filter (for A ∈ Am,s) lets us evaluate the Pr(+)-
names η

˜
r for r ∈ A, and therefore the value of the κ-Borel function

ps,A.
This way we get a Ps-name for the value, which we may write as
ps,A[GPA ] or as p(s)(η̄

˜
� A).

(b) We require that η
˜

−1
t ({1}) =

⋃
{valt(trp(t)) : p ∈ G˜ Pt(+)

} (recalling

Definition 0.7(1)(F)).

(c) If κ ..= ℵ0 then we demand that for every p ∈ Pt and m < κ there
exists a q > p such that |Fq(s)| ·m < σos(tr(q(s))) for all s ∈ dom(q).

(H) We require that p < q in10 P iff
(a) dom(p) ⊆ dom(q)

(b) If s ∈ dom(p) then trp(s) ≤os trq(s), σos(trp(s)) < σos(trq(s)), and
Fp(s) ⊆ Fq(s).

9 The κ+-cc follows from clause (B)(a).
10 Yes! Not ‘p ≤ q!’
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(Note that for p ∈ P and s ∈ L+
p , we have ‘p � Lp,s ∈ Ps’ by clause (E).)

Also observe that this is a requirement and not a definition, unlike the
classical case.

(I) When dealing with different ATIs, instead of P, ≤, Pt, St, Q˜ t, etc., we may
write Pp, ≤p, Pp,t, Sp,t, Q˜ p,t, etc., to indicate that we mean the component
of the respective p.

Remark 2.3. 1) Recall that Lp is just a linear order and not necessarily a well-
ordering. More concretely, we do not even exclude the possibility that

• There is an infinite sequence (sn)n∈ω with sn+1 ∈ An ∈ Asn .

(unlike [She04], [She]).

2) As a consequence: Given Lm and a sequence of (definitions for) Qs for s ∈ Lm,
it is neither clear that there is an iteration P as above nor that it is unique.

(In contrast, the usual forcing iteration assumes that the index set is well-ordered,
and we always get a well-defined iteration from a sequence of iterands.)

3) But if m fails the demand from the bullet in part (1) (so Lm is as in [She04,
§2]), then it is unique.

4) The following is true:

~ If A ∈ At then 
Pp “η
˜
t is generic for (Qo, η

˜
o) over V[η̄

˜
� A]”.

Claim 2.4. 1) If p ∈ P, then Pp is κ+-cc and (<κ)-complete.

2) In Definition 2.2, Q˜ t, St, and TRt are derivable from the other objects.

3) Any ≤Pp-increasing11 sequence p̄ = 〈pε : ε < δ〉 (where δ < κ) has a ≤Pp-lub
lim(p̄).

Proof. 1) (<κ)-complete:

Let δ < κ be a limit ordinal and p̄ = 〈pi : i < δ〉 be increasing in Pp.

Recalling Definition 2.2(H)(b), we know that either p̄ � [j, δ) is constant for some
j < δ or p̄ � u is <Pp -increasing for some unbounded u ⊆ δ. In the first case, pj is
a lub. In the latter case,

�1 For each ε ∈ u and s ∈ dom(pε),


Ps “〈pζ(s) : ζ ∈ u〉 is truly ≤Q˜ os
-increasing”

(as defined in the footnote inside clause (3)).

Define the function pδ = lim(p̄) as follows:

�2 (a) dom(pδ) ..=
⋃
i<δ

dom(pi)

11 What would occur if we weakened the order by removing the demand ‘σos(trp(s)) <

σos(trq(s))’ from 2.2(H)(b)?
Then we would have add it as a caveat to this statement — perhaps by stipulating “p̄ is truly

Pp-increasing,” where truly means s ∈ dom(pε) ∧ ε < ζ < δ ⇒ σ(tr(pε(s))) < σ(tr(pζ(s))).
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(b) For s ∈ dom(pδ), let

pδ(s) ..=
(
plusTRs(

〈
trpi(s) : i ∈ [is, δ)

〉
),

⋃
i∈[is,δ)

Fpi(s)
)
,

where is ..= min{i < δ : s ∈ dom(pi)}.

Now check that pδ is as required, recalling 1.2(F)(a) and 2.2(H).

κ+-cc:

Let 〈pα : α < κ+〉 ⊆ Pp. Without loss of generality, each pα is like q from

2.2(G)(c) (for m = 2). There exists a stationary S1 ⊆ Sκ
+

κ such that
〈dom(pα) : α ∈ S1〉 is a ∆-system with heart W∗. Recalling that

∏
s∈W∗

TRos is a

κ-trunk controller, there exist α < β in S1 such that

s ∈W∗ ⇒ 〈trpα(s), trpβ(s)〉 ∈ dom(plusTRs).

If κ > ℵ0 then the rest is clear by 1.2(G).

[Why? Because σos(trpε(s)) is a regular cardinal for some s ∈W∗.]

So assume κ ..= ℵ0. Let 〈t` : ` < n〉 list W∗ in <Lp -increasing order, and
tn ..=∞ ∈ L+

p . Now fix α < β from S1, and choose q` ∈ Pt` above

{pα � Lt` , pβ � Lt`}
by induction on ` ≤ n. In the induction step, we use our assumption that

σos
(
tr(q`(s))

)
> 2
∣∣Fq`(s)∣∣.

2) Easy.

3) Covered in the proof of part (1). �2.4

Definition 2.5. 1) We say that L is p-closed when

(A) L ⊆ Lp

(B) If A ∈ At for some t ∈ L, then A ⊆ L.

2) For L ⊆ Lp, we define

(A) PL = Pp,L
..= Pp � {p ∈ Pp : supp(p) ⊆ L} (as in 2.2(G)(d)).

(B) p′ = p � L is defined naturally, with the intention that p′ ∈ P. That is,
(a) Pp′

..= Pp,L

(b) op′,t
..= op,t for all t ∈ L.

(c) Ap′,t
..= Ap,t ∩ P(L).

3) We define “π is an isomorphism from p′ onto p” naturally. That is,

(A) π : Lp′ → Lp is an isomorphism.

(B) If t ∈ Lp′ then op,π(t)
..= op′,t.

(C) If t ∈ Lp′ then Ap,π(t)
..= {π[A] : A ∈ Ap′,t}.

4) We define the partial order ≤P on P as p′ ≤P p iff p′ = p � Lp′ .

5) If p ∈ Pp and L ⊆ Lp, then p � L is defined as follows.

• dom(p � L) ..= dom(p) ∩ L
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• For all s in the domain, p � L sends

s 7→
(
trp(s),

{
r ∈ Fp(s) :

(
∃A ∈ As ∩ P(L)

)[
supp(r) ⊆ A

]})
.

Observation 2.6. 1) If p ∈ P and L ⊆ dom(p), then:

(A) p � L and p � L belong to P, with p � L ≤P p � L ≤P p.

(B) Moreover, p � L ∈ PL.

2) If L ⊆ Lp then

(A) p � L ∈ P

(B) For p, q in PL, we have p ≤ q iff 2.2(H) holds for PL; i.e. iff
• dom(p) ⊆ dom(q) and Fp ⊆ Fq.
• If s ∈ dom(p) and r ∈ Fp(s) with supp(r) ⊆ A ∈ Ap,s (so A ⊆ L),

then

q � A 
PA “Qot |= (trp, {r}) ≤ (trq, {r})”.

Proof. Easy. �2.6

Claim 2.7. 1) If L is a p-closed subset of Lp, then Pp,L l Pp.

2) If L is a p-closed subset of Lp, then for all p ∈ Pp, letting r ..= p � L ∈ Pp,L, we
have

•1 dom(r) = dom(p) ∩ L
•2 If r ≤ q ∈ Pp,L then (

p � (dom(p) \ L)
)
∪ q

is a lub of p and q (in Pp).

3) If L1 ⊆ L2 are p-closed subsets of Lp, then Pp,L2
/Pp,L1

is (<κ)-complete and
κ+-cc.

Proof. 1) Follows by part (2).

2) Easy.

3) Straightforward. �2.7

We shall freely use the following claim:

Claim 2.8. Assume p ∈ P and p ⊆ H(χ), where χ > λ = λκ. Suppose N ≺
(H(χ),∈) is of cardinality λ and [N ]≤κ ⊆ N . Then p′ ..= pN (naturally defined)
belongs to P and has cardinality λ.

Proof. Straightforward. �2.8

Definition 2.9. 1) We now define the two-place relation ≤P as follows.

Let p1 ≤P p2 mean:

(a) p` is an m`-ATI for ` = 1, 2 (where m`
..= mp` ; recall that p` determines

m`).
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(b) m1 ≤M m2

(c) For all t ∈ Lm1 we have op1,t = op2,t (hence Sp2,t = Sp1,t and Q˜ p1

t = Q˜ p2

t ,
etc.).

(d) Pp1 l Pp2 , which implies Pp1,t l Pp2,t for t ∈ L+
m1

. (This follows by 2.7.)

(e) [Also follows:] 
Pp2
“η
˜

p1

t = η
˜

p2

t ” for t ∈ Lm1
.

2) If r ≤P p and p ∈ Pp, then we define p � r as p � Lr.

3) If 〈pα : α < δ〉 is ≤P-increasing then “p ..=
⋃
α<δ

pα” will mean the following:

(a) p ∈ P

(b) mp
..=

⋃
α<δ

mpα

(c) pα ≤P p for all α < δ.

(d) [Follows:] If s ∈ Lpα then op,s = opα,s.

4) We say p = 〈pα : α < α∗〉 is ≤P-increasing continuous if it is ≤P-increasing and
pδ =

⋃
α<δ

pα for every limit δ < α∗.

Remark 2.10. 1) Note that in parts (3),(4) of Definition 2.9, for a given 〈pα : α < δ〉,
it is not a priori clear that such p exists — and even if it does, whether it is unique.

2) Regarding 2.9(1)(d), does “Pp1
l Pp2

” follow from the rest by 2.2(G)(d) by
Definition 1.11? This is not clear. (See 2.3(2).)

3) We can only show that given p and a p-closed L ⊆ Lp, we have (p � L) ≤P p.

Claim 2.11. 1) Clause 2.9(1)(d) does indeed follow from Claim 2.7.

1A) Clause 2.9(1)(e) does indeed follow from the rest of 2.9(1).

2) ≤P is indeed a partial order on P.

3) If 〈pα : α < δ〉 is a ≤P-increasing continuous sequence of (∂, κ)-combinatorial
templates (Note: when κ > ℵ0 this does NOT mean that 〈Ppα : α < δ〉 is ⊆-
increasing continuous!) and cf(δ) ≥ κ, then

⋃
α<δ

pα exists and is unique.

4) If p ∈ P and L is p-closed, then p � L ∈ P and p � L ≤P p.

Proof. Straightforward. �2.11
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§ 3. From M and P to N and Q

For the classes P and M, we do not know how to prove the existence of a
sufficiently homogeneous member, because when taking unions it is not clear how
to define or prove (e.g.) the κ+-cc. To solve this, we introduce the classes Q and
N.

Definition 3.1. We let N be the class of objects n consisting of12

(A) m ∈M

(B) (a) Wn ⊆ Ln (..= Lm)

(b) If t ∈Wn then
•1 λt = λκt

•2 Bt ..= At has cardinality ≤ λot . (See 1.2(D)(b).)

•3 If A ∈ Am,t then A has cardinality ≤ λot and is a subset of Wn.

(C) For each t ∈ Ln \Wn, it also contains Bt = Bn,t and It = In,t satisfying
the following:
(a) Bt ⊆ At, a family of subsets of Wn.

(b) If A ∈ Bt then |A| ≤ λt.
(c) |Bm,t| ≤ 2λot

(Really, ≤ λot would suffice.)

(d) In,t is a κ-complete ideal on Bn,t.
(e) A ∈ Am,t ⇒ {B ∈ Bm,t : A ∩B 6= ∅} ∈ In,t.

Definition 3.2. 1) We define a partial order ≤N on N as follows.

n1 ≤N n2 iff

(A) mn1 ≤M mn2

(B) Wm1,s = Wm2,s ∩ Lm1

(C) If s ∈ Lm1
then

(a) λm1,s = λm2,s

(b) Bm1,s = Bm2,s

(c) Am1,s ⊆ Am2,s

(d) Im1,s = Im2,s ∩ P(Lm1
).

2) For n ∈ N, we say L ⊆ Ln is n-closed when A ∈
⋃
s∈L
Bs ⇒ A ⊆ L.

3) If n ∈ N and L is q-closed, then n• ..= n � L is defined naturally: Ln•
..= L, and

for all t ∈ L we have

• Bn•,t ..= Bn,t
• λn•,t ..= λn,t

• An•,t
..= An,t ∩ P(L)

• In•,t ..= In,t.

12 So m = mn, Lm = Ln, etc.
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Claim 3.3. 1) If n1 ≤N n2 then Ln1
is n2-closed.

2) If L is n-closed then n � L ∈ N and n � L ≤N n.

3) ≤N is indeed a partial order on N.

4) If δ is a limit ordinal and 〈nα : α < δ〉 is ≤N-increasing, then it has a ≤N-least
upper bound n.

That is:

(a) mn =
⋃
α<δ

mnα

(b) For α < δ, s ∈ Lnα ⇒ Bn,s = Bnα,s.
(c) For α < δ and s ∈ Lnα , In,s is the closure of

⋃
β∈[α,δ)

Inβ ,s under unions of

< κ members.

Proof. Straightforward. �3.3

Definition 3.4. We let Q be the class of objects q which consist of

(A) n = nq ∈ N

(B) Aq
..=

⋃
t∈Ln

An,t

(C) p ∈ P such that mp = mn and λop,t = λn,t.

We demand that q satisfies

(D) If t ∈ Lq \Wq and p• ∈ P has cardinality ≤ (|Pp|+ κ)κ, then the set

Yp•,t
..= {A ⊆Wq ∩ Lq,t : pq � A ∼= p•}

belongs to I+
q,t.

(If in (C) we demand only “Bq,t has cardinality ≤ λot ,” then we should
weaken the demand on A ∈ Yp•,t.)

Definition 3.5. 1) We define a partial order ≤Q on Q as follows.

q1 ≤Q q2 iff

(A) nq1 ≤N nq2

(B) If s ∈ Lq1 then oq1,s = oq2,s.

(C) Pq1
l Pq2

. (This follows by 3.4(D).)

2) For L a q-closed (i.e. nq-closed) subset of Lq, let q � L be such that Pq�L
..= Pq,L

and Wq�L
..= Wq ∩ L.

Claim 3.6. Let q ∈ Q and L be q-closed (that is, nq-closed).

1) Pq,L = Ppq,L l P and q � L ∈ Q.

2) If A ∈ Aq and q ∈ Pq, then there exists p ∈ Pq,A such that if Pq,A |= ‘p ≤ r’
then q∗ = r ⊕ q ∈ Pq(+), as defined below, is a common upper bound of p and q.

• dom(q∗) ..= dom(r) ∪ dom(q)
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• q∗(s) ..=


r(s) if s ∈ dom(r) \ dom(q)

q(s) if s ∈ dom(q) \ dom(r)(
tr(s),Fp(s) ∪ Fq(s)

)
if s ∈ dom(q) ∩ dom(r).

Proof. 1) Follows from part (2).

2) By 2.8 and Definition 3.4(2). �3.6
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§ 4. Homogeneity

Definition 4.1. 1) We say q ∈ Qpre when it consists of

(a) nq ∈ N
(Hence mq = mnq ∈M, Lq = Lm, Aq = Anq , etc. — see 3.4(A).)

(b) oq = 〈oq,t : t ∈ L〉 as in Definition 2.2.

We demand the following:

(c) For all A ∈ Aq there exists a qA ∈ Q with nqA = nq � A and
oqA = oq � A.

(d) If A ⊆ B are members of Aq then qA = qB � A.

(q � A is defined in 2.5(2)(B).)

2) Let ≤pre
Q be the natural order on Qpre (see 2.5(2)(B)).

3) For q ∈ Q, let pre(q) denote q viewed as a member of Qpre.

Claim 4.2. 1) If q = 〈qα : α < δ〉 is ≤Q-increasing continuous (see 2.9(4))
then qδ ..=

⋃
α<δ

qα exists and is unique, belongs to Q, and qˆ〈qδ〉 is ≤Q-increasing

continuous.

2) Every q ∈ Qpre can be expanded to some q+ = q(+) ∈ Q. (By this we mean
that nq+ = nq, oq+ = oq, Aq+ = Aq, and (∀A ∈ Aq)

[
q+ � A = q � A

]
.)

3) If r,q ∈ Qpre with r ≤pre
Q q, then r+ ≤Q q+.

Proof. 1) Let q∗α
..= pre(qα); that is, a member of Qpre.

Clearly,

(∗)1 〈q∗α : α < δ〉 is ≤pre
Q -increasing.

(∗)2 If I is a directed partial order and q∗ = 〈q∗s : s ∈ I〉 is ≤pre
Q -increasing

continuous, then the union r ..=
⋃

q∗ (naturally defined13) is well-defined
and is a ≤pre

Q -lub of the sequence.

Together with part (2), we are done.

2) First we will define Pq+ . Let n ..= nq+ = nq.

(∗)3 p ∈ Pq+ iff
(a) p is a function with domain ∈ [Lm]<κ.

(b) If s ∈ dom(p) then p(s) is of the form (tr(p(s)),Fp(s)), where tr(p(s)) ∈
TRos and |Fp(s)| < κ.

(c) If f
˜
∈ Fp(s), then for some A ∈ An,s we have

(
tr(p(s)), f

˜

)
∈ Pq�A.

(∗)4 The order ≤Pq+ is defined as follows.

p ≤Pq(+)
q iff

13 In particular:
• mr =

⋃
s∈I

mq∗s (so Ar =
⋃
s∈I
Aq∗s ).

• nr =
⋃
s∈I

nq∗s (so Wr =
⋃
s∈I

Wq∗s ).
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(a) p, q ∈ Pq+

(b) If A ∈ Aq+ then (p � A) ≤Pq�A (q � A).

Now check.

3) Easy. �4.2

Definition 4.3. We define paut(q) (the partial automorphisms of q) as the set of
π such that for some q-closed sets L1 and L2, π is an isomorphism from q � L1

onto q � L2.

Claim 4.4. 1) If s ∈ Lq then
⋃
Bq,s ∪ {s} is a q-closed set (recalling 3.2(2)).

2) If s, t ∈ Lq and os = ot, then {(s, t)} ∈ paut(q).

3) (Q,≤Q) has disjoint amalgamation (as in 1.12(4)):

If q1,q2 ∈ Q and L∗ ..= Lq1
∩ Lq2

is q1-closed and q2-closed such that q1 � L∗ =
q2 � L∗, then there is p ∈ Q such that Lp = Lq1

∪ Lq2
and

∧
`=1,2

[
q` ≤Q p

]
.

4) If o ∈ O then there exists q ∈ Q such that for some t, Wq =
⋃
Bq,t, Lq =

Wq ∪ {t}, and ot = o.

5) If q ∈ Q, o ∈ O, L∗ is an initial segment of Lq, and A ⊆ P(L∗), then there
exist r and s such that:

•1 q ≤Q r

•2 Lr \ Lq =
⋃
Bq,s ∪ {s}

•3 or,s = o

•4 If r ∈
⋃
Br ∪ {s} and t ∈ Lq, then Lr |= “r < t⇔ r ∈ L∗”.

•5 Ar,s = A ∪ Bq,s.

6) In part (5), we may allow A ⊆ P(L∗ ∪ Bq).

Proof. Straightforward. �4.4

Claim 4.5. Let ∂ = cf(∂) ≤ λ ..= |O| +
∑

TR∈TR

‖TR‖ +
∑
o∈O

λo, where λo = λκo ≥

‖TRo‖ and O 6= ∅. Suppose q ∈ Q with ‖Lq‖ ≤ λ such that Lq ⇒ λq,s ≤ λo.

Then for some r ∈ Q:

(a) |Lr| = λ and q ≤Q r.

(b) For every o ∈ O, the set {s ∈ Lr : or,s = o} is dense in Lr.

(c) There exists an increasing sequence L = 〈Lε : ε < ∂〉 of subsets of Lr, with⋃
L = Lr, L0

..= ∅, L1
..= Lq, and r � L1 = q.

(d) If s, t ∈ Lr with or,s = or,t = o, then there is an automorphism π of r such
that π(s) = t and π[Lε] = Lε for every ε < ∂ large enough.

(e) If κ ≤ θ < ∂ is such that λ = λθ, ε < ∂, L∗, L∗∗ ∈ [Lr]
θ, and π is an

isomorphism from r � (Lε ∪ L∗) onto r � (Lε ∪ L∗∗) extending idLε , then
there exists an automorphism π̂ : r→ r extending π.

Proof. We choose (qα, π
α) by induction on α < λ+ such that:
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(∗)α (a) qα ∈ Q

(b) q0
..= q (and Lq0

..= ∅ for notational simplicity).

(c) πα = 〈πβ,i : β < α, i < λβ + λ〉
(d) 〈qβ : β ≤ α〉 is ≤Q-increasing continuous.

(e) If β < α and i < λβ + λ, then πβ,i ∈ paut(qα).

(f) If β < α and i ∈ [λβ, λβ+λ), then
〈
πγ,i : γ ∈ [β, α)

〉
is ⊆-increasing.

(g) If γ + 1 ∈ [β, α) and i ∈ [λβ, λβ + λ), then

Lqγ ⊆ dom(πγ+1,i) ∩ rang(πγ+1,i).

(h) Let β < α. Each π which satisfies ‘•1∨•2’ below will appear somewhere
in the sequence

〈
πβ,i : i ∈ [λβ, λβ + λ)

〉
.

•1 π = {(s, t)}, where s, t ∈ Lqβ and oqβ ,s = oqβ ,t.

•2 There exist γ < β and qβ-closed L∗, L∗∗ such that L∗ ∪ L∗∗ ⊆
Lqβ , λ = λ|L∗|, and π is an isomorphism from qβ � (Lqγ ∪ L∗)
onto qβ � (Lqγ ∪ L∗∗) with π � Lqγ = idLqγ

.

There is no problem in carrying the induction. Now for a club of δ < λ+, if
cf(δ) = ∂ then qδ is as required. �4.5

* * *

We now turn to saccharinity (using a single o for transparency).

Definition 4.6. Let κ be an inaccessible cardinal (or just weakly inaccessible). We
say d is a κ-parameter when it consists of

(a) λ̄ = 〈λη, λ0
η, Dη : η ∈ T 〉 as in 1.6(4) (so T is a subtree of (κ>κ,C)).

(b) oλ̄ as in 1.6(4).

(c) λ = cf(λ) > κ

(d) ρ̄ = 〈ρα : α < λ〉 ⊆
∏
η∈T

λη.

Additionally, we demand the following:

(e) [Notation:] For any L, let
• XL,λ̄

..={
i = (ζ, u, g, ν) : ζ < κ, u ⊆ [κ]<κ, g : u→ T ∩ ζκ, λν 6= 1,

and η ∈ T ∩ ζκ \ {ν} ⇒ λη = 1]
}

• We define the following partial order on XL,λ̄:

(ζ1, u1, g1, ν1) ≤L,λ̄ (ζ2, u2, g2, ν2) iff
ζ1 < ζ2, ν1 C ν2, u1 ⊆ u2, and β ∈ u1 ⇒ g1(β)E g2(β).

• Let YL,λ̄
..= incκ(XL,λ̄).

(That is, ≤L,λ̄-increasing sequences from XL,λ̄ of length κ.)

• For ī ∈ YL,λ̄, let Ei
..= {ε < κ : ζiε = ε = uiε}; this is a club of κ.

(f) For any h : λ → YL,λ̄ we can find (ζ∗, u∗, g∗, ν∗) ∈ XL,λ̄ and w ⊆ λ such
that:
• otp(w) = λν∗
• (ζiα , νiα) = (ζ∗, ν∗) and ζ∗ ∈ Eh(α) for α ∈ w.
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• 〈uiα : α ∈ w〉 is a ∆-system with heart u∗.

• giε � u∗ = g∗

• 〈ρα(ν∗) : α ∈ w〉 ∈ wλν∗ is <L,λ̄-increasing.

Claim 4.7. Let κ be inaccessible (or weakly inaccessible) such that ♦κ holds.

1) If κ+ = 2κ then there exists a κ-parameter d.

2) If λ > κ, P ..= Cohenκ(λ) (the forcing notion adding λ-many κ-reals), and λ̄, oλ̄
are as in 1.6(2), then


P “there is a κ-parameter d such that λ̄d = λ̄ and od = o”.

Proof. Easy. �4.7

Claim 4.8. We have ‘ (A)⇒ (B),’ where

(A) (a) q ∈ Q

(b) κ is inaccessible.

(c) d is a κ-parameter.

(d) λ̄ is κ-active (see 1.6(4)).

(e) s ∈ Lq ⇒ oq,s = oλ̄
(B) If G ⊆ Pq is generic over V, then in V[G], the set of members η ∈ lim(Tλ̄)

which are generic for (Qλ̄, η
˜
λ̄) over V is exactly {η

˜
q,s : s ∈ Lq}.

Proof. (∗)1 In V and VPq , we have: ‘if ρ ∈
∏
η∈Tλ̄

λη then B˜ ρ ∈ id≤κ(Qλ̄, η
˜
λ̄),’

where

Bρ
..=
{
ν ∈ lim Tλ̄ : (∃κε < κ)

[
ν(ε) < ρ(ε)

]}
.

This is easily seen to be true. Now assume:

(∗)2 η
˜

is a Pq-name of a member of lim Tλ̄, and p ∈ Pq is such that

p 
Pq (∀∞ε < κ)
[
η
˜

(ε) > ρα(η
˜
� ε)
]

for all α < λ.

For α < λ, we can choose
〈
(pα,ε, ζα,ε,Λα,ε, να,ε) : ε < κ〉 by induction on ε such

that:

(∗)3 (a) pα,ε ∈ Pq is increasing continuously with ε.

(b) p ≤ pα,ε and ζ∗ ≤ ζα,ε.
(c) (ζα,ε, uα,ε, gα,ε, να,ε) ∈ XL,λ̄, where Λα,ε ..= rang(gα,ζ).

(d) Λα,ε ..=
{

tr(pα,ε(γ)) : γ ∈ dom(pα,ε)
}

(e) 〈ζα,ε : ε < κ〉 is increasing continuous.

(f) pα,ε 
 “η
˜
� ζα,ε = να,ε”

(g) pα,0 
Pq “if ε ∈ [ζα,0, κ) then η
˜

(ε) > ρα(η
˜
� ε)”.

[Why? For ε = 0 this is easy, by (∗)2. For ε limit use limits, and for ε a successor
ordinal recall that every increasing sequence in Pq of length < κ has a lub.]

(∗)4 (a) Let h : λ→ YLq,λ̄ be defined by β 7→ 〈̄iα : α < β〉.
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(b) Applying 4.6(f) to our choice of h, we can choose w and (ζ∗, u∗, g∗, ν∗)
as there.

Lastly, we define q.

(A) dom(q) ..=
⋃
α∈w

dom(pα,ζ∗)

(B) q(s) ..=

pα(s) if s ∈ dom(pα,ζ∗) \ u∗(
tr(pα∗(s)),

⋃
α∈w
Fpα(s)

)
if s ∈ u∗,

where we fix α∗ as (e.g.) minu∗.

[Why is q ∈ Pq? Because if α ∈ w and % ∈ T ∩
⋃
ε≤ζ∗

εκ, then % 6= ν∗ ⇒ λν∗ < λ0
%.]

Also, q is a ≤Pq-upper bound of {pα,ζ∗ : α ∈ w}, but this implies

q 
 ‘α ∈ w⇒ η
˜

(ζ∗) > ρα(ζ∗)’.

As 〈ρα(ζ∗) : α < λν∗〉 ∈ λν∗λν∗

is increasing, we get a contradiction to pα 
 ‘η
˜

(ζ∗) < λη
˜
�ζ∗ ’ and

pα 
 ‘λη
˜
�ζ∗ = λν∗ ’. �4.8

Fact 4.9. The conclusion of 4.8 holds for any inaccessible κ (allowing a preliminary
forcing) without any extra set-theoretic assumptions.

Proof. If we force by P ..= Levy(κ+, 2κ) then


P “2κ = κ+ and the desired conclusion holds”,

so we have 〈p
˜
α : α ∈ S˜ 〉: names of the desired objects. But Pq = PV[P]

q , so we can
easily finish. �4.9

As in 4.8 and 4.9,

Claim 4.10. We have ‘(A) ∧ (B)⇒ (C)’, where

(A) κ ..= ℵ0 < λ = λℵ0 ≤ 2κ

(B) (a) q ∈ Q

(b) o = o2
n is as in 1.6(1).

(c) s ∈ Lq ⇒ oq,s = o.

(C) If G ⊆ Pq is generic over V, then in V[G], the set of members η ∈ lim(Tλ̄)
which are generic for (Q2

n, η
˜

2
n) over V is exactly {η

˜
q,s : s ∈ Lq}.

Proof. Essentially by [HS, §6, Claim 21]. There the iteration is FS, but this does
not cause any serious problem. Also, we can prove this similarly to the claims
above. �4.10
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§ 5. Variants, and the theorem

Discussion 5.1. 1) In §1-4 we chose the simplest version of the iteration q: specif-
ically, TRq was simple. Here we will present a more general version.

2) Considering a ≤Pq -increasing sequence 〈pi : i < δ〉, where δ < κ is a limit ordinal,
we do not always have a least upper bound. This occurs when cf(δ) ∈ Θ: otherwise
we would have to add the existence of lubs in the demands in 1.2.

3) Also, 2.4(3) has to be changed.

4) We have the option of generalizing ‘κ-trunk controller’ to ‘(κ,Θ,Υ)-trunk con-
troller,’ but to save on parameters we will not pursue this. (But we will remark
when the proof requires changes.)

5) In the iteration, we did not deal with the case where Q˜ p,t is defined from a
parameter which is a Pp,t-name (even in this case it is a Pp,t-name of a real).

Fact 5.2. We can repeat §1-4 with the following changes:

1) In 1.1(3),(4),

•1 Every TR ∈ TR is a (κ,Θ,Υ)-trunk controller (see 0.7(2)) so TR is not
necessarily simple.

•2 Again, we demand that the < κ-support product of a sequence of members
of TR is always a κ-trunk controller. (This is not crucial.)

•3 θ = cf(θ) > κ and α < κ⇒ |α|κ < θ

2) In 1.2(A),

TRo = (|TRo|,≤o, pluso, So, valo).

3) In 1.2(F)(b):

• In the conclusion, generally only an upper bound exists.

• But if cf(δ) ∈ Θ then the full conclusion holds.

4) In 1.5(2), we demand only

• Any truly increasing sequence in Qo of length < κ has an upper bound.

• Any truly increasing sequence of length δ < κ with cf(δ) ∈ Θ has a least
upper bound.

5) We replace 1.9(1)(c) by

(c)′ At ⊆ [Lq,t]
<θ

6) In Definition 1.11, we omit clause (f).

7) In 2.4(3), if cf(δ) ∈ Θ then yes, there are lubs. (Otherwise, we just have upper
bounds.)

8) In (∗)s,i in the proof of 2.7(2), we replace clause (c) with

(c)′ A∗s,i ∩A∗s,j = ∅ for all j < i, and A∗s,i ∩A = ∅ for all A ∈ Ap(s),i.
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9) Nevertheless, if we weaken clause (1) •2 then in 4.5(b) we have to add the as-

sumption that TRo ×
<κ∏
t∈Lq

TRot /∈ O+ is a κ-trunk controller.

Theorem 5.3. Adopting the context of 5.1, we have (A)⇒ (B) and
(A) ∧ (B)⇒ (C), where

(A) (a) We have ‘ •1 ∨•2,’ where
•1 κ is inaccessible and o ..= oλ̄ (so Qo = Qλ̄).

•2 κ ..= ℵ0 and o ..= o2
κ as in 1.6(1).

(b) λ > θ = cf(θ) > κ

(B) There exist q and t̄ such that
(a) q = 〈qα : α ≤ θ〉 ⊆ Q. Let q ..= qθ.

(b) |Lqα | = λ

(c) t̄ = 〈tα : α < θ〉
(d) tα ∈ Lqα+1

and Lqα ∈ Aq,tα

(e) oq,t
..= o

(f) For all r, s ∈ Lq there exists a π ∈ aut(Lq) such that π(r) = s.

(g) Moreover, if s <Lq t1 and s <Lq t2, then there exists a π ∈ aut(Lq)
such that π(t1) = t2 and π � L≤s is the identity.

(C) Letting X˜ ..= {η
˜
q,s : s ∈ Lq} be a Pq-name, we have that

V1
..= HOD(V ∪X˜ )V

Pq

satisfies the following:
(a) It is a model of ZF.

(b) id<θ(Q, η
˜

) has measurability.

(c) V1 has DC<θ.

Proof. Straightforward. �5.3

Remark 5.4. We may consider an alternative to 5.2, retaining “Am,t is a collection
of pairwise disjoint sets.” But when defining m ≤M n, we replace “Am,s ⊆ An,s”
by

• For every A ∈ A+
m,s there exists a unique B ∈ A+

n,s such that B ⊇ A.
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